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Abstract

Let (efA)@0 be a C,-contraction semigroup on a 2-smooth Banach space E, let (W,),>, be a cylin-
drical Brownian motion in a Hilbert space H, and let (g,), >, be a progressively measurable process
with values in the space y(H, E) of all y-radonifying operators from H to E. We prove that for all
0 < p < oo there exists a constant C, depending only on p and E, such that for all T > 0 we have

t T »

, .

f Mg, aw| <cmz(j gyt ) -
0 0

For p > 2 the proof is based on the observation that 1(x) = ||x||? is Fréchet differentiable and
its derivative satisfies the Lipschitz estimate |[y'(x) — y'(M)Il < CUlx|| + llyIDP~2llx — y||; the
extension to 0 < p < 2 proceeds via Lenglart’s inequality.

E sup
0<t<T

1 Introduction
Let (etA)t>0 be a Cj-contraction semigroup on a 2-smooth Banach space E and let (W,),>, be

a cylindrical Brownian motion in a Hilbert space H. Let (g,);>o be a progressively measurable
process with values in the space y(H, E) of all y-radonifying operators from H to E satisfying

T
J ||gt||$(H,E)dt < oo PP-almost surely
0
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forall T > 0. As is well known (see [6, 15, 16]), under these assumptions the stochastic convolu-
tion process

t
X, =J " NMg dW,, t >0,
0

is well-defined in E and provides the unique mild solution of the stochastic initial value problem
dX, =AX,dt+ g, dW,, X,=0.

In order to obtain the existence of a continuous version of this process, one usually proves a
maximal estimate of the form

T P
B sup I < cpE(L gl gy de ) D
The first such estimate was obtained by Kotelenez [11, 12] for Cy-contraction semigroups on
Hilbert spaces E and exponent p = 2. Tubaro [19] extended this result to exponents p > 2 by
a different method of proof which applies It&’s formula to the C2-mapping x — ||x||P. The case
p € (0,2) was covered subsequently by Ichikawa [10]. A very simple proof, still for Cy-contraction
semigroups on Hilbert spaces, which works for all p € (0, c0), was obtained recently by Hausenblas
and Seidler [9]. It is based on the Sz.-Nagy dilation theorem, which is used to reduce the problem
to the corresponding problem for Cy-contraction groups. Then, by using the group property, the
maximal estimate follows from Burkholder’s inequality. This proof shows, moreover, that the
constant C in (1.1) may be taken equal to the constant appearing in Burkholder’s inequality. In
particular, this constant depends only on p.

The maximal inequality (1.1) has been extended by Brzezniak and Peszat [4] to C,-contraction
semigroups on Banach spaces E with the property that, for some p € [2,00), x — ||x||? is twice
continuously Fréchet differentiable and the first and second Fréchet derivatives are bounded by
constant multiples of ||x|[P~! and ||x||P~2, respectively. Examples of spaces with this property,
which we shall call (C;), are the spaces LI(u) for g € [p,o0). Any (C;) space is 2-smooth (the
definition is recalled in Section 2), but the converse doesn’t hold:

Example 1.1. Let F be a Banach space. The space £2(F) is 2-smooth whenever F is 2-smooth [8,
Proposition 17]. On the other hand, the norm of £2(F) is twice continuously Fréchet differentiable
away from the origin if and only if F is a Hilbert space [14, Theorem 3.9]. Thus, for g € (2, 0),
€2(¢9) and ¢2(L9(0,1)) are examples of 2-smooth Banach spaces which fail property (C;) for all
p € [2,00).

To the best of our knowledge, the general problem of proving the maximal estimate (1.1) for C,-
contraction semigroups on 2-smooth Banach space remains open. The present paper aims to fill
this gap:

Theorem 1.2. Let (e[A)t>0 be a Cy-contraction semigroup on a 2-smooth Banach space E, let (W;),>¢
be a cylindrical Brownian motion in a Hilbert space H, and let (g,),>o be a progressively measurable
process in y(H,E). If

T
f ||gt||§(H’E) dt < oo P-almost surely,
0

. . t e . . .
then the stochastic convolution process X, = f o elt=Mg AW, is well-defined and has a continuous
version. Moreover, for all 0 < p < oo there exists a constant C, depending only on p and E, such that

T L
E sup ||Xt||p<CPIE(J g2y de ).
0

0<tLT
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For p > 2, the proof of Theorem 1.2 is based on a version of It&’s formula (Theorem 3.1) which
exploits the fact (proved in Lemma 2.1) that in 2-smooth Banach spaces the function y)(x) = ||x||?
is Fréchet differentiable and satisfies the Lipschitz estimate

19" Ce) = ' DI < Cllxll + Ny 1Pl = I,

The extension to exponents 0 < p < 2 is obtained by applying Lenglart’s inequality (see (4.1)).
We conclude this introduction with a brief discussion of some developments of the inequality (1.1)
into different directions in the literature. Seidler [18] has proved the inequality (1.1) with optimal
constant C = O(,/p) as p — oo for positive C,-contraction semigroups on the (2-smooth) space
E = L9(u), q > 2. He also proved that the same result holds if the assumption ‘e™ is a positive
contraction semigroup’ is replaced by ‘—A has a bounded H*-calculus of angle strictly less than
%rc’. The latter result was subsequently extended by Veraar and Weis [20] to arbitrary UMD spaces
E with type 2. In the same paper, still under the assumption that —A has a bounded H*-calculus
of angle strictly less than %71:, the following stronger estimate is obtained for UMD spaces E with
Pisier’s property (a):

EoileT ”Xt”p s CpE”g”)l:(LZ(O,T;H),E) (1.2)

with a constant C depending only on p and E. If, in addition, E has type 2, then the mapping
f®(h®x)— (f ®h)®x extends to a continuous embedding L2(0, T; y(H, E)) — y(L%(0, T; H),E)
and (1.2) implies (1.1).

Let us finally mention that, for p > 2, a weaker version of (1.1) for arbitrary C,-semigroups on

Hilbert spaces has been obtained by Da Prato and Zabczyk [5]. Using the factorisation method
they proved that

T
E sup IIXfII‘KCp]EJ0 lgel ey

0<t<T

with a constant C depending on p, E, and T. The proof extends verbatim to C,-semigroups on
martingale type 2 spaces. This relates to the above results for 2-smooth spaces through a theorem
of Pisier [17, Theorem 3.1], which states that a Banach space has martingale type p if and only if
it is p-smooth.

2 The Fréchet derivative of || - ||P

Let 1 < g < 2. A Banach space E is g-smooth if the modulus of smoothness

PO =sup {20l + eyl +llx = eylD =1+ xll = llyll = 1}

satisfies p|.(t) < Ct? for all t > 0.
It is known (see [17, Theorem 3.1]) that E is g-smooth if and only if there exists a constant K > 1
such that for all x,y € E,

llx + ¥l +1lx = y 119 < 2l ]| + K|ly (1% 2.1
Lemma 2.1. Let E be a Banach space and let 1 < q < 2 be given. For p > q set 1, (x) := ||x||P.

1. E is g-smooth if and only if the Fréchet derivative of 1, is globally (q — 1)-Holder continuous
onE.
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2. If E is g-smooth, then for p > q the Fréchet derivative of 1, is locally (q — 1)-Holder continuous
onE.

Moreover, for all p > q and x,y € E we have

[, () = 4, I < Cllxll + Ny IDP~41x = y [l (2.2)
where C depends only on p, q and E.

Proof. If the Fréchet derivative of 1), is (¢ — 1)-Holder continuous on E, then by the mean value
theorem we can find 0 < 6, p < 1 such that for all x,y € E,
lx + y11% + llx = yl1T = 2[xlI? = (lx + ¥ 1T = x| + (lx = y 1T = [lxl19)
< I e+ 0) = e — Il
<LIGx+0y) = (x = py) Il Iy I < 297 L]y [19.
Hence the Banach space E is g-smooth.

Suppose now that the norm of E is g-smooth. Then for all x, y € E with ||x||,||y||=1and all t >0
we have

llx +tyll + llx — tyll = 2[[x|| < K|ty 2.3)
Thus
e+ eyl +llx = tyll = 2[x]|
lim =0,
t=0 eyl

which by [7, Lemma I1.1.3] means that || - || is Fréchet differentiable on the unit sphere. Hence, by
homogeneity, || - || is Fréchet differentiable on E\{0}. Let us denote by f, its Fréchet derivative at
the point x # 0.

We begin by showing the (¢ — 1)-Holder continuity of x — f, on the unit sphere of E, following
the argument of [7, Lemma V.3.5]. We fix x # y € E such that ||x]||,||y]| = 1 and h € E with
k]| = |lx — || and x — ¥ + h # 0. Since the norm || - || is a convex function,

fyGe=y) <llxll =1lyll.

Similarly, we have

L@ <llx+hl=lxll,  fy(y =x=h) <2y —x = hl[ = lyll.

By using above inequalities and the linearity of the function f,, we have

fo(h) = f,(R) < llx + Il = |lx[l = £, (h)
=[x +hll=llyll = fy(x +h=y) + Iyl = lIxll + £, (x = ¥)
<l +hl =yl = f,(x+h—-y)
=llx+hl[=lyll+f,(y =x=h)
<lx +hll+ 112y —x —hll = 2[ly|l

x+h—y ‘”
ol ||y = xR =yl
llx +h—yll

SKllx +h—y[lf <K(llx =yl + [Ih[)? = 29K||x - ¥/,

x+h—-y

=|ly +lx+r=y]- S
“ Ix +h—yll

|| — 2yl
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where we also used (2.3). Since the roles of x and y may be reversed in this inequality, this
implies

|f(h) — £, (h)]

p < 29K ||x — y||97!
I=lx-yl =yl

”fx _fy” =

This proves the (q — 1)-Holder continuity of the norm || - || on the unit sphere.
We proceed with the proof of (2.2); the (¢ — 1)-Hélder continuity of v, as well as the local
(p — 1)-Hoélder continuity of 1), follow from it. For all x,y € E with x # 0 and y # 0 we have

¥, () = pllx P

It is easy to check that f, = fﬁ and ||f, || = 1. Following once more the argument of [7, Lemma
V.3.5], this gives

[l Ge) = NI = p|IxIP~ fe = Iy 1P £y |
<p|IxiPics - RH*PH(”X”p oyl

< p29K [l [P~

_x A p-1 p-1
- +p [l [1P=5 =[xl
[l |l ||y||

<p2UK|Ix|IP~ Iy lI*1

x||y||—y||x||H +p\||x||P-1—||y||P-1

= p22K|lx [Py I v G = y) + yCly Il = llxID

1 -1 -1
\ +p]||x||P Iyl

< p2iKlx[P=elly T2 2lly llllx — yID* +p‘IIXIII’_1 = IlylP=

= p22 K| |x [Pl — y |17 er‘IIXIIP’1 = lylIP=.

2.4
If ¢ < p < 2, then by the inequality |t" —s"| < |t —s]|", valid for 0 < r < 1 and s,t € [0,00), we
have

1 — —
[l = 1y 1P~ < el = Dy 1] < e = 1P < Clell Iy 1Pl = y[197

If p > 2, by applying the mean value theorem, for some 6 € [0, 1] we have

[l = iy = (o = D] 10 + (1 = )P Foesa-oy Cx = )|
(p — DIl + lyIDP2llx - v

(p = DIl + Iy NP2l + [y 12l = y 12~
= (p = D)(lell + Iy P21 — ylIo.

Also, since 1,1);(0) =0, for y # 0 we have

NN

<plyIPHi=| =plylIP~2llyll.

il
Iyl

19 =, = ply P~ =y P~ 7|

O

The above lemma will be combined with the next one, which gives a first order Taylor formula
with a remainder term involving the first derivative only.



694 Electronic Communications in Probability

Lemma 2.2. Let E and F be Banach spaces, let 0 < a < 1, and let ¢y : E — F be a Fréchet
differentiable function whose Fréchet derivative ¢’ : E — %(E,F) is locally a-Holder continuous.
Then for all x,y € E we have

Y =) +9 )y —x) +R(x, ¥),

where

1
R(x,y)= J (W G+ r(y =Dy —x) = ¢'()(y — x))dr. (2.5)
0

Proof. Pick w € E such that ||w|| < 1 and consider the function f : R — F by
F(0):=Y(x+ Ow).

For all x* € F*, (f/, x*) is locally a-Hoélder continuous. To see this, note that for |6,|, |6,| <R and
x|l < R we have ||x + 0;w]|,||x + 6,w]|| < 2R, so by assumption there exists a constant C,; such
that

[(f/(81) = £7(82), x") | = 1Y (xx + Byw)w, x*) = (yp"(xx + Opw)Iw, x7)]
<Y G+ 0;w) — ¢ (xx + 0wl [lx™[| < Carl 07 — Oa]* 171
Applying Taylor’s formula and [1, Lemma 1, Theorem 3] to the function (f, x*) we obtain

(f ()= £(0),x") = t{f(0),x™) + (R; (0, ), x7),

where R;(0,t) = fol t(f'(rt) — f’(0))dr. Now let x,y € E be given and set t = ||y — x|| and
y—x
Ly ==l

(WP(y),x*) = (), x™) = (P = %), x7) = (Pl + tw), x7) = (p(x), ") — t(P("xIw, x”)
= (f(6) = f(0) — t£'(0),x")

. With these choices we obtain

w =

1
= f t(f'(rt) — £(0), x") dr
0

1
= f (W'(x +r(y =) —x) =P ()(y — x),x") dr.
0

Since x* € F* was arbitrary, this proves the lemma. O

3 An It6 formula for || - ||P

From now on we shall always assume that E is a 2-smooth Banach space. We fix T > 0 and let
(Q,Z,P) be a probability space with a filtration (%,).cor7- Let H be a real Hilbert space, and
denote by y(H,E) the Banach space of all y-radonifying operators from H to E. We denote by
M([0,T];y(H,E)) the space of all progressively measurable processes & : [0,T] x Q — y(H,E)
such that

T
J IIEtII)Z,(H,E) dt < oo P-almost surely.
0
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The space of all such & which satisfy

T P
E( L 18 125 gy dt ) < 00

is denoted by M?([0,T];y(H,E)), 0 < p < oo.
On (2, Z,P), let (W,)ic[o,r] be an (Z;)ic[o,r;-cylindrical Brownian motion in H. For adapted
simple processes & € M ([0, T];y(H,E)) of the form

n—1
gt = Z 1(ti,ti+1](t) ®A,,
i=0

where I1 = {0 = t; < t; < --- < t, = T} is a partition of the interval [0, T] and the random
variables A; are Z, -measurable and take values in the space of all finite rank operators from H to
E, we define the random variable I(£) € L°(Q, Z;; E) by

n—1
(&) := ZAi(WfiH - Wti)

i=0

where (h ® x)W, := (W,h) ® x. It is well known that

T
E|1(8)|1? < C?E L 1€l r,5 At

where C depends on p and E only. It follows that I has a unique extension to a bounded linear
operator M2([0,T];y(H,E)) to L*(Q,Z;;E). By a standard localisation argument, I extends
continuous linear operator from M([0, T]; y(H,E)) to L°(Q, Zr; E). In what follows we write

J &, dW, :=1(1¢ ), t€[0,T].
0

This stochastic integral has the following properties:

1. For all £ € M([0,T];y(H,E)) the process t — fot E,dW; is an E-valued continuous local
martingale, which is a martingale if £ € M2([0, T];y(H, E)).

2. For all £ e M([0, T];v(H,E)) and stopping times T with values in [0, T],
T T
f E.dW, = J 1[0,-1(t)E, dW, P-almost surely. 3.1
0 0
3. For all £ € M?([0,T];y(H,E)) and 0 < t<T

HJ 3

4. (Burkholder’s inequality [2, 6]) For all 0 < p < oo there exists a constant C, depending only
on p and E, such that for all £ € MP([0,T];y(H,E)) and t € [0,T],

[[e.onf

< cE( f €415y 4512, ) (3.2)

E sup

s€[0,t]

< ci( f €01 £y (3.3)
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An excellent survey of the theory of stochastic integration in 2-smooth Banach spaces with com-
plete proofs is given in Ondrejat’s thesis [16], where also further references to the literature can
be found.

In what follows we fix p > 2 and set 1(x) := 1, (x) = [|x||P. Since we assume that E is 2-smooth,
this function is Fréchet differentiable. Following the notation of Lemma 2.2 we set

1
Ry(x,y):= f W' 41y =Ny —x) =Y’ 0y —x))dr.
0

We have the following version of It&’s formula.

Theorem 3.1 (It6 formula). Let E be a 2-smooth Banach space and let 2 < p < oo. Let (a;);e[o,T]
be an E-valued progressively measurable process such that

E(J;Tllatlldt)p<oo

and let (g,).e[o0,r) be a process in MP([0, T]; y(H, E)). Fix x € E and let (X,)c[o,r] be given by

t t
Xt=x+f asds+J g, dw,.
0 0

The process s — ’'(X,)g, is progressively measurable and belongs to M'([0,T];H), and for all
t € [0, T] we have

t t m(n)—1
PX) =P(x)+ J P'(X;)(a,)ds + J P (X,)(g,) dW; + nh_{go Z R«p(Xt{‘/\t’Xt;‘H/\t) 3.4
0 0 i=0
with convergence in probability, for any sequence of partitions IT, = {0 =ty < t] <+ < tm(n) T}

whose meshes ||T1, || := maXog;<mm)-11t, — ti| tend to 0 as n — oo. Moreover, there exists a
constant C and, for each € > 0, a constant C,, both independent of a and g, such that

m(n)—1

t P
Eliminf Z |R1p(Xt AL t" /\t)| eCE sup |IX[[P +C, E f ||gs||)2,(H’E)ds)2. (3.5)
i 0

n—00 s€[0,t]

The proof shows that we may take C, = C ’(sl_g + 1) for some constant C’ independent of a, g,
and €.

Before we start the proof of the theorem we state some lemmas. The first is an immediate conse-
quence of Burkholder’s inequality (3.3).

Lemma 3.2. Under the assumptions of Theorem 3.1 we have

T P

p 2

E sup ||XA|P<CIE(J gl ds ) +CE(J 8.1y ds )
0<t<T 0

Lemma 3.3. Under the assumptions of Theorem 3.1, the process t — ’(X,)(g,) is progressively
measurable and belongs to M*([0, T]; H).
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Proof. By the identity ||v’(x)|| = p||x|[P~! and Holder’s inequality,

1

T 1
E( fo Il eI de ) * < ( f 9/ GO ge gy dt )

1
<E sup mnp-l(f g 120 5y ds )

tef0,T]
p-1 % 1
c((& sup IxP) (E(JO g gyds)*) "
and the right-hand side is finite by the previous lemma. The progressively measurability is clear.
O
This lemma implies that the stochastic integral in (3.4) is well-defined.
Lemma 3.4. Let 0 < < T be arbitrary and fixed. Under the assumptlons of Theorem 3.1,

the process s — 1)’ (Xu)(gs) is progresswely measurable and belongs to M*([0,T];H). Moreover,
P-almost surely,

w’(xu)J g dW; =J Y'(X,)(g,) dW,.

Proof. By similar estimates as in the previous lemma,

]E(Jt WG I ds)° < CCEI, 195 (B( f | o))

The progressively measurability is again clear. To prove the identity we first assume that g is a
simple adapted process of the form

n—1
& = Z 1(t,»,tiﬂ](5)Ai:
i=0

where 1T = {u = t, < t; < --- < t, = t} is a partition of the interval [0, T] and the random
variables are #, -measurable and take values in the space of all finite rank operators from H to E.
Then,

t n—1
W' (X,) f g dw, =y, ( DAw,, -w,))
u i=0
n—1 t
=Y Y XIAW,,, —W,)) = J P/(X,)(g,) W,
i=0 u

For general progressively measurable g € LP(Q;L2([0,T];y(H,E))), the identity follows by a
routine approximation argument. O

Proof of Theorem 3.1. The proof of the theorem proceeds in two steps. All constants occurring in
the proof may depend on E and p, even where this is not indicated explicitly, but not on T. The
numerical value of the constants may change from line to line.
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Step 1 — Applying Lemma 2.2 to the function y(x) = ||x||P and the process X, we have, for every
te[0,T],

m(n)—1
XD = )= > (W00 = Y (Xiga)
i=0
m(n)—-1 m(n)—1

= Z 'L/J/(Xt{‘/\t)(Xt" /\r_Xr?/\t)“' Z qu(Xti"/\t,Xt?H/\r)'
i=0 i=0

i+1

We shall prove the identity (3.4) by showing that
m(n)—1

lim Y w/(xt,m)(xw—Xt;1)=f W/ (X,)(a) ds + f ¥'(X,)(g.) dW,
=0 0 0

with convergence in probability. In view of the definition of X,, it is enough to show that

=0 P-almost surely

m(n)— tha At t
lim lel(xt?/\t)(f ag ds) - f ’Lp/(Xs)(as)ds
t 0

n—.oo n n
i=0 TAL

and
m(n)—1 th AL t
lim > W Ce0( ]|  sdw) —f ¥(X)(g)dW, =0 inprobabilicy.  (3.6)
0 EAL 0
By (2.2), P-almost surely we have
m(n)—1 th At t
limsup| w'(xfiw)(f a)- f (X )(a,)ds
=00 i=0 oAt 0

m(n)—1 LAt
< limsup Z J (Y’ Kenpe) —¥'(X))(a;) ds

n—=oo o N

m(n)—1 pth At
<C sup [IX,P"% x limsup ) f X e = Xl lla | ds
t

s€[0,T] n—=00 oo AL
<C sup X [P% xlimsup ( sup sup  [Xpne — Xl
s€[0,T] n—00 N OLi<m(n)—1sE[tIALLY At !
m(n)—=1 pti At
(> f lagllds)
i=0 tf/\t
:O’

where we used the continuity of the process X in the last line.
Next, by Lemma 3.4 and the inequalities (3.2) and (2.2),

m(n)—1

S e f gsdws)—f (X)) W,
i=0 t 0

TAL
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m(n)—1 rti At t
> f W (Xgn)(g:)dW, — f WX)(g)dW,
t 0

i=0 TAt

t m(n)—1
f Z 1(t;’,c?+1}(5)(w/(xt?/\t) - wl(Xs))(gs)dVVs.
0

i=0

The localized stochastic integral being continuous from M([0, t];y(H, E))) into L°(Q, Z,;E), in
order to prove that the right-hand side converges to 0 in probability it suffices to prove that

m(n)—1
Tim |[s — ZOI Lt 1OV Kend) = W@, o) =0 in probability.
For this, in turn, it suffices to observe that P-almost surely
m(n)—1
tim | 20] 1 O K ) =W
= lim sup sup ' Kenae) =P XD =0

MR 0Li<n—1se[tMAL, Ll At]

by the path continuity of X.
Step 2 — In this step we prove the estimate (3.5). By (2.2), for all x,y € E and r € [0, 1] we have

W Ce+r(y =) =9 GOl < Ul lP2llx = Il + [lx = y[IP7H.
Combining this with (2.5) we obtain
|R1p(Xti"/\t:Xti”H/\t)| < C||Xti”/\r||p72||Xri"H/\t _th.”/\t”2 + CHXt;‘H/\r _Xti"/\t”p' 3.7

We shall estimate the two terms on the right hand of (3.7) side separately.
For the first term, using the inequality |a + b|? < 2|a|? + 2|b|? we obtain

m(n)—1

D XKl lP2 X e = Xernell?
i=0

m(n)—1 tho At Py m(n)—1 LAt 2
<2 D7 [KenllP2 f adsl[ +2 > (X P f g, dw,
i=0 t i=0

n n
LAt At

=17 +1;.

For the first term we have

IT < 2C sup ||IX,][P~% x sup’
s€[0,t] i

th At m(n)—1 th At
agds|| x E agds H
thAL i=0 thAL

th AL t
f a,ds XJ |, ds.
thAL 0

<2C sup [IKP~2 x sup|
s€[0,t] i
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By letting n — oo we have maxy; < p(n)-1(t7,; —ti') — 0, so
LAt
f a;dsf{| —0
thAL

lim IT =0, P-almost surely.
n—oo

sup
0<i<m(n)-1

as n — o0o. Therefore,

To estimate I, we use (3.2) and Young’s inequality with ¢ > O to infer

2

m(n)—1 i At
E liminfI} < liminf EI} = liminf E D IXKenllr™? J g, dw,
t

i=0 At

m(n)—1 LAt
= lim inf Z (||thm|| —ZE(‘ J ) g,
t t

=0

m(n)—1 t
< Climinf Z ]E(||X¢MIIP‘21E(J
t

i=0 TAL

m(n)—1 tiaAt
. 2 2
< Climinf Z ]E(“th/\t”p f ”gsHy(H,E)ds)
t

i=0 TAL

m(n)-1 z+1At
. -2 2
< Chmme( sup [|X;[P~ Z J “gS”y(H,E)dS)

s€[0,t] AL

),

A REAN))

i+1/\t

= CE( sup_[IX,I”~ Zf [FA[c— Ry

s€[0,t]

< CeE( sup IX,|IP) +cet i ( f Iy 05

s€[0,t]

Next we estimate the second term in (3.7). We have

m(n)—1 m(m)—1 A » m(n)—1 ;e A
Z ||Xti”+1/\t f"/\t” <C Z f a; ds|| +C Z f g
t

i=0 i=0 A

= I+ I0.

A similar consideration as before yields

lim I3 < C lim  sup
n—00 =00 o Li<m(n)-1

J ads” Jlla I ds =
tn/\t

m(n)—1
]Ehrn 1nf1” 11rn 1nf]EI” = Chmlnf Z

Moreover, by Burkholder’s inequality (3.3),

At

&8s

1+1
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m(n)—1 th At P

.. 2 2

< Climinf Z E(J ||gs||y(H,E)dS)
t

i=0 Ha:
m(n)=1 At 4
. . 2
gChrrynf]E( Z f ||gs||$(H,E)ds)
i=0 tIAL

t P
- cE(f 1861215y ds) g
0

Collecting terms, for any £ > 0 we obtain the estimate

m(n)—1
Eligr_l)iolgf Z |R¢(Xt;1/\uXt?H/\r)|
i=0
t P
_P
< CeE( sup |IX,IP) +C(e'F + 1)E(J 8109 5) -
s€[0,t] 0
O
In the proof of Theorem 1.2 we will also need the following simple observation.
Lemma 3.5. P-Almost surely we have
m(n)—1 m(n)—1
liminf sup D [RyXgroXe, a0l <Hminf > Ry X, Xer ). (3.8)
te[0,T] i=o i=0
Proof. Fix t € (0, T] and let k(n) be the unique index such that t € (t,’;‘(n), tZ(n) 41+ Then
m(n)—1
Z |R1p(Xfl”/\t:Xt?+1/\t)|
i=0
k(n)—1
= D IRy (X, Xy Dl + IRy (X X,
i=0
m(n)—1
< ZO IRy (Xer Xen )l + IRy (X, X,
i=
m(n)—1
p—2 _ 2 _ p
< ZO IRy (Xer Xep D+ ClIX ey [P72IX, = Xgg [P+ ClIX, — X |
=
m(n)—1
< D0 Ry Xy M +C sup [IXP2X, =X 124 ClIX, — X,y [P
i=0 SE[O,T}
Now (3.8) follows by taking the limes inferior for n — co and using path continuity. O

4 Proof of Theorem 1.2

We proceed in four steps. In Steps 1 and 2 we establish the estimate in the theorem for g €
MP([0,T];y(H,E)) with 2 < p < co. In order to be able to cover exponents 0 < p < 2 in Step 3,
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we need a stopped version of the inequalities proved in Steps 1 and 2. For reasons of economy of
presentations, we therefore build in a stopping time T from the start. In Step 4 we finally consider
the case where g € M([0,T];v(H,E)).

We shall apply (a special case of) Lenglart’s inequality [13, Corollaire II] which states that if
(&0)tefo,r7 and (a,),e[o,r] are continuous non-negative adapted processes, the latter non-decreasing,
such that E§, < Ea, for all stopping times T with values in [0, T], then for all 0 < r < 1 one has

—-r
E sup & < Ea?. 4.1)
0<t<T 1-r

Step 1 — Fix p > 2 and suppose first that g € MP([0, T]; y(H, D(A)). As is well known (see [16]),
under this condition the process X, = fo elt=Mg_dW, is a strong solution to the equation

dX, =AX,dt+ g, dW,, t >0; X,=0.
In other words, X satisfies

t
AX ds + f g.dW, Vt €[0,T] P-almost surely.
0

Hence if 7 is a stopping time with values in [0, T], then by (3.1),

t

t
Xine =f 1[0,1(8)AX, ds +f 1[0,:1(s)gs AW, Vt €[0,T], P-almost surely.
0 0

Let us check next that a, := 1p, j(t)AX, satisfies the assumptions of Theorem 3.1. Indeed, with
h, := 1[0 .1(t)Ag, we have, using the contractivity of the semigroup S and Burkholder’s inequality

(3.3),
T » T t »
E la |l dt <EJ Je‘
([ <=([] | )
T t P
<CW1EJ .féfmmm@1m
0 0
<CTP1EJ J.néfwmnﬂHm s) " de

! ;
gcwm(J|mmmm 5)* <o,

Hence we may apply Theorem 3.1 and infer that

“Xt/\*z:”p :f 1[0,7](S)¢/(Xs)(AXs)ds
0

t m(n)—1
+J; 1[0’7](5)1[)/(Xs)(gs)d]/vs—I-nli_)Iglo Z Rw(xr?/\t/\r’xti”ﬂ/\t/\r)

i=0

t m(n)—1
< f Liom Y (X&) AW, + lim - D RyKnnenes X, nene)s
0 i=0
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since 1)’(x)(Ax) < 0 for all x € D(A) by the contractivity of e** (see [3, Lemma 4.2]). Hence, by
Lemma 3.5,

E sup [[Xa-lIP
te[0,T]

t m(n)—1
<E sup f 1[0r](3)¢ (X,)(g)dW, +E sup liminf Z |Rw(Xf taenrs X aear)l

t€[0,T] tefo,T] "% "
t m(n)—1
<E sup. f Lo Y/ (X)(g) AW, + Eliminf Y IRy Xinne, X, n0)]
te[0,T] Jo i=0

< CE sup J Lio,-1 ()9 (X,)(g5) AW,

te[0,T1Jo

T »
+&eCE sup ||Xs/\r||p+CeE(L 1[0,7](s)||gs||§(H’E)ds)2-

s€[0,T]

By Burkholder’s inequality (3.3) and the identity ||y'(¥)|| = plly|IP~%,

E sup
te[0,T]

f 1 [0,7] (s)w/(Xs)(gs
0

<2 [ 0@ EPlsl )
0
T 1
ZCE(J 1[0’T](S)HX5”2(1) DHgs”Y(HE) )2
0

T 1
< CE( sup Kol 1(f 1016l ds) )
0

te[0,T]

P

<cp? (E sup IIXWIIP) 5 (]E(JT Lo, M ) ds) E)%
0

t€[0,T]

T P
< CEE sup ”Xt/\THP + CEE(J‘ 1[01’ (s)”gS”y(H E) ) 2’
te[0,T] 0

where we also used the Holder’s inequality and Young’s inequality.
Combining these estimates and taking ¢ > 0 small enough, we infer that

T P
E sup [IX,. " < CE( f 10,1l 5y d5 ) -
0

te[0,T]

Step 2 — Now let g € MP([0,T];y(H,E) be arbitrary. Set g" = n(nl —A)"'g, n > 1. These
processes satisfy the assumptions of Step 1 and we have ||g" ||, ) < l|g|ly(m,5) Pointwise. Define

X! = fot e(f_s)Ags” ds. From Step 1 we know that for any stopping time 7 in [0, T] we have

T

P
E sup [IX7, ||P<CE(JO 0,01 g £ 05)

te[0,T]
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In particular, as n,m — oo,

E sup |IX!—X["||P — 0.
te[0,T]

In these circumstances there is a process X such that lim,,_,, Esup,cfo 7 X! =X, || = 0 and

T
E sup [, < CE( f 10,01l 12 ) s )2. 4.2)
te[0,T] 0

Also, notice that for every t € [0, T], we have

ElIX{ =X P =

p
o= nds_f (t— s)Ag dsH <C(EJ llg! gslly(HE) ) .
0

Hence X' — X, in LP(Q; E). Therefore, X is a modification of X. This concludes the proof for
p=2.

Step 3 — In this step we extend the result to exponents 0 < p < 2. First consider the case where
g € M?([0,T);y(H,E)). By (4.2), for all stopping times 7 in [0, T] we have

T
EIX.IP < C f (PR

It then follows from Lenglart’s inequality (4.1) that for all 0 < p < 2,

P

T
E sup IIX[IIZ’éC']l‘E(f0 ||gs||)2/(H’E)dS)Z.

t€[0,T]

For g € MP([0,T];y(H, E)) the result follows by approximation.
Step 4 — Finally, the existence of a continuous version for the process X under the assumption
g € M([0,T];y(H,E)) follows by a standard localisation argument.
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