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Abstract

We consider global geometric properties of a codimension one manifold embedded in Euclidean
space, as it evolves under an isotropic and volume preserving Brownian flow of diffeomorphisms.
In particular, we obtain expressions describing the expected rate of growth of the Lipschitz-
Killing curvatures, or intrinsic volumes, of the manifold under the flow.

These results shed new light on some of the intriguing growth properties of flows from a global
perspective, rather than the local perspective, on which there is a much larger literature.

1 Introduction

We are interested in Brownian flows @4, 0 < s <t < co from R™ — R", obtained by solving
the collection of stochastic differential equations

5 = Bylz) = x+/0 UL (D4 (x)), )

where we write ®; for ®y; when there is no danger of confusion. Here, 0 denotes the
Stratonovich stochastic differential and Uy(z) is a vector field valued Brownian motion with

IRESEARCH SUPPORTED IN PART BY THE LOUIS AND SAMUEL SEIDEN TECHNION ACA-
DEMIC CHAIR

2RESEARCH SUPPORTED IN PART BY US-ISRAEL BINATIONAL SCIENCE FOUNDATION,
GRANT 2004064, AND BY TECHNION VPR FUNDS.

182


http://dx.doi.org/10.1214/ECP.v11-1212

GLOBAL GEOMETRY UNDER ISOTROPIC BROWNIAN FLOWS 183

smooth spatial covariance structure, on which we shall have more to say in the subsequent
section. However, we note already that we shall assume U is such that, with probability one,
for each s < t,

(i) ®g is a C? diffeomorphism.

(ii) g is volume preserving; i.e. for any compact D C R™, A\, (®:(D)) = A, (D), where A,
is Lebesgue measure in R".

(iii) Py is isotropic in the sense of (8) below.

It is standard fare, following from (1) and our three assumptions, that ®,; o @, = P, that
®y; is the identity map on R™, that @ () and ®_'(z) are jointly continuous in x, s,t as are
the spatial derivatives

a (0%L(x)\"
D®y(x) = ( o). (2)
i.j
and D®_'(z), and that the ‘increments’ ® ¢, Ps,t,, ..., P, ¢, are independent for all s; <

t1 < 59 <ty < -+ <5, < tp. For a full study of isotropic Brownian flows, with history and
references, we refer the reader to Kunita’s monograph, [6].

The study of the evolution of curvature under such flows was pioneered by LeJan in [8], where
he established the positive recurrence of the curvature of a curve moving under an isotropic
Brownian flow. Quite recently, Cranston and LeJan [2] followed this with a striking analysis
of the growth of local curvature. Working with isotropic and volume preserving flows in R",
they took a codimension one manifold M embedded in R™ and considered its image under the
flow, which we denote by M; = D, (M).

Taking a point x € M, they developed an [t6 formula for the symmetric polynomials of the
principal curvatures of ®; (M) at the points ®;(z), including the mean and Gaussian curvatures.
In addition, and this will be more important for us, they showed that these polynomials grow
exponentially in time, with mean rates that are related to the Lyapunov exponents of the flow.
In simple terms, this means that the manifold M;, while it may begin at time zero as something
as simple as the unit sphere S"~! in R™ (which has unit Gaussian curvature everywhere) it
tends to develop sharply rounded ‘corners’ as time progresses.

A somewhat different set of results can be found in a series of papers [3, 4] authored by
Cranston, Scheutzow and Steinsaltz. In particular, the combined results of [3, 4, 11] show
that, for an isotropic Brownian flow with n > 2, there are positive constants ¢ and C' such
that for each compact and connected set D C R™ with at least two points,

1 1
¢ < inf supliminf —(®,(z),u) < limsup — sup ||P:(z)]| < C, (3)
ueSn—1 pep t—o0 t t—o0 ta:ED

almost surely if the top Lyapunov exponent is strictly positive, and with strictly positive
probability, otherwise.

One implication of this result is that while ®;(M) is homotopically equivalent to M, for large
t it will ‘look’ quite different. One way to measure this difference, at a global level, is via
their Lipschitz-Killing curvatures. Since M has dimension (n — 1) there are n such curvatures,
Lo(My), L1(My), ..., Lo_1(M;). The first of these, Lo(My), is the Euler-Poincaré characteristic
of My, which, because M and M; are homotopically equivalent, is the same as that of M and
so independent of ¢t. The last of these, £,,_1(M,), gives the (n—1) dimensional surface measure
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of M, and most definitely does change with time, as do all the remaining £;(M;). Further
information on the geometric roles of the Lipschitz-Killing curvatures is given in the following
section.

In view of the results of Cranston, Scheutzow and Steinsaltz described above, one would expect
that the £;(M;), 1 < j < n— 1, would grow rapidly in time, as parts of the set M; begin
to stretch in various directions at rate ¢. That this is indeed the case is a consequence of the
following theorem, one of the two main results of this paper.

Theorem 1.1 Let M be a smooth codimension one manifold embedded in R™ and M, its
image under ®,, where ®; is an isotropic and volume preserving Brownian flow of C? diffeo-
morphsims of R™. Then, for 0 < k < n—1, the expected rate of growth of the Lipschitz-Killing
curvatures is given by

(4)

E{Ln_j1(M))} = Lo_p_1(M)exp ((n—k— 1)(n+1)(k‘+1)u2t>’

2n(n + 2)
where po is the second moment of the spectral measure F of (5).

The proof of Theorem 1.1 relies on the fact that, loosely speaking, for 1 < k < (n — 1), the
(n — k — 1)-th Lipschitz-Killing curvature of a manifold can be obtained as an average, over
the manifold, of the k-th order symmetric polynomial of the principal curvatures. However,
as we have already noted above, these have been studied in detail by Cranston and LeJan
[2]. Consequently, our proof relies very heavily on their paper, to the extent that one could
consider this paper as an addendum to theirs. Nevertheless, we believe that the results are
of independent interest, in that they lift the local approach of [2] to a global scenario. The
case k = 0, which corresponds to the (n — 1) dimensional surface measure of the manifold
or equivalently the (n — 1)-th Lipschitz-Killing curvature, is somewhat easier, and is a simple
consequence of Lemma 4.1.

The remainder of this paper is organized as follows. In Section 3 we provide the precise
definition of Lipschitz-Killing curvatures and the required geometric background, followed by
the proofs of the main results of the paper in Section 4.

2 Brownian flows

This section is not so much about Brownian flows per se, for which we refer you back to the
references of the Introduction, but rather about setting up notation. Since we plan to use the
main result of [2] to prove Theorem 1.1, we shall adopt the notation of that paper without
much explanation. You can find missing explanations in [2].

The first step is to define the vector field valued Brownian motion U driving the flow in (1).
We take this to be a zero mean Gaussian process from Ry x R™ to R™ with covariance structure
given by

E{Uf(@)ULy)} = (tAs)CM(@—y), 1<kl<n,

where each C* can be written in the form
CH) = [ [ ekt o i@ Fldp), (5)
0o Jsn—1

for a normalized Lebesgue measure o,,_; on S"~! and a non-negative measure F on R*, with
m-th moment, p,,, given by p,, = fooo p™ F(dp).
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The various spatial derivatives of U, implicitly assumed to exist, are denoted by

ou’ ; 02U’

Wi = oxI’ Biji OxIOxk”

Writing (-, -) for quadratic covariation, it is not hard to check that
i H2 i j i i
W (e y), dWhe) = s [ 0as] — ajaf — oo} at (6)
for any 1 < 4,7, k,l,p,q < n. Furthermore,

3pq

((dB(u, u),v), (dB(u,u),0)) = S =

440,112 201,112
[+ 3)llul[410]12 = 4, v)2|ul?] dt,
for all vectors u,v € R™.
A simple calculation, together with (6), yields E(>. W})? = E(div U)? = 0, and subsequently
makes @, defined in (1), a volume preserving flow. Moreover, this particular choice of the
covariance function makes the flow isotropic in the sense that the spatial covariance matrices

Cz) = (Ckl(x))fszl satisfy
C(z) = G*C(Gx)G (8)

for any real orthonormal matrix G, as well as making the flow volume preserving.

With the flow defined, we now turn to setting up the notation required for studying its (dif-
ferential) geometry. Our basic references for this are Lee [9, 10] and Part II of [1].

We start with a codimension one Riemannian manifold M embedded in R™ and, for x € M,
let u = {uz}gz;l) be an orthonormal basis of T, M, the tangent space at x € M. (Note that u
actually depends on x, but we shall not write this explicitly.) Then by a simple push-forward
argument, D®;(x)u; = u;(t) € Ty, My, where xz; = ®4(x) (cf. (1)) and DP¢(x) is as defined in
(2). Furthermore,

Writing 11, : T, R"™ — T}, M, as the orthogonal projection onto T}, M; and V for the canonical
connection on the ambient Euclidean space R™, the second fundamental form at xz; € M; is
given by

Se(u(t),v(t)) = (I —1IIt) Vy@yo(t),

for any u(t),v(t) € Ty, M. Subsequently, scalar second fundamental form is defined as

Su(u(t),v(t)) = (Si(u(t), v(t)), vi),

where v, denotes the unit normal vector field and (-, -) now denotes the usual Euclidean inner
product rather than quadratic covariation.

It is standard fare that the scalar second fundamental form can be used to induce a linear
operator on the exterior algebra A (T, M;) of alternating covariant tensors on T}, M, built

over the usual wedge product, for each 1 < k < (n — 1). First we define Syf) as

k
S (g, (8) Ao A (), Uy (8) Ao At () =Y (=) T Suy (s, ) (£), i, (1)),

ocESK j=1
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where {ug, ()}, {tm, (t)} C {ui(t )}(" Y5, is the collection of all permutations of {1,...,k}
and 7, denotes the sign of the permutation o. This gives rise to the linear operator

ull(t)/\..‘/\ulk(t) — S (ull()/\.../\ulk(t),j,

where {u;(t )}(" Ve T, M is a basis of Ty, M.
The last and the most important remaining definition is that of the trace of S,(,]f). For this,
however, we need some more notation. For 1 < k < (n — 1) define the index set Ij by

= {7”7L€{1,...,n—1}k: m1<m2<---<mk}.
Then, for lel &, define
m = L+ +1,
apt) = wy () A A (t),
ol(t) = () Mruy(t) Ao AT () A A () A= Ao (B),
at) = w(t) A Aun_1(t),

where the hatted vectors are understood to be omitted from the wedge product. Now, for

I, € I, define
(aft), (1)) = det ({ug, (), um, (1)) , (9)

and naturally [|a(t)||? = det ((u;(t),u;(t))).
We now have all that we need to define the all important trace, TrS,gf), as

ps _ (070,07 0) g o

where the Einstein summation convention is carried over the indices l_;ﬁi € I;. Now for the
case k = 0, which has thus far remained untouched, we define T TS,S?) =1.

The temporal development of this trace was studied in detail in [2], where Cranston and LeJan
proved that {TrS;, (k)} "Visa (n — 1)-dimensional diffusion. This is the precise formulation
of the result we were referring to in the Introduction when we spoke of the It6 formula of
symrr(re)tri(c p())lynomials of principal curvatures, which are essentially equivalent to the traces
{Trsi) b,

3 Lipschitz-Killing curvatures

There are a number of ways to define Lipschitz-Killing curvatures, but perhaps the easiest is
via their appearance in the so-called tube formulae, which, in their original form, are due to
Weyl [12]. (For more details and applications see either the monograph of Gray [5] or Chapter
10 of [1].)

To state the tube formula, let M be a C?, (n — 1)-dimensional manifold embedded in R™ and
endowed with the canonical Riemannian structure on R™. The tube of radius p around M is
defined as

Tube(M,p) = {x e R": d(z,M) < p},
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where

d(e,M) = inf o —y].

Weyl’s tube formula states that there exists a p. > 0, known as the critical radius of M, such
that, for p < p., the volume of the tube is given by

n—1

Aa(Tube(M,p) = 3 0" £,(M), (1)
j=0

where w; is the volume of the j-dimensional unit ball and £;(M) is the j*"-Lipschitz-Killing
curvature of M.

Writing H; for j-dimensional Hausdorff measure, it is easy to check from (11) that £,,—1 (M) =
Hp—1(M). That is, it is the surface ‘area’ of M. Lo(M) is the Euler-Poincaré characteristic of
M and while the remaining Lipschitz-Killing curvatures have less transparent interpretations,
it is easy to see that they satisfy simple scaling relationships, in that £;(aM) = afL;(M) for
all 1 < j <n-—1, where aM = {z € R" = ay for some y € M}. Furthermore, despite the
fact that defining the £, via (11) involves the embedding of M in R”, the £;(M) are actually
intrinsic and so independent of the embedding space.

While (11) characterises the £;(M) it does not generally help one compute them. There are
a number of ways in which to do this, but we choose the following, which is most appropriate
for our purposes. (cf. [1, 5] for further details and examples)

Lospa(M) = Knp / / TrSH 1y, 11 (—) Ho(dv)Ho— (dx), (12)
M Jsm)

where K, = mf (%) and N, M is the normal cone to M at the point x. Since
M has codimension 1 in R™, each N, M contains only the outward normals to T, M and is of
unit dimension.

In general, we shall write S(R™) for the unit sphere in R™. Thus the S(R) appearing in (12)
contains only the two vectors +1 and —1 in R and Hj is counting measure, which makes the
integral over S(R) a rather pretentious way of writing things, as, indeed, was the introduction
of the normal cone. Nevertheless, both will be of use to us later on, when we discuss possible
generalisations of our results.

We, of course, are interested in the temporal evolution of the £;(M,) and it follows directly
from (12) that, with the notation of the previous section,

Cosia(My) = Koy / TeS 1y agy (—14) Ho(die Hor (dicy)
M, JS(R)

= K / / TrS,S’f)\/det(<ui(t)7uj(t)>)1NItMt(—ut)Ho(dut)Hn,l(dm)
M JS(R)

— K. / / TS || L, s, (—1) Ho(die) Hons (d). (13)
M JS(R)

4 An It6 formula for £, ;. 1(M;)

Before commencing a serious stochastic analysis of (13) we recall some of the results and
further notation from LeJan [7].
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Let £(t) = £4(6) A .. A €(t) and (1) = Ya(t) A ... A gy (t), where {&(0)}, {i(t)} T, M.
Then, by Lemma 3 of [7],

HEWDB(0) = S (HEDB() + (€0, 7o) dWiee) + P2 ey gy ar,

n
l,j

where

k
TE(t) = € A {Z(—l)i+1<€i(t)7€l>§1(t) Ao NG A A fk(t)} ;

i=1

with {€*}7_, being the standard basis of R and le (t) being defined similarly.
It follows immediately from the above that if £(t) = ¢¥(t) = a(t) = u1(t) A+ Aup—_1(t), where
u;(t) = D®y(x)u; and (uq,...,up—1) is an orthonormal basis of T, M, then

n—1
i (n—1)ps
dla(®)|? = a@®]?(2 Y dwi(t) + F—"2at).
i=1
Now we derive an Itd formula for ||« (t)|| and use it together with Theorem A.2 of [2] to obtain
an expression for the It6 derivative of the Lipschitz-Killing curvatures.

Lemma 4.1 Let M be a smooth (n — 1)-dimensional manifold embedded in R™ and M, its
image at time t under the stochastic, isotropic, and volume preserving flow ®; described in
Section 2. Then, in the notation of Section 2,

s ; n—1)n 1 2
Al = IS awie + "),

Proof: Using the standard Ité formula and (6) we obtain
dla®] = d(la®)]*)?

= Gle@I X v + CBa) - )

_ S i+ (1= Dt Do
= a<t>||(;dwi<t>+ Sty dt).

We need just a little more preparation before we can turn to our main result.
Let aj{t) = uy, A--- Ay, (t), be a k-form for I € Iy, then define

o () = (1P g (E) A Ay, (8) A+ A, (2), (14)

P

for 1 <k <(n—1), where [ € I}, [, € I_; and 1 < p < k.
Rewriting the above expression as

ar(t) = ()PP A Au? (1), (15)

p
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defines ul(p ).

Then according to Theorem A.2 of [2], for 1 <k <n-—1

af aﬁl
AT = 30 [S e 0o (0) @B, (1), (1), )] )

0P
+ TrS () (kW () - 2 Z awi (1))

(rial(t),a™ (1)) + (al(t), ] ™ (1)) .
oIk i)

TeSdt, (16)

+ st ap(t), am(t))

(n + Dk(n — k)us
2n(n + 2)

where the Einstein summation convention is carried over the indices { and 7.
We now have everything we need to present the main result of this paper.

Theorem 4.1 Retain the assumptions and notation of Lemma 4.1. Let Ly be the Lipschitz-
Killing curvatures defined by (13). Then the Ito derivatives of the Lipschitz-Killing curvatures
for 1 <k <mn-—1 are given by

= (k D(a- Qi U U, Uy
dlyiaOt) = [Kos [ [ (0 N (a0 (1), v, () (Bt (8). s, (8)), 1)
x (al(t),a” <>>ua<>|| :
n—1
+ TS ()| (kW = 3 dW)
st o am) ()0 (5), 0™ (1)) + (o), 7 0™ (1)) AW ()] )

X lNzt M, (—l/t)Ho(dl/t)Hn_l (d;z:)}

N (n—k—-1)(Mn+1)(k+1)us
2n(n + 2)

L—p—1(My)dt, (17)

where Hy, is k-dimensional Hausdorff measure and Ny, M, is the normal cone to My at xy € M;.

Recall that many of the terms in (17) depend on space parameter € M through the vector
field U, its various spatial derivatives W and B, as well as the various tangent vectors at x.
Before giving the proof of Theorem 4.1 we note that (17) simplifies considerably when k = 0,
in which case, as we have already noted, £, _1(M;) = H,—1(M;). Then

Loa(M) = K(n,0) /M [5 o IO (Mo 1 )

/M o (t) [ Hr ().
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Hence, by Theorem 4.1,

s = [ Jao)] ZdWﬁ ) Hoeatn) + P Lty

Proof of Theorem 4.1: We start with

d(TeSy [|a(t)l) (d(TeSE) ()| + TeS5Yd(|alt)]]) + (dTesE, dlla(t))

I+1I+1I11.

1>

We shall obtain a closed form expression for each of these terms. By (16) we have

I = (d(TSi)]a)]

= 3 S 00 () B, (0t (1), 03] 0T 0 0 )]

7,p=1

+ TrS(h) [de" —2 Z AW (t } Nla@)

+ Zsﬁf)(aﬂt ,am(t))(ﬁjal(t) ™)) + (! (1), 7] & (£))dW; (1) ()]~

(n + Dk(n — K)un
2n(n + 2)

TeS{ (1) . (18)

Using Theorem 4.1 we find

11

TeSid([lat)]))

i —(n+ 1D
= TrSP|a(t) (ZdW ) dt). (19)

Finally using (6), (16) and Theorem 4.1 we have

111 (20)
= (aTes®, dla(®)])

n—1

= TP a(n) | (dWy; —2 3 dw), 5 ),
=1

+Zs<k ap{t), (1) (Tl (t), ™ (t)) + (@(t), 7/ a™ <sz ZdW’>||a =

_ =D+ 2)p, TeS® [l (t) | dt +

2(n =k = Dpo
n(n+2) TeS | a(t)||dt. (21)

n(n +2)
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Summing (18), (19) and (20) we have
A(TrS [lat)])
[Ejs“ D (1), @, (0) (B, (8), i, (1)), 1) | (@1 (8), 0™ () at) |~

+ TS |a()| [kde” Zczwz }

+ ZSV, agft), a (1)) ({ fal(t) a™(8)) + (! (1), 7] ™ (£))) aW; (1) la(t) |

(= k= D+ (e Dy
2n(n+2)

TrS) ||a(t) | dt.

Substituting the above in (13) gives (17) and so the theorem. O

We can now easily deduce Theorem 1.1 of the Introduction.

Proof of Theorem 1.1: In (17) we note that, with the single exception of the last term, all
terms are zero mean martingales due to the presence of the martingale integrators dW (t) or
dB(t). Therefore, taking expectations in (17), after taking the integral over time ¢, immediately
yields

(n—k—1Mn+1)k+1)us /t
E 1My} = E _p—1(M, .
{Lamia (M)} TS B} ds
Solving this linear differential equation gives (4) and we are done. O

We close with one further result and two open problems.
As for the first open problem, we believe that, in the setting of Theorem 1.1,

tlirgo%log (‘m) _ =k =D+ Dk +1ps

Lon_k—1(M) 2n(n + 2) ’

where the limit here is in L;. At this point we do not have an air tight proof of this. We
would also like to add that the almost sure growth rates may well be different from the ones
conjectured above.

As for the additional result, recall that throughout the paper, we have assumed that M was
a codimension one manifold in R™. From a technical point of view, this has a substantial
simplifying effect on the definition (12) of Lipschitz-Killing curvatures. If dim(M) = m <
(n — 1), then (12) changes in that the normal cones are now of dimension (n — m), S(R) is
replaced by S(R™™™) and so is of dimension (n —m — 1), and Hy and H,,_; are replaced by
Hy—m—1 and H,,, respectively. (The constant also changes, but this is less important. See [1]
for details.) All told, we have

Lo (M) = K}, / / )TTS 1N, 01 (=) -1 (dV) Ho (da), (22)
Rnl m

for some constants K7, ;. For all k # 0 here, we have found that the complications introduced
by increasing the dimension of the normal space are such that computations analogous to those
we have carried out are forbiddingly complex.
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For k = 0 the trace term in (22) disappears and so it is not hard to show that

m(n = m)(n + Dy
2n(n + 2)

dLm(M,) = /M la@)1( 32 i) Hon () + Lo(My)dt. (23)

Since L,,(M;) is the m-dimensional content of My, this is a far from uninteresting result.
Of course, as before, this implies that

E{L,(Mp)} = Lyn(M)exp (m(n—m)(n—i—l)uzt)-

2n(n + 2) (24)

We have not, however, been able to find corresponding results for the more general case.
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