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1 Introduction

In recent years there has been an increasing interest in Malliavin Calculus and its applications to
finance. Such applications were first presented in the seminal paper of Fournié et al. [§]. In this
paper the authors are able to calculate the Greeks using well known results of Malliavin Calculus
on Wiener spaces, such as the chain rule and the integration by parts formula. Their method
produces better convergence results from other established methods, especially for discontinuous
payoff functions.

There have been a number of papers trying to produce similar results for markets generated by
pure jump and jump-diffusion processes. For instance El-Khatib and Privault [6] have consid-
ered a market generated by Poisson processes. In Forster et al. [7] the authors work in a space
generated by independent Wiener and Poisson processes; by conditioning on the jump part,
they are able to calculate the Greeks using classical Malliavin calculus. Davis and Johansson [4]
produce the Greeks for simple jump-diffusion processes which satisfy a separability condition.
Each of the previous approaches has its advantages in specific cases. However, they can only
treat subgroups of Lévy processes.

This paper produces a global treatment for markets generated by Lévy processes and achieves a
similar formulation of the sensitivities as in Fournié et al. [§]. We rely on Malliavin calculus for
discontinuous processes and expand the theory to fulfill our needs. Malliavin calculus for dis-
continuous processes has been widely studied as an individual subject, see for instance Bichteler
et al. [3] for an overview of early works, Di Nunno et al. [5], Lgkka [12] and Nualart and Vives
[14] for pure jump Lévy processes, Solé et al. [16] for general Lévy processes and Yablonski [17]
for processes with independent increments. It has also been studied in the sphere of finance, see
for instance Benth et al. [2] and Léon et al. [11]. In our case we focus on square integrable Lévy
processes.

The starting point of our approach is the fact that Lévy processes can be decomposed into a
Wiener process and a Poisson random measure part. Hence we are able to use the results of 1t
[9] on the chaos expansion property. In this way every square integrable random variable in our
space can be represented as an infinite sum of integrals with respect to the Wiener process and
the Poisson random measure. Having the chaos expansion we are able to introduce operators for
the Wiener processes and Poisson random measure. With an application to finance in mind, the
Wiener operator should preserve the chain rule property. Such a Wiener operator was introduced
in Yablonski [I7] for the more general class of processes with independent increments, using the
classical Malliavin definition. In our case we adopt the definition of directional derivative first
introduced in Nualart and Vives [14] for pure jump processes and then used in Léon et al. [11]
and Solé et al.[I6]. The chain rule formulation that is achieved for simple Lévy processes in
Léon et al. [IT], and for more general processes in Solé et al. [10], is only applicable to separable
random variables. As Davis and Johansson [4] have shown, this form of chain rule restricts the
scope of applications, for instance it excludes stochastic volatility models that allow jumps in the
volatility. We are able to bypass the separability condition, by generalizing the chain rule in this
setting. Following this, we define the directional Skorohod integrals, conduct a study of their
properties and give a proof of the integration by parts formula. We conclude our theoretical
part with the main result of the paper, the study of differentiability for the solution of a Lévy
stochastic differential equation.

With the help of these tools we produce formulas for the sensitivities that have the same sim-
plicity and easy implementation as the ones in Fournié et al [§].
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The paper is organized as follows. In Section 2 we summarize results of Malliavin calculus, de-
fine the two directional derivatives, in the Wiener and Poison random measure direction, prove
their equivalence to the classical Malliavin derivative and the difference operator in Lokka [12]
respectively, and prove the general chain rule. In Section 3 we define the adjoint of the direc-
tional derivatives, the Skorohod integrals, and prove an integration by parts formula. In Section
4 we prove the differentiability of a solution of a Lévy stochastic differential equation and get an
explicit form for the Wiener directional derivative. Section 5 deals with the calculation of the
sensitivities using these results. The paper concludes in Section 6, with the implementation of
the results and some numerical experiments.

2 Malliavin calculus for square integrable Lévy Processes

Let Z = {Z;,t € [0,T]} be a centered square integrable Lévy process on a complete probability
space (2, F, {Fi}icio,1]; P), where {F;}o<i<r is the augmented filtration generated by Z. Then
the process can be represented as:

t
Zy = oW, —{—/ / z(p—m)(dz,ds)
0 JRo

where {Wi},c(o,) is the standard Wiener process and p(-,-) is a Poisson random measure inde-
pendent of the Wiener process defined by

M(Av t) = Z 1A(AZS)

s<t

where A € B(Rp) . The compensator of the Lévy measure is denoted by w(dz,dt) = \(dt)v(dz)
and the jump measure of the Lévy process by v(-), for more details see [I]. Since Z is square
integrable the Lévy measure satisfies fRo 2?v(dz) < oo. Finally o is a positive constant, A\ the
Lebesgue measure and Ry = R\ {0}. In the following fi(ds,dz) = u(ds,dz) — w(ds,dz) will
represent the compensated random measure.

In order to simplify the presentation, we introduce the following unifying notation for the Wiener
process and the random Poisson measure

Up=1[0,7] and U; =[0,T] xR
dQo(-) =dW. and Q1= ff(,")
d(Qo) = dA and  d(Qy) = dA x dv

1) e =0
= { (th, ), = 1.
also we define an expanded simplex of the form:

n

Gy = {(uﬂf,...,uz‘y) e[[ui:0<ti<- <ta< T},
i=1

for jl,...,jn :0,1

Finally, BA n)(9j1,...,jn) will denote the (n-fold) iterated integral of the form

TG0 (g ) = /G Do W] ) Qg (dul) .. Qy, (dudr) (1)
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where gj, _j, is a deterministic function in L%(Gj, . j,) = L*(Gjy...jn, @iy d(Q;)).

Jn
2.1 Chaos expansion

The theorem that follows is the chaos expansion for processes in the Lévy space L?(Q). It states
that every random variable F' in this space can be uniquely represented as an infinite sum of
integrals of the form (). This can be considered as a reformulation of the results in [9], or an
expansion of the results in [12].

Theorem 1. For every random wvariable F € L*(Fr,P), there exists a unique sequence
{gjlw'-yjn};.LO:O7 j1> s 7jn = Oa ]-y where gj1,‘..,jn S LQ(Gjl,,,_,jn) such that

F=% > J&(g. ) (2)

n=0j1,...,jn=0,1

and we have the isometry

|F 122y = SNDY 17907 gy i) 2,

n=0j1,....jn=0,1

2.1.1 Directional derivative

Given the chaos expansion we are able to define directional derivatives in the Wiener process
and the Poisson random measure. For this we need to introduce the following modification to
the expanded simplex

J1s-- 7_771 J15-- 731@ l)JkJrlv Jn :

Gk (1) = {(ujll,. Lk uin) € Gy
0<t1<-~<tk,1<t<tk+1-~<tn<T},

where @ means that we omit the u element. Note that Gé‘i,...,jn tn Gé‘l,...,jn (t) =0if k #1. The

definition of the directional derivatives follows the one in [I1].

Definition 1. Let gj,,. ;. € L*(G, ) and 1 =0,1. Then

1, -7jn

l 1,eesdm) 7 JiseIn l
D,ELL)J'IS,JL J g]l: Jn Zl{]lil} ]1 j ol ) (g‘]l,,jn(,u 7)1G'L ]n(t))

is called the derivative of qujl""’j”)(gjh”’j ) in the l-th direction.

n

We can show that this definition is reduced to the Malliavin derivative if we take
Ji =0,¥i=1,...,n, and to the definition of [12] if j; =1Vi=1,...,n

From the above we can reach the following definition for the space of random variables differen-
tiable in the I-th direction, which we denote by DY), and its respective derivative D®:
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Definition 2. 1. Let DY be the space of the random variables in L*(Q) that are differentiable
in the l-th direction, then

DY = {Fel’Q),F=E[F|+> Y  JPin(g,):
n=1j1,...,jn=0,1

S T Yt [, It e,
Ji

n=1j1,..,jn=014=1 Y%, 7

xd(Qu)(u') < oo}

2. Let F € DO, Then the derivative on the l-th direction is:

,,,,,

n=1j1,....jn=0,1 =1

From the definition of the domain of the I—directional derivative, all the elements of L?(Q) with
finite chaos expansion are included in D®). Hence, we can conclude that D) is dense in L?(€).

2.1.2 Relation between the Classical and the Directional Derivatives

In order to study the relation between the classical Malliavin derivative, see [13], the difference
operator in [I2] and the directional derivatives, we need to work on the canonical space.

The canonical Brownian motion is defined on the probability space (Qyw, Fi, Py ), where Qy =
Co([0, 1]); the space of continuous functions on [0, 1] equal to null at time zero; Fyy is the Borel
o-algebra and Py is the probability measure on Fy such that Bi(w) := w(t) is a Brownian
motion.

Respectively, the triplet (Qx, Fn,Px) denotes the space on which the canonical Poisson random
measure. We denote with Qx the space of integer valued measures w’ on [0,1] x Ry, such that
W'(t,u) < 1 for any point (t,u) € [0,1] xRy, and w'(Ax B) < oo when 7(AxB) = AM(A)v(B) < oo,
where v is the o-finite measure on Ry. The canonical random measure on 2y is defined as

pu(w', Ax B):=u'(Ax B).

With Py we denote the probability measure on Fn under which p is a Poisson random measure
with intensity m. Hence, (A x B) is a Poisson variable with mean 7(A x B), and the variables
p(A; x Bj) are independent when A; x B; are disjoint.

In our case we have a combination of the two above spaces. With

(2, F,{Ft}iep0,1),P) we will denote the joint probability space,where

Q= Qw ® Qn equipped with the probability measure P := Py ® Py and F; := ]_—tW & ]-"tN.
Then there exists an isometry

L*(Qw x Qn) ~ L*(Qw; L*(Qy)),
where

L2 (Qw; L2 () = {F : Qw — L*(Qp) : /Q 17 (@) 120,y 4P (w) < 00}
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Therefore we can consider every F € L%(Qu; L*(Qn)) as a functional F : w — F(w,w’).
This implies that L?(Qy; L?(Qy)) is a Wiener space on which we can define the classical
Malliavin derivative D. The derivative D is a closed operator from L?(Qu;L?(y)) into
L*(Qw x [0,1]; L*(Qn)). We denote with Dj 5 the domain of the classical Malliavin deriva-
tive. If F' € Dy 9, then

DF € L*(Qw;L*(Qn; L*([0,1])))
~ L*Qw x Qn x [0,1])

In the same way the difference operator D defined in [12] with domain D15 is closed from
L*(Qn; L2(Qw)) into L2(Qy x [0,1]; L2(Qw)). If F € Dy 2, then

DF € L*Qu;L*(Qw; L*([0,1])))
~ L*Qn x Qw x [0,1])

As a consequence we have the following proposition.

Proposition 1. On the space D the directional derivative D©) is equivalent to the classical
Malliavin derivative D, i.e. D = ~D(0)_ Respectively on DM the directional derivative DM s
equivalent the difference operator D, i.e. D = DO,

Given the directional derivatives D and D we reach the subsequent proposition.

Proposition 2. 1. Let F = f(Z,2") € L*(Q), where Z depends only on the Wiener part and
Z e DO, Z' depends only on the Poisson random measure and f(z,y) is a continuously
differentiable function with bounded partial derivatives in x, then

0
DOF =71z 2Dz
8.Tf( ? )
2. Let F € DU then "
— +
D(t’Z)F =Fo €y~ F,
where € is a transformation on Q given by

Ea,z)w(A X B) =w(A x BN (t,2)°),

e?;z)w(A x B) = e(_w)w(A X B)+14(t)1p(2).

2.1.3 Chain rule

The last proposition is an extension of the results in [I1], where the authors consider only simple
Lévy processes, and similar to corollary 3.6 in [16]. However, this chain rule is applicable to
random variables that can be separated to a continuous and a discontinuous part;separable
random variables, for more details see [4]. In what follows we provide the proof of chain rule
with no separability requirements.

The first step is to find a dense linear span of Doléans-Dade exponentials for our space. To
achieve this, as in [12], we use the continuous function
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ef—1 ,z2<0
v(2) = 1—e™* ,2>0"

which is totally bounded and has an inverse. Moreover v € L?(v), e’ — 1 € L?(v), VA € R and
for h € C([0,T]) we have e — 1 € L?(n), hy € L?(x), eM € L(x).

Lemma 1. The linear span S of random variables Y = {Y,t € [0,T]} of the form

Yt:exp{/ah dW+//R ji(dz, ds)
- / his) ) —//RO 91~ h(shy (z))ﬁ(dz,ds)} 3)

where h € C([0,T)), is dense in L*(Q, F,P)

Proof. The proof follows the same steps of [12]. O

The proof of the chain rule requires the next technical lemma.

Lemma 2. Let F € DO gnd {Fi}2, be a sequence such that Fj, € D© and F, — F in
L*(P). Then there exists a subsequence {Fy, }3° _y and a constant 0 < C' < oo such that

IDOFy, 2 o.11x0) < C, and
DOF = lim DOF,

in L2([0,T] x Q).

Proof. We follow the same steps as in Lemma 6 in [I2]. Since Fj, converges to F

hm Z Z Hgi:l,,]n - gjla"‘v.jn”%2(Gj1 1111 jn) = 0 (4)
Since Fj, F € D from the definition of the directional derivative we have

T
E| / (D" F, — DV F)2at)

- / Z > Zl{j,:o}/U 195, Co ) = G Gt M2 )
Jn ne

n=1j1,....jn=0,1 i=1
xd(Q;,)dt

Y Y Yl L, 10— 0Ol

n=1j1,...,jn=0,1 i=1

xd(Qj,)

o0
Z Z Zl{ﬁ O}ngl, Jn g]lv JnHL2 ]1 ,,,,, Jn )< eC.

n=1j1,....jn=0,1 =1
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From we can choose a subsequence such that Hgfl’”“jn - 9j1,...,jnH%2( ) < Hg]1 in
AR ] )

,,,,,

. for all n. Hence

,,,,,,

gjl»---vjn H%Q(Gh

Z Z Zl{], o}Hgﬁ,.,-n—gjl,...,jnH%%Gjl i)

.....

Z > Zl{h 95— Giriall P2y, ) < 0

n=1ji,....,jn=0,1 i=1

However, lim,_q || gjh gn " 9i1,edin "%2( )= = 0. From the dominate convergence theorem

,,,,,

we have

'rr%gnooz Z Zl{ﬁ O}H‘g]h Jn 9]1, ’J"HLQ J1 ..... Jjn ):

.....

n=1j1,...,jn=0,1 i=1

O]

Using the fact that D© is a densely defined and closed operator, and that the elements of the
linear span S are separable processes, we prove in the following theorem the chain rule for all
processes in DO,

Theorem 2. (Chain Rule) Let F € DO and f be a continuously differentiable function with
bounded derivative. Then f(F) € DO and the following chain rule holds:

DOf(F) = f(F)DOF. (5)
Proof. Let F € D). F can be approximated in L?(Q) by a sequence {Fn}o2, where F,, € S
for all n € N. Every term of F,, as a linear combination of Lévy exponentials, is in D).
Then from Lemma [2| there exists a subsequence {F;, }72, such that limj_.., Dﬁo) = Dt(O)F
in L2([0, 7] x Q).
However, the elements of the sequence {F,, }2°; are separable processes. We can then apply the
chain rule in Proposition [2| to the process f(F},,) and we have

DO f(F,,) = f'(F,)D\"F,,.

Since f is continuously differentiable with bounded derivative limy .o f(Fy,) = f(F) in L?(Q),
and from the dominate convergence theorem we can conclude that limy_.o f'(Fy,) = f/(F) in
L?(€2). Hence

limg o0 f'(F )DVOF,, = f(F)DOF, in L2([0,T) x Q) for all ¢ € [0, T7.
Finally due to the closablhty of the operator DE ), limg 00 Dgo)f(Fnk) = Dgo)f(F) in L2([0,T] x
Q) for all ¢t € [0,T]. The proof is concluded. O
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Remark.The theory developed in this chapter also holds in the case that our space is generated
by an d-dimensional Wiener process and k-dimensional random Poisson measures. However, we
will have to introduce new notation for the directional derivatives in order to simplify things.

(

For the multidimensional case, DtO)F will denote a row vector, where the element of the i-th row

is the directional derivative for the Wiener process W | for all i = 1,...,d. Similarly we define
the row vector Dgtl’)z)F. Furthermore D'F |, i=1,...,d, will be scalars denoting the directional
derivative of the i-th Wiener process W* for i = 1,...,d, and the derivative in the direction of
the i-th random Poisson measure i for i =d +1,...,d + k.

3 Skorohod Integral

The next step after the definition of the directional derivatives is to define their adjoint, which
are the Skorohod integrals in the Wiener and Poisson random measure directions.

The first two result of the section are the calculation of the Skorohod integral and the study
of its relation to the Itd and Stieltjes-Lebesgue integrals. These are extensions of the results
in [4] and [I0] from simple Poisson processes to square integrable Lévy processes. The proof
are performed in parallel ways as in [4] (or in more detail in [I0]), therefore they are omitted.
The main result however is an integration by parts formula. Although the separability result
is yet again an extension of [4], having attained a chain rule for DO that does not require a
condition, we are able to provide a simpler and more elegant proof. Finally the section closes
with a technical result.

Definition 3. The Skorohod integral
Let 8O be the adjoint operator of the directional derivative DUl = 0,1. The operator 6&) maps
L2(Q2 x U)) to L3(2). The set of processes h € L*(Q x U;) such that:

2| [ 0] [ <er )

for all F € DU, is the domain of 6O, denoted by Domds®.
For every h € DomdéW we can define the Skorohod integral in the l-th direction 5(Z)(h) for which

) _ U]
E [ / (o, F)htd<czl>] — 75O (h) )

for any F e DO,

The following proposition provides the form of the Skorohod integral.

Proposition 3. For h(u) € L2(U') and F € L?(Q) with chaos expansion

F=E(F)+ i > g (gy)

n=1j1,...,jn=0,1
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Then the I-th directional Skorohod integral is

sO(FR) = UE[F]h(ul)Ql(dul)

. i 3 Zn:/U/U

n=1j1,...,7n=0,1 k=1 Jk41

/ / / gn(ull, . uDh(u)la,
U, U]-k Ujl

L wteten) @i (dud) - Qs (dudt)Qu(du) Qs (dud ) -+ Qg (dud)

if the infinite sum converges in L*(Q).

X

Having the exact form of the Skorohod integral we can study its properties. For instance the
Skorohod integral can be reduced to an It6 or Stieltjes-Lebesgue integral in the case of predicable
processes.

Proposition 4. Let hy be a predictable process such that E[ [, h2d(Q)] < co. Then h € Dom
W for1=0,1 and

5(1)(ht) = /Ul thl(dUl)-

We are now able to prove one of the main results, the integration by parts formula.

Proposition 5. (Integration by parts formula) Let Fh € L*(Q x [0,T)]), where F € DO,
hy is predictable square integrable process. Then Fh € Domdé© and

T T
§O(Fh)=F / hedW, — / (DO F)hdt,
0 0
if and only if the second part of the equation is in L?(§2).

Proof. From Theorem 2 we have

T T
E[/ D§°)G-F-udt] - E[/ {Dt(o)(F-G)-u—G-Dt(O)F-u}dt}
0 0
T
— B[F-G6O%) -G / DO F . udt]. (8)
0

If F-G6O(u) -G - fOT Dt(O)F ~udt € L*(Q), then F - u € Domd®). Hence, from the definition
of the Skorohod integral we have

T
E[/ POG. F.udt] = E[G-5O(F - u)]. )
0
Combining , @D and Proposition {| the proof is concluded. O

Note that when F' is an m-dimensional vector process and h a m X m matrix process the
integration by part formula can be written as follows:

T T
5O (Fh) = F* / hedW, — / Tr (D(O)th) dt.
0 0

The last proposition of this chapter will provide a relationship between the It6 and the Stieltjes-
Lebesgue integrals and the directional derivatives.
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Proposition 6. Let hy be a predictable square integrable process. Then

o if he DO then
“”/ de_ht+/ DOk dW,

/ / hsfi(dz,ds) / DOhfi(dz, ds)
Ro Ro
pW

de D de
(t,2) 0 (s,2)

D(l) / / hspi(dz, ds) ht—i—/ / D(i)z)hs,u (dz,ds)
RO RO

Proof. This result can be easily deduced from the definition of the directional derivative. O

o if h e DU then

4 Differentiability of Stochastic Differential
Equations

The aim of this section is to prove that under specific conditions the solution of a stochastic
differential equation belongs to the domains of the directional derivatives. Having in mind the
applications in finance, we will also provide a specific expression for the Wiener directional
derivative of the solution.

Let {Xt}te[o,T} be an m-dimensional process in our probability space, satisfying the following
stochastic differential equation:

dX; = b(t,Xt)dt—i-U(t,Xt)th—i-/ v(t,z,Xﬁ)[j,(dz,dt)
Ro

XO = X (10)

where z € R™, {Wt}te[o,T] is a d-dimensional Wiener process, [t is a compensated Poisson random
measure. The coefficients b : R x R™ — R™, ¢ : R x R™ — R”™ x R and v : R x R x R —
R™ x R, are continuously differentiable with bounded derivatives. The coefficients also satisfy
the following linear growth condition:

ot 2)II* + llor(t, )1 + /R Iy (¢, 2,2)|Pv(dz) < C(1+ ||z]|?),

for each ¢ 6 [0 T],x € R™ where C' is a positive constant. Furthermore there exists p : R — R
with [p p 2y(dz) < oo, and a positive constant D such that

1v(t, 2, 2) = (2, 9) || < Dlp(2)lllx = yll, (11)
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for all z,y € R™ and z € Ry.

Under these conditions there exists a solution for which is also uniquﬂ For what follows
we denote with o; the i-th column vector of o and adopt the Finstein convention of leaving the
summations implicit.

In the next theorem we prove that the solution {Xt}te[o,T] is differentiable in both directions of
the Malliavin derivative. Moreover we reach the stochastic differentiable equations satisfied by
the derivatives.

Theorem 3. Let {X;}ep07) be the solution of (10). Then

1. X, e DO vt ¢ [0,T] and the derivative D( )Xt satisfies the following linear equation:

DX, = / ——b(r, X, )D:XF_dr

Bxk
b ooi(s X, / G0 X, ) DIXE AW
n L/“ O (5,2, X, DX (d, dr) (12)
s JRg 8.%'k

for s <t a.e. and '
D;X; =0, a.e. otherwise.

2. X, e DM vt e [0,T] and the derivative D((i)z)Xt satisfies the following linear equation

t
DX, = / D) b(r, X, )dr
St 1
+ | D o(r, X,-)aW,
t
+ e X+ [ [ D Xz dr) (13)
s JRg ’
for s <t a.e., with
DES)Z)Xt =0, a.e. otherwise.
Proof. 1. Using Picard’s approximation scheme we introduce the following process
Xto = X0

t t .
XrH = g+ O b(s,Xﬁ)dsﬂL/ oj(s, Xs=)dWy

0
+ /Ot /R (5,2, X )ji(dz, ds) (14)

'Tor existence and uniqueness see Theorem 6.2.3, Assumption 6.5.1 and discussion on page 312 in [I].
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ifn>0.
We prove by induction that the following hypothesis holds true for all n > 0.
(H) X € DO for all ¢ € [0,T],

&n(t) :== sup E[sup \DﬁO)X;LP] < 00,
0<r<t  r<s<t

the left limit

r

DX = lim DO X
tls

exists for all s > r, D(O)Xg is a predictable process and

t
Ent1(t) <1+ Cz/o &n(s)ds

for some constants cq, cs.

It is straightforward that (H) is satisfied for n = 0. Let us assume that (H) is satis-
fied for n > 0. Then from Theorem [2} b(s, X7 ),0(s, X7 ) and (s, 2, X" ) are in DO,
Furthermore, we have that

abi (s, X7 )

0)7.7 n ) ‘g 0) vn,k
DOW (s, X1) = TD,E X
. " 80&(3,)(;1_) nk
DﬁO)Ué(S,Xsf) TD'S'O)XSL 1{7’§S}
. Ovi(s, 2, X"
DO~ (5,2, X)) = %DP)X?’“M@},

Since the coeflicients have continuously bounded first derivatives in the x direction and
condition , there exists a constant K such that

DO (s, X )| < K|DOX™ | (15)
DOl (s, X )| < K|DOX™ | (16)
DO~ (5,2, XI")| < K|p(2)|| DO X | (17)

However, fot oa(s, X )dWE, fo fR (5,2, X )i(dz,ds) € DO from Proposition@ Thus,

. t .
D, / ol(s, X2 )dWg
0

T

Di [ [ A X0 iz, ds)
0 JRg

Also fot b(s, X™ )ds € D hence

/b]SX" /D’ (s, X:-)
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. t . .
al]-(r,Xf)jL/ Dol (s, X1 )dW
T

t . .
/ D}~ (s, 2z, X2 ) i(dz, ds).
r JRyg

(18)



From the above we can conclude that X"t € DO for all ¢ € [0,T]. Furthermore

E [ sup ]Df;X;LH]Q} < 4{E [ sup ]Ji(r,Xf)IQ]

r<u<t r<u<t

[ v 2
+ E| sup /Dﬁb(s,Xs)ds”

Lr<u<t

v 2
+ FE | sup /D;UQ(S,XS_)de]
Lr<u<t r
r u . 2
+ e[ | [ ] Dhesxopaaf ) a9
T Ro

Lr<u<t

From Cauchy-Schwartz and Burkholder—Davis—Gundyﬂ inequality, takes the following
form

E [ sup ]Df,X;LH]z} < C{E [ sup |o;(r, XTT,L)|2]

r<u<lt r<u<lt
t .
+ TE [/ | Dib(s, XS_)}st}

+ [/DUQSX)dWa

]
+ U/ [ iy sz,Xs_)g(dz,ds)ﬂ}

= o] swp X0

r<u<t

t
+ TE [/ | Dib(s, Xs)]2ds]

t
+ E{/ \Diaa(s,Xs)Pds]

t
+ F {/ ]Dfxy(s,z,XS)FV(dz)ds} }
r JRg
From , and we have

E[sup |D:X"1?] < {ﬁ+K2 <T+1—|—/ P2 ( dz>
Ro

r<s<t
t
/ (|Dix™|? ds}, (20)

where 8 = Supy, ; E [SUPrgsgt |Ui(s7 ng)’ﬂ :
Thus, hypothesis (H) holds for n + 1. From Applebaum [I], Theorem 6.2.3, we have that

E (sup | X7 — X$]2> —0
s<T

%see [I5] Theorem 48 p.193
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as n goes to infinity.

By induction to the inequality , see for more details appendix |A] we can conclude that
the derivatives of X7 are bounded in L?*( x [0,7]) uniformly in n. Hence X; € D).
Applying the chain rule to we conclude our proof.

2. Following the same steps we can prove the second claim of the theorem.

O

With the previous theorem we have proven that the solution of is in D@, and reached the
(0)

stochastic differential equation that Dg "’ X; satisfies. However, the Wiener directional derivative
can take a more explicit form. As in the classical Malliavin calculus we are able to associate
the solution of with the process Y; = V.Xy; first variation of X;. Y satisfies the following
stochastic differential equatio

dY, = b(t, X )Yi-dt + 0y(t, X;- )Yy dW]
(X Y il
Ro
Yo = I, (21)

where prime denotes the derivative and I the identity matrix. Hence, we reach the following
.. . . . . . (0)
proposition which provides us with a simpler expression for Ds’ X,.

Proposition 7. Let { Xi}.c0,7) be the solution of (10). Then the derivative Dgo) in the Wiener
direction satisfies the following equation:

DOX, =YY lo(r,X,-), Vr<t, (22)
where Yy = VX3 is the first variation of X;.

Proof. The elements of the matrix Y satisfy the following equation:

V7 o= i+ [ b(s, X, )YHd
t / 8l'k ) s S

+ a% —— o (s, Xy ) YEawe

t
0 ki
+/ 8,2, Xg= )Y i(dz, ds
([ g X Y ),

where § is the Dirichlet delta.

3For the existence and uniqueness of the solution see [I5] section V.7 Theorem 39.

866



Let {Zi}ie(0,7] be a d x d matrix valued process that satisfies the following equation

U 5i+/t —ibk(tX )+i0— (t, Xq- )8 Y, X,-) ) Zz*ds
AL A 830] 1z am] s

2
Ut 2, Xy )) .
/ / Z* v(dz)ds
Ry 1+ 835 t 2z, X-)

k ik l
— o (t, X, 2" dW
/ xl ](7 s ) s s

th
_ / / 27 ) Z* i(dz, ds)
R01+ax i(t,z, X)) °

By applying integration by parts formula we can prove that Y;7; = Z,Y; =1,

+

7 =

Hence, Z;

=Y Furthermore it is easy to show applying again It6’s formula, that
Y;lzfji M, X,- )

Verlﬁes 12) for all » < ¢t. Hence the proof is concluded. O

5 Sensitivities

Using the Malliavin calculus developed in the previous sections we are able to calculate the
sensitivities, i.e. the Greek letters. The Greeks are calculated for an m-dimensional process

{Xi}1epo,r) that satisfies equation (10)).
We denote the price of the contingent claim as

u(z) = Elo(Xey, -, Xe,)], (23)
where ¢(Xy,,...,Xy,) is the payoff function, which is square integrable, evaluated at times
t1,...,t, and discounted from maturity 7.

In what follows we assume the following ellipticity condition for the diffusion matrix o.

Assumption 1. The diffusion matriz o is elliptic. That implies that there exists k > 0 such
that
Yot (t,x)o(t, x)y > kly|?, Vy,z e R

5.1 Variation in the Drift Coefficient

Let us assume the following perturbed process

ax; = (bt X )+ €t Xp)) db + ot X; )aW,
[ atn X iz, ),
Ro
X() = X

where € is a scalar and £ is a bounded function. Then we reach the following proposition.
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Proposition 8. Let o be a uniformly elliptic matriz. We denote u®(x) the following payoff

u(z) = E[¢(X7)].
Then
ouc(z)
Oe

T
— Blo(X7) / (07} (t, X )E(t, X)) W),

e=0
Proof. The proof is based on an application of Girsanov’s theorem. For

62

T T
My = exp(=¢ [ (@™ (0. X060 )y aw) = G [ 1o 6 X () P

we have
El¢(X7)] = E[Mré(X7)
Hence
ou(x) . o(X7) — ¢(X1)
Oe | - 1£r(l)E[ - € T}
- el Y5

= Blotxr) [ (o (X e X, ) W)

5.2 Variation in the Initial Condition

In order to calculate the variation in the initial condition we will define the set I', as follows
t;
I ={¢eL*0,7)): / C(t)dt =1,Yi=1,...,n}
0

where t; are as in ([23)).

Proposition 9. Assume that the diffusion matriz o is uniformly elliptic. Then for all ((t) € T

T
(Gu@)" = B[6(Xi.... X)) [ €0 0. X0 ¥y aw]

Proof. Let ¢ be a continuously differentiable function with bounded gradient. Then we can
differentiate inside the expectation] and we have

VU(CU) = E[Z vi¢(Xt17 U] th)%th]
=1
= B _Vid(X,,.... Xe,)Vi], (24)
=1

“For details see [@] and [8]
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where V;¢(X%,, ..., X, ) is the gradient of ¢ with respect to X,, and %Xti is the d x d matrix
of the first variation of the d-dimensional process Xy,.

From we have
Y, = DOX, 07\t X, )Y,
Hence for any ¢ € T’
T 0
Y, = / ¢t X0 (t, X, )Y, dt
0

and inserting the above to follows that
'S )
Vu(z) = E[/ Z Vid(Xeys oo, Xe, )C)Dy X0 (8, X2 )Y, dt]
0 =1
from Theorem [2 ¢(Xy,, ..., X, ) € DO thus

Vu(z) = E[/OT DO(X,,, ..., X, )C(H)o L (t, X,m )Y, di]

From the definition of the Skorohod integral we reach

(Vu(z))* = Elp(Xpy,.. . Xe,)0O ()07 (-, X)Y)")]

However, ((t)(c=1(t, X, )Y;-)* is a predictable process, thus the Skorohod integral coincides
with the Wiener. Since the family of continuously differentiable functions is dense in L?, the
result hold for any ¢ € L?, see [8] and [4] for more details. O

5.3 Variation in the diffusion coefficient
For this section we consider the following perturbed process
dXf = b(t, XC)dt+ (a(t,X;_) +ee(t, X;_)) AW,
b [ atn Xz, ),
Ro
X() = X

where € is a scalar and £ is a continuously differentiable function with bounded gradient. We
also introduce the variation process in respect to €, Zf = %Xf , which satisfies the following sde

dZf = V(t, X)Zdt + (o’(t,Xf_) + 65'(75,Xf—)> Z;-dWy
+oE(t XE)dW,
b [ s X0 2 (s )

zZ5 = ORO
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In this case, we introduce the set I'),, where
t;
I, ={¢eL*0,T)): / C(t)dt =1,Vi=1,...,n}.
ti—1

Proposition 10. Assume that the diffusion matriz o is uniformly elliptic, and that for 3, =
Y;:thi, i=1,...,n we have o~ (t, X,-)Yi8; € Domd®), for allt € [0,T]. We denote u(z) the
following payoff

ut(z) = Elp(X,,. .., Xi )l
Then for all {(t) € T

ouc(x)

e = E[¢(Xt17 s 7th)5(0) (0_1(ta Xt_)th_Bt)],

e=0

where

= ¢ Br — B Liti<ters)
=1

for tg = 0. Moreover, if 5 € DO then
(o Mt X- )Y By) = Zn:{ﬁt/ lg‘ (071 (t, X, )Y, ) dW,
/ 1< Tr (D9 8,)o 1, Xt,)y;,)dt
/ ) <<t><a1<t,Xt>Ytﬂti_l>*th} .

Proof. Let ¢ be a continuously differentiable function with bounded gradient as in Proposition
Pwe can differentiate inside the expectation. Hence

ouc(x) s 0
S = E[; Vid(Xeys - Xi) 5o X
=1

however §; = Y[th, Zf|e=0 = Z;. Then from we have

/ DOX, o7\ (t, X,- )Y, Budt

- / Ytiﬁtdt

= Y} Z ﬁt¢71)1{ti§t<ti}

tzl

== )/%1 /Bti -
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Inserting the above to (25)) we have the following

aue X & € € - 3
ai ) _ E[/o ;viqﬁ(xtl,...,th)D§0)Xtia Yt Xy )Y Bydt],

since o~ (t, X;-)Y; 3, € Domé© for all t € [0, 7]

ouc(x)
Oe

= E[o(X,,..., X{,)8(0 (t, Xi- )Yy Br)],
the result follows. If 3 € D using Proposition |5 we can calculate the Skorohod integral. O

5.4 Variation in the jump amplitude
For this section we consider the following perturbed process
dXf = b(t, X;-)dt + o(t, X;_)dW,;
b [ (onXE) + e XE)) itdz, ),
Xy = xRO

where € is a scalar and £ is a continuously differentiable function with bounded gradient. As
in the previous section, we will also introduce the variation process in respect to €, Zf = %Xf,
which satisfies the following sde

dz; = V(t, X )Z_dt+ o' (t, X;)Zi dW,
" /R (’Y’@’Z'vaf) + eé’(t,XfJ) Z;-i(dz, dt)
0

+ &(t, Xi-)p(dz, dt),
Ro

Z5 = 0
And we will use the set I';, as it is defined in the previous section.

Proposition 11. Assume that the diffusion matriz o is uniformly elliptic, and that for By, =
Yti_thi, i=1,...,n we have o (t, X, )Y; 5y € Domd©), for allt € [0,T]. We denote u(z) the
following payoff

u(x) = Elp(Xf,, ..., X{ )]

Then for all ((t) € T

Juf(x)
Oe

= B[¢(X5,, ..., X5 )6 (o7 (¢, X-)Yi- By)],
e=0

where

Be=3 COBr = Bri) Lt<icry
i=1
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for to = 0. Moreover, if 5 € D©) then

8O (o™ t, X-)Yi- ) = Zn:{ﬁz; " Ct) (o™ (t, Xpm )Y, ) dW,

i=1 tiz1

B / " (D80 (¢ Xp )Yy ) dt

ti—1

- /Z C(t)(a1(t7Xt)Y;fﬁti1)*th}'

ti—1

Proof. The same as in Proposition O

6 Examples

In this section, we explicitly calculate the Greeks for a general stochastic volatility model with
jumps both in the underlying and the volatility (SVJJ). This is followed by some numerical
results on two specific cases of SVJJ, the Bates and the SVJ model.

Example 1. Let X; = (X}, X?) be a two dimensional stochastic process satisfying the following
stochastic differential equation.

dX! = rX dt+ /X2 X dw}

+ XL [ )itz an
Ro
X& = I
dX? = k(m—X1)dt+ o/ X2 dW}
+ X2 [ sl 2tz a
Ro
Xg = X9
with B[dWdW?] = pdt. The sensitivities for the payoff

u=Eleo(X1)],
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have the form

t—

~ B[TeTo(x})]

1 T aw} dW?
Delta = E|e ""¢(X7)— / ! / :
elta [6 ( T)xl 0 \/Xt2 \/1— /X2

1 T aw} AW}
Gamma = E[e_rTqﬁ(X%)Tp / '; — P 5 / t2
xy 0 \/Xt_ V1-p2Jo X
o /T dt)_T /T dw} / th
1—p? X? 2 —
P Jo A 0 \/ X7 \/ 1
1 T
Vega = E[e"’Tqb(X})T ((W% - / X2 dt)
0
/T thl B p /T th2 B /T
o X VI=Pho X2 0
Alpha = [ —er) {/ / f(dz, dt) / / zy1(z, t)m(dz dt)}
Ro RO
/T dW} / dW2
0 \/Xf Y/ 1 —
For details on the calculations refer to the appendix.
In order to illustrate the effectiveness of Malliavin calculus in the calculation of the Greeks, we
have performed a number of simulations estimating the Delta for digital options for different
models. Our main aim is to compare the results of the Malliavin approach with the finite
difference method. This simulations have been performed using standard Euler schemes.
Bates model
In Figures 1 we plot the delta for a digital option for an underlying that satisfies the Bates

model. The Bates is an extension of the Heston model, where the underlying has jumps. The
sde are given by

dX; = rX| dt+ /X2 X dw}

+ X,}/ (e* — 1)ji(dz, dt)
Ro
X& = I
dX? = k(m—X2)dt+o,/X2dW}

Xg = X9.
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(z=a)?
The Lévy measure of p is v(z) = A v, thus the intensity of the Poisson process p is A

7’
and the jump sizes follow the normal distribution with parameters a, b.

Stochastic volatility model with jump (SVJ) model

In Figures 2 we plot the delta for a digital option for an underlying that has a stochastic volatility
with jumps (SVJ). The SVJ is an extension of the Heston model, where the stochastic volatility

includes jumps. The sde are given by
dX;! = rXldt+ /X2 X dw}
X& = T
dX? = k(m—X2)dt+o,/X2dW}
+ X2 / zji(dz, dt)
Ro
Xg = x9.

The Lévy measure of p is v(z) = Ae™?, thus the intensity of the Poisson process u is A and the
jump sizes follow the exponential distribution with parameters a, b.
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Figure 1: Delta for a digital option in the Bates model, with paramete)f"éoT =1,X} = 100,K = 100,r =
0.05,0 = 0.04, X2 = 0.04,k = 1,m = 0.05,p = —0.8, A = 1,a = —0.1 and b = 0.001
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Figure 2: Delta for a digital option in the SVJ model, with parameterg% =1,X} =100,K = 100,r =
0.05,0 = 0.04, X2 = 0.04,x = 1,7 = 0.05,p = —0.8,\ = 1 and a = 0.001
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It is obvious from the figures that the Malliavin weight performs better in the case of discontinues
payoffs as we would expect.

A Bounded derivative of the Picard approximation scheme

From inequality we have
T
) et [ &ty

where ¢; = ¢f, 3 = cK? (T +1+ fR (dz)) and &,(t) = Elsup,<,<; |DLX2?]. We will
prove by induction that ‘
" (T —r)
T)<ea ) Qf (26)
§=0
For n = 0 it is obvious that holds. Let hold for n. Then
T
G < ata | Glds

2 s—rj
c1 + cica E
T

IN

n+1 ]
2 T
< atae E

I\
A
. 3
Mx
[\%L.
~
|
3

02(T 7”)7
7!

Since lim,,_, o0 Z? 0 e2(T=7) < o0, we can conclude that &n(T) < 0.

B Calculation of the Greeks for the SVJJ model

The system of stochastic differential equations of the extended Heston model can be rewritten
in a matrix form:

dXy = b(t, X,-)dt + o(t, X, )dWy + / v(t, z, X- ) i(dz, dt),
Ro

where b*(t, X;-) = (rX1, k(m — X2))*,

: ) XL /X2 0
o(t,X;-) =
! op Xt2, J\/l—pQ,/th,
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and .
X_'yl(t,z)

t2, X, ) = !
765 %) (Xf_w(t,Z)

The inverse of o is
1 oy/1—p% /X2 0
o X! X2 \/1—p? —op, /X2 XL\ /X2

e Rho In the case of the sensitivity with respect to r we perturb the drift with £(¢,x) =
(x1,0)*. Hence,

U(t7 Xt*)_l

(Uﬁl(t’th)g(t’Xﬁ))* - ( )1(2 ’_\/172 2 )
JXE VI X2
Applying Lemma [§] we reach the result.
e Delta The first variation process has the following form
dY, = V(t,X;-)Y,~dt + o, (t, X4- )Y, dW} + oy(t, X,- )Y,-dW?

bV [ (X iz, di),
Ro

Yo = I (27)
’ r 0
where b (¢, X;-) = < 0 —k ),
Xl
X2 L
4 = 2 /X2
01(t7 th) = 0 O'pt_ )
2 /Xt{
0 0
O’Q(?f, th) = 0 o 1—[72 ,
2 Xf_
and (t.2)
/ _ 71 tu z 0
Y (ta ZaXt_) - < 0 72(15’2) )
Since Y, = f—f and ;! = 0 the matrix (o~ 1(¢, X,~)Y;)* has the following form
1 1,1 —p 1,1
X)Xz V1-p?X] /X2 t

1,2 2,2
1 y2! 1 —rY,
1 2 Tt V) 2 X1 o
XL /xz Vi-p? [XZ -

Applying Proposition [9] we reach the result.
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e Gamma In the case of the second derivative with respect the initial condition x by ap-
plying again Lemma [9] to the Delta we reach our result.

$10
0 0

mula it is easy to verify that Z} = X} (th - fot VX gds). Furthermore, since X7 does not

e Vega In order to calculate Vega we perturb X; with £(¢,z) = ( ) From Ito’s for-
1_(t /v2
depend on € we can deduce that Z? = 0. Then 3; = Y;th = < 1 (Wt fO X ds) )
0

The Wiener directional derivative for XSQ_ has the following form

1
DY /x2 = : pVx2
XS

y2:2
1 2y X2 vz lit<s)
o
- — Y2i2
\/ X527 vVi1- pzy / th— YS2,2 1{t<s}
o

X2 Y2,2 X2 Y2,2
1_ po fT t— s dWl _\/1—p20' T t— s dW2
Difpr = 331( 2 ! 2 )

2,2 2,2 t
bovxvE bV
0 0

then

Tr((D\” Br)o(t, X, )Y, ) =

e Alpha In order to calculate the sensitivity with respect to the jump amplitude we

perturb X; with £(t,z) = ( ai)l

Xg(fg Jr, #i(dz, ds) — fg Jr, #7(2 s)w(dz,ds)). Following the same steps as in Vega we
reach the wanted result.

Using Proposition [10| we reach the wanted expression.

). From Ité’s formula it is easy to verify that Z} =
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