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Abstract

We consider semilinear obstacle problem with measure data associated with uni-
formly elliptic divergence form operator. We prove existence and uniqueness of en-
tropy solution of the problem and provide stochastic representation of the solution in
terms of some generalized reflected backward stochastic differential equations with
random terminal time.
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1 Introduction

Let D C RY (d > 2) be a bounded domain with regular boundary. In this paper we
investigate obstacle problem with measure data associated with semilinear operator of
the form

Au = Au+ f,

where

1 d

ij=1

and a : D — R? ® R is a measurable symmetric matrix-valued function such that

d
L/M)EP < D aij(0)&g <AL, ¢€R? ae.onD (1.2)

ij=1

forsome A > 1, f: D x R — R is a measurable function satisfying some assumptions to
be specified later on.
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Elliptic obstacle problems with measure data

Let M,(D) denote the set of all bounded signed measures on D and let MZ(D)
denote the subset of M, (D) consisting of all smooth measures, i.e. measures that
charge no set of zero capacity (see Section 2 for details). Suppose we are given a quasi-
continuous obstacle 1) : D — R and u € MZ(D). Roughly speaking, we consider the
problem of finding the smallest quasi-continuous function u : D — R such that

Au> —p, ulop =0, u > q.e.. (1.3)
If p € MZ(D)N H~Y(D) and the set
Ky = {v € H}(D) : v is quasi-continuous, v > % q.e. in D}

is nonempty, then the problem reduces to the following elliptic variational inequality
problem (denoted by EVI(f, 11,9)): find u € K (D) such that

— (Au,v —u) > (u,v —u) Yv e Ky(D). (1.4)
From (1.4) it follows that
—(Au+ p,v) >0 Yo € Hy(D),v>0.

Hence, by the Riesz-Schwartz theorem, there exists a positive Radon measure v on D
such that Au = —pu — 7, i.e.

%(aVu, Vu)a — (fu,v)2 = /

vdu+/ vdy, v€ L>®(D)NHi(D). (1.5)
D D

The measure ~ is uniquely determined by (1.5), and is called the obstacle reaction
associated with u. In the general case where p € ME(D) we consider entropy solutions
of (1.3) in the sense defined in [13], i.e. we call v : D — R a solution of (1.3) if there
exists a positive measure v € MZ(D) such that v is a quasi-continuous entropy solution
of the problem

Au=—p—=, ulop =0, u>1q.e. (1.6)

and v is minimal in the sense that for any positive measure ¥ € M?(D), if v is a quasi-
continuous entropy solution of (1.6) with v replaced by %, then v > u q.e..
We will make the following assumptions:

(H1) f: D xR — R is a Carathéodory function (f(z,y) is continuous in y for a.e. x € D
and measurable in x for every y € R) such that

(a) f(z,0) =0, f(z,-) is nonincreasing for a.e. € D (it follows in particular that
f(z,y)y <0fory € Randa.e. z € D),
(b) F. € L'(D) for every ¢ > 0, where F.(z) = sup, <. |f(z,y)], z € D,

(H2) pe M2(D),
(H3) ¢ : D — R is quasi-continuous and there is y* € H~}(D) N M; (D) such that
1 < 4p* q.e. on D, where ¢* € H}(D) is a variational solution of Ay* = —p*.

In the analytical part of the paper we show that under (H1)-(H3) the obstacle prob-
lem (1.3) has a unique entropy solution. In the proof of that part we combine ideas from
[13], where the obstacle problem with f = 0 but more general than A nonlinear elliptic
operator of monotone type A mapping W'?(D), p > 1, into its dual is considered, and
from [1, 2], where problems Au + f, = —u, u|lapp = 0 (i.e. ¥ = —o0) with f satisfying
(H1) are considered.
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Elliptic obstacle problems with measure data

It is known that if y € LP(D) with p > d and f satisfies the Lipschitz and the linear
growth condition in u then the Dirichlet problem (1.6) with ¢y = —oo has a unique contin-
uous weak solution which can be represented by solutions of some backward stochastic
differential equation (BSDE) with random terminal time (see [16, 17]). It is also known
that viscosity solutions of some problems of the form (1.6) with nondivergence form op-
erator in place of A may be represented by solutions of some reflected BSDEs (RBSDEs)
with random terminal time (see [15]). Therefore it is natural to try to relate solutions
of (1.6) to some reflected BSDE with forward driving process associated with A. In
the paper we show that this is indeed possible and leads to investigation of interesting
generalized RBSDESs involving additive functionals associated with measures p and ~.

Let X = {(X, P.);z € R?} be a Markov process associated with the operator A (see
Section 2) and let X be the part of X on D, i.e. Xp = {(X?, P,);z € D U {0}}, where
0 is an extra point adjoint to D,

p_ [ Xi on{t<rT}
X {6 on {t>r7} (1.7)

and
T=inf{t > 0: X; & D}.

It is known that to every u € MZ(D) corresponds a unique continuous additive func-
tional (CAF) R of Xp whose Revuz measure is . The main result of the paper says that
if (H1)-(H3) are satisfied then there exists a unique solution to (1.6) which has a quasi-
continuous and quasi-everywhere (q.e. for short) finite version u. Secondly, for d.e.
x € D the triple (Y, Z, K), where K is a positive CAF of X in Revuz correspondence
with v and

Y, =uw(XP), Z,=oVu(XP), t>0, (1.8)

where ¢ is a symmetric square root of a, is a unique solution to the generalized reflected
BSDE of the form

Y = [ f(Xs,Ye)ds + Ry — Ripnr + K7 — Kinr — [, ZodBs, t >0, Ppas.,

Y; > (X/P), Pyas. fort >0,

K is a continuous increasing, K = 0, fOT(Ys —(X,))dKs =0, P.-a.s.,
where B is a Wiener process. It follows immediately that for gq.e. x € D,

u(zr) =Yy, Pe-as. (1.9

Thus, the above RBSDE provides stochastic representation of quasi-continuous solu-
tions of (1.6). With this representation in hand the minimality of u in the sense de-
fined in [13] is a consequence of comparison results for solutions of generalized BSDEs
proved in Section 3. From (1.8) and the fact that K increases only when Y = ¢(X”) we
also deduce that

| v =o

i.e. the obstacle reaction v associated with v is minimal in the sense that it acts only
when u = . Finally, let us mention that the representation (1.9) makes it posssible to
give simple probabilistic definition of a solution of the problem (1.6).

Notation. As usual, for p € [1,00] we denote by LP(D) and W'?(D) the standard
Lebesgue and Sobolev spaces, W, *(D) is the closure of C§°(D) in W'?(D). If p = 2 we
write H} (D) instead of Wy'*(D). H~'(D) is the dual space to H}(D). By ||-||2 and (-, -)2
we denote the usual norm and scalar product in L?(D).
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2 Additive functionals of symmetric diffusions and smooth mea-
sures

In this section we are concerned with additive functionals of killed symmetric diffu-
sions associated with A which are in the Revuz correspondence with smooth measures
on D.

2.1 Symmetric diffusions

Let Q = C([0,00), R%) denote the space of continuous R¢-valued functions on [0, o)
equipped with the topology of uniform convergence on compact intervals and let X be
the canonical process on 2. It is known that given operator A defined by (1.1) with
a satisfying (1.2) one can construct a weak fundamental solution p for A and then a
time-homogeneous Markov process X = {(X, P,);x € Rd} for which p is the transition
density function, i.e.

Po(Xo—2) = 1, a(xteB):/p(t,x,y)dy, >0
B

for any Borel B C R? (see, e.d., [20]). Alternatively, one can define X as the Markov
process associated with the Dirichlet form

E(u,v) = /]Rd(aVu,Vv) dr, wu,v € D[] = H'Y(RY)

(see [8, Example 4.5.2]).

Set FO = 0(X,,s < 00), F? = 0(X,,s < t) and for fixed T > 0 set F/* = ¢(X7T,s €
[0,%]), where X! = X714, t € [0,t]. Let P denote the set of all probability measures on
R? and let P,(T) = [p. Po(T) pu(dx), p € P, T € FY. Let FL denote the completion of
F9 with respect to P, and let F}* (resp. F, ") denote the completion of F? (resp. F, ")
in F% with respect to P,. Finally, let Foo = (,cp F Ft = Npep Fio FE = Nyerp FlH

Let X P denote the process X killed outside D, i.e. X7P is defined by (1.7), where 0
is an isolated point regarded as the point at infinity of D, and let X denote the part of
Xon D, ie Xp ={(X,P,),x € DU{0}}, where Py(X; =9) =1, t > 0. By [8, Theorem
4.4.2], the Dirichlet form of Xp is

E(u,v) = (aVu,Vv)a, u,v € D[] = HY(D).

Let ¥ = R or X = D. Recall that a set N C X is called exceptional if there is a
Borel set B O N such that P,,(cp < o0) = 0, where o = inf{t > 0: X; € B} and m is
the Lebesgue measure on X.

We call an {F¥;}-adapted process A = {A;,¢ > 0} a continuous additive functional
(CAF) of X (resp. Xp) if there is a set A € F., (called defining set for A) and an
exceptional set N ¢ R? (resp. N C D) such that P.(A) =1 forxz € N¢ 6,A C A for
s > 0, where 05 : Q — Q, (f;w); = wsqy, and for w € A, Ap(w) = 0, A.(w) is continuous
and Agt(w) = As(w) + Ag(fsw), s,t > 0. If N = (), A is called AF in the strict sense. An
[0, 00)-valued CAF is called positive CAF (PCAF). Two AF’s A!, A2 of X (Xp) are said to
be equivalent if there is an exceptional set N C R® (N c D) such that for every t > 0,
P.(A} = A?) =1 for z € N¢.

Given a CAF A of X we define its energy by

whenever the limit exists. A CAF A of X such that e(A) = 0 and for ¢t > 0, F,|A:]| < o0
for z € N°¢ is called a CAF of zero energy with exceptional set N C R%. We call M a
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martingale AF (MAF) of X with exceptional set N C R if for every t > 0, Ex|Mt|2 < 00,
E.M; = 0 for x € N¢. Recall that if M is a MAF of X with exceptional set N then M
is an ({#;}, P, )-square-integrable martingale for each x € N¢. If N = (), M is a MAF in
the strict sense.

We say that a CAF A of X in the strict sense is of zero quadratic variation if for each
z € RY,

Q7 (A) = |Ay  — Ay |* = 0 in probability P, as m — oo
k=0
for any T > 0 and any sequence {II"™ = {0 = ¢}* < t" < --- < ¢/ = T'}} of partitions of
[0, T] such that ||[II"™|| = maxo<k<m—1 [t} — th'| = 0 as m — oo.

Let us recall that from [16, Theorem 3.4] it follows that there exist a continuous
MAF M of X in the strict sense and a CAF A of X in the strict sense of zero quadratic
variation such that

Xy —Xo=M;+A;, t>0, Pyas. (2.1)

Thus, for each z € R? the canonical process X is an ({F;}, P,)-Dirichlet process in the
sense of Follmer. Note also that the decomposition (2.1) coincides with the Fukushima
strict decomposition of X into a MAF of X of locally zero energy and a CAF of X of zero
energy (see [8, Theorem 5.5.1]).

From [16, Theorem 3.4] one can conclude that for every T' > 0 there exists a unique
continuous {F/'}-adapted process N7 such that N7 is a square-integrable martingale
on [0, 7] under P, for each € R? and

1
A, = 5(_Mt + NI, —NE-V,), tel0,T], P,as., (2.2)

where

d t
Vtzzz/ 03y (X) P2 (5, X0, X, s, £ 2.3)
j=1"0

(here D;p stands for the generalized derivative of y; — p(¢,z,y)). Moreover, the co-
variation processes of M = (M*,..., M%) and NT = (NT'! ... NT'?) are given by

t t
<M2Mj>tz/ a’(X,)ds, <NT’i,NT*j>t:/ a(XT)ds, te(0,T]. (2.4)
0 0

Decomposition (2.1)-(2.3) may be called the strict Lyons-Zheng decomposition of X.

2.2 Capacity, smooth measures

Let F' be a compact subset of D. Recall that the capacity of F' with respect to D is
defined as

cap(F) inf{/D V(@) de s u € C(D),u> 15}

(we use the convention that inf () = 00). The capacity of an open subset U C D is defined
as
cap(U) = sup{cap(F') : F' is compact, ' C U}.

Finally, the capacity of any B C D is defined as
cap(B) = inf{cap(U) : U is open, B C U}.

By [8, Theorem 4.2.1(ii)], N C D is exceptional iff cap(N) = 0. Hence, in particular, for
any Borel B C D,
cap(B) = 0 iff P,,(3t > 0, X € B) = 0. (2.5)
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Let B C D. In what follows a statement depending on = € B is said to hold quasi-
everywhere on B (q.e. for short) if there is a set N C B of zero capacity such that the
statement holds for every B \ N.

A function u : D — R is quasi-continuous if for every ¢ > 0 there is an open set E
such that cap(FE) < ¢ and u|p\ g is continuous in D \ E.

It is known that every u € H{(D) has a quasi-continuous representative that will
always be identified with w.

Let M(D) denote the set of all signed Radon measures on D and let M;(D) denote
the subset of M (D) consisting of all measures whose total variation |u| on D is finite.
As usual, we identify M,(D) with the dual of the Banach space C°(D) of continuous
functions on D which vanish on the boundary of D, so that the duality is given by
(pyu) = [pudp, we COD), and ||ul|pm,(py = |l/(D). By M; (D) we denote the space of
all measures p in My (D) such that p(B) = 0 for every set B C D such that cap(B) = 0.
By Mg’J“(D) we denote the subset of M?(D) consisting of all positive measures.

It is known that if u € H=*(D) N M,(D) then p € M2 (D), every u € H} (D) N L*>°(D)
is summable with respect to p and

(o) = [

where now (-, -) denotes the duality pairing between H (D) and H}(D) and u on the
right hand-side is a quasi-continuous representative of u on the left hand-side.

Finally, let us recall that in [3] the following important result is proved: if u € M, (D)
then p € M2 (D) iff  admits decomposition of the form

L=g+G (2.6)
with g € LY(D), G € H~Y(D).

2.3 Additive functionals of killed diffusions and smooth measures

In this subsection we use decomposition (2.6) to investigate structure of additive
functionals of X corresponding to measures of the class M3 (D).

Let Sar (D) denote the family of positive Radon measures on D of finite energy inte-
grals, i.e. such that

/D lv(2)| du(z) < Cllollgpy, v € Hy(D) N Co(D)

for some C > 0 (Cy(D) is the space of all continuous functions on D having compact
support). It is known (see [8, Section 2.2]) that i € 53’ (D) iff for each « > 0 there exists
a unique function U,pu € H} (D), called a-potential of x, such that

%(aVUau, V) + a(Uyp,v)2 = / v(x) u(dr), v e Hy(D)NCo(D).
D

Notice that by [8, Lemma 2.2.3], if 4 € Sy (D) and y is bounded then u € M§’+(D). Let
S (D) = (i € ST(D) : (D) < o0, IUsplloe < 5}, Soo(D) = Sgo(D) = S (D).
By [8, Theorem 2.2.3], for any Borel set B C D,
cap(B) = 0 iff u(B) = 0 for every u € Sj,(D). (2.7)

By [8, Theorem A.2.10] the part process X p is a Markov process on D (with respect
to the filtration {F;}) with the transition function

pP(t,z,B) = P,(X; € B,t <7), t>0, z€ D, BeB(D).
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Therefore the semigroup { P} of operators associated with Xp, is given by
Pth(x):E$1t<Tf(Xt)a t>07 ‘TEDa f€B+(D)7

where E, denotes the expectation with respect to P, and B+ (D) is the space of positive
measurable functions on D. By [5, Theorem 2.4], p? (¢, z, -) admits the transition density
pP(t,2,y), which is symmetric and continuous on D x D.
From now on we will use the following useful convention: any numerical function f
on D will automatically be extended to D U {0} by setting f(x) = 0, z € 9D, f(9) = 0.
With this convention,
FXP) = f(Xinr), t>0.

Let {R,,« > 0} denote the resolvent of Xp, i.e.

Rof(z) = / T PP f(a)dt = B, / "t f(X)dt, | e BHD),

and let -
USf(x) :Ez/ e f(XP)dA,, feBT(D).
0

Definition. We say that a PCAF A of Xp and p € M§’+(D) are in the Revuz correspon-
dence if for any a > 0 and f, g € B (D),

(0, U5 f) = /D £(2) Rag(z) dpu(z). 2.8)

In that case we call ;4 the Revuz measure of A and we write 4 ~ A or A ~ p.
It is known (see [8, Theorem 5.1.3]) that (2.8) is equivalent to the following condi-
tion: forany ¢ > 0, g, f € BT (D),
t t
Bym [ FOX2)dA = [ (PPg.1 - ds. 2.9)
0 0
By Lemma 5.1.8 and Theorem 5.1.3 in [8], any u € /\/lg’Jr(D) admits a PCAF A of Xp
whose Revuz measure is i and that the PCAF A related to given u € M§’+(D) is unique

up to the equivalence. In particular, if y(dz) = f(z) dz for some positive f € L*(D) then
the unique PCAF A of X associated with p is given by

tAT

t
A, :/ F(XP)ds = F(X,)ds, t>0. (2.10)
0 0

Notice that y € MZ(D) iff yu = 1 — po for some puy, ps € M§’+(D) (for instance one
can apply the Jordan decomposition). Similarly, u € So(D) iff © = 1 — pe for some
Wi, to € SJ(D). Given a signed measure u € Sy we decompose it as g = p; — po in the
above way and set

A=A — A%

where A' ~ p;, A% ~ uy. Clearly A is a finite CAF of bounded variation and does not
depend on the choice of i, po.

Lemma 2.1. Let A be a CAF of Xp of finite variation associated with u € M§’+(D).
Then for any v € Sf,(D),

Ey|Ale = B, (A + A7) < A+ )[Uwlloo - 18l mypys t> 0. (2.11)
Proof. Follows from [8, Lemma 5.1.9]. O
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Lemma 2.2. If A is a CAF of Xp of finite variation associated with some measure
W e M§’+(D) then E, A, < oo for every v € Sypo(D).

Proof. By (2.11), for any v € Sypo(D) and N > 0 we have
P,(A; =o0) = P,(A, =00, T < N)+ P,(A;, =00,7 > N)< P,(r>N)< N 'E,T.

But E,7 = E, fOT 1dt = u(x), so u is a solution to the problem Au = —1, u|sp = 0. Since
1 € L*(D), u € H}(D). Hence E, T < oo since v € Sy(D). O

Lemma 2.3. Let p,p, € M2(D), A ~ pu, A" ~ py. If i, — p in My(D) then for any
v e Si(D)and T € [0,00], |A" — A|rr, — 0 in measure P,.

Proof. We only consider the case T = co. The proof of the lemma in case T € [0, 00) is
similar and therefore we omit it. For any ¢ > 0i N > 0 we have

P,(|JA" — A|, >¢) < P,(|JA" — A|; > ¢) + P,(r > N)
<e 'E A" — Alyrr + NTIE,T
< e M A+ N)Uwlloo -l = pllmy oy + NTHELT,

from which the result follows. O

Following [18] given 7' > 0 and h = (h!, ..., h%) € LP(D)? with p > d we set

d [ZA% ) ) d
HT (h) = 72/0 B (X)dM V) =Y

i=1

T

/ WHXJ) AN, €0, T],
T—tNAT

where M, V, N are processes of the decomposition (2.2). One can show (see [18]) that

HI'(h) = HI ' (h), t € [0,T], P,-a.s. for every = € D. Therefore we may define H(h) on

[0, 00) by putting H,(h) = H} (), t € [0, T]. In the sequel we will use the notation

tAT
Ht(h):A h(X,)*dX,, t>0.

It is known (see [18, Lemma 1]) that if » € W'?(D)¢ with p > d then for every = € D,
tAT tAT
/ divh(X,) ds = / (a™'h)(X,) *dX, = Hy(a"*h), t>0, P,-as.,
0 0

where a~! denotes the inverse of a. From the above and (2.10) it follows that if h €
WiP(D)? for some p > d then H(a"'h) is a CAF of Xp in the strict sense. Applying
approximation arguments one can show that in fact it is a CAF of Xp in the strict sense
for any h € LP(D)? with p > d.

The following proposition is a variant of [10, Proposition 3.5].

Proposition 2.4. Let h € L?(D)¢ and let {h,} C L>(D)? be a sequence such that
h, — g in L?>(D)?. Then

(i) There is a subsequence (still denoted by n) and a CAF A of X, such that for every
T>0,

tAT
E, sup| (a_lhn)(Xs) xdXs — A =0
t<T Jo

for gq.e. x € D. In fact,

tAT
At=/ (@ 'h)(Xs) xdXs, t>0, Pas.
0

fora.e. x € D.
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(ii) If, in addition, divh = u € My(D) then A ~ p.
Proof. (i) Let
tAT
AP = / (a ' h,)(X,) xdX,, t>0. (2.12)
0

First we are going to show that for every 7' > 0,

lim EYF de =0, (2.13)
D

n,k—o00

where

n,k __ n k
Y;S = Sup |As - As |
s<tAT

By the definition of A™,

tAT

E, Y% = B, sup| div(h, — hi)(X,) ds|
t<T Jo
tAT T B
= E,sup| a Y (hy — hi)(Xs) d(M, + V5) +/ a Y (hy, — hi)(XE)dNT.
t<T Jo T—tAT

By Doob’s L2-inequality and symmetry of the transition density p”(¢,-, ),

tAT T

B, sup| a Y (hy — hi)(Xs) dM, + / a Y (hy — hi)(XT)dNT|
t<T 0 T—tNAT
< C|\hy — hie||3. (2.14)
Furthermore,
tAT
B, sup| a Y (hy, — hi)(X,) dVi]
t<T Jo

<c ( /D (E. / 5 (- hk><xs>|2ds>dw)1/2

v (/D(E /Ot 51/2vp€2(5,x,Xs)ds) dx>1/2
t 1/2
<c( / 12 /D /D |<hn—hk>(y>|2p<s,x7y>dxdy>ds)/

t 2 1/2
X (/D(/ 51/2/D|v§|(s,a:,y)dsdy)dx>
0

< Cllhy = hi[l2(m(D))/2, (2.15)

the last inequality being a consequence of symmetry of p(¢,-,-) and [17, Lemma 5.2].
From (2.14), (2.15) we get (2.13). Now, set B = {z € D : E, sup,«7 |A? — A¥| -» 0}. Let
F be a compact subset in B and let ¢ = inf{t > 0 : X, € F}. By the definition of ¢ and
the strong Markov property,

Py(0 <T) < Po(ExpY;"" - 0) = Po(Eo(0,Y;""|G,) = 0) = Po(Eu(Y/}41Gs) = 0)

= Py(E.( sup ‘A?_A];Hgo_"’o) SP:E(EJU(Y:I?JC Go) + 0).
s<(t4+o0)AT

From (2.13) it follows that there is a subsequence such that if n,k — oo along this
subsequence then EI(Y;”WQU) — 0, P;-a.s. fora.e. z € D. Hence P, (0 < o0) = 0 for
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a.e. z € D, and so P,,(¢0 < c0) = 0. From (2.5) we conclude now that cap(F') = 0, hence
that cap(B) = 0. Thus,
lim FE,sup|A? — AF| =0
t<T

n,k— o0

for g.e. z € D. Hence for q.e. x € D there exists a continuous process A* such that

lim E, sup|A} — A¥| = 0. (2.16)
n— oo t<T

To complete the proof of (i) we use arguments from the proof of [8, Lemma A.3.2]. Set
no(z) =0,

n(x) = inf{m > np_1(z) : sup Py(sup|A? — AY| >27F)<27%} Kk >1,
p,q2m t<T

and Z»k = Am(@), zk = 7Xok A = Ly € Q : {ZF(w)} converges uniformly on [0, T]}.
Since
Py(sup |ZFT — ZF| > 27F)y <27F k>1
t<T

for g.e. x € D, applying the Borel-Cantelli lemma shows that P,(A) = 1 for q.e. z € D.
Set now A;(w) = liminfy o ZF(w) for w € A and A;(w) = 0 for w ¢ A. Then A is a CAF
of Xp with defining set A and P,(A; = A7,t € [0,T]} =1 for g.e. € D. From this and
(2.16),

lim E,sup|A} — A =0

n—o00 t<T
for q.e. x € D, which proves (i).

(ii) Without loss of generality we may and will assume that ¢ > 0. Let j,, be a mollifier
and let y, = u * j,. Then p, = divg,, where g, = g * j,. Since |, |l1 < |1, (D), {4n}
is relatively compact in the weak* topology in M, (D) by Alaoglu’s theorem. Therefore
choosing a subsequence if necessary we may assume that pu, — u weakly* in M, (D).
Let A™ be the AF defined by (2.12). Since A™ ~ pu,,, for every f,g € B(D) and « > 0,

(9, Udnf)2 = - tin, Rag)-

Suppose now that f € Cy(D) and g € By(D). Then R,g is a continuous solution of the
problem (—« + A)u = —g, ujpp = 0. In particular, R,g € C°(D), and hence

<f : anRag> — <f Ty Rag>'

On the other hand, by part (i),

(gv Uz"f)Q — (g7UZf>2 .

Thus,
(9:U4f)2 = (f 1, Rag) (2.17)

fora >0, f € Cy(D). By [8, Lemma 5.1.7] there exists a smooth measure puy € M2 (D)
such that uy ~ A. Since (2.17) is satisfied with p replaced by p 4, repeating arguments
from the proof of [8, Theorem 5.1.3] shows that (f - ua,g) = (f - u, g) for any 0-excessive
function h. Since for every x € 9D, PP1(x) = P.(t >t)t last |0, g = 11is 0-excessive.
Hence (f - pa,1) = (f - u, 1) for f € Cy(D) which implies that y = p4. Thus, p ~ A, and
the proof is complete. O

Lemma 2.5. IfG,, — G w H~'(D) then there exist ¢°,¢° € L*(D) and g, g,, € L*(D)?
such that G = ¢° — divg, G,, = ¢° — divg,, and ||g° — ¢°[|2 + ||gn — gl]2 — 0.
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Proof. By Riesz’s theorem there exist u, u,, € H}(D) such that

(G,v) = (uvv)H&(D)v (Gnyv) = (umv)Hé(D)
for v € HY(D). Set ¢° = u, ¢ = u, and g° = 2%, gi = 2= j = 1,...,d. Then
G = ¢° — divg, G,, = ¢° — divg, and

d
Gr — Gllm-1(py < (/DZL‘J; —g'*dx)'? = c,,.
=0

On the other hand, putting v, = (un, — u)/||un — ul|g3(py We see that
(Gn — G, vn) = [luy — UHH&(D) =Cn,
which shows that ||G,, — G||g-1(py = ¢,. Thus ¢, — 0, which proves the lemma. O

Lemma 2.6. Let ju, i, € H-Y(D)NMy(D) and let A ~ p, A™ ~ pi,. If pi, — pin H=1(D)
then there is a subsequence (still denoted by n) such that for any v € S&(D) andT > 0,

sup |Af\; — Aiar] = 0 in measure P,.
t<T

Proof. In view of Lemmas 2.3 and 2.5 it suffices to prove the proposition in the case
p = divg, pu, = divg, for some g, g, € L?(D)? such that g, — g in L?(D)?. But then, by
Proposition 2.4,

tAT tAT
A = / (a'9)(X,) xdX,, A= / (a g, (Xs)*dX,, t>0, P,-as.
0 0

for a.e. x € D, and therefore in much the same way as in the proof of (2.13) one can
show that for any 7' > 0, E,, sup,<p |A} — A;] — 0. To prove the lemma it suffices
now to repeat arguments from the_proof of (2.16) to show that up to a subsequence,
sup, <t |AA; — Aiar| — 0 in measure P, for q.e. € D, and hence, by (2.7), in measure
P, for any v € Sjy(D). O

3 RBSDEs and the obstacle problem - uniqueness of solutions

Let o denote the symmetric square-root of a. Set
t
Bt:/ o N X)) dM,, t>0 (3.1)
0

and observe that from (2.4) it follows that B is an ({F;}, P,)-standard Brownian motion
for each » € R%.

Definition We say that a triple (Y*,Z% K<) of {F;}-adapted processes is a solution of
RBSDE, (f, p1, ) if

W) Y =[] f(Xe,YE)ds+ Ry — Ripr + K2 — Ki . — [ ZZdB,, t > 0, Py-a.s., where
R ~p,

(ii) Y* is P,-a.s. continuous, {Y?*,t < T} € D(P,) for T > 0, i.e. for every T > 0 the
family of random variables {Y*, o is an {F;}-stopping time, o < T} is uniformly
integrable under P,, limp_, o E,|YE, .| =0,

(iii) [y |Z7|?dt < oo, Pp-aus.,

(iv) Y& > (XP), t >0, Pas.,
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(v) K7 is a continuous increasing process such that K§ =0, [, (Y& — ¢(X,)) dK? =0,
P,-a.s.

A pair (Y?,Z%) of {F;}-adapted processes is a solution of BSDE,(f, 1) if Y*, Z% satisfy
(ii), (iii) and condition (i) is satisfied with K* = 0.
For a given constant £ > 0 we define the truncature operator 7, : R — R as

Jy if [y| <k,
Tily) = { ksign(y) if|yl > k,

and for a function v : R — R we define the truncated function 7ju pointwise, i.e.
(Teu)(x) = Ty (u(x)).

Definition Let p € MZ(D). We say that a measurable and almost everywhere finite
function u : D — R is an entropy solution of the problem

Au=—p, ulspp =0 (3.2)
if
Vk >0, Tyu € Hy(D) (3.3)
and )
§(aVu, VTi(u—1v))2 — (fu, Tk(u —v))2 < 2/ Ti(u—v)du (3.4)
D

for every v € H} (D) N L*>°(D) and k > 0.
Following [13] we adopt the following definition.
Definition We say that u : D — R is an entropy solution of OP(f, u, ) if

(i) there exists v € M§’+(D) such that u is an entropy solution of the problem
Au=—p—=, ulsgp =0 (3.5)

such that u > ¥ q.e. in D,
(ii) for any 7 € M§’+(D), if v is an entropy solution of the problem

Av=—u—7%, v|lgp =0 (3.6)
such that v > ¢ q.e. in D, then v > u qg.e. in D.

Let us remark that by the definition, if there exists a solution to OP(f, u, %) then it
is unique, and if u denotes the solution then the measure v satisfying (i), (ii) is uniquely
determined. We call + the obstacle reaction associated with w.

Since entropy solution u to OP(f, i, ) satisfies (3.3), it has a quasi-continuous rep-
resentative. Therefore we will always assume that u denotes the quasi-continuous rep-
resentative of a given entropy solution. If, in addition, |VT,ul|ls < C(1 + k) for some
C > 0 then the quasi-continuous representative is q.e. finite, i.e. cap{|u| = oo} = 0 (see
[7, Remark 2.111]).

We know that solution of OP(f, i1, ¢) if exists is unique by the definition. Uniqueness
of solutions of associated RBSDEs with data f, 1, ¢ under monotonicity condition on f
follows from the following comparison result.

Theorem 3.1. Let f, f' : DxR — R, ¢ : D — R be measurable functions, u, i’ € M3 (D)
and x € D. Suppose that (Y,Z,K) is a solution of RBSDE,(f,u,v) and (Y',Z') is a
solution of BSDE,(f’, ') such that Y, > ¢(X;), t > 0, P,-a.s. If f(z,-) is nonincreasing
and f(z,:) < f'(z,) fora.e. z € D, u < p' and ¢(X) is continuous under P, thenY, > Y,
t >0, P,-a.s.

EJP 17 (2012), paper 40. ejp.ejpecp.org
Page 12/27


http://dx.doi.org/10.1214/EJP.v17-2062
http://ejp.ejpecp.org/

Elliptic obstacle problems with measure data

Proof. FixT > 0. Let 7, = inf{t > 0: fg |Zs— Z!|*ds >n} AT and let R ~ pu, R’ ~ 1. By
the Ito6-Tanaka formula, for ¢ < T we have

1
(th/\Tn - Y;//\'rn)+ + §(L7O'/\Tn (Y - Y/) - L?/\T/\Tn (Y - y/))

TNATp,
= (Yrar, — YT/AM)JF +/ Ly (f (X, Ys) — f(Xs,Y{)) ds
INTR AT
TNATp

TNATn

+/ 1{Y3>Y;} d(Rs — ng + Ks) — / 1{Y5>Y;}(Zs - Zg) dB,
tATR AT INTR AT

where L°(Y — Y’) denote the local time at 0 of the semimartingale Y — Y’. By the

assumptions on f, f/,

TNTh
/ 1y, oyny (F(Xa, Vo) — F/(X0, YD) ds
t

NTNATn

TNATh
<[ e (XY - YD) ds <0
INTAT,
Moreover, since {Y; > Y/} C {V; > ¥(XP)} and R — R ~ ¢/ — pu > 0 is an increasing
process,
TNTn TNATh
/ 1{ys>y5/} dK, =0, / 1{y5>y5/} d(Rs — RIS) <0.
tATATY, tAT ATy
Hence
Eﬂc (Yt/\‘rn - Ytl/\v—n)+ < Eﬂc (Y‘r/\m Y]

TNATn
Since {Y,t < T}, {Y/,t <T} € D(P,) and 7, T T, P,-a.s., letting n — oo in the above
inequality gives

)"

Er(Y;f - Y;sl)+ < EI(YT/\T - YZI/“/\T)Jr - Ez(YT - YZ;“)+-

Since limy_, o E.(Y7r —Y/)t =0, it follows that F,(Y; —Y/)™ = 0 for ¢t < T, which proves
the theorem. O

Corollary 3.2. Assume that f : D x R — R, v : D — R are measurable functions and
p € M3(D). If f(z,-) is nonincreasing for a.e. z € D and the process 1(X) is continuous
under P, for some x € D then the solution of RBSDE,(f, u,v) is unique.

Remark 3.3. Assume that f, f', u, /' satisfy the assumptions of Theorem 3.1. From its
proof (with K = 0) it follows that if (Y, Z) is a solution of BSDE,(f, ) and (Y’',Z') is a
solution of BSDE,(f', ') for some x € D thenY/ >Y;, t > 0, P,-a.s.

4 Existence and stochastic representation of solutions of the ob-
stacle problem

Our main goal is to prove existence and stochastic representation of solutions of the
obstacle problem with data f, i, satisfying (H1)-(H3). Since the proof of this result
is rather lengthy, we first assume additionally that 4 € H~*(D) and f is bounded, and
then we consider the general case.

4.1 The case € H (D)

Assume that ;€ H} (D)NM,(D) and that f is bounded and satisfies (H1a). Since the
set K is nonempty by (H3), convex and closed (see, e.g., [8, Theorem 2.1.4]), and the
operator —A : K, — H~'(D) is strongly monotone, coercive and weakly continuous,
there exists a unique solution of the elliptic variational inequality (1.4) (see, e.g., [9,
Corollary I11.1.8]).
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Proposition 4.1. Assume that f is bounded and satisfies (H1a), p € H=*(D) N M%(D)
and ) satisfies (H3). Letu € H}(D) be a solution of EVI(f, uu,v) and let v be the obstacle
reaction associated with u. Then for q.e. x € D the triple (Y, Z, K) defined by

Y, = u(XP), Zi=0oVu(Xp), t>0, K~y (4.1)
is a solution of RBSDE, (f, i, ).

Proof. Step 1. We first assume additionally that 4 € L>(D). Let u, € H}(D) be a
unique weak solution of the problem

Auy, = —H = fun *n(un - 1;[})77 un|8D =0.

Then

%(GV(’LL“ - 'l/}*)a v(un - 'l/]*))Z = (fu,, - fd)*aun - 1/1*)2 + (M - N*aun - 'LZ]*)Q

+n((un —¥) 7, un —9")2

< (,LL - M*aun - w*)%
the last inequality being a consequence of (H1a) and the fact that v* > ¢ a.e.. From the
above and Poincaré’s inequality it follows that {u,} is bounded in H}(D). Therefore,
taking a subsequence if necessary we may and will assume that there is w € H{(D)
such that u,, — w weakly in H} (D). It is known (see [17]) that for every = € D the pair
(Y™, Z") = (un(XP),0Vu,(XP)) is a unique solution of the BSDE(f, 1+ n(u, —¢)7). In
particular, for " > 0,

TNAT TNAT

(Fay F )Xo ds o [ (V2 = (X)) ds

tAT

Un(Xinr) = Un(XTAr) = /

tAT

TNT
—/ oVun(Xs)dBs, te[0,T], Poas. 4.2)
t

AT

By Remark 3.3, Y" < ynt+l p .as. for every x € D. It follows in particular that
Uy < Up+1, n € N, and hence that v, < w a.e.. As a consequence,

L 0t = ), V(= 0))3 = (Fur, — Faosth — )3 + (st — w)a

2
+ (yty, — W) + (U — )", up — w)a
S (fwaun - U))Q + (,U,Un - w)27

from which we conclude that u,, — w in H} (D). Since for any v € Ky,

%(avunv V(U - un))Q - (funa v — Un)Q = (,u; v — un)Z + n((un - 1/))7 ,U— Un)Q
> (v — Up)2,

letting n — oo and using the fact that f,, — f, in L?(D) by Nemitskii’s theorem (see
[11, Theorem 2.1]), we see that

%(an,V(v —w))2 — (fuw,v —w)2 > (v —w)2

for v € K, which shows that w is a solution of EVI(f, u,), i.e. w = u. Now, let R ~ p,
K ~ v and let

t
Kr = n/ (Y7 — (X))~ ds, t>0,
0
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i.e. K™ ~ ~,, where v, = n(u, —¥)~ dz. Since v = f, + u — Au, v, = fu, + p — Au, and

A
| A(un —u)||g-1(py < EHUn — ull a2 (D)

we see that v, — 7 in Hil(D). Hence, by Lemma 2.6 and (2.7), there is a subsequence
(still denoted by n) such that for any v € SJ;(D),

sup |K{\, — Kianr| — 0 in measure P,. (4.3)
t<T

Moreover, by Doob’s inequality and Lemma 2.1, for any v € SSB(D),
tAT

TNAT
E, sup | oV (un — u)(Xs) dB,|* < CEV/ IV (un, — u)|*(Xs) ds
t<T Jo 0

< CA+ DU [loo|V(un = u)ll2 =0

and, since f,, — f, in L(D),

TNAT
E/ (Fan — Fu)(X)|ds < OO+ T)[Usvoo | fur — fulls = 0.

Finally, from [8, Lemma 5.1.5] and (2.7) it follows that there is a subsequence (still
denoted by n) such that P,-a.s. the sequence {u,(X)} converges to u(X) uniformly in
[0, T] in probability P,. Therefore letting n — oo in (4.2) gives

TAT

U(Xt/\T) - U’(XT/\T) = / fu(Xs) ds + RT/\T - Rt/\r + KT/\T - Kt/\T
tAT
TAT
. / oVu(X,)dBs, te0,T], P,as. (4.4)
tAT

Since

TNAT
YRz o(xP) teDT) [ (X - b(X))dKT 0. Pras,

0

it follows that
TNAT

Y, > (XP), telo,T], / (u(X;) — (X)) dK; =0, P,-as.. (4.5)

0

Letting T' — oo in (4.4), (4.5) shows that under P, the triple defined by (4.1) is a solution
of RBSDE with data f, 1, v and hence, by (2.7), is a solution of RBSDE,( f, i, ) for g.e.
x e D.

Step 2. We now show how to dispense with the assumption that y € L*(D). If p €
H~1(D) N My(D) then there exist ¢° € L*(D), g € L?(D)? such that ;4 = ¢° — divg. Let
jn be a mollifier and let p, = T,,¢° — div((T,,g) * jn). Let u, € H} (D) be a weak solution
of EVI(f, pn, %) and let v, be the obstacle reaction associated with u,, so that

Aup + fun = —Hn — Vn-
By Step 1, for q.e. x € D the triple (Y™, Z™, K™) defined by

Y =u,(XP)), Z"=0oVu,(XP), t>0, K"~n~, (4.6)
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is a solution of RBSDE,(f, u,, ). Hence, for any 7' > 0,
TNAT
n(Xinr) = un(Xrnr) = [ Fun(Xo)ds 4 R = Ry, + Ky = K,
tAT

TAT
—/ oVun(X,)dBs, t€[0,T], P-as. 4.7)
t

AT

for g.e. z € D, where R" ~ p,, K" ~ ~v,. Let u € H}(D) be a weak solution of
EVI(f, u, ) and let v be the obstacle reaction associated with u. Taking v = u,, as a test
function in (1.4) we get

—(Au, up — u) > (p, up — u).

Since —(Auy, v — up) > (ln, v — uy) for v € Ky, we also have
—(Atp, u — up) > {fn, u — up).

Hence

%(av(un o u)’ V(un - U’))Q < (fun - fu7un - u)2 + </U'n — Ky Up — ’LL>

S <,U/n_/147un_u>

< o = pllzr oy lun — ull g2 oy,

from which it follows that u, — u in H}(D). As a consequence, f,, — f, in L?(D) by
Nemitskii’s theorem, and hence v,, — v in H1 (D). From Lemma 2.6 and (2.7) it follows
now that there is a subsequence (still denoted by n) such that for any v € SSB(D),

sup(|Rin, — Rinr| + | Kiwr — Kiar|l) = 0 in measure P,,

t<T
where R ~ u, K ~ ~. To complete the proof it suffices now to let n — oo in (4.7) and
repeat step by step arguments following (4.3) in Step 1. O

Proposition 4.2. Let f, u satisfy the assumptions of Proposition 4.1 and let u € H}(D)
be a weak solution of the problem
Au = —p.

Then for q.e. x € D the pair
Y, =uw(XP), Zi=oVu(X}P), t>0

is a solution of BSDE,(f, u).
Proof. Follows from the proof of Proposition 4.1 with ¢y = —oco and v =0, K = 0. O
Proposition 4.3. Under the assumptions of Proposition 4.1,

Mmooy < [l = 17) 1 ay (D)
Proof. Let us define the operator B : H}(D) — H~1(D) by

Bw = Aw + (fuwtps — fur)-

Let u,, € H}(D) be a solution of EVI(f, u,,,) with ¢, = ¢ —n~"! and let w,, € H}(D) be
a solution of the elliptic variational inequality with the operator B, measure u — p* and
obstacle i, — 9%, i.e.

{ <_Bwn7£ - wn> > <N -t - wn> V€ e Ky, —y (D)a
wy € Kwn,w* (D)
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Since Ay* = —u*, for every n € Ky, we have

(—A(wp + %), n —wy, — ™) = (—Aw,, — (fwn+w* - fw*) — AY* — fpm— " —wpy)
= (=Bwn,n — " —wp) + (p*,n— ¢ —wy)
2 <M777—¢* _wn>~

From the above it follows that w,, +1* is a solution of EVI(f, u, ¥y,), i.e. u, = w, +¢*. As
a consequence, the obstacle reaction (3, associated with w,, coincides with the obstacle
reaction ~,, associated with u,, because

Auy, Jrfun = Aw, +fwn,+w* +A¢* = Bw, +A7/}* Jrfw* = 7(/‘ - /L*) — Bn 7N* = —Hn — Bn-
Let v € H}(D) be a solution to the equation
Bo=—(p—p)*

and let { = w, A v. Since g(z,y) = f(z,y +¢*(x)) — f(z,9¥*(x)) is bounded and satisfies
(H1a), it follows from Proposition 4.2 and Remark 3.3 that v > 0. Hence { € Ky, _y-
and

%(an",V(f —wy))2 — (fwn+w* = fy, & — Wp)2 — (— p*,§ —wp) > 0.

Since £ —w,, <0,
1
i(avvv V(f - wn))? - (fv-HZJ* - fw*ag - wn)2 - <:U' - /L*,g - wn>
= {((p—p") " & —wn) <O0.
By the above inequalities,
0> (aV(v—wy,), V(§ —wn))2 — 2(fv+w* — funtp,§ — Wn)2

= /D 1{v<wn}(aV(U — wn); V(f — wn)) dx
2 [ Vpcwny Ui = Furir )0 = wn) d
D

> [ Ao (@V(E = 0,). V€ = ) da
Z (aV(§ = wn), V(§ —wn))a.
Hence ¢ = w,, and so w,, < v. Since
Bv—Bw, = —(u—p*) " +p—p v =—(— ")+,

we have
(= 1) = s Tl = w0) = 5 (@9 (0~ wn), VTL(0 — wn)s

- (fv+w* - fwn-l—w*vTe(v - w"))Q > 07

the last inequality being a consequence of monotonicity of f(z,-). Consequently,

/ TE('U - wn) dlyn S / TE('U - wn) d(ﬂ - /1'*)_7
D D
from which we deduce that v, ({v — w, > ¢}) < (p— u*)~ (D) for € > 0, and hence that
Yn({v — wy, > 0}) < (u— p*)~ (D). From this it may be concluded that

(D) < |l =1l mypy, n €N (4.8)
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Indeed, since v > w,, (4.8) will be proved once we prove that -, ({v = w,}) = 0. Since
v >0and ¢, — " <0,

Yn({v = wn}) <yu({wn > 0}) < vu({wn > ¥y — ¥ }) = va({un > ¥n}).
On the other hand, by (2.9),

t t
0= Em/ (un - ¢n)(X?) dK] = </ PledS, (un - wn) "Yn>a
0 0
where K™ ~ ~,. Since X has continuous trajectories, fot PP1(x)ds = fot P.(t>s)ds >0
for x € D. From this we conclude that

/ (un = ¥n) dyn =0, (4.9)
D

and hence that v, ({u, > ¥,}) = 0. Thus, v,({v = w,}) = 0, and (4.8) is proved. To
complete the proof of the proposition it suffices now to prove that v, — v in M,(D),
where + is the obstacle reaction associated with the solution u of EVI(f, u,v). To see
this, we first show that {u,} is bounded in H{(D). Since u, < wu,.; by Proposition
4.1 and Theorem 3.1, it follows that there is w € H{(D) such that u, — w weakly in
H}(D). In fact, as in Step 1 of the proof of Proposition 4.1 one can show that w = u
and u,, — u strongly in H}(D). By [13, Proposition 3.8], u,, is a solution of OP(0, fi,,, ¥»)
whereas u is a solution of OP(0, fi, ¢), where fi,, = f, + i, i = fu + p. Since f, — [ in
My(D), it follows from [13, Theorem 2.7] that 7,, — ~ in M;(D), which is the desired
conclusion. O

Proposition 4.4. Under the assumptions of Proposition 4.1, ifu € Hg(D) is a solution
of EVI(f, u,%) then it is a solution of OP(f, i, ).

Proof. Our method of proof will be adaptation of the proof of [13, Proposition 3.8]. Let
~ be the obstacle reaction associated with u. By Proposition 4.3, v € M;(D) and hence
v € Mg’Jr(D) since v € H~!(D). Therefore u is an entropy solution of the problem (3.5).
Lety € M§’+(D) and let v be an entropy solution of the problem Av = —u— 7, v|gp =0
such that v > 1 q.e. in D. What is left is to show that v > u q.e. in D. By [13, Remark
4.5] there is a sequence {¥,,} ¢ H~1(D)NM; " (D) such that 7, 1 7 strongly in M (D).
Let v, € H(D) be a weak solution of the problem Av,, = —u—%,, and let u,, € H}(D) be
a solution of EVI(f, u, 1,,) with ,, = ¥ A v,,. By Propositions 4.1, 4.2 and Theorem 3.1,
Un > Un, SO the proof will be completed by showing that v,, T v, u, T v q.e. in D. To see
this, let us first observe that by Proposition 4.2 and Remark 3.3, v,, < v,4+1 d.e. Hence
¥n < ¥p41, SO using once again Propositions 4.1, 4.2 and Theorem 3.1 we see that
un < Uny1. By the above there are v*,u* such that v, 1 v*, u, 1 u* q.e. Let w € H}(D)
be a weak solution of the problem Aw = —f,« — 4 — 7, wlsp = 0. Since f,, = f,~ in
LY(D), it follows from the stability results for entropy solutions (see Theorem 2.3 and
Corollary 3.2 in [13]) that Tyv,, — Tjw in H}(D) for every k > 0. It follows that w = v*,
hence that v* is a weak solution of the problem Av* = —f,« — u — 74, v*|sp = 0. Since
the last problem has a unique solution, v = v*, and consequently, v,, T v g.e. in D. On
the other hand, by the definition of a weak solution of EVI,

— (A, v — up) > (v —up), vE Ky, . (4.10)
From (4.10) with v = ¢* and the fact that Ay* = —u* it follows that

SOV ), V™ — )2 < (e = funs ¥ =)o (14" = 0" — )
§ <,LL* - lu‘vw* - un)a
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hence that {u,} is bounded in Hj (D). Therefore we may assume that u,, — u* weakly
in H}(D). In fact, since we already know that u* > ¢ Av =9 q.e.,

1
i(av(U* - Un),V(U* - un))Q S (fu* - funaU* - un)Q + <AU* - /4L7U* - un>

< <Au* - M7U* - un>a

from which it follows that u,, — u* strongly in H}(D). Therefore letting n — oo in (4.10)
shows that u* is a solution of EVI(f, u, ). Accordingly v = «*, and consequently, u,, T u
g.e. in D. O

4.2 General measure data

Let M%(D), q > 1, denote the Marcinkiewicz space of order ¢ (see, e.g., [12, Section
2.18]). Recall that M%(D) can be defined as the set of measurable functions v : D — R
such that the corresponding distribution function

At)=m{z € D:|u(z)] >t}), t>0

satisfies an estimate of the form
Alt) <Ct™1

for some C' > 0. One can check that LY(D) ¢ M%(D) Cc LP(D) for1 <p < q.
In the proof of the existence of a solution to the problem OP(f, i, v) under (H1)—-(H3)
we will need the following stability result for entropy solutions of (3.2).

Theorem 4.5. Assume that f satisfies (H2) and p, ji,, € M3 (D). Let u be an entropy
solution of the problem (3.2) and u,, be an entropy solution of the problem

Aty = —fin, Unlop = 0.

If yi, — p in My(D) then u,, — u in Wy '%(D) for ¢ € [1,d/(d — 1)) and Tyu, — Tyu in
H}(D) for every k > 0.

Proof. The proof follows closely the proof of [1, Theorem 6.1] (see also [2]). Neverthe-
less we provide its main ingredients because we will use them in the proof of our main
result.

We first assume that d > 3. By (3.4) with v = 0 and the fact that u, f,, <0,

- EUunlla = AT Up |~ dx < aViuy, Vu,) dx
A Y| VT, |3 = A1 Vu,|* d Vi, Vuy,) d
{|u"\<k} {|un|<k}

:2/ Un fu, d:c+2/ Up dptn, < 2k || pin || A, (D) - (4.11)
{lun|<k} {lun|<k}

It follows that {VTyu,}, is bounded in L?(D) and hence, by Poincaré’s inequality, in
H}(D). Let ¢ € [1,2d/(d — 2)). Since the imbedding H}(D) < L9(D) is compact,
we may and will assume that {T}u,}, is a Cauchy sequence in L%(D). From this and
estimates of meas{|u, —u,,| > t} on pages 256-256 in [1] it follows that {u,,} is a Cauchy
sequence in measure. Hence there is u such that u,, — v in measure in D. Extracting
a subsequence if necessary we may and will assume that u,, — w a.e.. Since f(z,-) is
continuous, f,, — f. a.e.. Let {¢;} be a sequence of real smooth increasing functions
such that &;(y) — &(y), where &(y) = 0 if |y| < k and &(y) = sign(y) if |y| > k. Since

0 < (aVup, V& (up))s = 2 /D Fun €a(un) i +2 /D €:(un) din,
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letting 7 — oo gives

0< —/ S dx+/ fu dw+/ djin,
{“n<_k} {un>k} {l“n|>k}

that is

/ | fu, | dz < / dfin. (4.12)
{lun|>k} {Jun|>k}

Letting £ | 0 in (4.12) we see that |[fu, |1 < ||gnllam,(p). Hence, by Fatou’s lemma,
Il fulli < liminf, o0 || fu,llr = [[#llam,(p)- By (4.11) and [1, Lemma 4.2], for every ¢ > 0
there exists A > 0 such that meas{|Vu,| > A} < ¢ for all n. Moreover,

/ (aV (Up, — Um), V(tp — tm)) dx
{‘un*UM|§k}

S 2/ |fun - fum
{lun,_umlgk}
< 2| pim | a4, (D) + 6| e[| M, (p) < BEC.

-|un—um|dx+2/ [ttr, — U | dpin,
{lun_umlék}

Using the above estimate one can show as in [1] (see pages 257-258) that {Vu,} is a
Cauchy sequence in measure. Hence {Vu, } converges in measure to some function v.
Since we know that for each k > 0, {VTjuy,}, is bounded in L?(D), it converges weakly
in L?(D) to VTyu for k > 0 and v = Vu. Thus,

U, = u, Vu, = Vuin measure. (4.13)

By (4.11) and [1, Lemma 4.1], the sequence {u,,} is bounded in the Marcinkiewicz space
M4/(d=2)(D). Moreover, again by [1, Lemma 4.1], {Vu,} is bounded in M%/ (=1 (D).
Since we already know that Vu,, — Vu in measure, it follows from this that Vu,, —» Vu
in L9(D) for ¢ < d/(d — 1), and hence, by Poincaré’s inequality, that

u, — uin WD), qe[l,d/(d—1)). (4.14)

From (4.12) it follows also that the sequence { f,,, } is equiintegrable. Hence { f,, — fu}
is equiintegrable, and consequently,

fu, — fuin LY(D) (4.15)

since we know that f,, — f, a.e.. Finally, to show that v is an entropy solution to (3.2)
let us consider an entropy solution w to the problem

Aw = —fu — p, w‘@D = 0.

By [13, Corollary 3.2] one can find g, g, € L'(D), G,G,, € H~*(D) such that u = g + G,
fn = gn + G, and g, — g in LY(D), G,, — G in H~1(D). From this, (4.15) and known
stability results for entropy solutions (see [13, Theorem 2.3] or [14, Theorem 1.2]) it
follows that Tyu, — Tjw in HE(D) for k > 0. Thus, w = u. As a consequence, Tjyu, —
Tyuin H} (D) for k > 0 and u is an entropy solution of (3.2), which completes the proof
in case d > 3.

Now assume that d = 2. Then the imbedding H}(D) < L?(D) is compact, so the
same proof as in case d > 3 shows that (4.13) holds true. By (4.11), for any p € [1,2),

/ |Vul? de < CkP/?,
{lun|<k}
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from which in much the same way as in the proof of [1, Lemma 4.1] it follows that {u,}
is bounded in the space M?/(>~P)(D). Thus, {u,} is bounded in M9(D) for any q > 1.
Moreover, from (4.11) and the proof of [1, Lemma 4.2] it follows that {Vu,,} is bounded
in M?(D) for ¢ € [1,2). In particular, it follows that {u,} is bounded in W,**(D) for
q € [1,d/(d —1)). From this and (4.13) we get (4.14). The rest of the proof runs as
before. O

In part (ii) of the following main theorem we use some ideas from [4], where L' solu-
tions of non-reflected BSDEs with deterministic terminal time and coefficients satisfying
the monotonicity condition are considered. L' solutions of similar reflected BSDEs are
considered in [19].

Theorem 4.6. Assume that (H1)-(H3) are satisfied and d > 2.

(i) There exists a quasi-continuous q.e. finite entropy solution u of OP(f, u, ). More-
over, if d > 3 then

uwe M*Y=2(Dy |Vu| e MY @1 (D),
and if d = 2 then
u € MP(D), |Vu|e M4(D)
for any p > 1, ¢ € [1,2). In particular, in both cases, u € Wol’q(D) for any q €

[1,d/(d—1)).
(ii) Let v be the obstacle reaction associated with u. Then for q.e. © € D the triple
(Y, Z,K), where

Y, = u(XP), Zi=0oVu(Xp), t>0, K~y (4.16)

is a unique solution of RBSDE,(f, i, ). Moreover, for every T > 0 and 8 € (0,1),
TAT
E,sup|Y;|? < oo, EI(/ 1Z|? ds)P/? < 0o (4.17)
t<T 0

forq.e. x € D.

Proof. By (2.6), = g+ G for some g € L'(D), G € H*(D) N M3 (D). Let g, = T,,g and
let i, = gn+G. Since g,,,G € H*(D)NMy(D), pn, € H-Y(D)NMy(D). Let u,, € H} (D)
be a solution to EVI(T,, f, ., %) and let v, be the obstacle reaction associated with w,,,
i.e.

By Proposition 4.4, u,, is a solution of OP(T), f, in, ). Furthermore, by (4.18), the fact
that (T}, f)u, un < 0 and Proposition 4.3 we have

AT! |V, |? de < / (aVuy, Vuy,) dz
{lun|<k} {lun|<k}

2 @federz [ wndn )
{\u”|<k:} {\u”\<k}

< 2k([|nll Ay (D) + 10l A, (D))

< 2k(|[pn | My (py + (ki = 17) " [ My (D)
< 2k(2[lglls + [|#" | rmy (D)) = EC- (4.19)

Let us define &; as in the proof of Theorem 4.5. Then

0 S (CLV’U,n, vél(un))Q =2 /D(Tnf)u,L£z<un) dx + 2/D gz(un) d(un + 'Yn)a
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from which as in the proof of (4.12) it follows that

[ Amlde < [ d ), (4.20)
{‘un|>k} {l“n|>k}
Letting k£ | 0 in (4.20) we get

”(Tnf)un”l < H/Ln”/\/lb(D) + ||7nHMb(D) <C.

Moreover,
/ (aV (tn — um), V(tp — ) dz
{lun_urnlgk}
<2 (T~ TS| -t — i da
{lun*umlgk}

+ 2/ |[Un, — | d(ptn + Vn)
{‘“n7UM‘Sk}

< 2k([| tn | my 0y F [¥mlla, (0)) + 6K ttnll A, (D) + 1nlla, (p)) < 8KC. (4.21)

Using (4.19)-(4.21) in much in the same way as in the proof of Theorem 4.5 we show
that there is u € W,(D), ¢ € [1,d/(d — 1)), such that (4.14), (4.15) are satisfied. Set
fn = (Tnf)u,, b = fu + p and denote by v the solution of the problem OP(0, i,v). Since
i — ﬂ”Mz,(D) < N(Tnf)u, — fullt +1lgn — gll1, fin — @ in My(D), and hence, by [13,
Theorem 2.71, Ty (u,) — Tx(v) in H(D) for every k > 0 and v, — v in M,(D), where
v E M§’+(D) is the obstacle reaction associated with v. From this and (4.14) it follows
in particular that v = u. Therefore v is an entropy solution of the problem (3.5) and
Tiun — Ti(u) in H(D) for k > 0. By the last statement and (4.19), ||VTxul2 < Ck,
k > 0, so according to the remark following the definition of a solution of the obstacle
problem, u is q.e. finite. Before we prove that u satisfies the minimality condition
(ii) in the definition of the obstacle problem we will show that for q.e. = € D the
triple (Y, Z, K) defined by (4.16) is a solution of RBSDE,(f, u, ) satisfying (4.17). By
Proposition 4.1, for each = € D the triple (Y, Z™, K™) defined by (4.6) is a solution of
RBSDE,. (T, f, tin, ), i.e.

T

Yo = / (Tof)u. (Xo)ds + R' — R, + K" — KI' — / Z"dB,, t>0, P,as.,
t

AT tAT

where R™ ~ p,,. Write ¢,, = (T}, f)u, + gn and let C" ~ ¢, (z) dz, A ~ G. Then the above
equation takes the form

Y/ = Ay — Appr +C" = CP L+ K" — KJ — / Z"dB,, t>0.

tAT

To simplify notation set
=" - "k ®.=C K,Y,Z

Using arguments from the proof of [4, Proposition 6.4] one can show that for any 0 <
t<Tandzx € D,

10Y:| < By (|6Y7a7| + [0C | 7Ar + [0K|7A7 | Fine) = M. (4.22)
Hence E,|8Y;| < E,|M,| for € D, and consequently, for any v € Sg,(D),

E,|8Y:| < E,|M,|. (4.23)
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By Lemma 2.1,
lim sup E,(|0C|rar + [0K|1ar) = 0. (4.24)

n—r oo k>1

On the other hand, since u,, — u in Wy'%(D) for ¢ < d/(d — 1) and limp_,, u(XR) = 0,
limy 00 u, (XE) = 0, we have

lim sup B, |0¥ra-| <2 lim sup B, |un,(XR)| = 0. (4.25)

T— o0 n,k>1 —00 p>1

Since (4.24) holds for every T' > 0, it follows from (4.23) and (4.25) that

lim sup F,|0Y;| =0, t>0. (4.26)

n—0o0 L>1

Since M defined by (4.22) is a martingale under P, for every x € D, applying [4, Lemma
6.1] yields
Eq(sup [M¢|%) < (1= )~ (Bu| Mr|)”.
t<T
Hence, for every x € D,

Eg sup 16Y27 < (1= B) " (Eo(10Yrnr| + 16C a7 + 0K |707))"
t<

Integrating the above inequality with respect to v and using Holder’s inequality we get

1
E, sup |§Y; f <
th| 1 5

1
1-p
From this as in the proof of (4.26) we get

WD) (B (16Yrar| + [6C | rar + [6K |7 A7)

< WD) H{(Bu|0Yrrr)? + (Bu(16C | 7ar + 0K |70r))7}.

lim sup E, sup |6Y;|® =0, T >0. (4.27)
n—00 >1 t<T

As in the proof of [4, Lemma 3.1] one can show that for every 8 € (0,1) there exists
Cpg > 0 such that forz € D,

TAT
Ea:(/ 16Z,[* ds)?"? < CyEy{sup [6Yrpr|” + (|6C|rar)? + (10K ]|rar)) ).
0 t<T

Hence
TNAT
EV(/ 62,2 ds)P/?
0
< CyBy{sup [8¥nc |7 + (D)) (B |3Clrnr)” + (Eol6K|rar)?).
t_
Using (4.27) and arguing as before we conclude from the above that

TNAT
lim sup Ey(/ 6Z,2dt)?/> =0, T >0. (4.28)
0

n—0o0 >1

Let S#(RY) (resp. MP?(R%)) denote the space of progressively measurable R¢-valued
processes on [0, c0) equipped with the metric

o(X, X1) = > 27V (E, sup X = X174 1)
N=1 =

EJP 17 (2012), paper 40. ejp.ejpecp.org
Page 23/27


http://dx.doi.org/10.1214/EJP.v17-2062
http://ejp.ejpecp.org/

Elliptic obstacle problems with measure data

(resp 0(Z,7") Z2N V/ |Zt—Zt’|2dt)5/2)/\1)>.
0

Obviously S#(R%), M?(R?) are complete spaces. By (4.27) and (4.28), {(Y",Z")} is a
Cauchy sequence in S”(R?) x M#(R? x R?). Let (Y”,Z") denote its limit. Clearly Y,
Z¥ do not depend on 3 and are adapted. Moreover, Y” is P,-a.s. continuous, because
the processes Y are continuous and

sup |Y{* — Y| — 0 in measure P, (4.29)
t<T

for every T' > 0. By Doob’s inequality for continuous local martingales,

tAT 4— 5 tAT
E, sup| (Z" — Z¥)dB,|? < <53 (/ |Z" — Z¥ |2 ds)P/? — 0.
t<T Jo -8 0
Since ¢, — cin L'(D) and v, — v in M;(D), it follows from the above and Lemma 2.3
that . .
Y = / o(Xg)ds+ K — Kinr — / ZYdBs, t>0, P,-as., (4.30)
tAT tAT
where K ~ 7. Since Y;* > (XP), t > 0 for n € N and ¥(X?) has continuous trajecto-
ries under P,, from (4.29) it also follows that

YY >p(XP), t>0, P,as. (4.31)
and i
| @ —vxPyri=o. Pas. (4.32)
0
the last equality being a consequence of that fact that
tAT tAT
sup| [ (V7 = p(XP) AR - [V - (D) K] 0
t<T Jo 0

in measure P, for T' > 0. Since (4.30)-(4.32) hold for every v € SSB(D), to complete the
proof it suffices to show that
wXP)=Y", P,as. (4.33)

and
TAT
/ |Z{ — oVu(Xy)|*dt =0, P,-as. (4.34)
0

for T > 0. We know that Y;" = u,,(XP), t > 0. Since Tyu,, — Tyu in H} (D) for k > 0, it
follows from [8, Lemma 5.1.2] that there is a subsequence, still denoted by n, such that
forevery k € Nand T > 0,

sup | Ty (un(XP)) — Ti(u(XP))| — 0 in measure P, .
t<T

On the other hand, by (4.29), for k € N, T > 0,

sup | T (Y;") — Tr(Y})| — 0 in measure P, .
t<T

Hence T,u(X?) = T},(Y") under P, for every k € IN, which yields (4.33). To show (4.34)

let us first observe that from the fact that | IaT |Z—Z¥|* dt — 0 in measure P, it follows
that
TAT
/ T (Z]) — Ti(ZY)|* dt — 0 in measure P, (4.35)
0
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for every k € IN. On the other hand, since cVu,, = cVu in LY(D) with ¢ < d/(d — 1),
TAT
/ | Tk (0Vun, (Xy)) — Ti(oVu(Xy))|> dt — 0 in measure P, . (4.36)
0

Combining (4.35), (4.36) with the fact that Z" = o¢Vu, (XP), dt ® P,-a.s. we conclude
that fOTAT Ty (oVu(Xy)) — Te(ZY)|>dt = 0, P,-a.s. for k > 0, T > 0, from which we get
(4.34). By what has already been proved and (2.7), for gq.e. x € D the triple (4.16) is
a solution of RBSDE, ( f, u,%) and satisfies (4.17), so the proof is completed by showing
that u satisfies the minimality condition. Let 7 € Mi*(D) and let u be an entropy
solution of the problem
Aﬁ:_fﬂ_,u_;% a‘@D:O

such that @ > ¢ q.e. in D. We have to show that & > u. Since 7§ € Mi’+(D), Yy=h+H
for some h € L' (D), H € H~ (D). Let h,, = T,,h, 4, = hy, + H and let 4,, € H}(D) be a
weak solution of the problem

Aun = _(Tnf)ﬁn — Mn — Yn-

Since p, + Jn — 1+ 75 in My(D), it follows from Theorem 4.5 that @, — @ in WOI”’(D)
and Tyu, — Tru in H&(D) for £ > 0. Moreover, as in the proof of (4.15) one can show
that (7, f)a, — fz in L'(D). On the other hand, by Proposition 4.2, for q.e. € D the
pair (Y™, Z") defined by

Y =a,(XP), Z"=0oVa,(XP), t>0

is a solution of BSDE, (T}, f, tin, + 7n), i.€.

7 = / (Tof)a. (Xs)ds + R" — R — / ZMdB,, t>0, Pras.,
t

AT tAT

where R™ ~ p,, + 7. Since (T, f)a, — fa in LY(D) and p, + 7, — pu+ 7 in My(D), in
much the same way as in the proof of (4.30) we show that for any v € Syo(D) there exist
a continuous proces Y” € S#(R%) and Z¥ € M?(R? x R?) such that

e :/ c(Xs)ds + Ry — Rinr 7/ ZYdB,, t>0, P,-as.,
t

AT tAT

where R ~ p + 4. Then, using the fact that Ty, — Ty in H(D) for k > 0 we show as
in the proof of (4.33), (4.34) that

TNAT
a(xP) = vV, / 2V — ou(X)2dt =0, Py-as.,
0
from which it follows that for g.e. € D the pair
Y =u(XP), Z;=oVa(X}P), t>0

is a solution of BSDE,(f, 11+ ¥). That @ > u now follows from Theorem 3.1. O

Remark 4.7. (i) Under the assumptions and notation of Theorem 4.6,
[ w-var-o
D

This follows from the fact that v ~ K and fg (u—)(XP)dK, =0 for g.e. z € D (see the
proof of (4.9)).
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(ii) Ify = h+H forsome h € L*(D), H € H~*(D) and H = h°—divh for some h° € L*(D),
h € L?(D)¢ then for a.e. x € D,

tAT tAT
K, = / (h + h°)(X,)ds +/ (a™'h)(X,)*dX,, t>0, P,-as.
0 0

(see (2.10) and Proposition 2.4).

Remark 4.8. The entropy solution u of Theorem 4.6 is the renormalized solution of
OP(f, p, 1), that is if v is a renormalized solution of (3.6) such that v > 1) q.e. thenv > u
on D and u satisfies (3.5) in the sense of [7, Definition 2.13]. The last statement means
that

%(aVu, Vw)z + (fu,w)2 = / wd(p+ ) (4.37)
D

for every w € Hg(D) N L*°(D) with the property that there exist k > 0 and wy,w_ €
W, (D) N L>®(D) with p > d such that w = w, a.e. on the set {u > k} and w = w_ a.e.
on the set {u > k}. For equivalent definitions of renormalized solutions see [7]. The first
statement, i.e. that v > u q.e. follows immediately from the fact that the renormalized
solution of (2.16) is the entropy solution (see [7, Remark 2.17]). To show (4.37) let us
define uy, {in, V» as in the proof of Theorem 4.6. Since u,, is a weak solution of (4.18), it
is a renormalized solution of (4.18). Hence

%(aVun, Vw)s + (fu,, w)2 = /D wd(n + Yn)- (4.38)

We know that Tyu, — Tpu in HA(D), u, — u in Wy'%(D) for q € [1,d/(d — 1)) and
tn + Yo — p+ v in My(D). Therefore letting n — oo in (4.38) and using [13, Corollary
3.2] and Lemma 2.5 we get (4.37).
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