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Abstract

The large deviation principle is established for the Fleming-Viot process with neutral mutation
when the process starts from a point on the boundary. Since the diffusion coefficient is de-
generate on the boundary, the boundary behavior of the process is investigated in detail. This
leads to the explicit identification of the rate function, the quasi-potential, and the structure of
the effective domain of the rate function.

1 Introduction

Let £ = [0,1], and M;(E) be the set of all probability measures on E equipped with the
weak topology. C(E) is the set of all continuous functions on E. The set CZ(R) contains all
functions on the real line R that possess bounded continuous derivatives upto second order.
For any # > 0 and vy in M;(F), define

0

Af@) =5 [ - f@)mld). 1€ c®)

Then A is clearly the generator of a Markov jump process on E. Let
D={F(u) = f({n,9)) : f € Ci(R), ¢ € C(E), p € My(E)}.
For any € > 0, consider the following operator on set D:
. €
CFW) = o) AR + 5 [ [ 17 o)e@e)Qudedn, (L)
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where Q(u; dz, dy) = p(dz)d, (dy) — pu(dx)pu(dy) and J, stands for the Dirac measure at « € E.
The measure-valued process generated by L€ is called the Fleming-Viot process with neutral
mutation. It models the evolution of the distribution of the genotypes in a population under
the influence of mutation and replacement sampling. The set E is called the type space or the
space of alleles, the operator A describes the generation independent mutation process with
mutation rate # and mutation measure vy, and the last term describes the continuous sampling
with sampling rate e.

When A is replaced by the generator of any other Feller process, the resulting process is still
called a Fleming-Viot process. In fact in the original Fleming-Viot process, A is the Laplacian
operator. In the sequel, we will use the term Fleming-Viot (henceforth, FV) process solely for
the neutral mutation case.

Let C([0,4+00), M1(E)) be the set of all continuous maps from [0, +00) to M;(E). For any
u(+) in C([0,400), M1(F)), any fixed n > 2, and 0 = z¢ < x1, - < @, = 1, let Xp(t) =
u(O([oe-1,20))pe = vo([oe-1, @) for 1 < k < n —1 and Xo(t) = p(t)([2n—1,,)) pn =
vo([Tn—1,25]). It is well-known (cf. Ethier and Kurtz [4]) that under the law of the FV
process, X (t) = (X1(t), -+, Xn—1(t)) solves the following degenerate stochastic differential
equation:

0 n—1
dXi(t) = §(Pk = Xi(t))dt + Ve ox;(X()dB;(t),1 <k <n—1,
j=1
where for any 1 <4,j <n —1, B;(t) are independent Brownian motions, and

Z_: oik(T)ok; (z) = i(bij — 75).
k=1

Because of this partition property, it becomes natural to study the FV process through its
finite dimensional analogue.

The first objective of this article is to establish the large deviation principle at the path level
for the FV process when the sampling rate e approaches 0. This problem has been studied
in [1] and [2]. The only unresolved case is the lower bound when the mutation measure vq is
not absolutely continuous with respect to the initial point x. In the finite dimensional case,
this corresponds to the case when the process starts from a point on the boundary of the
simplex {(z1, -+, &n_1) : Z;ll xp = 1,z >0,k =1,---,k}. The difficulty in resolving the
issue comes from the degeneracy and non-Lipschitz property of o(z). Our proof of this result
reveals that the derivatives of all possible large deviation paths at time zero have to be the
same as the derivative of the solution of the limiting dynamic. This is very different from
the non-degenerate case. An explicit expression of the rate function is also obtained. All
definitions and terminology of large deviations follow those in [3].

Our second objective is to identify the quasi-potential of the process. Consider the following
infinite dimensional dynamic:

du(t) 0

3 §(Vo — p(t)), u(0) = v. (1.2)
The solution of the dynamic is attracted to vy as ¢t goes to infinity. The FV process can be
viewed as a random perturbation of this dynamic. It is thus natural to study the transition
from vy to another point v in M7 (E) under the perturbation. The quasi-potential V (vg;v), if
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exists, is the minimal energy needed for the transition from vy to v. It is known that the FV
process has a unique reversible measure II, which satisfies a full large deviation principle ([2]).
Roughly speaking for suitable subset A of M7(E), we have

A} = exp{— inf 16:)(1 + (1)},

where I(v) = 0H (v|v) and H(vp|v) is the relative entropy of vy with respect to v. If we set
F(v) = H(vlv), then I(v) = 0(F(v) — F(vp)). In physical terms, F(v) is the free energy
functional and 6 plays the role of reciprocal temperature. Our second result shows that the
quasi-potential equals to I(v) and the minimal energy is attained by a time-reversed path of
(1.2) connecting vy with v.

Large deviation lower bounds are obtained in Section 2, and a detailed description of the
effective domain is given in Section 3. Result on quasi-potential is in Section 4.

2 Large Deviation at Path Level

For any fixed T' > 0, let C([0,T], M1(E)) be the space of all continuous M; (E)-valued functions
on [0,7T] equipped with the uniform convergence topology. In this section, we prove the large
deviation lower bound for F'V process at the path level, i.e. on space C([0,T], M;1(E)), under
the assumption that the mutation measure 1 is not absolutely continuous with respect to the
starting point u of the process. Because of the partition property, we obtain the result through
the study of the finite dimensional case.

2.1 Finite Dimension

For any fixed n > 1, let

n—1
Sn = {x=(x17---71:n_1): x; >0, chi < 1}-
i=1

For 1 <k <n—1, consider
n—1
dX}(t) = c(px — Xp(D)dt + Ve > ox; (X(t))dB;(t), X°(0) ==,
j=1

where ¢ = £, and (o4 (z)) is such that

’

o(xz)o(z) = (2 (0rj — 2j))1<kj<n—1-

Denote p, =1 — Z;le p; and x, =1 — Z;le z;. Let

L,={zeS,: 0< ot +pr <2, 1 <k <n; there exists 1 <4 < n, such that x; = 0}.

In the remaining of this subsection, we assume that z is in £,,.
Let

= {oe Cla..,) 5 o) - +/ sy ).
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Define

B n hi (1) —c(pi—i(1)))? o
[y - I SR G e
¢ 00, ¢ ¢ HyP

where ¢, (t) =1 — Z;le ¢;(t). Denote I27 and H>T by I, and H, respectively.

Lemma 2.1 Suppose that I,(¢) < oo.
i) If $i(0) = 0, then ¢;(t) # 0, t € (0,T7].
ii) If ;(0) = 1, then ¢;(t) # 1, t € (0,T7.

Proof: i) Suppose that there exists {9 > 0 such that ¢;(to) = 0. If ¢;(¢) = 0 for all ¢ € [0, ¢o],
then )
(93 (t) — clpi — ¢:(1)))*
oi(t)
and hence I;(¢) = oco. This contradicts the assumption. Therefore, we may choose ty < t{

such that ¢;(to) = ¢;(t;) = 0 and ¢;(¢) # 0 for all ¢ € (to, t()-
Let tg < t1 < t2 < t,. We have

o > L(g) > /t2 ($i(t) — c(pi — ¢i(t)))2dt

= 00,

t1 ¢l(t)
b2 0 (1) (pi — Bi(t))
- PP — ¢ilt))
& 2c/tl ¢i(t) '
¢i(t2)
- _9 pi— 7,
c/¢i(t1) Z !
- 00

as to increases to t(.
ii) For j # 4, we have ¢;(0) = 0 and hence, for all ¢ in (0,7, ¢;(t) # 0. Therefore, for every ¢
in (0,77, ¢i(t) # 1. O
Lemma 2.2 If I,.(¢) < co and ¢;(0) = 0, then there is to > 0 such that for 0 <t <ty

bi(t) < 2(1+ o). (2.1)

Proof: Note that

bill) = /0 (65(5) — c(ps — 65(s)))ds + cpit — ¢ /0 64(s)ds

</0t (di(s) — 25(;17(;)— ¢i(8)))2d8> 1/2 </0t @(S)ds) 1/2 o

We can choose tg > 0 such that for all ¢ in [0, to]

IN

N =

6:(t) < VI, ilt) < /0 bs(5)ds + ct.
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By induction, it is easy to show that

An 1t ety if t < (an/(2+ ¢)/ ()
ailt) < i 1/(1—gn)
2(1 +o)t, if t > (an/(2+c))
where a1 = 2(21—:—65)7 q1 = %7 an+1 = % and Qn+1 = 1+2qﬂ, . Since Gn=1-2""->1,

we get that a, < \/a,—_1/2, and a,, < L. Therefore,(2.1) holds since (a,/(2+ ¢))*/(1=%) — 0.
g
The next lemma is the key in deriving the large deviation lower bound.

Lemma 2.3 Suppose I,(¢) < co. If $;(0) = 0, then qﬁz(O) = cpi; If ¢;(0) = 1, then qﬁz(O) =
—c(1—p;).

Proof: First we assume ¢;(0) = 0. Note that

2

(0 [ etoi=ontonas) = ([ ) -ctn —@(s)))ds)
JRECEECL
< /Ot (pi(s) — Zgiz — ¢i(s)))? ds

)
tig 1 (60— [ ety = su(57)05) =o.

The conclusion follows easily. _
If ¢;(0) = 1, then ¢;(0) = 0 for all j # ¢ and hence, ¢;(0) = cp;. Therefore

Z¢j 1—]%)

J#i

2

IN

(1+ c)t?

Then

Lemma 2.4 Let 6 >0 and ¢ € C([0,T],S,). If X¢(0) = ¢(0), then

hm lim sup € log P ( sup | X°(t) — ()] > 5) = —00.
N—oo -0 0<t<1/N

Proof: Take N large so that § > 3¢ and supg<i<1/n [9(t) — ¢(0)] < %. Note that

n— n—1 N52
P sup [X(t)—o@)>6| < P| sup Z/ VNoi;j(X<(s))dBl | > ——
0<t<1/N 0<t<1/N ;= de
n—1
< Eo EeX A sup(W,
- P ( ; t<11) t) )
)\N62

I
o
S
)
N
5
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where W* are Brownian motions such that
n—1 t t
3 / VNoy (X“(s)dBl = Wi, i = / NX(s)(1 = X(s))ds,
=0 0

A is a constant determined by Fernique’s theorem (cf. Kuo [5]) such that ¢ is finite. Therefore

lim sup e log P < sup | X€(t) — o(t)| > 5) < —ANGS2 (2.2)
e—0 0<t<1/N
The conclusion then follows by taking N — oo. O

We are now ready to prove the lower bound.
Theorem 2.5 For §y > 0 and any ¢ satisfying I, (¢) < oo, we have

liminf elog P{ sup |X; — &(t)] <200} > —I,(9) (2.3)
e—0 0<t<T

Proof: Let 1;(t) = ;e 4+ p;(1 — e™<). Then it is clear that X¢(¢) converges to 1 (¢) for all
t as € goes to zero. For any N > 1, define

o), I/N<t<T
o(t) =1 »(1/2N)+2N(6(1/N) —¢(1/2N))(t —1/2N),  1/2N <t<1/N
¥(t), 0<t<1/2N

Choosing N large enough such that ¢(t) € S2, the interior of Sy, for ¢ € [1/2N,1/N], and

{ sup [X°(t) — p(t)] < do} € { sup_|X<(t) — o(1)] < 260}.
0<t<T 0<t<T

For any § < dp, we have

2 max (P{ sup [X(t) - p(t)] < do}, P{ sup |Xf<t)—so<t>|>5o}>

0<t<T 0<t<1/2N
> P{ sup [X(t)— ()] <do}+P{ sup [X(t)— ()] =0}
0<t<T 0<t<1/2N
>P{ sup [X(t)— ()] <6}
1/2N<t<T

> P{|X“(1/2N) = ¢(1/2N)| < §/2}
inf — P{  sup |X(t)—p(t+1/2N)[ <6
ly—(1/2N)]<6/2 y{ogthP1/2N| (t) = ¢t +1/2N)| < &}

where ¢ is small enough such that |y — ¢(1/2N)| < 6/2 implies y € S;. Since X(1/2N)
converges to ¥(1/2N) as € goes to zero, by Lemma 2.4, we get

liminf elog P{ sup |X°(t) — ¢(t)| < 250}
e—0 0<t<T

> liminf elog P{ sup |X(¢) — ¢(¢)| < do} (2.4)
e—0 0<t<T

1/2N,T 1/2N,1/N
> =1 (0) 2 =10 any (9) = 1:(9)
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where the next to last inequality follows from Theorem 3.3 in [1].
By direct calculation, we have

1/N _ (+))2
11/2N71/N Z/ c(pi — i(t)) dt.

v 1/2N i (t)

If x; # 0, then ¢;(0) # 0 and it is clear that
[ By,
1/2N pi(t)

as N — oo. If z; = 0, then ;(0) = ¢;(0) = 0. By lemma 2.3, $:(0) = ¢p;. It is clear that
1;(0) = ¢p;. Hence

Jim 2N4,(1/(2N)) = Jim Ngi(1/N) = i

Then
[ el
1/2N ei(t)
N (> N2 1/N
= / Mdt + / (2cpi + Pi(t) — 2pic®)dt
12nv Pt 1/2N
(¢i — cpi)? $i + 2N (1/2N) /UN . 2 2
= . lo 2¢cp; + c“p;(t) — 2p;c”)dt
i & 2N;(1/2N) 1/2N( i eilt) )
— 0
as N — oo. O

2.2 Infinite Dimension

Let C1°([0,T] x E) denote the set of all continuous functions on [0,7] x E with continuous
first order derivative in time ¢. For any p € M (E), let C,([0,T], M1(E)) be the set of all
M, (E)-valued continuous functions on [0, 7] starting at p.

In this subsection, we will assume that 1 is not absolutely continuous with respect to pu.
Without loss of generality, we also assume that the support of 1 is F.

For any u(-) in C,([0,T], M1 (FE)), define

Su(u()) = sup — Jgr(9) (2.5)
geCO([0,T] % B)

where

Jhr(g) = (u(T),9(T)) = (1(0),4(0))

- /OT<M()(%+A ds——/ // s,2) (s, y) Q(p(s); dz, dy) ds.

Recall that for any p in M7 (E), we have Q(u; dz, dy) = p(dz)dz(dy) — p(dz)p(dy).
Let B19([0,T]x E) be the set of all bounded measurable functions on [0, T’ x E with continuous
first order derivative in time. Then by approximation, we have

Su(p() = sup Jo,7(9) (2.6)
geBLO([0,T)) X E)
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Definition 2.1 Let C*°(E) denote the set of all continuous functions on E possessing con-
tinuous derivatives of all order. An element u(-) in C([0,T), M1(E)) is said to be absolutely
continuous as a distribution-valued function if there exist M > 0 and an absolutely continuous
function hyy : [0,T] — R such that for all t,s € [0,T]

Sup [{(8): ) = (i) )] < [hae (8) = hae (),

where the supremum is taken over all f in C°(E) with absolute value bounded by M.

Let
Hy = {u(-) € C([0,T), Mi(E)) : Su(pu(-)) < oo}

be the effective domain of S,,(-). Then any u(-) in H,, is absolutely continuous, and by theorem
5.1 of [2]

T

Su(u() = / () — A" (u(3) |2, ds, (2.7)

where A* is the formal adjoint of A defined through the equality (A*(u), f) = (u, Af), and for
any linear functional ¢ on space C*°(E)

2 = su —l X ,axr
WG = s (0.5) =5 [ [ 56150 Qo)

Theorem 2.6 For any p in M1 (E), u(-) in H,, and any open neighborhood U of u(-) in space
C.([0,T], Mi(E)), we have

lim inf elog P {U} > =S, (u()), (2.8)

where P, is the law of the F'V process starting at ft.

Proof: The result is clear when p(-) is not in the effective domain H,,. For pu(-) in H,, both
u(t, [a, b)) and u(t, [a,b]) are absolutely continuous in ¢ for a,b € E.

Let {fn, € C(E) : n > 1} be a countable dense subset of C(E). Define a metric d on
C.([0,T], M1 (E)) as follows:

d(v(-),p()) = sup »_ i(|<1/(1ﬁ),fn> = (u(t), fr)l A1) (2.9)

Then d generates the uniform convergence topology on C,([0,T], M;(E)). Clearly for any
0 > 0, there exists a k > 1 such that

{u() € Cu([0,T], My(E)) = sup {[(v(t), fn) — (u(t), )|} < 6/2,

t€[0,T]
n=1,,k}  {dw(), n(-) < 6}

Let
P={Ay,--,A,:n>1 A+, A, is a partition of E},

and element of P is denoted by ¢, 7, etc. For any v in M;(E),u(:) in C([0,T], M1(E)), and
1={A1, - A,} and 3= {[zo,x1), "+, [Tm, Tm1]}} In P, set

m(v) = (v(A1),v(A2), - -, v(An)),
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and
my(p() = (u()([0,21)), -, p()([#m, 1])).

Next we choose j with g = 0, 2,411 = 1 such that

— 1<n<kl<
OSiSm,g}yaGX[zi,xwl]ﬂfn(y) fn(x)l =n= } B

(I

and let
Uy (), =) = () € Cull0, 71, Ma(E))

3

Z =

sup  [v(t)([2i, wiv1)) — p(t) (25, 2ig1))] <
t€[0,7],0<i<m

where I' = sup,cp 1<p<k [fn(2)|. Then we have

Uyn0), o) € {d(0), () < 5. (210)

The partition property of the F'V process implies that P, o~ 1is the law of a FV process with
finite type space. This combined with Theorem 2.5, implies

1imiglfelogPu{U} > li%ni(r)lf limi(r)lfelog P {d(w(-),u(-) <o}

e J
> h%n_}(r)lf llgélfelog PAU,(u("), 6_I‘)}
> Iy (my (1)) = =Spu(u()), (2.11)
where the last inequality follows from Theorem 3.4 in [1]. O

3 Effective Domain

In this subsection, we will analyze the structure of the effective domain. We start with another
representation of the rate function. For any u(-) € C.([0,T], M1(E)), let

T
ﬁwMHXE=Uﬂm@=A(éﬂ@mw@@w<m}

Let H{, be the collection of all absolutely continuous x(-) in C,([0,T], My(E)) such that fi(t) —
A*(u(t)) is absolutely continuous with respect to u(t) as Schwartz distribution with derivative

h(t) = %}:;“(tm in space Li(.)([O,T] x E) satisfying

<Mmdm@&zgwm»>:07 -

Define

2
d(p(t)—A" (u(t))) :
|| R, it e €

00 otherwise.

Fu(u() = {
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Theorem 3.1

Su(p()) = Fu(u(-)-

Proof: First we assume that u(-) € Hg. Using integration by parts, we have

Trls) = /T<'<r>,g<r>>dr—/OT (). 29001+ 3620y + 3 [ o900 ar

B /oT <<“ %92(7“)> + % <u(r),g(r)>2> dr
= % 0 {u(r) _ % /OT <<M(7")7 (g(r) — h(r)?) — (u(r), g(r) — h(r))Q) dr
< Fu(p()

and equality hold for g = h.
On the other hand, suppose that S, (u(-)) < co. As in [1], define

t51(9) = (u(t), 9(1)) — (u(s), g(s)) — / {u(r), g(r) + Ag(r)) dr

so that

Tle) = i) = 5 [ (). 0)) = (r),9(r))?) i

Similar to the Appendix in [1], we have
¢
£409) = [ ) hr)g(r)) dr

for some h € Li(_)([(), T]x E). It follows that u(-) is absolutely continuous and f1(t)—A* (u(t)) =
h(t)u(t). Note that

(lt). &) — (u(s), 8) = / (), Ab + h(r)d) dr.

Taking ¢ = 1, we get 0 = f: (u(r), h(r)) dr, and hence (u(r), h(r)) =0, i.e., u(-) € H. O
Let ¢ be any measurable function on F taking values between 0 and 1.

Theorem 3.2 Assume that {u, @) = 0. If u(-) is in the effective domain 'Hg of Sy, then

= (1, Ad) .

Proof: Let a; = (u(t), ¢). Note that

t), Ap)y = // Nvo(dy)p(t,dz) <2
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Then

at=Lf<MA@w+fw@ h(s)@) ds

2 [ vt [ s

Similar to Lemma 2.2, we have a; < ct. So

IN

2

< /0 (u(s),h*(s)) dsEtQ.

The conclusion of the theorem follows from the same arguments as in the proof of Lemma 2.3.
O

oo [ {uts). o) as

4 Quasi-Potential
For any v in M7 (FE), the quasi-potential V (vg;v) is defined as
V(v; v) = E{STET2 () 2 ju(Ty) = vo, u(Ts) = v, —00 < Ty < Ty < o0}

It is the least amount of energy needed for a transition from 1y to v under large deviations.
In this section the quasi-potential of the FV process is identified explicitly.

Theorem 4.1 The quasi-potential of the F'V process is given by
V(vo;v) = 0H (vo|v). (4.1)

Proof: First consider the case of E = {1,---,n} for some n > 2. For any 1 < k < n, let
pr = vo(k), xx = v(k). Then H(wlv) = Ek 1 Pk log 25 is smooth in v. For any uf(-) in
C([Th, Tz], M1 (E)) satistying u(T1) = vo, u(T2) = v, Sy, (i ( )) < oo, define z(t) = p(t, k) and
g(t, k) = —fo’gt). Then it is clear that g is in C’LO([Tl,Tg] x E). By direct calculation, we

have
/Tl“)(Ag Jidstg / // 5,2) 9(5,y) Q(u(s); d, dy) ds =

2
! [Z( —Pk)—Z(fEk( Zpk ds = 0.
2 xk( ) k=1

i =1

Thus it follows from (2.5) that

n
ST () = =0 k(T ) — Pk
k=1
Ty M

Zxk ))xk(s)ds =6H (vv),
v g=1
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which implies that V(vo;v) > 60H (vp|v).
Next we consider the general case. Note that for any partition 2 of F,

STt @) = V(m (), m(1v)),

e henee SulO{ST1 oy oy (T (1))} > sup{V(m (v0), ()}
Therefore
V(w,v) = mf{S52(u() s p(Th) = vo, u(Tz) = v, —00 < Tt < Tp < o0}
> inf {Sgp{s oy o @)} 2 p(Th) = o, w(Ta) = v, —00 < Ty < Tp < OO}

> sgp{V(m(Vo)ﬂTz(V))}
- slip{@H(ﬂ'z(Vo)hTz(V))
= OH(1pv).
Finally we derive the upper bound. Let u(-) be the solution of the equation on [T4,Ts].

dutt) _
dt

N D

(1(t) — o), W(Tz) = v. (4.2)

Then
M(t) — e—.59(T2—t)V + (1 _ e—.59(T2—t))VO

It is not hard to see that pu(71) — o as 11 approaches —oo. From the expression (2.7), we get

ST ) = [ sun  {0n(s) =) = 5 (). ) = (u(s). 1)) s (43)

Ti feBLO([0,T]xE) 2

For f in BYO([0,T] x E), let

M(f)(s) = 0s) — w0, £) — 5 ((u(s), 1) — (). £)?).

2
Define g(s,x) = —Gd(i’z‘;) (x). Tt is clear that g is in BYO([0,T] x E), and
M(f)(s)=M(g+f—g)(s) =M(g)(s) — %Ku(s% (f = 9)*) = (u(s), f = 9)°] < M(g)(s).

Hence the sup in (4.3) is attained at g, and we have

SE ) = [0 06) = 10.9) = 5 ((16),0%) — (o), 0)*) s = [ "Gite), s

" (4.4)
By integration by parts, we get
T2 T2
/ (A(s), g)ds = ((T2), g(T2)) — (u(T1), 9(T1)) — / (u(s), g)ds
T1 Tl

- / “(s), g)ds = 6 / (H(vol(s))Y ds = 6[H (volv) — H(volu(T1)).

T1 Tl
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The upper bound then follows by letting 77 go to —oc. O
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