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Abstract

Consider throwing n balls at random into m urns, each ball landing in urn i with probability p;.
Let S be the resulting number of singletons, i.e., urns containing just one ball. We give an error
bound for the Kolmogorov distance from the distribution of S to the normal, and estimates on its
variance. These show that if n, m and (p;, 1 <i < m) vary in such a way that sup; p; = O(n™ 1),
then S satisfies a CLT if and only if n* ), p? tends to infinity, and demonstrate an optimal rate
of convergence in the CLT in this case. In the uniform case (p; = m~!) with m and n growing
proportionately, we provide bounds with better asymptotic constants. The proof of the error
bounds is based on Stein’s method via size-biased coupling.
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1 Introduction

Consider the classical occupancy scheme, in which each of n balls is placed independently at random
in one of m urns, with probability p; of going into the ith urn (p; + py+---+p, = 1). If N;
denotes the number of balls placed in the ith urn, then (Ny,...,N,,) has the multinomial distribution
Mult(n; p1,pa,--->Pm)- A special case of interest is the so-called uniform case where all the p; are
equal to 1/m.

A much-studied quantity is the number of occupied urns, i.e. the sum Zi 1{N; > 0}. This quantity,
scaled and centred, is known to be asymptotically normal as n — oo in the uniform case with m « n,
and a Berry-Esseen bound for the discrepancy from the normal, tending to zero at the optimum rate,
was obtained for the uniform case by Englund [4] (see also [15]), and for the general (nonuniform)
case, with a less explicit error bound, by Quine and Robinson [12]. More recently, Hwang and Jan-
son [8] have obtained a local limit theorem. A variety of applications are mentioned in [8] (‘coupon
collector’s problem, species trapping, birthday paradox, polynomial factorization, statistical linguis-
tics, memory allocation, statistical physics, hashing schemes and so on’), and further applications
of the occupancy scheme are listed in Feller (Section 1.2 of [5]) and in Gnedin et al. [6]. Also
noteworthy are the monographs by Johnson and Kotz [9] and by Kolchin et al. [10]; the latter is
mainly concerned with models of this type, giving results for a variety of limiting regimes for the
growth of m with n (in the uniform case) and also in some of the non-uniform cases. There has also
been recent interest in the case of infinitely many urns with the probabilities p; independent of n
[1;6].

In this paper we consider the number of isolated balls, that is, the sum Zi 1{N; = 1}. This quantity
seems just as natural an object of study as the number of occupied urns, if one thinks of the model in
terms of the balls rather than in terms of the urns. For example, in the well-known birthday paradox,
this quantity represents the number of individuals in the group who have a unique birthday.

We mention some other applications where the number of isolated balls could be of particular in-
terest. If the balls represent individuals and the urns represent their classification in a database
according to certain characteristics (see [6]), then the number of isolated balls represents the num-
ber of individuals which can be identified uniquely from their classification. If the balls represent
particles or biological individuals, and the urns represent their spatial locations, each particle occu-
pying one of m locations chosen at random, and if two or more particles sharing the same location
annihilate one another, then the number of isolated balls is the number of surviving particles. If the
balls represents the users of a set of communications channels at a given instant (these could be
physical channels or wavebands for wireless communications), and each user randomly selects one
of m available channels, and two or more attempted uses of the same channel interfere with each
other and are unsuccessful, then the number of isolated balls is the number of successful users.

In the uniform case, we obtain an explicit Berry-Esseen bound for the discrepancy of the number of
isolated balls from the normal, tending to zero at the optimum rate when m  n. In the non-uniform
case we obtain a similar result with a larger constant, also giving upper and lower bounds which
show that the variance of the number of isolated balls is ©(n? N piz). Together, these results for the
non-uniform case show that provided n max;{p;} is bounded, a central limit theorem for the number
of isolated balls holds if and only if n? e pi2 tends to infinity, and give the rate of convergence to
the normal for this case. The proof of the variance bounds, in Section |5, is based on martingale
difference techniques and somewhat separate from the other arguments in the paper.

Our Berry-Esseen results for the number of isolated balls are analogous to the main results of [4] (in
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the uniform case) and [12] (in the non-uniform case) for the number of occupied urns. Our proofs,
however, are entirely different. We adapt a method used recently by Goldstein and Penrose [7] for
a problem in stochastic geometry (Theorem 2.1 of [7]). A more distantly related method has been
used previously for Poisson approximation in the occupancy scheme; see Barbour et al. [2], pages
11 and 115.

Our method does not involve either characteristic functions, or first Poissonizing the total number
of balls; in this, it differs from most of the approaches adopted in the past for normal approximation
in occupancy-type schemes. As remarked in [8] ‘almost all previous approaches rely, explicitly or
implicitly, on the widely used Poissonization technique’, and this remark also applies to [8] itself.
One exception is Chatterjee [3], who uses a method not involving Poissonization to give an error
bound with the optimal rate of decay (with unspecified constant) for the Kantorovich-Wasserstein
distance (rather than the Kolmogorov distance, as here) between the distribution of the number of
occupied urns and the normal, in the uniform case.

We believe that our approach can be adapted to the number of urns containing k balls, for arbitrary

fixed k, but these might require significant amounts of extra work, so we restrict ourselves here to
the case with k = 1.

Our approach is based on size-biased couplings. Given a nonnegative random variable W with finite

mean u = EW, we say W’ has the W size biased distribution if P[W’ € dw] = (w/u)P[W € dw],
or more formally, if

E[Wf(W)]=uEf(W’) for bounded continuous functions f. (1.1

Lemma 3.1/ below tells us that if one can find coupled realizations of W and W’ which are in some
sense close, then one may be able to find a good Berry-Esseen bound for W. It turns out that this
can be done for the number of non-isolated balls.

2 Results

Let n € N and m = m(n) € N with m > 4. Let p(™ = (pgcn), 1 < x < m) be a probability mass function
on [m] := {1,2,...,m}, with pSC”) > 0 for all x € [m]. Let X and X;,1 < i < n be independent
and identically distributed random variables with probability mass function p = p(® (we shall often
suppress the superscript (n)). Define Y = Y (n) by

n

Mp=-1+> 1X;=X;}; Y:=Y 1{M;>0}. 2.1)
j=1 i=1

In terms of the urn scheme described in Section |1, the probability of landing in Urn x is p, for each
ball, X; represents the location of the ith ball, M; represents the number of other balls located in the
same urn as the ith ball, and Y represents the number of non-isolated balls, where a ball is said to
be isolated if no other ball is placed in the same urn as it is. Thus n — Y is the number of isolated
balls, or in other words, the number of urns which contain a single ball.

Let Z denote a standard normal random variable, and let &®(t) := P[Z < t] =
(2m)~1/2 f_too exp(—x2/2)dx. Given any random variable W with finite mean u,, and standard
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deviation oy, satisfying 0 < oy, < 00, define

P [M < ti| _cI)(t)
Ow

J

Dy, :=sup
teR

the so-called Kolmogorov distance between the distribution of W and the normal. We are concerned
with estimating Dy (which is equal to D,,_y).

We refer to the case where p, = m™! for each x € [m] as the uniform case. Our main result for
the uniform case provides a normal approximation error bound for Y, which is explicit modulo
computation of uy and oy, and goes as follows.

Theorem 2.1. In the uniform case, if of, > 24uy, then

2

Uy 44 4

Dy < (Q) (\/Fy-l-S n(n,m) + 1/O'_y) (2.2)
2
< (M—g) (—4+2 n(n, m)) (2.3)
oy oy
with

16 4 24 9 n n v
n(n,m).—?+n(n_1)+;( +m—3+a) (24)

For asymptotics in the uniform case, we allow m = m(n) to vary with n. We concentrate on the case
where m = ©(n). (recall that a, = ©(b,) means a,/b, is bounded away from zero and infinity).
In this case both uy and 012, turn out to be ©(n) as n — oo, and thus Theorem[2.1 implies Dy is
O(n~/?) in this regime. More formally, we have the following.

Theorem 2.2. Suppose n,m both go to infinity in a linked manner, in such a way that n/m — a €
(0,00). Then with g(a) := (e™* — e 2%*(a? —a+ 1))'/2, we have in the uniform case that gla)>0
and

IA

li 1/2p 1-e” M 01T 3 (1+a)+ s ) (2.5)
ot sg(@? ) \ V g(a) T @ |

1—e ¢ 24
( P ) (g(a) +8 1+3a(1+a)). (2.6)

In the case a = 1, the right hand side of (2.5), rounded up to the nearest integer, comes to 172.
Theorems and[2.2 are proved in Section 4|

We now state our results for the general (non-uniform) case. Given n we define the parameters

Ipll := sup (py); y = v(n) := max(n||p||, 1). (2.7

x€[m]

For the large-n asymptotics we essentially assume that y(n) remains bounded, or at least grows only
slowly with n; see Corollary 2.1 below. First we give a non-asymptotic result.
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Theorem 2.3. It is the case that

Dy > min (1/6, (87‘ce)_1/20'_1) , (2.8)
and if
Ipll =1/11 2.9)
and also
n > 83y%(1+ 3y + 3y%)el %7, (2.10)
then
Dy < 1633y2e21r (\/m + 6)2 o7l 2.11)
with
C(y) :=10(82y7 + 82y° 4+ 80y° + 47y* + 12y° 4+ 12y /2, (2.12)
It is of use in proving Theorem|2.3, and also of independent interest, to estimate the variance O'% in

terms of the original parameters (p,,x € [m]), and our next result does this. Throughout, we write
Y for > .

Theorem 2.4. It is the case that

VarY < 8n? Zpi, (2.13)
X
and if (2.9) and (2.10)) hold, then
VarY > (7776) 1y 2e~21rp? Zpi (2.14)
X

If y(n) remains bounded, i.e. sup,y(n) < oco. then both (2.9) and hold for large enough n.
Hence, the following asymptotic result is immediate from Theorems 2.3 and [2.4. This result gives
us, for cases with y(n) bounded, necessary and sufficient conditions in terms of the parameters p,

for a central limit theorem to hold, and gives the rate of convergence of Dy to zero when it does
hold.

Corollary 2.1. Suppose sup,, y(n) < co. Then the following three conditions are equivalent:
e n?) p2—ooasn—oo;
e Oy —>00dasn—00;
e (Y —-EY)/oy converges in distribution to Z as n — o0.

If these conditions hold, then
-1/2
Dy = @(0;1) =0 (HZZpi)
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Remarks. In the uniform case, Theorem 2.2|provides an alternative proof of the central limit theorem
for Y when m = ©(n) (see Theorem II.2.4 on page 59 of [10]), with error bounds converging to zero
at the optimum rate. Corollary (2.1 shows that in the uniform case, if n2/m — co and n/m remains
bounded, then Dy = ©((n?/m)~/?). Corollary[2.1 overlaps Theorem II.5.2 on page 147 of [10]
but is under weaker conditions than those in [10], and provides error bounds not given in [10].
Mikhailov [11] previously provided error bounds for the non-uniform case which were non-optimal
(for example, O(n~/12) when ). _p2 = ©(n~1)).

The condition that y(n) remain bounded, in Corollary|2.1, is also required by [12] for the analogous
Berry-Esseen type result for the number of occupied boxes, though not by [8] for the local limit

theorem for that quantity. In (2.9), which is used for the non-asymptotic bounds, the bound of ﬁ
1

could be replaced by any constant less than 3

(2.11) and (2.14).

As always (see remarks in [8], [13], [1], and for the uniform case [15]), it might be possible to
obtain similar results to those presented here by other methods. However, to do so appears to be a
non-trivial task, particularly in the non-uniform case. In [10] the count of the number of isolated
balls is treated separately, and differently, from the count of occupied urns or the count of urns with
k balls, k = 0 or k > 2. Poisson approximation methods might be of use in some limiting regimes
(see [2], Chapter 6), but not when the ratio between E [Y] and Var[Y] remains bounded but is not
asymptotically 1, which is typically the case here.

without changing anything except the constants in

Exact formulae can be written down for the probability mass function and cumulative distribution
function of Y. For example, using (5.2) on page 109 of [5], the cumulative distribution of ¥ may
be written as

m . ]_1
P[YSn—k]=P[n—YZk]:jZk:(_1)] k(k—l)sj

with S; a sum of probabilities that j of the urns contain one ball each, i.e.

. n—j
n! .

X]<Xp<-<X;<m

We shall not use this formula in obtaining our normal approximation results.

3 Lemmas

A key tool in our proofs is the following result.

Lemma 3.1. Let W > 0 be a random variable with mean u and variance o2 € (0,00), and let W*
be defined on the same sample space, with the W-size biased distribution. If |W* — W| < B for some

B < 03?/,/6u, then
2
D, < - 1le+5A+ 2B (3.1
W = 552 o Jo '

(3.2)

A
N
qw't
VY
w
a| &,
+
D>
N—



where

A := /Var(E(W* — W|W)). (3.3)

Proof. The bound is given as Lemma 3.1 of [7], where it is proved via Stein’s method. The
simpler bound (3.2) follows by applying the inequality x2+ y2 < 2(x%+ y?), valid for all real x, y. O

Our next lemma is concerned with the construction of variables with size-biased distributions.

Lemma 3.2. Suppose Y is a random variable given by Y = aP[A|F ], where & is some o-algebra,
a > 0 is a constant, and A is an event with 0 < P[A] < 1. Then Y’ has the Y size biased distribution if

2(Y)=2(Y|A).

Proof. See Lemma 4.1 of [7]. O

Let Bin(n, p) denote the binomial distribution with parameters n € N and p € (0, 1). The following
lemma will be used for constructing the desired close coupling of our variable of interest Y, and its
size biased version Y’, so as to be able to use Lemma(3.1.

Lemma 3.3. Let v € Nand p € (0, 1). Suppose N ~ Bin(v, p). Define my for k =0,1,2,...,v, by

P[N>k|[N>0]-P[N>k] . <l < _
mi={ PGy J OSk=vel (3.4)
if k=w.
Then 0 <y <1 foreach k € {0,1,...,v}.
Proof. See Lemma 3.3 of [7]. O

Our next lemma is a bound on correlations between variables associated with different balls in the
urn model. Recall the definition of M; at (2.1)

Lemma 3.4. Let k € N with 2 < k < n, and suppose that for i = 1,...,k, ¥; is a real-valued
function defined on {0} U [n — 1], with E[v1(M;)] = 0, and set |[v;|| := supe[ny{lvi(£ — 1)} and
mg(y;) := supyery{i(€ — 1} — infrep,{1p;(€ — 1)}. Then in the uniform case,

« k=1 (& . .
: [D‘l’i(’v’”} S (Q”will) g (24 () + 1),

Proof. Set W := ]_[1;1 Y:(M;). Write X% for (X;,...,X;) and x for k-vectors x = (x1,...,x;) of
possible values of X" Let F be the set of vectors x = (x1,...,x;) such that x; # x; for j = 2,...,k,

so that {X©) € F} is the event that each of Balls 2, ...,k lands in a different urn from Ball 1. Then
PIX® € F¢] < (k—1)/m, and |W| < 5, Ilv;], so that

xeF
k

< (k= 1)/m)[ Tlwill + sup|E [WIX) =x]|. 3.5)
i Xe

i=1
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Fix x € F. We group the urns into three ‘boxes’. Let Box 1 consist of the urn containing Ball 1, and
let Box 2 be the union of the urns containing Balls 2,3, ..., k; this could be the union of any number
up to k —1 of urns depending on how many of x,, X3, ..., Xj are distinct, but since we assume x € F,
Box 2 does not overlap Box 1. Let Box 3 consist of all other urns except those in Box 1 or Box 2. For
i =1,2,3, let N; be the number of balls in Box i, other than Balls 1,...,k. Let h(£) be the expected

value of l_ﬂ(zzll)i(Mi), given X¥) = x and given that N, = {. Let P, and E, denote conditional
probability and conditional expectation, given that X) = x. Then

]Ex [W] = EX[EX[W|N1;N2]]

k
=Ex |:¢1(N1)Ex |:l—[1/)i(Mi)|N1,N2:| :|
i=2
= Ex[11(N1R(N2)] (3.6
where the last line follows because E [l_[fzz wi(Mi)|N1,N2] depends on (N;, N,) only through N,.
Also, given X =x, (Nl-)?:1 have the multinomial distribution

1 a 1+a
(Nl,Nz,Ng)NMult (n_k; _,_,1_ ),
m m

3.7)
m

and a denotes the number of distinct values taken by x,, ..., x.

We give a coupling of N; to another random variable N with the same distribution as M; that is
independent of N,, for which we can give a useful bound on P[N; # N;]. The idea here is that the
distribution of Ny, given N, = j, is obtained from throwing n—k — j balls conditioned to avoid Box 2;
this conditioning can be effected by re-throwing those balls which land in Box 2. Hence N; with this
conditioned distribution, coupled to Ny with the unconditioned distribution of M; can be obtained
by first throwing n — k — j balls, then throwing j 4+ k — 1 extra balls to get N;, and re-throwing the
balls which landed in Box 2 (and ignoring the extra balls) to get Nj.

To give this coupling in more detail, we imagine a colouring scheme. Consider throwing a series of
coloured balls so each ball can land in one of the three boxes, where the probabilities of landing
in Boxes 1,2,3 are 1/m, a/m, (m —a — 1)/m respectively. First, throw n — k white balls and let
N;,N,,N; be the number of white balls in Boxes 1,2,3 respectively. Then pick out the balls in
Boxes 1 and 3, paint them red, and throw them again. Then throw enough green balls so the
total number of green and red balls is n — 1. Finally take the red balls in Box 2 (of which there
are Ny, say), paint them blue, and throw them again but condition them to land in Boxes 1 and 3
(or equivalently, throw each blue ball again and again until it avoids Box 2). Then (with obvious
notation, superscripts denoting colours) set

Ny =N +N}, Ny=NJ+NP, N/=NJ+N¢.
Then (N7, N5, N3) have the multinomial distribution given by (3.7). Also, N; has the same Bin(n —

1, i) as M in the statement of the lemma, and Nj is independent of N,. Since N; = N; — Nlb + ng,
we have that

P[N; # N1 SE [N?1+E,[N/]]

<E{k—1+EN)+(——jﬁi——)E[N]

“m X2 1—-(k—=1)/m ) *°
1 1

SE (k—1+(k—1)n/m+ (m) (k—l)n/m)
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so that

k
\Ex[(wﬂNﬂ - 1P1(N1/))h(N2)]| < PN # N{]rng(wl)l_[ [l

=2

k—1 4
< () i) st Jw

and since N; is independent of N, with the same distribution as M; (for any x), so that E y4;(N;) =
E1),(M;) = 0 by assumption,

Ex[¥1(N)DR(N,)] =0,
so by (3.6),

k-1 m+n n 4
e [ =x]] < 22 ((%0) + (i) ) st [t

Combined with (3.5), and the fact that ||| < rng(1;) since E [¢;(M;)] = 0, this demonstrates
the result. o

Next, we adapt Lemma 3.4 to the non-uniform setting. In this case, we need to allow ); to depend
on the location as well as the occupation number associated with the ith ball. Consequently, some
modification of the proof is required, and the constants in Lemma 3.4/ are better than those which
would be obtained by simply applying the next lemma to the uniform case.

Lemma 3.5. Suppose that fori =1,2,3,4, v, is a real-valued function defined on [m] x {0,1,...,n—
1}, with E[(Xy, My)] = 0, set [[9;ll := sup(, pyepmixnil¥i(x, k — 1)[} and set mg(y;) =
SUP(x kyerm]x[n] Wi (6, k = DI} — infiy iyepmyxpay {9i(x, k — 1)1} Assume holds. Then

| [ (X1, My)a(Xa, Mp)] | < (34 3p)mg(pr)llsll D | p2 (3.8)

and

4 4
E {]‘[wi(xi,Mi)} < (9+9y) mg(¥,) (]‘[nw) > p2 (3.9)
i=1 i=2 b

Proof. We first prove (3.9). Throw n balls according to the distribution p, with four of them distin-
guished as Ball 1, Ball 2, Ball 3 and Ball 4. For i = 2, 3,4, let Z; be the location of Ball i and let N;
be the number of other balls in the same urn as Ball i. Set A = U?zz{Zi}, the union of the locations
of Balls 2,3, and 4.

We shall give a construction of coupled random variables (Z;, Ny, Z{, Nl’ ) such that ((Z;, N; )le) have
4
1

the same joint distribution as ((X;, M;);_,) and (Z 1»N7) has the same distribution as (X;, M;) and
is independent of ((Zi,Nl-)?:z), and such that (Z;,N;) is close to (Z/ ,Nl' ) in probability. To do this,
given the values of (Zi,Ni)?ZZ we shall arrange for (Z;,N;) to have the conditional distribution of

(X1, M;) given (Xi,Mi)?ZZ = (Zi,Ni)?zz, while (Z;,N7) will have the unconditioned distribution of

(X;,M;). Similarly to before, this is done, if initially there are 3 + j balls in A, by first throwing
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n—3 — j balls, then re-throwing those balls which land in A (to get the conditional distribution) and
throwing 3 + j extra balls (to get the unconditional distribution). Again we explain in more detail
via a colouring scheme.

Suppose the balls in A are painted white. Let the balls not in A (including Ball 1 if it is not in A)
be re-thrown (again, according to the distribution p). Those which land in A when re-thrown are
painted yellow, and the others are painted red.

Now introduce one green ball for each white ball, and if Ball 1 is white, let one of the green balls be
labelled Ball G1. Throw the green balls using the same distribution p. Also, introduce a number of
blue balls equal to the number of yellow balls, and if Ball 1 is yellow then label one of the blue balls
as Ball B1. Throw the blue balls, but condition them to avoid A; that is, use the probability mass
function (p, /(1 — ZyeApy),x € [m] \ A) for the blue balls.

Set Z; to be the location of Ball 1 (if it is white or red) or Ball B1 (if Ball 1 is yellow). Set Z{ to be
the location of Ball 1, if it is red or yellow, or the location of Ball G1 (if Ball 1 is white). Let N}, Ny,
and Nlb respectively denote the number of white, red, and blue balls at location Z;, not counting
Ball 1 or Ball B1 itself. Let le , N7, and ng respectively denote the number of yellow, red, and green
balls at location Z;, not counting Ball 1 or Ball G1 itself. Set

Ny =N} +NJ +N}, N{=N+N]+N}.

Then ((Z;, N; )4 1) have the same joint distribution as ((X;, M; )4 1)- Also, (Z 1,N{) has the same
distribution as (X;,M;) and (Z;,N;) is independent of ((Z;,N; )122) Finally, if Ball 1 is red then
Z, =2} and N| =N, — N} + N§, so that

P[(Z1,Ny) # (Z|,ND] <E[Nf]1+E[NP]+2P[Z] €A]. (3.10)

Now,

P[Z, €A 24: P[X, = X]—Bpr (3.11)

i=2
Also, if N, denotes the number of green balls, not including Ball G1 if Ball 1 is green, then by (2.7),
E[N,] <3+3n|pll <3(1+7Y)

and also]E[NglN] N, Z px, so that
E[N{]=E[E[N{IN,]] <3(1+7) ) p2 (3.12)
X

If N, denotes the number of yellow balls, other than Ball 1, then by (2.7),
E[N,] <3n|lpll <3y (3.13)

and by (2.9),
BIN{IN] <Ny 2, (1_3”1,”) Ny 2ph

2165



so that

E[N/]=E[E[N}IN,]] <6y p2. (3.14)

Set U := [, v;(Z;,N,). By (3.10), (3.11), (3.12) and (3.14),

4
|E [U(1(Z1,Nq) — ¢1(Z{,N1/))]| <P[(Z,N1) # (Z{,N{)]rng(l,bl)l_[ 19l

=2
4
< (9+9y)mg(1) (]‘[ mn) D2 (3.15)
=2 X

Since (Z;,Nj) is independent of ((Zl-,Ni)fzz) with the same distribution as (X;,M;), and
E)1(X1,M;) = 0 by assumption, E [U);(Z7,N;)] = 0. Hence,

4
E |:l_['(/)i(Xi:Mi):| =E [Uy1(Z1,N)] =E[U1(Z1,N1) — ¢1(Z],N)D)],

i=1

and then (3.9) follows by (3.15). The proof of (3.8) is similar, with the factors of 3 replaced by 1 in
(3.11), (3.12) and (3.13). O

4 Proof of Theorems 2.1/ and 2.2

Proof of Theorem Recall the definition (2.1) of M; and Y. Assume the uniform case, i.e. assume
p=(m,m™,...,m). Let & := 1{M; > 0} be the indicator of the event that ball i is not iso-
lated. Then Y = Z?:l &;, and we claim that a random variable Y’ with the size-biased distribution
of Y can be obtained as follows. Let I be a discrete uniform random variable over [n], indepen-
dent of X1,...,X,. Given the value of I, let X' = (X7,...,X)) € [m]" be a random n-vector with
LY, X)) = L(Xy, ., X |E; = 1). Set

n
i=1
Then 2(Y') = 2(Y|&; = 1) and since Y = nP[&; = 1]X4,...,X,,], the claim follows from Lemma
3.2
To apply Lemma(3.1/we need to find a random variable Y”, coupled to Y, such that Z(Y") = £(Y")

and for some constant B we have |Y” — Y| < B (almost surely). To check that £(Y") = 2(Y’), we
shall use the fact that if M; denotes the number of entries X J’ of X’ that are equal to X/, other than
X itself, then (i) given I and X;, M has the distribution of a Bin(n — 1,1/m) variable conditioned
to take a non-zero value, and (ii) given I,X; and M, the distribution of X’ is uniform over all
possibilities consistent with the given values of I,X; and M;.

Define the random n-vector X := (X;...,X,). We can manufacture a random vector X"’ =
(X7,...,X), coupled to X and (we assert) with the same distribution as X’, as follows.

e Sample the random variables (X, ...,X,,). Define M; by (2.1).
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e Sample a value of I from the discrete uniform distribution on [n], independent of X.

e Sample a Bernoulli random variable 98 with P[# = 1] = m), , where (7, k > 0) is given by
(3.4) withv=n—1and p=m~!. (By Lemma/3.3,0 < 7, < 1.)

e Sample a value of J from the discrete uniform distribution on [n] \ {I}.

e Define (X7,...,X ) by
X//_ XI 1fl=Jand,%=1
i | X; otherwise.

Thus X” is obtained from X by changing a randomly selected entry of X to the value of X,, if 8 =1,
and leaving X unchanged if %8 = 0.

We claim that Z(X”) = £(X'). To see this define N := M, and set N” := -1+ > 1{X/ =X]'}.
Then N has the Bin(n — 1,m™!) distribution, while N” always takes the value either N or N + 1,
taking the latter value in the case where 9 = 1 and also X; # X;. Thus for any k € {0,1,...,n — 1},

P[N” >k]=P[N > k] +P[N =k]m;(1 - (k/(n—1))), (4.1)

so by the definition (3.4) of 7, £(N”) = 2(N|N > 0). This also applies to the conditional distri-
bution of N” given the values of I and X;.

Given the values of N”, I and X;', the conditional distribution of X is uniform over all possibilities
consistent with these given values. Hence, £ (X”) = £(X’). Therefore setting

n
Y= Z WUjerm\p X7 =X},
im1

we have that £(Y”) = £(Y’), i.e. Y” has the size-biased distribution of Y.

The definition of X” in terms of X ensures that we always have |Y — Y”| < 2 (with equality if
M; = M; = 0) ; this is explained further in the course of the proof of Proposition 4.1 below. Thus we
may apply Lemma 3.1 with B = 2. Theorem|2.1/follows from that result, along with the following:

Proposition 4.1. It is the case that Var(E[Y” — Y|Y]) < n(n, m), where n(n, m) is given by (2.4).

Proof. Let ¢ be the o-algebra generated by X. Then Y is ¢-measurable. By the conditional variance
formula, as in e.g. the proof of Theorem 2.1 of [7],

Var(E[Y” —Y|Y]) < Var(E[Y" - Y|9]), (4.2)

so it suffices to prove that
Var(E[Y” —Y|¥9]) < n(n,m). (4.3)
For 1 <i < n, let V; denote the conditional probability that 8 = 1, given X and given that I =1, i.e.

‘/i = TCMI“
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Let R;; denote the increment in the number of non-isolated balls when the value of X; is changed to

X;. Then
1
E[Y'-Y|9]=——7 > VR
n(n=1) 557

where Z(i’j):i _; denotes summation over pairs of distinct integers i, j in [n].
Forl1<i<nandj#Ii,let

S; == 1{M; = 0}; T; :=1{M; =0} — 1{M; = 1};

Qij :=1{M; = 1}1{X; = X;}.

Then we assert that R;;, the increment in the number of non-isolated balls when ball j is moved to
the location of ball i, is given by R;; := S; + T; + Q;;. Indeed, if X; # X; then S; is the increment
(if any) due to ball i becoming non-isolated, while T; is the increment (if any) due either to ball
j becoming non-isolated, or to another ball at the original location of ball j becoming isolated
when ball j is moved to the location of ball i. The definition of Q;; ensures that if X; = X; then

Si + T] +Ql} =0. ThUS,

1
E[Y'-Y|9]=——= Z Vi(Si+T;+ Qi)
nn—1), 4«
(i,)):i#]
1< 1
S S,
= nn=1)

where we set
1 1
T Z:Si+ m Z.Qij:].{Mi:O}—f— m 1{Ml:1}
Jij#l
Put a := E [V;] (this expectation does not depend on i). Then by (4.4),
< (Vi —a)T;

1
V24 _ o ] J
E[Y —Y|<g]—nZ(Vlrl+aTl)+ Z e
i=1 (i,j):i#]

Since (x + y)? < 2(x? + y?) for any real x, y, it follows that

1 n
Var (E[Y/ —-Y <2Var| — V.t +aT;
ar (E [ |9]) < ar(n;( T +a 1))

(Vi — a)Tj

+2Var .
n(n—1)

(@,)):i#]
From the definitions, the following inequalities hold almost surely:

~1<T;<1; 0<V;<1; 0<71,<1;

and hence

~1<V;—a<1l; -1<(V,-a)T;<1; —1<Vr;+al; <2
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Set Z; := V;t;+aT;, and Z; := Z; —E Z;. By (4.8), VarZ; < EZ? < 4. Also by (4.8), we have |Z;| < 3,
and —1 —EZ; < Z; <2 —EZ;. Hence by the case k = 2 of Lemma 3.4]

- 9 n n
Cov(z, 2,)=E[22) < — (24 (=5 ) + ).
m m—1 m

Thus for the first term in the right hand side of (4.6), we have
1< n—1
Var (—Zzi) =n"WVar(Z;) + (—) Cov(Z,,2Z5)
n & n

i=1
4 9 n n
S—+—(2+( )+—). 4.9)
n m m—1 m

For the second term in the right hand side of (4.6), set V; := V; —a. By (4.7), —a <V, <1—aq, and
|T;| < 1. Hence by the case k = 4 of Lemma 3.4,

- - - - 3 n n
Cov(T Ty, Vs Tg) S B[V, T, V5T,) < — (z + ( ) 4 —) .
m m—3 m

By (4.8), we can always bound Cov(V;T;,V;T;) by 1. Hence, expanding Varz(i’j):i 4 V;T; in the
same manner as with (6.25]) below, yields

V;T; 3 n ny 4 2
v 3 s Cr ) ) et
(L)) mn m m m n mn
Using this with (4.6) and (4.9) yields

Var (E[Y” Y|<§])<16+ 4 +24 (2+ n +n)
ar — —t—+— — .
“n nn-1) m m—3 m
This completes the proof of Proposition 4.1} and hence of Theorem O

Proof of Theorem 2.2/ Suppose n,m both go to infinity in a linked manner, in such a way that
n/m — a € (0,00). Then it can be shown (see e.g. Theorem II.1.1 on pages 37-38 of [10]) that
EY ~n(l—e™%), and

Var(Y) ~n (e *(1—e )+ e **(a(1 - a))) = ng(a)*.

Substituting these asymptotic expressions into (2.2) and and using the fact that in this asymp-
totic regime, (nn(n,m)) — 16+ 24a(2 + 2a), yields (2.5) and (2.6).

5 The non-uniform case: proof of Theorem 2.4
For this proof, we use the following notation. Given n, m, and the probability distribution p on [m],
let X1,X,,...,X,,1 be independent [m]-valued random variables with common probability mass
function p. Giveni < j <n+1, setX; := (Xy,...,X;) and

(X17X29‘")Xi—l)Xi—i-l""’Xj) if 1<l<_]

(Xl,""Xj—l) if 1=].
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Given any sequence x = (x,...,Xt), set

k
H(x):Z 1— ]_[ (1-1{x;=x} |, (5.1)

i=1 jelkI\ii3

which is the number of non-isolated entries in the sequence x, so that in particular, Y = H(X,,). We
shall use the following consequence of Jensen’s inequality: for all k € N,

(gt -+ <k(t2+-+1tD), V (ty,...,t) €RE (5.2)

We shall also use several times the fact that —t ! In(1 — t) is increasing on t € (0, 1) so that if (2.9)
holds, then for all x € [m] we have

In(1-p,)>11p,In(10/11) > —1.05p, (5.3)
whereas (1 —e~")/t is decreasing on t € (0, 00) so that by (2.7), for any a > 0 and x € [m] we have

1—e %Px > (1—e *)(np,/7)- (5.4)

Proof of (2.13). We use Steele’s variant of the Efron-Stein inequality [14]. This says, among other
things, that when (as here) X;,...,X,,; are independent and identically distributed random vari-
ables and H is a symmetric function on R",

1 n
VarH(Xy,..., X,) < 5 ;E [(H (%) = HXre1\))’]
= (n/2)E [(H(X,) — HX(nr10\n))?]-
Hence, by the case k = 2 of (5.2)),

VarY < n(E [(H(X,) — H(X,-1))*] + E [(HX(u11\0) — HX,-1))*1)
= 2nE [(H(X,) — H(X,-1))*].

With M; defined by (2.1), H(X,) — H(X,—1) is equal to 1{M,, > 1} + 1{M,, = 1}, so is nonnegative
and bounded by 21{M,, > 1}. Therefore,

Var[Y] < 8nP[M, > 1] < 8nEM, <8n® > p2. O
X

Proof of (2.14). Construct a martingale as follows. Let %, be the trivial o-algebra, and for i € [n] let
Z;:=0(X;,...,X;) and write E; for conditional expectation given ;. Define martingale differences
A;=E;;Y—E;Y. ThenY —EY = Z:()l A;, and by orthogonality of martingale differences,

n—1 n—1
Var[Y] =ZE[A?] =ZVar[Ai]. (5.5)
i=0 i=0

We look for lower bounds for E [Aiz]. Note that

A;=E;,[W;], where W;:=H(X,)—HXgi1)\q+1)- (5.6)
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Recall from (2.1) that for i < n, M;,; denotes the number of balls in the sequence of n balls, other
than ball i + 1, in the same position as ball i + 1. Similarly, define M,,,,; and Mli (for k € [n+1]) by

M= D, UX; =Xl ML= Y. UHX; =X}, (5.7)
jetn) jelik}

so that M, is the number of balls, in the sequence of n balls, in the same location as ball n + 1,
while M, is similar to My, but defined in terms of the first i balls, not the first n balls.

Set hy(k) := 1{k = 1} + 1{k = 1}. Then H(X,) — H(X;\(i4+1)) = ho(M; 1), and if X, ;1 # X, then
H(X(p41)\(i+1)) — HXn\(i+1)) = ho(M;11), so that W; = ho(M;41) — ho(M,,41) in this case. For taking
[E41-conditional expectations, it is convenient to approximate hy(M;;) and ho(M,,41) by ho(M; +1)
and hO(M,fl +1) respectively. To this end, define

Z; = W; = (ho(M{, ;) — ho(M},, ). (5.8)

Since hy(M l.i +1) is Z;41-measurable, taking conditional expectations in (5.8) yields

ho(MlH) Eiy1[Wi] +Eq[ho(M,, +1)] B[] (5.9)

Set § := (288ye!%")~!. We shall show that for i close to n, in the sense that n — §n < i < n, the

variances of the terms on the right of (5.9), other than E, ; [W;], are small compared to the variance

of the left hand side, essentially because E ;1 [ho(M,, ;)] is more smoothed out than hy(M], ), while

P[Zi # 0] is small when i is close to n. These estimates then yield a lower bound on the variance of
Eip[Wi].

First consider the left hand side h(M; +1) This variable takes the value 0 when M

a value at least 1 when Mll 41 = 1. Hence,

1+1 =0, and takes

Var[hy(M},,)] = (1/2)min(P[M/,, =0],P[M},, > 1]). (5.10)
For i <n, by (5.3) and (2.7),
P[M;,, = pr(l py) > pr(l p)"
> pre—l.OSHPX >y~ e‘1'°5Yanx- (5.11)
X X

For i > (1 — 6)n we have i > n/2, so by (5.4) and the fact that y > 1 by (2.7),
PIM{,; 21]=) p(1-(1-p)) = ) pe(1—e/?)

> P —ePnp, fy = (A —e V2™ np. (5.12)
X X

Since y > 1, and e %> < 1 — 7% the lower bound in (5.11) is always less than that in (5.12), so
combining these two estimates and using (5.10) yields

Var[hO(MlH)] > (1/2))/_16_1'05Y2np§, i€[n—én,n]. (5.13)
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Now consider the second term IEI-H[hO(MiH)] in the right hand side of (5.9). Set Ni_ =

n

Z§:1 1{X; = x}, and for 1 < £ < i set Mei to be N}Q — 1. Also set fzo(k) = (k+ 1) ‘hy(k + 1).

Then, since hy(0) = 0, we have that

i
Var E 41 [ho(Mj,)] = Var ) | p.ho(N}) = Var ) px ho(M])
X

i=1
-1, ho(Mi h (M 5.14
——Cov [npx, ho(M}), npx, ho(M3)] . (5.14)

= nizVar[anjlo(Mf)] +

Suppose i < n. Since 0 < npxlflO(M{) < 2npy,, (2.7) yields
niZVar[anle(M{)] <n'E [4n2p)2(1] = 4n§:pi < 4)/Zx:p)2c,
while by Lemma (3.5 and (2.7),
Cov [npleo(Mli ), anjlo(Mé)] < (3+3y)4y? Zpi
X
Combining the last two estimates on (5.14) and using assumption yields
Var(E 1 [ho(ML, )]) < (1+3y +3y2)4y Y _ p?
x

< (18ye1'057’)_1n2p32€. (5.15)
X

We turn to the third term in the right hand side of (5.9). As discussed just before (5.8), when
Xpi1 # Xi4q we have W; = ho(M;;1) — ho(M,,41), and it is clear from the definitions (5.6) and (5.7)
that if X, ., = X, then both W; and ho(M], ;) — ho(M,, ) are zero, and therefore by (5.8),

i+1
Z; = (ho(M41) — ho(MiiH) —ho(Mp41) + hO(M,i+1))1{Xn+1 #Xin}
By the conditional Jensen inequality,

Var(E;11[Z;]) SE[(E41[2:]1)*] <E[Z7].

The random variable hy(M,, ;1) — ho(M,il +1) lies in the range [—2,2] and is zero unless X; = X, for

some j € (i,n]. Similarly, ho(M;;1) — ho(MiiH) lies in [—2,2] and is zero unless X; = X;; for some
j € (i + 1,n]. Hence, using and the definition of & yields for i € [n — 6n, n] that

Var(E 41[Z;]) < 2(4P[Myyq # M1+ 4P (M # M 1)
< 165n2pi < (18yel01)~1 ani. (5.16)
X X

By and the case k = 3 of (5.2),

Var[ho(ML, )] < 3(Var(E 1 [W;]) + Var(E ;1 [ho(M?, )] + Var(E ;1 [Z;1)).
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Rearranging this and using (5.13]), (5.15), and (5.16) yields the lower bound

e—l.OSy

1 2 6—1.05)/ 5 ;
Var(E 1 [W;]) > (E_E) - ;npx: & ;npx,

fori € [n — &n,n]. Since the definition of &, the condition (2.10) on n and the assumption y > 1
guarantee that nd > 2, and since [t]| > 2t/3 for t > 2, by (5.5) and (5.6) we have

Var[Y] > |5n)(18ye" %) 'n Y " p2 > (5n)(27ye ") In Y p?
X X

which is (2.14). 0

6 Proof of Theorem 2.3

Proof of (2.8). Write o for oy, and for t € R set F(t) := P[(Y —EY)/o < t]. Setzg:= o (|[EY|—
EY), and set z; :=zy+(1—¢)/0, for some ¢ € (0,1). Then since Y is integer-valued, F(z;) = F(2y).
On the other hand, by the unimodality of the normal density,

(z1) — @(20) = (1 — &)o' (2m) " exp(~1/(202))
so that Dy is at least half the expression above. Making ¢ | 0 and using the fact that e ~1/(20) > ¢~1/2
for o > 1, gives us in the case where o > 1.

When o < 1, we can take 25 < 0 < 23, with 23 =2, + 1 and F(z3) = F(25). By the 68 — 95 —99.7
rule for the normal distribution, ®(z3) — ®(z,) > 1/3, so Dy > 1/6, giving us (2.8) in the case

where o < 1. O

So in Theorem 2.3, the difficulty lies entirely in proving the upper bound in (2.11), under assump-
tions (2.9]) and which we assume to be in force throughout the sequel. By (2.10) we always
have n > 1661.

As before, set hy(k) := 1{k > 1} + 1{k = 1}. Define for nonnegative integer k the functions

hy(k) =1 — hy(k) = 1{k = 0} — 1{k = 1};
hy(k):=21{k=1} - 1{k =2};  hy(k):=1{k = 1}.

The function h; (k) may be interpreted as the increment in the number of non-isolated balls should a
ball in an urn containing k other balls be removed from that urn with the removed ball then deemed
to be non-isolated itself. If ¢ = 0 then the ball removed becomes non-isolated so the increment is 1,
while if ¢ = 1 then the other ball in the urn becomes isolated so the increment is —1.

The function h,(k) is chosen so that hy(k) + 2h;(k) (for k > 1) is the increment in the number of
non-isolated balls if two balls should be removed from an urn containing k — 1 other balls, with both
removed balls deemed to be non-isolated. The interpretation of h; is given later.

We shall need some further functions h; which we define here to avoid disrupting the argument later
on. For x € [m] and k € {0} U [n — 1], let m;(x) be given by the m; of (3.4) when v =n — 1 and
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P = p,. With the convention 0 t_;(x) :=0-h;(—1) := 0, define

Bk, x) = knkilgx) N (n— kn—_link(x) Y
hs(k,x) := mp(x)/(n— 1), he(k) := khy(k);

ho(k, x) = ha(k) + hy(k, x) — k(2 + hy(k, x)hy(k — 1)

n
khs(k,x)(k — 1)hy(k — 1)
" .
Fori=0,1,2,3,6 define h;(k,x) := h;(k). For each i define
h;(k,x) == h;(k +1,x)/(k + 1). (6.1)

Sometimes we shall write fli(k) for fli(k,x) when i € {0,1,2,3,6}. Define ||h;|| := supy , |h;(k, x)|
and ||h;|| := supy . [h;(k, x)|.

Now we estimate some of the h; functions. Since 7(x) = 1 we have h4(0, x) = h;(0,x) = 0 for all
x, which we use later. Also, by Lemma (3.3,
—1<hy(k,x)<0 (6.2)

and h,(1,x) =1+ hy(1,x)(1 —n~1) — 2/n so that —1/n < h,(1,x) < 1. Also, since (2.10) implies
n > 1661,
47o(x 4
hy(2,x) = he(2,x)(1+2n7 1) — £ +-—-€[-1,4/n].
nin—1) n
Also, h3(3) = h;(2) = 0 so that by (6.2),

673(x)
n(n—1)
again since n > 1661. For k > 4, h,(k,x) = hy(k,x) € [-1,0]. Thus,

h;(3,x) = +h,(3,x) e [-1,1],

|l <1; |yl < 1; (6.3)
lholl=2; |lhsll < (n—=1)"1Y kel = 2. (6.4)

The strategy to prove Theorem [2.3!is similar to the one already used in the uniform case, but the
construction of a random variable with the distribution of Y/, where Y’ is defined to have the Y size
biased distribution, is more complicated. As in the earlier case, by Lemma 3.2, if I is uniform over
[n] then the distribution of the sum Y conditional on M; > 0 is the distribution of Y’. However, in
the non-uniform case the conditional information that M; > 0 affects the distribution of X;. Indeed,
for each i, by Bayes’ theorem

px(1 - (1 - px)n_l)
>, Py~ (1—p, )" 1)
Therefore the conditional distribution of (X,...,X,), given that M; > 0, is obtained by sampling X;

with probability mass function p and then sampling {X;, j € [n]\{i}} independently with probability
mass function p, conditional on at least one of them taking the same value as X;. Equivalently,

P[Xi:lei >O]:

=: p,. (6.5)
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sample the value of X;, then M; according to the binomial Bin(n — 1, px,) distribution conditioned to
be at least one, then select a subset _¢ of [n] \ {i} uniformly at random from sets of size M;, let the
values of X;,j € # be equal to X;, and let the values of X, j ¢ ¢ be independently sampled from
the distribution with the probability mass function of X given that X # X;.

Thus a random variable Y”, coupled to Y and with the same distribution as Y’, can be obtained
as follows. First sample X1,...,X, independently from the original distribution p, and set X =
(X1,...,X,); then select I uniformly at random from [n]. Then sample a further random variable
X, with the probability mass function p. Next, change the value of X; to that of X,; next let N
denote the number of other values X, j € [n] \ {I} which are equal to X,, and let 7, = 7;(X,) be
defined by (3.4) with v = n —1 and p = py,. Next, sample a Bernoulli random variable % with
parameter 7y, and if 98 = 1 change the value of one of the X, j € [n] \ {I} (j =J, with J sampled
uniformly at random from all possibilities) to X,. Finally, having made these changes, define Y” in
the same manner as Y in the original sum (2.1) but in terms of the changed variables. Then Y” has
the same distribution as Y’ by a similar argument to that given around in the uniform case.

Having defined coupled variables Y,Y” such that Y” has the Y size biased distribution, we wish to
use Lemma|3.1| To this end, we need to estimate the quantities denoted B and A in that lemma.
The following lemma makes a start. Let ¢4 be the o-algebra generated by the value of X, and for
x € [m] let N, := Z?:l 1{X; = x} be the number of balls in urn x.

Lemma 6.1. It is the case that
Y —-Y| <3, as. (6.6)

and

E[Y" -Y|¥4]=2+ (prhS(Nx,x)n_l Zh6(Mi)) + (Zﬁxh7(Nx,x))
X i=1 X
- (prh4(Nx>x)) (n_IZhO(Mi)) - %ZhO(Mi) (6.7)
X i=1 i=1

Proof. We have

E[Y - Y|9)=E[Y" - Y[X]= > p.E.[v" - ¥IX], 6.8)

where E ,[-|X] is conditional expectation given the value of X and given also that X, = x. The
formula for E . [Y” — Y|X] will depend on x through the value of N, and through the value of p,.

We distinguish between the cases where I is selected with X; = x (Case I) and where I is selected
with X; # x (Case II). If N, = k, then in Case I the value of N on which is based the probability
7ty (x) of importing a further ball to x is k — 1 whereas in Case II this value of N is k. The probability
of Case I occurring is k/n.

The increment Y” — Y gets a contribution of h;(M;) from the moving of Ball i to x in Case II, and
gets a further contribution of hy(M;) + hy(M;)1{X; = X;} if X; is also imported to x from a location
distinct from x. Finally, if N, = k the increment gets a further contribution of hs(k) from the fact
that if there is originally a single ball at x, then this ball will no longer be isolated after importing
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at least one of balls I and J to x (note that 7y(x) = 1 so we never end up with an isolated ball at
x). Combining these contributions, we have (6.6), and also that for values of X, x with N, =k,

1 ( ) _
E, [Y"=Y[X]=hs(k)+ (fl_ll) _Z hy(M;) +n7" _Z hy (M)
{j:X;#x} {i:X;#x}

7 (x)

+n(n -1)

(h1(M;) + hy(M;)1{X; = X;})
(1,7):1#].X;7#x X j#x

where in the right hand side, the first sum comes from Case I and the other two sums come from
Case II. Hence, if N, = k then

()
(1= 1) {i:&gx}Mihz(Mi)

kre—1(x) 1 (n—k—1)m(x)
+ (—n(n—l) R ){j:;éx}hl(Mj)

— hy(k) + 2+h“(k ) ((Zhl(zw )) — khy (k — 1))
h“‘(k ) ((Z he(M; )) — Kh(k — 1))

i ) - (%;ho(m))

hs(k, ) &
+ 5(n X)Zh6(Mi).
i=1

E, [Y"—YX]=hs(k)+

h4
=2 +h7(k,x) -

Then by (6.8) we have (6.7). 0

The next lemma is based on the observation that since h4(0, x) = h(0,x) = 0, two of the sums of
the form ), in (6.7) are over non-empty urns so can be expressed as sums over the balls, i.e. of the
form Z?:l. We need further notation. Set &; := f)leAr(Ml-,Xi), and T; := ho(M;). Set b :=E[T;]
(this does not depend on j), and Tj :=T; — b. Again write Z(i’j):i# for er.l:l Zje[n]\{i}.

Lemma 6.2. It is the case that
Var(E[Y” —Y|Y]) < 12(n— 1)"2 + 3n~2Var Z &:T;
(i,):i#i
n
+3Var ) ([hy (M, X;) — (1 — n~)bhy(M;, X;)]px

i=1
—[n""ho(M)(2 + Py, ha(M;, X))D). (6.9)
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Proof. As in Section 4] (4.2) holds here too. So it suffices to prove (6.9) with the left hand side
replaced by Var(E[Y” — Y|¥4]). Set

P(X):=2+ Y prhs(Ne, x)n™1 D " he(M,). (6.10)
X i=1

Using (6.1), we reformulate the sums in (6.7)) as follows. Since h,(0,x) =0,

) hy (M +1,X)\ <. 5
2. pehrN, x)—ZpX( D )—;pxithi,Xi). (6.11)

Similarly, > P hs(Ny,x) = er‘l:1 pXiE4(Ml-,Xi) so that

(Zﬁxh4(zvx,x)) nt Y ho(M;) = (n—lszih(Mi,Xaho(Ma)
X i=1

i=1
+n! Z pXiil4(Mi;Xi)h0(Mj)- (6.12)
(i,7):1#]
Substituting (6.10), (6.11) and into (6.7) gives

E[Y'-Y|¥4]= (Zﬁxjw(Mi,Xi)) - (Z ho(M )(2+PX hy(M;, X; )))
i=1

i=1

+pX) =7t >y ha(My, X)ho(M)). (6.13)
(i)

The last sum in can be rewritten as follows:
D, &= ) (bEHET-b)=(-1) (Z béi) + D, &1
(L)) (i) i=1 (L)%
Substituting into (6.13) yields

E[Y-Y|9]=p@X)~ | n7" > &T; |+ (bxhy (M X)

(i,)):i#j i=1
—(1 = " )bpy, ha(M;, X)) — [n™ ho(M;)(2 + P, ha(M;, X))

By (6.10) and (6.4), |p(X) — 2| < 2(n— 1)}, so that Var(p(X)) < 4(n — 1)72. By (5.2)), we then
have (6.9) as asserted. O
Now we estimate p,.. By (5.3), (1 —py)”_1 > e 105y for y € [m], so
1-(1-p,)" 1 <1-e 1% <1.05np,, (6.14)
and by (5.4), and the assumption that n > 1661 by (2.10),
1-(1=-p)" 21— > (1—e*np, /y = (1 - e *np, [y

> (0.55)np, /. (6.15)
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By (6.5), (6.14) and (6.15), for all x € [m] we have that

__ 2ypd
Py < 5 XZ. (6.16)
y Py
By (2.7) and (2.13]), we have further that
) ] n’p? 2y°
1Bl := sup(p,) < (2y)sup > S e (6.17)
x x 2, n%py T n Zypy
16y3
< . (6.18)
VarY
Also, by (6.16), (2.7) and (2.13),
2 3 2 2
Epx, < —YZ"S" < L; (6.19)
2ypy —om
4y23.py _32n*y2% py  32¢°
Bp < Y Z,;pzx _ 3y ZXP; - vyy' (6.20)
(X, p2)? 7 (VarY) ) p? ~ nVar
Lemma 6.3. With C(y) given by (2.12), it is the case that
C 2
Var(E[Y” - Y|Y]) < (ctr)) . (6.21)
VarY
Proof. We shall use the fact that by (2.13) VarY < 8ny so
n~1 <8y(Vary) L. (6.22)

We estimate in turn the two variances in the right hand side of (6.9). First consider the single sum.
Let S; denote the ith term in that sum, i.e. set

S; == [hy(M;, X)) — (1 - n_l)bil4(Mi:Xi):|pXi
—ho(M;)[2 + Py, ha(M;, X)In ",
and set S; ;== S; —ES;. By and (6.3), along with the fact that hy(k) € [0,2] so 0 < b < 2, the

coefficient of py , in the definition of S;, lies in the range [—1, 3], while the coefficient of n™! lies in
the range [—4,0]. Hence, |S; + %I <3px, + % By (5.2), (6.20) and (6.22),

3nVar [S;] < 3nE [(Sl + (2/n))2] <6n (9E [p)%l] + 4n_2)

- 1728y° + 192y
VarY '

Also, in the notation of Lemma|3.5, if we write S; = 1(X;, M;) we have rng(y) < 4||p|| +4n~!, and
also ||| < 4||p|| + 4n~". Hence, by (6.17) and (6.18), followed by (2.13) and then (2.7),

VarY ), p?2 \/ 32y®

2y n®VarY », p2

< (4, 2P 20 _(,, 2 32y°
- 3 2VarY 2 — 2 2VarY 2°
Y n’vary 3, p? % n’vary 3, p?
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By Lemma (3.5}

3n%Cov [S1,8,] = 3n%E [5:5,] <9(1 +7) (32y6/VarY) (16+ 16772 +4y7%)
4608()/ + 8+ 5+ +1152(y3 +12)
VarY ’

Combining this with (6.23)) yields
n
3Var» |S; = 3nVar[S;]+3n(n—1)Cov[S},S,]

100 )
iy (4777 +477° + 647° +477* + 12¢° + 12¢°)..

Consider now the double sum in (6.9). Writing (n), for n!/(n — k)!, we have that

Var Z giTj = (n)4Cov(&1 Ty, E3T4) + (n)y (Var(&,Ty) + Cov(&1 Ty, 5 T1))
(i,)):i#j
+(n)3 (Cov(& Ty, E1T3) + Cov(E, Ty, E3Ty) + 2Cov(E Ty, E3T1)) -

For the first term of the right hand side of (6.25), observe that

Cov(E1Ty, E3Ty) =E[E1To83T4] —E[E1TLIE[E3T4] S E[E1T2E3Ty],

and that 0 > &; >

2 32Y6
3n<bwgﬂ;ggn)<1znnpn(9+9ﬂ§2px510&1+y) -

= (34567° 4 3456y7)/VarY.

Now consider the last term in (6.25). By (6.20),

384y°

3nCov(&E Ty, &, Ts) < 3nE[E2T,T,] < 12nEp2 < ——,
nCov(&; T, &1 T3) < 3nE[E7T,T3] < 12n by, = Vary

while by (6.19) and (6.22),

3n(Cov(&E,Ty,E3Ty) +2Cov(E, Ty, E3T1)) < 3nE TPE,E3 + 6nE & ToE5T)
1152y°
VarY -

< 36nE [px,Px,] < 144y*n~" <

—px, by (6.2), while 0 < T; < 2. So by Lemma 3.5, (6.17) and (6.18),

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

The middle term in the right side of (6.25) is smaller; since E [py, px,] < E [Px ] by the Cauchy-

Schwarz inequality, (6.20) gives

768y5

3(Var(&,T,) + Cov(&, Ty, T1 &) < 24E [p X1] Nary

and since n > 1661 by (2.10), combined with (6.25), (6.26), (6.27), and (6.28), this shows that

. 100
3nvar Y &< oy (35y7 4 35y° + (15.9)y°).
E
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Also, by (6.22) we obtain

9 12 n . 96 x 1661 Y Y
1217 = () (1)t < S
1660 n—1 16602 VarY — 10VarY

Combining this with (6.9), (6.24) and (6.29) yields

Var(E LY~ YIYD) < o ) (82017 +75) +807° +477" +12° +72). O
- VaI'Y Y Y Y Y Y Y *

Proof of Theorem It remains to prove (2.11). By (6.14),
EY =n) p.(1-(1-p)" ) <1.05n* ) p?,
X X
so that by (2.14),

py /o2 < 8165y%e>17, (6.30)

We can apply (3.1) from Lemma 3.1|with B = 3 by (6.6). By (6.30) and Lemma 6.3] this gives

2
8165y2e2 17 99 5C 6
Dy < (;) —+ (r) + ,
5 O'Y O'Y "/O-Y

which yields (2.11)). O

Acknowledgement. It is a pleasure to thank the Institut fiir Stochastik, Universitiat Karlsruhe, for
their hospitality during the preparation of this manuscript, and Norbert Henze for valuable com-
ments on an earlier draft.

References

[1] Barbour, A. D. and Gnedin, A. V. (2009) Small counts in the infinite occupancy scheme. Electron.
J. Probab. 14, 365-384. MR2480545

[2] Barbour, A. D., Holst, L. and Janson, S. (1992) Poisson Approximation. Oxford University Press,
New York. MR1163825

[3] Chatterjee, S. (2008). A new method of normal approximation. Ann. Probab. 36, 1584-1610.
MR2435859

[4] Englund, G. (1981). A remainder term estimate for the normal approximation in classical occu-
pancy. Ann. Probab. 9, 684-692. MR0624696

[5] Feller, W. (1968) An Introduction to Probability Theory and its Applications. Vol. I. 3rd ed. John
Wiley and Sons, New York. MR0228020

2180


http://www.ams.org/mathscinet-getitem?mr=2480545
http://www.ams.org/mathscinet-getitem?mr=1163825
http://www.ams.org/mathscinet-getitem?mr=2435859
http://www.ams.org/mathscinet-getitem?mr=0624696
http://www.ams.org/mathscinet-getitem?mr=0228020

[6] Gnedin, A., Hansen, B. and Pitman, J. (2007) Notes on the occupancy problem with infinitely
many boxes: general asymptotics and power laws. Probab. Surv. 4, 146-171. MR2318403

[7] Goldstein, L. and Penrose, M. D. (2008) Normal approximation for coverage models over bino-
mial point processes. To appear in Ann. Appl. Probab. Arxiv: 0812.3084 v2.

[8] Hwang, H.-K. and Janson, S. (2008). Local limit theorems for finite and infinite urn models.
Ann. Probab. 36, 992-1022. MR2408581

[9] Johnson, N. L. and Kotz, S. (1977). Urn Models and their Application: An approach to Modern
Discrete Probability Theory. John Wiley & Sons, New York. MR0488211

[10] Kolchin, V. E, Sevast’yanov, B.A. and Chistyakov, V. P (1978). Random Allocations. Winston,
Washington D.C. MR0471016

[11] Mikhailov, V. G. (1981). The central limit theorem for a scheme of independent allocation of
particles by cells. (Russian) Number theory, mathematical analysis and their applications. Trudy
Mat. Inst. Steklov. 157, 138-152. MR0651763

[12] Quine, M. P and Robinson, J. (1982). A Berry-Esseen bound for an occupancy problem. Ann.
Probab. 10, 663-671. MR0659536

[13] Quine, M. P and Robinson, J. (1984) Normal approximations to sums of scores based on
occupancy numbers. Ann. Probab. 12, 794-804. MR0744234

[14] Steele, J. M. (1986) An Efron-Stein inequality for non-symmetric statistics. Ann. Statist. 14,
753-758. MR0840528

[15] Vatutin, V. A. and Mikhailov, V. G. (1982) Limit theorems for the number of empty cells in an
equiprobable scheme for the distribution of particles by groups. Theory Probab. Appl. 27, 734—
743. MR0681461

2181


http://www.ams.org/mathscinet-getitem?mr=2318403
http://www.ams.org/mathscinet-getitem?mr=2408581
http://www.ams.org/mathscinet-getitem?mr=0488211
http://www.ams.org/mathscinet-getitem?mr=0471016
http://www.ams.org/mathscinet-getitem?mr=0651763
http://www.ams.org/mathscinet-getitem?mr=0659536
http://www.ams.org/mathscinet-getitem?mr=0744234
http://www.ams.org/mathscinet-getitem?mr=0840528
http://www.ams.org/mathscinet-getitem?mr=0681461

