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ASYMPTOTIC BEHAVIOR OF MOMENT SEQUENCES

LI-VANG LOZADA-CHANG

ABSTRACT. In this paper we study asymptotic behavior of some mo-
ment spaces. We consider two different settings. In the first one, we work
with ordinary multi-dimensional moments on the standard m-simplex.
In the second one, we deal with the trigonometric moments on the unit
circle of the complex plane. We state large and moderate deviation
principles for uniformly distributed moments. In both cases the rate
function of the large deviation principle is related to the reversed Kull-
back information with respect to the uniform measure on the integration
space.

1. INTRODUCTION

In this paper we present asymptotic behavior analysis of some moment
spaces. We consider multi-dimensional power moments on the m-dimen-
sional standard simplex and trigonometric moments on the complex unit
circle. To begin with, let us introduce a general setting.

Let £ be an infinite set of index and let {¢; : ¢ € L} be a family of
continuous complex valued functions defined on a bounded set K C Q (with
Q = Cor RY d € IN*). Let (£, : n € IN*) be an increasing sequence of
finite subsets of £ such that (J,, £, = £. For n € IN*, the n-th moment
space is the set

M, = {/ @ndu:MEP(K)} c ¢ #n)
K

where ®,, := (¢ : t € L,,), #(A) stands for the cardinality of the set A and
P(K) denotes the set of all probability measures with support included in
K. It is well know that M, is the convex hull of the curve {®,(z) : z € K}
[KN77, Theorem 1.3.5]. A deeper knowledge of the shape and structure of
these spaces is one of the byproducts of our results. The set P(K) will be
endowed with the weak topology [Bil99].

For n,k € IN* such that n > k, let I, : C#(Ln) — C#(Lr) be the

natural projection map. Let (M, : n € IN) be a sequence of sets verifying

M, C M, C C#£n)  (n e IN%), (1.1a)
I, M, C Hpyyq My, (k€ IN*, k <n) (1.1b)
() Mape My = M (k € IN¥). (1.1c)

n>k
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The sets M, could be seen as extended moment spaces. By (1.1c), these sets
provide good approximation of moment spaces. In general, is not possible to
have a tractable description of the moment spaces. Nevertheless, by means
of the approximating sets M,, (easily describable) we will be able to deal
with the asymptotics of moment spaces.

Assuming that it is feasible, we endow M, with the uniform probability
measure U,, i.e. with the corresponding normalized Lebesgue measure. Let
k be a fixed integer, we focus on the asymptotic behavior of the first k-
dimensional marginal probability of U,,. More precisely, let X;, be a random
vector of M,, with distribution U,,. We aim to find convergence rates (in the
sense of large deviations) for the sequence of random vectors

XF =10, 1. X,

n

Up to our knowledge, this problem was first studied in [CKS93]. Therein,
the authors deal with the ordinary power moments on [0, 1]. They consider
the moment spaces

M, = {/Ol@ndﬂiﬂep([oul])}

with ®,(r) = (z,22,...,2"). Endowing M, with the corresponding uni-
form probability measure they show that (XX : n € IN) converges to ¢, =
(co1, o2, -+, Cok ), the k-dimensional moment vector of the arc-sine law on
[0,1], i.e.

1 J
x
coj = ———dx (=12,...,k).
j /07'(‘ x(l—x) (] 5 4y a)
Moreover, they obtain that the limit distribution of the fluctuations is nor-
mal. More precisely,

L
V(X — ¢p) —— Ni(0, %),
n—oo
where ¥ is a matrix whose coefficients depend on the arc-sine law moments.
In the same framework the large and moderate deviations behavior are

studied in [GLC]. The main result is that, for any borelian set A of [0, 1],
]P(Xff € A) ~ exp (—ninf{I(z) : z € A})

where [ is a convex function related to the reverse Kullback information with
respect to arc-sine law (See Section 2.2 for the definition of this functional).
Here, ~ stands for large deviation equivalence (See Section 2.1 for right
formulation). The large deviation principle (LDP) is also stated for the
(random) upper representation probability measures of the random vectors
Xp, (n € IN).

In this paper we focus on two different settings. The first one concerns
the m-dimensional power moments on S (with m positive integer). The
standard m-simplex is the set

S:= {(xl,xg,...,xm) € R : Z:):Z < 1}.

i=1
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FOI' IB = (/817/827~~;,6m) c ]Nm, deﬁl’le

pp(z) = x?lx’gg . xﬁ{”. (1.2)
Let
Ly = {(ﬂhﬂ%---ﬂm) eIN™:0< Zﬂi < n} (n € IN)
=1
and

@5:(%:;365”).

The n-th moment space (on S) is

MS = {L@idu:uep(S)}.

The second setting involves the trigonometric moments on ', the unit
circle of C . The moment spaces are

ME:_{(/szdu(z); 1§j§n) :ueP(T)} (n € IN).

Theorem 2.2 of [Gup99b]| state that an infinite multi-sequence is a mo-
ment multi-sequence if and only if it is completely monotone. Taking for
all n € IN*, M, as the set of all partially monotone multi-sequence of
order n, denoted by G,, the conditions (1.1) are fulfilled (See Definition
(3.1) and Theorem (3.2) for details). In [Gup00] a normal central limit for
(XT’f 'n € ]N) is shown. The central role played by the arc-sine law in
[CKS93] and [GLC], is in this case played by v, the uniform probability
measure on S. In Section 4, in the context of the trigonometric moment, we
obtain the convergence of the random moment vector sequence (X¥) to the
moment vector of ¥T, the uniform probability measure on T, and its limit
distribution (after normalization).

One of our main results is the statement of the large deviation principle
(LDP) for (X* :n € IN) in both settings. Using the symbol K to represent
S or T our result can be written as follows. For sake of simplicity we drop
the index K of X* and £,,.

IP(X} € A) ~ exp (—#(L,)I(A)) (A measurable set)

Ix(A)= inf / (5 (1.3)
nePX,4) |k dp ’

PK, A) = {MGP(K) : /K(I)’“Kd” e A}.

Throughout the paper we follow the convention that the infimum over an
empty set is +o00.

We complete these large deviation results by establishing a LDP in infinite
dimension settings. In the multi-dimensional moment frame we state the
LDP on the space of infinite real multi-sequence (under a certain bound
constrain) equipped with a norm topology. In the trigonometric moment
frame we state the LDP for random measures representing X, (n € IN).

where

and
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This last result, as in [GLC], leads to obtain the useful expression for I(.)
as in (1.3).

The paper is organized as follows. To be self contained in next section we
recall some definitions and basic results on large deviation and Kullback in-
formation. In Section 3 and 4 we state our results for the multi-dimensional
and trigonometric moment setting respectively. Section 5 is devoted to com-
paring our result with the previous one in [GLC]. The proofs of all results
are deferred to the last sections.

2. LARGE DEVIATIONS AND KULLBACK INFORMATION

2.1. Large Deviation Principle. Let us first recall what a LDP is (see for
example [DZ98]). Let (uy,) be a positive sequence of real numbers decreasing
to 0.

Definition 2.1. We say that a sequence (R,,) of probability measures on a
measurable Hausdorff space (U, B(U)) satisfies a LDP with rate function I
and speed (uy,) if:
i) I is lower semicontinuous, with values in IR* U {+o00}.
ii) For any measurable set A of U:
—I(int A) < liminf u, log R,,(A) < limsup u, log R, (A) < —I(clo A),
n—0aoo n—00
where I(A) = infgc g 1(€) and int A (resp. clo A) is the interior (resp.
the closure) of A.

We say that the rate function I is good if its level sets {z € U : I(x) < a}
are compact for any a > 0. More generally, a sequence of U-valued random
variables is said to satisfy a LDP if their distributions satisfy a LDP.

To be self-contained let us recall some facts and tools on large deviations
which will be useful in the paper (we refer to [DZ98]| for more on large
deviations).

e Contraction principle. Assume that (R,) satisfies a LDP on
(U,B(U)) with good rate function I and speed (u,). Let T be a
continuous mapping from U to another space V. Then, (R, o T~ 1)
satisfies a LDP on (V,B(V)) with good rate function

I'(y)= inf I(z), (yeV),
z:T(z)=y
and speed (uy,).

e Exponential approximation. Assume that U is a metric space
and let d denotes the distance on U. Let (X,,) be a U-valued random
sequence satisfying a LDP with good rate function I and speed (uy,).
Let (Y},) be another U-valued random sequence. If for any £ > 0

lim sup uy, log IP(d(X,,, Y,) > §) = —oo,

n—oo

then (Y,,) satisfies the same LDP as (X,,).

Let (X,,) be a sequence of random variables on (U,B(U)), and X a fixed
point of U. If, for all sequence (v,,) decreasing to 0 such that u, /v, — 0, we
have a LDP for the sequence of random variables (/v /u, (X, — X)) with
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speed (v,) we say that (X,,) satisfies a moderate deviation principle (MDP)
[DZ98].

2.2. Kullback and Reversed Kullback Information. Let y and v be
probabilities on certain measurable space U. The Kullback information or
cross entropy of p with respect to v is defined by

d:u . dp 1
K, v) = /Ulnadu, if y <vand Ing € L () (2.1)

400, otherwise.

Properties of K as a function of ;4 may be found in [Bre79]. IC(-,v) is the
rate function for Sanov large deviations theorem (see Section 6.2 of [DZ98])
where v is a probability generating the random variables. In this paper,
the rate function involved is the reversed Kullback information. This means
that we will consider K in (2.1) as a function of v. The role of p will be
played by v° (resp. vT) for the multi-dimensional (resp. trigonometric)
moment setting.

In order to identify the rate function that controls the LDP in the multi-
dimensional moment framework (Lemma 6.3) we exploit an optimization
result on measure space [BL93, Theorem 3.4]. Namely, this result establish
the duality relation between an optimization problem on measure space
and the corresponding dual optimization problem on continuous function
space. For the Kullback information (defined for general Borel measures),
this relation can be paraphrased as follows. For x € R#(Ck),

inf {IC(V, w) + p(U) : p regular Borel finite measure,/ O dp = x}
U

—sup{(A,x> —I—/Uln(l — (P, A))dv : A€ 1R#<ﬁk>}

where (-,-) denotes the usual scalar product in IR*(“%), We refer the reader
to [BL93] for general statement and related results.

3. MULTIDIMENSIONAL MOMENT PROBLEM

We recall the multi-dimensional moment space of order n
MS = {<05 = / Pdu(z): B e £n> RS 73(8)}
S
where 2P := :cllacgz...xrﬁnm (with 0° = 1) for = = (21,22, ...,7,) € IR™ and

B = (61,52, ., Bm) € N, For B € IN™, let |B| := > %, fi.

Definition 3.1. A multi-sequence (cg : |B] > 1) is called a completely
monotone multi-sequence if for all 8y € IN and 3 € IN™

(1) APocg >0 (3.1)
Where, Wlth C(0707___70) = 1,
ACB = C(8,41,89,...8m) T C(Br,Bat1,emesBm) T
+ C(81,8,....8m+1) — CB

(A% stands for [y iterates of the operator A). A finite multi-sequence
(cg: B € Ly) is called a partially monotone multi-sequence of order n if for
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all By € IN and 8 € IN™ such that 5y < n—|3| (3.1) holds. Following [Gup00)]
we will call the completely (resp. partially) monotone multi-sequences as G-
sequences (resp. partial G-sequences).

The G-sequences are the multi-dimensional version of the completely
monotone sequences on IR. These sequences are the solution of the Haus-
dorff moment problem, i.e. the power moment problem on [0, 1] [ST63]. The
following theorem, due to [Gup99a], solves the multi-dimensional moment
problem on S.

Let R be the set of all infinite real multi-sequences. We recall that

L= U.c =IN™\ {(0,0,...,0)}.

Theorem 3.2 (Theorem 2.2 [Gup99a)). Letc = (cg: B € L) € Roo. There
exists 1 € P(S) such that

g = /S:cﬁ du(z) (VBeLl).
if and only if ¢ is a G-sequence.

We denote by R, the set of all multi-sequence of order n, i.e. R, =
R#(En). For n,k € IN* with k < n, let IS, : R, — Ri (n > k) be the
projection map defined as

(cg:BeLy)— (cg:B€Ly).
Let G,, denote the set of all partial G-sequences of order n. Thus, by the
previous theorem M} C Hf,k (Gn) CTIS 41k (Gny1) for all n > k. Moreover,
M = Mz T3 4 (Gn).

The sets G,, are completely described in [Gup00]. In particular, they are
bounded with nonzero Lebesgue measure . So, we can endow them with the
corresponding uniform probability measure. Let XS be a random vector

of G,, having uniform distribution. We define the random multi-sequence
(Xf’k :n € IN¥) of G by

Sk ._ 1S vS
XSk .=1s, X3,

As we have said in the introduction VS the uniform distribution on S

plays a major role in the asymptotic behavior of ( X5F . n e ]N). Let

cSk = ( cg : B € L) denotes the moment multi-sequence of order k of VS,

S . 815 Mm% B
c3 .—/Sx dv (x)—i(m_ﬂéw (B € Ly).
Sk
K ).

In [Gup00] it is established the following normal central limit for (X5,

ie.

Theorem 3.3 (Theorema 3.4 [Gup00]).

0 (4= ) i)

n n—oo

where

S S
X = (Cw+ﬁ) ey
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Our first result concerns the large deviation behavior of the sequences of
random multi-sequences (X;f k)

Theorem 3.4. The random vector sequence (X;fk in € ]N) satisfies a LDP
with speed ((”:m)il in € IN) and good rate function

IE(2) = inf K0S, u), (xeRp).
b= it K0S, (e R

Remark 1. Using the dual relation in Section 2.2 the rate function [ f; could
be expressed as, for x € M, ,f ,

I%(z) = sup Ao — 1+ (x,A) +/ ln(l — Ay — Z Aﬁxﬁ>du3(x)
(AQ,A)E]RXRk S BEL,

The following result gives an estimation of convergence rate between those
of the Theorem 3.3 and Theorem 3.4.

Theorem 3.5. Let (Mn :n € IN) be a sequence of positive real numbers
growing to +oo such that My, = o ( nm

o )) The sequence of random vectors

+
XSk . (n nm) (XS,k: _ Cs,k)

satisfies the LDP with speed (M(n)~1) and good rate function
1 _
Hg(x) = EXT (Eks) ! X, (X S Rk)

Finally, we present LDP in an infinite dimensional setup. Let M<S be the
set of all moment multi-sequences, i.e. in view of Theorem 3.2, the set of all
G-sequences. Take on R, the norm defined by

1
cll := ——  |cg|, (c=(cg: L)). 3.2
ell = 3 Ty gleel (e = a2 8 ) (32)

Equip Reo with the corresponding borelian o-field. Endow MS with the
induced topology and o-field. Further, let Coo C R defined as

Coo ={cERx:VB 0<cg<1}.

Obviously, MS C Cu. It is well known that the moment problem on S
is determined [ST63, Corollary 1.1]. In others words, given ¢ € MS there
exists an unique probability measure p. verifying

cCl = $'B X .
5 /S de() (VB € L)

For n € IN*, let Hfom : Roo — Ry, be the projection map.

Theorem 3.6. Let (uy,) be a sequence of probability measures defined on

Cso such that

Hn © (Hgo,n)il
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is the uniform probability measure on Gy,. Then, (u,) verifies the LDP on
Roo endowed with the topology induced by the norm (3.2). The good rate
function is

v if ¢ S
Ig(C)Z{K( he)y e € M, (3.3)

400, otherwise
and the speed is ((””;m)_l ‘n € ]N).

Remark 2. As can be seen in the proof of this theorem, it remains valid if
we consider as Cy, any bounded set (in the infinity norm) containing MS .
Furthermore, the theorem holds for the family of norms

el =2 W’Cﬁ‘a (c=(cg:BeL))

BeL

with [ > 1. (3.2) corresponds to the case [ = 2.

4. TRIGONOMETRIC MOMENT PROBLEM

For u € P(T) the trigonometric moments on T are given by

tr(pn) = /Tzk du(z), keZ.

Since ti(-) = t_g(+) it suffices to consider & > 0 in order to study the
corresponding moment spaces. We recall that the (n-th) moment space is

MT = {t" = (b () b2 (1), ot (1)) < 1 € P(qr)}.

For z = (21, 22,...,2n) € C™, let

Z1 z92 ce Zn
21 1 21 ceh Zp—1
7,(2z) :=
Zn Zn-1 Zn—2 ... 1

We denote by A, (z) the determinant of 7,(z). For p € P(T), the matrices
To(p) := T, (t" (1)), n € IN* are called Toeplitz matrices. They play a major
role in the theory of moments on .

Let X,¥ be a random vector of MY uniformly distributed. Let Hg,k:

denotes the projection map from C™ to C* (k < n). Let X% be random
vector of M, ,;ﬂ“ defined as

Tk ._ 4T T
Xk =1r, xT.

Our first result give the limit distribution of (\/HX;JLF kine IN*). Conse-

quently, we obtain a weak law of large numbers for (XQI" k) Namely,

xTk L 0,0,..,0) € Ck.
n
Note that, for all j € IN*, ¢;(vT) = 0.
For n € IN*, we denote by p,, the measure the Lebesgue on C".
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Theorem 4.1. For any measurable set A of C¥,

. 1
fim P(y7 X € 4) = = [ exp (<[1alP) dpa()

n—oo
where || - || denotes the Euclidean norm on CF.

Remark 3. In others words, the limiting distribution of (\/ﬁ Xk e ]N) is
a k-dimensional complex normal distribution. Each component are pairwise
independent with independent real and imaginary part following normal
distribution of expectation zero and variance 1/2. As we see in previous
section (and in [CKS93|) the variance of the limiting distribution are very
related with the moments of the limit probability. In fact, in this case, as
the variance is the identity matrix it is hidden its relation with »T. A more
descriptive formulation of the previous theorem could be

VX e NEO, T(vT)

where N,E(+,-) denotes the k-dimensional complex normal distribution.

An interesting byproduct of the proof of this theorem is the “asymptotic”
volume of n-th moment space. Similar results are given in [CKS93] and
[Gup00]. Here, we will obtain that

,n.TL

T
Volumepan (M, ) = T (4.1)
Since the Stirling’s expression n! = v27n exp(—n)n"t1/2(1+0(1)), we have

Volumep2n (MT) = exp(—nlnn[l + o(1))).

n
Our next results concern the large and moderate deviation behavior of
the sequence (X;]LF’k 'n € ]N).

Theorem 4.2. (X;]LP’k tn € IN) satisfies the LDP with speed (n_l) and
good rate function

—In kL e ing T
Inﬁn(z) = { i Ag_1(2z) Zf z n (42)

+00 otherwise.

Theorem 4.3. Let (uy,) be a given decreasing sequence to 0 such that n=! =
o(uy). Then (,/nun Xk ne IN) satisfies a LDP on CF* with speed (un)

and good rate function

Hy(z) := Z 2]2-.

j=1

Finally we give a LDP for random probability measures. This result
follows from Theorem 4.2 and make possible to understand the rate function
in (4.2). For every n, let Q,, be a probability measure defined on P(') such
that if ,, has distribution @,, then the random vector t™(u,, ) has distribution
P,.

Theorem 4.4. (uy,) satisfies a LDP on P(IL') with good rate function
Ir() =K@T,.).
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Remark 4. There is a natural way to obtain such Q,. For n € IN* and
z € MY let WZ be a probability distribution on P(T,{z}). The mixture
probability measure defined as

Q)= [ Wi()dP,(z)
M
verifies our constraint. In [GLC], in the frame of the power moment problem
on [0, 1], the authors considered for W% the probability measure concen-
trated on the upper canonical representation of the moment vector z. See
[KN77] for definition. Applying the contraction principle, we obtain

Corollary 4.5.

Ik (z) = inf KT, ).
T(2) e P(T{2)) )

5. RELATED LDPs.

The results on LDP obtained in previous sections can be seen in a com-
mon frame: the interval [0,1]. We will compare each of these LDP with the
previous one obtained in [GLC]. This analysis will give a first approach to a
slight generalization of our formulation of the asymptotics analysis on mo-
ment spaces. In particular, endowing M,, (or M,,) with general probability
measures instead of the uniform one.

5.1. The general [a,b]-moment spaces. We recall briefly certain aspects
developed in [CKS93] and [GLC]. First, we want to remark that the all
results obtained there are valid if one consider any real bounded interval of
the real line. Moreover, the results are valid if one consider the moments
associated to a given sequence of polynomial P = (P,) with deg P, = n,
n € IN* instead of the ordinary power moments. For any interval [a,b]
(a < b) of the real line and n € IN*, the n-th moment space is

M P) = {(@ (1), Ba(), -, B() € RF = € P([a,]) }.
where, for € P([a,b]) and j € IN*,

b
50 = [ Pio)duto).

The reason of the extensibility of the result on [0, 1] to any interval [a, b] and

any family {P,} is explained by the canonical moments which are defined
as follows. Given ¢ = (¢1,¢,...,¢;j) € int M][a’b] (P) we define, for j € IN,
chL @) = mw{céﬁh(@h@wwayﬂeﬂﬁﬁkPﬁ

cj_ﬂ(ﬁj) = min {c eR: ((c,¢2,...,¢,c) € M][‘jr?](P)} .
For i € IN*, the i-th canonical moment is defined as
pi(e) = pi(e)
_ G- (@
cf (@) —¢ (@)
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The canonical moments are independent of the particular choice of the se-
quence P [CKS93]. Furthermore, they are invariant by linear transformation
(with positive slope) of the support interval. Namely, if u € P([0,1]) is lin-
early transformed measure with positive slope to p' € P([a,b]), then their
corresponding canonical moments are the same [Ski69, Theorem 5]. These
properties make very attractive the study of the canonical moments. We
refers the reader to [DS97], a very complete monograph about the subject.
The results of [CKS93] and [GLC] were based on the knowledge of the exact
distribution of the canonical moments. Theorem 1.3 of [CKS93] establish

that the uniform probability measure on MT[La’b](P) (n € IN*) is equivalent
to the first n canonical moment are independent and p; has 3(n — j,n — j)-
distribution, 7 = 1,2, ..., n.

5.2. Deriving LDPs on IR from LDP of Section 4. We denoted by
F: T — [-1,1] the map defined as z — Rz. For u € P(T), let

pri=po F~t e P([-1,1]). (5.1)

For k € IN*, let F, be the application from MT to My ([—1,1]) defined by
(5.1). More precisely, for z € M;T,

F(z) =" (up) = @ (pr), E(pr), - i (ur)) € My([0,1]),
where p is any measure on P() representing z. We will see in the following

that this application is independent of the selection of . Hence, it is well-
defined. For j =0,1,....k

R () = éR( /T 2 d,u(z)) _ /E cos(j arccos F(2)) du(z)
- [ m)ans@

~1
where Tj = cos(jarccosx) is the j-th Tchebycheff polynomial of the first
kind. These polynomials can be expressed as Tj(z) = > 7" amjx’ where
TQJ'(—l)mT_j (m +‘7) if m — j is even,
mj = § 2 j+1
0, otherwise .

Therefore, for € P([—1,1]) and for s = (so, 51, ..., k) with

1
Sj = Sj(:u’) = /17—’]duv J: 0717"'7ka

and ¢ = (1,¢1 (1), ¢ (p), ..., ¢k (1)) we have ¢ = A~ !s with A = (ay; : m,j =
1,2,...,k). Thus, the relation (1,F(z)) = A~1(1,Rz) define F(-) indepen-
dently of the measure representing z.

By the contraction principle and the §-method can be derived from the
results of Section 4 the asymptotic behavior of sequences of random vectors

ZP = FXh) =105 F(ZD).
Surprisingly, we obtain the same asymptotic behavior (after obvious transla-

tion to [0, 1]) of the random moment vector described in [CKS93] and [GLC].
The explanation is given by the behavior of canonical moments. It is no hard
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to prove that the uniform probability measure on MY yields that the first n
(random) canonical moments p; (related to F(X,©"™)) are independent with
B(n—j541/2,n — j+ 1/2)-distribution, j = 1,2, ...,n. Compare this result
with the corresponding one in previous section.

We can use the asymptotics results to study a moment space on an interval
of the real line in different way. Actually, this is an equivalent form of
the same study. Consider in the interval [—m,7) the system of continuous
functions

pl-mm) = (cos 0, sinf, cos 26, sin 20, ..., cosnb, sinnH), (n € IN¥).

n

For p € P([—m,m)) the corresponding real trigonometric moments are de-
fined as ag = 1,

™

a(p) = /ﬂ cos k@du(9), Br(u) = / sink@du(f), (ke IN).

—T —T

The moment space MT[Z_WT) is defined as

Mr[fﬂ’ﬂ-) = {(Oél(:u)aﬁl(u)v "'7an(u)7ﬁn(:u))T S IR2TL Y € 'P([—W,TF))}-

We may identify the set P(T) with P([—m, 7)) by the relation z =
exp(if), for z € T and § = [—x, 7). Using the convention du(f) := du(e'?),
we have

tr () —/ e*du(9), kel

The power moments t; are related with the trigonometric moments in the
following way:

te(p) = an(p) +iBk(p).

for 4 € P(T) and k € IN. Taking IP,, on M,T is equivalent to endow the set

Mr[fﬂ’ﬂ) with the corresponding uniform probability measure. Therefore,
this problem is into the general setting described in the introduction of
papers. Moreover, all the results for the random power moment problem on
T can easily translate for the random real trigonometric moments problem
on [—m,m). The normal limit can be translate using a J-method [VdV9§]
and the large deviations by the contraction principle. In particular, we can
formulate the following result.

Let T, be a random vector of MT[Z_WT) uniformly distributed. Let 7. % be
the random vector of M k[:ﬂ’ﬂ) formed as projection of T,, on M ,Lfﬂ’ﬂ).

Corollary 5.1. The sequence of random vectors (T\Tlf) satisfies a LDP with
speed ((2n)~') and good rate function

IF )= inf K (om0,
(=) pe P([=m,m){z}) ( M)

[777771-)

where v denotes the uniform probability measure on [—m, 7).
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FiGure 1. The moment space Ms, region limited by the
solid line and the approximating spaces G, H‘gQQg limited by
the segment with extreme points (0,0) and (1,1) (represented
in solid line) and the dotted polygonal and dashed polygonal
respectively. ¢, and ¢, the 2-dimensional moments of arcsine
and uniform distribution respectively.

5.3. LDP for one-dimensional G-sequences. Considering m = 1, in the
Section 3 we have an LDP involving ordinary power moments on [0, 1].

In [Gup00] the description of the sets G, (n € IN¥) is given. In particular,
for m = 1, the set G, is the convex hull of the finite set of n + 1 points

C;L;L = (627170272’...762’71)’ Z :0’ 1’“"/”’
with
; @ ifi <j
cni =19 (1) - (j=0,1,....n).
0 otherwise,

In Figure 1 we sketch the moment space Ms and the sets Hi,QQn, n=2,8.
We highlight the points Hg,ch, i =0,1,...,8. As can be seen in the figure
the “enlargement” of the extended moment spaces under the curve {z,x? :
x € [0,1]} yields that the point limit ¢, be “underneath” to the point c,.

5.4. LDP on canonical moment spaces. The arguments used to proofs
the results in [CKS93|, [GLC] and the robust properties of the canonical
moment suggest to study the asymptotics related to random moment vector
endowing with probability measures the canonical moment spaces instead
of the ordinary moments space. We f)resent in the following a very simple
construction of a probability measure on canonical moment spaces. Let
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(1n) C P(]0,1]) satisfying the LDP with rate function I¢. Equip [0,1]™ (the
n-th canonical moment space) with

ETL = //Ln ® //Ln—l ® A ® /-/LI c P([O’ 1]”).

Let ﬁnk denote the projection map from [0, 1]" to [0, 1]¥, taking the first n
components. Following similar arguments to those of [GLC] (and Section 7
in the context of complex moments) we have that (uf := %, o (ﬁn,k)*1 in e
]N) verify the LDP with good rate function I%(p1,p2, ..., px) = Zle Io(ps).

Let p,, denote the application that transforms the n-dimensional ordinary
moment vector on the corresponding n-dimensional canonical moment vec-

tor. Let U, := i, o p;;*. The sequence (g,({“) = Uy o (ﬁnk)_l) C P(Mr[la’b])

satisfy the LDP with Tk(c) = I} (pk(c)), where c € M,La’b}.
Similar constructions could be make in the complex canonical moment
spaces. In a forthcoming paper we will develop these ideas.

6. PROOFS OF RESULTS OF SECTION 3

6.1. Notation and previous results. We will use the notation of [Gup00].
For 16 = (ﬁlvﬁ?a 7/6771) € IN" and a = (041,042, -'-7am) € H\Ima

pr= s,
1=1

(8) = m
(5)-11(3)
Ny = #(L,) = <” ;m> 1

For n € IN,

Ly, =L, U{(0,0,....,0)}

and R, = IR#(L"), i.e, R, is the set of the multi-sequences of order n with
an additional component indexed by (0,0, ...,0). In this section, for sake of
simplify of notation X¥ stands for x5k

Proposition 3.3 of [Gup00] gives a useful expression for the distribution
of X¥. This result is the core of all the proofs. Let (Eq : a € L) be a
multi-sequence of i.i.d. standard exponential random variables on a certain
probability space.

Lemma 6.1. The law of XF is same as law of

> <B ;r 5) Epis

3€Ln ]

Y= 2
(ﬂ) 2 Fa

deLly,

(B € Ly).
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6.2. Proof of Theorem 3.4. Let (?n 'n € ]N) be the random finite multi-
sequence of Ry, defined by

> 1 1 \*
V5= ) Z (Ea> Eo (B € Ly).
oacln
The proof of theorem is based on the LDP for the sum of weighted random
variables. In this case, it is not possible to derive it directly from the LDP
for weighted empirical means obtained in [GG97], but we may use the result
of [Naj02].
From Theorem 2.2 of [Naj02] we have the LDP for the sequence (X,,)
with good rate function

I¥(x) = sup {(A,x> + / In(1 — Py) dI/S} . (zeRy),
AEﬁk S
where, for A € Ry, Py is the polynomial on S
Pp(z) = Z AB:CB.
BELy,

Define the random finite multi-sequence (Y7,)

> (3)e
ol >0 16

Yogi= ( )Nn (B € Lk).

(6.1)

n

B

Consider on Ry, the following metric
d(X7Y) = Z |X,3_y,3|7 (XuyEﬁk)
BeLy
compatible with the topology on it.

~

Lemma 6.2. The sequences (Y,,) and (?n) are exponentially equivalent on
(R, d).
Proof. Let € > 0. Set

Ze,n = {Oﬁ S Zn Via; > LEHJ},

where |w] denotes the biggest integer lower than w. For n big enough such
that k < en and for a € L5,

G = Ge) (-5)

o m Bi B k
() _ i < (1 |4 2
(g)—iHl(nwm) <(ie) (rit5) - @
These two inequalities leads to

(e B (o)

and
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Qo(e, n) = max (1— (1—£>k,(1+nﬁk>k—1> (6.4)

< Qo(e,n) — 0 when n — oo.

If we set

then

On the other hand, we have
#(Ze,n) =# {(LEHJ, LenJ, a LenJ) +d:0¢€ an[en]}

= N(n — |en]).
By straightforward calculations
L—e \™ _ #(Lep) mym
- < < (11— —] . 6.5
(1+m/n) = "Nn) <(1-e+ ) (6:5)

For n big enough, by (6.2), (6.3) and (6.4) we have the bound

ATV (2 Y BatQlen) Y Ea

N
(n) aezn\ze,n aeze,n
Using (6.5) and the fact that #(L,, \ Len) = N(n) — #(Len),
~ o~ 1—¢€ m 1
d(Yn,Yn)§2<1—< > ) - > Ea
1
tmn) ) FENL)
1

C!E[:e,n

+ Qo(e,n) (1 —e+m/n)™ T Z E,,.

For all @1 > 0, there exists € > 0 such that for all n big enough
5 (1 1—¢ \™ < t
14 m/n 2@1

Qole,n) (1 —€e+ %)m

and

<ot
2Q1°

Therefore

o 1
P (d(Yn,Yn) > t) <P TS aezz\z Ea >0
e (6.6)

1
P(—— £,
PP gy X B @

By the LDP for empirical mean of independent standard exponentially
distributed random variables (particular application of Cramér’s Theorem
[DZ98, Theorem 2.2.3]), follows

aclen

1 1 —
lim — In IP (-Zzi 2Q1> <-Q1+1+n0Q;.
n

nn
i=1
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Hence, by Lemma 1.2.15 of [DZ98], (6.5) and (6.6)

1 o~
limsupm InIP (d(Yn,Yn) > t)
n

< max (e(1+ Q1 — Q). (1 L+ Qs — Q1))
<1+InQ1—@

The exponentially equivalence is then consequence of the arbitrariness of ¢
and Q1. O

By the previous lemma (37”) verifies the same LDP as (}7”) The con-
traction principle with the continuous application from R, to R, defined by

Y, 5= —"B  (Bery.
B=T (B € Ly)

Therefore, in view of Lemma 6.1, (Xf{) verifies a LDP with good rate func-
tion

. Y
)= it {1t
YER Y(0,0,...,0)

=g, B e Ek} .
It remains to proof that I& = I%.
Lemma 6.3. If; =Ib.

Proof. The core of the proof is a particular application of a duality theorem
concerning optimization on measure spaces. Let M(S) (resp. M (S))
be the space of all Borel finite (resp. finite positive) measures on S. By
Theorem 7.1.3 of [Dud89] the set M(S) coincide with the set of all regular
Borel finite measures on S. For u € M(S), let = g + po be the Lebesgue
decomposition of y respect to v5. Let

Ty(p) = —/ In <%> dv® 400 (S), pe M.(S),
S dv
To(A) := / In(1—Py) dv’—1, AeTRy.
S

From Theorem 3.4 of [BL93], for = € Ry,

ueﬂigl(fs’x){l"l(u) +u(S)}t = Aseu% {(z, A) + T2(A)}, (6.7)

where, for z € Ry,
M(S,z) = {M e M(S) : /Syﬁdu(y) =28, B € Zk} .

If 4 ¢ M, (S), then either u; (S) > 0 or v° ({% > 0}) > 0. Hence,

Y1(p) = +oo for all u ¢ M (S). For p € M4 (S), straightforward calcula-
tions yield

- /S In ( j’:fé (s)> A = K5, ) (6.8)

where I is the corresponding Kullback information for positive measures.
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Then, by (6.7) and (6.2)

If(z) = inf K VS, +x 1, 6.9
() HE M4 (S,2) = p) (0,0,...,0) (6.9)

where M (S,z) = M(S,2) N M4 (S). Let 2z € Ry, define £ € Ry, as
2(0,0,...,0) = 1,
s =2p (B€Ly)
Then, by (6.9)

1) = it {102)}

= inf { inf K(us,u)—lnr—i—r—l}.
reRq (ueP(S{z})
The fact that the minimum value of the real function r — r —Inr is 1 yields
I5(2) = inf K I/S, .
f) = _nf  K0Sp)
O

6.3. Proof of Theorem 3.5. Throughout this section (M,, : n € IN) is a
sequence of positive real numbers increasing to +oo such that M,, = o(N,,).
For make a shorter notation we write M (resp. N) instead of M,, (resp.
Ny). R

Define the sequence of random multi-sequences (Zn 'n € ]N) as

~ ~

Zn (0,..,0) = Yn,(0,...,0)>

> _ [N
10 =\ 3 ()

(57”75 — cé) , (B€Ly)

where Y}, is as (6.1). The proof is based on the Gértner-Ellis theorem [DZ98,
Theorem 2.3.6] which involves the limit of the logarithmic moment generat-
ing function. Hence, for all A € R}, we have to calculate

&(R) = hrrln%lnna exp(M (R, Z,))]

Given A € Rk, we denote by A the multi-sequence A = (Kﬁ VOIS Ek).
For n big enough,

E [exp(MG\, Zn>)]

=exp | —VMN Z Agcg

BeLy
M M ~
X / N eXp ( Z x(!|: W (B(A7n7a)) + WA(O,O,...,O) - 1:|> H dxa
RY acln acly,

-1
| M M~
=exp | —V MN Z Aﬁcg H (]. — W (B(A,n,a)) - WA(O’O ..... 0) > :

,Beﬁk QGZn



ASYMPTOTICS OF MOMENT SEQUENCES 19

where
B(An,a)= Y AB
BeLy, (:6
Using the Taylor expansion In(1 + ) = r + 1/27? + o(r?) valid in a neigh-
borhood of 0

L [exp<M<A,Zn>>}

) ][{,3<0<}

M
| N S I M M ~
“\'m Z Aﬁcﬁ Z In < N (B(A,n, @) — WA(O,O,...,O) )
BeLy aeﬁn
1
\/ > Apch+A00..0+ = Y (B(Ana))
BeLy NM oacly,
1 9 M2
+ 3 Zﬁ (B(A,n, ) +0<(W> )
[ 1Sy 7%

In [Gup00, p. 427], using combinatorial calculations, it is proved that

> %H{ﬁka} =cp

QGZn ﬁ
Consequently,
> (B(An,a)) =VMN Y Agch
acl, BELy,
and
1 ~ = ~ 1 9
— I |exp(M(R, Z0))| = Roo,..0)+ 310 ZLj (B(A, 7, )
ac

Let F,, : S — IR defined as

F,(z) = B(An,a) if

and, for x with z1 + 2o+ ... + 2 = 1, F,(x) is defined by continuity. Using
inequality (6.3) we obtain the uniform convergence, when n — +o0, of (F,)
to the polynomial Py. Therefore,

SRy X 1 2
O(A) = Apyp,..0) + 5/ (PA(x)) dx.
S
We may write
~ 7 ~ 1
O(A) = Apy,...0) + §ATDA
where D is the matrix defined as
D(a713) = Ci_h@ (a,,@ € [,k;)

From Girtner-Ellis theorem we have the LDP for (Z,) with good rate
function

H(Z) = sup {(7\,@ - é(A)} . (@R
AER,



20 LI-VANG LOZADA-CHANG

By straightforward calculations

. if & 1, -

H(7) = "1"0; B 1 55(0,0,...,0) # (@ € Ry)
§.I D™z if .TC(07O’""0) = ].,

where x = (g, B € L) € Ry. Now, by the contraction principle it follows

a LDP for (Zn) with good rate function defined as, for y € Ry,

. ~ o X
Hs(y) = inf {H(fv) tYg = @Tﬁo)’ B e Ck}

T -1
=—_y D
2y Y
and speed (M_l).
6.4. Proof of Theorem 3.6.

Lemma 6.4. (u,) verifies a LDP on R endowed with the topology in-
duced by pointwise convergence with the good rate function Ig and the speed

+m\—1
Proof. For k < n define ,ugk) = py, 0 (IS )71 € P(Ry). The fact that
Hgo,k = Hik o Hgo,n implies that u;"’) =U,o (Hik)*l, the law of X*. Con-

sequently (ugﬁ)) verifies the LDP with good rate function I f; By Dawson-
Gértner theorem we have the LDP for (,un) on the projective limit of Ry,
that is R (equip with the pointwise convergence topology) with good rate
function

¢ sup I6(II5, 4c), (c € Ru). (6.10)
kelN

By definition of Ig, for all kK € IN*,
I&(x) = inf {Ig(c) : IS, e =z}, (Vo€ M)

Therefore, in view of Lemma 4.6.5 of [DZ98] we have that the function in
(6.10) is exactly Ig. O

In view of Corollary 4.2.6 of [DZ98] it is sufficient to prove that Cs is
compact in the topology induced by the norm.

Lemma 6.5. The set Coo is compact.

Proof. The proof follows elemental arguments. Since Co, is a closed set it
is sufficient to proof that it is totally bounded, i.e. for all £ > 0 there is a
finite set {y; : i € T} C Cx such that

Ve eCoodi€T: |lc—y;| <&
Let £ > 0 and N¢ such that
1 ¢
> — <z (6.11)

n>N§
For n € IN, let
Cn ::{(65:O§65§1,B€£n)} C Rn.
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The set Cn, is a compact set in Ry, equipped with the norm
1
'GEENE m

Consequently, Cy, is totally bounded. Thus, there is a finite subset {xi:1¢€
T} of Cn, such that for all a € Cy,, there is x; with

£

- (6.12)

lla = x| v, <

For all ¢ € 7, define y; € Co, by

o X; 3 ifﬁ c [’NE’
Vi 0 otherwise.

Let ¢ € Cs. There exists i € Z such that (6.12) holds with a = IIS

o0 Nf
Hence,
_ 8 = Yipl 8 — yigl
le—yill = > (Pm) ]2 upy (P+m) ]2
BELN, |B>Ne \ m
! (6.13)
SR NG (R
¢ Ne o, (\ﬁ\nt )|5|2
Since #({B : |B] =n}) < #(Z )= ("™, (6.11) ylelds the bound
£
RPN
B> Ne¢ n>Ne |Bl=n
This bound, (6.13) and (6.12) imply
e —yill <&
(]

7. PROOFS OF RESULTS OF SECTION 4

Throughout this section X¥ stands for Xk

7.1. Trigonometric and canonical moments. We consecrate this sub-
section to the canonical moments. These, like in [CKS93] and [GLC], are the
principal tool to proof the results. This time, in the trigonometric moment
context. The notation and preliminary results follows Chapter 9 of [DS97].
Throughout this subsection consider p € P(T') fixed. Further, for n € IN*,
t" = t"(p) = (t1,t2, ..., tp) and A, = A, (7).

For w e C, let
tl tQ e tn w
to t1 oo tpe1 ty
ton+1 tont2 ... to

For t” € MY, the range of the (n + 1)-th moment is the circle

{lz = spy1| <rpga}
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where s,11 = (—1)"" R, (0)/A,_1 and 741 = An /Ayt
Let t" € int M,Y the first n canonical moments of the measure p are
defined by

t. —
="k eD k=12 .0, (7.1)
Tk
where ID = {z € C : |z| < 1}. They can be alternatively expressed as
1 k—1
PE = LRk_l(tlﬁ), k=1,2,...,n.
AVES]
We will denote by p,, the map from int M,T to ID" representing (7.1).
Consequently
Ip; 0, ifi <y,
= N WA ap s .
t; (-1)IRE, ifi=
and ) oy
Opi T, A (-DTF
L I (= = S (2
6t] i,j=1..n k=1 Aj A”—l

We have then the following lemma:

Lemma 7.1 ( Lemma 10.7.1 of [DS97]). The first-order Taylor expansion
of the inverse of (7.1) around (0,0, ...,0) is given by

n
tn(P1, P2, Pn) = Py + O (Z \pz‘!2> :
=1

Lemma 7.2 ([DS97, Lemma 9.3.4, Corollary 9.3.5]).

AA’“ s IR (73

H (1 —[pgH)" 7 (7.4)

7.2. Proof of Theorem 4.1. Let 1, denote the probability measure on ID

defined by

aa(z) = "0 (1= )" dia(2).

Recall that p,, denotes the Lebesgue measure on C".

Lemma 7.3. Endowing MY with the uniform probability measure is equiv-
alent to the n first canonical coordinates pj, j = 1,2,...,n being independent
random variables in such a way that p; has distribution law 1,—;.

Proof. Let f an arbitrary function on MY, then
E,f= Cn/ FE™) dpn(t™)
M;T

with Cy, := 1/pn(M,Y). Writing the integral in the variables p; (using (7.2)
and (7.4)) we have that
n—1

E,f=C, /]D Fo1,mn) [T @ = 19313 dp1(p1)... dp1 (pn).

j=1
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The proof is completed calculating [ (1 — |2]*)" dp1(z) = 7/(n + 1). O

The relation (4.1) follows from

n—1 ' —1
Votumeyn (M) = pu(T) = | TT [ (1= 1) apr(2)
j=1

Lemma 7.4. Let Y, be a random wvariable following law n,. The sequence
(v/nYy) converges in distribution to a normal complex distribution with real
and imaginary parts independent with expectation 0 and variance 2.

Proof. By previous lemma, for any 1 < j < k the distribution of Y}, ; has

density
n—j+1 < | 2|2

In view of the dominated convergence Lebesgue’s Theorem, the bound dﬁl(z) <

2exp(—|z|?)/m and the pointwise limit &, (z) — e~ #I” /7 (for all z € € and
n

j =1,2,...,k) imply, for A borelian set of C*¥,

limIP(y/nY, € A) = %/ e~ 17l dpy.(2).
n A
O

By Lemma 7.3 and 7.4 we have the asymptotic complex normal distri-
bution of (py(XF): n € IN). The asymptotic normality of (X¥ : n € IN)
follows from Lemma 7.1 and the §-method [VAV98, Theorem 3.1].

7.3. Proof of Theorem 4.2.
Lemma 7.5. The distribution family (n,) satisfies the LDP with good rate

function
Ji(z) = —In(1 — [2]*) (2 € ©).
Proof. Define, for zg € ID \ {0}, 70 > 0 and 0 < 6y <,
V(20,70,00) = {z € D : ||2] — |20]| <70, |Arg(z) — Arg(z0)| < 6o}
Let zp € ID \ {0}, then for 0 < r¢p < |z0| and 0 < 6y < 7, we have

n+1 n
M (V (20,70,00)) = / (1- |z|2) dv(z)
V(zo,r0.00) T
< 7( (1—(|z0|—r)2) .
This leads to the bound
1
inf <l ZInn,(U)y <1— |2l 7.5
it sy L @)f <11 (7.5)

This last inequality is obviously also true for zg = 0. Now, for zg € ID \ {0}
and U € V(zp) with U C ID, there exists rog > 0 and 0 < 6y < 7 such that
V(20,70,0p) C U. Then

M (U) = 1 (V (20,70, 00))

> 00D (4 r2)"
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Consequently

1
inf <{liminf =Inn,(U) s >1— |22 7.6
Uellrﬂl(zo){ lmnm n B 17n )} N ol (76)

for zy # 0. For U € V(0) there exists 1o > 0 such that {|z| < ro} C U then,
for r < rq,

M (U) 2 ma({lz] <r}) > (n+)r? (1 —r?)".
So the inequality (7.6) is also true for zp = 0. In view of Theorem 4.1.11 of

[DZ98], (7.5) and (7.6) we have the weak LDP. The full LDP follows from
the fact that the distributions 7,, are supported in the compact set ID. [J

Exercise 4.2.7 of [DZ98], Lemma 7.3 and Lemma 7.5 imply that the se-
quence of random variables (pi(X¥) : n € IN) satisfies the LDP on ID* with
the good rate function

k ) ‘
JEz) =4~ S In(1 —|z[*) if z € int D,
+00 otherwise;

where z = (21,22, ..., ) € CF.

Now, in view of the contraction principle (write X* as plzl(pk(XT]f)) and
use that p;'(+) is a continuous bijection), we have the LDP for (XF) with
the good rate function

k ) ‘
I (t) = —InJ[, (1 — |z?) if t €int MT,
+oo otherwise,

for t = p, !(z). The expression (4.2) for Ik. follows from the relation (7.3).
7.4. Proof of Theorem 4.3.

Lemma 7.6. LetY,, be a random variable having distribution n,_x (k < n).
Let

Yy i= /ntuy Y.
Then (Y,) satisfies a LDP on € with good rate function
Ji(z) = |2
and speed (uy,).
Proof. Let zy € C\ {0}, 0 < rg < |20| and 0 < §p < 7 then we have
0 ’T_0’90>>

Vg /My

NUn -1 Z T 2
e

P(Y,, € V(z0,70,00)) =IP (Yn % (

T nun) =1 (|20| ~70)?
Consequently
fnd 0 —k+1 . o\ n—k
IP(Y, € V(z0,70,60)) gurow <1 _ M) .
TNU, Nty
Then

lim sup u, InIP(Y,, € V (20, 70,600)) < —(|z0| — 70)>.
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This leads to

inf {limsupun InIP(Y, € U)} < —|zl, =eC (7.7)
UeV(zo) n

In the other hand, using similar arguments, we obtain

inf {liminfu, InIP(Y, € U)} > —|2)?, € 7.8
Uég(zo){lmnlnu nIP( )}_ |z0] 20 (7.8)

In view of Theorem 4.1.11 of [DZ98], (7.7) and (7.8) we have the weak LDP.
In order to have the full LDP it suffices to show that the distributions of
Y., (n € IN) are exponentially tight. Let 0 < r < /nu,, then

» TQ n—k+1
P(|Y,| <) =1 (1 - —>
Ny,

and consequently

lim sup u, InIP(Y,, > 7) < — r?,
n
The arbitrariness of r implies the exponential tightness. O
For all n > k, let
Z) = /mugpy, (Xf§> :
zk = /nu, Xk

By Exercise 4.2.7 of [DZ98] and Lemma 7.6 we have a LDP for the se-
quence of random vectors (Zf{ in e IN) with rate function

k

k
Hy(p) = ZJl(Pi) = szz, (p = (p1,p2, -, ) € CF).
i=1 i=1

A LDP for (ZF:n € IN*) follows from the following Lemma.

Lemma 7.7. The random vector sequence (le) and (Zﬁ) are exponentially
equivalent.

Proof. By Lemma 7.1 there are constants €, Q > 0 such that || X5 —p (XF) || <
Qllpx (XE) ||* whenever ||py,(X%) || < e. Therefore, for any ¢ > 0,

P(1Zy = Zi)l > €) =P (12 - Z}|| > & Ip(X3) || < €)
+ (125~ 23l > & [pu(X3) | > €)
<P (| ZEIP > vawgQ™" ) + P(IZE] > Vitne).

Let Qo > 0. For n big enough we have /nu, > Qo and consequently

1P(|;Z’§|y > \/W»EQ*) < IP(HZ’iH2 > (%0)1/2)

P (| ZF) > nume) <P (| ZE]| > Qoe).
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Let ¢(Qo) := min{Qoe, \/§QoQ~'}. By the LDP for (Z]j) with function J&

we have
limsup u, n 1P (|| Z5 — Z%|| > €) < limsup u, In([| Z¥]| > ¢(Qo))
n n

< —q(Qo).

From the fact that Qg — oo yields ¢(Qy) — oo follows the exponential
tightness. O

7.5. Proof of Theorem 4.4. Let MY denote the space of infinite moment
sequences defined as

MY = {t = (t1,t2,...) : (t1,t2,...sty) € M,T,  for all n € IN*}.

It is well-know the bijection that exists between this space and P (). More
exactly, given t = (t1,t2,...) € MX there exists a unique measure p in
P(Tr) such that t;(ug) = t; for all j [ST63]. Moreover, it can be easily
proved that the map t — 4 is continuous.

Equip MY with the product algebra. For n € IN* let @n € P(MT)
be the measure image of Q,, by the bijection t — pu¢. Let ngo,k: denote

the projection map from MY to M,;]F. We have that @n o <H0T0k>_ is

exactly the law of X%. Then <®n o(MT,) ine ]N*> satisfies the LDP

(Theorem 4.2) with good rate function I. By Dawson-Gértner’s Theorem
we have a LDP for (Qn) on Mgg with good rate function

IF(t) = sup Ip(IT ; t°°)
kEN

AR(TIT ¢
sup —In ( SJFOk ) if t € int MY,
= § kelN Akz—l(Hongflt)
+00 otherwise.

From (7.3) we have that
: Ap(IIT . t) S Ap(IIT | t)
sup — In ’ = lim —In ’ .
k Ap (L, t) & Ap (I 51 t)
Now, by the Grenander-Szegd’s Theorem [GS58, §5.2] we have

AR(TLY 1 t) / In dv™
T du

dv'T.

lim —In =
k Akfl(ngo,k:—l t)

In view of the contraction principle with the continuous map t — uy we
have a LDP for (Qn)

The proof of the Corollary 4.5 follows from the LDP for (Q,,) using the
last expression for the rate function and the contraction principle on other
sense.
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