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1 Introduction

Let (Z,%,u) be a measure space such that Z is a Borel space and u is a o-finite non-atomic Borel
measure. We set %, = {B € & : u(B) < oo}. In what follows, we write N = {N(B) : B € Z,} to
indicate a compensated Poisson measure on (Z, %) with control . In other words, N is a collection
of random variables defined on some probability space (€2, #,P), indexed by the elements of %,

and such that: (i) for every B,C € %, such that BN C = ¢, the random variables N(B) and N(C)

~ [
are independent; (ii) for every B € %,,, N(B) (law) N(B) — u(B), where N(B) is a Poisson random

variable with paremeter u(B). A random measure verifying property (i) is customarily called
“completely random” or, equivalently, “independently scattered” (see e.g. [25]]).

Now fix d > 2, let F = (F,,...,F;) € L?>(c(N),P) be a vector of square-integrable functionals of N,
and let X = (X;,...,X4) be a centered Gaussian vector. The aim of this paper is to develop several
techniques, allowing to assess quantities of the type

dy(F,X) = sup |[E[g(F)] —E[g(X)]l, (D
gEH

where # is a suitable class of real-valued test functions on R?. As discussed below, our principal
aim is the derivation of explicit upper bounds in multi-dimensional Central limit theorems (CLTs)
involving vectors of general functionals of N. Our techniques rely on a powerful combination of
Malliavin calculus (in a form close to Nualart and Vives [[15]]), Stein’s method for multivariate
normal approximations (see e.g. [I5, [11} [23]] and the references therein), as well as some interpo-
lation techniques reminiscent of Talagrand’s “smart path method” (see [26], and also [[4, [10]). As
such, our findings can be seen as substantial extensions of the results and techniques developed
e.g. in [9, [11] [17], where Stein’s method for normal approximation is successfully combined
with infinite-dimensional stochastic analytic procedures (in particular, with infinite-dimensional
integration by parts formulae).

The main findings of the present paper are the following:

(I) We shall use both Stein’s method and interpolation procedures in order to obtain explicit
upper bounds for distances such as (I). Our bounds will involve Malliavin derivatives and
infinite-dimensional Ornstein-Uhlenbeck operators. A careful use of interpolation techniques also
allows to consider Gaussian vectors with a non-positive definite covariance matrix. As seen below,
our estimates are the exact Poisson counterpart of the bounds deduced in a Gaussian framework in
Nourdin, Peccati and Réveillac [[11]] and Nourdin, Peccati and Reinert [[10].

(ID) The results at point (I) are applied in order to derive explicit sufficient conditions for multivari-
ate CLTs involving vectors of multiple Wiener-It6 integrals with respect to N. These results extend
to arbitrary orders of integration and arbitrary dimensions the CLTs deduced by Peccati and Taqqu
[[18] in the case of single and double Poisson integrals (note that the techniques developed in [[18]]
are based on decoupling). Moreover, our findings partially generalize to a Poisson framework the
main result by Peccati and Tudor [[20]], where it is proved that, on a Gaussian Wiener chaos (and
under adequate conditions), componentwise convergence to a Gaussian vector is always equivalent
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to joint convergence. (See also [[11]].) As demonstrated in Section 6, this property is particularly
useful for applications.

The rest of the paper is organized as follows. In Section 2 we discuss some preliminaries, including
basic notions of stochastic analysis on the Poisson space and Stein’s method for multi-dimensional
normal approximations. In Section 3, we use Malliavin-Stein techniques to deduce explicit upper
bounds for the Gaussian approximation of a vector of functionals of a Poisson measure. In Section
4, we use an interpolation method (close to the one developed in [[I0]) to deduce some variants
of the inequalities of Section 3. Section 5 is devoted to CLTs for vectors of multiple Wiener-Ito
integrals. Section 6 focuses on examples, involving in particular functionals of Ornstein-Uhlenbeck
Lévy processes. An Appendix (Section 7) provides the precise definitions and main properties of the
Malliavin operators that are used throughout the paper.

2 Preliminaries

2.1 Poisson measures

As in the previous section, (Z, %, u) is a Borel measure space, and N is a Poisson measure on Z with
control u.

Remark 2.1. Due to the assumptions on the space (Z, %, u), we can always set (2, Z,P) and N to
be such that

n
Q= w=Z5Zj,n€NU{oo},zj€Z
j=0

where &, denotes the Dirac mass at z, and N is the compensated canonical mapping
w—NB)w)=wB)-uB), BeZ, weq,

(see e.g. [21]] for more details). For the rest of the paper, we assume that Q and N have this form.
Moreover, the o-field & is supposed to be the P-completion of the o-field generated by N.

Throughout the paper, the symbol L2(u) is shorthand for L?(Z, %, u). For n > 2, we write L2(u")
and Lf(,u”), respectively, to indicate the space of real-valued functions on Z" which are square-
integrable with respect to the product measure u", and the subspace of L?(u") composed of sym-
metric functions. Also, we adopt the convention L2(u) = Lf(,u) = L%(u!) = Lf(,ul) and use the
following standard notation: for every n > 1 and every f, g € L%(u"),

(f, &) 12qum = f @128 (31, e 2" (21, s d20), f iy = (2 F) 100 -
ZTl
For every f € L%(u"), we denote by f the canonical symmetrization of f, that is,
~ 1
f(xl) ceey xn) = n_!;f(xa(l)a ceey xcr(n))
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where o runs over the n! permutations of the set {1,...,n}. Note that, e.g. by Jensen’s inequality,
1 l2gumy < W2y (2)

For every f € L2(u™), n > 1, and every fixed z € Z, we write f(z,-) to indicate the function defined
on Z" ! given by (21,...,2,_1) = f(2,21,...,2,_1). Accordingly, f(z,-) stands for the symmetriza-
tion of the function f(z,-) (in (n—1) variables). Note that, if n = 1, then f(z,-) = f(z) is a constant.

Definition 2.2. For every deterministic function h € L?(u), we write I,(h) = N(h) = fz h(z)N(dz)
to indicate the Wiener-Itd integral of h with respect to N. For every n > 2 and every f € Lf(,u”),
we denote by I,,(f) the multiple Wiener-It6 integral, of order n, of f with respect to N. We also set
L,(f) = L,(f), for every f € L?>(u™), and Io(C) = C for every constant C.

The reader is referred e.g. to Peccati and Taqqu [[19] or Privault [22]] for a complete discussion of
multiple Wiener-It6 integrals and their properties (including the forthcoming Proposition and
Proposition |2.4)) — see also [15} 25].

Proposition 2.3. The following properties hold for every n,m > 1, every f € Lf(,u") and every g €
L2(u™):
S

1. El,(f)] =0,
2. ElL(f)I(8)] = n!{f, &) 12(un) L(n=m) (isometric property).

The Hilbert space composed of the random variables with the form I,,(f), where n > 1 and f €
Lsz(,u”), is called the nth Wiener chaos associated with the Poisson measure N. The following well-
known chaotic representation property is essential in this paper.

Proposition 2.4 (Chaotic decomposition). Every random variable F € L*(Z,P) = L*(P) admits a
(unique) chaotic decomposition of the type

F=E[F]1+ ) () 3

n>1

where the series converges in L2(IP) and, for each n > 1, the kernel f, is an element of LSZ(,u”).

2.2 Malliavin operators

For the rest of the paper, we shall use definitions and results related to Malliavin-type operators
defined on the space of functionals of the Poisson measure N. Our formalism is analogous to the
one introduced by Nualart and Vives [[I5]. In particular, we shall denote by D, §, L and L%,
respectively, the Malliavin derivative, the divergence operator, the Ornstein-Uhlenbeck generator
and its pseudo-inverse. The domains of D, 6 and L are written domD, domé and domL. The
domain of L™! is given by the subclass of L?(P) composed of centered random variables, denoted
by L3(P).

Albeit these objects are fairly standard, for the convenience of the reader we have collected some
crucial definitions and results in the Appendix (see Section[7). Here, we just recall that, since the
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underlying probability space €2 is assumed to be the collection of discrete measures described in
Remark 2.1} then one can meaningfully define the random variable w — F,(w) = F(w+8§,), w € Q,
for every given random variable F and every z € Z, where §, is the Dirac mass at z. One can
therefore prove that the following neat representation of D as a difference operator is in order.

Lemma 2.5. For each F € domD,

D,F =F, —F, ae.-u(dz).

A proof of Lemma can be found e.g. in [[15, 17]. Also, we will often need the forthcoming
Lemma whose proof can be found in [[17] (it is a direct consequence of the definitions of the
operators D, 6 and L).

Lemma 2.6. One has that F € domlL if and only if F € domD and DF € doméd, and in this case
O0DF = —LF.
Remark 2.7. For every F € L2(P), it holds that L™'F € domL, and consequently

F=LL 'F=6(-DL 'F)=—-6(DL7'F).

2.3 Products of stochastic integrals and star contractions

In order to give a simple description of the multiplication formulae for multiple Poisson integrals (see
formula (@)), we (formally) define a contraction kernel f *lr g on ZPT4="=1 for functions f € Lf(,up)
Li(
N

and g € L?(u?), where p,g>1,r=1,...,pAgandl =1,...,r, as follows:
FA g s Yt s os by St Sqr) 4)
= fzz,ul(dzl,...,dzl)f(zl,,...,zl,yl,...,yr_l,tl,,...,tp_r)
X&(Z155 2B 15w s Yrel>S155 > Sq—r)-

In other words, the star operator “ *lr ” reduces the number of variables in the tensor product of f
and g from p +q to p+q—r —[: this operation is realized by first identifying r variables in f and g,
and then by integrating out [ among them. To deal with the case [ =0 forr =0,...,p Aq , we set

0
F A 8V 15 s YrsbisseeosbprsS1ssneerSq—r)
= f(YI:"')Yr:tlu"':tp—r)g(YIJ--->Yr:51:"":sq—r):

and
0
Fro8(t1sseeistys8155ee58) = f ®&(t1,, s tp;S155-458¢) = f(t1,500 05 t5)8(51,,-+4,5¢)-

By using the Cauchy-Schwarz inequality, one sees immediately that f x| g is square-integrable for
any choice of r =0,...,p Aq, and every f € L2(uP), g € L2(u?).

As e.g. in [17, Theorem 4.2], we will sometimes need to work under some specific regularity
assumptions for the kernels that are the object of our study.
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Definition 2.8. Let p > 1 and let f € LSZ(,uP).

1. If p > 1, the kernel f is said to satisfy Assumption A, if (f x5 ' f) € L*(u") forevery r =1, .., p.
Note that (f *g f) € L2(uP) if and only if f € L*(uP).

2. The kernel f is said to satisfy Assumption B, if: either p =1, or p > 2 and every contraction of
the type

l
(215 Z2p—r 1) = f |5 |f (21505 20p 1)

is well-defined and finite for every r = 1,...,p, every | = 1,...,r and every (2y,...,%3p_r—1) €
ZZp—r—l.

The following statement will be used in order to deduce the multivariate CLT stated in Theorem
The proof is left to the reader: it is a consequence of the Cauchy-Schwarz inequality and of the
Fubini theorem (in particular, Assumption A is needed in order to implicitly apply a Fubini argument
— see step (S4) in the proof of Theorem 4.2 in [[17] for an analogous use of this assumption).

Lemma 2.9. Fix integers p,q > 1, as well as kernels f € Lsz(,up) and g € Lsz(,uq) satisfying Assumption
A in Definition Then, for any integers s, t satisfying 1 <s <t < p Aq, one has that f ¥} g €
L?(uPt97t5) and moreover

1.
IIf *st g“%z(uﬁqﬂﬂ) =(f *i:st 1.8 *g:st g>L2(MHS)’

(and, in particular,
If 3 fll2quze-s—y = |If *izstf”LZ(HHs));

—t —t
”f *i g”%Z('up-%—q—t—s) S ||f *g—s f”LZ(Hth) X ||g *g—g g||L2(u[+5)
= |If *stf||L2(M2p—s—f) x|lg *; &llr2(u2a-s1).

Remark 2.10. 1. Writing k = p 4+ q — t — s, the requirement that 1 <s < t < p A q implies that
lg—pl<k<p+q-2.

2. One should also note that, forevery 1 < p <q and every r =1,...,p,
f (f %) Pt = J (F 5" fg*g " g)du’, (5)
zptq—r VA
2 2 . ire .
for every f € L(u”) and every g € LZ(u?), not necessarily verifying Assumption A. Observe

that the integral on the RHS of (5) is well-defined, since f x, ' f > 0and g3 ' g > 0.

3. Fix p,q > 1, and assume again that f € L?(uP) and g € L2(u9) satisfy Assumption A in
Definition Then, a consequence of Lemma is that, for every r = 0,...,p Aq — 1 and
every l =0, ...,r, the kernel f(z,-) *lr g(z,+) is an element of L2(uPT97t7572) for u(dz)-almost
every z € Z.

To conclude the section, we present an important product formula for Poisson multiple integrals (see
e.g. [[7,[24] for a proof).
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Proposition 2.11 (Product formula). Let f € Lf(,up Jand g € Lf(,uq), p,q > 1, and suppose moreover
that f *lr g€ L2(uP*eD) for every r =1, ...,pAqandl=1,...,r such that l # r. Then,

SU(p (e[
Ip(f)Iq(g):Zr!( r ) ( r )Z( [ )Ip-i-q—r—l (f*lrg)’ (6)

r=0 =0

with the tilde ~ indicating a symmetrization, that is,

1
PR A (CRCNE
o

f*g« g(xla"'yxp-‘rq—r—l): (p+q_

where o runs over all (p +q — r — 1)! permutations of the set {1,...,p+q—r —1}.

2.4 Stein’s method: measuring the distance between random vectors

We write g € CK(R?) if the function g : RY — R admits continuous partial derivatives up to the
order k.

Definition 2.12. 1. The Hilbert-Schmidt inner product and the Hilbert - Schmidt norm on the
class of d x d real matrices, denoted respectively by (-, )y.s. and || - |5, are defined as follows:

for every pair of matrices Aand B, (A,B)y 5. := Tr(AB") and ||Ally.s. = \/ (A, A s, where Tr (")
indicates the usual trace operator.

2. The operator norm of a d x d real matrix A is given by ||A||,, := SUP| x| 4=1 |Ax || ga-
3. For every function g : RY — R, let

lg(x) — gyl
llgllzip :=sup —————,
X£y || _.)/”Rd

where || - ||ga is the usual Euclidian norm on RY. If g € CY(RY), we also write

IVg(x) — Vg(¥)llga

M,(g) :=sup
X£y llx — y“]Rd
If g € C*(RY),
||[Hess g(x) — Hess g(y)||
Ma(g) = sup —— e
x#y ||X - y“]Rd

where Hess g(z) stands for the Hessian matrix of g evaluated at a point 2.
4. For a positive integer k and a function g € CK(R?) , we set

ak

®)o= max su
[Feqia S 1<i; <...<i<d xeﬂfd

~g(x)

L3

dx dx

il...
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In particular, by specializing this definition to g® = g” and g® = g’”, we obtain

32
lg"llc = max sup |s———g(x)|.
1<i)<ip<d | cpd 8xi18xi2
3
lg”llo=__ max sup N g(x)|.
1<y <ip<iy=<d , cpa | O X; 0X;,0 X,

Remark 2.13. 1. The norm |[g||;, is written M;(g) in [5].

2. If g € CY(RY), then ||glly;, = sup IVg()llga-. If g € CXRY), then

x€R4

M,(g) = sup ||Hess g(x)llo)p-

x€R4

Definition 2.14. The distance d, between the laws of two R%-valued random vectors X and Y such
that E||X||gd, E||Y ||ge < 0o, written do(X,Y ), is given by

dy(X,Y) = sup [E[g(X)] - E[g(Y)]],
geH

where # indicates the collection of all functions g € C*(R?) such that ||g|| Lip < land My(g) < 1.

Definition 2.15. The distance d; between the laws of two R%-valued random vectors X and Y such
that E||X||H2¥d, ]E||Y||%d < oo, written d5(X,Y), is given by

d3(X,Y) = sup [E[g(X)] - E[g(Y)]],
geit

where # indicates the collection of all functions g € C3(R?) such that ||g” |l <1 and ||g”" |l < 1.

Remark 2.16. The distances d, and dj are related, respectively, to the estimates of Section |3| and
Section 4, Let j = 2,3. It is easily seen that, if d;(F,,F) — 0, where F,,F are random vectors in
RY, then necessarily F, converges in distribution to F. It will also become clear later on that, in the
definition of d, and ds, the choice of the constant 1 as a bound for [|gl|1ip, M2(&), 118" lloes 18" llso
is arbitrary and immaterial for the derivation of our main results (indeed, we defined d, and d; in
order to obtain bounds as simple as possible). See the two tables in Section[4.2]for a list of available
bounds involving more general test functions.

The following result is a d-dimensional version of Stein’s Lemma; analogous statements can be
found in [5], 11} 23] - see also Barbour [1I]] and Goétze [6]], in connection with the so-called
“generator approach” to Stein’s method. As anticipated, Stein’s Lemma will be used to deduce an
explicit bound on the distance d, between the law of a vector of functionals of N and the law of
a Gaussian vector. To this end, we need the two estimates (which is proved in [[11]]) and
(which is new).

From now on, given a d x d nonnegative definite matrix C, we write A4;(0, C) to indicate the law of
a centered d-dimensional Gaussian vector with covariance C.
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Lemma 2.17 (Stein’s Lemma and estimates). Fix an integer d > 2 and let C = {C(i,j) : i,j =
1,...,d} be a d x d nonnegative definite symmetric real matrix.

1. Let Y be a random variable with values in RY. Then Y ~ A;(0, C) if and only if. for every twice
differentiable function f : RY — R such that E|{C,Hess f (Y))y s | + E|(Y, VI(Y))pal < o0, it
holds that

E[(Y,Vf(Y))ga — (C,Hess f(Y))y.s.]=0

2. Assume in addition that C is positive definite and consider a Gaussian random vector X ~
N;(0,C). Let g : RY — R belong to C2(R?) with first and second bounded derivatives. Then, the
function Uy(g) defined by

1
1
Upg(x):= J ZE[g(\/?x +vV/1-tX)—g(X)]dt
0

is a solution to the following partial differential equation (with unknown function f):

g(x) —E[g(X)] = (x, Vf(x))ga — (C,Hess f ()5, x €RL.

Moreover, one has that

sup ||Hess Upg(X)llrs. < 1€ lop IIC IS/ ips (7)
xeR4
and
V2T
M;(Upg) < — = ICTH 152 IIC llop Ma(e)- (8)

Proof. We shall only show relation (8), as the proof of the remaining points in the statement can be
found in [I1]]. Since C is a positive definite matrix, there exists a non-singular symmetric matrix A
such that A> = C, and A~ X ~ A;(0,1;). Let Uyg(x) = h(A"'x), where

1
h(x) = J thE[gA(«/Ex + V1 —tAIX) — g (A71X)]dt
0

and g,(x) = g(Ax). AsA™1X ~ A;(0,1,), the function h solves the Stein’s equation

(x, Vh(x))ga — Ah(x) = ga(x) = E[ga(Y)],

where Y ~ A;(0,1;) and A is the Laplacian. On the one hand, as Hess g4(x) = AHess g(Ax)A (recall
that A is symmetric), we have

MZ(gA) = Ssup ||HeSSgA(x)||op = sup ”AHeSSg(AX)A“op
xeR? x€R?
= sup [|[AHess g(x)All,, < l|AlI,M2(g)
x€R?
= ”C“opMZ(g);

where the inequality above follows from the well-known relation [|AB||,, < [|Al|op|Bl|op- Now write
hy1(x) = h(A™1x): it is easily seen that

Hess Uyg(x) = Hessh,-1(x) = A 'Hessh(A™1x)A™ L.
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It follows that

M3(Upg) = Ms(hy-1)
|Hess hy-1(x) — Hesshy-1(y)ll,p

T =¥l
o A" Hessh(A™'x)A™! — A 'Hessh(A" ' y)A |,
x#y llx — ¥l
< A2 x sup [Hess h(A~"x) — Hessh(A™ 'y )l y ||A:1x —A:1y||
;S [l — ¥l A~ — A7y ||
< AR, x sup IS O TRy iy

X#£Yy “A_lx _A_l.)/“
= [lC 22Ma(h).

Since M5(h) < @Mz(gA) (according to [[5, Lemma 3]), relation follows immediately.

3 Upper bounds obtained by Malliavin-Stein methods

We will now deduce one of the main findings of the present paper, namely Theorem This result
allows to estimate the distance between the law of a vector of Poisson functionals and the law of
a Gaussian vector, by combining the multi-dimensional Stein’s Lemma with the algebra of the
Malliavin operators. Note that, in this section, all Gaussian vectors are supposed to have a positive

definite covariance matrix.

We start by proving a technical lemma, which is a crucial element in most of our proofs.

Lemma 3.1. Fix d > 1 and consider a vector of random variables F := (Fy,...,F;) C L?(P). Assume
that, forall 1 <i <d, F; € domD, and E[F;] = 0. For all ¢ € C*(R?) with bounded derivatives, one

has that

0 d
S-$(F)DF)+ D Ry(D.F, D.F)), 2 €2,
L i,j=1

d
DZ(P(Fl:'"JFd):Z
i=1

where the mappings R;; satisfy

2

1 1
R.. < - X < —|¢p” .
IR;;(y1,¥2)| < 2f:11§|axiaxj¢(x){ 12l < Sl ool vl

Proof. By the multivariate Taylor theorem and Lemma [2.5]

Dzd)(Fl)"';Fd) = ¢(F1:"'1Fd)(w+5z)_¢(F1>"':Fd)(w)
= ¢(F(w+6,),....Fi(w+6,)) - ¢(Fi(w),...,Fy(w))
d 2
= Y a0 F(@)(Fi(w+5,) = Fi(w) +R
i=1 t
d 2
= Z ¢(D2F1)+R:
3xi

9)



where the term R represents the residue:

d
R=R(D,F,,...,D,F;)= Y  R;(D,F;,D,F)),
ij=1

and the mapping (y1,Y2) — R;;j(y1,y2) verifies @ O]

Remark 3.2. Lemma 3.1]is the Poisson counterpart of the multi-dimensional “chain rule” verified by
the Malliavin derivative on a Gaussian space (see [[9, 11]]). Notice that the term R does not appear
in the Gaussian framework.

The following result uses the two Lemmas and in order to compute explicit bounds on the
distance between the laws of a vector of Poisson functionals and the law of a Gaussian vector.

Theorem 3.3 (Malliavin-Stein inequalities on the Poisson space). Fix d > 2 and let C = {C(i,]) :
i,j=1,...,d} be adxd positive definite matrix. Suppose that X ~ A;(0,C) and that F = (Fq,...,F;)
is a R%-valued random vector such that E[F;] =0 and F; € domD, i =1,...,d. Then,

d
dy(F,X) < [IC M loplIC 22, | D EL(C(, j) = (DF;, =DL7F;)12,)?] (10)
i,j=1

/o d 274
+T||C‘1||’3‘;2||C||opLu(dz)ﬂa lelDzFil lelDzL‘lFil : an

Proof. If either one of the expectations in and are infinite, there is nothing to prove:
we shall therefore work under the assumption that both expressions (I0)—(11) are finite. By the
definition of the distance d,, and by using an interpolation argument (identical to the one used at
the beginning of the proof of Theorem 4 in [5]), we need only show the following inequality:

IE[g(X)] —E[g(F)]

d
<AIC M oplIC2, | ST EL(C(, )~ (DF, ~DL7IF;)12,)?) (12)

i,j=1

2
Nor: ! d
+—5BICT R IIC op f wd2E | | DIID.Fl| | D ID.L7 R
VA i=1 i=1

for any g € C*(RY) with first and second bounded derivatives, such that ||g|| Lip SAand My(g) < B.
To prove (12), we use Point (ii) in Lemma to deduce that
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We write

with Rk =

[E[g(X)] -
|E[(C,Hess Upg(F))n.s. —

d
~—Uo8(F) := ¢y(Fy;...,

axk

i,j=1

Elg(F)]|

2 7] d
C ———Upg(F E
()53, Vo8 () | +; _
92 7 d
C(,j Upg(F)| — ) E
D) 3,V | = 2

D, ¢r(F1, ...,

d

i=1

d
2. R jx(D,F;,D,F;), and

IR j 1 (y1, ¥2)| <

1
— sup

5,
Fa) = Zax

82

(o

(F,VUog(F))gall

d 82 d Kl

C(i,/)z——=—Uog(F)— Y Fr=—U,g(F
2, Ol g 5Uog(F) = X L Fig—Uog ()
i,j=1 J k=1

[ d
5(DL_1Fk)a—kaog(F)}

2

4 1

Uog(F) | ,~DL™'F; .
* L2
F;) = ¢« (F). By using Lernrna we infer

¢i(x)

2

x€R4

dx;0x

J

X |y1Y2l.

It follows that

(X)] - E[g(F)]]

32
l J

8
02

S

i,k=1

Mnﬁ

C(, J)

|E
L,j

Uog(F)i| (Uog(F)XDFi;_DL_le>L2(M)i|

B

E [(Ri,j,k(DFisDFj): _DL_le>L2(u):|
1

1

+

i

=M=

A

d
V/EllIHess Upg (F[1% ¢ 1 % ZE[(C(i,j) (DF;, —=DL™F}) 2, ]+|R2|,
ij=1

where

d
Ry= Y E[(R;;x(DF;,DF;),~DL™"Fy};2(,].

j,k=1

i,
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Note that (7) implies that |[Hess Upg(F)lli.s. < IC 7 l,p IICII})}/)ZIIgIILip. By using (8) and the fact
lg” |l < Ms(g), we have

1 o3
R. . R < -—sup |———U, X
IR j k(15 ¥2)l erﬂlsd ox.a%,0%, o8| X 1y1y2l
v2m —13/2 v2n —13/2
< 3 Mo(NCT 5,7 IClop X 1y1yal < TBIIC 15, IC op X 1y1Y2l,
from which we deduce the desired conclusion. O

Now recall that, for a random variable F = N(h) = I;(h) in the first Wiener chaos of N, one has
that DF = h and L™'F = —F. By virtue of Remark [2.16, we immediately deduce the following
consequence of Theorem

Corollary 3.4. For a fixed d > 2, let X ~ A;(0,C), with C positive definite, and let
F,= (Fn,ls ---,Fn,d) = (N(hn,l), ---,N(hn,d)): n=1,

be a collection of d-dimensional random vectors living in the first Wiener chaos of N. Call K,, the
covariance matrix of F, that is: K, (i, j) = E[N (h, )N (h, ;)] = (Ry i, b j) 120 Then,

d?v/2n d
dy(F, X) < IC Ml ICIILIC = Kllpys. + 3 ”C_l“gl/)Z”C”opZJ|hn,i(z)|3.u(dz)-
i=1Jz
In particular, if
K,(i,)) = C(i,j) and f Iy 1(2)Pu(dz) — 0 (13)
z

(as n — oo and for every i,j =1,...,d), then d5(F,,X) — 0 and F,, converges in distribution to X.

Remark 3.5. 1. The conclusion of Corollary [3.4]is by no means trivial. Indeed, apart from the
requirement on the asymptotic behavior of covariances, the statement of Corollary does
not contain any assumption on the joint distribution of the components of the random vectors
F,. We will see in Section 5 that analogous results can be deduced for vectors of multiple in-
tegrals of arbitrary orders. We will also see in Corollary[4.3|that one can relax the assumption
that C is positive definite.

2. The inequality appearing in the statement of Corollary [3.4] should also be compared with the
following result, proved in [11], yielding a bound on the Wasserstein distance between the
laws of two Gaussian vectors of dimension d > 2. Let Y ~ A45(0,K) and X ~ A;(0, C), where
K and C are two positive definite covariance matrices. Then, dy, (V,X) < Q(C,K)x||[C—K]||gs.,
where

Q(C,K) :=min{|C lop 112, 1K oy 1K1Y/,

and dy; denotes the Wasserstein distance between the laws of random variables with values
- d
in R®.

1499



4 Upper bounds obtained by interpolation methods

4.1 Main estimates

In this section, we deduce an alternate upper bound (similar to the ones proved in the previous
section) by adopting an approach based on interpolations. We first prove a result involving Malliavin
operators.

Lemma 4.1. Fix d > 1. Consider d + 1 random variables F; € L%(P), 0 <i <d, such that F; €edomD
and E[F;] = 0. For all g € C*(RY) with bounded derivatives,

d 3
E[g(Fy,...,Fq)Fo]=E [Z —8(Fy,.... Fg)(DF;, —DL—1F0>L2(M)] +E [(R,—DL™"Fo) 2 ] »
i=1 L

0
where
IE[(R, =DL™"Fy) 12(]| (14)
2 d 2
< 1max sup g(x)| x | u(dz)E ZID Fol | ID,L7YF,|
T 200 epa|0x;0x; Z L k == 00

Proof. By applying Lemma (3.1

E[g(Fy,...,F4)F,]
= E[(LL'Fo)g(Fi,...,Fy)]
= —E[6(DL™'Fo)g(Fy,...,Fy)]
= E[Dg(Fy,...,Fq),~DL™'Fo) 2]

d, 9
= E [Z ax_g(Flj-..,Fd)<DFi,—DL_1FO>L2(“):| +E[<R’_DL_1FO)L2(H):|;
i=1 71

and E[(R,—DL™'F,) 12(u)] verifies the inequality . O

As anticipated, we will now use an interpolation technique inspired by the so-called “smart path
method”, which is sometimes used in the framework of approximation results for spin glasses (see
[26]). Note that the computations developed below are very close to the ones used in the proof of
Theorem 7.2 in [[10].

Theorem 4.2. Fix d > 1 and let C = {C(i,j) : i,j = 1,...,d} be a d X d covariance matrix (not
necessarily positive definite). Suppose that X = (X1, ...,X4) ~ A43(0,C) and that F = (Fy,...,Fy) isa
R%-valued random vector such that E[F;]=0and F;edomD, i =1,...,d. Then,

d

d
d3(F,X) < 3 iglE[(C(i:j)_(DFia_DL_le>L2(M))2] (15)

1 d 2 74
+ZJ u(dz)E (ZlDZFi|> (ZlDZL_lFi|) . (16)
z i=1 i=1
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Proof. We will work under the assumption that both expectations in and are finite. By the
definition of distance d5, we need only to show the following inequality:

IE[¢(X)] -Elo(F)]] < ||¢”|IOOZE[|C(1 j) = (DF;, =DL7'Fj) 2]

i,j=1

1 d 274
+Z||¢“’||oofu(dz>E (Zlnzm) (Z|DZL—1Fi|)
Z i=1 i=1

for any ¢ € C3(R?) with second and third bounded derivatives. Without loss of generality, we may
assume that F and X are independent. For t € [0, 1], we set

U(t)=E[p(V1—t(Fq,...,Fg)+ VtX)]

We have immediately
|w(1) —w(0)| < sup |¥'(t)].
te(0,1)

Indeed, due to the assumptions on ¢, the function t — ¥(t) is differentiable on (0, 1), and one has
also

V() = ZE[ ¢(\/1—t(Fl,...,Fd)+\/?X) (zlﬁxi—z\/%ﬂﬂ

'—12l 153
T2/t 2/1—t

On the one hand, we have

ool

.....

d 82
= vVt Y C@,jE |:E [ 1—ta+ ﬁx)] }
i,jzzl 0x;0 J la=(Fy,....Fq)
d 82
= ﬁz C(i, )E [3x ax-¢(‘/1 —t(Fy,...,F))+ «/?X)} )
i,j=1 Y4y

On the other hand,

oo Sl

¢>(\/1 —t(Fy,...,F))+ \/?X)Fl}

2
¢(\/1—t(F1,...,Fd)+\/?b)Fi} )
3xl~ b=x
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We now write ¢ f ’b(~) to indicate the function on R¢ defined by

0
¢it,b(F1>"'7Fd): 3x¢(v 1_t(F19"-)Fd)+\/Eb)
By using Lemma [4.1] we deduce that
E(¢; (F,....FyF;]
d 3 b .
=F Za—qu&{’ (F1,...,Fg)(DF;,=DL™'F}) 20,y | +E [(Rlb,—DL_lFi)Lz(M)J ,
j=1
where Rib is a residue verifying
IE[(R}, —=DL™F;)12()] 17)
2
<1 0 puh dz)E , D,Fi| | |D,L7'F
< 5\ maxsup | Fome @0 | | was) ;' Fjl | DL
Thus,
d 82
% - V].—tZE E |:axax¢(v1_t(pl,’Fd)—l_ﬁb)<DFU_DL_1F]>L2(“):|
ij=1 iv4j |b=X
d .
+>E [IE [{RL, ~DL™Fy)p2(] |b:X]
i=1
d 32
= 11—t Z E [ax.aqua(m — t(Fy,...,F))+ VtX)(DF;, —DL_le)Lz(M)}
ij=1 i
d

+>E [IE [(RL,~DL7'F) 12, ] |b:X] .

i=1
Putting the estimates on 2[ and B together, we infer

2

1d ]
V(L) = Ei,jzz:lE [axiaqus(m —t(Fy,...,F))+ vVtx)(C(i,j) - (DFi,—DL_le)Lz(M))}

1 & :
Ve tZE [E [<R2>—DL_1Fi>L2(u>]|b:X] ’

i=1

We notice that

82
¢(V1—t(Fp,..., F) + VED)| < 119" lloos
axi3Xj
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and also

2

——— (V1 —t(Fy,...,F))+ Vtb)
ﬁxkﬁxl

PP (P, Fy) (1-1t)x

ax,0x ké’x
< A-0lé"

To conclude, we can apply inequality as well as Cauchy-Schwartz inequality and deduce the
estimates

IE[¢(X)] —E[¢(F)]]

< sup [W(t)]
te(0,1)
< —||¢”||OOZE[|C(1 j) = (DF;, =DL7'F;) 12,y]]
i,j=1
s o) (3
+ ||¢”’||oofu(dz)m ( |DZF1~|)( |DZL—1Fi|)
4 i=1 i=1
d
d 1/ . .
< 16" leoy| 2 BI(CEL ) = (DF, =DL7'Fy) 1))
i,j=1
1 d 274
+Z||¢”’||oofu(dz)1a (ZIDzFiI) (szrlﬂl) :
Z i=1 i=1
thus concluding the proof. ]

The following statement is a direct consequence of Theorem [4.2] as well as a natural generalization
of Corollary

Corollary 4.3. For a fixed d > 2, let X ~ A;(0, C), with C a generic covariance matrix. Let
Fn = (Fn,la ey Fn,d) = (N(hn,l)) "’;N(hn,d))a nz= ]-;

be a collection of d-dimensional random vectors in the first Wiener chaos of N, and denote by K,, the
covariance matrix of F,,. Then,

d3(Fy, X) < —IIC Killgs. + J | i (2) P u(d2).

In particular, if relation ({13)) is verified for every i,j =1,...,d (as n — 00), then ds(F,,X) — 0 and F,
converges in distribution to X.
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Table 1: Estimates proved by means of Malliavin-Stein techniques
Regularity of Upper bound
the test function h

IRl is finite IE[R(G)] — E[A(X)]| <
Ikl /E[(1 = (DG, —DL1G)¢)?]

IRllLip is finite IE[R(Gy, ..., Ga)] — E[h(X)]| <
IRl iplIC lopllCIIYL2 \/ > E[(C(i,)) — (DG;, ~DL™1G;) )]

llAllL;p is finite |[E[h(F)] —E[AX)]| <

1Al ip(/E[(1 = (DF, =DL~F) 12(,,))?]
+ [, u(d=)E[|D,F*|D,L ' F|])

he C3RY) |E[R(F,...,F3)] —E[R(X)]| <
Il is finite IRlliplIC lapllCIIL \/ Zﬁjzl E[(C(i, j) = (DF;, —=DL™F;) 12(,))*]

d 274
M,(h) is finite —I—Mz(h)gl|c—1”§l/)2||c||op fz u(dz)E [(Z |DZFi|) (Z |DZL—1F1~|)}

i=1 i=1

4.2 Stein’s method versus smart paths: two tables

In the two tables below, we compare the estimations obtained by the Malliavin-Stein method with
those deduced by interpolation techniques, both in a Gaussian and Poisson setting. Note that
the test functions considered below have (partial) derivatives that are not necessarily bounded
by 1 (as it is indeed the case in the definition of the distances d, and d;) so that the L* norms
of various derivatives appear in the estimates. In both tables, d > 2 is a given positive integer.
We write (G,Gy,...,Gy) to indicate a vector of centered Malliavin differentiable functionals of
an isonormal Gaussian process over some separable real Hilbert space $) (see [12] for defini-
tions). We write (F,Fy,...,F,) to indicate a vector of centered functionals of N, each belonging
to domD. The symbols D and L~! stand for the Malliavin derivative and the inverse of the
Ornstein-Uhlenbeck generator: plainly, both are to be regarded as defined either on a Gaussian
space or on a Poisson space, according to the framework. We also consider the following Gaussian
random elements: X ~ A4(0,1), X; ~ A43(0,C) and X;; ~ A3(0,M), where C is a d x d posi-
tive definite covariance matrix and M is a d x d covariance matrix (not necessarily positive definite).

In Table 1, we present all estimates on distances involving Malliavin differentiable random variables
(in both cases of an underlying Gaussian and Poisson space), that have been obtained by means of
Malliavin-Stein techniques. These results are taken from: [9] (Line 1), [[11]] (Line 2), [17] (Line 3)
and Theorem and its proof (Line 4).

In Table 2, we list the parallel results obtained by interpolation methods. The bounds involving
functionals of a Gaussian process come from [[10], whereas those for Poisson functionals are taken
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Table 2: Estimates proved by means of interpolations

Regularity of Upper bound
the test function ¢
¢ € C*(R) [E[¢(G)] - E[¢(X)]| <
19" |l is finite Hl¢"lloo v/ E[(1 — (DG, —DL7'G)4)?]
¢ € C*(RY) IE[¢(Gy,...,Gq)] —E[pXp)]| <
1"l is finite %nqs”uooJ > E[(M(, j) - (DG;, —DL71G;)5)?]
¢ € C*(R) IE[¢(F)] —E[¢(X)]| <
16" lloo is finite 5116” lso/EL(1 — (DF,—=DL7F) 12(,))?]
l¢"|loo is finite +§II¢”’IImfZ u(d2)E[|D,F|*(|D,L'F|)]
¢ € C3(RY) [E[¢(Fy,...,F)] —E[¢p(Xp)]| <
1|l is finite §||¢“||oo¢ > ELM(, j) — (DF;, =DL™Fj) 2,))?]
d 274
16" |l is finite | +211¢" Il [, u(d2)E KzllDzFil) (Z |DZL‘1F1-|)]
i= i=1

from Theorem [4.2] and its proof.

Observe that:

e in contrast to the Malliavin-Stein method, the covariance matrix M is not required to be
positive definite when using the interpolation technique,

e in general, the interpolation technique requires more regularity on test functions than the
Malliavin-Stein method.

5 CLTs for Poisson multiple integrals

In this section, we study the Gaussian approximation of vectors of Poisson multiple stochastic inte-
grals by an application of Theorem [3.3] and Theorem To this end, we shall explicitly evaluate

the quantities appearing in formulae (10)-(11) and (15)-(16).

Remark 5.1 (Regularity conventions). From now on, every kernel f € LSZ(,uP ) is supposed to verify
both Assumptions A and B of Definition As before, given f € Lsz(,up ), and for a fixed z € Z,
we write f(z,-) to indicate the function defined on ZP~! as (z,,. sZp_1) = f(2,21,...,%,_1). The
following convention will be also in order: given a vector of kernels (f, ..., f4) such that f; € Lsz(,upi ),
i=1,...,d, we will implicitly set

fiz,)=0, i=1,...,d,
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for every z € Z belonging to the exceptional set (of yu measure 0) such that
fi(z, )5 fi(z,) @ L (uPrtPiT=172)
for at least one pair (i, j) and some r =0,...,p; Ap; —1 and [ =0, ...,r. See Point 3 of Remark

5.1 The operators G, and G}

Fix integers p,q > 0 and |q — p| < k < p + g, consider two kernels f € L2(u?) and g € L2(u9), and
recall the multiplication formula @ We will now introduce an operator Gi 4. transforming the func-
tion f, of p variables, and the function g, of g variables, into a “hybrid” function G***(f, g), of k vari-
ables. More precisely, for p, q, k as above, we define the function (2;,...,2¢) — Gi’ (f,8)(21, %),
from Z¥ into R, as follows:

PAqQ 1
GPUf, )0 2) = DD  Aiprgor—iciT! ( P ) ( ! ) ( '{ )f*i g, (18)

r=0[=0

where the tilde ~ means symmetrization, and the star contractions are defined in formula (4) and
the subsequent discussion. Observe the following three special cases: (i) when p = q = k = 0,
then f and g are both real constants, and Gg’o( f,g)=f xg, (ii) when p =q > 1 and k = 0,
then Gg’p(f,g) = pNf, &) 12wy, (iii) when p = k = 0 and ¢ > O (then, f is a constant),

Gg’p(f,g)(zl, w0 Zg) = f % g(21,...,2,). By using this notation, (@) becomes

ptq
LA = D, LGS, ). (19)

k=|q—pl

The advantage of representation (as opposed to (6)) is that the RHS of is an orthogonal
sum, a feature that will greatly simplify our forthcoming computations.

For two functions f € Lsz(u,p) and g € Lsz(,uq), we define the function (z,...,2) —

Gi’q(f, g)(z1,...,2;), from Z¥ into R, as follows:

qu(f, g)) = f wd)GE N (f (2,),8(2,)),

V4

or, more precisely,

GPU(f, g)(zy, 2

pAg—1 r
= f.u(dz) Z Zl(p+q—r—l—2=k)r!
Z r=0 [=0

(7)) (7 ) e

PAq ¢t
-1 -1 t—1
= D2 Liprgrsmip(t = 1! ( P )( [ )( o1 )f*ig(zl,...,zk). (20)

t=1s=1
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Note that the implicit use of a Fubini theorem in the equality is justified by Assumption B — see
again Point 3 of Remark

The following technical lemma will be applied in the next subsection.

Lemma 5.2. Consider three positive integers p,q, k such that p,q>1and |g—p|V1<k<p+q—2
(note that this excludes the case p = q = 1). For any two kernels f € Lsz(up) and g € Lsz(uq), both
verifying Assumptions A and B, we have

- PAg
; k
f dut(GPA(f, ), o3 < € D hisyieposdlf <7 81172, (21)
zk t=1

wheres(t,k)=p+q—k—tfort=1,...,p Aq. Also, C is the constant given by

pAg 2
_ p—1 q—1 t—1
=gl () () (it )

Proof. We rewrite the sum in (20) as

_ PAq
, .k
qu(fJ g)(zla"'yzk) :Zatllfs(t,k)ftf *i(t )g(zly--~;zk); (22)

t=1

. p—1 qg—1 t—1
=(t—1)! <t<
with a, = (t D'(t—l)(t—l)(s(t,k)—l)’ 1<t<pAq. Thus,

JcWW@FU£meU%D2
Zk

PAg - 2
t,
= f dp* Zatllfs(t,k)itf*st( )8(21,---’Zk)
Zk

=1
PAg PAg =
t,
= Zaf J du* Z(llss(t,k)ﬁf*st g(z15 -, 2))?
t=1 zk t=1
PAq

k
= CZJ AR <y po<e (<9 821, 2
=1Jzk

PAq
k
= c;nﬁ(t,@sfnf S g2,

Ry RN —1 ~1 t—1 2
e-get-xle-o(120) (15 (s )|

t=1 t=1

with

Note that the Cauchy-Schwarz inequality

has been used in the above deduction. O
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5.2 Some technical estimates

As anticipated, in order to prove the multivariate CLTs of the forthcoming Section we need to
establish explicit bounds on the quantities appearing in (10)-(1I) and (15)-(16), in the special
case of chaotic random variables.

o, 2 2 . . . . . _
Definition 5.3. The kernels f € L{(u?), g € L7 (u?) are said to satisfy Assumption C if either p =
g=1, ormax(p,q)>1and, foreveryk=|q—p|V1,...,p+q—2,

f [\/ J (Gi_l’q_l(f(z,-),g(z,-)))zd.u" :|M(dz)<oo. (23)
Z Zk

Remark 5.4. By using (18), one sees that is implied by the following stronger condition: for
every k =|q—p|V1,...,p+q—2, and every (r,1) satisfying p+q —2 —r — [ =k, one has

f [\/J (f (z,) %L g(z,-))*du* ]M(dZ)<oo. (24)
Z zk

One can easily write down sufficient conditions, on f and g, ensuring that is satisfied. For
instance, in the examples of Section 6, we will use repeatedly the following fact: if both f and g
verify Assumption A, and if their supports are contained in some rectangle of the type B X ... X B,
with u(B) < oo, then is automatically satisfied.

Proposition 5.5. Denote by L™! the pseudo-inverse of the Ornstein-Uhlenbeck generator (see the Ap-
pendix in Section @), and, for p,q = 1, let F = I,(f) and G = I,(g) be such that the kernels f € Lsz(,up)
and g € Lf(uq) verify Assumptions A, B and C. If p # q, then

E[(a — (DF, —DL_IG)Lz(“))Z]

A
Q
+
]

24 p? k'f du(GP(f,2))°

ptq—2  pAg o
t
KD Lozl 5 gl
k=lg-pl =1
p+g—2  pAg

a? +—Cp DR sz (U <8 o Fllizguesciny X I *75 o &llpzguesen)
k=|g—p| t=1

IA
Q
o
+
9
]
)

IA

1508



Ifp=q > 2, then

E[(a — (DF,—DL™'G)2(,))*]

2p—2 .

< (PUf. @)z — @) +p> Y. klf duk(GY(f, 8))
k=1 zk

2p—=2  pAq

Lk
< (PUF @)y — P +CP* DL KD Tic=dlf 5 gl2
k=1 t=1

< (pUf, &) 12wy — @)
2p—2  pAq

—t —t
+5CP% D KD LicseprseIF %y Flliaguessny X 118 %§ g, o 8lizguersesy)
k=1 t=1

wheres(t,k)=p+q—k—tfort=1,...,p Aq, and the constant C is given by

pAg 2
_ p—1 qg-—1 t—1
=gl () (it )

(a— (DF,—=DL7'G) 12(,y)* = (a — (f, &) 12¢u))*.

Ifp=q=1, then

Proof. The case p =q =1 is trivial, so that we can assume that either p or q is strictly greater than
1. We select two versions of the derivatives D,F = pI,_,(f(z,-)) and D,G = ql,_1(g(z,-)), in such
a way that the conventions pointed out in Remark are satisfied. By using the definition of L ™!
and (19), we have

(DF,—DL™'G) 2y = (DI,(f),q7'DI;(8)) 12

= pJ u(dz)l, 1 (f (2,-))14-1(g(z,-))
z

p+q—2
=p f u(dz) Y. L(GET TN (f (2., 8z, )
Z

k=|q—pl

Notice that for i # j, the two random variables

fu(dz)zi(Gf‘l’q‘l(f(z,-),g(z,-)) and Ju(dz)zj(cj-"l’q‘l(f(z,~>,g(z,-)))
VA Z

are orthogonal in L?(P). It follows that

E[(a — (DF,=DL™'G) 2(;))*] (25)
p+q—2 2
=a*+p? E KJ u(dZ)Ik(Gf_l’q_l(f(z,-),g(z,-)))) }
k=lq—p| z
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for p # q, and, for p =q,

E[(a — (DF,—DL™'G)2(,))*] (26)
2p—2 2
= (PUf, &) iy — > +p* ) L E K f u(dz)lk(Gi‘l’q‘l(f(z,-),g(z,-)))) }
k=1 4

We shall now assess the expectations appearing on the RHS of and (26). To do this, fix an
integer k and use the Cauchy-Schwartz inequality together with to deduce that

J u(dZ)J u(dz")E Hlk(Gi_l’q_l(f(z,-),g(z,-)))Ik(Gﬁ_l’q_l(f(Z’,-),g(Z’,-)))H
VA Z

IA

J u(dz)f u(dz W EL2G 7 (2, ), g, I EIG 7 (£, ), 82, )]
VA VA

k! [ f u(dZ)\/J dpk(GY TN (f (=, ), 8(2, ) ]
Z Zk
X U u(dZ’)\/ J duk(GP M, ), g(57,)))? ]
z zZk

2
= k! [ J u(dz)\/f duk(GL TN (f (2,), 8 (3,00 ] < 0. 27)
Z VAS

Relation justifies the use of a Fubini theorem, and we can consequently infer that
E [( JZ ud2)I(GE M (f (=, ), 8z, -)))) 2]
= JZ u(dz) L w(dz LG (f (2, ), gz IN(GE T (F (7, ), 8, )]
= K fz u(dz) L u(dz") [ Lk dukGy M (f (2,),8( NG TN, ()

2
= k! [ duk U u(dZ)Gf_l’q_l(f(z,-),g(z,'))}
Jzk z

= k! [ du"(@(f,g))z-
Zk

The remaining estimatgs in the statement follow (in order) from Lemma and Lemma as well
as from the fact that ||f | 2¢n) < [If || 2(yn), for all n = 2. O

The next statement will be used in the subsequent section.

Proposition 5.6. Let F = (Fy,...,Fq) := (I, (f1),---,14,(f4)) be a vector of Poisson functionals, such
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that the kernels f; verify Assumptions A and B. Then, writing q,:=min{qy, ...,qq},

d 2r4d
fu(dz)E (szmo (szrlm)
VA i=1 i=1

d2 d qi b-1
< (7 /(@ = DU Ry X D50 Tiarpcaga(a+b—D1M(g;—a = D)l
* =1 b=1a=0

2
9i—1 gi—1—a .
g ( qi — 1-a ) ( q; — b ) “f *bf”Lz(,qul'—a—b)).

Remark 5.7. When q = 1, one has that

q b-1

@@= DU 1220 % DY Trzarpazg a(a+b—11V3g—a—1)
b=1a=0

2
qg—1 g—1-—a
" ( q-1-a ) ( q—b )”f*%f””(lﬂq‘“—b)

= ||f||L2(,u) X ”f”%4(u)

Proof of Proposition[5.6] One has that

d 274
f p(d)E (szm) (szrlm)
zZ i=1 i=1

p 3
< f u(dz)E (szﬂl)
4« Jz i=1

d2 d
< —Zf u(d=)E[ID,Fi]
9 i3 Jz
To conclude, use the inequality

f u(dz)E[|D,I,(f )]
Z

q b-1
< @@= DU Ry X D5 D hizaspeagaa+b = DM(g—a = 1)!
b=1a=0

2
qg—1 g—1-a
" ( q-1-a ) ( q—b )”f %o fllzzgun-eny

which is proved in [17, Theorem 4.2] for the case ¢ > 2 (see in particular formulae (4.13) and
(4.18) therein), and follows from the Cauchy-Schwarz inequality when q = 1. O
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5.3 Central limit theorems with contraction conditions
We will now deduce the announced CLTs for sequences of vectors of the type
FO = (FMD, P = (1, ()1, (F), n> 1. (28)

As already discussed, our results should be compared with other central limit results for multiple
stochastic integrals in a Gaussian or Poisson setting — see e.g. [9], 11, [13} [14} [18], 20]]. The following
statement, which is a genuine multi-dimensional generalization of Theorem 5.1 in [[17], is indeed
one of the main achievements of the present article.

Theorem 5.8 (CLT for chaotic vectors). Fix d > 2, let X ~ A(0, C), with
c={c(i,j):i,j=1,...,d}

a d x d nonnegative definite matrix, and fix integers qy,...,qq = 1. Foranyn>landi=1,...,d, let
fi(") belong to Lf(,uqi). Define the sequence {F™ : n > 1}, according to and suppose that

lim E[F}“H:JF“’] = 1(g,—q);! X lim £, f}”bmqi) =c(i,j), 1<i,j<d. (29)

n—00 n—oo

Assume moreover that the following Conditions 1-4 hold for every k =1, ...,d:

1. For every n, the kernel fk(”) satisfies Assumptions A and B.

2. Foreveryl=1,...,d and every n, the kernels fk(n) and fl(n) satisfy Assumption C.

3. Foreveryr=1,...,qand everyl =1,...,r A(qi — 1), one has that

IEE A £ o201y — O,

as n — oQ.
4
4. Asn—oo, [, dus () —o0.

Then, F™ converges to X in distribution as n — oo. The speed of convergence can be assessed by
combining the estimates of Proposition [5.5] and Proposition [5.6| either with Theorem [3.3] (when C is
positive definite) or with Theorem (when C is merely nonnegative definite).

Remark 5.9. 1. Forevery f € Lf(,uq), g > 1, one has that

17 gy = | b

74

2. When q; # qj, then F l.(n) and Fj(n) are not in the same chaos, yielding that C(i,j) = 0 in

formula . In particular, if Conditions 1-4 of Theorem 5.8 are verified, then Fi(n) and F](n)
are asymptotically independent.
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3. When specializing Theorem to the case q; = ... = q4 = 1, one obtains a set of con-
ditions that are different from the ones implied by Corollary First observe that, if
g; = ... = qq = 1, then Condition 3 in the statement of Theorem is immaterial. As
a consequence, one deduces that F converges in distribution to X, provided that is
verified and ||f ™| 14w — 0. The L* norms of the functions f™ appear due to the use of
Cauchy-Schwarz inequality in the proof of Proposition [5.6)

Proof of Theorem By Theorem [4.2]

d | n n
d3(F™,X) < 7| D EL(C(L 1) ~ (DF, =DL7F}"™) 12,)?] (30)
=

2
1 d d
+7 f u(dz)E (ZlDzFi(")l) (ZlDZL‘lFf”)l) : (31)
Z i=1 i=1

so that we need only show that, under the assumptions in the statement, both (30) and (31) tend
to 0 asn — oo.

On the one hand, we take a = C(i, j) in Proposition In particular, we take a = 0 when g; # q;.
Admitting Condition 3 , 4 and (29), line tends to 0 is a direct consequence of Proposition [5.5

On the other hand, under Condition 3 and 4, Proposition shows that converges to 0. This
concludes the proof and the above inequality gives the speed of convergence.

If the matrix C is positive definite, then one could alternatively use Theorem 3.3]instead of Theorem
[4.2] while the deduction remains the same. O

Remark 5.10. Apart from the asymptotic behavior of the covariances and the presence of
Assumption C, the statement of Theorem [5.8| does not contain any requirements on the joint distri-
bution of the components of F(™. Besides the technical requirements in Condition 1 and Condition
2, the joint convergence of the random vectors F™ only relies on the ‘one-dimensional’ Conditions
3 and 4, which are the same as condition (II) and (III) in the statement of Theorem 5.1 in [[17]]. See
also Remark [3.5]

6 Examples

In what follows, we provide several explicit applications of the main estimates proved in the paper.
In particular:

e Section [6.1|focuses on vectors of single and double integrals.

e Section deals with three examples of continuous-time functionals of Ornstein-Uhlenbeck
Lévy processes.
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6.1 Vectors of single and double integrals

The following statement corresponds to Theorem in the special case

The proof, which is based on a direct computation of the general bounds proved in Theorem
serves as a further illustration (in a simpler setting) of the techniques used throughout the paper.

F= (Fl" "’Fd) = (Il(gl))' . ')Il(gm):IZ(h1)3 e 'aIZ(hn))-

Some of its applications will be illustrated in Section

Proposition 6.1. Fix integers n,m > 1, let d = n+m, and let C be a d X d nonnegative definite matrix.

Let X ~ A;(0, C). Assume that the vector in is such that

1. the function g; belongs to L2(u) N L3(w), for every 1 <i<m,

2. the kernel h; € Lsz(,uz) (1 <1 < n) is such that: (a) h;, *% h;, € L2(ul), for 1 < iy,i, < n,
(b) h; € L*(u?) and (c) the functions |hy, | *; lhi, |, 1hy, | *g |hi,| and |h; | *(1) |h,| are well defined
and finite for every value of their arguments and for every 1 <1iy,i, < n, (d) every pair (h;, h;)

verifies Assumption C, that in this case is equivalent to requiring that

Then,

where

J \/J u(da)h?(z,a)h?(z,a)u(dz) < 0.
z \VJz

1
dy(F,X) < 5\/51+52+83+S4

1

S E\/51+85+S6+S4
m
D (Clins i) = (8> 8120
iy,ip=1

n

D (Cm+jum+ o) = 2(hs,, b)) + 4llhy, 5 by 12 + 8y, *
J1,J2=1

m
2226(1 m+ ) + 5llg: +] hillZa
i=1j

3

m? > llgill?s,, +8n Znh iy (1 iy + V2R, %9 B llz2e)

i=1

1 JZ”LZ(MZ)

Z (Cm+ji,m+jp) — 2<h11’th>L2(u2))2 +4{lh;, 1 h julle2qusy X MRy, * hj, 2y

J1sj2=1
+8|hj, * *1 Ry lz2gu2y X NIy, *1 hy, 22y

ZZZC@ m+ )%+ 5llgilZ,(,,) % Iy *1 hjllz2gey

i=1 j=
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Proof. Assumptions 1 and 2 in the statement ensure that each integral appearing in the proof is
well-defined, and that the use of Fubini arguments is justified. In view of Theorem our strategy

is to study the quantities in line (15) and line (16) separately. On the one hand, we know that: for
1<i<m,1<j<n,

D,I,(g;()) = gi(2), —D,L 71 (g;() = gi(2)
D Iy(hi(,)) = 2I1(hi(2,7)),  —D,L7'Iy(h;(-,)) = L(Ry(3,-))
Then, for any given constant a, we have:
—-forl<i<m,1<j<n,
E[(a — (D,11(g:,), =D-L ™ 11(g,))*1 = (a — (g1, &,) 12"
- for1<ji,jo <n,

El(a — (D, Iy(h;), =D, L™ I5(h; )))*]

= (a—2(hj,hj,) 202" + 4R, hj2||§2(m +8]Ih;, %] hj2||§2w2);
—forl<i<m,1<j<n,
El(a —(D,I5(h;), D, L' I;(g)))*] = a® + 4llg; %; hjlliz(m
El(a —(D,I1(g;), =D, L' I(h)))*] = a® + l|g; %, hjlliz(“).

So

1
ll =3V S1+S8,+83

where S;,S,,S; are defined as in the statement of proposition.

On the other hand,

2

2 2 m n
(Z|DZFi|) = [ Dla@I+2) InhEl |
i=1 i=1 j=1

d m

D IDLTF =) g+
i=1

i=1

|11 (h;(=, ).
j=1

As the following inequality holds for all positive reals a, b:

(a+2b)?*(a+b) < (a+2b)° < 4a®+32b3,
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we have,

E (gmm) (ZIDL 1F|)

\ m n
= E Z|gl(z)|+22|11(h =, ))U D 1gi@l+ DI (hy(z, )
i=1 j=1

3

4(Z|gi(z)|) +32 Zlh(hj(z:'))'
i=1 j=1

IA
&=

E[4m? > |gi(z)P +32n2 > |1, (h;(z, )]
i=1 j=1

IA

By applying the Cauchy-Schwarz inequality, one infers that

J u(d2)E[|I;(h(z, )] < \/ E
Z

E[ f u(dz)ul(h(z,-))ﬁ = 2llh s b2, + IR o)
A

f M(d2)|11(h(z,-))|4} X (Al p2(2)-
VA

Notice that

We have

1
@6 = Zmznclnf;{fncnopf

z

d 274
u(dz)E (ZIDZFA) (szLlFil)
i=1 i=1

m
—113/2 2
< NICH2IC,p (m leuglum
<
n
812 3 Il 2y (M 124 2y + V2IR 55 Bl 2, )

j=1
= [ICT 32 IC0pSs

We will now apply Lemma to further assess some of the summands appearing the definition of
S5,S3. Indeed,

- forl1<j,j<n,

”hh 2 Jz”L2( )<”h 1 11||L2(u3)x||hjz A EI)

”h 2) X ||h

1 1 Jz||L2( 2)—”hh 1 g Ml J2 1 hj, 2y

1516



—-forl<i<m,1<j<n,

||gl * h; ||L2(M) = ||gl||L2(u) X ”h] *% hj“Lz(uZ)

() (k) 12 (k)14 14

by using the equality ||g; 2y = 187 Tz

Consequently,

n
SZ =< Z (C(m+Jl>m+12)_2<h 1>h]2>L2(M2)) +4||h]1 1 ]1||L2(,u3)x||h]2 1 ]2||L2(/¢3)
J1:J2=1
+38l||h;,
= 557

2y % ||y, *

1 J1||L2(,U Ja 1 Jz”LZ(HZ)

m

S; < Zcho m+ )2 + 51l ) X 1R %1 yll2g
i=1 j=

= S

Remark 6.2. If the matrix C is positive definite, then we have
V2T
d(EX) < 1 loplICIy 81+ 82+ 85 + ——IC T ICapSs
V21
IC ™ loplICIIMZ /St + S5+ Se + — e H21IC lopSa

IA

by using Theorem
The following result can be proved by means of Proposition

Corollary 6.3. Let d = m + n, with m,n > 1 two integers . Let X, ~ A44(0,C) be a centered d-
dimensional Gaussian vector, where C = {C(s,t) : s,t = 1,...,d} is a d x d nonnegative definite
matrix such that

C(i,j+m)=0, Vi<i<m,1<j<n.

Assume that
k k k k
FO =D, FRY = (1,(¢),..., (g0, LAY, ..., L,(h©))

where for all k, the kernels g; ), e g,(,f) and h(lk), e ,h%k) satisfy respectively the technical Conditions
1 and 2 in Proposition[6.1]. Assume moreover that the following conditions hold for each k > 1:

1.
lim E[FOFMP]=C(s,6), 1<s,t<d.
—00

or equivalently

N RGN o
kh—{go(gll ’gi2 )Lz(:u/) - C(llﬁlZ): 1 S 11,1y S m,

111n 2<h(k) h( )>L2(,u2) = C(m +j1, m +j2)’ 1< jl,j2 <n.
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2. Foreveryi=1,...,mand every j = 1,...,n, one has the following conditions are satisfied as
k — oo:
@ llgOIBs,) = 0 ®) IKO12, 2 = 0;
(@) 115 53 Bl 2y = RS 5 Bl 2y = 0
(@ 119 BPI2, . —o.

Then F®) — X in law, as k — oo. An explicit bound on the speed of convergence in the distance ds is
provided by Proposition (6.1

6.2 Vector of functionals of Ornstein-Uhlenbeck processes

In this section, we study CLTs for some functionals of Ornstein-Uhlenbeck Lévy process. These
processes have been intensively studied in recent years, and applied to various domains such as e.g.
mathematical finance (see [2]]) and non-parametric Bayesian survival analysis (see e.g. [13} [16]).
Our results are multi-dimensional generalizations of the content of [[17, Section 7] and [[18, Section
4].

We denote by N a centered Poisson measure over R xR, with control measure given by v(du), where
v(-) is positive, non-atomic and o-finite. For all positive real number A, we define the stationary
Ornstein-Uhlenbeck Lévy process with parameter A as

v} =1L(fM) = \/ZJ f wexp(—A(t — x))N(du,dx), t=>0
—00 J R

where ftk(u,x) = V2A1(_ 1 (x)uexp(—A(t — x)). We make the following technical assumptions
on the measure v: fR wv(du) < oo for j = 2,3,4,6, and fR u?v(du) = 1, to ensure among other

things that Yt}L is well-defined. These assumptions yield in particular that

Var(YH) =E[(Y})?] = zxf f u? exp(—2A(t — x))v(du)dx =1
—o00 JR

We shall obtain Central Limit Theorems for three kind of functionals of Ornstein-Uhlenbeck Lévy
processes. In particular, each of the forthcoming examples corresponds to a “realized empirical
moment” (in continuous time) associated with Y*, namely: Example 1 corresponds to an asymptotic
study of the mean, Example 2 concerns second moments, whereas Example 3 focuses on joint
second moments of shifted processes.

Observe that all kernels considered in the rest of this section automatically satisfy our Assumptions
A, B and C.

Example 1 (Empirical means)
We first recall the definition of Wasserstein distance.

Definition 6.4. The Wasserstein distance between the laws of two R%-valued random vectors X and
Y with E||X||ge, E||Y ||ge < 00, written d,,(X,Y), is given by

d,,(X,Y) = sup [E[g(X)] - E[g(Y)]],
geH

1518



where ¢ indicates the collection of all functions g € CY(R?) such that ||g]|| Lip < L.

We define the functional A(T,A) by A(T,A) = % f OT Ytkdt. We recall the following limit theorem
for A(T, A) , taken from Example 3.6 in [[17].
Theorem 6.5. As T — o0,

A(T, A) 1

J2/h J2T/2 )

and there exists a constant 0 < a(A) < 0o, independent of T and such that

(A(T, A) ) a(})
d, | —=x | < —-
V2/2 vT

Here, we present a multi-dimensional generalization of the above result.

T
l
v de “ x ~ 4(0,1),

Theorem 6.6. For A4,...,A; >0, as T — oo,

AT) = (AT, Ay), ..., AT, 1)) 2% x,, (33)

where Xp is a centered d-dimensional Gaussian vector with covariance matrix B = (Bjj)gxq, with
B;jj =2/4/2AiA;, 1 <1i,j < d. Moreover, there exists a constant 0 < a = a(A) = a(Aq,...,Aq) < o0,
independent of T and such that .
(AT X <
3 s»AB) = ﬁ .

Proof. By applying Fubini theorem on A(T, A), we have

1 T
ﬁf Y dt =1,(gsr)
0

22 (T
&1 = L—oo,r()uy ) — exp(—A(t — x))dt
T xVO0

EIA(T, A)A(T, 2;)]
0

= JR u%(du)( de\/%i_kjexp (A +2))x) x (1 —exp(=A;T)) x (1 —exp(—=A;T))

—00

where

T 2
. dx—Tm
2 1
Tm(xi TA
1 1
_l_j(1 — exp(=A,;T)) + mu —exp(—(A; + Aj)T)))

2 1
= + 0 (—) as T — oo.
kikj T

+ exp ((A; +2Aj)x) x (exp(=A;x) —exp(—=A;T)) x (exp(—2;x) — exp(—ij)))

(1 —exp(—=2;T)) x (1 —exp(=A;T)) +T — %x (1 —exp(—A;T))
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1
And we may verify that ”g%T”;(dvdx) ~ ﬁ for all A € R. (See [[17] and [[18]] for details.) Finally,

we deduce the conclusion by using Corollary [4.3] O

Example 2 (Empirical second moments)
We are interested in the quadratic functional Q(T, A) given by:

Q(T, 1) =T (lf
T 0

In [17]] and [18]], the authors have proved the following limit theorem for Q(T, A). (See Theorem
7.1 in [[17]] and Proposition 7 in [[18]])

T
(v} )2de - 1), T>0,1>0

Theorem 6.7. For every A >0, as T — oo,

1 (" aw) |2
Q(T,A)::ﬁ(—f (Y})Zdt-1) [+ xx
T ), )

where X ~ A(0,1) is a standard Gaussian random variable and cﬁ = fR u*v(du) is a constant. And
there exists a constant 0 < $(A) < 0o, independent of T and such that

) | _ @

d, | ——, <
2 2
vV 3 +c; vT
We introduce here a multi-dimensional generalization of the above result.
Theorem 6.8. Given an integer d > 2. For Aq,...,A3>0,as T — oo,

AT) = (QT, Ay), ..., Q(T, 2g)) L% X, (34)

where X, is a centered d-dimensional Gaussian vector with covariance matrix C = (C;;)4xq4, defined by

4 2 ..
Cii = +c, 1<i,j<d,

YT+ A

and cf = fR u*v(du). And there exists a constant 0 < (1) = B(Aq,...,A4) < oo, independent of T
and such that _
B(A)

d3(Q(T),X¢) < T

Proof. For every T > 0 and A > 0, we introduce the notations

1(—OO,T)2(x> X/)
T
+exp (A(x +x')) x (exp(—2A(x V x")) — exp(—2AT)) X l(xvx/>0))

Hyr(ux;u',x") = (uxu) (exp (Alx +x")) x (1 —exp(—=2AT)) X 1yyy'<0)
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) 1(—oo,T)(X)(
u —

Hj 1 (u,x) exp(2Ax) x (1 —exp(—2AT)) X L <)

+exp(2Ax) x (exp(—2Ax) — exp(—2AT)) X 1(x>0))
By applying the multiplication formula (6) and a Fubini argument, we deduce that
QT,2) =L (VTH} 1)+ I,(VTH; 1),
which is the sum of a single and a double Wiener-It6 integral. Instead of deducing the convergence

for (Q(T, A1), ...,Q(T, A4)), we prove the stronger result:

* * (law)

(L (VTH;, p),....i(VTH; ), L(VTHy, 1), L(VTH), 1)) — Xp (35)

as T — oo. Here, X, is a centered 2d-dimensional Gaussian vector with covariance matrix D defined
as:

cZ, if1<i,j<d

D(i,j) = ifd+1<i,j<2d

4
A+ A7
0, otherwise.

We prove in two steps (by using Corollary[6.3)). Firstly, we aim at verifying

lim E[FVF]=D(,j), 1<i,j<2d,

T—00

for
£ _ { L(JTH; ), if1<k<d

k I,(VTH,, r), ifd+1<k<2d

Indeed, by standard calculations, we have

TJ H} (u,x)H) .(u,x)v(du)dx
RxR "

1 1 1
= ?cf(m x (1 —exp(—=24;T)) x (1 —exp(—24;T)) + T — o7 x (1 —exp(—22;T))

_L x (1 —exp(—=24;T)) +

7 (1 - exp(~2(%; + 1)) )

1
2t 2)

) 1
= ¢, +0 raE as T — oo,

and

2T J Hj r(u, x50, x')HAj’T(u, x;u', x" w(du)v(du')dxdx’
R4

2 ((1 —exp(—2A;T)) x (1 — exp(—24,T)) 2

1
- T — —(1— exp(—2A;T
i + 202 iy X (1= 55 (1 —exp(=24:T)

T

1

4 0 ! T
= 7Ll~—l-7tj+ ? , as T — oo.

1
2t (1 - exp(~2(3; +2)T))) )
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Secondly, we use the fact that for A = 44, ..., A4, the following asymptotic relations holds as T — oo:

3 .
(Cl) ”ﬁH;,T”L:;(dVdX) ~ ﬁs

2 ~ .
(b) ||ﬁHk’T”L4((dvdx)2) ﬁ:

1
(©  NTHy 1) %y (WTHy p)lli2gavaxy = I(VTHy 1) %8 (VTHj 1)l 2avaxy) ~ Wik

1
(d)  N(VTHy )% (VTHy p)ll2ava) ~ J_T;

1
(e)  IWTH; 1) (VTH; llr2avax) ~ W
The reader is referred to [17, Section 7] and [[18 Section 4] for a proof of the above asymptotic
relations. O
Example 3 (Empirical joint moments of shifted processes)
We are now able to study a generalization of Example 2. We define

T
1
Qu(T,2) =T (?J Y Y2, de— exp(—?th)) , h>0,T>0,1>0.
0

The theorem below is a multi-dimensional CLT for Q;(T, A).

Theorem 6.9. For A4,...,A; >0and h=>0, as T — oo,

Q(T) = Qu(T, A1), -, Qu(T, A0) 2% X, 36)

where X is a centered d-dimensional Gaussian vector with covariance matrix E = (E;;) 4x4, With

4

E; =
YA+ A

+c3exp(—(7ti+kj)h), 1<i,j<d

and cﬁ = fR u*v(du). Moreover, there exists a constant 0 < y(h,A) = y(h, A1, ...,A4) < 00, indepen-
dent of T and such that

. 7(h,2)
d T),Xg) <
3(Qu(T), Xg) 7T
Proof. We have
T ~T
J YtAYtﬁhdt = Il(ftk)ll(frﬁh)dt
0 Jo
rT
= JO (I2(ftx*8ftﬁh)+Il(ftl*(1)ft%kh)+ftl*%ftﬁh)dt
-

T
= (12 + Ry + exp(=ah) ) de
0

= L(TH} )+ 1,(TH;") + exp(—=Ah)T
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and
Qu(T,A) = Iz(ﬁH;LT) + Il(ﬁHi’,}})

by using multiplication formula (6)) and Fubini theorem. By simple calculations, we obtain that
flﬁh(u, x5, x") = 221 (L oo 1) x(—oo,e+h) (0, x7) X un’ exp(=A(2t +h — x — x"))

Btﬁ(u: x) = 221 (_ 0,11 (x) X u? exp(—A(2t + h — 2x))

as well as
T
*.h 1 v
Hyp(u,x) = T ey (wx)de

0

1._ b

= uz(oo,—T]() x exp(A(2x —h)) x (1(x>0) x (exp(—2Ax) —exp(—2AT))
+1ez0) X (1= exp(=22T)))
1 (T
HY o (u,x;u,x") = ?J R p(u, ;s x)dt
0

100,170 oo 747 (X7
uu T

% (Lavir-soy X (€Xp(=220x v (x' = 1)) — exp(~2AT))

+1(v(x/—my<0) X (1 — exp(—ZAT)))

x exp(A(x + x" —h))

Similar to the procedures in the precedent example, we prove the stronger result:

h h (law)
(W(VTHY' ), , K(VTHY ), L(VTH, ), I(VTH) 1)) = X (37)

as T — oo. Here, X} is a centered 2d-dimensional Gaussian vector with covariance matrix D"
defined as:
4

A+ A7
0,

D"(i,j) = ifd+1<i,j<2d

otherwise.

We have

h h
Tf H (u, x)H (u, x)v (du)dx
RXxR

T’V

0
= 1cz(f dxexp ((A; +2;)(2x —h)) x (1 —exp(—2A,T)) x (1 —exp(—22;T))
T
+ f dxexp ((A; + A;)(2x — h)) x (exp(—22A;x) — exp(—22;T)) x (exp(—22;x) — exp(—ZAjT)))
0
= cf exp(—(A; + 4;)h) + 0O (%) . as T — oo,
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We notice that
H)}{,T(u,x;u’,x’) =H; r(u,x;u’,x" —h)

Then, as shown in the proof of Theorem we have

4 1
2T HY _(u, x)H? . (u, x)v(du)dx = of=]. T — oo.
J;RXR A’T(u x) A,T(u x)v(du)dx A + (T) as 0

Just as the precedent example, we may verify that for A = A4,...,A4; and h > 0, the following
asymptotic relations holds as T — oo:

*,h 13 .
(a) ||ﬁHA,T||L3(dVdX) ~ ﬁs

h 2 ~ —
B IVTH s avany VT’

1

(c) “(ﬁHZ,T) *; (ﬁHg,T||L2(dvdx) = ||(ﬁH7L,T) *(1) (ﬁHﬁ,T)”LZ((dvdx)s) ~ \/_T;

1
(d)  IVTHE Dx (VTHE Dllizavaxp) ~ —=3

’ ’ JT
1
*,h 1 h

(e) ||(ﬁH)L’T) *] (ﬁHA,T)”LZ(dvdx) ~ \/_T
We conclude the proof by analogous arguments as in the proof of (34). O

The calculations above enable us to derive immediately the following new one-dimensional result,
which is a direct generalization of Theorem 5.1 in [[17].

Corollary 6.10. For every A >0, as T — oo,

taw) [2
Qu(T,A) — 14— c; exp(—2Ah) x X

where X ~ A(0,1) is a standard Gaussian random variable. Moreover, there exists a constant 0 <
y(h, A) < oo, independent of T and such that

Qu(T, 1) v(h,A)
d, X | <
\/2/7L+cf exp(—2Ah) vT
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7 Appendix: Malliavin operators on the Poisson space

We now define some Malliavin-type operators associated with a Poisson measure N, on the Borel
space (Z, %), with non-atomic control measure u. We follow the work by Nualart and Vives [15],
which is in turn based on the classic definition of Malliavin operators on the Gaussian space (see
e.g. [18,12]).

(I) The derivative operator D.
For every F € L2(P), the derivative of F, DF is defined as an element of L2(P; L?(u)), that is, of the
space of the jointly measurable random functions u : Q X Z — R such that E UZ uf,u(dz)} <00

Definition 7.1. 1. The domain of the derivative operator D, written domD, is the set of all random
variables F € L%(P) admitting a chaotic decomposition such that

DKkl <

k>1

2. For any F € domD, the random function z — D,F is defined by

D.F = Y ki1 (fi(z,").

k>1

(II) The divergence operator 6.
Thanks to the chaotic representation property of N, every random function u € L2(P, L?(u)) admits
a unique representation of the type

o0

o= L(fi(z,)), z€2, (38)

k>0
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where the kernel f; is a function of k + 1 variables, and fi(z,-) is an element of Lf(,uk). The
divergence operator &(u) maps a random function u in its domain to an element of L2(P).

Definition 7.2. 1. The domain of the divergence operator, denoted by domé, is the collection of all
u € L?(P, L?(u)) having the above chaotic expansion (38) satisfied the condition:

D+ DUl < 00
k=0

2. For u € domé, the random variable 6(u) is given by

5W) =Y Tii1 (),

k=0

where fk is the canonical symmetrization of the k + 1 variables function f;.

As made clear in the following statement, the operator 6 is indeed the adjoint operator of D.

Lemma 7.3 (Integration by parts). For every G € domD and u € domd, one has that
E[Go(w)] =E[(DG,u) 2]

The proof of Lemma [7.3]is detailed e.g. in [15].

(II1) The Ornstein-Uhlenbeck generator L.

Definition 7.4. 1. The domain of the Ornstein-Uhlenbeck generator, denoted by domlL, is the col-
lection of all F € L?(P) whose chaotic representation verifies the condition:

DRkl ey < 00

k>1
2. The Ornstein-Uhlenbeck generator L acts on random variable F € domL as follows:

LF == > kI (f).

k>1

(IV) The pseudo-inverse of L.

Definition 7.5. 1. The domain of the pseudo-inverse of the Ornstein-Uhlenbeck generator; denoted
by L™1, is the space LS(IP’) of centered random variables in L*(P).

2. ForF =Y. Ii(fi) € L%(IP), we set
k>1

1
L7F == Tl

k>1
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