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Abstract

In this paper we study the existence of a unique solution for linear stochastic differ-
ential equations driven by a Lévy process, where the initial condition and the coeffi-
cients are random and not necessarily adapted to the underlying filtration. Towards
this end, we extend the method based on Girsanov transformations on Wiener space
and developped by Buckdahn [8] to the canonical Lévy space, which is introduced in
[26].
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1 Introduction

Our aim in this paper is to prove the existence and uniqueness of a solution of the
linear stochastic differential equation

¢ t t
X, = X —|—/ bs X, ds +/ asXs OW, —|—/ / vs(y) Xs— dN(s,y)
0 0 0 J{|ly|>1}

t
+/ / vs(y)Xs_ dN(s,y), 0<t<T. (1.1)
0 J{o<yl<1}

Here X is a random variable, a, b and v(y), for any y € R, y # 0, are random processes
not necessarily adapted to the underlying filtration, W is the canonical Wiener process,
N is the canonical Poisson random measure with parameter v (see Section 2.2 for de-
tails), dN(t,y) := dN(t,y)—dt v(dy), and the integral with respect to W (respectively the
integrals with respect to N and N) is in the Skorohod sense (respectively are pathwise
defined).

In the adapted case (i.e., deterministic initial condition and predictable coefficients
with respect to the filtration generated by W and V), the stochastic differential equation
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Anticipating linear stochastic differential equations

(1.1) with not necessarily linear coefficients has been analyzed by several authors (see,
for instance, [2, 3, 4, 10, 11, 15, 16, 23, 24]). For example, Ikeda and Watanabe [11]
have considered this equation with no necessarily linear coefficients and have used the
Picard iteration procedure and Gronwall’s lemma to show existence and uniqueness
of the solution, respectively. It is well-known that this is possible due to the isometry
property of It6 integrals. Also, in this case, one approach to study equation (1.1) is to
assume first that N does not have small jumps (i.e., the absolute values of the jump sizes
are bigger than a constant € > 0) and consider equation (1.1) as a stochastic differential
equation driven by a Brownian motion between two consecutive jump times, which has
a unique solution under suitable conditions due to It6 [12]. Then, we only need to show
that this solution converges to the one of equation (1.1) as ¢ — 0. Namely, the solution
of the equation

t
X; = X0—|—/ bs X¢ ds+/ as X5 SWy +/ / vs(y)X5_ dN(s,y)
{lyl>1}

/ / vs(y) X5 dN(s y), 0<t<T, (1.2)
{e<lyl<1}

converges as ¢ | 0, to a solution of equation (1.1). We can see Rubenthaler [24] for
details. This method was also utilized to obtain an It6 formula for Lévy processes (see,
for example, Cont and Tankov [9]). We also mention that in the adapted and linear case,
It6 formula provides a tool to obtain the existence and uniqueness of the solution to
(1.1). For details, the reader can consult Protter [23].

In the general case, we cannot use the Picard iteration procedure, nor Gronwall’s
lemma to deal with (1.1) because the L?-norm of the solution depends on its derivative
in the Malliavin calculus sense and this derivative can be estimated only in terms of
the second derivative, and so on. Therefore we do not have a closed argument, as it is
pointed out by Nualart [20].

On the Wiener case (i.e., v = 0), Buckdahn [6, 7, 8] has studied equation (1.1) via
anticipating Girsanov transformations. In particular, he showed that It6 formula is not
useful in this case. This approach has been also useful to deal with fractional stochastic
differential equations (see [13, 14]).

On the Poisson space, it means a = 0, equation (1.1) has been considered in different
situations for different definitions of stochastic integral (see, for instance, [17, 18, 19,
21, 22]).

In this paper, in order to obtain the existence of a unique solution to equation (1.1),
we apply the method developed in [6, 7, 8] between consecutive jump times to figure out
the solution X°* of the stochastic linear equation (1.2). Then, we get the convergence
of X*¢ to the solution X of (1.1). Moreover, X agrees with the solution to equation
(1.1) obtained using the classical It6’s calculus when a = 0 (see Theorem 5.1 below and
Theorem I1.37 in [23]).

On the other hand, note that we could combine the ideas of Buckdahn [6] and Pri-
vault [22] in order to calculate the solution to (1.1) when the stochastic integrals with
respect to N and N are interpreted as Skorohod type integrals. That is, we would be
able to consider modifications to equations (2.5) and (2.6) to get a Girsanov’s theorem
for Lévy processes. But we do not choose this approach here because, in general, the
solution of (1.1) is not given by It0’s calculus when a = 0 due to the relation between
the pathwise integral and Skorohod type one (see Corollary 2.9 in [1] and Privault [22]).
We will consider this method elsewhere.

The paper is organized as follows. Section 2 is devoted to different preliminaires:
Canonical Lévy space and process, Malliavin calculus and anticipative Girsanov trans-
formations. In section 3 the solution candidates for equations (1.1) and (1.2) are pre-
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sented and some of their properties are pointed out. In section 4 the existence of a
unique solution of (1.2) is proved and in Section 5, the same is done for (1.1). A long
and non-central proof of Theorem 2.10 is placed in the Appendix.

2 Preliminaries

In this section we give the framework and the tools we use in this paper to study
the existence of a unique solution to equation (1.1). In particular we introduce the
canonical Lévy space as it was done in Solé et al. [26], we extend some results given in
Buckdahn [6, 7] to the latter space and recall some basic facts of the Malliavin calculus.

In the remaining of this paper, v represents a Lévy measure on R such that v({0}) =
0 and f]R 2?v(dr) < oo (for details see, for example, Sato [25]), T is a positive fixed
number and ¢ denotes the Lebesgue measure on [0,7]. The Borel c-algebra of a set
A C R is denoted by B(A). The jumps of a cadlag process Z are denoted by AZ (i.e.,

ANZ =27, — Zy -|p and || - ||, denote the norms on L?([0,T]) and
on LP(Q), respectively. In particular || - || we will denote the norm on L>(f2), that is,
the essential supremum in 2. Sometimes we use the notation | - [r) = || - [|-

2.1 Canonical Lévy space

In this paper we consider all the processes defined on the canonical Lévy space on
0,71,
(,F,P) = (Qw @ Qn, Fw ® Fn, Pw ® Py).

Here (Qw, Fw, Pw) is the canonical Wiener space and (Qy,FnPy) is the canonical
Lévy space for a pure jump Lévy process with Lévy measure v, which is defined as
follows:

Let {e, : n € IN} be a strictly decreasing sequence of positive numbers such that
e =1, lim,,ce, = 0and v(S,) > 0 for any n > 1, where S; = {r € R: e; < |z|} and
S, ={x € R:e, < |z| < e,_1}. With this notation in mind, the canonical Lévy space
with measure v is

(QNafN;PN) = ®(Q(n)’}-(n)’P(n))7

n>1

where (Q("),}'(“),P(")) is the canonical Lévy space for a compound Poisson process
with intensity A, := v(S,) and probability measure @Q,, := v(- N S,)/A,. That is, for
n €N,

Q(n) = U ([O,T] X Sn)kv

k>0

with ([0, 7] x S,)° = {a}, where « is an arbitrary point,
FO .= {B c Q™ BA([0,T] x Su)* € B (([O,T] x sn)’“) ,forallk e ]N}

and for any B € F(™),

P (B) = e T Z n({®Qn ®k(Bk'ﬂ ([0, 7] x Sn)")

2.2 Canonical Lévy process

The canonical Wiener process W = {W; : ¢t € [0,T]} is defined as W;(w) = w(t) for
w € Qy, that is, w is a continuous function on [0, 7] such that w(0) = 0.
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The canonical pure jump process J; = {J; : t € [0,T]}, with Lévy measure v, is

k
) = fim 3 (K@) < [ avldn)) + XD0), 0= @) € .
S.

k— o0
n= n

where the limit exists with probability 1 and

X(”)(w(n)) = Z?;I xll[o,t] (tl)a if w(n) = (t17$1)7 EEEE (tm7l’m)),
! 0, if w(™ = q.

Finally, the canonical Lévy process with triplet (v, o, v) is defined as
Xi(w) =yt + oWy (W) + Jy(W"), forw = (v w") € Qw ® Q.
Recall also that the associated Poisson random measure is
N(B):=#{t€0,T]: (t,AX;) € B}, B e B([0,T] x Ry),
where Ry = R — {0}.

2.3 Elements of Malliavin calculus

In this paper we deal with the derivative with respect to the process W in the Malli-
avin calculus sense. So, in this subsection, we recall some basic properties of this
operator. For details, the reader can consult Nualart [20] or Solé et al. [26].

Let S be the set of random variables of the form

T T
F:f(/O hl(s)dVVs,...,/O hi(8)dWy), (2.1)

where n > 1, h; € L?([0,T]) and f € C;°(R™), that means f and all its partial derivatives
are bounded. The derivative of the random variable F' with respect to W is the random
variable

n T T
DWF:Z(ajf)(/O hl(s)dWS,...,/O i ()W, ).

The operator D" is a linear operator from L?(Qyy) into L?(Qw x [0,T]), closable and
unbounded. We will always consider the closed extension of D" and its domain will be
denoted by D}",.

Let DI, = {F € (D, N L=(Qw)) : DF € L=(Quy x [0,7])}. The Skorohod integral
with respect to W, denoted by 6", is the adjoint of the derivative operator D" : D‘ff’oo C
L= (Qw) — L (Qw x [0,T]). That is, u is in Dom 6" if and only if u € L (Qy x [0,7T7])
and there exists a random variable 6" (u) € L' (Qyy) satisfying the duality relation

T
Ew / uwD)Y Fdt| = Eyw [6" (u)F]| forevery F e D" (2.2)
0

1,007

where [y, is the expectation with respect to the probability measure Py . As it was
pointed out by Buckdahn [6, 7], 6" (u) is well-defined.

We can extend the last definitions to Hilbert space valued random variables: Let
SW(L*(Qn)) be the set of all smooth L?(Q2y)-random variables of the form

n T T
F=3 0 ha@dWe, [ o s(s)aw )G 2.3)
i=1 0 0
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where n > 1, h;; € L*([0,T]), G; € L*(Qy) and f; € C°(R™), for i € {0,...,n} and
j €{0...,n;}. The derivative of the random variable F' with respect to W is the L?(Qy x
[0, T])-valued random variable

n n;

T
DVF =" (9;f)( A mx)tm.nﬂﬁ Bins i (8)dW)hj i G

i=1 j=1

The operator D" is a linear operator from L?(f2) into L? (Q x [0,T]), closable and un-
bounded. Moreover it can be iterated defining D,""* , F:= D}V ... D}V F.

For any k,p > 1, we introduce the spaces D} (LZ(QN)) as the closure of SW (L?(Qy))
with respect to the norm

k
1E Ik = | 1Fl200) [y + 2 ( /[OT], IDEV’JFI%2<QN>dz>

Jj=1

1|pP

2

Lr(Qw)

Now the Skorohod inte~gra1 with respect to W, denoted by 6%, is the adjoint of the
derivative operator D" : D}"_ (L>(Qy)) C L™ (2) — L™ (Q x [0,T7]) with

DY (L=(Q)) = {F € (DI, (L*(Qn)) N L®(Q)) : DF € L™(Q2 % [0,T])} .

That is, u is in Dom §" if and only if u € L' (Q x [0,7]) and there exists a random
variable §" (u) € L'(Q) satisfying the duality relation

T
/ u D}V Fdt
0

The operator 6" is an extension of the It6 integral in the sense that the set L2(Qw x
[0,T1]) of all square-integrable and adapted processes with respect to the filtration gen-
erated by X is included in Dom §" and the operator 6"V restricted to L2(Qw x [0,T])
coincides with the Itd stochastic integral with respect to W. For v € Dom 6" we will
make use of the notation 6" (u) fOT utdWy and for ulljg ) in Dom oW we will write
5w (u]l 0 t] fo us0W,. Note that in (2.2) and (2.4) we are using §" for the Skorohod
integrals defined on L'(Qy x [0,7]) and on L*(2 x [0,T]), respectively. We hope that
the space will be clear when we use this operator.
The following result will be important in next section.

Lemma 2.1. Let F € D", (L?*(Qy)) and v € Dom 6" N L' (Q x [0,T]). Then, for almost
allw” € Qy, F(-,w") € DY, u(-,w") € Dom 6" N L' (Qw x [0,T7]),

E =E[6"(u)F] forevery F e D' (L®(Qn)). (2.4)

DYV F(,w") = (DVF)(-,u")
and

8 (u(-,w")) = 6" (u)(-,w").
Remark 2.2. Note that left-hand sides of last two equalities are given by (2.1) and
(2.2), while right-hand sides are defined via (2.3) and (2.4), respectively.

Proof of Lemma 2.1. Let F € D}%,(L?(Qy)). Then, there is a sequence {F,, € S (L*(Qy)) :
n € IN} of the form (2.3) such that || F;, — F||y., , — 0. Hence, the definition of the canon-
ical Lévy space, in particular the definition of the probability measure P, implies that
there is a subsequence {n; : k € IN} such that, for a.a. W’ € Qy,

KD?E%@W@)—UXWU@wﬂFM> =0,

L2(Qw)

Nl

2
|Fnk,('7w”) - F("w”)|L2(QW)+ </[O

7]
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which gives that the first part of the result is true because {F),, (-,w”) : k € N} is a
sequence of the form (2.1).
Finally, let H € S" and G € L>(Qy). Then, the duality relation (2.4) yields

T
E |G / wD}VHdt| = E [GsW (u)H)]| .
0

Consequently, using the definition of the probability measure P, for a.a. w” € Qp,

T
Ey /0 w(-,w”")DY Hdt| = Ew [6" (u)(-,w")H] .

Thus, from the duality relation (2.2), the proof is complete. O

2.4 Anticipative Girsanov Transformations

Here, for the convenience of the reader, we recall some basic facts on anticipative
Girsanov transformations. By Lemma 2.1, some of these results will be a consequence
of the properties of transformations on Wiener space. For a more detailed account on
this subject we refer to [6, 7, 8]. Remember that, by the definition of the canonical Lévy
space, we have that for any w € 2 there are w’ € Qi and w” € Qu such that w = (W', w")
and vice versa. For w’ € Q and w” € 2y, we use the convention w = (v, w”).

Given a process a € L*(Q2 x [0,T]), we define the transformation 7, : Q2 — Qy as the
application defined by

To(W, W) = —I—/ as(w',w")ds.
0
Observe that for w” fixed, we obtain a transformation on the Wiener space. We say this
transformation is absolutely continuous if the measure Py o (T,(-,w”))~! is absolutely
continuous with respect to Py, for almost all w” € Qu. Henceforth, we introduce the
Cameron-Martin space C M, that is, the subspace of absolutely continuous functions of
Quw, with square-integrable derivatives, endowed with the norm

T 3
|w/‘cju = (/ w’(t)th> .
0

The following two results are an immediate consequence of [6, 7, 8] and Lemma 2.1:

Proposition 2.3. Let T' and T2 be two absolutely continuous transformations associ-
ated with processes a; and ay, respectively, F' € D', (L?(Qy)) and o € L*([0,T], DY, (L*(Qn))).
Then, for almost all w"’ € Q 5, we have

‘F(Tal (lew//)vwll) - F(Taz(w/vw//)aw//” < |||DWF|2||OO|T111 (w/aw//) - Taz(wl’w//”CJW

and
T 2
(/ los(Ty, (W', W"),w") — 05(Th, (w’7w”),w")|2ds>
0
1
T T 2
< ( / / DY as|2dsdr> T, (o) — Ty (oY onr-
o Jo
oo
EJP 17 (2012), paper 89. ejp.ejpecp.org
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Proposition 2.4. Let T, be an absolutely continuous transformation. Assume a €
L2([0,T7; ]D¥‘7’2(L2(Q]\,)))7 andleto € LQ([O,T];]D}",Q(LQ(QN))) be witho(T,,-) € L*([0,T], L*(Q))

T T 3
/ / |DY o, |2 dsdr < 00.
o Jo

oo

Then, for almost all " € Qy, we get (T, (-,w"),w”) € L2([0,T]; DY),
DY (0(Tu(w,0"),w")) = (D} 05)(Ta(w',w"),0")

T
+ [ DY o) T ), (DY )
0

and

T T
/US(Ta(o.ﬂ(,u”),w")(?WS = (/ 085W3> (To(w' "), w")
0 0
T
—/ os(To (W, w"),was(w',w")ds
0

T T
- / / (DY 0.)(Ta (W), ") (DY a,) (") drds,
0 0

for almost all W' € Q.

In the remaining of this paper D", (L?(2y)) represents the set of the elements F in
D1",(L?(Q2x)) such that

1F 1,00 = | Flloc + [[ DY Flz [Jo < 0.

Similarly D, (L?(Qy)) is the family of all the elements in D3, (L?(Qx)) DY (L*(Qn))
such that DW:2F € L°°(Q; L%([0,T)?).

Now, for a € L*([0,T]; D}, (L*(2v))) fixed, we consider two families of transforma-
tions {73 : @ - Quw : 0 <t <T}and {As; : Q@ = Qw : 0 < s < ¢ < T}, which are the
solutions of the equations

tA-
(Tyw). =’ +/ as(Tyw,w") ds. (2.5)
0
and
tA-
(Astw). =w! —/ ar (A w,w") dr, (2.6)
SA-
respectively.

Observe that, for simplicity of the notation, we do not make explicitly the depen-
dence on a in these equations. Some of the properties of the solutions to (2.5) and (2.6)
that we need are established in the following result. See [6, 7, 8] for its proof.

Proposition 2.5. Let a € L*([0,T]; D", (L*(Qx))). Then, there exist two unique fami-
lies of absolutely continuous transformations {T;,0 <t < T} and {A,;: 0<s <t < T}
that satisfy equations (2.5) and (2.6), respectively. Moreover, for all s,t € [0,T], s < t,
Ag (") = Ts(, ") Ay (-, w"), with Ay = Ay, Ty(-,w”) is invertible with inverse A,(-,w")
and a.(T.(x,w"),w"”) € L*([0,T};D}{".), for a.a. " € Qn.

In relation to the transformation A,:, we have the following lemma that will be

useful for our purposes.
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Lemma 2.6. Leta € L*([0,T]; D", (L*(y))). Then, for any u < s < t, we have

t T
|Au,tw—Au,sw%Ms2( / |ar||zodr)exp{2 / ||DWar|%||oodr}.
s 0

Remark 2.7. Note A, ; is continuous in t with respect the CM-norm, uniformly in u.

Proof of Lemma 2.6. Let u < s < t. Then, by the Propositions 2.3 and 2.5 we have
2

SA- tA-
|Ay,sw — Ay wlin = / ar (A sw,w")dr — / ar (A qw,w")dr
u

A~ uN-

CcM

T
= / |]]-(u,s] (T)GT(AT_’SUJ,(UH) - ﬂ(u,t] (T)ar(Ar,twvw”)‘zdr
0

IN

t S
2/ |aT(AT7tw,w”)|2d7“—|—2/ lar(Ar sw, ") — ap (A w,w)|?dr

IN

t S
2 / lar|2odr + 2 / 11D™ 1y 2 llool Apato — Ar g0 2opgdr
S u

So, using Gronwall’s lemma, we obtain

t S
Ao — Ay ol sz( / ||ar|iodr) exp{z / ||DWar|§||oodr}

which implies the result holds. O

Remark 2.8. In [6, 7, 8], Buckdahn has proven that both inequalities in Proposition 2.3
hold only for almost all w' € Qy. But, by Fubini theorem, it is not difficult to see that,
in this case, the inequality in Lemma 2.6 is satisfied for a.a. w € ().

To finish this subsection we give some results related to the densities of the trans-
formations {7; : @ — Qw : 0 <t < T} and {A;;: Q@ = Qw : 0 < s <t <T}. Now,
let F € L*°(Q) and «a as in Proposition 2.5. One of our main tools in the proof of the
existence and uniqueness of the solution to equation (1.1) are the equalities, proven by
Buckdahn [6, 7, 8],

E [F(Asytw,w”)Lsyt(w)] =E[F] 2.7)
and
E [F(A&tw,w”)] =E[FLs4], (2.8)
where
t 1 t
Ls,t(w) = €exp {/ aT(Ar,tw7UJN>6Wr — 5/ af(Amw,w”)dr

t ot
—/ /(DZVa,«)(AT,tw,w”)DXV[au(Au,tw,w”)]dudr} (2.9)
is the density of A;} and
t 1 t
Lsi(w) = exp{—/ aT(TtArw,w”)éWr—i/ aZ(Ti Apw, w')dr
t T
_ / (DZVaT)(TtATw,w”)DfV[au(TtAumw”)]dudr}. (2.10)

Finally, we have that, in this case,

Log(w) = L (Asw,w"), (2.11)
Lot(w) = Los(Asyw,w’)Ley(w), 0<s<t<T. (2.12)
EJP 17 (2012), paper 89. eip.ejpecp.org
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These two relations can be proved as consequence of the equalities (2.7) and (2.8).
Indeed,

E[F(As w,w")Ls (W) =E[F] =E [FLML‘;}] = [F(As,tw,w”)ﬁ;}(As,tw,w”)] ;
and

E [F(Aw,w")Lot(w)] = E[F(Asw,w")Lo s(w)] = E [F(Aw,w") Lo s(As tw,w”) Ls t (w)] .

2.5 The anticipative linear stochastic differential equation on canonical Wiener
space

On the canonical Wiener space, Buckdahn [6, 7, 8] has studied equation (1.1) via the
anticipating Girsanov transformations (2.5) and (2.6). Namely, he considered the linear
stochastic differential equation

t t
Z, = Z, +/ hsZs ds +/ asZy W,,  te[0,T), (2.13)
0 0

and stated the following result:
Theorem 2.9. Assume a € L*([0,7],D}"), h € L*([0,T], L>(Qw)) and Zy € L= (Qw).
Then, the process Z = {Z; : t € [0,T)} defined by

t
Zt = Zo(Aoyt)eXp {/ hs(As,t) ds} LO,t (214)
0

belongs to L' (Qw x [0,T]) and is a global solution of (2.13). Conversely, if Y € L' (Qy x
[0,T)) is a global solution of (2.13) and, if, moreover, a,h € L= (Qy x [0,T]) and DY a €
L (Qw x [0,T)?), then'Y is of the form (2.14) fora.e. 0 <t < T.

Moreover we need the following proposition on the continuity of Z, whose proof is
given in the Appendix (see Section 6) because it is too long and technical.

Theorem 2.10. Assume Z, € D}, h € L*([0,T],D}",) and that, for some p > 2,

a € L*([0,7],D}",.) N L*([0, 7], DY)
Then, Z given by (2.14) has continuous trajectories a.s.
3 'Two processes with jumps
In the sequel we use the following hypothesis on the coefficients:

(H1) Assume that X, € DV, (L>®(Qn)), b, v(y) € L*([0,T], DY, (L>(2)), forall y € Ro.
Moreover, there exists p > 2 such that

a € L*([0,T], DY (L>®(2n)) N L ([0, T], DY (L= ().

(H2) There exists a positive function g € L?(Rg, ) N L*(Ro, v) such that

lvs(y, w)| < g(y), uniformly in w and s,
and
lim g(y) = 0.
ly|—0

(H3) The function g satisfies fRo(eg(y) - 1v(dy) < oo.
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(H4) The function g satisfies fRO(eQQ(y) —1Dv(dy) < oc.

Remark 3.1. As an example, observe that the following function is in L'(Rg,v) N
L?(Ry,v) and is such that (H3) and (H4) hold, and limyy 0 g(y) = 0.

g(y) — { kl(ﬁ)y27 Y € (_575)7
k2(5)7 Y€ (_ﬂvﬁ)cv
where 8 € (0,1) and k(8) and ky() are positive constants.
In the remaining of this paper, we use the notation F'(A4;;(w)) = F(A4(w),w”) for

any function F': Q — R.
Given € > 0, set

t
th = XO(AO)t) exp {/ bs(As7t) dS} LO,t H |:1 + Us (ya A87t>AN(s7 y)
0

s<t,e<|y|

t
X exp {—/ / vs(y, Ast) u(dy)ds} . (3.1)
0 J{lyl>e}

Notice that this process can also be written as follows
NP

t
Xf = Xo(Ao,t)eXp{/ bi(Asﬂg) dS} LO,t H |:1 —|—U7-is (y;':_7ATf,t) 5
0

i=1
where bS(w) := bs(w) — f{\y|>e} vs(y,w)v(dy), {7£,4 > 1} are the jump times which jump
size is greater than ¢, y; denotes the amplitude of jump 77, and N; is the number of
jumps before ¢, with size bigger than ¢.

Proposition 3.2. Assume (H1) and (H2) hold. For each t € [0,T], the process X,
defined in (3.1), converges almost surely to

X, = XO(A07t)eXp{/Ot bo(Asr) ds} Loy exp{—/ot /R vs(ys As 1) v(dy) ds}

X H [1 +vs(y, As ¢ ) AN (s, y)} (3.2)
s<t,yeRgo

Remark 3.3. In the proof of this result we will see that the representation

t t
Xy = X()(A(),t) exp{/ bs(As,t) ds} Lo exp{/ / vs(y7As,t) dN(s,y)}
0 0 JRo
x I [1+ vl Ac) AN (s, )] e rAn0aN G

s<t,yERo

also holds. We observe that the stochastic integral with respect to N is pathwise de-
fined.

Proof of Proposition 3.2. First of all, the hypotheses on X, and b yield
t

’XO(A(M) exp {/ bs(As.t) ds}
0

Secondly, as the factor Ly, is a density, it is finite a.s. So it remains to see the conver-
gence of the following quantities:

<C.

t
Ml = €exp / / Vs (ya As,t) dN(Sa y) )
0 Jlyl>e
M2 = H |:1 + 'Us(y,AS)t)AN(S,y)} e—vs(y,ASJ)AN(s,y).
s<t,e<|y|
EJP 17 (2012), paper 89. ejp.ejpecp.org
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Using the relation dN(t,y) = dN(t,y) — v(dy)dt and (H2), we have

[ [ aven s [ ol vanas
//]RO ) dN(s3) //RO (3.3)
- [ asema [ /RO

This quantity is finite a.s. because (H2) implies

o|([ ] oo sty)] [ ] st viawyis <o

Then, M, converges a.s., as ¢ — 0, to exp{f0 Jry v (y, As1)dN (s,9)}.
On the other hand, for any constant ¢ > 0,

My = Ms 1 X Ma o,
with
Moy = [ [t Ac)AN s,y et nannan,

s<t,e<|y|<cVe

[T [1+00 A AN (s, y)] e maanann,

s<teve<ly|

My o

My 5 is well-defined and converges as € — 0 to
II [1 +0s(y, As 1) AN (s, y)} e v As AN )
s<t,c<[y|

because it is a product of a finite number of factors. To deal with M;; we use the
following argument: Hypothesis (H2) implies that for small enough y, |vs(y,w)| < %
Then, choosing ¢ > 0 such that |g(y)| < 2, for |y| < ¢,

log Moy = ) [log (1 +0vs(y, A, )AN(s,9)) = vs(y, A )AN(s,)],

s<t,e<|y|<c

and this series is absolutely convergent since

D [log (1+vs(y, Ast) AN(s,y)) — vs(y, Ast) AN(s,9)]

s<t,e<|y|<c 1
S Z [Us(y7As,t)AN(Say)]2 S Z § |Us(yaAs,t)AN(say)|
slgt,o<\y|<c s<t,0<|y|<c
<5 Y. 9WAN(sy)
s<t,0<|y|<c

So, M, also converges as ¢ — 0 since fg f]Ro g(y) dN(s,y) is finite by (3.3).
We can conclude that the processes X; and X, are well-defined and X; converges
a.s. to X; as € goes to zero. a

Proposition 3.4. Assume (H1), (H2) and (H3). Then, the processes X¢ and X belong
to L'(Q x [0,7]) and
X; — Xy, (3.4)

in L' (2 x [0,77)), as ¢ goes to zero.
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Proof. Since X, and b are bounded and (H2) is true, it is immediate to check that

| XE | Xo(Ao,t)| exp {/Ot bs(As.t) dS} Loy H [1 +vs(y, As 1) AN (s, y)}

s<t,e<|y|

t
X exp {—/ / vs(y, As 1) V(dy)ds}
0 J{ly|>e}

< CLg, sggyl [1 +g(y)AN(s,y)} exp {/0 /{y|>6} 9(y) u(dy)ds}
< CLo: ] [1 +9(y)AN(s,y)},

s<t,e<|y|

due to g € L'(Ry, v). Moreover, using that 1 + 2z < e® for x > 0, we get

T
| X7| < CLgexp Z g(Y)AN(s,y) p < CLgexp {/ / g(y)dN(s,y)} .
0 JRo

s<t,e<|y|

Finally, the result follows from Proposition 3.2, Hypothesis (H3) and the dominated
convergence theorem. Indeed, the facts that NV is a Poisson random measure with Lévy

measure v and Ew (Lg,) = 1 imply that Lo ; exp {fOT flRo g(y)dN(s,y)} e LY(Q). O

4 Existence and uniqueness of solution of the approximated equa-
tion

The goal of this section is to prove the following theorem.

Theorem 4.1. Assume (H1), (H2) and (H3). Also assume that a, b and v(y), for any
y € Ry, belong to L>=(2 x [0,T]) and D" a belongs to L (£ x [0, T)?). Then, the process
X¢ defined in (3.1) is the unique solution in L*(2 x [0,T]) of

t t t
X; =Xo +/ bs XEds + / as X56Wy +/ / vs(y) X dN(s,y). (4.1)
0 70 0 J{ly[>e}

Remark 4.2. Note that Equation (1.2) can be rewritten as an equation of the form
4.1).

Proof of Theorem 4.1. The proof is divided into three steps.
Step 1. We first analyze the right-continuity of X¢. As we have seen before

Ng

¢
X; = Xo(Ao,t) exp {/ bi(As ) ds} Lo H {1 + Ve (yvaTf7t):|'
0

i=1

Observe that under the hypotheses of the theorem, X,(Ao,) exp {fot b (As ) ds} Ly, is
continuous on ¢, for a.a. w” € Qu, as a consequence of Theorem 2.10. On other hand,
w”—a.s., Hivztl[l + vre (Y5, Are1)] is a finite product with all the terms well defined and
continuous on ¢ as a 'consequence of (H1), Lemma 2.6 and Proposition 2.3. So, X¢ has
a.s. right continuous trajectories with left limits. Moreover recall that by Proposition
3.4 the process X¢ belongs to L*(Q2 x [0,T]).

Step 2. We now prove that X¢ is a solution of (4.1).
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Assume that G is an element of the set of L?({2y)-smooth Wiener functionals de-
scribed as G = Y | H;Z;, with H; € SV and Z; € L*(Qy). Denote

ew) = ] [1 + v (y, T, )AN (r, y)]

r<s,e<|yl

Due to Girsanov’s theorem (2.7) and Proposition 2.5, we have
t t S
E[ / ast,DZVGds} = F { / asXo(Ag.s) exp { / bf.(A,,s)dr}Lo,@g(As)DZVGds}
0 0 0

- e[ (T Xy exp { [ fos ooy

Lemma 2.2.4 in [6] shows that -L G(T}) = a,(T,) (DY G)(T5). So,

JEU(: asX§D§VGds] E[/Ot (ZgG(TS)) X exp{/os bi(TT)dr}@ids].

Since |, Jeyisey @N(s,y) < oo a.s., we have

t ) TEAE d s
E XeDW =) E —G(Ty) ) X e(T, e .
{/o fota s Gds] ; [/Tfl/\t (dSG( ‘)> OeXp{/o bl )dr} T“Atds]

Then, integration by parts implies

€

t T; N\t
JE[/ aSXSEDSWGds} = Z]E[ e nt Xoexp{/ ba(T, )dT} e At
0 0
Ti_ 1At
G(Tffl,\t)Xoexp{/ bi(TT)dT}(bf_le/\t
0

T AL s
_/ G(TS)XOb‘Z(TS)exp{/ bi(Tr)dr}éif_lAtds].
T 0

S At
Using that ®7. = ®7. (1 +v-:(y7,T7¢)), we have that the previous quantity is equal to

e’} €

T; Nt
ZE[ Tz nt) Xo exp{/ bi(TT)dr}@i_sAt
) ;

Ti_ At
—G(Trf_l/\t)XO eXP{/O b (T, )dr}q)‘r 1/\t:|

T At
- Z [ Trent) Xo eXp{/O bi(Tr)dT}’U-rf/\t(yfaTTf/\t)(I)f—f_l/\t]

57 <t

—ZE[/ a G(TS)XObi(TS)eXp{/OS bi(TT)dr}d)if_lAtds}

FERTAY

Taking into account that the two first summands form a telescopic series, Girsanov’s
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theorem (2.7) and (3.1) imply that

t t
E[/ asxgpgvads] = ]E{G(Tt)Xoexp{/ bf(TT)dr}éfGXo}
0 0
T AE
= E[GXO(AT;M)exp{ / bi<A,«,T;M)dr}LO,T;M
i<t 0
PNt
X et (U5) B W] Z]E{ / Gbngds}
’ TE AL
= E[GX] - GX,| - [ / / y)XE_ dN(s,y)]
{\y\>s}
t
]E[G / bEXE ds}
0
So,

t t
E[/ asxg‘DfVGds] = [ XE XO—/ / y) X d]\?(s,y)—/ bstds)}
0 {|y|>6} 0

(4.2)
That means that X¢ defined in (3.1) is solution of (4.1).
Step 3. Now we prove the uniqueness of the solution to (4.1). We argue it by induction
with respect to the jump times 7F. Notice that if ¢ € [0, 7§), by Theorem 2.9, there exists
a unique solution. We now suppose that ¢ € [, 75). Assume that Y* is a solution of the
stochastic differential equation (4.1) such that Y* € L'(Q x [0,T]) and a.Y® ¢ ,¢)(-) is
Skorohod integrable. For any ¢ € [r§,75), Y© satisfies

t t
Y= X5+ [ biYids+ / asYESW,, (4.3)
7

€
1

where by Step 1, we can write

Xf_e = XO(AO,Tf) |:1 + 1)7-15 (yi)] exp {/ bg(ASVTf) ds} LO,Tf~ (44)
0

Note that Lemma 2.1 implies that, for a.a. w” € Qp, a(,w")Y (-, w") 1)« t] € Dom §",
and a(-,w"”), Xo(-,w"), b(-,w"), v(y,-,w”) satisfy (H1) when we write ]D ' and DYV
instead of D", (L>°(y)) and DY (L (2w )), respectively. Now we fix a such w” and
in the followmg calculations we avoid to write it to simplify the notation.

By Buckdahn [7] (Proposition 2.1) there is a sequence {a™ : n € N} of smooth func-
tionals of the form a" = Y_"" F} ,h; », with F; ,, € S and h; ,, € L?([0, T)) satisfying the
following three statements:

e a" converges to a in L([0, 7], DY%).

"loc |2 < [f]alloc |2 and

T T
| Dt < 1+ [ Das

o [a"| ooy x[0,7]) < lalee (@ x[o, 1) @D [Da” | Loy x[0,772) < 1+ [Dal o (04 x[0,772)
for every n > 1.
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Fix n € IN and consider the transformation A™ given by (2.6), when we change a and
A by o™ and A", respectively. Let G be a smooth functional defined by the right-hand
side of (2.1). Then, Buckdahn [6] (Proposition 2.2.13) leads to establish

4
dt

Taking into account (4.3), we get

Ew [}/tEG(ATrLf,t)}

+Ew

Now, replacing G(A7: ;) by G(A

obtain

Ew [Y}EG(A%,O}

+Ew

+Ew

+Ew

B,

+Ew

_EW

G(A%: ) = —ay Dy’

Ew {X%G(A%,t)] + Ew

Ew [Xilg G} +Ey

Ey [Xfls G} —Ey

Gaz ).

€
1

t
/ 5 biY;EG(AZ;,st] .
T1

(4.5)

/ L YiDY (G )] ds]

RS Eel A7 )dr, for s € [r{,1], and using (4.5), we

" d
5 n
XTf /8 IG(ATlﬁs)
1
t
/ astDZV{
/t

1

1

/ L0 yeDW [aar )] s

€
1

1
t

bEYEG(A" J)ds ]

/ BYE / "DW A”IE,T)) drds].

Therefore, the Fubini theorem allows us to state

Ew {Y}EG(

+Ew
—Ew

+Ew

t
/,
- t
/.

Az )|

- Ey [Xils G] f

1

1

€
1
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a,YEDW [G(A2157s)} ds

r
/”'I’E

1

t
Bw | x5 [ arD¥ [Glar,)]

., ds]
T

0¥iD¥ [ (ceaz,))| dsdr]

t
/ DYEG(A™ ,)ds
T v

—Ew
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/—G A” }ds]
d
bve (G(A?lsg / 4 G ar )d]

t
Xz / ~arDlf [G(Aﬁf“g)] ds

/Z asYEDW {/t a"DY (G(Aﬁls,T)) dr] ds]

t r
/ / EYEa" DV (G(A2157T)) dsdr] .
T JTT
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By Lemma 2.2.13 in [6] we have that a” D}V (G(A%J)) is a smooth functional for fixed
r € [r£,t]. Therefore, applying (4.3) to this smooth functional we get that

Ew [viG% )| = Bw[X5G]+Ew

[ (e anyve [aiag ) ds]

€
1

+Ew

t
/ b‘;YjG(A’T‘f,S)ds] .

The hypotheses assumed allow us to use the dominated convergence theorem. Thus,
taking limit as n — oo,

E [V G(Ar,)] = B [X5G| + B

t
/ binG(ATlays)ds] ‘

1

From Girsanov’s argument (2.8) and Proposition 2.5 we have

E [YE (o )Ler sG] = B [X5G] + E

t
/ bi (TTi(g)Yf (T7-167s)£7-1€73Gd5 .
7§

Since this is true for any smooth functional G, it implies
t
V(T ) = X+ | VT V5 (T )L s,
i

So,
t

€
1

YVtE(TTf,t)ﬁTf,t = Xif €xXp {/

and, by (2.11) and (4.4), this means that

bi(TTle}S)ds} ,

t

e = X$f<ATf,t>exp{ Jm

= Xo(Aoz)exp {/071 b5 (Aspt) ds}

Finally, using (2.12), we have that

t
Y'ta — X()(A(),t) €xXp {/ bi(As,t)dS} LOA,t [1 + UTf (yi A‘rf,t)} .
0

This completes the proof for ¢ € [r{,75). The rest of the cases can be treated similarly.
a

5 Existence and uniqueness of solution for the main equation

The main goal of this section is to prove the following theorem:

Theorem 5.1. Assume (H1), (H2) and (H4). Suppose also that a,b,v(y) € L (Q2x[0,T]),
for any y € Ry, and DWa € L>(Q x [0,T)?). Then, the process X defined in (3.2) is the
unique solution in L*(Q x [0,T]) of

t ¢ t
X =X, —|—/ bs Xds —|—/ as X0W, —I—/ / vs(y) Xs— dN(s,y), tel0,7], (5.1)
0 0 0 JRe
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such that

T
A / [0a(y) Xo_|[dN (s, ) € LM(€2).

Here, the stochastic integrals with respect to N and N are pathwise defined.

Remark 5.2. As an immediate consequence of the proof of this result, equation (1.1)
can be rewritten as an equation of the form (5.1).

Proof of Theorem 5.1. This proof is divided into two parts.
Step 1. First of all, by means of a limit argument we will show that X defined in (3.2)
is a solution of (5.1). Towards this end, we prove the convergence of (4.2), as ¢ tends to
Zero.
Using that ¢ and b belong to L= (2 x [0, T]) and that G is a smooth element, we obtain
that
t t
limE[/ aSXSEDZVGds} = EU asXSDZVGds] ,
0 0

0

and
lgiﬁ)lE[G<Xf ~ Xo— /Ot bng‘ds)} - ]E[G(Xt ~ Xo— /Ot bSXSds)].

It only remains to prove that, for any ¢ € [0, 7],

limE[ // y) XS dN(sy} {// y)X._ dN(s, y)} (5.2)
&0 {|y|>e} {|y|>0}

In order to prove this convergence and that the right-hand side is well-defined, we
utilize the following estimate:

€ dN(s,y) — // Xst(sy)lgff—i-IS,
{Iy\>6} {\y|>0}
with
IT = v (y) Xs— dN(syy)l ;
{0<yl<e}
L = / / ) [ X — Xo] dN(s,y)].
{\y|>€}

First of all, by the definition of N, we can write
1T < Iy + 1,

with

€ —
Ill -

)

Y)Xs— dN(s,y)

|
I
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Now, (H2) and the bound of X given in the proof of Proposition 3.4 imply that

I, < E /OT /{0<yl<€}g<y>|xs_dfv<s,y>]
< CE /OT /{O<ly<€}g<y> Lo, exp{ /OT / log<a:>dzv(r,x>} dN(s,m]
< CEy ( /OT /{o<y|§5}g(y) dN(s,w) exp{ /OT /R Og<x>dN<r,x>H.

Then, by (H4) we obtain that
E[If,] —0,

as € goes to 0.
Proceeding similarly, we also get

E[I{,] — 0,

as € goes to 0.
Finally, again the relation between of NV and N, the fact that

T
X — XS_‘ <2C Lo exp {/ / g(y)dN(s,y)} ,
0o JRre

which is a consequence of Proposition 3.4, and the dominated convergence theorem
allow us to ensure that, as € goes to O,

E[I5] — 0.

So, the convergence (5.2) is satisfied.
Step 2. Now we show the uniqueness of the solution of equation (5.1). Let Y € L'(2 x
[0, T]) be a solution of (5.1) satisfying aY 1 € Dom W, te[0,7T), and

[ [ vy < o)
0 JRe
Recall that the coefficients verify that for any w” € Qy a.s.
[be (s )| 4 lae (-, w") | + | DY ae (-, w") | + ey, - w")| < C, (5.3)
for any s,t € [0,7], w’ € Quw and y € Ro.

Now fix w” € Qp, and let a™ and A™ be as in the proof of Theorem 4.1. Consequently,
for any G € SV, we have, by Lemma 2.1,

Ew [Yi(-,w")G(A})] = Ew [Xo(-,w")G(AD)] + Ew [Gmw / bs<-7w”>1@<-,w”>d8]
{Ew [ [ et itewn D <G<A?>>ds}

+Ew {G(A?)/Ot /}RO vs(ymw”)Ys(ww")dN(s,y)} . (5.4

By (2.2.24) in Lemma 2.2.13 of [6],

d ny _ n 1" n
%G(At ) = —a?(-,w”) DY (G(A})),
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and it implies that
t
G(A?) = G2 ~ [ ar(w)DY (GlAT)dr
Taking this last equality into account, we get

Ew [Vi(-,w")G(A})] = Ew [Xo(,w")G] - Ew [Xo(ww”)/o ay(-,w") DY (G(A}))dr

—HEW/
LJo

G

By _/Ot (/t a:"(-,w”)D,YV(G(A;l))dr> bs(',W”)Ys(-,w”)dS}
1w /Ot as(.,w”)ys(.’w//)D;/V(G(A?))dS]

B /Ot DY (/t a?(-,w”)DfV(G(Af))dr) as(vw”)n(-,w”)ds]

r t
#Bw | [ [ Gt (i s,
LJ O Ro

S

r t t
| [ ([ e DA oW N )
LJ O Ro
Hence, proceeding as in Step 3 of the proof of Theorem 4.1, we state
t
B V(. )GUD] = B [Xo()Gl+ B | [ GUADB (s
0
t
B | [ [ G e ()|
0 Ro
t
FEw [ [ (e (wyp¥ <G<A2>)Ys<-7w">ds} .
0

Therefore, proceeding as in the proof of Theorem 4.1 again, we can write

Ew [Yi(-,w")G(A) (") = Bw[Xo(-,w")G] + Ew [/0 G(As)bs('aW”)Ys(',w”)ds}

+Ew [/Ot . G(As)vs(y,-,w”)iﬁ(-,w”)dN(&y)] :

Thus, Girsanov theorem implies

Ew [‘Ct(',w”)}/t(Tt("w”)’WH)G]
= Ew {G(XO(~,w”) +/O bs(Ts(-,w"), W) Ys(Ts (-, "), ") Ls(-,w")ds

+/Ot /}Ro vs(y,TS(-,w”),w”)YS_(T5(~,w/'),w”)£s('aW//)dN(57y))}a
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which yields
th (Tt (w/a UJ//), W//)‘Ct (le w//)

t
= XO(wlva) +/ bs(Ts(W/vw/,)vw/,))/s(Ts(waw”)vwﬂ)ﬁs(w/aWﬂ)ds
0

¢
—|—// v (y, Te(w', w"), W)Y (Ty(w',w"),w") Lo(w,w")AN (s, y), W' a.s.
0 JRo

Consequently, by Fubini’s theorem, we also have that, for almost all «”/,

Y (T (W', w"), ") Ly(w,w")
t
= X W) + / ba(To(w, "), )Y (Ts (0, 0"), ") Lo (o )
0

t
+/ / vs(y, Ts (W', "), " Y (Ts(w' "), 0" ) Ls(w, w")dN (s,y), " as.
R
’ (5.5)
Finally, we only need to observe that either Protter [23] (Theorem 37, page 84), or
Bojdecki [5] (Theorem 13.12) gives

Yt(Tt (w/, w//), w")ﬁt (w/’ w//)

= Xo(w)exp{/otbs(Ts( d8+/ /lRo vs(y, T. ”)dN(s,y)}

X H 1+ vs(y, Ts(w),w )AN(S )]

0<s<t

wich means that X =Y and the proof is complete. O

6 Appendix

This section is devoted to presenting the proof of Theorem 2.10. In order to simplify
the notation, we use the convention D = D" and § = §" because, in this section, the
probability space is the canonical Wiener space. Also, remember that ¢ will denote a
generic constant that may change from line to line.

We begin this section with an auxiliary result.

Lemma 6.1. Under the assumptions of Theorem 2.10, we have that, for s € [0,T],
(a)
T
/ | Do(ar(Ars))[*d6 < 2¢*[||Darl2 ||3, 7 €0, 5],
0

T
where c; := [ |||Da, 3 ||codr.

®) i
/ / |Do(ar(Ay.,)2d0dr < 2¢; >
0 0

T t
/ |(Doay)(Ars) — (Doar) (Ar.2)2d8 < ||| DDay 3] oc26% / larlZodr, T € [0,5]-
0 s

(c)

(d) . .
/ / |(Dgar)(Art) — (Dgar)(Ar,s)|2d9dr < 2626102/ ||ar|\godr,
0 0 s

with cs == [ || [DDa,[3 ||ocdr.
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Proof. We first observe that, by virtue of Proposition 2.4 and (2.6), we obtain

De(a'r(AT,s)) = (Dear)(A'r',s) - /S(Dua"r)(AT,S)DG(au(Au,s))du- (6.1)

Therefore, from Hoélder inequality, we have

T
/0 |Dy(ar(Ar.0))d0

2

<9 /O (Doay)(Ay.s)|2d6 + 2 /0 / (Dut)(Av.s) Do(au(Au.s))du| do

T s s
< 9|||Day s |12 +2/ (/ (Duar)(AT’S”?du) (/ |D9au(Au’S)|2du) d
0 r r

s T
< 2| |Da s | + 21| Da s | [ ( / De<au<Au,s>>|2d9> du.
T 0

Consequently, by Gronwall’s lemma, we deduce

T s
/ |D9(ar(Ar’S))‘2d9 <2[[[Day|2 Hc2>oexp {/ 2|[|Dayl2 ||c2>odu} < 26201” |Day|2 Hgm
0

r

which shows that Statement (a) is satisfied.
Now, using Proposition 2.3, Lemma 2.6 and the definition of constant ¢; we obtain

T

| 10000400 = (Dua) (A8 < (10D Bl stp | 4rs = Ay

0 r<s
t
< IDDa, Bll2® [ ol
Thus, Statement (c) holds.

Finally, Statements (b) and (d) are an immediate consequence of (a) and (b), and the
proof is complete. O

Now we are ready to prove Theorem 2.10

Proof of Theorem 2.10. From (2.9) and (2.14), we only need to show the continuity of
the processes Zy(Ao,.), [, hs(As,.)ds, [, a(As,.) ds, [, as(As,.) 6Ws, and

S

/0. /SI(D““S)(ASJ Dy(ay(Ay,.)) duds.

So now we divide the proof in several steps and we assume that 0 < s <t < T.

(1) Taking into account Proposition 2.3, we get

N|=

T
| Zo(Ao ) — Zo(Ao,s)| < (/ DsZ0|2d5> |Ag w — Ao sw|om,
0

oo

which, together with the definition of the space ]DK’Oo and Lemma 2.6, implies that
the process {Zy(Ao,) : t € [0,T]} has continuous paths.
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(2) We show now the continuity of {fot gr(Apg)dr : t €[0,T]}, with g € L' ([0, T], D1 o0).
Note that, in this proof, g, := h,. or g, := af. From Proposition 2.3, we can conclude

t S
/ gr(Art)dr — / gr(Ays)dr
0 0

t S
s/ummw+/nw%mumm—mwww
s 0

t T
S / ||gTHO<>dr+ (/ |||Dgr2||oodr> Slip‘A’r‘,t_A’mS'CJ\la
s 0 r<s

which gives the desired continuity due to Lemma 2.6.

(3) Next step is to check the continuity of {fot ar(Arg) OW, =t € [0,T]}. So, by the
Kolmogorov-Centsov continuity criterion (see [20], for example), it is sufficient to
show that for some p € (2, c0),

2p

t S
E / ar(Art) OW, —/ ar(Ars) Wy <c(t— s)p_l,
0 0

where c is a constant that only depends on p and a.

Remember that a.(A. ;)1 4(-) belongs to L?([0,T],D1,2) as a consequence of Propo-
sitions 2.4 and 2.5 (see also [6, 7, 8]). In particular this guarantees that the pro-
cess d(a.(A. ;)1 4(-)) is well-defined. We can apply Hoélder inequality and Propo-
sition 3.2.1 in [20] to derive

2p

t s
E / ar(Ayy) 5W, — / ar(A,.L) 5W,
0 0

< cE ( 2p> tek (
. (/:(E(ar(Ar,t)))2d7”>p +¢E (/: /OT(DOGT(Ar,t))QdeT>p

ro ([ @ ()~ a0

S T »
+cE </0 /0 (Do(ar(Art) — ar(Ars))) d0dr>
= ¢{A+B+C+D}.

t
/ ar(Ars) SW,

ASMAAM)—aAAmH6WQ

.

IN

In order to finish this step, we are going to see that these four terms are bounded
by c(t — s)P~L. Towards this end, we observe that Hélder inequality and Lemma
6.1 (a) allow us to conclude

T
A< (/ (E(ar(Ar,t)))2pdr> (t— )" < | lar]loo I35 (£ — 5)P!
0
and

T
B<e (/ Il Davs ||§gdr> (t— 51,
0
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Using Holder inequality again, together with Proposition 2.3, Lemma 2.6 and the
definition of ¢; given in the previous lemma, we have

s P
C < </ E(ar(Aryt)ar(Am)z)dr)
0

S 9 9 P
< ( [ 1Der 4, - AT,S|CM>dr)

s t s p
< (/ 11Da,s |2 (/ ||au|§odu) exp{z/ ||Dau§||oodu}dr)

t P
< e ( / ||ae||iode)
T
< opbetrer </ ||ag|g§d9> (t —s)P7L.
0

In order to manage term D, we observe that equation (6.1), Lemma 6.1 and
Cauchy-Schwarz inequality lead to establish

T
/0 Dolar(Ary) — ar(Ay.)]d0

T
<2 / [(Doar) (Ar) — (Do) (Ar.0)2d0

([ t (Duar)(Ar) i) | t / " Doan(Aw) Pd0du

s T s
48 ( / / |D9<au(Au,t))|2d9du> / (Dua)(Ars) — (Duay)(Ay)2du
r 0 r
s s T
48 ( / |(DuaT)(A,»,s)|2du) / / |Do(au(Aus)) — Dolau(Au.s))|?dbdu
r r 0
t t
<1 (|IDDa Bl [ llauledu+ 862 [|Dar e 111D |
t
13261 ¢4[| DD 2] oo / | Podu
s T °
+8//|Dar 2o / / Dy (u(Aun)) — Dolau(Au ) *dbdu
r 0

Let v € [0, s]. Joining the first and the third terms in the right hand side of the last
expression and integrating both sides with respect to r between v and s we obtain

/: /OT |Dglar(Ayt) — ar(A,s)]|*dOdr

S t
<& ( / |||DDar|§|oodr) [ Narliear
v . S .
Lgee ( / |||Da7-|§|oodr) ( / |||Da7-|§||oodr)

s s T
18 / 1Da, | / / |Dolan(Aus) — au( Ay dbdudr,
v r 0

where & = 4e2° + 32¢%c1¢4.
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Now, applying Gronwall’s lemma,

s T t t
[ [ @ittt = aranpasar < e{ el [ 11De Bllwar.
v JO s s

(6.2)
Therefore, using Minkowski and Holder inequalities we state

T T
D < 2P~ 1¢ (/ l|a||*2dr —|—/ |Da,,.|2|ggdr> (t—s)P L.
0 0

Thus, the claim of this step is satisfied.

(4) Finally, we consider the process t — fo f (Dyas)(Ast) Ds(ay(Aut)) duds.

We have

Dya,)(Art) Dr(ay(Aw)) dudr — /OS /S(Dua,n)(Am) D, (ay(Ay,s)) dudr

0 Jr
< \/; /7: |(Dua7-)(A7.,t) DT'(G'U(Au,t)”dud’r
+ /0 / |(Dyar)(Art) Dy(ay(Ayy))|dudr

+ / / (Dt )(Are) — (Duty) (A )] Dy (s Ay )| dusdr

+f S / (D) (A ) [Dr (@ (Aur)) — Dy (Au )| dudr
=J1+ Jo+ J3+ Js.

Now, Cauchy-Schwarz inequality and Lemma 6.1 yield

5Lo< (// Duar)( ,t|dudr> </ 0| (aw(Au)| dudr)

< W(/ ||Dar|2||ood7’>2
J < (/ / |(Duar)( Tt|dudr> ( /\D (au(Au))| duczr>é

< F(/ ||Dau|%||oodu)

and
o< ([ 10w - D dudr)
(/ / 1Dy (0 ()| dudr)
< avaae ([ ||ar||zodr>5
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Finally, by means of inequality (6.2), we have

J < < / / |D7.(au(Au7t))—D,.(au(Au7s))|2dudr>
0 r
x ( / ' / (Duar)(Ar,s)qudr)
0 r
s T %
< f(/ / |Dr<au<Au,t>>—DT<au<Au,s>>2drdu)
0 0
¢ t 3
< o[ ol s [ 11DaRllar )
Thus, the proof is complete. O
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