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1 Introduction and Statements of Results:

Large random matrices have recently attracted a lot of attention in fields such as statistics, math-
ematical physics or combinatorics (e.g., see Mehta [24], Bai and Silverstein [4], Johnstone [18],
Anderson, Guionnet and Zeitouni [2]). For various classes of matrix ensembles, the asymptotic
behavior of the, properly centered and normalized, spectral measure or of the largest eigenvalue
is understood. Many of these results hold true for matrices with independent entries satisfying
some moment conditions (Wigner [35], Tracy and Widom [33], Soshnikov [28], Girko [8], Pastur
[25], Bai [3], G6tze and Tikhomirov [9]).

There is relatively little work outside the independent or finite second moment assumptions. Let
us mention Soshnikov who, using ideas from perturbation theory, studied the distribution of
the largest eigenvalue of Wigner matrices with entries having heavy tails. (Recall that a real (or
complex) Wigner matrix is a symmetric (or Hermitian) matrix whose entries M, ;,1 <i < N,
and M; j,1 <1i < j < N, form two independent families of iid (complex valued in the Hermitian
case) random variables.) In particular, (see [30]), for a properly normalized Wigner matrix
with entries belonging to the domain of attraction of an a-stable law, limy_.oo PN (AMaz < ) =
exp (—x ™) (here A\pqz is the largest eigenvalue of such a normalized matrix). Further, Soshnikov
and Fyodorov [32], using the method of determinants, derived results for the largest singular
value of K x N rectangular matrices with independent Cauchy entries, showing that the largest
singular value of such a matrix is of order K?N? (see also the survey article [31], where band
and sparse matrices are studied).

On another front, Guionnet and Zeitouni [10], gave concentration results for functionals of the
empirical spectral measure of, self-adjoint, random matrices whose entries are independent and
either satisfy a logarithmic Sobolev inequality or are compactly supported. They obtained, for
such matrices, the subgaussian decay of the tails of the empirical spectral measure when it
deviates from its mean. They also noted that their technique could be applied to prove results
for the largest eigenvalue or for the spectral radius of such matrices. Alon, Krivelevich and Vu
[1] further obtained concentration results for any of the eigenvalues of a Wigner matrix with
uniformly bounded entries (see, Ledoux [20] for more developments and references).

Our purpose in the present work is to deal with matrices whose entries form a general infinitely
divisible vector, and in particular a stable one (without independence assumption). As well
known, unless degenerated, an infinitely divisible random variable cannot be bounded. We
obtain concentration results for functionals of the corresponding empirical spectral measure,
allowing for any type of light or heavy tails. The methodologies developed here apply as well to
the largest eigenvalue or to the spectral radius of such random matrices.

Following the lead of Guionnet and Zeitouni [10], let us start by setting our notation and
framework.

Let My« n(C) be the set of N x N Hermitian matrices with complex entries, which is throughout
equipped with the Hilbert-Schmidt (or Frobenius or entrywise Euclidean) norm:

N
> M2

ij=1

M| = /tr(M*M) =

Let f be a real valued function on R. The function f can be viewed as mapping My« n(C) to
MNXN((C)~ Indeed, for M = (Mi,j)lﬁi,jSN € MNXN(C), so that M:UDU*, where D is a
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diagonal matrix, with real entries A1, ..., Ay, and U is a unitary matrix, set

0 Ag) e 0
fo = vy, foy=| 0 T
00 fOw)

Let tr(M) = Zf\il M, ; be the trace operator on My n(C) and set also

1 N
t’r‘N(M) = N Z Mi,io
=1

For a N x N random Hermitian matrix with eigenvalues Aj,Ao,...,An, let Fy(z) =
% Zf\i 1 1\, <z} be the corresponding empirical spectral distribution function. As well known,
if M is a N x N Hermitian Wigner matrix with E[M;;] = E[Mj.] = 0, E[|[M;2]*] = 1,
and E[M%l] < o0, the spectral measure of M/v/N converges to the semicircle law: o(dz) =
V4 — $21{‘x|§2}d1’/2ﬂ' (m)

We study below the tail behavior of either the spectral measure or the linear statistic of f(IM)
for classes of matrices M. Still following Guionnet and Zeitouni, we focus on a general random
matrix X s given as follows:

1
VN
with (wi,j)lgi,jSN = (wf] + \/—1wij)1§i7j§]\[, wij = Wy, and where Wi 5, 1<i<j<Nisa
complex valued random variable with law P; ; = Pf? + \/—1Pi{j, 1 << 75 <N, with lez =%
(by the Hermite property). Moreover, the matrix A = (A;;)1<ij<n is Hermitian with, in most
cases, non-random complex valued entries uniformly bounded, say, by a.

Xa = ((Xa)ij)i<ij<n, Xa =Xy, (Xa)ij = Ai jwi g,

Different choices for the entries of A allow to cover various types of ensembles. For instance, if
wij, 1 <i<j<N, and w;;,1 <i<N, are iid N(0,1) random variables, taking 4;; = V2
and A;; = 1, for 1 < i < j < N gives the GOE (Gaussian Orthogonal Ensemble). If
wi}?j,wl{j, 1<i<j<N,and wﬁ, 1 <i< N, are iid N(0,1) random variables, taking A;; = 1
and A;; = 1/v/2, for 1 < i < j < N gives the GUE (Gaussian Unitary Ensemble) (see [24]).
Moreover, if wfj,wi{j, 1<i<j <N, and wﬁ-, 1 <i¢ < N, are two independent families of real
valued random variables, taking A; ; = 0 for |i — j| large and A;; = 1 otherwise, gives band
matrices.

Proper choices of non-random A; ; also make it possible to cover Wishart matrices, as seen in
the later part of this section. In certain instances, A can also be chosen to be random, like in the
case of diluted matrices, in which case A;;,1 <4 < j < N, are iid Bernoulli random variables

(see [10]).

On RNQ, let PV be the joint law of the random vector X = (wf, wf w!.), 1<i<j <N,

i,i> Wi,jr Wi
where it is understood that the indices for wﬁ are 1 < i < N. Let EV be the corresponding
expectation. Denote by ,&g the empirical spectral measure of the eigenvalues of X A, and further
note that

rF(Xa) = (X)) = [ Fla)id(d),

109



for any bounded Borel function f. For a Lipschitz function f : R — R, set

£, = sup LD = W)l

TH#Y ”.’L’ - y”

9

where throughout ||-| is the Euclidean norm, and where we write f € Lip(c) whenever || f||;, < c.

Each element M of My« n(C) has a unique collection of eigenvalues A = A(M) = (Aq,--+ , Anx)
listed in non increasing order according to multiplicity in the simplex

SV={M>->Av:NER1<i< N},

where throughout &V is equipped with the Euclidian norm [|A|| = /> ;5 A2 It is a classical

result sometimes called Lidskii’s theorem ([26]), that the map My n(C) — SV which associates
to each Hermitian matrix its ordered list of real eigenvalues is 1-Lipschitz ([11], [19]). For
a matrix X under consideration with eigenvalues A(Xa), it is then clear that the map ¢ :
(wﬁ,wg,wij)lgiqg\; — A(Xa) is Lipschitz, from (]RN2, - 1) to (SN, | - |), with Lipschitz
constant bounded by ay/2/N. Moreover, for any real valued Lipschitz function F on SV with
Lipschitz constant ||F|| iy, the map F o ¢ is Lipschitz, from (RN /|| - ) to R, with Lipschitz
constant at most al|F||rip+/2/N. Appropriate choices of F' ([19], [2]) ensure that the maximal
eigenvalue a2 (Xa) = A1(Xa) and, in fact, any one of the N eigenvalues is a Lipschitz function

with Lipschitz constants at most a1/2/N. Similarly, the spectral radius p(Xa) = max |A:| and
i<

try(f(Xa)), where f : R — R is a Lipschitz function, are themselves Lipschitz functions with
Lipschitz constants at most ay/2/N and v/2a| f|| Lip/ N s respectively. These observations (and
our results) are also valid for the real symmetric matrices, with proper modification of the
Lipschitz constants.

Next, recall that X is a d-dimensional infinitely divisible random vector without Gaussian com-
ponent, X ~ ID(3,0,v), if its characteristic function is given by,

px(t) = Ee'tY)
— exp {i(t, ) + /Rd (ei<t’“> 1, u>1”u”§1) V(du)} : (1.1)

where t, 3 € R and v # 0 (the Lévy measure) is a positive measure on B(R?), the Borel o-field
of R?, without atom at the origin, and such that [pq(1 A |lul[*)v(du) < +oc0. The vector X has
independent components if and only if its Lévy measure v is supported on the axes of R¢ and is
thus of the form:

V(dm‘l, ce ,dxd) = (50(Cl.%'1> “e 50(d$k,1)ﬁk(d$’k)5o(dl‘k+1) . 50(da;d), (1.2)

M=

k=1

for some one-dimensional Lévy measures 0. Moreover, the 7 are the same for all k =1,...,d,
if and only if X has identically distributed components.

The following proposition gives an estimate on any median (or the mean, if it exists) of a
Lipschitz function of an infinitely divisible vector X. It is used in most of the results presented
in this paper. The first part is a consequence of Theorem 1 in [14], while the proof of the second
part can be obtained as in [14].
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Proposition 1.1. Let X = (wf wf wz{j)lgqg\r ~ ID(3,0,v) in RN”. Let V2(z) =

ARV E

f||u||§m [ul*v(du), 7(x) = f”u”>$ v(du), and for any v >0, let py = inf {2z > 0:0 < V3(z)/2* <
v}. Let f € Lip(1), then for any v such that v(p,) < 1/4,

(i) any median m(f(X)) of f(X) satisfies
m(F(X) = FO) < G1() = py (V7 + 3k,(1/4)) + B,
(ii) the mean EN[f(X)] of f(X), if it exists, satisfies
ENF(X)] = FO)] < Ga(1) = py (V7 + by (1/4)) + B,

where ky(x), x > 0, is the solution, in y, of the equation

y—(y+v)ln<1+z> =Inz,

and where
N? ) 1/2
by = (Z (<ek75> —/ (ex, y)v(dy) +/ <ek,y>l/(dy)> ) : (1.3)
k=1 py<llyll<1 1<|lylI<p~
with e1, e, ...,exn2 being the canonical basis of RN,

Our first result deals with the spectral measure of a Hermitian matrix whose entries on and
above the diagonal form an infinitely divisible random vector with finite exponential moments.
Below, for any b > 0, ¢ > 0, let

Lipy(e) = {f :R=R :[|fllLy, < . Iflloe <0},

while for a fixed compact set K C R, with diameter || = sup |z — y|, let
z,yeX

LZp’C(C) = {f R—=R: HfHsz S ¢, Supp(f) C IC}?
where supp(f) is the support of f.

Theorem 1.2. Let X = (wg,wfj,wl{j)lgiqg\/ be a random vector with joint law PN ~

ID(B,0,v) such that EN[e!lX] < +oo, for some t > 0. Let T = sup{t > 0 : E¥ [!I¥]] < 400}
and let h™1 be the inverse of

h(s) = /ﬂw Jul (1 — Dv(du), 0<s<T.

(i) For any compact set K C R,

PV( sup [ty (£(Xa)) BN [trv(F(Xa))] | 2 )
f€Lipk(1)

8’](:’ NS
<=5 exp{ - / Belr] h—l(s)ds}, (1.4)
0

for all § > 0 such that 6% < 8v/2a|K|h (T~) /N.

111



(i)

PY( sup |trw(f(Xa)) ~ EN [trn(F(Xa))] | = 6)

fELipy(1)
N52
< €@,5) exp{ - /ﬁacw’b) h_l(s)ds}, (1.5)
0 0
for all § > 0 such that §* < v/2aC(8,b)h(T~)/N, where
V2a
C(0,b) = C(W (Gz(’Y) + h(t0)> + b),

with G2(7) as in Proposition|1.1, C' a universal constant, and with to the solution, in t, of
th(t) — [; h(s)ds — In(12b/8) = 0.

Remark 1.3. (i) The order of C(4,b) in part (ii) can be made more specific. Indeed, it will
be clear from the proof of this theorem (see (2.39)), that for any fized t*, 0 < t* < T,

oo <o (mE LI Ga) ).

(i) As seen from the proof (see (2.38)), in the statement of the above theorem, Ga(7y) can be
replaced by EV [ X||]. Now EN[||X||] is of order N, since

N min EN[|X;|] <EN[|X|] £ N EN[X? 1.6
j_min BRG] <ER[IXI] < N _max /EN[XF], (1.6)
where the X;, j = 1,2,...,N? are the components of X. Actually, an estimate more
precise than (1.6) is given by a result of Marcus and Rosiniski [22] which asserts that if
E[X] =0, then
1 17
— <E||IX]|| <—
120 < (11X < g £0;
where xq is the solution of the equation:
V2 U
0, vy, (1.7
x x

with V2(z) as defined before and U(z) = ||

lul|>z |lullv(du), > 0.

(iii) As usual, one can easily pass from the mean EN [trx (f)] to any median m(try(f)) in either

or (1.5). Indeed, for any 0 < 6 < 2b, if

sup |try(f) — m(trn ()] = 6,
fELipy(1)
there exist a function f € Lipy(1l) and a median m(try(f)) of trn(f), such that ei-
ther try(f) — m(trn(f)) = 6 or trn(f) — m(try(f)) < —9. Without loss of general-

ity assuming the former, otherwise dealing with the latter with —f, consider the func-
tion g(y) = min(d(y,A),8) /2, y € RN*, where A = {trn(f) < m(trn(f)}. Clearly
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g € Lipy(1), EN[trn(g)] < 6/4, and therefore try(g) — EN [trn(g)] > §/4, which indi-

cates that 5

sup |tri(g) —EY [tr(9)] | > 4.

g€ Lipy(1)
Hence,
P¥( s firv(f) = mlera ()] 2 9)
fE€Lipy(1)
)
< PN< sup ‘trN(g) —EN [trn(9)] ‘ > 4>. (1.8)
g€ Lipy(1)

(iv) When the entries of X are independent, and under a finite exponential moment assumption,
the dependency in N of the function h (above and below) can sometimes be improved. We
refer the reader to [15] where some of these generic problems are discussed and tackled.

Next, recall (see [7], [19]) that the Wasserstein distance between any two probability measures
w1 and po on R is defined by

dw (o) = sup / Fapur — / )| (1.9)

fE€Lipy(1

Hence, Theorem [1.2 actually gives a concentration result, with respect to the Wasserstein dis-
tance, for the empirical spectral measure ﬂX , when it deviates from its mean EN [ﬂﬁ].
As in [10], we can also obtain a concentration result for the distance between any particular

probability measure and the empirical spectral measure.

Proposition 1.4. Let X = (wﬁ,wg, z‘I,j)lﬁKjéN be a random vector with joint law PN ~
ID(B,0,v) such that EN [e!IXI] < +oo for somet > 0. Let T = sup{t > 0 : EN[e!IX] < 400}
and let h™' be the inverse of h(s) = [pn2 |Jull(e sl — w(du), 0 < s < T. Then, for any

probability measure p,

PY (dw (i), 1) — BN [dw (B, )] > 8) < exp { - / v h1<s>ds}, (1.10)
0

for all 0 < 6 < /2ah (T~) /N.

Of particular importance is the case of an infinitely divisible vector having boundedly supported
Lévy measure. We then have:

Corollary 1.5. Let X = (wﬁl,wg, 1;I,j)1§i<jSN be a random wvector with joint law PN ~

ID(3,0,v) such that v has bounded support. Let R = inf{r > 0 : v(z : ||z|| > r) = 0}, let
V2(=V?3(R)) = [gn2 lullPv(du), and for z >0 let

lz)=(1+z)In(l+z)— =.
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(i) For any 6 >0,

PY( sup |rw(f(Xa)) ~ BNt (F(Xa))]| = 6)

fELipy(1)
C(8,b) & ( N Rs? )
< ] [ Sa— 1.11
=75 eXp{ R2°\ 2aC(6, b)V2 (L11)

where
C(5,b) = (%(Gg( )+ %(etOR—1)> +b),

with Ga(y) as in Proposition|1.1, C' a universal constant, and ty the solution, in t, of
V2
R2

(tRetR etft 4 1) =1In %Qb

(i) For any probability measure p on R, and any § > 0,

PV (dw (3, 1) — EN dw (). )] > )

<e Vo Vo + v In| 1+ N Ro? (1.12)

X — — . .

=P V2aR V2aR = R? V2aV2

Remark 1.6. (i) As in Theorem|1.2, the dependency of C(6,b) in & and b can be made more
precise. A key step in the proof of (1.11) is to choose T such that

EN[tTN(1{|XA|2T})] < 5/12[),

and then C(9,b) is determined by 7. Minimizing, in t, the right hand side of (2.38), leads
to the following estimate

R2

e <R<g7 — Gz(v)) ) }

ENTtrn (1x2r)] < eXP{ - =5t 72

where £(x) = (1 4+ z)In(1 4+ z) —x. Forx > 1, 2{(x) > xzlnz. Hence one can choose T to
be the solution, in x, of the equation

TR 12b
EIHW —21117

It then follows that C(0,b) can be taken to be

C(%(Gz(v) +T) +b>.

Without the finite exponential moment assumption, an interesting class of random matrices with
infinitely divisible entries are the ones with stable entries, which we now analyze.

Recall that X in R? is a-stable, (0 < a < 2), if its Lévy measure v is given, for any Borel set
B € B(RY), by

+oo
uB) = [ ot [ 1o (113)
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where o, the spherical component of the Lévy measure, is a finite positive measure on S%!, the
unit sphere of R%. Since the expected value of the spectral measure of a matrix with a-stable
entries might not exist, we study the deviation from a median. Here is a sample result.

Theorem 1.7. Let 0 < a < 2, and let X = (w,ﬁ,w%,wqij)1§i<j§]\f be an a-stable random vector
mn ]RNQ, with Lévy measure v given by (1.13).

(i) Let f € Lip(1), and let m(trn(f(Xa))) be any median of trn(f(Xa)). Then,

N _ aU(SNzil)
PX(trn (f(Xa)) — m(tra(f(Xa))) 26) <C(a)(V2a)

W7 (1-]_4)

1/«
whenever SN > v/2a [QU(SNQ_I)C(OZ)} /

, and where C(a) = 4%(2 — a + ea)/a(2 — a).

(ii) Let Apaz(XA) be the largest eigenvalue of Xa, and let m(Apmaz(Xa)) be any median of
Amaz(XA), then

2o (SV

PY (Amaz(Xa) = m(Amaz(Xa)) 2 6) < Cla)(V20)" =,

(1.15)

1/a
whenever 6v/N > v/2a [20(5’]\[2_1)0(04)} , and where C(a) =4%(2 — a+ea)/a(2 — a).

Remark 1.8. Let M be a Wigner matriz whose entries M, ;, 1<i<N, Mﬁj, 1<i<j<N, and Mz{j,
1<i<j<N, are iid random variables, such that the distribution of |Mj 1| belongs to the domain

of attraction of an a-stable distribution, i.e., for any 6 > 0,

L(3)
o

P(|M; 1| >9) =

for some slowly varying positive function L such that 6lim L(td6)/L(0) = 1, for allt > 0. Sosh-
nikov [30] showed that, for any 6 > 0,
lim PV (Apaz (D3 M) > 6) = 1 — exp(—3~?),

N—o0

where by is a normalizing factor such that A}im N2L(bn)/b% = 2 and where Apaz (b M) is

—00

the largest eigenvalue of bj\,lM. In fact A}im N%_e/bN =0 and A}im bN/N%Jre = 0, for any
—00 — 00

€ > 0. As stated in [13], when the random vector X is in the domain of attraction of an a-stable
distribution, concentration inequalities similar to or (1.15) can be obtained for general
Lipschitz function. In particular, if the Lévy measure of X is given by

+oo r)dr
wB)= [, ot [ a0 (116

for some slowly varying function L on [0,400), and if we still choose the normalizing factor by
such that limy_, U(SNQ_l)L(bN)/b‘j“V is constant, then,
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PY Az (D M) — m(Amnaz (D" M)) > 6)

C(a)o(s¥* 1202 L (b f5)

b go

< (1.17)

whenever ,
(0bn)* > 214220 (a)o (SN YL (bnd/V2).

Now, recall that for an N? dimensional vector with iid entries, o(SN°~1) = N2(6(1) + 6(—1)),
where 6(1) is short for o(1,0,...,0) and similarly for 6(—1). Thus, for fited N, our result gives
the correct order of the upper bound for large values of 9§, since for d > 1,

1

e—1 5«
ed sl-e S(T‘Y‘

Moreover, in the stable case, L(8) becomes constant, and by = N*®. Since Apaz(N"2/*M) is
a Lipschitz function of the entries of the matriz M with Lipschitz constant at most /2N ~2/¢,
for any median m(Amaz(N"2/M)) of Anaz(N~2/“M), we have,

(6(1)+5(-1))

PY(Apmaz(N ™2 M) = m(Apae(N~a M) >6) <C(a) 275 5% (1.18)

whenever § > [2C(a)(6(1) —i—&(—l))]l/a. Furthermore, using Theorem 1 in [14], it is not

difficult to see that m(Amae(N~2/*M)) can be upper and lower bounded independently of N.

Finally, an argument as in Remark[1.15 below will give a lower bound on )\mam(N”/aM) of the
same order as (1.18).

The following proposition will give an estimate on any median of a Lipschitz function of X,
where X is a stable vector. It is the version of Proposition[1.1 for a-stable vectors.

Proposition 1.9. Let 0 < a < 2, and let X = (wﬁ,wﬁ,wij)lgiqg\z be an «-stable random

vector in RNV? | with Lévy measure v given by (1.13). Let f € Lip(1), then
(i) any median m(f(X)) of f(X) satisfies

Im(£(X)) = f(0)]

o(§N?-1 1/ 5
<Ji(a) ;:<(S4a)> </4(2_a)+3k4(2a_a)(1/4)>+E, (1.19)

(ii) the mean EN[f(X)] of f(X), if it exists, satisfies

o(gN -1\ o
<Jy(a) := <(S)> ( 4(2—1—]{4(2(>¢_C¥)(1/4)>—|—E7 (1.20)



where kq4(2—a)(2), > 0, is the solution, in y, of the equation

y— <y+ 4(204_a)> In <1 M) ;a)y> = Inz,

and where
N2
E = (%,ﬁ—/ ) . yhw(dy)
<; | | (%271))1/ <|Iy||§1< MV
)\ /2
) oyt ) ) 1.21
/1<||y|<(40(51;’21))1/a< ks y)v(dy) ) (1.21)
with eq, ea,...,en2 being the canonical basis of RV,

Remark 1.10. When the components of X are independent, a direct computation shows that,

1/a

NZ_1

up to a constant, E in both Ji(a) and Jo(a) is dominated by (CT(SM)> , as N — 00.

In complete similarity to the finite exponential moments case, we can obtain concentration
results for the spectral measure of matrices with a-stable entries.

Theorem 1.11. Let 0 < a < 2, and let X = (wF w%,wij)lgiqg\/ be an a-stable random

1,09 71

vector in RNQ, with Lévy measure v given by (1.13).

(i) Then,
PV (s [ (7(0Xa) BV (X)) 2 0)
f€Lipy(1)
< C(5,b, a)(% Al (1.22)
where

C(6,b,a) = <C’1(a) <\/\/§Na> o (Jl(o(;m + b) o + C’g(@)),

with C1(«) and Ca(a) constants depending only on o, and with Ji(a) as in Proposition

[1.9.

(i) For any probability measure p,

U(SNQfl)

PN (dw (A, ) —m(dw (i) 1)) 26) < C(a)(V2a)* ==,

(1.23)

1/«
whenever SN > v/2a |:20'(SN2_1)C(OZ)} / and where C(a) = 4%(2 — a + ea) /(2 — a).
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It is also possible to obtain concentration results for smaller values of §. Indeed, the lower
and intermediate range for the stable deviation obtained in [5] provide the appropriate tools to
achieve such results. We refer to [5] for complete arguments, and only provide below a sample
result.

Theorem 1.12. Let0 < a < 2, and let X = (wf, wk

4,8 l,j’
n ]RNQ, with Lévy measure v given by (1.13). For any € > 0, there exists n(e), and constants
Dy =D, (a,a, N, a(SNLl)) and Dy = Dy (a, a, N, J(SNLI)), such that for all 0 < § < n(e),

PV( sup [trv(f(Xa)) - EVltrw (f(Xa))]| = 6)
feLipy(1)

%{j)lgiqu be an a-stable random vector

D o
<(1+ e)5aj1 exp(—Dg(Sijll). (1.24)

Remark 1.13. (i) In (1.14), (1.15) or (1.23), the constant C(«) is not of the right order as
a — 2. It is, however, a simple matter to adapt Theorem 2 of [13] to obtain, at the price
of worsening the range of validity of the concentration inequalities, the right order in the
constants as o — 2.

(i) Let us now provide some estimation of D1 and Dy, which are needed for comparison
with the GUE results of [10] (see (iii) below). Let C(a) = 2%(ea +2 — a)/(2(2 — a)),

K(a) = max {2°/(0 = 1),C(a) |, L(a) = (0 = 1)/a) 72 ~)/10 and let

. o V2a N C(a) a 1 V2a = C(a))i atl
o=2() T (12k) ment +2(75) " (125)
2\/5(1 N2_1 é 1
= (120(a)a(s )) ba . (1.25)
As shown in the proof of the theorem, D1 = 24D*, while
H L(a) < N >a“1 1

2 = T R

<O.(SN271)>E V2a (72D*) 5

1/a
Thus, as N — 400, Dy is of order N_1/2<O'(SN2_1)> , while Do is of order
2/(1—a)
NSa/(Qa—2)<O.(SN2—1)> ]

(iii) Guionnet and Zeitouni [10], obtained concentration results for the spectral measure of
matrices with independent entries, which are either compactly supported or satisfy a loga-
rithmic Sobolev inequality. In particular for the elements of the GUE, their upper bound
of concentration for the spectral measure is

532 TP T 8ea” (G 10322

(1.26)

118



where C1 and Csy are universal constants. In Theorem[1.12, the order, in b, of Dy is at
most b® TV while that of Do is at least b=(@TD/(@=1) " For o close to 2, this order is thus
consistent with the one in (1.26). Taking into account part (ii) above, the order of the
constants in are correct when o — 2. Following [5] (see also Remark 4 in [21]),
we can recover o suboptimal Gaussian result by considering a particular stable random
vector X® and letting o — 2. Toward this end, let X®) be the stable random vector
whose Lévy measure has for spherical component o, the uniform measure with total mass
o(SN*71) = N2(2—a). As « converges to 2, X(@) converges in distribution to a standard
normal random vector. Also, as e — 2, the range of § in Theorem|1.12 becomes (0, +00)
while the constants in the concentration bound do converge. Thus, the right hand side of

becomes
D
637/12 exp { — D255},

which is of the same order, in 0, as (1.26). However our order in N is suboptimal.

(iv) In the proof of Theorem|1.12, the desired estimate in (2.56) is achieved through a truncation
of order 6~ Y, which, when o — 2, is of the same order as the one used in obtaining
(1.26). However, for the GUE result, using Gaussian concentration, a truncation of order

VIn(12b/6) gives a slightly better bound, namely,

Ciy/In 55 { N 25 }
—  expy — —————— ¢,
1) P 8ca21n172b

where Cy and Cy are absolute constants (different from those of (1.26)).

Wishart matrices are of interest in many contexts, in particular as sample covariance matrices in
statistics. Recall that M = Y*Y is a complex Wishart matrix if Y is a K x N matrix, K > N,
with entries Y; ; = ij + \/—71YZI, j (a real Wishart matrix is defined similarly with YZ{ . do
and M = Y'Y). Recall also that if the entries of Y are iid centered random variables with
finite variance o2, the empirical distribution of the eigenvalues of Y*Y /N converges as K — oo,
N — o0, and K/N — 7 € (0,+00) to the Marc¢enko-Pastur law ([4], [23]) with density

_ 1
- 2mayo?

P (2) Ve —n)@—a), a<e<e,

where ¢; = 0?(1 — 7~ /2)2 and ¢ = 02(1 + v~/?)2. When the entries of Y are iid normal,
Johansson [16] and Johnstone [17] showed, in the complex and real case respectively, that the
properly normalized largest eigenvalue converges in distribution to the Tracy-Widom law ([33],
[34]). Soshnikov [29] extended the results of Johansson and Johnstone to Wishart matrices
with symmetric subgaussian entries under the condition that K — N = O(N'/3). (As kindly
indicated to us by a referee, this last condition has recently been removed by Péché). Soshnikov
and Fyodorov [32] studied the distribution of the largest eigenvalue of the Wishart matrix Y*Y,
when the entries of Y are iid Cauchy random variables. We are interested here in concentration
for the linear statistics of the spectral measure and for the largest eigenvalue of the Wishart
matrix Y*Y, where the entries of Y form an infinitely divisible vector and, in particular, a
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stable one. We restrict our work to the complex framework, the real framework being essentially
the same.

It is not difficult to see that if Y has iid Gaussian entries, Y*Y has infinitely divisible entries,
each with a Lévy measure without a known explicit form. However the dependence structure
among the entries of Y*Y prevents the vector of entries to be, itself, infinitely divisible (this is a
well known fact originating with Lévy, see [27]). Thus the methodology, we used till this point,
cannot be directly applied to deal with functions of eigenvalues of Y*Y. However, concentration
results can be obtained when we consider the following facts, due to Guionnet and Zeitouni [10]
and already used for that purpose in their paper.

Let

for 1<i<K,1<j<K

for N+1<i<K+NK+1<j<K+N
for 1<i<KK+1<j<K+N

for N+1<i<K+N,1<j<K,

(1.27)

= o= O O

and
for1<i<K1<j<K

0

0 for N+1<i<K+NK+1<j<K+N
V;j for1<i<K K+1<j<K+N

Y;j fo- N+1<i<K+N,1<j<K,

(1.28)

0 Y~
then XA = ( Y 0 ) S M(K+N)><(K+N)((C)7 and

Y'Y 0
2 _
=Y v )
Moreover, since the spectrum of Y*Y differs from that of YY* only by the multiplicity of the
zero eigenvalue, for any function f, one has

tr(f(XA)) = 2tr(f(Y*Y)) + (K — N)£(0),

and
1/2y _ ‘
Amaz(M7/2) lrgnizgvp\z(XA)],

where M'/2 is the unique positive semi-definite square root of M = Y*Y.

Next let PXV be the joint law of (Y%,Y,{j)lgigK,lgg‘SN on R2EN “and let EXN be the corre-
sponding expectation. We present below, in the infinitely divisible case, a concentration result
for the largest eigenvalue A (M), of the Wishart matrices M = Y*Y. The concentration for

the linear statistic try(f(IM)) could also be obtained using the above observations.

Corollary 1.14. Let M =Y*Y, with Y, j; = ij + \/—1Yl{j.

(i) Let X = (YﬁjaYij)lﬁiSN,lngK be a random vector with joint law PXN ~ ID(3,0,v)

such that BEN[eXN] < 400, for some t > 0. Let T = sup{t > 0 : EXN[tIXI] < 400}
and let h™1 be the inverse of

h(s) = /Rw Jul| (eIl = Du(du), 0<s<T.

120



(i)

Then,
PN (e (MY2) — EFV [\ (MY2)] > §) < 072070 (1.99)
for all0 <6 < h(T7).

Let X = (YEaYz{j)lSiSKJSJSN be an a-stable random vector with Lévy measure v given

by v(B) = [qan1 0(d€) [T 1p(ré)dr/r+e. Then,

U(S2KN_1)
oa ’

whenever § > v/2a [20(S*N"1)C(a)] Ve and where Cla) =42 —-a+ea)/a(2 —a).

PEY (Aaa(M2) = m(Anaa (MY2)) > 6) < C() (V2)°

Remark 1.15. (i) As already mentioned, Soshnikov and Fyodorov ([32]) obtained the asymp-

(ii)

totic behavior of the largest eigenvalue of the Wishart matric Y*Y when the entries of,
the K x N matriz, Y are iid Cauchy random variables. They further argue that although
the typical eigenvalues of Y*Y are of order KN, the correct order for the largest one is
K2N?. The above corollary combined with Remark[1.10 and the estimate (1.19), shows
that when the entries of Y form an «-stable random vector, the largest eigenvalue of Y*Y
is of order at most o(S* N=1)2/a There is also a lower concentration result, described
next, which leads to a lower bound on the order of this largest eigenvalue. Thus, from

these two estimates, if the entries of Y are iid a-stable, the largest eigenvalue of Y*Y 1is
of order K%/« N2/,

Let X ~ ID(B3,0,v) in R, then (see Lemma 5.4 in [6]) for any x > 0, and any norm
|- llar on R,

P(IXIy > ) > 3 (1—exp { —v({u e B Jully > 20}) }).

But, Amaz(M/?) is a norm of the vector X = (Yﬁ,YI ), which we denote by || X||x, if
X is a stable vector in R2EN,

PN (,\mm(Mm) — i Amae (MY2)) > 5)
_ pKN <

w2 (MY2) 2 6+ M\ (M2)) )
(1 — exp { Amaz(M/?) > 2(0 + m()\maav(Ml/z))) 1) })
.

(1 —exp {||X||/\ > 2(6 + m(Amar (MY2)) 1) })
2KN—1
1 5 (S, )
=—(1- - el 1.30
4< eXp{ Oé(5+m()\max(Ml/2))) }) ( )
where Sﬁﬂv_l is the unit sphere relative to the norm || - ||x and where & is the spherical

A
part of the Lévy measure corresponding to this norm. Moreover, if the components of
X are independent, in which case the Lévy measure is supported on the azes of RN,

(Sﬁl(N 1) is of order KN, and so, as above, the largest eigenvalue of M'/2 is of order

Kl/apnl/o
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(i4i) For any function f such that g(z) = f(x?) is Lipschitz with Lipschitz constant ||g||Lip =
1 £1llzs tr(9(Xa)) = tr(f(X3%)) is a Lipschitz function of the entries of Y with Lipschitz
constant at most \/2|||f|||cvV/K + N. Hence, under the assumptions of part (i) of Corollary

L1/,

PN (1 (FOM) ~ BN iy (S D)) 2 672
V2K+N)S /ISl 2
< exp{ - /0 / h_l(s)ds}, (1.31)

for all 0 < 6 < |||f|llch (T7) /\/2(K + N).

(iv) Under the assumptions of part (ii) of Corollary|1.14, for any function f such that g(z) =
f(z?) is Lipschitz with ||g||Lip = ||| |||z, and any median m(try(f(M))) of trn(f(M)) we
have:

PN (tm(f(M)) iy (M) 2 5

lIfIIIE  o(S*RNT)
22K+ Ny 00

whenever § > |||f]||z [QU(SQKNfl)C(a)]I/a/\/2(K + N), and where C(a) = 4%(2 — a +
ea)/a(2 —a).

K+N>

< () (1.32)

Remark 1.16. In the absence of finite exponential moments, the methods described in the
present paper extend beyond the heavy tail case and apply to any random matriz whose entries
on and above the main diagonal form an infinitely divisible vector X. However, to obtain explicit
concentration estimates, we do need explicit bounds on V2 and on v. Such bounds are not always
available when further knowledge on the Lévy measure of X is lacking.

2 Proofs:

We start with a proposition, which is a direct consequence of the concentration inequalities
obtained in for general Lipschitz function of infinitely divisible random vectors with finite
exponential moment.

R

Proposition 2.1. Let X = (wi7i,w5j,w{7j)1§i<j§N be a random vector with joint law PN ~

ID(B,0,v) such that EN [etHX”] < 400, for some t > 0 and let T = sup{t > 0 : EV [et”X”] <
+oo}. Let b= be the inverse of

h(s) = / lul (@™ = Du(du), 0<s<T.
RNZ
(i) For any Lipschitz function f,
P (try (£(Xa)) — EV[tra(f(Xa))] > 6) <exp {— /0 Vel h1<s>ds},
forall0 <6 < \/iaHfHLiph (T~)/N.
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(ii) Let Apaz(Xa) be the largest eigenvalue of the matrix Xa. Then,

VN§
PN ()\mam(XA) — IEN[)\mam(XA)] > (5) < exp{ — / Ve h_l(s)ds},

0

for all 0 < 6 < v/2ah (T7) /V/'N.

Proof of Theorem [1.2:

For part (i), following the proof of Theorem 1.3 of [10], without loss of generality, by shift
invariance, assume that min{z : x € K} = 0. Next, for any v > 0, let

0 ifz<0
g(z)=qr if0<z<w (2.33)

v ifx>w.

Clearly g, € Lip(1) with ||gy|lcc = v. Next for any function f € Lipx (1), any A > 0, define
recursively fa(z) =0 for 2 <0, and for (j —1)A <z <jA, j=1,...,[ %], let

[X]
fal) =" g9,
j=1

Dls

where g(Aj) = (215Ga)> fa(G—Da)y — Dga(x —(j—1)A). Then |f — fa] < A and the 1-Lipschitz

function fa is the sum of at most |[K|/A functions g(Aj) € Lip(1), regardless of the function f.

Now, for § > 2A,

PY ( sup [tra(f(Xa)) — EN[tra(f(Xa))]| = 5)

f€Lipk(1)

<2 (o Lyt (Xa) ~ BN ra(fa(Xa))] + ira(£(Xa)
feLipk(1)

—try(fa(Xa))| + [EV[tra (f(Xa)] EN[tTN(fA(XA))H} = 5)

<PV (s]%lp‘trN(fA(XA)) - EN(trN(fA(XA)))| >0 — 2A>

K ; ; A6 —2A
<5 s P (i Xa) - BV (o8 (]| = S0
g<j)ELip(1) |IC|
A
Ne§2
< 8’51qexp{ - /8\@“C h_l(s)ds}, (2.34)
0

whenever 0 < § < \/ 8v/2a|K|h (T~) /N, and where the last inequality follows from part (i) of
the previous proposition by taking also A = /4.
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In order to prove part (i), for any f € Lipy(1), i.e, such that [|f]|;;, < 1, [[fllc < b, and any
7> 0, let fr be given via:

f(z) if |z| <7
folg) = /D s =) TS <r IS0
f(=7) +sign(f(-=m) (@ +7) if =7 —|f(=7)| <2 < -1

0 otherwise.

Clearly f € Lip(1) and supp(f;) C [-7 — [f(=7)|,7 + |f(7)|]. Moreover,

(2.35)

sup
feLipy(1)

< s Jorn(f(Xa) BN (trv (/- (Xa)))|
feLipy(1)

+ sup |rn(F(Xa) = £(Xa)) = EV[trn(F(Xa) = (X))
feLipy(1)

< sp [irn(f(Xa)) — EN (a2 (Xa)))|
feLipy(1)

+2trn (g5 (1Xal — 7)) +2EV [try (96 (1Xa| — 7)), (2.36)

try(f(Xa))~EN (trn (F(Xa)))|

with gy given as in (2.33). Now,

PY( s (0Ka)) ~ B (e (X)) 2 )

fELipy(1)

< IP’N( sup trn (fr(Xa)) — EN (trn (£-(Xa)))| > é)
f€Lipy(1) 3

+ BV (2t (gn(1Xal — 7)) + 2BV tr ([ Xa |~ 7))] > %)

<BY( sup £ (Xa) BN (£ (X)) 2 )
f€Lipy(1) 3

+PN (e (951X al =) ~ENtr (951X al =7))]) = 5 = 2E Nt (95(1X A =)

SIP’N( sup ltrn(f-(XA))— EV (trn(f-(Xa)))| = g)
feLipy(1)

)
—I—IP’N(tTN(gb(\XM —T))—EN[tTN(gb(|XA| —T))] > g — 2bEN[tTN(1{\XA\2T}}> . (2.37)
Let us first bound the second probability in (2.37). Recall that the spectral radius p(Xa) =

1121:?( |A;| is a Lipschitz function of X with Lipschitz constant at most a/2/N. Hence, for any
(2
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0 <t<T,and v > 0 such that v(p,) < 1/4,

EN [tTN(1{|XA|>7—} ZP (’)\ (Xa)] >7')
<PV (p(Xa) > 7’)
<PV (g,}(xA) - gEN [p(Xa)] > gT — Ga(y ))
< exp {H(t) (\\/[TZT — Ga(y )> } (2.38)

where, above, we have used Proposition [1.1]in the next to last inequality and where the last
inequality follows from Theorem 1 in [12] (p. 1233) with

H(t):/o h(s)ds:/RNQ (et — ¢l — 1)w(du).

We want to choose 7, such that EV [trN(1{xa[>7})] < 0/12b. This can be achieved if

N In 12 4 [t
YN o)z 2 P HO), (2:39)
V2a t
Since
d (22 H(t)\  th(t)—In— H(t)
dt t B t2 ’
and .
& (B4 H(t) _ tPH(t) — 2t(th(t) — In 126 F(t))
dt? t t ’
it is clear that the right hand side of is minimized when ¢ = ¢y, where ¢ is the solution of
12b
and the minimum is then h(tg).
Thus, if
= a7 (@)
7= Co(8,b 1 h(to) ), 2.40
then 5
ENltrn (1x s j2r))] < 125’
and so,
5
Y o (X)) < BN (X =) § =200 (1 ey

< Pty (1 Xa = 7)) BN (an( (Xl -] )

< exp{ - /OW% hl(s)ds}, (2.41)
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for all 0 < § < 6v/2ah (T~) /N, where Proposition 2.1 is used in the last inequality.

For 7 chosen as in (2.40), letting K = [—7 — b,7 + b], it follows that for any f € Lipy(1),
fr € Lipx(1). By part (i), the first term in (2.37) is such that

BY( sup firn (£ (Xa) B (tr(-(Xa)))| > 2
f€Lipy(1)

<#( s ra(7(Xa) - EV (4 (Xa)) > 5 )
fr€Lipk(1)

N§2
4 9,b)+b 144v2a(Co(5,b)16) | _
- 8(Co(6,b) + )exp{ _ /144\/5 (Co(3,b)+b) h 1(s)ds}, (2.42)

< 5 ;

for all 0< 42 < 144v/2a(Cy(8,b) + b)h(T~)/N.
Hence, returning to (2.37)), using (2.41) and (2.42) and for

5 < min {6v2ah (T7) /N, \/144v/2a(Co(5,b) + b) h(T~) /N,
we have

PN( sup |trN<f<XA>>—EN(ter(XA)))rza)

feLipy(1)
Ne s N§
BLIGIUED exp{_ [ h—1<s>ds}+exp{— / Gﬁ“h—%sms}
0 0
1\ 24(Co(8,b) + b) T TR R
< <2 . 12) 5 exp{ - [ h—1<s>d5}’ e
0

since only the case § < 2b presents some interest (otherwise the probability in the statement of
the theorem is zero). Part (ii) is then proved.

a

Proof of Proposition [1.4}

As a function of z € RN, dw (i, p)(x) is Lipschitz with Lipschitz constant at most v/2a/N.
Indeed, for z,y € RNQ,

dw (), p)(x) = sup

o (FXa)@) ~ [ fdu‘

JE€Lipy(1)
< s LKA @)~ (X))
f€Lipy(1)
+ s ()W)~ [ s
feLipy(1) R
< Yyl i ) (2.44)
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Theorem [1.4] then follows from Theorem 1 in [12]. O

Proof of Corollary

For Lévy measures with bounded support, EY [et”X ”] < 400, for all ¢ > 0, and moreover

h(t) < VQ(etRR_ 1).

Hence

and 2 R
o T T T
exp{—/o h (s)ds}§exp{R—<R—|—RQ)ln<1+v2>}.

Thus, one can take

2R
s
—
Q
%]
2
+
—
9]
&
Sy
—_
N
N~——~7
+
S
N——

C(5,b) = c(

where tg is the solution, in ¢, of

V2 ‘R R 12b
ﬁ<tRe — € +1>:ln7

Applying Theorem (ii) yields the result.

In order to prove Theorem|1.11, we first need the following lemma, whose proof is essentially as
the proof of Theorem 1 in [13].

Lemma 2.2. Let X = (wﬁ,w%,wij)1§i<j§N be an a-stable vector, 0 < a < 2, with Léuvy

measure v gwen by (1.13). For any xo,x1 > 0, let guo 2 () = gz, (x — x0), where gy, (z) is
defined as in (2.33). Then,

a®o (SN 1)

B ([0 (X))~ BV v s ()| 2 9) < €l 20,

whenever §'7 >(2v/2a) (SN 1)gy JaN*F and where C(a) = 25%/2(2eq + 2 — o) /o2 — ).

Proof of Theorem 1.11

For part (i), first consider f € Lipx(1). Using the same approximation as in Theorem any
function f € Lipx (1) can be approximated by fa, which is the sum of at most |K|/A functions

g(Aj) € Lip(1), regardless of the function f. Now, and as before, for § > 2A,

127



feLipk(1)

P < sup  [trv(f(Xa)) —EY (trn(f(Xa)))| = 5)

K ; ; A6 —2A
<P B (Jorn (e (xa) - BV (o (xa)))| 2 20222
A gy, K|
gn’ €Lipy(1)
i=1..1Kh
4|K| 8%a*Cy(a)a (SN* 1) K|
< )
=75 Nog2a ’ (245)
whenever ) \[ N X
) 2v2a (o (SN N0\ 54
2.4
8|K| TN ( 4o ) ’ (2.46)

and where the last inequality follows from Lemma (2.2, taking also A = /4.

For any f € Lipy(1), and any 7 > 0, let f; be given as in (2.35). Then, f; € Lipx(1), where
K = [-7 — b, 7 + 1], and moreover,

PY( s (X))~ B e (X)) 2 )
fE€Lipy(1)

< B (tr (g1 X ) BNt (075X aD) > 3 20BNty (1 x5 1)
PPV sup [t (Xa)) — BN (- (Xa)) 2 ). (247
fr€Lipi(1)

The spectral radius p(X 4 ) is a Lipschitz function of X with Lipschitz constant at most v/2a/v/N.
Then by Theorem 1 in [13],

<pY <p<XA> m(p(Xa)) > 7~ fN“Jl(a))

_ C1(a)29/2a0g (SN~ 1)

< = (2.48)
Ne/2 (7 — 227, (a))
whenever 2 NP
2a ¢ 201 («)2%2a%a (SN
(T - \/le(a)> 2 NCV/2 s (249)

and where C (o) =4%(2 — a+ ea)/a(2 — a). Now, if 7 is chosen such that

Ci(@)2*/%a%o (SN 1) _ 5
Ne/2 (7 — Y227, (a))® T 120
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that is, if

(T Vaa <a>)a > 1201 (@2 Pato($T ) (2.50)

—7\/N 1 5]\7‘1/2 )

it then follows that 5

= 12b

Since g, (| Xal) is the sum of two functions of the type studied in Lemma 2.2 with z1 = b, we
have,

EN[trn (1gx o j573)] <

BV (1 (97 (XA D) ~EV [t (97 (XA )] 2 2 2B [ty (L))

w

< 2PV (tTN(gT,b(XA)) — ENtry (975(Xa))] = 152)
129620 (SN 1)

< 205(a) Naga , (2.51)
whenever Y . NP
2v/2a\ 1+ 121t eg (SN 1)
1+a
SNCON e ooy

and where Cy () = 2°%/2(2ea 42— ) /a(2 — ). The respective ranges (2.50) and (2.52) suggest
that one can choose, for example,

V2a V2a

7J1( ) + —=0.

vIN v N
Then, there exists d(«, a, N,v) such that for 6 > §(a, a, N,v),

PY( sup [trn(f(Xa)) ~ BNt (f(Xa))]] 2 )
f€Lipy(1)

< ]P’N< sup ltrn (fr(Xa)) — EN[trn (f-(Xa))]| > é)
frLipxc (1) 3

o
+ PNt (g (X a ) ~E” [ (9r0(1XA D)) 2 5 26BN frry (L 2]
< Cy(a)aa(SN 1) (e (a) + b+ %5) Ca@)ato(SN*1)
- Najl+2a + Nagjo ’

where Cs(a) = 24129129Cy(a), Cy(a) = 2(12%)C2(a) and §(«, a, N,v) is such that (2.46) and
2.52) hold.

Part (ii) is a direct consequence of Theorem 1 of [13], since dw (i, 1) € Lip(v/2a/N) as shown
in the proof of Proposition [1.4. O

Proof of Theorem [1.12. For any f € Lip(1), Theorem 1 in [13] gives a concentration inequal-
ity for f(X), when it deviates from one of its medians. For 1 < a < 2, a completely similar
(even simpler) argument gives the following result,

Cla)a(SN* 1)

xOé

PV(f(X) - EV[f(X)]22) < , (2.53)
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whenever 2¢ > K(a)o(SY° 1), where C(a) = 2%(ea + 2 — a)/(a(2 — @) and K(a) =
max {2%/(a — 1),C() }.

Next, following the proof of Theorem [1.2, approximate any function f € Lipy(1) by fr €
Lip;_r_p +14)(1) defined via (2.35). Hence,

PY( sup |try(f(Xa)) — BN (trn(f(Xa)))] = 6)
feLipy(1)

<PV( sup (£ (Xa) — BV (trw (£ (Xa))| = 0)
freLipe(1) s

+pN(trN<gT,b<|XA|)>—EN[tmgT,buxAD)J >

Wl

—ZbEN[trN(l{‘XA‘ZT}]). (2.54)

For p(Xa) the spectral radius of the matrix X, and for any 7, such that 7 — EN[p(X )] >

(%K(a)a(SNLl)y/aa !

EN (tr(Lxa o) < PN (p(Xa) = EV[p(Xa)] = 7 = EV[p(Xa)])
V2a
VN

(1 —EN[p(Xa)])*

where we have used, in the last inequality, (2.53) and the fact that p(Xa) € Lip(v/2a/v/'N). For
Q >0, let 7 = EN[p(Xa)] + Q5~1/*. With this choice, we then have:

(2.55)

EN (trn(Lxapsry)) <

ﬁa>aC(Q)J(SN271)
— EN[p(Xa)])"

(2.56)

provided Q“/6 > 2aK(a)o(SN*~1)/\/N, and (%)aC(a)U(SNLI)/QO‘ < 1/(12b). Now,

taking Q = ﬂa(lQbC(a)o(SNQ_l))UO‘/\/N, and recalling, for 1 < a < 2, the lower range
concentration result for stable vectors (Theorem 1 and Remark 3 in [5]): For any e > 0, there
exists 7o (€), such that for all 0 < 6 < \/§a||f”LipT]O(6)/N?

P (try (f(Xa)) — EN (trn (f(Xa))) > 0)

e

2-a({a—1\a7 a—1
(g N o
<(1+¢) exp{ - (o(SN?~1))1/(a=1) (ﬂa”f”[/ip) 0 } (2.57)

—
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With arguments as in the proof of Theorem 1.2} if

1/2

a a a 2 1/0&
5<n@r—<”§2(j%wa+h+(j§/awowN5) )mﬁo ,

there exist constants D (a, a, N, U(SNLl)) and Do (a, a, N, J(Sszl)), such that the first term
in (2.54) is bounded above by

D N,o(SN~1 o
(1+e€) 1(a, @ 5;5( )) exp(—Dg(a,a, N, U(SNz_l))é%wjll). (2.58)

Indeed, with the choice of 7 above and D* as in (1.25), 2(7 + b) < D*/§%/*. Moreover, as in
obtaining (2.34), Dy can be chosen to be 24D*, while Ds can be chosen to be

o (%) ( N > .
1 = T
(o(ge-ny) ™ \V20/ - (72D7)
Next, as already mentioned, J2(c) can be replaced by EN[|| X||]. In fact, according to (1.7) and

an estimation in [14], if EN[X] = 0, then

-
4(2 — a)/e

(V1YY < BN x| < T (s
8((2 — )(a—1))"

Finally, note that, as in the proof of Theorem [1.2 (ii), the second term in (2.54) is dominated
by the first term. The theorem is then proved, with the constant Dy (a, N,o(SN 2*1)) magnified
by 2. O

Proof of Corollary 1.14] As a function of (ij, Y{,j)lgiSKJSjSNa with the choice of A made

in , Amaz(Xa) € Lip(v/2). Hence part(i) is a direct application of Theorem 1 in [12], while
part(ii) can be obtained by applying Theorem [1.7.

O]
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