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Abstract

This work introduces the extended Skorokhod problem (ESP) and associated extended
Skorokhod map (ESM) that enable a pathwise construction of reflected diffusions that
are not necessarily semimartingales. Roughly speaking, given the closure G of an open
connected set in R, a non-empty convex cone d(z) C RY specified at each point z on
the boundary 0G, and a cadlag trajectory 1 taking values in R7, the ESM T defines a
constrained version ¢ of 1 that takes values in G and is such that the increments of ¢ — 1 on
any interval [s, ] lie in the closed convex hull of the directions d(¢(u)),u € (s,t]. When the
graph of d(-) is closed, the following three properties are established: (i) given v, if (¢,n)
solve the ESP then (¢, n) solve the corresponding Skorokhod problem (SP) if and only if 7
is of bounded variation; (ii) given v, any solution (¢, 7n) to the ESP is a solution to the SP
on the interval [0,7p), but not in general on [0, 9], where 7g is the first time that ¢ hits the
set V of points 2 € G such that d(z) contains a line; (iii) the graph of the ESM T is closed
on the space of cadlag trajectories (with respect to both the uniform and the J;-Skorokhod
topologies).

The paper then focuses on a class of multi-dimensional ESPs on polyhedral domains with a
non-empty V-set. Uniqueness and existence of solutions for this class of ESPs is established
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and existence and pathwise uniqueness of strong solutions to the associated stochastic
differential equations with reflection is derived. The associated reflected diffusions are also
shown to satisfy the corresponding submartingale problem. Lastly, it is proved that these
reflected diffusions are semimartingales on [0, 79]. One motivation for the study of this class
of reflected diffusions is that they arise as approximations of queueing networks in heavy
traffic that use the so-called generalised processor sharing discipline

Key words: reflected diffusions,reflected Brownian motion,Skorokhod map, skorokhod
problem,reflection map,extended Skorokhod map,extended Skorohod problem, stochastic
differential equations with reflection,submartingale problem, semimartingales, generalised
processor sharing,strong solutions

AMS 2000 Subject Classification: Primary 60H10; Secondary: 60G17,
60G0760K35;60J05.

Submitted to EJP on March 27 2005, final version accepted July 28 2006.

935



1 Introduction

1.1 Background and Motivation

Let G be the closure of an open, connected domain in R’. Let d(-) be a set-valued mapping
defined on the boundary dG of G such that for every x € 0G, d(x) is a non-empty, closed and
convex cone in R’ with vertex at the origin {0}, and the graph {(z,d(x)) : * € G} of d(-) is
closed. For convenience, we extend the definition of d(-) to all of G by setting d(x) = {0} for z in
the interior G° of G. In this paper we are concerned with reflected deterministic and stochastic
processes, and in particular reflected Brownian motion, associated with a given pair (G, d(-)).
Loosely speaking, reflected Brownian motion behaves like Brownian motion in the interior G° of
the domain G and, whenever it reaches a point z € G, is instantaneously restricted to remain
in G by a constraining process that pushes along one of the directions in d(z). For historical
reasons, this constraining action is referred to as instantaneous reflection, and so we will refer to
d(-) as the reflection field. There are three main approaches to the study of reflected diffusions
— the Skorokhod Problem (SP) approach, first introduced in [42] and subsequently developed
in numerous papers such as [1I, 12], 18| 27, 32} 41}, [44], the submartingale problem formulation,
introduced in [43], and Dirichlet form methods (see, for example, [9, 26] and references therein).
In the SP approach, the reflected process is represented as the image of an unconstrained process
under a deterministic mapping referred to as the Skorokhod Map (SM). A rigorous definition
of the SP is given below. Let D[0,00) be the space of R7-valued, right-continuous functions
on [0,00) that have left limits in (0,00). Unless stated otherwise, we endow D [0,00) with
the topology of uniform convergence on compact intervals, and note that the resulting space
is complete [5, B5]. Let D¢ [0,00) (respectively, Dy [0,00)) be the subspace of functions f in
D[0,00) with f(0) € G (respectively, f(0) =0) and let BV [0, 00) be the subspace of functions
in Dy [0, 00) that have finite variation on every bounded interval in [0, 00). For n € BV [0, c0)
and t € [0,00), we use |n|(t) to denote the total variation of n on [0,¢]. Also, for z € G, let
d'(x) denote the intersection of d(x) with S1(0), the unit sphere in R’ centered at the origin. A
precise formulation of the SP is given as follows.

Definition 1.1. (Skorokhod Problem) Let (G,d(:)) and ¢ € Dg[0,00) be given. Then
(¢,m) € Dg [0,00) x BV [0,00) solve the SP for ¢ if $(0) = 1(0), and if for all t € [0,00), the
following properties are satisfied:

1. ¢(t) = ¥(t) + n(t);

2. ¢(t) € G;

3. |nl(t) < oo;

4110 = [ Lisreoralnl();

)

5. There erists a measurable function v : [0,00) — S1(0) such that y(t) € d*(p(t)) (d|n]-
almost everywhere) and

n(t) = /[0 RICILIO!
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Note that properties 1 and 2 ensure that n constrains ¢ to remain within G. Property 3 requires
that the constraining term 7 has finite variation (on every bounded interval). Property 4 allows
n to change only at times s when ¢(s) is on the boundary G, in which case property 5 stipulates
that the change be along one of the directions in d(¢(s)). If (¢, ¢ —1) solve the SP for v, then we
write ¢ € I'(¢), and refer to I" as the Skorokhod Map (henceforth abbreviated as SM). Observe
that in general the SM could be multi-valued. With some abuse of notation we write ¢ = I'(¢)
when T is single-valued and (¢, ¢ — 1) solve the SP for ¢. The set of ¢ € D¢ [0, 00) for which
there exists a solution to the SP is defined to be the domain of the SM I', denoted dom (I').

The SP was first formulated for the case G = R, the non-negative real line, and d(0) = e; by
A.V. Skorokhod [42] in order to construct solutions to one-dimensional stochastic differential
equations with reflection (SDERs), with a Neumann boundary condition at 0. As is well-known
(see, for example, [I]), the associated one-dimensional SM, which we denote by I';, admits the
following explicit representation (here a V b denotes the maximum of a and b):

[1(4)(t) = ¢(t) + sup [=4(s)] V0. (1.1)

s€[0,¢]

If W is an adapted, standard Brownian motion defined on a filtered probability space
((Q,F,P),{F:}), then the map I'y can be used to construct a reflected Brownian motion Z
by setting Z(w) = 'y (W (w)) for w € Q. Since the SP is a pathwise technique, it is especially
convenient for establishing existence and pathwise uniqueness of strong solutions to SDERs.
Another advantage of the SP is that, unlike the submartingale problem, it can be used to con-
struct reflected stochastic processes that are not necessarily diffusions or even Markov processes.
On the other hand, any reflected stochastic process defined as the image of a semimartingale
under the SM must itself necessarily be a semimartingale (this is an immediate consequence
of property 3 of the SP). Thus the SP formulation does not allow the construction of reflected
Brownian motions that are not semimartingales.

A second, probabilistic, approach that is used to analyse reflected diffusions is the submartingale
problem, which was first formulated in [43] for the analysis of diffusions on smooth domains
with smooth boundary conditions and later applied to nonsmooth domains (see, for example,
[15] 16l 31, 45, 46]). The submartingale problem associated with a class of reflected Brownian
motions (RBMs) in the J-dimensional orthant that are analysed in this paper is described in
Definition The submartingale formulation has the advantage that it can be used to construct
and analyse reflected diffusions that are not necessarily semimartingales. A drawback, however,
is that it only yields weak existence and uniqueness of solutions to the associated SDERs. The
third, Dirichlet form, approach, has an analytic flavor and is particularly well-suited to the study
of symmetric Markov processes (e.g. Brownian motion with normal reflection) in domains with
rough boundaries. However, once again, this approach only yields weak existence and uniqueness
of solutions [9], 26].

In this paper we introduce a fourth approach, which we refer to as the Extended Skorokhod
Problem (ESP), which enables a pathwise analysis of reflected stochastic processes that are not
necessarily semimartingales. As noted earlier, the inapplicability of the SP for the construction
of non-semimartingale reflected diffusions is a consequence of property 3 of the SP, which requires
that the constraining term, 7, be of bounded variation. This problem is further compounded by
the fact that properties 4 and 5 of the SP are also phrased in terms of the total variation measure
d|n|. Tt is thus natural to ask if property 3 can be relaxed, while still imposing conditions that
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suitably restrict (in the spirit of properties 4 and 5 of the SP) the times at and directions in
which 7 can constrain ¢. This motivates the following definition.

Definition 1.2. (Extended Skorokhod Problem) Suppose (G,d(-)) and ¢» € Dg [0, 00) are
given. Then (¢,n) € Dg[0,00) x D[0,00) solve the ESP for v if ¢(0) = ¥(0), and if for all
t € [0,00), the following properties hold:

1. ¢(t) = (1) +n(t);
2. ¢(t) € G;

3. For every s € [0,t]
1(t) —1(s) €T [Une(s gd(d(w))] (1.2)

where TO[A] represents the closure of the convex hull generated by the set A;

4. n(t) —n(t—) e cold(¢(t))] -

Observe that properties 1 and 2 coincide with those of the SP. Property 3 is a natural general-
isation of property 5 of the SP when 7 is not necessarily of bounded variation. However, note
that it only guarantees that

n(t) —n(t—) € cold(¢(t)) Ud((t—))] fort € [0,00).

In order to ensure uniqueness of solutions under reasonable conditions for paths that exhibit
jumps, it is necessary to impose property 4 as well. Since d(x) = {0} for x € G°, properties 3
and 4 of the ESP together imply that if ¢(u) € G° for u € [s,t], then n(t) = n(s—), which is a
natural generalisation of property 4 of the SP. As in the case of the SP, if (¢,7) solve the ESP
for 1, we write ¢ € T'(1)), and refer to I' as the Extended Skorokhod Map (ESM), which could
in general be multi-valued. The set of ¢ for which the ESP has a solution is denoted dom (T).
Once again, we will abuse notation and write ¢ = (1)) when ¢ € dom (') and T'(v)) = {¢} is
single-valued.

The first goal of this work is to introduce and prove some general properties of the ESP, which
show that the ESP is a natural generalisation of the SP. These (deterministic) properties are
summarised in Theorem The second objective of this work is to demonstrate the usefulness
of the ESP for analysing reflected diffusions. This is done by focusing on a class of reflected
diffusions in polyhedral domains in R’ with piecewise constant reflection fields (whose data
(G,d(-)) satisfy Assumption B.1). As shown in [21], 23, 36, 37], ESPs in this class arise as
models of queueing networks that use the so-called generalised processor sharing (GPS) service
discipline. For this class of ESPs, existence and pathwise uniqueness of strong solutions to
the associated SDERs is derived, and the solutions are shown to also satisfy the corresponding
submartingale problem. In addition, it is shown that the J-dimensional reflected diffusions are
semimartingales on the closed interval [0, 79|, where 79 is the first time to hit the origin. These
(stochastic) results are presented in Theorem It was shown in [48] that when J = 2, RBMs
in this class are not semimartingales on [0,00). In subsequent work, the results derived in this
paper are used to study the semimartingale property on [0, 00) of higher-dimensional reflected
diffusions in this class. The applicability of the ESP to analyse reflected diffusions in curved
domains will also be investigated in future work. In this context, it is worthwhile to note that
the ESP coincides with the Skorokhod-type lemma introduced in [§] for the particular two-
dimensional thorn domains considered there (see Section for further discussion). The next
section provides a more detailed description of the main results.
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1.2 Main Results and Outline of the Paper

The first main result characterises deterministic properties of the ESP on general domains G
with reflection fields d(-) that have a closed graph. As mentioned earlier, the space D [0, 00) is
endowed with the topology of uniform convergence on compact sets (abbreviated u.o.c.). For
notational conciseness, throughout the symbol — is used to denote convergence in the u.o.c.
topology. On occasion (in which case this will be explicitly mentioned), we will also consider the
Skorokhod J; topology on D [0, c0) (see, for example, Section 12.9 of [47] for a precise definition)

and use 2 to denote convergence in this topology. Recall S1(0) is the unit sphere in R” centered
at the origin. The following theorem summarises the main results of Section Properties 1
and 2 of Theorem [I.3] correspond to Lemma property 3 is equivalent to Theorem and
property 4 follows from Lemma [2.5] and Remark

Theorem 1.3. Given (G,d(-)) that satisfy Assumption let T and T be the corresponding
SM and ESM. Then the following properties hold.

1. dom (') C dom (') and for v € dom (T), ¢ € T'(¢)) = ¢ € T(¢).

2. Suppose (¢,n) € Dg[0,00) x Dy [0,00) solve the ESP for 1) € dom (I'). Then (¢,n) solve
the SP for ¢ if and only if n € BV [0, 00).

3. If (¢,m) solve the ESP for some 1 € dom (') and 1o = inf{t > 0: ¢(t) € V}, where
V ={x € 0G : there exists d € S1(0) such that {d,—d} C d(x)},

then (¢,n) also solve the SP for ¢ on [0,70). In particular, if V =0, then (¢,n) solve the
SP for .

4. Given a sequence of functions {tn} such that 1, € dom (T'), for n € N, and ¢, — ¥, let
{én} be a corresponding sequence with ¢y, € I'(y) for n € N. If there exists a limit point
¢ of the sequence {¢,} with respect to the wu.o.c. topology, then ¢ € I'(v). The statement

continues to hold if 1, — ¥ is replaced by v, iy Y and ¢ is a limit point of {¢pn} with
respect to the Skorokhod Jy topology.

The first three results of Theorem demonstrate in what way the ESM T is a generalisation
of the SM I'. In addition, Corollary proves that the ESM is in fact a strict generalisation of
the SM T for a large class of ESPs with V # (). Specifically, for that class of ESPs it is shown
that there always exists a continuous function v and a pair (¢, n) that solve the ESP for ¢ such
that |n|(79) = co. The fourth property of Theorem |1.3] stated more succinctly, says that if d(-)
has a closed graph on R”, then the corresponding (multi-valued) ESM T also has a closed graph
(where the closure can be taken with respect to either the u.o.c. or Skorokhod J; topologies). As
shown in Lemma the closure property is very useful for establishing existence of solutions
— the corresponding property does not hold for the SM without the imposition of additional
conditions on (G, d(-)). For example, the completely-S condition in [4, 33], or generalisations of
it introduced in [12] and [I§], were imposed in various contexts to establish that the SM I" has
a closed graph. However, all these conditions imply that V = (). Thus properties 3 and 4 above
together imply and generalise (see Corollary and Remark the closure property results
for the SM established in [4, 12} 18] 33].
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While Theorem establishes some very useful properties of the ESP under rather weak as-
sumptions on (G,d(-)), additional conditions are clearly required to establish existence and
uniqueness of solutions to the ESP (an obvious necessary condition for existence of solutions
is that for each = € OG, there exists a vector d € d(z) that points into the interior of G).
Here we do not attempt to derive general conditions for existence and uniqueness of solutions to
the ESP on arbitrary domains. Indeed, despite a lot of work on the subject (see, for example,
[, 4, 12], 18], 22] 23], 27), 32} [44]), necessary and sufficient conditions for existence and uniqueness
of solutions on general domains are not fully understood even for the SP. Instead, in Section [3]
we focus on a class of ESPs in polyhedral domains with piecewise constant d(-). We establish
sufficient conditions for existence and uniqueness of solutions to ESPs in this class in Section
and in Theorem [3.6| verify these conditions for the GPS family of ESPs described in Section
This class of ESPs is of interest because it characterises models of networks with fully co-
operative servers (see, for instance, [21} 23] 24], 36, [37]). Applications, especially from queueing
theory, have previously motivated the study of many polyhedral SPs with oblique directions of
constraint (see, for example, [11], 13| 27]).

In Section ] we consider SDERs associated with the ESP. The next main theorem summarises
the results on properties of reflected diffusions associated with the GPS ESP, which has as
domain G = Ri, the non-negative J-dimensional orthant. To state these results we need to first
introduce some notation. For a given integer J > 2, let 17 be the set of continuous functions
w from [0,00) to R{ = {x € R’ : 2; > 0,4 =1,...,J}. For t > 0, let M; be the o-algebra of
subsets of Q7 generated by the coordinate maps 7s(w) = w(s) for 0 < s < ¢, and let M denote
the associated o-algebra o{ms : 0 < s < co}. The definition of a strong solution to an SDER
associated with an ESP is given in Section [4.1

Theorem 1.4. Consider drift and dispersion coefficients b(-) and o(-) that satisfy the usual
Lipschitz conditions (stated as Assumption (1)) and suppose that a J-dimensional, adapted
Brownian motion, {X;,t > 0}, defined on a filtered probability space ((Q, F, P),{F}) is given.
Then the following properties hold.

1. For every z € Ri, there exists a pathwise unique strong solution Z to the SDER associated
with the GPS ESP with initial condition Z(0) = z. Moreover, Z is a strong Markov
process.

2. Suppose, in addition, that the diffusion coefficient is uniformly elliptic (see Assumption
(2)) If for each z € Ri, Q. is the measure induced on (Qy, M) by the law of the
pathwise unique strong solution Z with initial condition z, then for J = 2, {Q,,z € Ri}
satisfies the submartingale problem associated with the GPS ESP (described in Definition

K-

3. Furthermore, if the diffusion coefficient is uniformly elliptic, then Z is a semimartingale
on [0, 79|, where 1y is the first time to hit the set V = {0}.

The first statement of Theorem follows directly from Corollary [£.4] while the second prop-
erty corresponds to Theorem As can be seen from the proofs of Theorem and Corollary
the existence of a strong solution Z to the SDER associated with the GPS ESP (under
the standard assumptions on the drift and diffusion coefficients) and the fact that Z is a semi-
martingale on [0, 7p) are quite straightforward consequences of the corresponding deterministic
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results (specifically, Theorem and Theorem . In turn, these properties can be shown
to imply the first two properties of the associated submartingale problem. The proof of the
remaining third condition of the submartingale problem relies on geometric properties of the
GPS ESP (stated in Lemma that reduce the problem to the verification of a property of
one-dimensional reflected Brownian motion, which is carried out in Corollary

The most challenging result to prove in Theorem is the third property, which is stated as
Theorem[5.10} As Theorem [3.8|demonstrates, this result does not carry over from a deterministic
analysis of the ESP, but instead requires a stochastic analysis. In Section [5] we first establish
this result in a more general setting, namely for strong solutions Z to SDERs associated with
general (not necessarily polyhedral) ESPs. Specifically, in Theorem we identify sufficient
conditions (namely inequalities and and Assumption for the strong solution Z
to be a semimartingale on [0, 79]. The first inequality requires that the drift and diffusion
coefficients be uniformly bounded in a neighbourhood of V. This automatically holds for the GPS
ESP with either bounded or continuous drift and diffusion coefficients since, for the GPS ESP,
VY = {0} is bounded. The second inequality is verified in Corollary As shown there,
due to a certain relation between Z and an associated one-dimensional reflected diffusion (see
Corollary for a precise statement) the verification of the relation essentially reduces
to checking a property of an ordinary (unconstrained) diffusion. The key condition is therefore
Assumption [5.1] which requires the existence of a test function that satisfies certain oblique
derivative inequalities on the boundary of the domain. Section [6]is devoted to the construction
of such a test function for (a slight generalisation of) the GPS family of ESPs. This construction
may be of independent interest (for example, for the construction of viscosity solutions to related
partial differential equations [19]).

A short outline of the rest of the paper is as follows. In Section [2| we derive deterministic
properties of the ESP on general domains (that satisfy the mild hypothesis stated as Assumption
— the main results of this section were summarised above in Theorem In Section |3} we
specialise to the class of so-called polyhedral ESPs (described in Assumption . We introduce
the class of GPS ESPs in Section and prove some associated properties. In Section [4]
we analyse SDERs associated with ESPs. We discuss the existence and uniqueness of strong
solutions to such SDERs in Section and show that the pathwise unique strong solution
associated with the GPS ESP solves the corresponding submartingale problem in Section In
Section [5] we state general sufficient conditions for the reflected diffusion to be a semimartingale
on [0,7p] and then verify them for non-degenerate reflected diffusions associated with the GPS
ESP. This entails the construction of certain test functions that satisfy Assumption the
details of which are relegated to Section [6]

1.3 Relation to Some Prior Work

When J = 2, the data (G,d(-)) for the polyhedral ESPs studied here corresponds to the two-
dimensional wedge model of [46] with @ = 1 and the wedge angle less than 7. In [46], the
submartingale problem approach was used to establish weak existence and uniqueness of the
associated reflected Brownian motions (RBMs). Corollary of the present paper (specialised
to the case J = 2) establishes strong uniqueness and existence of associated reflected diffusions
(with drift and diffusion coefficient satisfying the usual Lipschitz conditions, and the diffusion
coefficient possibly degenerate), thus strengthening the corresponding result (with @ = 1) in
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Theorem 3.12 of [46]. The associated RBM was shown to be a semimartingale on [0, 70] in Theo-
rem 1 of [48] and this result, along with additional work, was used to show that the RBM is not
a semimartingale on [0, 00) in Theorem 5 of [48]. An explicit semimartingale representation for
RBMs in certain two-dimensional wedges was also given in [14]. Here we employ different tech-
niques, that are not restricted to two dimensions, to prove that the J-dimensional GPS reflected
diffusions (for all J > 2) are semimartingales on [0, 7p]. This result is used in a forthcoming
paper to study the semimartingale property of this family of J-dimensional reflected diffusions
on [0,00). Investigation of the semimartingale property is important because semimartingales
comprise the natural class of integrators for stochastic integrals (see, for example, [3]) and the
evolution of functionals of semimartingales can be characterized using It6’s formula.

Although this paper concentrates on reflected diffusions associated with the class of GPS ESPs,
or more generally on ESPs with polyhedral domains having piecewise constant reflection fields,
as elaborated below, the ESP is potentially also useful for analysing non-semimartingale reflected
diffusions in curved domains. In view of this fact, many results in the paper are stated in greater
generality than required for the class of polyhedral ESPs that are the focus of this paper. Non-
semimartingale RBMs in 2-dimensional cusps with normal reflection fields were analysed using
the submartingale approach in [I5, 16]. In [8], a pathwise approach was adopted to examine
properties of reflected diffusions in downward-pointing 2-dimensional thorns with horizontal
vectors of reflection. Specifically, the thorns G considered in [8] admit the following description
in terms of two continuous real functions L, R defined on [0,00), with L(0) = R(0) = 0 and
L(y) < R(y) for all y > 0: G = {(z,y) € R? : y > 0,L(y) < z < R(y)}. The deterministic
Skorokhod-type lemma introduced in Theorem 1 of [§] can easily be seen to correspond to
the ESP associated with (G, d(-)), where d(-) is specified on the boundary 0G by d((z,y)) =
{ae1,a > 0} when x = L(y),y # 0, d((x,y)) = {—aei,a > 0} when z = R(y),y # 0,
d((0,0)) = {(z,y) € R? : y > 0} and, as usual, d(z) = {0} for x € G°. The Skorokhod-
type lemma of [8] can thus be viewed as a particular two-dimensional ESP, and existence and
uniqueness for solutions to this ESP for continuous functions ¢ (defined on [0,00) and taking
values in R?) follows from Theorem 1 of [§]. While the Skorokhod-type lemma of [8] was
phrased in the context of the two-dimensional thorns considered therein, the ESP formulation is
applicable to more general reflection fields and domains in higher dimensions. The Skorokhod-
type lemma was used in [§] to prove an interesting result on the boundedness of the variation
of the constraining term 7 during a single excursion of the reflected diffusions in these thorns.
Other works that have studied the existence of a semimartingale decomposition for symmetric,
reflected diffusions associated with Dirichlet spaces on possibly non-smooth domains include
[9, [10].

1.4 Notation

Here we collect some notation that is commonly used throughout the paper. Given any subset F
of R7, D(]0,00) : E) denotes the space of right continuous functions with left limits taking values
in F, and BV (]0,00) : E) and C([0,0) : E), respectively, denote the subspace of functions that
have bounded variation on every bounded interval and the subspace of continuous functions.
Given G C E C R’, Dg([0,00) : E) = D([0,00) : E)YN{f € D([0,00) : E) : f(0) € G} and
Cc([0,00) : E) is defined analogously. Also, Dy([0,00) : E) and BV([0,00) : E) are defined to
be the subspace of functions f that satisfy f(0) = 0 in D([0,00) : E) and BV ([0,00) : E), re-
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spectively. When E = R”, for conciseness we denote these spaces simply by D [0,00), Dy [0, 00),
D¢ [0,00), BV [0,00), BV [0,00), C[0,00) and Cq [0, 00), respectively. Unless specified other-
wise, we assume that all the function spaces are endowed with the topology of uniform conver-
gence (with respect to the Euclidean norm) on compact sets, and the notation f, — f implies
that f, converges to f in this topology, as n — oo. For f € BV([0,00) : E) and t € [0,00),
let |f|(t) be the total variation of f on [0,¢] with respect to the Euclidean norm on E, which
is denoted by |- |. For f € D([0,00) : E) and t € [0,00), , as usual f(t—) = limg f(s). For
U C R7, we use C(U) and C'(U), respectively, to denote the space of real-valued functions
that are continuous and 7 times continuously differentiable on some open set containing U. Let
supp|f] represent the support of a real-valued function f and for f € C'(E), let Vf denote the
gradient of f.

We use K and J to denote the finite sets {1,..., K} and {1,...,J}, respectively. Given real
numbers a,b, we let a A b and a V b denote the minimum and maximum of the two numbers
respectively. For a € R, as usual [a] denotes the least integer greater than or equal to a. Given
vectors u,v € R/, both (u,v) and u - v will be used to denote inner product. For a finite set
S, we use #[S] to denote the cardinality of the set S. For z € R/, d(z,A) = infyeca |z — y|
is the Euclidean distance of x from the set A. Moreover, given § > 0, we let Ns(A) = {y €
R” : d(y,A) < &}, be the closed é-neighbourhood of A. With some abuse of notation, when
A = {x} is a singleton, we write Ns(z) instead of Ns({z}) and write N°(J) to denote the interior
(N(8))° of Ns. Ss(x) = {y € R' : |y — 2| = &} is used to denote the sphere of radius J centered
at z. Given any set A C R’ we let A°, A and OA denote its interior, closure and boundary
respectively, 1 4(-) represents the indicator function of the set A, ¢6[A] denotes the (closure of
the) convex hull generated by the set A and cone[A] represents the closure of the non-negative
cone {ax : a > 0,2 € A} generated by the set A. Given sets A, M C R’ with A C M, A is said
to be open relative to M if A is the intersection of M with some open set in R”. Furthermore,
a point x € A is said to be a relative interior point of A with respect to M if there is some € > 0
such that N.(x) N M C A, and the collection of all relative interior points is called the relative
interior of A, and denoted as rint(A).

2 Properties of the Extended Skorokhod Problem

As mentioned in the introduction, throughout the paper we consider pairs (G, d(-)) that satisfy
the following assumption.

Assumption 2.1. (General Domains) G is the closure of a connected, open set in R’. For
every x € 0G, d(x) is a non-empty, non-zero, closed, convex cone with vertex at {0}, d(x) = {0}
for x € G° and the graph {(x,d(x)),x € G} of d(-) is closed.

Remark 2.2. Recall that by definition, the graph of d(-) is closed if and only if for every pair
of convergent sequences {z,} C G, z, — z and {d,} € R’, d,, — d such that d,, € d(x,,) for
every n € N, it follows that d € d(x). Now let

d'(z) = d(x) N Sy (0) forze G (2.3)

and consider the map d'(-) : 0G — S1(0). Since G and S1(0) are closed, Assumption
implies that the graph of d'(-) is also closed. In turn, since S;(0) is compact, d'(z) is compact
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for every x € G, and so this implies that d!(-) is upper-semicontinuous (see Proposition 1.4.8
and Definition 1.4.1 of [2]). In other words, this means that for every « € G, given § > 0 there
exists # > 0 such that

Uyeny(mnac d' () € Ns(d' () N S1(0). (2.4)
Since d(z) = {0} for z € G°, this implies in fact that given § > 0, there exists > 0 such that
0 [Uyeny(x)d(y)] C cone [Ns (dl(m))] : (2.5)

In fact, since each d(x) is a non-empty cone, the closure of the graph of d(-) is in fact equivalent
to the upper semicontinuity (u.s.c.) of d'(-). The latter characterisation will sometimes turn
out to be more convenient to use.

In this section, we establish some useful (deterministic) properties of the ESP under the relatively
mild condition stated in Assumption 2.1} In Section we characterise the relationship between
the SP and the ESP. Section introduces the concept of the V-set, which plays an important
role in the analysis of the ESP, and establishes its properties.

2.1 Relation to the SP

The first result is an elementary non-anticipatory property of solutions to the ESP, which
holds when the ESM is single-valued. A map A : D[0,00) — D[0,00) will be said to be
non-anticipatory if for every 1,1’ € D[0,00) and T € (0, 00), ©(u) = ' (u) for u € [0, T| implies
that A(¢)(u) = A(W')(u) for u € [0,T].

Lemma 2.3. (Non-anticipatory property) Suppose (¢,7n) solve the ESP (G,d(-)) for ¢ €
D¢ [0,00) and suppose that for T € [0, 00),

$TC) =T +), YT =(T +) = (D), 0" () =0T +-) —n(T).

Then (¢*,n") solve the ESP for ¢(T)+T. Moreover, if (¢,n) is the unique solution to the ESP
for i then for any [T, S] C [0,00), ¢(S) depends only on ¢(T') and the values {1(s),s € [T, S]}.
In particular, in this case the ESM and the map ¢ — 1 are non-anticipatory.

Proof. The proof of the first statement follows directly from the definition of the ESP. Indeed,
since (¢,7) solve the ESP for 1), it is clear that for any T < co and t € [0, 00), ¢ (t) — 1T () is
equal to

T +1t) = (T +1t) +n(T) = (T +1) + $(T) = (T) = ¢(T) + " (1),

which proves property 1 of the ESP. Property 2 holds trivially. Finally, for any 0 < s <t < o0,
nT(t) —nT(s) is equal to

(T + 1) = (T + 5) € O [Uue(ris,r40d(d(w))] = 0 [Une(s gd(o” (w))] |

which establishes property 3. Property 4 follows analogously, thus proving that (¢7,n”) solve
the ESP for ¢(T) + 47.

If (¢, n) is the unique solution to the ESP for 1, then the first statement of the lemma implies
that for every T' € [0,00) and S > T, ¢(S) = T(¢(T) + 1) (S — T) and n(S) = ¢(S) — ¥(S).
This immediately proves the second and third assertions of the lemma. O
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The next result describes in what sense the ESP is a generalisation of the SP. It is not hard to
see from Definition that any solution to the SP is also a solution to the ESP (for the same
input ). Lemma shows in addition that solutions to the ESP for a given v are also solutions
to the SP for that v precisely when the corresponding constraining term 7 is of finite variation
(on bounded intervals).

Lemma 2.4. (Generalisation of the SP) Given data (G, d(-)) that satisfies Assumption[2.1]
let ' and T, respectively, be the associated SM and ESM. Then the following properties hold.

1. dom (T") € dom (T") and for ¢ € dom (T), ¢ € T'\(¢)) = ¢ € T'(2).

2. Suppose (¢p,n) € Dg[0,00) x Dy [0,0) solve the ESP for 1 € dom (T'). Then (¢,n) solve
the SP for 1 if and only if n € BV [0, 00).

Proof. The first assertion follows directly from the fact that properties 1 and 2 are common to
both the SP and the ESP, and properties 3-5 in Definition of the SP imply properties 3 and
4 in Definition [[.2] of the ESP.

For the second statement, first let (¢, 1) € D¢ [0, 00) x Dy [0, 00) solve the ESP for ¢ € dom (T).
If n ¢ BV [0, 00), then property 3 of the SP is violated, and so clearly (¢,7n) do not solve the SP
for 1. Now suppose n € BV [0,00). Then (¢, n) automatically satisfy properties 1-3 of the SP.
Also observe that 7 is absolutely continuous with respect to |n| and let v be the Radon-Nikodym
derivative dn/d|n| of dn with respect to d|n|. Then v is d|n|-measurable, v(s) € S1(0) for d|n|
a.e. s € [0,00) and

w0 = [ (s (2.6
[0,¢]
Moreover, as is well-known (see, for example, Section X.4 of [17]), for d|n| a.e. t € [0, 0),

oo dlnlft, t +en]  n—oc [n|(t+en) — [nl(t—)’

where {e,,n € N} is a sequence (possibly depending on t) such that |n|(t +&,) — |n|(t—) > 0
for every n € N and ¢, — 0 as n — 0 (such a sequence can always be found for d|n| a.e.
t € [0,00)). Fix t € [0,00) such that holds. Then properties 3 and 4 of the ESP, along
with the right-continuity of ¢, show that given any 6 > 0, there exists e; > 0 such that for every
e € (0,e),

77(’5 + E) - n(t_) € co [Uue[t,t+5]d(¢(u))] C co [UyENg(qﬁ(t))d(y)] . (28)

If ¢(t) € G°, then since G° is open, there exists § > 0 such that Ny(4(t)) C G°, and hence
the fact that d(y) = {0} for y € G° implies that the right-hand side of is equal to {0}.
When combined with this implies that v(¢) = 0 for d|n| a.e. t such that ¢(t) € G°, which
establishes property 4 of the SP. On the other hand, if ¢(t) € G then the u.s.c. of d'(-) (in
particular, relation (2.5))) shows that given ¢ > 0, there exists # > 0 such that

0 [Uyeny (s d(y)] S come [Ns (d'(4(t)))] - (2.9)

Combining this inclusion with (2.8)), (2.7)) and the fact that |n|(t+e,)—|n|(t—) > 0 for all n € N,
we conclude that

~(t) € cone [Ns (d' (¢(t)))] N S1(0).
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Since § > 0 is arbitrary, taking the intersection of the right-hand side over § > 0 shows that
y(t) € d'(¢(t)) for d|n| a.e. t such that ¢(t) € OG. Thus (¢,7) satisfy property 5 of the SP and
the proof of the lemma is complete. O

Lemma proves a closure property for solutions to the ESP: namely that the graph {(¢, ¢) :
¢ €T (¥), € Dg[0,00)} of the set-valued mapping I is closed (with respect to both the uniform
and Skorokhod J; topologies). As discussed after the statement of Theorem such a closure
property is valid for the SP only under certain additional conditions, which are in some instances
too restrictive (since they imply V = ). Indeed, one of the goals of this work is to define a
suitable pathwise mapping ¢ — ¢ for all ) € D¢ [0, 00) even when V # ().

Lemma 2.5. (Closure Property) Given an ESP (G, d(-)) that satisfies Assumption [2.1], sup-
pose forn € N, ¢, € dom (I') and ¢, € T(¥n). If 1 — ¥ and ¢ is a limit point (in the u.o.c.
topology) of the sequence {¢,}, then ¢ € T'(¢).

Remark. For the class of polyhedral ESPs, in Section [3.I] we establish conditions under which
the sequence {¢,} in Lemma is precompact, so that a limit point ¢ exists.

Proof of Lemma Let {1}, {¢n} and ¢ be as in the statement of the lemma and set
M = ¢n — ¥, and n = ¢ —1b. Since ¢ is a limit point of {¢,}, there must exist a subsequence
{ny} such that ¢,, — ¢ as k — oco. Property 1 and (since G is closed) property 2 of the ESP
are automatically satisfied by (¢,7n). Now fix ¢ € [0,00). Then given § > 0, there exists kg < 0o
such that for all k& > ko,

Mg (£) = 1y (=) € d(, (1)) C come [Ny (d'(6(2)))]

where the first relation follows from property 4 of the ESP and the second inclusion is a con-
sequence of the w.s.c. of d*(-) (see relation (2.5)) and the fact that ¢y, (t) — ¢(t) as k — oo.
Sending first k — oo and then & — 0 in the last display, we conclude that

n(t) —n(t—) € d(¢(t)) for every t € (0, 00), (2.10)

which shows that (¢, n) also satisfy property 4 of the ESP for .

Now, let Jy = {t € (0,00) : ¢(t) # ¢(t—)} be the set of jump points of ¢. Then Jy is a closed,
countable set and so (0,00) \ J, is open and can hence be written as the countable union of open
intervals (s;,t;),i € N. Fix i € N and let [s,t] C [s;,t;]. Then for € € (0, (t — s)/2), property 3
of the ESP shows that

My (t - 5) — Tny, (S + 6) € co [Uue(s—l-s,t—e]d (¢nk (u))] .

We claim (and justify the claim below) that since ¢, — ¢ and ¢ is continuous on [s +¢,t — €],
given ¢ > 0 there exists k. = k() < oo such that for every k > ki,

Uue[s+a,t—5] dl (¢T’Lk (u)) - N5 (Uue[s+£,t—8]d1 <¢(u))) N Sl (O) (2'11)

If the claim holds, then the last two displays together show that
Tiny, (t - 5) — TMny, (8 + 6) € cone [{0} U N5 (Uue[s—i—a,t—a]dl <¢(u)))] .
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Taking limits first as £ — oo, then § — 0 and lastly ¢ — 0, we obtain
n(t—) —n(s) € €0 (Uye(s,pd(p(u))) if s; < s <t < t; for some i € N.

Now, for arbitrary (a,b) C (0,00), 7(b) —n(a) can be decomposed into a countable sum of terms
of the form n(t) — n(t—) for some t € (a,b] and n(t—) — n(s) for s,t such that [s,t] C [s;, ;] for
some i € N. Thus the last display, together with , shows that (¢, n) satisfy property 3 of
the ESP for 1.

Thus to complete the proof of the lemma, it only remains to justify the claim . For
this we use an argument by contradiction. Suppose there exists some i € N, [s,t] C [s;,%;],
e € (0,(t —s)/2) and 6 > 0 such that the relation does not hold. Then there exists
a further subsequence of {ny} (which we denote again by {ny}), and corresponding sequences
{ug} and {dx} with uy € [s +¢,t — €], d, € d'(¢n, (ux)) and dy & N (Uue[erE,t_ddl(qb(u))) for
k € N. Since S1(0) and [s + €,t — €] are compact, there exist d, € S1(0) and u, € [s +¢,t — €]
such that dj — d, ur — us (along a common subsequence, which we denote again by {d;} and
{ux}). Moreover, it is clear that

dy g N6/2 (UuE[SJrs,tfs]dl (¢(u))) : (2‘12)

On the other hand, since up — s, ¢p, — ¢ (uniformly) on [s + ¢, — €] and ¢ is continuous
on (s,t), this implies that ¢y, (ux) — ¢(ux). By the ws.c. of d'(-) at ¢(u.), this means that
there exists k& < oo such that for every k > k the inclusion d*(¢y, (ug)) C Ny /3(d' (p(uy))) is
satisfied. Since di, € d!(¢y, (ux)) and di, — d, this implies d, € N5/3(d1(¢(u*))). However, this
contradicts , thus proving the claim and hence the lemma.

The three lemmas given above establish general properties of solutions to a broad class of ESPs
(that satisfy Assumption, assuming that solutions exist. Clearly, additional conditions need
to be imposed on (G, d(-)) in order to guarantee existence of solutions to the ESP (an obvious
necessary condition for existence is that for every x € G, there exists d € d(x) that points into
the interior of G). In [22] conditions were established for a class of polyhedral ESPs (of the form
described in Assumption that guarantee the existence of solutions for ¢» € D, ¢ [0, 00), the
space of piecewise constant functions in D¢ [0, 00) having a finite number of jumps. In the next
lemma, the closure property of Lemma [2.5]is invoked to show when existence of solutions to the
ESP on a dense subset of D [0, 00) implies existence on the entire space D¢ [0, 00). This is used
in Section [3| to establish existence and uniqueness of solutions to the class of GPS ESPs.

Lemma 2.6. (Existence and Uniqueness) Suppose (G, d(-)) is such that the domain dom (I")
of the associated SM T' contains a dense subset S of D¢ [0,00) (respectively, Ca [0,00)). Then
the following properties hold.

1. If T is uniformly continuous on S, then there exists a solution to the ESP for all ¢ €
D¢ [0,00) (respectively, ¥ € Cq [0, 00) ).

2. If T is uniformly continuous on its domain dom (T'), then ' is defined, single-valued and
uniformly continuous on all of D¢ [0,00). Moreover, in this case ¥ € Cq [0,00) implies
that ¢ = T'(¢) € Ca [0, 00).
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In particular, if there exists a projection ™ : RY — G that satisfies
m(x)=x forzeG and m(x) —x € d(m(z)) forx € 0G, (2.13)

and the ESM is uniformly continuous on its domain, then there exists a unique solution to the
ESP for all ¢ € Dg [0,00) and the ESM is uniformly continuous on D¢ [0, 00).

Proof. Fix ¢ € Dg[0,00). The fact that S is dense in D¢ [0,00) implies that there exists a
sequence {1} C S such that ¢, — 1. Since S C dom (I') and T" is uniformly continuous on
S, there exists a unique solution to the SP for every ¢ € §. For n € N, let ¢, = I'(¢,). The
uniform continuity of I" on S along with the completeness of D¢ [0, 00) with respect to the u.o.c.
metric implies that ¢, — ¢ for some ¢ € D¢ [0,00). Since ¢, = I'(¢y,), property 1 of Lemma
shows that ¢, € I'(¢,). Lemma then guarantees that ¢ € I'(¢), from which we conclude
that dom (T') = Dg [0, 00). This establishes the first statement of the lemma.

Now suppose I is uniformly continuous on dom (T). Then it is automatically single-valued on
its domain and so Lemma implies that I'(¢)) = T'(¢)) for ¢» € dom (T'). Thus, by the first

statement just proved, we must have dom (I') = Dg [0, 00). In fact, in this case the proof of the
first statement shows that I is equal to the unique uniformly continuous extension of I' from S
to D¢ [0, 00) (which exists by p. 149 of [40]). In order to prove the second assertion of statement
2 of the lemma, fix ¢ € Cg[0,00) and let ¢ = I'()). Since ¢ is right-continuous, it suffices to

show that for every ¢ > 0 and T' < oo,

lim sup |¢(t) — ¢(t —0)| = 0. (2.14)
410 tele,T)

Fix T' < 0o and € > 0, and choose ¢ € (0,¢) and 6 € (0,€). Define ¢ =, ¢1 = ¢,
Ya(s) = ¢E—0) + (s —0) —w(E—0) and  ¢a(s) = (s —3) fors€[eT].

By Lemma it follows that ¢ = I'(1)3). Moreover, by the uniform continuity of T, for some
function h : Ry — R4 such that h(n) | 0 as n | 0, we have for each § € (0, ¢),

Subyefe 17 [0(t) — (L~ 9)|
= super 7y [01(t) — $3(t)]
< h (supseqerry [0 (1) — w(1)])

= h (supyerezy (1) = (t = 8) + B(E — ) = 6(E = D)) .

Sending first § — 0 and then & — 0, and using the continuity of 1, the right-continuity of ¢ and
the fact that ¢(0) = 1(0), we obtain ([2.14]).

Finally, we use the fact that the existence of a projection is equivalent to the existence of solutions
to the SP for ¢ € D, [0,00) (see, for example, [12, [I8] 22]). The last statement of the lemma
is then a direct consequence of the first assertion in statement 2 and the fact that D, ¢ [0, 00) is
dense in D¢ [0, 00). O
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2.2 The V-set of an ESP

In this section we introduce a special set V associated with an ESP, which plays an important
role in characterising the semimartingale property of reflected diffusions defined via the ESP
(see Section . We first establish properties of the set V in Lemma Then, in Theorem
we show that solutions to the ESP satisfy the SP until the time to hit an arbitrary small
neighbourhood of V. When V = (), this implies that any solution to the ESP is in fact a solution
to the SP. A stochastic analogue of this result is presented in Theorem

Definition 2.7. (The V-set of the ESP) Given an ESP (G,d(-)), we define
V= {x €0G : there exists d € S1(0) such that {d, —d} C d'(x)}. (2.15)

Thus the V-set of the ESP is the set of points z € G such that the set of directions of constraint
d(z) contains a line. Note that x € G'\ V if and only if d' () is contained in an open half space
of R/, which is equivalent to saying that

max min (d,u) >0 for ze€G\V. (2.16)
u€S1(0) dedt (x)

Following the convention that the minimum over an empty set is infinity, the above inequality
holds trivially for x € G°. We now prove some useful properties of the set V. Below Nj(A)
denotes the open Jd-neighbourhood of the set A.

Lemma 2.8. (Properties of the V-set) Given an ESP (G,d(-)) that satisfies Assumption
let the associated V-set be defined by . Then V is closed. Moreover, given any 6 > 0
and L < oo there exist p > 0 and a finite set K ={1,..., K} and collection {Oy, k € K} of open
sets and associated vectors {vy, € S1(0),k € K} that satisfy the following two properties.

1. fx e G:|z| < L}\ Ng(V)] C [UkerOk] -
2. Ifye{x € 0G : |x] < L} N N,(O) for some k € K then
(d,vg) > p for every d e d(y).
Proof. The fact that V is closed follows directly from Assumption [2.1] which ensures that the
graph of d!(-) is closed (as observed in Remark . Fix § > 0 and for brevity of notation, define

G ={x € G :|z| < L}. To establish the second assertion of the theorem, we first observe that
by (2.16)), for any = € G \ V there exist p,, k; > 0 and v, € S1(0) such that

i d,vg) > pg. 2.17
deij&ll(x))< Vg) > p (2.17)

Due to the upper semicontinuity of d*(-) (in particular, property (2.5)), given any = € G\ N5(V)
there exists €, > 0 such that
y € Ny, (r) = d'(y) C Ng (d'(2)). (2.18)

Since G'1, \ Ny (V) is compact, there exists a finite set K = {1,..., K} and a finite collection
of points {z,k € K} C G \ Ng(V) such that the corresponding open neighbourhoods Oy, =

NEOZk (zx), k € K, form a covering, i.e.,

Gr\ N5 (V) C [Urex Oy -
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This establishes property 1 of the lemma.
Next, note that if p = mingeg py, and vy = vy, for k € K, by (2.17) we obtain the inequality

n (dou) >5>0 for keK
i TN '

Let p = p A mingeg €5, > 0. Then combining (2.18) with the last inequality we infer that for
ke K,
y e dGNGLN Np((’)k) =y € Nggmk (l'k) = dl(y) C Nﬁmk (dl(xk)),

which implies that mingeqi(y)(d, vk) > p. This establishes property 2 and completes the proof
of the lemma. O

Theorem 2.9. Suppose the ESP (G, d(-)) satisfies Assumption . Let (¢,m) solve the ESP
for 1 € D¢ [0,00) and let the associated V-set be as defined in (2.15). Then (¢,n) solve the SP
on [0,7p), where

7o = inf{t > 0: ¢(t) € V}. (2.19)

Proof. For § > 0, define
75 = inf{t > 0: ¢(t) € Ns(V)}. (2.20)

Since [0,79) C Us=0[0,7s) (in fact equality holds if ¢ is continuous) and (¢, n) solve the ESP for
v, in order to show that (¢,7) solve the SP for ¢ on [0, 70), by Lemma[2.4)2) it suffices to show
that

In|(T A 15—) < 00 forevery 6 >0 and T < oc. (2.21)

Fix § > 0 and T' < oo and let L = sup,cpoq[¢(¢)] V [¢(t)]. Note that L < oo since ¢,¢ €
D¢ [0,00), and define G;, = {x € G : |z| < L}. Let K= {1,...,K}, p > 0, {Ok,k € K} and
{vg, k € K} satisfy properties 1 and 2 of Lemma If (0) € N5(V), 75 =0 and follows
trivially. So assume that ¢(0) ¢ Ns(V), which in fact implies that ¢(0) € G \ N5(V). Then by
Lemma [2.8/(1), there exists ko € K such that ¢(0) € Oy,. Let Ty = 0 and consider the sequence
{Tm, km} generated recursively as follows. For m = 0,1, ..., whenever T,,, < 75, define

Tint1 = inf{t > T, 1 ¢(t) € NJ(Ok,,) or ¢(t) € N5(V)}.

If Thnp1 < T A5, it follows that ¢(Trm41) € G\ Ns(V) and so by Lemma [2.8(1), there exists
Em41 such that ¢(Trn41) € O,,,,. Since ¢ € Dg[0,00) and p > 0, there exists a smallest
integer M < oo such that Ty > T A 75. We redefine Thy = T A715. For m = 1,..., M, let
Jm be the jump points of n in [T},_1,T},) and define J = UM_, 7,,. Given any finite partition
Tm = {Tm—1 = 17" <" < O S Tin} of [Thn—1,T)], we claim (and justify below) that

AL > ((Tr—=) = (Tm-1-), vk, )

J
= < (7 =) = )]+ Y [n(t)—n(t—)],vkm_1>

1 tETmNTm

5

7

.

m

p[ (=) = ()l + Y In(t)n(t)ll-

=1 tETmNTm,

Y
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The first inequality above follows from the relation n(t) = ¢(t) — ¢ (t) and the definition of L,
while the last inequality uses properties 3 and 4 of the ESP, the fact that ¢(t) € N,(O,,_,) for
t € [T—1,Tm) and Lemma [2.8)2). In turn, this bound implies that

(T A=) = sup [im(ti_>_n(ti—l)’+ > !n(t)—n(t—)\]

teJgnm
M Jm
= ) sup [Z (=) =)+ Y In(t) - "7(75—)|]
m=1 Tm =1 teImNmm
4LM
S N
P

where the supremum in the first line is over all finite partitions 7 = {0 =ty < t; < ... <tj, =
Ty} of [0, Ty and the supremum in the second line is over all finite partitions m,, = {Tj—1 =
t’}gf <t <o <t = T} oof [Tin—1,Tin). This establishes (2.21) and thus proves the
theorem. U

Corollary 2.10. Suppose the ESP (G,d(-)) satisfies Assumption and has an empty V-set,
where V is defined by . If (¢,m) solve the ESP for v € D¢ [0,00), then (¢,n) solve the
SP for 1. Moreover, if there exists a sequence {tn} with 1, — 1 such that for every n € N,
(¢n, M) solve the SP for iy, then any limit point (¢,n) of {(¢n,nn)} solves the SP for .

Proof. The first statement follows from Theorem and the fact that 79 = co when V = (). By
property 1 of Lemma for every n € N, (¢, n,) also solve the ESP for v,,. Since (¢,n) is
a limit point of {(¢yn,n,)}, the closure property of Lemma then shows that (¢,n) solve the
ESP for ¢. The first statement of the corollary then shows that (¢,7) must in fact also solve
the SP for . O

Remark 2.11. From the definitions of the SP and ESP it is easy to verify that given any time
change A on Ry (i.e., any continuous, strictly increasing function A : Ry — Ry with A(0) =0
and lim;_,o, A(t) = 00), the pair (¢,n) solve the SP (respectively, ESP) for ¢ € D¢ [0, 00) if
and only if (¢ o A,n o \) solve the SP (respectively, ESP) for ¢) o A\. From the definition of the
J1-Skorokhod topology (see, for example, Section 12.9 of [47]), it then automatically follows that
the statements in Lemmas and and Corollary also hold when D¢ [0, 00) is endowed
with the Ji-Skorokhod topology and an associated metric that makes it a complete space, in
place of the u.o.c. topology and associated metric.

Remark 2.12. The second statement of Corollary shows that solutions to the SP are
closed under limits when V = (), and thus is a slight generalisation of related results in [4],
[12] and [18]. The closure property for polyhedral SPs of the form {(d;,e;,0),i = 1,...,J}
was established in [4] under what is known as the completely-S condition, which implies the
condition ¥V = (). In Theorem 3.4 of [I§], this result was generalised to polyhedral SPs under
a condition (Assumption 3.2 of [I8]) that also implies that V = (). In Theorem 3.1 of [12], the
closure property was established for general SPs that satisfy Assumption have V = () and
satisfy the additional conditions (2.15) and (2.16) of [12]. The proof given in this paper uses the
ESP and is thus different from those given in [4], [I2] and [I8].
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3 Polyhedral Extended Skorokhod Problems

In this section, we focus on the class of ESPs (G, d(-)) with polyhedral domains and piecewise
constant reflection fields described in Assumption below. Henceforth, we refer to this class
as polyhedral ESPs.

Assumption 3.1. There exists a finite set I = {1,..., 1} and {(d;,n;,c¢;) € R’ x S1(0) x R :
(di,mi) = 1,1 € I} such that

G = Nier{z € R« (z,m;) > ¢},

d(x) = {0} and for x € 0G,

d(x) = Z a;d; oy >0 forielI(x) p, (3.22)
i€l(x)

where I(x) = {i € 1: (z,n;) = ¢}.

Note that a polyhedral ESP has a polyhedral domain G, which consequently admits a represen-
tation as the intersection of a finite number of half-spaces. Moreover, it has a reflection field
d(-) that is constant and equal to the ray along the positive d; direction for points in the relative
interior of the (J — 1)-dimensional face G = {z € G : (x,n;) = ¢;} and, at the intersections of
multiple OG?, is equal to the convex cone generated by the corresponding d;. Thus polyhedral
ESPs are completely characterized by a finite set of triplets {(d;, n;, ¢;),i € I} (though this rep-
resentation need not be unique). The condition (d;,n;) > 0 is clearly necessary for existence of
solutions: the conditions that n; € S1(0) and (n;,d;) = 1 are just convenient normalizations.

In Section [3.1] we present sufficient conditions for existence and uniqueness of solutions to
polyhedral ESPs and Lispchitz continuity of the associated ESMs. In Section [3.2] we introduce
the family of multi-dimensional GPS ESPs, and show in Theorem that they satisfy the
conditions of Section [3.I] The V-set associated with an ESP was shown in Section [2] to play an
important role in determining its properties — particularly in determining its relation to the SP.
In Section we study the implications of the structure of V-sets for the properties of solutions
to polyhedral ESPs.

3.1 Existence and Uniqueness of Solutions

Lemma showed that the existence of unique solutions for the ESP on all of D¢ [0, 0o) follows if
there exists a projection operator for the corresponding SP and the associated ESM is Lispchitz
continuous on its domain. In this section, we describe sufficient conditions for existence of the
projection operator and Lipschitz continuity of the ESM associated with a polyhedral ESP.
These conditions are verified for the GPS ESP in Theorem [3.6

Given data {(d;, nj,c;),i € I}, the condition stated below as Assumption was first introduced
as Assumption 2.1 of [18], where it was shown (in Theorem 2.2 of [18]) to be sufficient for Lipschitz
continuity of the SM corresponding to the associated (polyhedral) SP. In Theorem below we
show that this is also a sufficient condition for Lipschitz continuity of the corresponding ESM.
Assumption [3.2] is expressed in terms of the existence of a convex set B whose inward normals
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satisfy certain geometric properties dictated by the data. We will see in Section that the
existence of such a set B also plays a crucial role in establishing a semimartingale property for
reflected diffusions in polyhedral domains defined via the ESP (see the proof of Theorem
given in Section . A more easily verifiable “dual” condition that implies the existence of a
set B satisfying Assumption was introduced in [22) 23]. As demonstrated in [23] 24], this
dual condition is often more convenient to use in practice.

We now state the condition. Given a convex set B C R’ and z € 9B, we let n(z) denote the set
of unit inward normals to the set at the point z. In other words,

v(z) ={v € S51(0) : (v,x — z) >0 for all z € B}.

Assumption 3.2. (Set B) There exists a compact, convex, symmetric set B with 0 € B°, and
0 > 0 such that fori €1,

{zE@B

(2, 3] < & } = (v, di) =0 for all v € v(2). (3.23)

Theorem 3.3. If Assumption is satisfied for the ESP {(d;,n;,c;),i € 1}, then the associated
ESM is Lipschitz continuous on its domain of definition.

Proof. This proof involves a straightforward modification of the proof of Theorem 2.2 in [I§]
— the only difference being that here we need to allow for constraining terms of unbounded
variation. Thus we only provide arguments that differ from those used in [I8] and refer the
reader to [I§] for the remaining details. Let B be the convex set associated with the ESP that
satisfies Assumption Suppose for i = 1,2, ¢; € dom (T') and (¢;,n;) solve the ESP for
;. Moreover, let ¢ = sup,cpo 7 [¥1(t) — ¥2(t)]. Then we argue by contradiction to show that
N1 (t)—n2(t) € cBforallt € [0,T]. Suppose there exists a € (¢, 00) such that 71 (t)—n2(t) & (aB)°
for some ¢ € [0,7] and let 7 = inf{t € [0, 7] : n1(t) — n2(t) € (aB)°}. As in [I8] we consider two
cases.

Case 1. Suppose n1(T7—)—n2(7—) € d(aB). In this case, let z = n (7—)—n2(7—) and v € v(z/a).
Then for every t € (0,7), the fact that n1(t) — n2(t) € (aB)°, v is an inward normal to aB at z
and B is convex implies that

(z—=m(t) +m2(t),v) <0 for every t € (0,7).

Since z — m(t) + n2(t) = (m(7—) —n1(t)) — (n2(7—) — n2(t)), this implies that there must exist
a sequence {t,} with ¢, T 7 along which at least one of the following relations must hold:

() (m(t=) —m(tn),v) <0 for every n € N;

(11) (ma(7—) —ma(tn),v) >0 for every n € N.
By property 3 of the ESP, for any n € N,

m(1=) = n1(tn) € W [Une(t,,nd(¢1(w))] -
Also, note that d(¢1(u)) = {0} if ¢1(u) € G° and by (3.22)), we have

d(p1(u)) = > aidi s a; >0 if ¢1(u) € OG.

1€L:{p1(u),n)=c;
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Therefore, if (i) holds, there must exist uw, € (t,,7) and i, € I, for n € N, such that
(¢1(un),n;,) = ¢, and (d; ,v) < 0. This implies that there exists ¢ € I such that (possibly
along a subsequence, which we relabel again by n) u, € (tn,7), (¢1(un),n;) = ¢; and (d;,v) < 0.
Taking limits as n — oo and using the fact that ¢,, T 7, it follows that lim, .o ¢1(uy) = ¢1(7—)
and (¢1(7—),n;) = ¢;. This establishes relations (19) and (20) in [18]. The remaining argument
given there can then be used to arrive at a contradiction for Case 1(i). By symmetry, Case 1(ii)
is proved analogously.

Case 2. Now suppose 71(7—) — n2(7—) € (aB)°. In this case, set z = ni(7) — n2(7) and
let 7 € [a,00) be such that ni(7) — n2(7) € 9(rB). Let v € v(z/r) and note that by the
convexity of B we have (z — n1(7—) 4+ n2(7—),v) < 0. Noticing that z — ni(7—) + na(7—) =
(m(7)=n1(7—)) — (n2(7) —m2(7—)) observe that at least one of the inequalities below must hold:

(1) (m(r) —m(r—),v) <0 foreveryn € N

(44) (m2(7) — m2(7—),v) >0 for every n € N.

By property 4 of the ESP, this correspondingly implies that at least one of the following two
relations must be satisfied:

(7) there exists ¢ € I such that (¢1(7),n;) = ¢; and (d;,v) <0

(i7) there exists j € I such that (¢2(7),n;) = ¢; and (d;j,v) > 0.

The rest of the argument leading to a contradiction in Case (ii) now follows as in [I8] (from
relations (24) and (25) onwards). O

Sufficient conditions for the existence of projections for SPs were derived in [4, 12} 33]. However,
these are not applicable in the present context since they all assume conditions that imply V = 0.
So, instead, we refer to the general results on existence of a projection for polyhedral SPs with
V # () that were obtained in Section 4 of [22] (also see [24] and Section 3 of [23] for application
of these methods to concrete SPs).

3.2 The GPS Family of ESPs

Generalized processor sharing (GPS) is a service discipline used in high-speed networks that
allows for the efficient sharing of a single resource amongst traffic of different classes. The GPS SP
was introduced in [21], 23] to analyse the behaviour of the GPS discipline. The GPS SP admits a
representation of the form {(d;, n;,0),i =1,...,J+1}, wheren; = e; fori € J ={1,...,J} (here
{e;,i € J} is the standard orthonormal basis in R”), ny, 1 = Z;le ei/VJI, dji = EiJ:1 ei /T
and the reflection directions {d;,i € J} are defined as follows in terms of a “weight” vector
a € (Ri)o that satisfies Z;-le a; =1: fori,j € J,

Q; . .

— f
(dm:{ e 7
1 for j=1.

We now recall a property of the GPS ESP proved in [23], and establish a useful corollary that
will be used in Section [4| (see Theorem and Section [5.2.1]) to analyse properties of RBMs
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associated with the GPS ESP. A J x J matrix A is said to be completely-S if for every principal
submatrix A of A, there exists a vector § > 0 such that Ag > 0 (here the inequalities hold
componentwise). Completely-S matrices were studied in the context of the Skorokhod Problem
and semimartingale reflecting diffusions in [4} [33] 38],

Lemma 3.4. The GPS ESP hasV = {0}, and the vector d 1 is perpendicular to span[d(x),z €
0G \ {0}]. Moreover, for every j € I, the J x J matriz Aj, whose columns are given by vectors
in the set {d;j,;i=1,...,J 4+ 1}\ {d;}, is completely-S.

Proof. The first statement was proved in Lemma 3.1 of [23] and the second statement follows
from the proof of Theorem 3.8 of [23]. O

Corollary 3.5. Suppose (¢,n) solve the GPS ESP for ¢ € Dg[0,00). Then {(¢,dji1) =
Ty ((¢,dy+1)), where Ty is the one-dimensional SM defined in (1.1)).

Proof. Since (¢,n) solve the GPS ESP for v, by properties 3 and 4 of the ESP we know that
1(t) = 1(s) €T [Une(s gd(d(w))]  and  n(t) —n(t—) € co[g(t)]. (3.24)

By Lemma it follows that d;41 is perpendicular to span[d(z),z € ORY \ {0}]. Also, for
every u € [0,00), since ¢(u) € R] we have (¢(u),dy+1) > 0 and (¢(u),dy41) = 0 if and only
if ¢(u) = 0. Define the (set-valued) mapping d that takes R, to subsets of R by d(z) = {0} if
x # 0 and d(()) = R,. Then taking the inner product of both sides of both terms in 1) with
dj+1 we obtain

(1(t) = 1(s), 1) €0 [Uye(o) (d(@(w)), di41)] = T |Unegond (6(w), dys))]
and, similarly,

(n(t) = n(t=), dy+1) € (©O(A((1)), dr1) = d (($(t), dys1))

(where for a set A C R, we let (A,dj.1) denote the set {(z,ds 1) : © € A}). The above
properties imply that ((¢,ds41), (n,ds41)) solve the ESP (R, d(-)) for (1,dsi1). Moreover,
this also shows that (n,d ;1) is non-decreasing and so, in particular, lies in BV [0, 00). It then
follows from Lemma [2.4)(2) that ((¢, dj11), (1, ds41)) solve the one-dimensional SP for (¢, d41).
The lemma then follows from the well-known fact that solutions to the one-dimensional SP are
unique [42]. O

Theorems 3.7 and 3.8 of [23] show that Assumption [3.2]is satisfied and a projection exists for the
GPS ESP. Combining these results with Lemma [2.6] and Theorem [3.3] we obtain the following
result.

Theorem 3.6. For every integer J > 2 and ¢ € D¢ [0,00), there exists a unique solution (¢, n)
associated with the J-dimensional GPS ESP. Moreover, the associated GPS ESM is Lipschitz
continuous on D¢ [0, 00).
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Remark 3.7. Polyhedral data (G,d(-)) with more complicated V-sets arise in the analysis of
queueing networks with cooperative servers. In particular, in [24] a family of SPs was introduced
to analyse the fluid model of a two-station queueing network with each station serving two
classes and in which the GPS discipline is used at each station. This SP has domain Ri and
an unbounded V-set equal to {x € RY : 21 = 24 =0} U {z € R} : 25 = 23 = 0}. For a certain
parameter regime it was shown in Theorems 5 and 10 of [24] that a set B satisfying Assumption
and a projection exists for these ESPs. As in the GPS case, an application of Theorem
and Lemma then yields existence and uniqueness of solutions on D¢ [0, 00) for the associated
ESPs.

3.3 Structure of V-sets for Polyhedral ESPs

In Theorem we showed that any solution to an ESP is also a solution to the associated SP
on [0,70). Here we show that this result does not in general hold if [0, 79) is replaced by [0, o]
Specifically, Theorem and Corollary below show that for a large class of polyhedral ESPs
with V # (), there exist (¢,n) that solve the ESP for some ¢ € Cg [0, 00), but do not solve the
SP on [0, 7p] for 9. In Section [5| we consider the stochastic analogue of this question.

Theorem 3.8. Let J = 2 and let {(d;,n;,0),i = 1,2,3} be the 2-dimensional polyhedral GPS
ESP. Then there ezists 1 € Cq[0,00) such that (¢,n) solve the ESP for 1 and |n|(m0) = oo,
where 1o = inf{t > 0: ¢(t) = 0}.

Proof. Fix J = 2. From the definition of the GPS data given in Section [3.2] it is easy to
see that regardless of the value of the weight vector &, the 2-dimensional GPS ESP has n; =
e1,d; = (1,—1), ng = ea,do = (—1,1) and n3 = (1,1)/v/2, d3 = (1,1)/v/2. Also, we clearly
have V = {0}. For notational conciseness, let ¢ty = 0, 3 = 1/2, and define ¢, = > = | '. Note
that then lim,, o t, = 1. Now, consider the piecewise linear function ¢ € C¢ [0, 00) defined as
follows: ¥(t9) = 1(0) = (0,1) and for n € N, recursively define

P(tna+6"/4) = P(tna) +(=1,1)/n
Y(tn1+0"/2) = P(tna +5”/4) + 672
w(tn—l _}_3571/4) = ¢(tn 1 +ﬂn/2) (1 _1)/n
U(tn) = Y(tn-1+36"/4) + 521 (=1,5),
define t(t) by linear interpolation for ¢ € [0,1) and set 1(t) = (0,0) for ¢ > 1 (see Figure [1] for

an illustration of ¢). It is immediate from the construction that v is continuous on (0, 1). Using
the fact that 1 — 32 = 332 (since 8 = 1/2) we see that for i € N,

Y(t:) — Y(tim1) = 82728, —1) + ¥ (1, 8) = —35%(0, 1),

and so for n € N,

Y(tn) = ¥(to) + Y ($(t:) — ¥(ti1)) = !1 - 32521 (0,1).
i=1 i=1

Thus [¢(t,)| = 1/4™ and lim,—.oc ¥(tn) = (0,0) = ¢(1) and so ¢ € Cq [0,00). Also elementary
calculations show that for n € N,

g, =1)

sup  [(t) = P(tn1)| <

t€[tn—1,tn] n



(0,1/4)
(0,1/16)-

(1/4.0) (V2,0 C\

Figure 1: An input trajectory ¢ for the 2-dimensional GPS ESP
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1/16

0 18 1/2(&

Figure 2: The solution (¢,n) to the 2-dimensional GPS ESP with |n|(79) = oo

ds

Hence if we define k(t) to be the unique k € N such that ¢ € [tx_1,tx), we deduce that

sup [6(t) — (ta)| < sup [l6(E) — Ultu)| + (tu) — wltl] < L2+ .

t€[tn,1) t€[tn,1) n 4

Now, let ¢ be the piecewise linear trajectory defined as follows: ¢(t9) = ¢(0) = (0,1) and, for
n € N, let

@b(tnfl + ﬁn/4) = ﬁQn_Q(O’ 1)a
¢(tn—1 4 ﬁn/Q) — 5211 2(07 1) ﬁQn Q(ﬁ _1) — ﬁanl(LO),
d’(tnfl + 3571/4) = 5271_1(1’ 0)’
¢(tn) = F71(1,0) + 52711, 8) = B7(0,1),

with ¢(t) defined by linear interpolation for all other ¢ € (0,1) and ¢(t) = (0,0) for t > 1 (see
Figure [2| for an illustration of ¢). It is easy to verify that lim, . ¢(t,) = ¢(1) = (0,0) and so
¢ is continuous and 79 = 1. In addition, it is also straightforward to check that n = ¢ — ¢ is a
piecewise linear trajectory that satisfies 7(0) = (0,0) and for n € N,

N(tn—1+6"/4) = n(tn—1) +(1,-1)/n,
N(tn-1+6"/2) N(tn—1 + 6" /4),
U(n 1+3/8n/4) = (tn 1+ﬁn/2) ( 171)/”?
ntn) = nltn—1+33"/4),

with n(t) defined by linear interpolation for all other ¢ € (0,1) and n(t) = (0,0) for ¢ > 1.
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Next, define ¢, () = (- A ty,) and, likewise, let ¢p () = ¢(- Aty) and n,(-) = n(- Aty). From the
properties of v, and ¢, stated above, it is clear that ¢, = I'(¢y,), ¥n — ¥, ¢, — ¢ and hence
Nn — n. Thus by the closure property established in Lemma it follows that (¢, n) satisfy the

ESP for 1. Note that p = 1 and
Inl(1)
3 n n
+ 'T] (tnl + i) -"n (tnl + 62) H

5 oo+ ) s

which completes the proof. O

We now show that the argument in the last proof can be generalised to a large class of polyhedral
ESPs with V # (). Given any ESP, define V to be the set of points x € OG such that there exist
x € G, po > 0 and d € S1(0) such that for all p € (0, po],

{d, —d} C cone [UzeNp(x)\{x}dl (Z)] . (3.25)
We then have the following result.

Corollary 3.9. Given any polyhedral ESP {(d;,ni, ¢;),i € I}, if V # 0, then there exists ¢ €
Ca [0, 00) such that (¢,m) solve the ESP for 1y and |n|(19) = oo, where 19 = inf{t > 0: ¢(t) € V}.

Proof. Let x € OG be such that (3.25) holds. Since we are dealing with polyhedral SPs, this
implies that there exist vectors z() and v, 1 = 1,..., L, such that pz()/py € N,(x)\ {z} N 9G,
v® € d(z0)\ {0} and

L
S ol =0,
=1

Define z(&+D) = (U Define x = 1/2L and, as in the proof of Theorem let B =1/2,ty =0,
tp, = > i, 4" and note that lim, . t, = 1. Now define ¢ € C¢ [0, 00) recursively as follows: let
P(tg) = 1(0) = 2z and forn e Nand i = 0,...,L — 1, let

Y (tp1 4 (20 + DEB) = ¥ (th1 + 2ikf") — v /n
V(b1 + (20 + 2)68") = Y (tn_1 + (20 + 1)k
_'_ﬁL(n—l)-i-i (ﬁz(’+2) _ Z(H—l))

with ¢(t) defined by linear interpolation for ¢ € (0,1) and ¥ (t) = 0 for ¢t > 1. It is easy to see
that lim, .o ¥(t,) = ¥(t) and hence 1 € Cg [0, 00). Moreover, let ¢(0) = (), for n € N and
1=0,...,L—1, define

Htn—1 + (20 + DrB") = d(tn—r + 2inf") = H-DHLEHD
P(tn—1+ (20 +2)kB") = @(tn—1+ (2i + 1)xA")
+6L(n71)+i (ﬁz(wz) _ z(z’+1)) 7

define ¢(t) by linear interpolation for ¢ € (0,1) and let ¢(¢) = 0 for ¢t > 1. Finally, let n = ¢ — .
Then arguments analogous to those used in Theorem show that (¢, 7n) solve the ESP for 1,
70 = 1 and |n|(79) = co. O
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Remark 3.10. It is easy to see that for polyhedral ESPs, V C V. Indeed, if 2 € G satisfies
(3.25]), then by the definition (3.22)) of d(-) for polyhedral ESPs, there exists p > 0 such that

[Uyen, @n(z1d" ()] € d'(z).
Along with (3.25)), this implies that {d, —d} C d'(z) (and hence that = € V).

However, there exist polyhedral ESPs for which V # () but V=0,ie., does not hold for any
x € V. For example, consider {(d;,n;,0),i = 1,2,3}, where n; = ¢; for i = 1,2, n3 = (1,2)/V/5,
di = (1,—1),d2 = (0,1) and d3 = v5(—1,1). Then G = R%, {(1,—1),(-1,1)} C d(0) and so
VY = {0}. On the other hand, for any p > 0,

cone|Uye v, 0\ oy 4(¥)] = {a1(1, =1)/V2 + as(0,1) : e, a2 > 0}

and so ((1,1),d) > 0 for all d € cone[U,e, (oy\{0}d(y)]. Thus @ is not satisfied when x = 0.
However, the ESM is still a strict generalisation of the SM for such ESPs. Indeed, given an
input trajectory 1 that satisfies ¥(0) = 0, is of unbounded variation and has an image that
lies exclusively on the line {a(1,—1),a € R}, it is clear that (0, —1)) satisfies the ESP for .
However, n = —1 is of unbounded variation and so does not solve the SP for . Nevertheless,
arguments similar to that used in the proof of Theorem [2.9)can be used to show that |n|(7) < co.

4 Stochastic Differential Equations with Reflection

In this section, we construct and analyse properties of a general class of reflected diffusions.
Throughout, we let (2, F,P) be a complete probability space with the right continuous filtration
{Fi,t > 0} and assume Fy contains all P-negligible sets. We will refer to ((Q2, F,P),{F:}) as
a filtered probability space. In Section we use the ESP to construct solutions to a class of
stochastic differential equations with reflection (SDER). In Section we show that reflected
diffusions associated with the GPS family of ESPs satisfy the associated submartingale problem.
When J = 2, this was proved in [46] for the case of reflected Brownian motion.

4.1 Existence and Uniqueness of Solutions to SDERs

Let W = {W;,t > 0} be a K-dimensional, {F;}-adapted, standard Brownian motion, and
consider functions b(-) and o(-) on G that take values in R7 and R” @ R¥ respectively, and
satisfy the following standard Lipschitz continuity and uniform ellipticity conditions.

Assumption 4.1. The functions b(-) and o(-) satisfy the following conditions.

1. There exists a constant L < oo such that for all z,y € G,
lo(z) = o(y)| + |b(z) = b(y)| < Llz - y|. (4.26)
2. The covariance function a : G — R @ R7 defined by a(-) = o(-)o’ (-) is uniformly elliptic,
i.e., there exists A > 0 such that

J
Z a;j(z)&&; > N2 forall € € RY and x € G.
ij—1
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We now introduce the definition of a strong solution Z to an SDER associated with an ESP
(G, d(-)), drift coefficient b(-) and dispersion coefficient o(-). This is a straightforward generali-
sation of the standard definitions used for SDERs defined via the SP (as, for example, in Section
5 of [12]).

Definition 4.2. Given (G,d(-)), b(-), o(-) and an {F;}-adapted K -dimensional Brownian mo-
tion W on a filtered probability space (2, F,P),{F:}), a continuous {F;}-adapted process Z(-)
is a strong solution to the associated SDER if P a.s. for all t € [0,00), Z(t) € G and

Z(t) = Z(0) + /0 b(Z(s)) ds + /0 o(Z(s)) - dW (s) + Y (1), (4.27)

where
Y(t) =Y () € T [Uye(s,nd(Z(w))] -

In other words, (Z(-),Y(-)) should solve (on a PP a.s. pathwise basis) the ESP for

X() iZ(o)+/0' b(Z(s))ds+/.o(Z(s))-dW(s). (4.28)

0

We will use P, and E, to denote probability and expectation, respectively, conditioned on Z(0) =
z.

In the next theorem, we state sufficient conditions for the existence of a pathwise unique, strong
solution to the SDER. Since the proof employs standard arguments that are used to construct
reflected diffusions defined via the SP (see, for instance, [20, 44]) or, more generally, to construct
solutions to SDEs (as in Section 5.2 of [30]), we provide only a rough sketch of the proof. We
also show that the solution satisfies a semimartingale decomposition property — this is essentially
a direct consequence of the corresponding property for the deterministic ESP that was proved
in Theorem Recall the definition of the V-set associated with an ESP. The theorem
below shows, in particular, that given a strong solution to the SDER, it is a semimartingale if
VY =40.

Theorem 4.3. Suppose the ESP (G,d(-)) satisfies Assumption [2.1] and the associated ESM is
well-defined and Lipschitz continuous on Cq [0,00). If the coefficients b(-),o(-) satisfy Assump-
tion (1), then there exists a pathwise unique, strong solution to the associated SDER. In
addition, the process is strong Markov. Furthermore, if we define

7o =1inf{t > 0: Z(t) € V}, (4.29)
then Z is a semimartingale on [0,7p), which P a.s. admits the decomposition
Z(-)=Z(0)+ M)+ A(-), (4.30)
where for t € [0, 1),
t t
M(t) = / o(Z(s)) - AW (s) and  A(t) = / b(Z(s)) ds + Y (1), (4.31)
0 0

where Y has bounded variation on [0,t] and satisfies

Y () = /0 A(s) dY |(s), (4.32)

and v(s) € d*(Z(s)) d|Y] a.e. s € [0,1].
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Proof. Given that b(-) and o(-) satisfy Assumption [4.1(1) and the ESM is Lipschitz continuous,
we use the same standard approximations as those used to prove existence and uniqueness of
solutions to SDERs defined via a Lipschitz continuous SM (see [1, 44]). For i = 1,2, given a
continuous {F; }-adapted process Z!, define X by the right hand side of with Z replaced
by Z!, and let X* = f(X' ). Then the martingale property of the stochastic integral, and the
Lipschitz continuity of the ESM, b(-) and o(-) guarantee the existence of C' < co such that

sup |X1(r) — X2(r)|?| ds. (4.33)
rel0,s]

E | sup |X1(s)—X2(s)\2] §C/OtIE

s€[0,t]

(See Section 5.2 of [30] for more details of the derivation of this inequality.) Applying the usual
Picard iteration technique along with this bound, and using Gronwall’s inequality, Cebysev’s
inequality and the Borel-Cantelli lemma, one can show the existence of a pathwise unique solution
to the SDER (following the same arguments as, for example, in page 17 of [20]).

Given any z!',2% € G, let Z! and Z? be the associated unique strong solutions and for i = 1,2,

let X iﬁ be equal to the right hand side of 1' with Z(0) replaced by zi. If we also define
X' =T(X"), for i = 1,2, then, just as in (4.33), one can obtain the estimate

E[|IZ'(t) - Z*(t)"] < Oz — 2.

This establishes that any strong solution is a Feller process and is therefore strong Markov.

The decomposition in — for the strong solution Z is an immediate consequence of
Definition which requires that P a.s. (Z,Y) satisfy the ESP for X, where X is given by
(4.28). From Theorem we then conclude that P a.s. (Z,Y) satisfy the SP for X on [0, 1)
and therefore Y is an {F;}-adapted process of bounded variation on [0, 79) that satisfies .
Lastly, since b(-) and o(-) satisfy , M is a continuous local {F;}-martingale and fg b(Zs)ds
is {F;}-adapted and of bounded variation. This shows that A is {F;}-adapted and P a.s. of
bounded variation, which completes the proof. O

Combining the above result with Theorem [3.6] yields the following result for the GPS ESP.

Corollary 4.4. Fiz J > 2 and suppose that the coefficients b(-) and o(-) satisfy Assumption
( 1). Then given z € Ri, the SDER associated with the GPS ESP has a pathwise unique,
strong solution Z with initial condition z. Moreover, Z is a strong Markov process and is a
semimartingale on [0, 10) with decomposition ({.30).

4.2 The Submartingale Problem and the GPS ESP

Fix an integer J > 2 and let {(d;,n;,0),i = 1,...,J+1} be the representation for the GPS ESP
given in Section Recall that the domain of the GPS ESP is G = Ri and fori=1,...,J+1,
define 0G* = {z € R{ : #; = 0} and let S = U;__;rint[0G] be the smooth part of the boundary
0G. As shown in Corollary under Assumption (1), the SDER associated with the GPS
ESP has a unique strong solution. In this section we show that this solution also solves the
corresponding submartingale problem.

Recall the definitions of C*(G) and CZ(G) given in Section and, given drift and dispersion
coefficients b(-) and o(-), recall the definition of a(-) stated in Assumption Consider the
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operator £ defined by

J J 92 f(x)

Ef(x):Zbim axz Z 8% oz, for f € C*(G). (4.34)

i=1 ij—=1

We now define the submartingale problem corresponding to the GPS polyhedral ESP
{(di,ni,0),i = 1,...,J + 1} and operator £ defined above. For J =2, b(-) = 0 and a(-) = 1,
this corresponds to the problem analysed in [46] with parameter = 1. The definition below
refers to the canonical filtered probability space (27, M, {M;}) that was introduced before the
statement of Theorem [T.4l

Definition 4.5. (Submartingale Problem) A family {Q.,z € G} of probability measures on
(Qy, M) is a solution to the submartingale problem associated with the GPS ESP {(d;,ni,c;),i =

-, J+1}, drift b(-) and dispersion o(-) if and only if for each z € RY, Q, satisfies the following
three properties.

1. Q;(w(0) =2) =1;

2. For every t € [0,00) and f € CZ2(RY) such that f is constant in a neighbourhood of the set
OG\'S and (d;,Vf(x)) >0 for x € rint[0G?], i =1,...,J,

- /O £ (w(u)) du (4.35)

is a Q,-submartingale on (5, M,{M;});

]EQZ |:/0 ]].{ag\s}(w(s)) d8:| =0. (436)
In this case, Q, is said to be the solution of the GPS submartingale problem starting at z.

The following theorem shows that the family of laws induced by the unique strong solutions of
the GPS ESP satisfy the associated submartingale problem.

Theorem 4.6. Given drift and dispersion coefficients b(-) and o(-) that satisfy Assumption
and an adapted K-dimensional Brownian motion W defined on a filtered probability space
(Q, F {F},P), for z € R] let Q, be the measure on (27, M, {M;}) induced by the unique strong
solution Z to the SDER associated with the GPS ESP that has initial condition z. Then for
J=2,{Q,,z€ Ri} satisfies the GPS submartingale problem.

Proof. Fix J > 2 and z € R , and let Z be the pathwise unique, strong solution associated
with the GPS ESP that has 1n1t1a1 condition z (which exists by Corollary . By definition,
Q.(w(0) = 2) =P,(Z(0) = z) = 1 and so the first property of Definition [4.5is trivially satisfied.
Now, let f € Cg(Ri) be as in the statement of property 2 of the submartingale problem stated
in Definition and fix ¢ > 0 such that f(z) = 0 for z € N.(0) N G. Define 6y = 0 and for
n €N, let

op =inf{t > 0,_1:|Z(t)| <e/2} and 6, =inf{t >0, :|Z(t)] >}
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where, by the usual convention, the infimum over an empty set is taken to be co. Since [0,e/2]
and [e, 00) are closed sets, 0, and 6,, are {F;}-stopping times. Consider the case when oy, 6,, —
oo as n — oo (the other case can be dealt with in a similar manner and is thus left to the reader).
Then for ¢ € [0,00), we can write

718

f(Z() = F(2(0) = 1[1{angt}[f(Z(M9n))—f(Z(Un))]
+ 19, <y lf(Z(E A on)) = F(Z(On-1))]]

= 5 L enlf (20 A 0n) = F(Z0n)

n

where the last equality is a result of the fact that Z(t) € N(0) for t € [op,0,] on the set
{6, < oo} (and for t € [0y, 00) on the set {0, < 00,0, = c0}) and f is constant on N.(0). Fix
n € N. Then the uniqueness of the GPS ESP proved in Theorem [3.6] along with Lemma [2.3
and Theorem show that on the set {0,,_1 < t}, the process Z(- A 0,,) — Z(6,,) admits the
decomposition with O replaced by 6,_1 and ¢ replaced by t A g,,. Therefore, applying It6’s
formula, we obtain the following equality P, a.s. on the set {6,-1 < t}:

f(ZEnon) - 126 = [ " Lh(2(s)) ds

en—l

+ / " F(Z(s)) - dM(s)

On—1

N / " CF2(s) A (s) dIY |(s)

9n—1

with v(s) € d(Z(s)) d|Y]| a.e. s € [0,—1,0, A t]. Multiplying both sides of the last display
by 19, <4, summing over n € N and observing that due to the fact that Vf and Lf are
identically zero in an e-neighbourhood of 0 (since f is constant there), we have the equalities

PRLTE | sz i) = [z -
and - » .
;1{9n1§t} /6 Ef(Z(s))ds:/O LF(Z(s)) ds.
Thus we conclude that
F(2() - 1(2(0) = /0 CF(Z(s))ds + /0 VI(Z(s)) - dM(s)
FD s [ VHEE) A AY)
n=1 On—1

Since V f is bounded, the second term on the right-hand side is an {F; }-martingale. On the other
hand, the last term is non-negative (for every ¢ > 0) due to the assumed derivative condition on
f and the fact that P, a.s. v(s) € d(Z(s)) d|Y| a.e. s € [0,t]. Rearranging the terms above, we
see that the process {f(Z(t)) — f(Z(0)) — fg Lf(Z(s))ds,t € [0,00)} is a P,-submartingale. By
the definition of Q,, this in turn immediately implies the second property .
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We now show that the time the process spends at the origin {0} has zero Lebesgue measure.
We start with the observation that Z(s) € R implies Z(s) = 0 if and only if Z(s) - dj4+1 = 0.
Thus by the definition of Q,, in order to prove property with 9\ S replaced by {0}, it
suffices to show that for every T < oo,

T
E, [ /0 110)(Z(s) - dya1) ds| = 0. (4.37)

Since Z is a strong solution, it satisfies the ESP for X and so by Corollary we know that
for every s € [0,00), Z(s) -djt1 =T'1(X - djy1)(s). Thus Z-dji1 is a one-dimensional reflected
diffusion with diffusion coefficient Z;T j=1@ij/J > 0, where the strict inequality is due to As-
sumption (2) Hence is a consequence of the well-known result that a non-degenerate
one-dimensional reflected diffusion spends a.s. zero Lebesgue time at the origin 0 (see, for ex-
ample, page 90 of [25]). When J = 2, 0G \ § = {0}, and thus the third property follows

immediately. This completes the proof of the theorem. O

Remark 4.7. The proof of Theorem immediately shows that for any ESP that admits a
strong Markov, strong solution to the associated SDER, and whose V-set is contained in the
non-smooth parts of the boundary, the first two properties of (the obvious generalisation of)
Definition are satisfied. Note, in particular, that this holds for every J-dimensional GPS
ESP for J > 2 and, also, that the the set V is always contained in the non-smooth part of the
domain for any polyhedral ESP. In addition, for any J-dimensional ESP, J > 2, as shown in
Theorem the corresponding process spends zero Lebesgue time at the origin. In order to
complete the verification of Definition for an arbitrary J-dimensional GPS ESP, it thus only
remains to show that the reflected diffusion spends zero Lebesgue time on the k-dimensional
faces, 1 < k < J —2, of the boundary. This can be done using the fact that the local restriction
of the GPS reflection matrix to such a face satisfies the completely-S condition. The details
are deferred to a forthcoming paper in which the study of a more general boundary property of
these diffusions is carried out.

5 The Semimartingale Property on [0, 7]

In this section, we show that the reflected diffusion Z obtained as a strong solution of the SDER
associated with the GPS ESP is a semimartingale on [0, 79]. It was shown in Theorem [4.3|that it
is a semimartingale on the interval [0, 7). However, as demonstrated below, the transition from
establishing the property on the half-open interval [0, 7)) to the closed interval [0, 9] is more
subtle. First, in Section [5.1] we formulate general sufficient conditions under which the strong
solution Z of an SDER associated with a general ESP has the required semimartingale property.
In Section [5.2], these sufficient conditions are verified for the GPS ESP. This verification involves
establishing the existence of certain test functions that satisfy Assumption The details of
this proof are deferred to Section [6]

5.1 Sufficient Conditions for General ESPs

The first condition, Assumption [5.1] is the existence of a sufficiently smooth function that
satisfies certain oblique derivative conditions and whose second derivatives satisfy a certain
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growth condition. Recall that V is defined by (2.15)) and let &/ = OG\ V. Also recall that supp|g|
denotes the support of the function g.

Assumption 5.1. There exist constants L, R < oo and (3 > 0, and a function g € C*(G° UU)
that satisfy the following properties.

1. supp[g] C Ng(V).
2. There exist 8 > 0 and r € (0, R) such that

a) (Vg(z),d) >0 fordecd(z) andx €U,
b) (Vg(z),d) >0 forde d(x) and z €UN N (V).

3. supyeq l9(z)| V| Vg(z)| < L and for x € G°UU

We now state the main theorem of this section.

Theorem 5.2. Suppose the drift and dispersion coefficients b(-) and o(-) satisfy Assumption
[4.1. If there exist constants L, R < oo and (3 > 0 such that

1. the ESP (G, d(-)) satisfies Assumption [5.1) with those constants;

2. the drift and dispersion coefficients satisfy the following bound:

J
sup | > agg(@)| v [b(x)]| < oo (5.38)

3. gwen an {F;}-adapted K-dimensional Brownian motion W, for every z € G, there exists
a strong Markov, strong solution Z to the associated SDER, which has initial condition z

and satisfies
B0 1,5 (d(Z(s),V)) o] < 0o
=\ S ] < 1539

fort € ]0,00), where 1o = inf{t > 0: Z(t) € V}.

Then Z(- A\ 1) is an {Fi}-semimartingale under P, .

Remark 5.3. Note that since b(-) and o (-) satisfy the Lipschitz condition (4.26), the inequality
(5.38) is automatically satisfied if V is bounded. Although our main application of this result
to the GPS ESP in Section has bounded V, in anticipation of applications for which V is
unbounded (see Remark in Section , we consider the general unbounded case here.
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Proof of Theorem Due to (.38]), by taking the constant L in the statement larger, if
necessary, we can assume that

J
sup [ > Jai(x)| V Ib(x)|| < L. (5.40)
zeNR(V) |4 =1

Since Z solves the SDER associated with the ESP (G, d(-)), by (4.27) it follows that P, a.s.,
Z(tNT19) =2+ M(t A1) +A(t/\m),
where M and A are defined by

M(t) = /0 o(Z(s)) - dW(s) A(t) = /0 b(Z(s))ds +Y(t),
and for 0 < s <t < 00, Y satisfies

Y(t) = Y (s) €0 [Une(s,gd(Z(u))] -
If z € V, the theorem follows trivially from the fact that 7o = 0 and Y (0) = |Y|(0) =0 P, a.s.

Hence suppose that z € G\ V = G° UU. Due to Assumption [4.1[(1), M is a martingale and
fg T p(Z(s)) ds has bounded variation for every ¢ € [0, 00). Thus to prove the theorem it suffices
to show that for every z € G° UU,

[Y|(t A1) < o0 for every t € [0, 00) P, a.s. (5.41)

For notational conciseness, we introduce the operator A defined by

J
Ag(z) = 1 Z a;j(z) 0g(x) for g € C3(G).
242 0o, ’

Also, for 0 € (0,d(z,V)) and K € (|z|,00), define
osx =inf{t >0: Z(t) € Ns(V) or |Z(t)| > K}.

Let the function g and constants r, R, 6, 0 and L satisfy Assumption Since Z is continuous,
t Nosx < 10 P, a.s. Due to the semimartingale decomposition for Z on [0, 7)) established in
Theorem [4.3| and the fact that Z € G° UU on [0,79) P, a.s., and g € C*(G° UU), 1t6’s formula
yields

9(Z(t Nosk)) — g(2)

_ /OK Vg(Z(s)) - b(Z(s)) ds + /OK Vg(Z(s) - 2(s)dIY|(s) (5.42)
[ ez sz -3 [ sz s
where, P, a.s., 4(s) € d'(Z(s)) d|Y] a.e. on [0, A 0s]. Using Assumption [5.1(2) note that
/O“"” Vg(Z(s)) - 7(s) dIY|(s)
/“"‘SK (Z(s),V)) Vg(Z(s)) - 1(s) d|Y|(s)

> / " Lo (d(Z(5). V) dIY |(s).

v
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In addition, ([5.40) and properties 1 and 3 of Assumption imply that

[0 Lo (A(Z(5), V)
f; sty [T S

and also that

tAOsK tAosK
/0 Vo(Z(s)) - b(Z(s)] ds < L2 /0 Lio.r (d(Z(5), V) ds
o [ Lo (UZ(9),V))
= LR / ORI

Taking expectations (conditioned on Zy = z) of both sides of (5.42)), the stochastic integral on
the right hand side vanishes since Vg and o are bounded on {z € G : |z| < K}. Rearranging
terms, using the last three displays and the bound on g and Vg in Assumption [5.1|(3), we obtain

0E, [ /0 1, (d(Z(5), V) d|Y](s)
<E. [g(Z(t A osx)) — 9(=)] +E. [ / Va(Z(s)) - b(Z(s))| ds}

55 [ Mozl
thasi 1 o,r) (d(Z(5),V)) ds]
A7), VP

Let L = L?(R® +1). Using the fact that P, a.s. t Aosg | t ATpas K 1 0o and & | 0, we first let
K 7T oo and then ¢ | 0, and use the monotone convergence theorem to obtain

tAT 2L L #A10 1o, (d(Z(s),V))
E. [/O L0, (d(Z(5), V) d|Y|(s)] <2+ 2E. [/0 o ds} .

When combined with (5.39)), this shows that

< 2L+ L*(R°+1)E, [/
0

/0 " L0 d(Z(s), V) dY|(s) <00 . as. (5.43)

Now define the random time
k =sup{t < 19 :d(Z(t),V) > r}.

Since Z has continuous paths, k < 79 P, a.s. on {79 < oo}. Also, trivially, we have t < 79 P,
a.s. on {rg = oo}. Together, this implies t A k < 79 P, a.s. Therefore from Theorem it
follows that |Y'|(¢t A k) < oo P, a.s. When combined with (5.39) and (5.43)), this yields for every
t €[0,00),

tATo
Yitam) = [V|(EAx)+ / dY|(s)
tAK
tATo
= Y[(tAR) + / 10,1(d(Z(s). V) Y| (5)
< o0 P, a.s.,
which establishes (5.41]) and thus proves the theorem. [ |
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5.2 Verification of Sufficient Conditions for GPS RBMs

In this section, we verify condition and Assumption for reflected diffusions associated
with (a slight generalization of) the GSP ESP. When b(-) and o(-) are either continuous or
locally bounded, note that condition holds trivially since the set V = {0} is bounded for
the GPS ESP.

5.2.1 Verification of condition (5.39) for GPS reflected diffusions

Given drift and dispersion coefficients b(-) and o(-) that satisfy Assumption and a J-
dimensional GPS ESP with J > 2, let Z be the unique strong solution to the corresponding
SDER (which exists by Corollary . Since G = R and V = {0}, d(Z,V) is proportional to
(Z,djs1). On the other hand, by Corollary (Z,dj+1) is a non-degenerate, one-dimensional
reflected diffusion. Thus verifying the condition (5.39)) reduces to checking a property (see ([5.50))
below) of one-dimensional reflected diffusions. We first prove an estimate for one-dimensional
RBMs in Lemma [5.4] and then extend the result in Lemma [5.5 to one-dimensional reflected
diffusions using Girsanov transormations and a time-change argument. Below, I'; is the one-

dimensional SM defined in (|1.1]).

Lemma 5.4. Given a standard one-dimensional BM W1 defined on a filtered probability space
((Q7f7 P)? {ft})’ let

T = inf{t >0: Wl(t) = 0}. (5.44)
Then for any z € Ry, R € (0,00) and € € [0,1),
70 Lo, (W (s))
0,7 (W1

where B, denotes expectation with respect to P, conditioned on W1(0) = z.

Proof. When z = 0, 79 = 0 and the lemma holds trivially. Fix z, R € (0,00) and € € [0,1). In
order to prove ((5.45)) we will use the well-known fact (see page 379 of [29]) that for any Borel
measurable function f,

e[ Fmas| = [ anctenswmian) (5.46)

where 7, and 7. are defined by ([5.44) with 0 replaced by a and ¢, respectively, m(dy) = 2dy is
the speed measure for BM (see Section II.4 in Appendix I.13 of [6]) and g,.c(+,) is the Green’s
function for standard one-dimensional BM on (a, ¢), which is given by

2(zANy—a)(c—2zVy)

Ga,c(2,y) = forO<a<e.

Let a = 0 and choose ¢ > RV z. Substituting the measurable function f(y) = 11(073}(3/)/3/”5

into ([5.46)), we then obtain
TeATO | W- R
E, [/ (OvR](l(S))dS} _ 2/ 9o,c(2,y) dy.
0 0

W11+6($) y1+5
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On the other hand, by the definition of go.(-,-), we see that

R z
2(c—y) / y(c—z) )
d dy ifz<R
I/Rg()p(z,y)dy: /z cylte vt 0 cylte y rz=
0

2 yl-‘rE R _
/ y(CH:) dy if R<z,
0o
and elementary calculations show that
1—¢ R—¢€ les
: _z _Z ife e (0,1),2z<R
e(l—eg) 3 c(l—¢)
Rl—a ZRl—a
1/Rg07c(z,y)d _ 1_: 6(176) 1f€€(0,1),z_R
2Jo oyt R R
zln<> —i—z—z— ife=0,2<R
z c
z .
R<1—7> ife=0,2>R.
c

Invoking the monotone convergence theorem, using the non-negativity of the integrand and
referring to the last display, we conclude that

e [/tATO ]]_(07R](W1(s)) ds] — {/t/\n/\m Jl(o,R](Wl(S)) i
0o W) i Lo W)
R
< 2lim go,cl(i,y) i
cloo 0 Yy €
< oo,
which establishes ([5.45]). O

Lemma 5.5. Given a filtered probability space ((2, F,P),{Fi}), suppose b* is an {F;}-adapted,
real-valued process and M* is a continuous {F;}-martingale whose quadratic variation process
V is P a.s. continuously differentiable, and there exist constants A > 0 and A < oo such that P
a.s.,
sup b*(s) <A and X< inf V'(s) < sup V/(s) <A, (5.47)
s€[0,00) 5€[0,00) s€[0,00)

where V' denotes the process obtained as the pathwise derivative of V. If

B(t) = B(0) + /t b*(s)ds+ M*(t)  fort e [0,00) (5.48)
0
and
70 = inf{t > 0: B(t) = 0}, (5.49)
then for any z € Ry and R € (0,00),
E, [/OMTO ]l(o’};]ESB)(S)) ds} < oo fortel0,00), (5.50)

where E, denotes expectation with respect to P, conditioned on B(0) = z.
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Proof. We first use a time-change argument to show that we can restrict ourselves, without loss
of generality, to the case when M™ is a one-dimensional standard BM. Define the “inverse” T' of
V by

T(t) =inf{s >0:V(s) >t} forte[0,00).

The assumed properties of V' ensure that P a.s., both T" and V are strictly increasing, con-
tinuously differentiable functions on [0,00) and V(T'(¢)) = T(V(t)) = ¢ for every t € [0, 00).
Now let Wy = M*(T(t)), F = F, F; = Fruy, B(t) = B(T(t)) for t € [0,00), and define
7o = inf{t > 0 : B(t) = 0}. Then Wj is an {F;}-adapted, standard one-dimensional BM (see
Theorem 4.6 of [30]) and B is given by

B(t) = B(0) + /Ot B(s) ds + Wi (2), (5.51)

where b is an {F;}-adapted process that satisfies

i) = ()
=) -

> =

for s € [0, 00).

Moreover, 79 = T'(7p) and

e[ 0sB0) ] _ g [ [ LagBUio) ds]
0 0

B(s) B(V(s))

/V(t)/\%o 1(0,R](B(7")) dr
0 B(r) '

This shows that in order to prove the theorem, it suffices to establish 1} for processes B of
the form 1} with b uniformly bounded.

We shall now simplify the problem further by applying a Girsanov transformation to remove the
drift b from the process B. Fix t € [0,00) and define

H(s) = exp <_ /0 “B(r) W (r) — % /0 R0 dr) for s € [0,4].

Since b is bounded, the process H = {H(s),s € [0,]} is an {F,}-martingale with expectation
1. Then by Girsanov’s theorem (see, for example, Theorem 5.1 of [30]), the process B =
{B,,s € [0,t]} is a standard, one-dimensional BM on ((€, F,Q), {Fs, s € [0,t]}), where Q is the
probability measure on (€, F) defined by

Q(A) =P(H(s)A) for every A€ F,, s€l0,t].
Also, consider the process N = {N(s), s € [0,t]} defined by

N(s) = exp ( /0 ) dB(r) — % /0 B0 dr> for s € [0,4] (5.52)
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and note that N(-) = 1/H(-). So, N is an {F,}-martingale under Q and P(A) = Q(N(s)A)
for A € F,, s € [0,t]. Let E2 denote expectation with respect to Q, conditioned on B(0) = z
and, for greater clarity, we denote the corresponding expectation E, with respect to P by EF.
Then, using Fubini’s theorem, the properties of Q and P stated above and Holder’s inequality,
we obtain

o 10,7 (B(s))
_/0 Ez ]]_[077_0}(8) B(s) dS
:/tEg 1[0,70](5)]1(Q12EB)(8))N(8)] ds
0 S
t 16BN/ e
< (/0 E;Q I[O’TO](S)W d$> </0 E(z@ [(N(S))g} ds)

' s 2/3 t
= (/0 E7 [1[0;0](8)%] ds> </0 EQ [(N(S))g] ds> 1/3'

It only remains to show that each of the two terms in the last line are finite. An application of
Lemma with € = 1/2 immediately shows that the first term is finite. For the second term,

let N30() be defined like N in 1' but with 5() replaced everywhere by 35() Then it is easy
to see that N%() is an {F,}-martingale under Q with expectation 1. When combined with the
fact that for s € [0, ],

(N(s))* = N30) () exp (2 /0 ) B2(r) dr> < N30) () exp <2t [ sup BQ(T)D ,

rel0,t]
this shows that the second term is also finite and thus completes the proof. O

Corollary 5.6. Given an {F;}-adapted, K-dimensional Brownian motion defined on a filtered
probability space ((, F,P), Ft), the J-dimensional GPS ESP and drift and dispersion coefficients
b(-) and o(-) satisfying Assumption let Z be the unique, strong solution to the associated
SDER and let 19 be given by (4.29). Then for every z € Ri and R € (0,00), it follows that

0 Lo gy (d(Z(s), V)
B [/0 1(Z(5),V)

ds] < oo forte|0,00), (5.53)

where B, is expectation with respect to P, conditioned on Z(0) = z.

Proof. By Lemma [3.4] we know that V = {0} for the family of GPS ESPs and therefore d(z,V) =
|z|. Now let f(z) = (2,ds41). Then f(z) =0 for z € R] if and only if |2| = 0, and there exist
0 < k1 < ko < 0o such that

kif(z) <d(zV) =|z| < kaf(z) for every z € RY.
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Hence if B = f(Z) then 79 = inf{t > 0: B(t) = 0} and (5.53) holds if

)ds] < 00 for every t € [0, 00), (5.54)

where R = R/ki, 2* = (z,dj41) and for z* € Ry, E,- is expectation with respect to P,
conditioned on B(0) = z*. According to Definition Z =T(X) P as., where X is given by
([@.28); by Corollary B = f(Z) =T1((X,dj+1)), where I'; is the 1-dimensional SM. Thus
for t € [0,70), B(t) = (X(t),dj+1), which can be written explicitly as

B(t) = /0 b*(s)ds + M*(t),

where b* is the {F;}-adapted process defined by b*(s) = 327, b;(X(s))/v/J and M* is an {F;}-
adapted continuous martingale with quadratic variation process V' given by

J by S
V- 3 [ ),

2,j=1

where a(-) = o(-)o?(+) is the diffusion coefficient defined in Assumption (2) The fact that
b(-) and o(-) satisfy Assumption [4.1fensures that the processes b* and V satisfy the conditions of
Lemmal5.5] So the estimate (5.54)) follows from Lemma5.5] which in turn establishes (5.53). O

5.2.2 Verification of Assumption [5.1

In this section, we consider ESPs on conical polyhedral domains with vertex at the origin that
satisfy Assumption (the “set B” condition) and have V = {0}. The main result of this
section is Theorem which proves the existence of a function that satisfies Assumption
for this class of ESPs. The theorem relies on two results. The first result, stated as Theorem
establishes the existence of a family of “local” functions {g.,,2 € U} where, roughly speaking,
each g, , satisfies the properties of Assumption in a bounded, convex neighbourhood of z.
This result holds for any polyhedral ESP that satisfies Assumption [3.2} The second result is
Lemmal5.8] which establishes a covering property that shows that the local functions constructed
in Theorem [5.7] can be patched together to yield a function g that satisfies Assumption [5.1] We
first introduce some notation, then state Theorem and Lemma and then present the
proof of the main result, Theorem The proofs of Theorem and Lemma [5.8| are relegated
to Section [6l

Given I = {1,...,I} and a polyhedral ESP {(d;,n;,¢;),i € I} with domain G, recall that
I(z) ={iel: (x,n;) = ¢;} for x € IG. For C C 1, let F be defined by

Fo={x€0G:I(z)=C},

and note that G is the disjoint union of F,C C I, C' # (. Given C C I, we shall refer to F¢
as a facet, to distinguish it from its closure

{z € G: (x,n;) = ¢; for every i € C},
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which we will refer to as a face (the two definitions coincide if and only if F is a point). For
z € Fo C 0G, define
T =d (Z, 8G\ [Uclchcl]) s (555)

with the convention that the distance of z to the empty set () is equal to zero. If z € F¢, 7, is
the minimum distance from z to any face on which it does not lie. It is not hard to see that F¢
is relatively open and r, > 0 as long as z is not a vertex. On the other hand, r, = 0 when z is
the sole vertex because in that case C =1 and so G \ [UcrcoFer] = 0. From the definition of
polyhedral ESPs it follows that

x € N7 (2)NG  implies that d(z) C d(z). (5.56)
Given any subset U C 0G, we define
PWU)={C C1:x € F¢ for some x € U} (5.57)

to be the collection of sets C' such that U has a non-empty intersection with the corresponding
facet Fo. Observe that then the set U = 9G'\ V can be written in the form U = Ugepy)Feo. For
example, in the case of the GPS ESP with V = {0}, we have P(U) = {C C1: C #1,C # (}. We
can now state the main results of the section. Recall that N;(0) is the open unit ball centered
at 0.

Theorem 5.7. Suppose the polyhedral ESP {(d;,n;,c;),i € 1} satisfies Assumption and let
U = 0G\ 'V, where the V-set is defined by (2.15). There exists a function A : U — [0,00),
constants A’ < oo and 0 > 0, bounded convez sets QF, Qp,C € P(U), such that 0 € (Qp)°
and Qg C (QE)° C N1(0), and a family of functions {g., : = € U,r € (0,r,)} satisfying the
following properties.

1 Gor € COO(G) and gz,r(x) = VQZJA(.CL‘) =0 forx eV;
2. Supp[gz,r] NG C (Z + TQ;_(Z)) 3

3. SUp,eq |9z (x)] < A'r for every z € U,r € (0,7,);

4. (Vgor(x),d) >0 ford e d(z) and z € U;

5. (Vgsr(x),d) >0 for d € d'(z) and x € [z + T‘Q;(z)] NoG;

I 10%g.,(x)| _ A(2)
. - < ;
6 SUPzeq i,jzzl 8$13$J - r 7

7. For every R < oo, Ap = SUP e N (V) A2) < oo

Lemma 5.8. Suppose the polyhedral ESP {(d;,n;,0),i € I} has a conical domain with angle less
than m and has V = {0}, where V is defined by . Let QJCC, Qo C € PU), be convex sets
such that 0 € (Qg)° and Qy C (QF)° C N1(0). Then, given 0 < r < R < oo, there ezists a
countable set of vectors S CU and a corresponding set of scalars {p, : z € S, p, < r,} such that
the sets Q; =z + szI_(Z) and QF =z + sz}r(z), z € S, satisfy the following five properties.
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. There exists N < 0o such that for every x € G

#{zeS:2eQf}] <N; (5.58)

2. There exists v € (0,00) such that if z € QF then vp, > d(z,V);
3. If x € 0GN QT then d'(x) C d'(2);

4 UNN(V) C [Uzes@z;

5. [U:esQF] C Nr(V).

Observe that T heorem (in particular, the existence and shape of the convex sets ()~ and Qg)
is heavily dependent on the geometry of the directions of constraint and is not much concerned
with the structure of the set /. On the other hand, the covering result in Lemma depends
more on the geometry of U. The proofs of Theorem and Lemma, are given in Sections
and respectively. Here, we show how these results can be combined to construct a function
g that satisfies Assumption

Theorem 5.9. Suppose the polyhedral ESP {(d;,n;,0),i € I} has a conical domain with angle
less than m, satisfies Assumptionm 3.2 and has V = {0}. Then for any R < oo, there exists L < 0o
such that the ESP satisfies Assumption[5.1) with § = 1.

Proof. Fix R < oo. Let Ap < o0, 6 > 0, {gzr:zEUTG(OTZ)}andQC,QC,CEP(U)
satisfy the properties stated in Theorem . Fix r € (0, R) and corresponding to QC, Qc,
C € P(U), choose a countable set of points S C U and p, € (0,r;), z € S5, such that the
properties stated in Lemma are satisfied, and let the corresponding sets @ and QF, z € S,
be as defined in Lemma 5.8l Also define

x) = Zgz’pz () forzed. (5.59)
z€8

For x € G°UU, let J(z) = {2 € S : 2z € (QF)°}. Since, by property 1 of Lemma the
cardinality of J(x) is finite (it is in fact uniformly bounded by N), there exists € > 0 such that
Ne(z) C Nuey@)(@QF)°, and so for every y € N.(z), J(y) = J(z). Thus for every z € G° UU,
there exists € > 0 such that

> geply)  forye No(z). (5.60)
zeJ(x)

Along with properties 1-3 of Theorem this guarantees that g lies in C*>°(G° UU), satisfies
g(z) =0 for z € V and is a continuous function on G.

Now property 5 of Lemma ensures that supp[g] C Ng(V), which establishes Assumption
( ). On the other hand, , with y = x, combined with properties 4 and 5 of Theorem 5.7 -,
property 4 of Lemma and the fact that p, < r,, implies Assumption ( ). Furthermore,
, along with properties 6 and 7 of Theorem and properties 1 and 2 of Lemma
implies that for x € G° UU N Ni(V),

e

J
8 gZ,Oz

&rj&nk

ApN _ ApNv
B mianJ(ac) Pz d(l’,V)

ox; 83}
J k z€J(x) j,k=
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Since g is identically zero outside Ng()), this shows that Assumption [5.1)(3) is satisfied with
L = AgrNv and 8 =1, thus completing the proof of the theorem. O

Theorem 5.10. Let Z be the pathwise unique, strong solution to the SDER associated with the
GPS ESP and drift and dispersion coefficients b(-) and o(-) that satisfy Assumption[4.1l Then
Z(- A1) is a semimartingale, where 19 = inf{t > 0: Z(t) = 0}.

Proof. The bound holds by Remark . Moreover, given any R < oo, Theorem shows
there exist L < oo and # = 1 such that Assumption [5.1] is satisfied for the GPS ESP. The
existence of a pathwise unique, strong solution follows from Corollary [£.4] and Corollary
shows that condition is satisfied for any R < oo and 8 = 1. Thus the result follows from
Theorem [5.2 O

6 Construction of Test Functions for the GPS Family

In this section, we consider a slight generalization of the family of GPS ESPs, namely polyhedral
ESPs in convex conical polyhedral domains with vertex at the origin that satisfy Assumption

and have V = {0}. In Section we prove Theorem and in Section we establish
Lemma [5.8 Together with Theorem this demonstrates the existence of a function g that
satisfies Assumption [5.1] for this class of ESPs.

6.1 Proof of Theorem [5.7]

We first prove some preliminary results in Lemmas [6.1 The following notation is used
throughout this section. For any set A C R’ rint(A) is used to denote the relative interior of
the set A (see [39] for a precise definition). For conciseness, in this section we will often use A¢
to denote N.(A) = {z : d(x, A) < e} for € > 0. Recall the definitions given in Section of
Feo, C C1, and P(U), where U = OG\ V. For C C 1, C # (), let the cone L¢ be defined by

Lo = {—Zaidi:aiZO}, (6.61)

icC
and the set K¢ by
Ko = {—Zaidi/\di|:aiEO,Zaizl}. (6.62)
1eC ieC
Note that K¢ is a convex, compact subset of R’ and for # € F¢, Lo = —d(z) and —d'(z) C

{tKc : t > 1}. We first state a useful consequence of the existence of a set B that satisfies
Assumption [3.2| for the ESP. This result was proved in [19].

Lemma 6.1. Suppose the polyhedral ESP {(d;,n;,¢;),i € 1} satisfies Assumption . For
CCI,C#0, if Lo is defined by then

mch}(TLZ, d) <0 for everyde Lc \ {0}.
1€
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Proof. This lemma corresponds to Lemma A.3 in [19] (specialised to the case when the vector
field ; in [19] is constant and equal to —d;), with the caveat that n; used in [19] represents an
outward normal, while in this paper n; denotes an inward normal to the domain G. Note that
the condition (A.1) specified in [19] follows from Assumption [3.2| due to Lemma 2.1 of [I8]. O

Since Assumption holds for the polyhedral ESPs under consideration, Lemma [6.1] is appli-
cable. If z € U, then the vectors d;,i € I(x), are linearly independent. Hence for C' € P(U),
0 ¢ K¢. By Lemma [6.1] this implies that for C € P(U),

min(n;,d) <0 for all d € K¢.

1eC
Since K¢ is compact, there exists d¢c > 0 such that

min(n;,d) <0 for all d € K¢ (6.63)
1€

Let K¢ s, be a closed, convex set that has a C* boundary and satisfies
K2 c (Kes.)® C K, K 6.64
o' C(Kege)® C Ko C K. (6.64)

(Here a convex set F' C R is said to have a C™ boundary if for every point y € OF, there exists
a (relative) neighbourhood of y in JF that is a C* submanifold of R’, appropriately modelled
on some hyperplane of R”; for closed convex sets F, this has been shown in [28] to be equivalent
to the gauge function of F' being C'*° in a neighbourhood of the boundary of F'.) Also, define

Lo s = U>otKe s - (6.65)

Then the inequality clearly holds with Kgc replaced by K¢ .. This in turn implies that
0 ¢ Kcs,, that Lo, is a (half) cone with vertex at the origin, and that there exists fc > 0
such that

mi(l;l(ni,d> < —=20¢|d| for all d € Lc s, (6.66)

1€

It is also clear that, since K¢ s, has a C*° boundary, Lc s, is a cone whose boundary is C*°
everywhere except at the vertex {0}.

In Lemma [6.2) below, we construct a family {gc, C € P(U)} of functions, where g¢ is associated
with the facet Fo in Y. These functions serve as the basic building blocks for the construction of
the family of functions {g,,,z € U,r € (0,r;)} of Theorem indeed the latter will essentially
be obtained as suitably scaled translates of the functions go, C € P(U). Each function g¢ is
constructed as (a suitable approximation of) the distance function to the cone L¢ 5,. As shown
below in Lemma the geometry of the directions of constraint (imposed by Assumption
ensures that this distance function locally satisfies the necessary gradient conditions (see property
2 of the lemma). This observation was first made in [19] when considering an SP with V = (),
and was used there to construct a C! function that satisfies gradient conditions similar to those
in (6.67) and (6.70). However, the construction here is considerably more involved due to the
fact that V # () and we need a C? function whose second-order partial derivatives are uniformly
bounded. In particular, since the distance function is not C2, we need to establish the existence
of sufficiently smooth approximations to the distance function that satisfy both the gradient
properties and the bound on the second-order derivatives. While discussing approximations, for
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conciseness we will use the Schwarz notation for multi-indices: given o € Z;Ir and a function f
on some open set Q C R”, recall that

8a1+...an

pef=_S )
= e oa

a1+...0 g
and D, f = < 0 / )

aq a g
ox{"...x5

denote the ordinary and weak derivative operators of the function f of order o on Q and |¢]
denotes a1 + ...+ ay (see [7, Definition 2, page 19] for the definition of weak derivatives). With
some abuse of notation, we will say h = D¢ f to mean h is a weak derivative of the function f
of order o on 2.

Lemma 6.2. For every C € P(U), given any 0 < fjc < A¢ < 00, éc > 0 and
Ao = (Lé'%c) \Lg%c ={z e RY : Ne < d(l‘,Lq(sc) < 5\0},
there exists a function go : Ao — R, that satisfies the following four properties.

1. go € COO(AC);

2. there exists 8 > 0 such that

(Vgo(z),p) < —0c forpe KgC/g and x € A¢c; (6.67)
3. for every j,k € {1,...,J},
2
zehg | 01507

4' SuprAC (‘gc(m) - d('r?LC,&c)‘ \ (|VQC(*T)| - 1)) < éC'

Proof. Fix C € P(U), 0 < ¢ < Ac < oo and £¢ > 0. For ease of notation, for the rest of
this proof we will usually just write Lg, A, X and 7 for Lcs., Ac, ¢ and i, respectively.
Define jo : RY — Ry to be go(-) = d(-, Ls), the distance function to the cone Ls. The proof is
comprised of four steps. In the first step, we collect some known properties of go. In the second
step, we establish gradient properties of the type for go on Ac, and in the third step, we
obtain bounds on the growth of the second derivatives of o on a subset of A¢. In the last step
we show that there exists a smooth approximation go of go that satisfies the conditions of the
theorem.

Step 1. Let Pp, : R’ — Ls be the metric projection onto the cone Ls (which assigns to each
point x € R” the point on Ls that is closest to z), and let Ho = {z € R’ : Py (x) = 0} be the
set of points that get projected to the vertex 0 under the map Ppr;. Since Ls is a closed convex
set, it is well-known (and seems to have been first proved in [34] p. 286]) that on R’ \ Ls, g¢ is
Cl, Pr, is Lipschitz with constant 1, jo(-) = |v — Pr,(-)| and

x — Prg(x)

=2 "M forzeR7\ L. 6.68
[ — Pr, (2)] \ (6.68)

Vic(x)

We now argue that go is (at least) C3 and Pr; is (at least) C2 on R7 \ [Ls U 9H¢|. Indeed,
first note that the fact that go(x) = |z| and Pp,(z) = 0 for = in the interior of H¢o implies
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that both functions are C* on H¢. Next, observe that since the boundary of K¢ s, is C* (by
construction), the boundary of Ls is also C*° everywhere except at the vertex 0. Theorem 2 of
[28] asserts that for p > 1, if the boundary of Ls is C? in a neighbourhood of a point = € dLs
then the distance function gc is CP and the projection Pr; is CP~! in a neighbourhood of the
open normal ray to L at the point x. In particular, this guarantees that jc is (at least) C* and
Py, is (at least) C? on R’ \ [Ls U OH().

Step 2. For any z € R\ Ls, because z — Pr,(z) is an outward normal to Ls at Pp,(z) and L;s
is convex, we have

é

(x — Prs(z),w — Prs(r)) <0  for every w € Ls. (6.69)
Since Ls is a convex cone with vertex at the origin that contains K¢ s.,, we have Pr,(z)+p € Ls
for p € Kcs.. Setting w = Pr,(x) + p in the last inequality we see that (z — Pr,(x),p) <0 for
every p € K¢ s.,. Since KgC/z C (K¢ )° by l’ and KgC/Z is compact, combining this with
the expression for Vjeo given in (6.68)), we conclude that there must exist 0 that satisfies

(Vio(z),p) < —20¢ for p € KgC/z and z € R7 \ Lﬁc%/cz. (6.70)

Step 3. Let {0;;,7,5 € {1,...,J}} be the Kronecker delta function: ¢;; = 1 if i = j and 0
otherwise. For x € R’ \ [Ls U 0H(], using the expression (6.68) we obtain
Poc_ (1) = L (Siotw).e0
)= — x),e;
al'jal'i 8$j ge T

9 (a:i‘— (Prs(z), €i>>

"0z \ o= Pry(a)]
1 B) ) 1
= m%(xz - <PL5($)aei>) + (xz - <PL5($)7ei>)67j <|.T—PL§(:L‘)|>

(Vic(z). )

1 0
- o (= g Preed) = = (Prsto).e) T

go () J
Observing that the maps F' : x — (x,e;) and Pr, are non-expansive (see, for example, Section
4 of [28] for the latter result), denoting the differential of Pr, by DPr, and using the trivial
relations |z; — (Pr,(x),e;)| < |z — Pr,(z)| = go(x) and |Vgc(x)| = 1, we obtain the following
bound: for x € R? \ [Ls UOH¢],

1
o) + 0@ < ) (6.71)

& gc oy < LHIVE(PL (2))[[DPrs ()]
8.%‘83?1‘ B

Step 4. While the constructed function gc satisfies most of the desired properties, it is not C?
in a neighbourhood of OH¢c. We shall use an approximation argument to overcome this problem.
Since o € CY(R7 \ Ls), by Lemma 2 on page 19 of [7], D%jc = D%gc on R’ \ Ls whenever
|a| = 1. When |a| = 2, we only know that D¢ exists on the open set R \ [Ls U dH(]| (this
was established in Step 1). We now claim that D“gc, |a| = 2, serve as weak derivatives of
second order on the larger domain R’ \ Ls. Although for |a| = 2, D¢ is defined only on
R’ \ [Ls U OH¢], since OH¢ is a set of Lebesgue measure zero and weak derivatives are only
defined upto sets of measure zero, the claim makes sense. Moreover, in order to establish the
claim, it clearly suffices to show that weak derivatives of second order exist on R”’ \ Ls. From

979



the expression (6.68)) for Vgc and the fact that P is Lipschitz, we know that D¢ is absolutely
continuous on R” \ Ls when |a| = 1. A simple integration by parts argument (along the lines,
for example, of Lemma 9 of page 34 of [7]), combined with the fact that D*gc = DS gc when

|a| = 1, then shows that D2gc exists on R7 \ Ls for |a| = 2 and the claim follows.

The closure of A lies in R7 \ Lg/ . The claim just proved, along with 1) then implies that
when |a| = 2,

- - 3
esssup | D, go(x)| = sup  [Do(x)] <

6
zeA 2eA\OHc infren go(z) 7

Therefore, for |a| = 2, the essential supremum of D*gc = DS gco on A is finite. Furthermore, go
is also uniformly bounded on A (by X). Thus g lies in W2 (A), the Banach space of uniformly
bounded functions on A for which all weak derivatives of second order exist, equipped with the
norm
Ifllwgw =esssuplf@]+ 3, esssup|Dyf(a)l.
x

xEA
aEZi:|a|=2

Although the space C*°(A) is not dense in W2 (A), by Theorem 1 on page 48 of [7] there exists
a sequence {fi} of C*°(A) functions such that for & € N, the following three properties hold:

5 1
Lsupen [fu(z) — go()l < 7
. 1 .
2.supgep D fr(x) — D%Ge(z)| < Z if o] = 1;
- 1 .
3. [supgen [Dfr(2)| — supgen [D%Ge (@)l < + if o] = 2.

Combining this with (6.70)), (6.72) and the fact that [Vgo(z)| = 1 for all z € A (see (6.68))), it is

clear that there exists a large enough integer k > 1/ such that go = f, satisfies the properties
of the lemma. O

In the proof of Theorem given below, we show that a family of functions {g.,,z € U,r €
(0,7,)} that satisfy the necessary properties can be obtained as localized, scaled versions of the
functions go,C € P(U), constructed in the last lemma. The next two lemmas will be used in
the proof in order to characterize the geometry of the supports of these localized functions {g. , }
(see Figure [3| for an illustration).

Lemma 6.3. For C € P(U), let ¢ > 0 satisfy and let go be a unit vector in Ko. Then
there exists Ao > 0 such that for every z € Fo and r € (0,r,), the set

Mc(z,7) = 2+ Acrqe + Lese (6.73)
satisfies the following three properties:

1. there ezists nc € (0, \c) such that M (z,r) NG = 0;

2. MP"(2,r) NG C N, (2) N G;
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3. for everye >0, Z€ Fo and 7 € (0,7z),
er 'I’Zl’ eF f~ ~ ~
x € [M& (2,r) — 2] & - S [MC (2,7) —z].

Proof. Fix C € P(U), d¢ > 0 and gc € K¢ as in the statement of the lemma. Since G is a
convex polyhedron and n;,i € C, are inward normals to G at z, any x € G satisfies

?élcl'lm“ r—2z)>0.

Along with , this shows that the boundary of G separates z + L¢ s, from the interior of
G. More precisely, for z € F, we see that

(2 + Loge) N G = {2} (6.74)

and so the (minimal) angle ¢c between the closed convex cone z + L¢ s, and the closed poly-
hedron G at z satisfies 0 < ¢c < 7/2. Therefore for any r € (0,7,),

{CL‘ €R’ :d(x,2+ Los) < %singbc} NIG C Ny(z) NOG.

Define A\¢c = sin ¢¢/6 € (0,1/3). Then the last display implies that for every r € (0,7,),
{z e R’ :d(z,2+ Leg,) < 3\er} NG NON,(2) = 0. (6.75)

It is clear from the definition that A¢ is independent of z € F (since the angle ¢¢ does not
depend on z € F¢) and thus (6.75]) holds for all z € Fz and r € (0,7).

Now let Mc(z,r) be the cone L¢ 5., shifted to have its vertex at z + Acrge, as defined in (6.73]).
Then, z + Acrqe lies inside the cone z 4 L¢ s, because gc € K¢ C Lo, and Agr > 0. Since
2+ Lo s, is a convex cone, it follows that

Mc(z,7) Cz+ Lcs, and  Mc(z,r)N{z} =0.
Hence we infer that
Mg,’\cr(z,r) ={x:d(x,Mc(z,7)) <3Acr} C{a:d(z,z+ Lcs,) < 3Aer}.
The last three displays together with show that
Mo(z,r) NGNAN(2) =0  and  MZ"(z,1) NG NIN,(2) = 0. (6.76)

Together with the fact that z € Mg’\cr(z,r), the second equality above establishes property 2
of the lemma. Moreover, since Mc(z,7) and G N N, (z) are both closed, from the first relation
of the last display and property 2, it is clear that property 1 of the lemma also holds.

It only remains to prove property 3. For z € F¢o, x € M (z,7) — z if and only if there exists
v with |v| < er and v € Lgg, such that @ = v + Acrgc + u. This implies that 7a/r =
Tv/r + AcTge +Tu/r = 0+ AcTqc + 4, where |0] = |Fv/r| < eF and @ = 7u/r lies in L¢ 5., since
L¢ s, is a cone with vertex at 0, which concludes the proof. O

We now identify the sets Qg, QF, C € P(U), that arise in Theorem
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Figure 3: Construction of g, , for the 2-dimensional GPS ESP
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Lemma 6.4. Fiz C € P(U), let {Mc(z,7),z € Fo,r € (0,r.)} be as in Lemma[6.3 For any
€ (0,1), there exist closed, convex sets Qp and Qg such that Q C (QJCC)O C N1(0) and for
every z € Fo and r € (0,r,),

MP(@r)NG=241Qh MG (NG =24 Qg (6.77)
and
z € rint[(z + ' Qg) N OG]. (6.78)

Proof. Fix C' € P(U), choose a particular 2’ € Fg and 7' € (0,7.), and define Q. and QJCC
using , with z and 7 replaced by 2’ and 7/, respectively. Since the set Mg’\crl(z’ ,1'), for
0 = «, 2, and the set G are closed and convex, clearly Qé and Q. are also closed and convex.
The inclusion Q. C (Qg)o also follows directly from the definition and the fact that 1 + a < 2.
Moreover, since property 2 of Lemma implies M(Q})‘CT/ (Z,7”YNG C N (7)), it follows that
2 +1'QE C Ny (2') or, equivalently, that Q5 C N1(0).

Property 3 of Lemma the fact that GG is a cone and the property that for z € F and
r < T, d(V,Mg,)‘CT(z,T) NG) > d(V,0N,(z)) > 0 (where the latter inequality holds since
r < r, < d(zV)), then show that is applicable for every z € Fr and r € (0,r,). In
addition, since d(z, Mc(z,7)) = Acr and a > 0, it follows that for every r € (0,7,),

z € rint[MéHa)/\CT(z, r) N OG] = rint[(z + rQ;) N 0G|,
which proves ([6.78)). O

The sets Qg, Q¢ and Mc(z,7) for the case of the two-dimensional GPS ESP are illustrated in
Figure We now combine the above results to establish Theorem For C € P(U), let 5¢ > 0
satisfy (6.63) and let qc € Ko, ne € (0,1), Ac € (nc/2, 770) and {Mc(z,r),z € Fo,r € (0,7,)}
be as in Lemma Choose a € (0,1/3), and let QC, QC be the corresponding sets described
in Lemma E Lastly, with the choice of 7j¢ = n¢, )\c = 3A¢ and éc = a\¢/2, let go, Ac and
O0c > 0 be as in Lemma

For z € U and r € (0, 'rz), we now construct g, , as a suitably scaled and localized version of the
function gr(), which vanishes on V = {0}, while still maintaining the smoothness and derivative
properties of gr(;). First define & =1+ 3a/2 and & = 2 — /2 and note that & < #. Then let
hc be a non-decreasing C*°(R) function that satisfies

he(s) > 0 forse[0,00)
he(s) > 1 forse (0,a\) (6.79)
heo(s) = 0 for s € [RA¢,00).

For C € P(U), if z € Fc and r € (0,7,), define
Qo(z,r) = (MWT) \ MI"  for z € F and 1 € (0,7) (6.80)

and let g, , : R’ — R, be given by
Y _
rhe (gc <W>> if z € Qo(z,71),

gz,r(l') = r (6.81)

0 otherwise.
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We show below that the functions {g.,,z € Fc,r € (0,7,)} above satisfy the properties listed
in Theorem [5.71

Proof of Theorem Define

A= max sup ho(s)| V k()| Vv |hE(s)]] v 2 6.82

o s ()] ioge)| v 1G] (6:82)

and 0 = mincep)fc and note that A’ < oo and 6 > 0. Since by (6.79), ho(s) = 0 for
s > 3\¢ > kA¢, the definition of A’ in (6.82)) immediately implies property 3 of the theorem.

Fix C € P(U),z € F¢ and r € (0,72), let g., be defined as in (6.81) and for the rest of the
proof, write h for he, Ls for Le s, q for gc, n fo~r ne, A for Ag, A for A\¢g, 7 for 7¢, € for ¢, A
for Ac and Q(z,r) for Qc(z, 7). Note that since A = 3\ and 77 = 7,

T — A —

v e Qzr) = ? e (Lg) \L1L = A. (6.83)

r

This guarantees that whenever x € Q(z,r), (x — Ag — z)/r lies in the domain A of g¢ and so the
function g. , is well-defined.
Now, observe that property 4 of Lemma the identity & 4+ £/A = K+ /2 = 2, the definitions

(6.79)), (6.80), (6.81)) and 1' of Q(z,7), h, g, and Qg, respectively, and properties 1 and 2
of Lemma [6.3] when combined, yield the relation

supp [g.-] NG
zeR’: g <x—)\q—z>
r

<
c xERJ:d<:Hq_Z,L5> gk)\Jré}ﬂG

N

fne

,
={r e R 1d(x—\g—zLs) <2} N
= MZ"(z,1)NG

= z+ng

C Qz,1r)NG.

(6.84)

Q

The inclusion supp [g.,] NG C Q(z,7) N G, the relation (6.83]) and the fact that h € C*°(Ry)
and go € C*®°(A), imply that g., € C*°(R”7). In addition, since Q(z,7) NG C N,(2) NG, the
inclusion also implies that for r < r,,

r€Qzr)NG = d(z)Cd(z) (6.85)

and because N,(z) NV = 0, that ¢, ,(z) = Vg,,(z) = 0 for z € V. The last three assertions
show that g, , satisfies properties 1 and 2 of Theorem

Now for 2 € R”,
— g — — g —
Vger(z) =1 <gc <:1; rq Z>> Vo <x Tq Z) : (6.86)

Property 2 of Lemma along with the fact that z € Fg implies d'(z) C {aK¢,a < —1},
shows that
(Vgc(y),d) =6 vded'(z),y €A
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When combined with (6.83)) and (6.85]), this in turn shows that

—\g —
<ng (W> ,d> >0 Vded(x),zeQzr)N0G, (6.87)
r
while property ((6.84) ensures that
Vgc (x—);q—z) =0 forzeG\Qzr).

Property 5 of the theorem then follows from the last display, (6.86)), and the first inequality
in (6.79). On the other hand, using the identity & = 1+ a+ /2 = 1+ a+£/\, and once again
invoking property 4 of Lemma and recalling the defintion |i of Q, we observe that

—\g —
{rers e (P25 ) cartne
— g —
= xGRJ:gC<quZ> (14 a)A 5}

g 6.88
> xeRJ:d<x>;qL5>§ } (05

= MéHa))‘T(z, r)NG
=z2+7rQc..

When combined with the second inequality in (6.79)), (6.86]) and (6.87)), this implies property 4
of the theorem.

Differentiating g, , twice and using the chain rule, we see that for = € Q(z,r),

89z 2)
al'ial’j

_ lh” (gc <x—/\qr—z>> dgc (x—Aqr—z) dgc (a:—/\qr—z>
r r ox; r Ox;j r
Iy <QC (:v — A\gr — z)) %90 <a: — A\gr — z> .
r O0x;0x; r

Let L' < oo be an upper bound (independent of j, k) for the second derivatives in property 3 of
Lemm By property 4 of Lemma we know that sup,cp |Vgo(z)] <14+ < 2. Along
6.84

with (6.84)) and the definition of A’, this implies the bound
o 0* 44’ 4A" + AL
sup e (x)| = sup Iz ac)' < + AL < AT AL
zeG | 020 2€Q(z,r)NG Ox;0x; r r

Hence properties 6 and 7 of the theorem are satisfied with A(z) = A’(4 + L'r,) and
Ar = A'(4+ L'R). This completes the proof of the theorem. B

6.2 Proof of Lemma [5.§

In the last section, we constructed a family of C°°(R”) functions {g., : 2 € U,r € (0,7,)},
with each g, , satisfying certain gradient and second derivative properties in a neighbourhood
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of z. Lemma below shows that a countable set S and scalars p,,z € S, can be chosen
such that any x € G lies in the support of at most a finite number (independent of z) of
functions g, ,,,2 € S, and the sets z + szI_(z)’Z € S, cover N,(V)\ V. This ensures that
the function g defined as the countable sum ) _gg. . is well-defined on G and satisfies the
necessary derivative conditions on all of G. Although the notation in the proof of Lemma
5.8 is a bit involved, the basic idea behind the proof is quite simple. One first identifies a
finite number of points z on a hyperplane Hy a distance s away from V = {0}, and associated
scalars p, such that the union of the corresponding neighbourhoods covers the intersection
of G with the fattening of a hyperplane H; (see the claim below). Using scaling arguments
one then identifies a corresponding finite number of points on a suitable translation of that
hyperplane along its normal. The covering is then obtained by taking the union of the associ-
ated (finite number) of neighbourhoods in each of a countable number of hyperplanes Hy,,s; | 0.

Proof of Lemma By assumption, G is a convex cone with vertex at the origin and angle
less than 7. Thus there exists v € G° with |v| = 1, such that the maximum angle w between v
and any = € JG is less than 7/2. This implies that there exists ( = cosw > 0 such that

)
o] < =%

for every x € G\ {0}. (6.89)

Now for s > 0, let Hy be the hyperplane defined by
H,={z cR’: (z,v) = s}
and for 0 < s < § < oo define the “slabs” H|[s, §] and H(s, §] to be
His, 8] ={x:s<(x,v) <§} and H(s,s]={z:s<(z,v) <35}

For C € P(U), let Qg, Q¢ be the closed, bounded, convex sets with 0 € (Q)° C (QJCC)" specified
in the statement of the lemma. Given 0 < r < R < oo, choose s € (0, R) such that

GNN,(0) C GNHI0,s1] C [Nr(0)]°. (6.90)
Also, define
k=sup{p>0:z+ ijf(z) C Ng(0) for every z € Hy, NG}, (6.91)

where we recall that I(z) ={i € 1: (z,n;) = 0}.

We now show that the lemma is a consequence of the following claim, and defer the proof of the
claim to the end.

Claim. There exist 0 < # < v < 1, a finite set S = {zi(l),i =1,...,L} C H,, with associated
scalars P, t=1,... , L, such that the sets defined for ¢ = 1,..., L, by

and Q7 ﬁzi(l) +pz?”Q1_( o (6.92)

+ - 1) + -
Qzlg) =% +PZ§1)QI(Z§1)) ZZ( 20)

satisfy the following two properties:

1. H[s1(1—=70),s1(14+ B)]NOG C [Uzes,Q] N OG;
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2. [UZESIQ;—] NG C H[Sl(l —7),s1(1+ "y)] NG.
Suppose the claim is true. Then for k =2,3,...,and ¢ = 1,..., L, define

Zi(k) - (1 _ ﬁ)k—lzl(l) and Pz(k) = (1 _ ﬁ)k_lng), (6.93)

let S;, = {zl(k),i =1,...,L} and define Q" ,, and Q'F(k) as in (6.92]), with (1) replaced everywhere
Zi Zi

by (k). Then, since G is a conical polyhedron it is clear that for i = 1,..., L, I(zl(k)) = I(z}l))
and therefore we have

Quw=0-/"1Q and Qf=01-p8""Q%.
Combining this with the claim it follows that for k € N,
H(s1(1 - B)%, s1(1 = B)" 11+ B)]NIG C [Uses, Q2] NOG (6.94)

and

[Uees, QT NG C Hisi(1=B) 11 —7),s1(1 =B (1 +4)]nG. (6.95)
Define S = UgenSk. Since each Si has L elements, S is countable.

Let n be the smallest integer such that

n > log[(1 —~)/(1+7)]/log(1 - 3). (6.96)
Fix k € N, z € S and x € Q for this paragraph. We first show that

k4+n—1
¢ U s = 240t (6.97)

j=(k—n+1)V1
Indeed, note that implies that
z€ H[si(1—=B) (1 —7),s:(1 =B (1 +9)]NG.

If i > k+nthen (i —1) — (k—1) > n and so yields the inequality

(1=p)"' 1+ <=5 -).
The inclusion then implies that x ¢ U eSiQ;- Likewise, if 1 < ¢ < (k —n) V 1 then for
k>n+1, (k—1)— (i — 1) > n, and so (6.96) implies that

(L=B)H1+7) < (1=8)"1 1)

Once again, we have 2 ¢ Uyes,Q, by (6.95) and so (6.97)) follows. Since each S; has L elements,
this establishes property 1 with N = 2(n — 1)L. Next, observe that since z € Sk, from ((6.95)

and (6.93) we obtain

(z,v)y  (1—=pB)F s 51
. (1 k=1, D~
P (1 ﬁ) lpl(z) P
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where p, = min,eg, p° > 0. Moreover, since x € Q7 by (6.89) and (6.95)), we have
{r,v) _ (+9)zv) o (4 9)s1ps
¢ ¢ B pC
which shows that property 2 is satisfied with v = (1 + 7)s1/p«( < co. Furthermore, property 3

is a simple consequence of the fact that since Qg C N1(0) for every C € P(U) and p, < r,, we
have x € QF C N, ().

Lastly, note that since 5 € (0,1), we have

d(z,V) = |z| <

UkenH[s1(1 = )", 511 = B)* (1 + B)] N G = H(0,51(1 + )] N G,
which is contained in [U,esQ; |NIG by (6.94). Recalling that V = {0} and using we then

obtain

UNN, (V) =[0G\ {0}] NN, (0) C OGN H(0,s1] CIGN[U,esQ;]-
Also, the fact that po < k and the definition (6.91)) of s yield

[U.esQF1NG C Ng(0) = Nr(V).

This proves properties 4 and 5. To complete the proof of the lemma, it only remains to establish
the claim.

Proof of Claitm. For j = 1,...,J —1, let P;(U) be the collection of subsets corresponding to
j-dimensional faces in 0G:

PjU) ={C e P(U) : dim[Fc] = j},

where dim[A] represents the dimension of the affine hull of A. Note that U = Uj;ll Ucep,;w) Fe-
In order to establish the first property of the claim it therefore suffices to show that for every
j=1,...,J — 1, there exist 3; € (0,1) and a finite set of points S{ C Hy, N [Ugep, ) Fe] and
associated scalars p, € (0,k), z € S, such that

Hls1(1 = ;),s1(1+ 3;)] N [UCGPj(u)FC} C [Uzeu;ls{Q;} N [UCGPj(u)FC} (6.98)

where, as usual, Q7 = z+szI_(z). Indeed then setting 3 = min; 3; and S; = U}-lesf, the union
of (6.98) over j =1,...,J — 1 yields property 1 of the claim.
We shall prove (6.98) by induction on j. As explained below, it is easy to see that (6.98)) holds
when j = 1. For each C' € P;(U), note that Hg, N F¢ is equal to a point. Let Si = {H,, N F¢ :
C € P(U)} be the finite collection of these points as C' varies over P(U). Now define

pM = inf 7, >0, (6.99)

2€8%

and for each z € SI, set p, = p(!) and let @7 be defined as above. By assumption, 0 € (Q¢)°
and so Q; N Fg is a line segment containing z in its relative interior and for each z € S}, there

exists a neighbourhood of z that is contained in @, . Hence there exists 8; € (0,1) and &1 > 0
such that for every C' € P1(U),

H[81<1 — ,31),81(1 —i—ﬁl)] NFo C Qz_ N Fo

988



(where z = Hs, N F¢) and
Hlsi(1—p1),s1(1+ B1)] NN, (Fo) C Q. (6.100)

Taking the union of the penultimate relation over C' € P(U) and z € S{ yields (6.98) for j = 1.

Now suppose there exists k < J —1 such that for all j < k—1, there exist 3; € (0,1),e; > 0 and
a finite set of points S C Hs, N [Ugep,w)Fo] such that |i holds and for every j < k — 1,
the relation

Hls1(1 = 8;),51(1+ B;)] N [UCEPj(U)NEj (FC)} C U etreyan 1 si@s (6.101)

is satisfied. We will show that then also holds for j = k and holds with k —
1 replaced by k. Indeed, the argument in this case is analogous to the case j = 1. The
difference now is that it is no longer true that the intersection of the k-dimensional faces with
H, are mutually disjoint and therefore the direct analog of does not hold. Indeed, the
intersections of multiple k-dimensional faces yield lower-dimensional faces. But by the second
induction assumption , we have already covered a neighbourhood of the intersection of
Hg, with these lower-dimensional faces. Thus once these neighbourhoods are excised from the
k-dimensional faces, we once again obtain disjoint sets and an inequality analogous to will
be true.. To make this reasoning precise, fix C' € Py (U). By the definition of r,, it follows that
if
z € Fo = [Fo N Hg, |\ [Ui<j<k—1 Ygep, @y Ne; (Fe)l,

then r, > minj<;<; ;. Thus choose 0 < pF) < mini<j<x€; A k& (note that this is the analogue
of that we wanted). Since Uce'pk(u)FC is bounded and 0 € (Q)° for every C, it
follows that there exist 8, € (0,1), &, > 0 and a finite number of points S} = UCEpk(u)Sf’C
with Sf’c C Fg such that if p, = p*) and (as before) Q; = z + szI_(Z) for = € S¥,
then is satisfied with 7 = k and holds with & — 1 replaced by k. By induc-
tion, this shows that holds for all j = 1,...,J — 1, and the proof of the first property
of the claim is complete. The proof of the second property is analogous and therefore omitted. B
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