DOI: 10.1214/ECP.v14-1438

Elect. Comm. in Probab. 14 (2009), 17-30 ELECTRONIC
COMMUNICATIONS
in PROBABILITY

SHARP MAXIMAL INEQUALITY FOR MARTINGALES AND STOCHAS-
TIC INTEGRALS

ADAM OSEKOWSKI!

Department of Mathematics, Informatics and Mechanics
University of Warsaw

Banacha 2, 02-097 Warsaw

Poland

email: ados@mimuw.edu.pl

Submitted October 2, 2008, accepted in final form December 17, 2008

AMS 2000 Subject classification: Primary: 60G42. Secondary: 60G44.
Keywords: Martingale, stochastic integral, maximal function.

Abstract

Let X = (X,);>o be a martingale and H = (H,),>( be a predictable process taking values in [—1, 1].
Let Y denote the stochastic integral of H with respect to X. We show that

[[supY;ll1 < Bollsup X, |ll;,
>0 0
where B, = 2,0856... is the best possible. Furthermore, if, in addition, X is nonnegative, then

|Isup ¥, [y < By IIsupXls,
t=0 t>0

where 8 = % is the best possible.

1 Introduction

Let (Q, Z,P) be a complete probability space, which is filtered by a nondecreasing right-continuous
family (%), of sub-o-fields of &. Assume that %, contains all the events of probability 0. Sup-
pose X = (X,);>o is an adapted real-valued right-continuous semimartingale with left limits. Let
Y be the It6 integral of H with respect to X,

Y, = HyX, +f HdX,, t>0,
©.]

where H is a predictable process with values in [—1,1]. Let |[|[Y||; = sup.,|lY;||; and X* =
SUP; > X
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The main interest of this paper is in the comparison of the sizes of Y* and |X|*. Let us first
describe two related results from the literature. In [4], Burkholder introduced a method of proving
maximal inequalities for martingales and obtained the following sharp estimate.

Theorem 1. If X is a martingale and Y is as above, then we have
Y1 < yIHXFlh, (€]

where vy = 2,536... is the unique solution of the equation

I-v
y—3= —eXP(T)-
The constant is the best possible.

It was then proved by the author in [5], that if X is positive, then the optimal constant y in
equals 2+ (3e)™ 1 =2,1226....
We study here a related estimate, with Y replaced by its one-sided supremum:

Y1l < BIHXT - (@)

Let B, = 2,0856... be the positive solution to the equation
8
2log g—ﬁo =1-P

and [5; = % =1,555.... The main result of the paper can be stated as follows.

Theorem 2. (i) If X is a martingale and Y is as above, then (2) holds with 8 = B, and the inequality
is sharp.

(ii) If X is a nonnegative martingale and Y is as above, then holds with 8 = 8 and the constant
is the best possible.

As usual, to prove this theorem, it suffices to establish its discrete-time version (by standard ap-
proximation argument due to Bichteler [1]; for details, see e.g. [2]). Let (22, &#,P) be a probability
space, equipped with filtration (%,),>¢- Let f = (f,,).>0 be an adapted sequence of integrable vari-
ables and g = (g, ).>0 be its transform by a predictable sequence v = (v,),>o bounded in absolute
value by 1. That is, foranyn =0, 1, 2, ... we have

n

fn=2n]dfk and g, =Y vdfi.
k=0

k=0

By predictability of v we mean that v, is &;-measurable (and hence deterministic) and for any
k > 1, v, is measurable with respect to &;_;. In the special case when each v, is deterministic
and takes values in {—1,1} we will say that g is a £1 transform of f. Let f = max;<, f; and
f* = supy fi-

A discrete-time version of Theorem |2 is the following.

Theorem 3. Let f, g, By, B be as above.
(1) If f is a martingale, then
l1g™ll1 < BolllF Il 3)
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and the constant f3, is the best possible.
(ii) If f is a nonnegative martingale, then

llg*lly < By 111, €y
and the constant [56L is the best possible.

A few words about the organization of the paper. The proof of Theorem[3]is based on Burkholder’s
technique, which reduces the problem of proving a martingale inequality to finding a certain spe-
cial function. The description of this technique can be found in Section 2. Then, in the following
two sections we provide the special functions corresponding to (3) and (4) and study their prop-
erties. In the last section we complete the proofs of Theorem |2/ and Theorem[3 by showing that
the constants 3, and [)’J can not be replaced by smaller ones.

2 Burkholder’s method

Throughout this section we deal with discrete-time setting. Let us start with some standard re-
ductions. Assume f, g are as in the statement of Theorem [3. With no loss of generality we may
assume that the process f is simple: for any integer n the random variable f, takes only a finite
number of values and there exists a number N such that fy = fy,; = ... with probability 1.
Furthermore, it suffices to prove Theorem [3|for +1 transforms. To see this, let us consider the
following version of the Lemma A.1 from [3]. The proof is identical as in the original setting and
hence it is omitted.

Lemma 1. Let g be the transform of a martingale (resp., nonnegative martingale) f by a real-valued
predictable sequence v uniformly bounded in absolute value by 1. Then there exist martingales (resp.,
nonnegative martingales) F/ = (Fr{)nzo and Borel measurable functions ¢; : [—1,1] — {—1,1} such
that, for j>1and n >0,

fo=Fopprs  IFI"=1FI,
00 ‘ )

&n =2271¢j(V0)Gén+1:
j=1

where G/ is the transform of F/ by & = (&, k=0 With &, = (—1)k.

Suppose we have established Theorem 3 for 1 transforms and let 8 denote f3, or 3;, depending
on whether f is a martingale or nonnegative martingale. Lemma (1] gives us the processes F’
and the functions ¢;, j > 1. Conditionally on ,, for any j > 1 the sequence ¢ j(vo)Gj isa =1
transform of F/ and hence we may write

o0

Z 27 SUnP (qu(Vo)GinH)

j=1

g™l <

<327 | (owo],
1 =l

o0
< B> 2 E I = Bl
j=0
The final reduction is that it suffices to prove that for any integer n we have

p
E[g;—Blf.l"] <o. (5)
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To establish the above estimate, consider the following general problem. Let D = RxRx(0,00) xR
and V : D — R be a Borel function. Suppose we want to prove the inequality

EV(fn, &ns Ifal", 8,) <0 (6)

for any integer n, any martingale f and g being its +1 transform.
The key idea is to study the family % of all functions U : D — R satisfying the following properties.

U(1,1,1,1) <0, @)
Ulx,y,z,w)=U(x,y,|x|Vz,y vw), if(x,y,z,w)€D, (8
V(x)y’ZDW)SU(X)y’ZJW)’ if(x)y’ZDW)eD (9)

and, furthermore,

aU(x+t,y+et,z,w)+(1—a)U(x +ty, ¥y +ety,z,w) SU(x,y,2,w),
forany |x| <z, y <w,ec{-1,1}, a €(0,1) and ¢4, t, (10)

The relation between the class % and the estimate (6) is described in the following theorem. It is
a simple modification of Theorems 2.2 and 2.3 in [4] (see also Section 11 in [2] and Theorem 2.1
in [3]). We omit the proof.

Theorem 4. The inequality (6) holds for all n and all pairs (f, g) as above if and only if the class %
is nonempty. Furthermore, if % is nonempty, then there exists the least element in %, given by

Uo(x,y,2,w) = SUp{EV (foo, 8oo» If I V2, 8" VW)L an

Here the supremum runs over all the pairs (f,g), where f is a simple martingale, P((fy, &) =
(x,¥)) =1 and dg;, = £df; almost surely for all k > 1.

A similar statement is valid when we want the inequality (6) to hold for any nonnegative martin-
gale f and its 1 transform g. Let D = [0,00) x R x (0,00) x R and let " denote the class of
functions U : Dt — R satisfying (7), (8), (9) and (10) (with D replaced by D" and, in (10), an
extra assumption tq, t, = —Xx).

Theorem 5. The inequality (6) holds for all n and all pairs (f,g) as above if and only if the class
U+ is nonempty. Furthermore, if %™ is nonempty, then there exists the least element in %™, given
by

Uy (x,y,2,w) = SUP{EV (fo, &oo» If [ V 2,8 VW)L (12)

Here the supremum runs over all the pairs (f,g), where f is a simple nonnegative martingale,
P((fo, 8o) = (x,¥)) = 1 and d g, = £df; almost surely for all k > 1.

Let us now turn to and assume, from now on, that the function V is given by
V(x,y,z,w)=V(x,y,|x|vz,y vw) =y vw— (x| vz),

where 8 > 0 is a fixed number. Denote by % (), % () the classes %, %" corresponding to this
choice of V. The purpose of the next two sections is to show that the classes % (f3,) and %* ()
are nonempty. This will establish the inequalities (3) and (4).
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3 The special function: a general case

We start with the class %(f3,). Let us introduce an auxiliary parameter. The equation

2log[2- =) = =2 > 2 (13)
©8 3¢)" 3¢ ‘73
has a unique solution a = 0.46986.. ., related to 3, by the identity
_ 2a+2 14
07 3q

Let S denote the strip [—1,1] x (—00, 0] and consider the following subsets of S.

D, = {(xy):Ix|+y>0}
D, = {(x,y):02|x[+y>1-f},
Dy = {(x,y):Ix|+y =1-fo}.

Introduce the special function u : S — R by

a2lx|—y —2)(1 = |x| —y)¥? = 3alx|+y, if(x,y) €Dy,
u(x,y)= 30(% - IXl)eXP(%(IXI +¥))+(1—3a)y —8a, if(x,y)€D,,
4(;?_1)(1—IXI)GXP(|X|+}’)—/50, if (x,y) € Ds.

A function defined on the strip S is said to be diagonally concave if it is concave on the intersection
of S with any line of slope 1 or —1. We have the following fact.

Lemma 2. The function u has the following properties.

u(1,-) is convex, (15)
u(1: J’) = _/50: (16)
u(x, 0) = _/507 (17)
u is diagonally concave. (18)

Proof. 1t is easy to check that u is of class C! in the interior of S. Now the condition (15) is
apparent and hence so is (16). To see that (17) holds, note that

u(x,0) = —a(2(1 — |x])*? + 3|x]), xe[-1,1],

attains its minimum —3a > —f3; at x € {—1,1}. Due to the symmetry, it suffices to check the
diagonal concavity of u restricted to the set (0,1) x (—00,0). This is obvious on the lines of
slope —1. On the remaining lines, fix (x,y) € (0,1) x (—00,0) and introduce the function F by
F(t)=u(x+t,y +t) for t belonging to a certain open interval containing 0. Denoting by A° the
interior of a set A, we easily check that

3ay(1—x—y)7?, if (x,y) €D},
1 .
F"(0) =4 —3axexp(;(x+y)), if(x,y)€Ds,

9a2 :
—s.xexp(x+y), if(x,y)€D

is nonpositive. This completes the proof. O



22

Electronic Communications in Probability

Define U : D — R by

(19)

U(x;y,z,w)=va+(|x|vZ)u( y—(yVW)).

Ix|vz’  |x|vz
We have
Lemma 3. The function U belongs to % (f3,).

Proof. The conditions (7) and (8) follow from the definition of U. The inequality (9) is equivalent
to u > —f3, on the whole strip S, an estimate which follows directly from (16), (17) and (18).
The main technical difficulty lies in proving (10). Let us start with some reductions. First, we may
assume ¢ = 1, as U(x, y,z,w) = U(—x, y,2z,w). Secondly, by homogeneity, it is enough to show
for z = 1. Finally, we may set w = 0, since U(x,y,z,w) = U(x,y —w,2,0) + w. Now fix
(x,y) € S and introduce the function ® : R — R by &(t) = U(x + t,y + t,1,0). The condition
(10) will follow if we show that there exists a concave function ¥ on R such that & < ¥ and
®(0) = ¥(0). The existence will be a consequence of the properties (20) — (24) below.

& is continuous, (20)
& is concave on [—-1 —x,1 —x], 21)
® is convex on (—o0o0,—1 —x] and on [1 — x, ), 22)
lim &'(t)> lim &(t), (23)
t——00 tl-1-x
lim &'(¢t) < lim &'(t). 24)
t—00 tT1—x

The property (20) is straightforward to check. If 1 —x < —y, then the condition (21) follows from
(18). If 1 — x > —y, then (18) gives the concavity only on [—-1 — x,—y], but for t € (—y,1 — x)
we have

d(t)=y+t—a(2(1 —|x+t])*?+3|x +t]),

which is concave. In addition, one-sided derivatives of ® match at —y and we are done.
To show (22), fix a;, a, > 0 satisfying a; + a, = 1, choose t;,t, € (—00,—1 — x] and let t =
> aiti. We have

Zaké(tk) = Z akU(x + ti, Y + tkﬁ 1, 0)

S [ (-1 2]
R S, (2,

x+t T —x =ty
By (15), this can be bounded from below by

—(x+ b (1, Y et t")) = —(x+tu (1,—1—+t) = a(0).

—X — X+t +t

Hence & is convex on (—oo,—1 — x]. If 1 —x < —y, then convexity on [1 — x,—y] can be
established exactly in the same manner. Furthermore, for t > max{1 — x, —y} we have

&(t)=y —3ax+(1—-3a)t (25)
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and one-sided derivatives of ® are equal at max{1 — x, —y}. Thus (22) follows.
To prove (23), note that the limit on the left equals —u(1,—1) = 1+ 2a, while the one on the right
equals

3

3a—§a(—y+1+x)1/2, if —x+y>0,

3a 1

?GXP(E(}’—X)), if0>-x+y=1-pf,
aZ

mexp(y—x), 1f—x+y<1—[50.

and the estimate is satisfied. Finally, let us turn to (24). The limit on the left is equal to 1 — 3a,
due to (25). If —x +y > —1 — B, then the limit on the right is also 1 — 3a; for —x+y < —-1—f,
the inequality (24) becomes

9a
1-3a<————exp(2—x +¥),
a< 4(3a_1)exp( x+y)

which is a consequence of the fact that the right hand side is a nonincreasing function of y and
both sides are equal for —x +y = —1 — f3, (see and (14)). O

4 The special function in the nonnegative case
Let ST denote the strip [0,1] x (—o0,0] and let

D, = {(x,y)eSt:ix—y>%x<
{(,y)eSt:ix+y<% x>

{(x,y)eSt:x+y=>=2},

D, = {(x,y)eSt:x- y<%}

o O
w N
[l

Introduce the function u* : ST — R by

xexp[3(—x+y)+1]1- 67, if (x,y) € Dy,
(3 —x)exp[S(x+y)—1]1 -, if (x,y) €D,
—x+y—5(1-x-y)*2-2x+y), if(x,y)€Ds,
x —xlog(2(x — y)) — B, if (x,y) € Dy.

ut(x,y) =

Here is the analogue of Lemma|2|
Lemma 4. The function u™ has the following properties.
u™t(1,-) is convex, (26)
ut(1,y) = —By for y <0, (27)
ut(x,0) > —B; for x € [0,1]. (28)

* is diagonally concave. (29)



24

Electronic Communications in Probability

Proof. It is not difficult to check that u* has continuous partial derivatives in the interior of S*.
Now the properties (26) and are easy to see. To show (28) observe that the function u™(-,0)
is concave on [0,1] and u™(0,0) = —/58L < u*(1,0). Finally, it is obvious that u™ is concave along
the lines of slope 1 on D; U D4, and along the lines of slope —1 on D, U D5. For x € D} U Dy, let
F_(t)=u(x +t,y — t) and derive that

(9x - 6) exp[%(—x +y)+1], if(x,y)€Dy,

FI(0)= {MX ey i (x,y) €5,

so F”’(0) < 0. Similarly, for x € D§ U D3, introduce F, (t) = u(x +t,y +t) and check that

* V3y(1—x—y)772, if (x,y) € Dy,
which gives F}/(0) < 0. This completes the proof. O

Now we define the special function Ut : D™ — R by the same formula as in (19), namely

y—(yVW))

xVvz’ xVz

Ut(x,y,z,w)=yVvw+(xVvzut ( (30)

The following is the analogue of Lemma/3]
Lemma 5. The function U belongs to %" ().

Proof. The approach is essentially the same. The conditions (7) and (8) are immediate, while
(9) follows from (27), (28), (29) and the equality u*(0,y) = —[50+ . To show (10), we may
assume z = 1 and w = 0. Fix ¢ € {-1,1}, x € [0,1], y € (—00,0], introduce the function
®(t)=U'(x+t,y+et,1,0) (given for t > —x) and observe that it suffices to show the existence
of a concave function ¥ satisfying ¥ > & and ¥(0) = ®(0). Let us only list here the properties of
® which guarantee the existence, and omit the tedious proof.

® is continuous, (3D

& is concave on [—x,1 — x]. (32)
® is convex on (1 — x, 00), (33)
lim ®'(t) > lim ®'(¢). B39
tT1—x t—o00 0

5 Optimality of the constants

In this section we prove that the constants appearing in (3) and (4) are the least possible. This
clearly implies that the inequalities in Theorem 2 are also sharp.

The constant 3, is optimal in (3). Suppose the inequality (5) is valid for all martingales f and their
+1-transforms g. By Theorem [4] the class % () is nonempty; let U, denote its minimal element.
By definition, this function enjoys the following properties.

Up(tx,ty, tz, tw) = tUy(x,y,z,w), fort >0,
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and
Up(x,y,2,w)=Uy(x,y + t,z,w+t)—t, forteR.

Introduce the functions A, B : (—00,0] = R, C : [0,1] — R by
A(y) =1Uy(0,y,1,0), B(y)=Uy(1,y,1,0) = Up(—1,5,1,0), C(x)=Uy(x,0,1,0).

For the convenience of the reader, the proof is split into a few parts.
Step 1. Let us start with an estimate which will be used several times. If y < 0, § € (0,1) and
t > —y, then the property (10), withx =2=1,w=0, t; = =6, t, =t and a = t/(t + ), yields

t
Ug(1—6,y —5,1,0)+
t+6 ol ’ ) t+6

t 6(14+t) (y+t
=——Uy,(1-6,y—-6,1,0 —
r15 o= 0y =8 L0+ = (1—|—t

+ Uy(1,0, 1,0)) .
Now take t — oo to obtain
B(y)>Uy(1-6,y —6,1,0)+ 6(1 + B(0)). (35)

Step 2. For x € (0,1] and 6 € (0,x], the property (10), with y =w =0,2=1,t; =1—x,
toy=—26 and a =26/(1 — x + 28), gives

26 1—x
> 1, x—1,1 _ -2 1
C(x)—l_x+25U0( 5 X ) JO)+1_X+25UO(X 6:53 )O)
— 2 D+ (Ce—26)+6)
T 1-—x+26 X 1—x+26 X
20 —1-28)+ — " (C(x—26)+5)
T 1—x+26 X ) 1—x+26( X ’

where the latter inequality follows from the fact that B is nondecreasing (by the very definition).
In an equivalent form, the above reads

CO0) - Clx — 26) > 25 B(x—1-26) C(x—26) 26(1—x) 36)
TR = 1-x+26 1-x+26] 1-x+25
Furthermore, by (10), for x <1 and 6 € (0, 1),
Ug(1—8,x—1-5,1,0)< J C(x —28) + 1_x+53( 1-26)
okt T =T 2 1-x+25 '
Combining this with yields
B(x —1) > 8(1+B(0)) + J C(x —28)+ 1_HéB( 1-26)
o= 1-x+25 " 1-x+25 ’
or
2B(x —1) — 2B(x — 1 — 25) > 25 Clx—20) Blx—1-20) +25(1 +B(0))
X X - 1-x+268 1—x+26 '
Adding (36) to the estimate above gives
2
C(x)+ 2B(x 1) = C(x - 26) — 2B(x — 1 - 26) = 26(2 + B(0)) ~ - 37)

—x+25°
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Now fix an integer n, substitute 6 = 1/(2n), x =k/n, k=1, 2, ..., n and sum these inequalities;
we get

1< 1
C(1)+2B(0) - C(0) — 2B(—1) > 2+B(0) — — Z —
= 1- n
Passing to the limit n — oo and using the equalities C(1) = B(0), C(0) = A(0) we arrive at
2B(0) —A(0) — 2B(—1) > 2. (38)

Step 3. Now we will show that
A(0) > B(-1)+1. (39

To do this, use the property (10) twice to obtain
A(0) > 0 B(—-1)+ ! (C(6)+96)
“ 1406 146

o 1
2 580D+ 5 (0B(-1)+ (1 - 8)(6 +A(0) +6),

or, equivalently, A(0) > B(—1)+ 1 — %. As § is arbitrary, follows.
Step 4. The property (10), used twice, yields

5 1
Aly —28)> ——B(y—26 - 1)+ ——U,(-6,y —5,1,0
(y )_1+5 (r ) 175 o(=6,y ) o

> 0 B(y —25 —1)+ J B( 1)+1_5A( )

“1+6 1+6 1+6

if 6 <1 and y < 0. Moreover, combining (35) for y — 1 with the following consequence of (10):
Uo(1—-6,y—1-6,1,0) > 5A(y —28) + (1 — 8)B(y — 1 — 26)

gives
B(y —1)=6A(y —26)+(1—-06)B(y —1—26)+ 6(1 + B(0)). (41)

Now multiply by 1+ & and add it to (41) to obtain
Aly —26)—-B(y —1-26)2(1-6)A(y) —B(y — 1))+ 6(1 + B(0)),
which, by induction, leads to the estimate
A(—2n6) — B(—2n8 —1) — 1 — B(0) > (1 — 8)"(A(0) — B(—1) — 1 — B(0)),
valid for any nonnegative integer n. Fix y <0, § = —y/(2n) and let n — oo to obtain
A(y)=B(y = 1) = 1-B(0) > ¢’/*(4(0) - B(~1) — 1 -~ B(0)) = ~B(0)e* %, (42)

where the latter estimate follows from (39).
Step 5. Come back to (41) and write it in equivalent form

B(y —1)—B(y —1-28) > 6(A(y —28) —B(y — 1 —28)) + 6(1 + B(0)).
By (42), we get
B(y —1)—B(y —1—26) > 5(—e*/>7?B(0) 4+ 2 + 2B(0)).
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This gives, by induction,

n—1
B(-1)—B(-2n56 —1)= Z [B(—2k5 — 1) — B(—2k& — 1 — 25)]
k=0
1—e™
> n5(2+2B(0)) — 6B(0)e * ———.
1—e
Now fix y <0, take § = —y/(2n) and let n — oo to obtain
B(—1)—B(y —1) = —y(1+B(0)) - B(0)(1 —*/?). (43)

Now, by (38) and (39),
B(—1 ———1B —1)+—ZB -1 <—1AO +—2B -1 +—1<—ZBO—1
()3( 3()3()3()33()'

Furthermore, by the definition of B we have B(y — 1) > —f. Plugging these estimates into (43)
yields

B> —y(1+B(0)—BO)(1—e"/?)+1— gB(O), for all y < 0.

Note that we have 1+ B(0) = Uy(1,1,1,1) <0, by definition of U,. Therefore, the right hand side
of the inequality above attains its maximum for y satisfying

2
2= —"—42

~ B(0)
and we get
2 1
> —2(1+B(0))1 24+ —— 3+ =B(0).
B> —201+BO)log 2+ 7 ) +3+ 35(0)
Now, the right hand side, as a function of B(0) € (—oo0, —1], attains its minimum 3, at B(0) = —3a
(where a is given by (13)). This yields > 8, and we are done. O

The constant [’)’J is optimal in (4). Suppose for any nonnegative martingale f and its £1 transform
g we have

g™l < BIF I

Then the class %1 () is nonempty, so we may consider its minimal element Ugr . As previously,
we have
U (tx,ty, tz,tw) = tU; (x,y,z,w) fort >0, (44

and
Uf(x,y,z,w)=Us(x,y+t,z,w+t)—t forteR.

In addition,
the function U(;“ (1,-,1,0) is nondecreasing. (45)

It is convenient to work with the functions
2
Aly) = UJ(E,y, 1,0), B(y)=U;(1,y,1,0), C(x) = U/ (x,0,1,0).

As previously, we divide the proof into a few intermediate steps.
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Step 1. First let us note that the arguments leading to (37) are still valid (with the new functions
A, B, C defined above) and hence so is this estimate. For a fixed positive integer n, let us write it

for 6 =1/(6n), x = % +2k&, k=1, 2,...,n and sum all these inequalities to obtain

n

C(1)+2B(0) — c(g) —2B( - %) > %(2 +B(0)) — 912 > %

k=1 3 3n
Now let n — oo and use C(1) = B(0). We get

2 1 1
3B(0) > C(g) +2B(— 5) + 5(2 +B(0)).
Step 2. We will show that
2. 2 1. 4 p
C(2)>ZB(-=)+-—-=.
(3)_3( 3)+9 3

To this end, note that, using( )twice for 6 <1/3,
2
> - = 6+C(=—-6
C(3)z B~ )+ 1+35[+(3 ]

(——)

1+35

1+35

This is equivalent to
2. 2 1. 2 3 B
C(3)=>2B(-2)+=(2-26)-%
(5)z2B(-5)+2(2-30) -
and it suffices to let 6 — 0.
Step 3. By (35), we have, for y < —1/3,

B(y)>Us(1-6,y —6,1,0)+ &(1+B(0)).
Furthermore, again by (10),
1
Uf(1-6,y—6,1,00>(1—-36)B(y —26)+36A(y + 3 26)
and hence 1
B(y)>(1—-36)B(y —28)+36A(y + 3~ 26) +6(1+B(0)).

Moreover,

1 1
A(y+§—25)2 U+(0,y—§—25,1,0)+

2+35 2+36

[353@) +(1-38)A(y + %)] .

(=B)+

2+35 2+36

5 36 2—-36 s C2
{ + > =B+ — [ + (g)]}-

U*(E+5 +1—6 1,0)
0 3 ’y 3 b s

(46)

47

(48)

49

Step 4. Now we will combine and and use them several times. Multiply (49) by y > 0

(to be specified later) and add it to (48). We obtain

o 66
B(y)- (1 - ) Ay + 5y, B8O

2436 ) 2436
ZB(y—26)-(1—35)—A(y+%—25)-(y—35)+5(1+B(0)—

ZB(y—25)-(1—36)—A(y+%—25)-(y—35)+5(1+B(0)—ﬂ

3By
2436
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Now the choice y = (5 — v/9 — 245)/4 allows to write the inequality above in the form

3
F(y)2QsF(y —=28)+6 (1 +B(0)—%), (50)
where
FO) =B [1- 20 ) ay 4 5y G000
TIZEY 2+36 Y137 o35
and
1-36
5= 55
1- 5
The inequality (50), by induction, leads to
3 n_q
F(-1/3)>Q}F(-1/3-2n6)+6 (1 +B(0) - %) . %
s

Now fix Y < —1/3, take 6 = —(Y + 1/3)/(2n) and let n — oco. Then
1 3.1
=5 Q5 — exp Z(Y+§)
and the estimate yields

1 1 3 1 1 1
B(—g) - EA(O) >exp (Z(Y + 5)) (B(Y)— EA(Y + g))

2 14+ B(0 36 3Y 1 1
-5 (1+80-F ) [ew (Gor+ ) 1.

Now we have B(Y) > —f and A(Y + %) < A(0). Hence, letting Y — —oo yields

B( 1) 1A(0)> 2 1+ B(0) 3P 51)
3 2 ~ 3 4 J°

Now (46), (47) and imply the desired inequality 8 > B : indeed, by (46),

8B(O) > A(0) + 2B( 1 )+ 2

3 - 3 3’
which, by (51), can be bounded from below by

4
24(0) +2+ 2B(0) - .
Now, (47) and (51) give
2
3

and applying the previous estimate yields 8 > 14/9. The proof is complete. O

2400) > 2 + 25(0)
3 =979
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