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Sharp asymptotics for the free energy of 1+1 dimensional
directed polymers in an infinitely divisible environment
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Abstract

We give sharp estimate for the free energy of directed polymers in random environ-
ment in dimension 1+1. This estimate was known for a Gaussian environment, we
extend it to the case where the law of the environment is infinitely divisible.
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1 Introduction

We refer to [6] for a review of directed polymers in random environment. Let S =
(S, )nen be the simple random walk on Z¢ starting at 0, defined on the probability space
(3,&,P). Letn = (1(n, 7)) (n.a)enxz+ be a sequence of real-valued i.i.d. random variables
defined on another probability space (2, F,P). The expectation of a function f with
respect to the probability measure P (respectively IP) will be denoted by Ef = fz fdP
(respectively Ef = fQ fdP). The path (i, S;)1<i<n represents the directed polymer of
size n in dimension 1 4+ d, and 7 is the random environment. For f strictly positive,
featuring the inverse of the temperature, we define the random polymer probability
measure P,, 5 on the path space (X, £) by its density with respect to P

dP,,
B (5) = 737 “xPBHA(9)), (1.1)
where .
Ho(S) = n(j.S;), and Z,(8) = Eexp(BH,(S)). (1.2)
j=1

For a given realisation of the environment 7, the measure P,, g gives heavier weight to
polymer paths (7, S;)1<i<n With lower energy —H,,(S) (configurations of lowest energy
are the most probable). For simplicity we write Ef(n) = Ef(5(0,0)) for any f such
that f o 71(0,0) is integrable. Let A\(3) = InEe®" be the logarithmic moment generating
function of . We suppose that there exists B > 0 such that

Ee?l" < o0 for 0 < g < B. (1.3)
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It is well known that the sequence E1ln Z,,(3) is superadditive, hence the limit

p(8) = Jim TEW(Z,(8)) = sup - EIn(Z0(3)) € (~o0, A(5)] .9

n—o00 N

exists. It is called the free energy of the polymer. We proved in [15], [18] that if
Ee?l" < oo for a fixed B > 0, then there exists K > 0 such that foralln > 1,

nwz

exp(—ﬁ
exp(—n(z — K)) ifz e (2K, 0).

P(i%(lnzn(ﬁ) ~“ElnZ,(8) > z) < ) ifz € (0,2K],

This concentration property implies that under our assumption, % In Z,,(8) converges P
a.s. towards p(3) for every 8 € (0, B). This was first proved by Carmona and Hu ([4],
Proposition 1.4) for a Gaussian environment, and by Comets, Shiga and Yoshida ([5],
Proposition 2.5) for a general environment, but under the condition that Ee*?1"l < co.
We consider the normalized partition function

_ZB) _, g
WalB) = g7 (g5 = LB,

and the normalized free energy

p-(8) = Tim ~E(W,(8)) = p(8) ~ A(5) € (~o0,0].

Bolthausen [2] noticed that (W,,) is a positive martingale, hence converges P a.s. to-
wards a variable W, and that moreover P(W,, = 0) is 0 or 1. When there is no random
environment, i.e. when § = 0, the normalized partition function W, is constantly equal
to one. Accordingly we say that weak disorder holds when P(W,, = 0) = 0, strong
disorder holds when P(W,, = 0) = 1. It is immediate that if weak disorder holds, then
the normalized free energy p_ (/) equals zero. Comets and Yoshida proved monotonic-
ity in 8 concerning both the dichotomy between weak and strong disorder, and the
normalized free energy.

Theorem [9], Theorem 3.2)

1. There exists a critical value 3y = .(d) € [0, 00] with Sy =0 ford =1,2,0 < 5y < o0
ford > 3, such that P(W,, =0) = 0if 8 € {0} U(0,Bp), P(Woo =0) = 1if 8 > fp.

2. The normalized free energy p_(f) is non-increasing in 3 € [0,00). In particular
there exists . with 5y < 8. < oo such thatp_(8) =0if0 < 8 < B., p—(B) < 0 if
B> Be.

It is widely believed that the two critical values (3, and . are equal, but it is still an
open question in dimension d greater than or equal to three. The equality Sy = 8. = 0 is
true in dimension one and two. This was proved by Comets and Vargas ([7]) for the di-
mension one, and by Lacoin ([13]) for the dimension two. Moreover in this paper Lacoin
improves the result of Comets and Vargas by giving sharp estimates of the normalized
free energy at high temperature (that is for small 3). He proves the following theorem.

Theorem ([13], Theorem 1.4 and Theorem 1.5)

1. Whend = 1 and (1.3) holds, there exist constants c and By < B such that for every
ﬁ in [07 BO);

— B+ () < p-(8) < e 1.5
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2. When d = 1 and the environment is Gaussian, then there exists a constant ¢ such
that for every § < 1,

- éﬁ‘* <p_(B) < —cp. (1.6)

Our aim is to get rid of the logarithmic factor of the lower bound in the case of a general
environment. To prove the lower bound in (1.5) Lacoin combines the second moment
method and a directed percolation argument, whereas in (1.6) he uses a specific Gaus-
sian approach similar to what is done in [17]. More precisely his proof relies on two
inequalities, both obtained using Gaussian integration by parts. We are able to gen-
eralize these inequalities in the case of an infinitely divisible environment. The first
inequality is still obtained by an integration by parts formula, valid for infinitely divisi-
ble distributions, that we learned in [3]. Actually, infinite divisibility is not required for
the second inequality, which we prove by using the FKG inequality, in the manner of [9].

Theorem 1.1. When d = 1 and 7 has an infinitely divisible distribution satisfying (1.3),
there exist constants C > 0 and By < B such that for every (3 in (0, By),

- CB* <p_(P). (1.7)

The idea of the proof is to adapt techniques which in the framework of spin glasses
are known as replica-coupling and interpolation (introduced in [12]). Toninelli adapted
these techniques to prove disorder irrelevance for the disordered pinning model in the
case where the disorder has a Gaussian distribution ([17], Theorem 2.1), and mentioned
that he can extend his result to the situation where the environment is bounded. We
notice that we can hope to adapt his proof of the Gaussian case to the case where the
environment is infinitely divisible, in the same manner as we adapted the proof of La-
coin. We underline the fact that replica-coupling is not a purely Gaussian technique,
and can be adapted to the more general setting of infinite divisible environments. This
was already a key ingredient in [3]. Concerning directed polymers, the Brownian poly-
mer in Poisson environment ([8]) might be another good candidate to apply the replica-
coupling method. Let us finally mention that recent work on 141 dimensional polymers
(for instance [1] and [16]) give another perspective on the 3% scaling.

The paper is organized as follows. In the first part we explain the proof of Theorem
1.1, reducing it to the proof of the two inequalities mentioned above. In the second
part we prove the first inequality, using the integration by parts formula for infinitely
divisible distributions (Lemma 2.1). In the third part we prove the second inequality by
using the FKG inequality (Lemma 2.2).

2 Proof of Theorem 1.1

We can assume without loss of generality that the variance o2 of 7 is strictly less
than one. If it is not the case, we consider 7) = ;L whose variance is i and we use that
p—(8) = p—(203). We define

pn(8) = TEWWa() = ~Eln Z,(8) ~ A(3) @)

and we recall that

p—(B) = sup pu ().

n>1

We use the same strategy as Lacoin in [13] and show that there exist B; > 0 and ¢ > 0
such that for every n > 1 and every g € [0, By),

1
Pa(B) = (1 = ¢) 5 In B2 En(5259), 2.2)
n
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where S!, S? are two independent copies of the simple random walk, E®? is the expec-
tation on the product space (X2, £%€), and

Lo(S',8%) =) 1g1 g
i=1

is the number of intersections of the two directed paths (i, S})1<i<,, and (4, 5?)1<i<n.
Now E®2¢28°Ln(5".5%) ig the partition function of a homogeneous pinning system of size
n and parameter 232 with underlying renewal process the sets of zeros of the random
walk S! — S2. We refer to [10], section 1.2 for a survey of the homogeneous pinning
model, where it is proved (Proposition 1.1 and Remark 1.2) that

li ll FE®2,tLn(51,5%) _ @ ; ﬁ +
im —1In e = F(t), with F(t) ~ 5 whent — 0.

n—oo N,
Letting n tend to infinity in (2.2) we find that

1—e°
p-(B) 2 —5

This implies that for any C > e® — 1, there exists By < B such that for all 0 < g < By,
p— (ﬂ) Z _Cﬁ47

which proves the lower bound result (1.7). To prove (2.2) we proceed as in [13] by
interpolation between the two functions

F(26%).

pa(B) = lEln EeBHn(S)—nA(B) — iEln F®2,BHn(S",5%)—2nA(8)
n 2n ’
where
H, (5", 8%) = Hu(S") + Hp(57),
and

Fo(B) = - In E82628°Lu(5"5%) _ Ly po228°La(sts)
" 2n 2n
Let 8 be fixed in |0, B[. We define, for ¢ € [0,1] and v > 0,

on(t,u) = iE1nE®28\/ZﬁHn(Sl,Sz)—2nA(\/ZB)+uﬁ2Ln(Sl,Sz)
n ) 2n )

Pn(t) = on(t,0) = %Eln EeVPHS)=nAVID) — p (V1B),
so that
¢n(1) = WH(LO) = pn(ﬁ)v Wn(()) 2) = Fn(ﬁ)
The inequality (2.2) amounts to
¢n(1) > (1 - ec)(pn(oa 2)' (23)

We shall prove that
Vt € [Oa 1]7 (bil(t) 2 C(¢7L(t) - <)0n(0a 2))7 (24)

which by Gronwall’s lemma implies (2.3). We write
¢n(t) - ‘Pn(oa 2) = ‘Pn(t>0) - (Pn(ta 2 — t) + ‘Pn(t7 2— t) - @n(ov 2) (2.5)

and we consider separately the two differences of the right member. To prove (2.4) it is
enough to prove the two following inequalities.

Je >0, Vtel0,1], ¢l (t) > clon(t,0) — pn(t,2 —t)), (2.6)
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vt e [07 1]v @n(taz - t) - (pn(072) <0. (2.7)

To prove (2.6) we need infinite divisibility whereas (2.7) is true in general. Let us
first prove (2.6). The function v — ¢, (¢, u) is convex non decreasing, hence for every
teo,1],

Oon, Opn,

2 _¢) — > (2 — > . 2.
Pu(t:2 = 1) = ou(t,0) 2 (2= )2 (1,0) = 2 (t,0) (2.8)
A simple calculation shows that

89071 ﬁ ®2 1 2

By ——(t,0) = Q—EE \//3 n(S7,57), (2.9)

where E, g is the expectation with respect to the probability measure P, 3, and E®2

is the expectation with respect to the product measure P®ﬁ on the product space
(X2,£9€). On the other hand,

o (t) = nxvfﬂ) (2.10)

2

Now the quantities (2.9) and (2.10) are related through the following lemma, whose
proof we postpone to the next section.

Lemma 2.1. If the law of n is infinitely divisible, then there exists ¢ > 0 such that for
every 3 € [0, 2),

W(8) > ~LBEZ L (5", 5?). 2.11)

We use successively (2.10), the Lemma 2.1, (2.9), and (2.8), and we obtain that
provided we take § < £, there exists ¢ > 0 such that for every t € [0,1],

¢n(t) > _iEE(gQ n(Slvs2) > C(@n(tao) - (Pn(taQ - t))a

which is exactly (2.6). Now we prove the second inequality (2.7) thanks to the following
lemma.

Lemma 2.2. Ifo? < 1 then there exists B, > 0 such that for every fixed 3 in (0, B),
0 (t,u) 0 (t,u) >0 forte0,1] andu >0 (2.12)
F Pnll,U) — F7Pnll,U) 2 ) u = U. .
au(p 815('0

We postpone the proof of Lemma 2.2 and we conclude the proof of the theorem. We
set B; = min(£, B,) and fix 8 in [0, B;). Then according to Lemma 2.2

L 0pn
(

8wn(
ST

@n(t72_t) _9071(072) = ou

$,2—5) — 5,2 —s)ds <0,
which is inequality (2.7). Combining (2.5), (2.6), and (2.7), we obtain (2.4), which ends

the proof.

Remark 2.3. Ifthe law of n is standard normal, then the inequality (2.11) is an equality
with ¢ = 1, and the inequality (2.12) holds true. Both facts are showned in [13] by using
Gaussian integration by parts.
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3 Proof of Lemma 2.1

According to [3], Proposition 11, there exists c; > 0 depending on /3 such that
C2
Pu(8) = —ZEES3L,(S", 5%). (3.1)
We recall rapidly the proof of [3]. We write

EH,(S BHR(S) , ' ' ,
el () = B N (8) = Y B, ) (i, ) — N (5).
(

4,2)

The distribution of 7 is infinitely divisible, therefore we have a Lévy Khinchine formula

2
NB) = B+ G5+ (7 1= utyco)r(du),

where ¢y € R, 0 > 0, and 7 is a measure on R* such that 1 A u?> € L'(r). With these
notations we have the following lemma.

Lemma ([3], Lemma 10). For any bounded differentiable f with bounded derivative,
one has the following integration by parts formula:

Enf(n) = coBf (n) + 0B () + /R (Bf 7+ u) — 1 et Bf ()ur(du).

Applying the lemma, Carmona and al. calculate

/ 2 ®2 1 o2 2
np,(8) = —o"BEE 5L, (S, 5%) — E(P, (S =2 /
( ) B ( ) (Zzz) ( B( )) R (Gﬁu o 1)}1,7,(57
Noting that

Y (Pus(Si=1))* = BZSLa(S", 5%),
(o)

and that
(ePv —1)efry
su — < _7m(du
Oﬁazl/ﬂt (efu —T)a+1 ()

0 +o00
< / lu| (1 — ) (du) —|—/0 ueP(eP* — Dm(du) = ¢(B), (3.2)

—00

which is finite provided that Ee267 is finite, they conclude that (3.1) is true with ¢y =
d(B) + 0B

Now for u < 0 we have 1 — %% < §|u|, and for u > 0 we have ¢’* — 1 < Bue®, so
returning to (3.2) we deduce that for every g € [0, g],

d(B) <8 (/0 w?r(du) +/O+Oo UQeB“W(du)> ,

— 00

and conclude that (2.11) is satisfied with

0 +o0o
c=o0? +/ u?m(du) +/ u?ePr(du).
0

— 00
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4 Proof of Lemma 2.2

We calculate

9 9 _ 1 e uB?L,(S',58%) 1 @2
auc,on(t,u) 6t(,on(ﬁ,u) = QnE [e I(s+, s%), 4.1)
where
Lo \fBH (81,5%)—2nA(V1B) (BQL (Sl Sz) 7,(51 S2) 572)\/(\/%5))
(57, 5%) = E©2 VIR HA (ST, 52) 2n,\(\/ﬁ)+u,82L,L(51,52)
eVIBH L (S1,5%) (52 1 g2 1 ¢2 Bn
J(B2La(S",8%) = 552 Ha (S, 5%) + TN (V1P))

E®26\fﬂHn(Sl S2)+u/32L (S1,52)
We show that I(S?, S?) is non negative for every (S, S?) in ¥2. Let (S, S?) be fixed in
¥2. We define
I={ic[l,n];S} =S5?}and A = {(i,z);1 <i<nandx =S} or S?}.

We write H,, for H,(S"',5?) and L, for L,(S",5%). For v = (v(; 2)) (i,s)ca, We define

n

Hn<’l)) Z’U(l Sl —+ ’U(Z 52 ZQ'U z Sl —+ Z’U(l Sl) + U(z 5'2)
i=1 iel ¢l

Then the measure defined by
e\/zBHn (U)

_ ®(2n—Ly,)
(dv) B(eVi)

is a product probability measure on R*"~£», and we can write I(S*, S?) as an expecta-
tion with respect to u:

BQL ( ) ﬁn/\/(\[ﬁ)
1 o2y _ 2xf ViBH,,
I(s™, s )*/ E®2eViBH, (v)+ub?Ly, (e Jul(dv)

_ / X(0)Y ()u(dv), (4.2)

with L
X(v) = E®2eViBH, (v)+uB?L,
d
- = (82 p CURY VABH.,
V(1) = (8L - 57 Ha(w) + 22N (VES) BP0,

As X and Y are decreasing random variables in L?(u), we deduce from the FKG in-

equality that
/X(U)Y(v)ﬂ(dv) > /X(’U)/J,(d'l}) X /Y(v)u(dv). (4.3)

We refer to [11], Theorem 2.4 or [14], chapter II for more information about the FKG
inequality. We calculate [ Y (v)u(dv) and find that

[y @) = (5104 S Vi) B ) - P, o),

Using that E(ne*?) = X (u)e*™, we calculate

E(Hne\/EBHn) = (2Ln/\/(2\/£5) +2(n— Ln))\/(\/iﬁ))E(e\/wH”),

ECP 17 (2012), paper 53. ecp.ejpecp.org
Page 7/9


http://dx.doi.org/10.1214/ECP.v17-2221
http://ecp.ejpecp.org/

Sharp asymptotics for directed polymers in infinitely divisible environment

hence
NEVEE) =N\ vi
Y (v)u(dv) = 2L, (1 — EeVtPHn
[ Y@t = Lo e
There exists a € (v/tf3,2v/t/3) such that %M = )'(a). Since \'(0) = o? is

strictly less than one there exists By > 0 such that for every s in [0,2Bs), \”(s) remains
strictly less than one. If 8 € (0, Bs) then a € (0,2B3), hence \’(a) < 1, from which we
deduce that [ Y (v)u(dv) is non negative. As [ X (v)u(dv) is also obviously non negative,
recalling (4.1), (4.2) and (4.3), we get the result.
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