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Abstract: We consider X1,..., X, a sample of data on the circle S!,
whose distribution is a two-component mixture. Denoting R and @ two
rotations on S!, the density of the X;’s is assumed to be g(z) = pf(R™1z)+
(1 — p)f(Q~'x), where p € (0,1) and f is an unknown density on the
circle. In this paper we estimate both the parametric part 6 = (p, R, Q)
and the nonparametric part f. The specific problems of identifiability on
the circle are studied. A consistent estimator of 6 is introduced and its
asymptotic normality is proved. We propose a Fourier-based estimator of f
with a penalized criterion to choose the resolution level. We show that our
adaptive estimator is optimal from the oracle and minimax points of view
when the density belongs to a Sobolev ball. Our method is illustrated by
numerical simulations.
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1. Introduction

Circular data are collected when the topic of interest is a direction or a time
of day. These particular data appear in many applications: earth sciences (e.g.
wind directions), medicine (e.g. circadian rhythm), ecology (e.g. animal move-
ments), forensics (crime incidence). Different surveys on statistical methods for
circular data can be found: Mardia and Jupp (2000), Jammalamadaka and Sen-
Gupta (2001), Ley and Verdebout (2017) or more recently Pewsey and Garcia-
Portugués (2021). In the present work, we consider a mixture model with two
components equal up to a rotation. We observe X, ..., X,, a sample of data on
S with probability distribution function:

g(@) =pof (Ry @) + (1 = po) f(Qq @) = pof(x — o) + (1 = po) f(x — Bo). (1)
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In the right hand side we have identified f : S* — R and its periodized version
on R. Here Ry and Qg are two unknown rotations of the circle. Ry is a rotation
with angle ap and Qg is a rotation with angle 8y. The aim is to estimate both
0o = (po, @, Bo) and the nonparametric part f.

Bimodal circular data are commonly encountered in many scientific fields,
for instance in climatology, animal orientations or in earth sciences. For the
analysis of wind directions, see Herndndez-Sdnchez and Scarpa (2012) and for
animal orientations, the dragonflies data set presented in Batschelet (1981).
In geosciences, one can cite the cross-bed orientations data set obtained in the
middle Mississipian Salem Limestone of central Indiana and which was presented
by the Seminar Sedimentation (Sedimentation Seminar (1966)). Last but not
least, the paper of Lark, Clifford and Waters (2014) analyzes some geological
data sets and clearly favours for some of them a two component mixture of von
Mises distributions.

Mixture models for describing multimodal circular data date back to Pearson
(1894) and have been largely used since then. An important case in the liter-
ature is the mixture of two von Mises distributions which has been explored
in numerous works. Let us cite among others papers by Bartels (1984), Spurr
(1981) or Chen, Li and Fu (2008). From a practical point of view, algorithms
have also been proposed to deal with mixture of two von Mises distributions,
including maximum likelihood algorithms by Jones and James (1969) or a char-
acteristic function based procedure by Spurr and Koutbeiy (1991). Note that
on the unit hypersphere, Banerjee et al. (2005) investigated clustering methods
for mixtures of von Mises Fisher distributions. In our framework, we shall not
assume any parametric form of the density and hence the model is said to be
semiparametric. To the best of our knowledge, this is the first work devoted
to the study of the semiparametric mixture model for circular data. This semi-
parametric model is more complex and intricate than the usual parametric one
encountered in the circular literature. In the spherical case, Kim and Koo (2000)
studied the general mixture framework for a location parameter but assuming
that the nonparametric part f is known. On the real line, this semiparametric
model has been studied by Bordes, Mottelet and Vandekerkhove (2006), Hunter,
Wang and Hettmansperger (2007), Butucea and Vandekerkhove (2014) or Gas-
siat and Rousseau (2016) for dependent latent variables. For the multivariate
case, see for instance Hall and Zhou (2003), Hall et al. (2005), Gassiat, Rousseau
and Vernet (2018), Hohmann and Holzmann (2013). When dealing with the spe-
cific case of one of the two components being parametric, one refers to work by
Ma and Yao (2015) and references therein.

Note that we can rewrite model (1) as

X:=Yi+e; (HlOdQﬂ')7 1=1,...,n, (2)

where Y; has density f and &; is a Bernoulli angle, which is equal to ag with
probability po and Sy otherwise. Accordingly, model (1) can be viewed as a
circular convolution model with unknown noise operator €. The circular convo-
lution model has been studied by Goldenshluger (2002) in the case of known
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noise operator whereas Johannes and Schwarz (2013) dealt with unknown er-
ror distribution but have at their disposal an independent sample of the noise
to estimate this latter. It is worth pointing out that Goldenshluger (2002) and
Johannes and Schwarz (2013) made the usual assumptions on the decay of the
Fourier coefficients of the density of £, whereas in model (1) the Fourier coeffi-
cients are not decreasing.

Identifiability questions are at the heart of the theory of mixture models
and the circular context is no exception. Thus, our first task is to study the
identifiability of the model. From a mathematical point of view, the topology
of the circle makes the problem very different from the linear case. In the cir-
cular parametric case, Fraser, Hsu and Walker (1981) obtained identifiability
results for the von Mises distributions, which were extended in Kent (1983)
to generalized von Mises distributions while Holzmann, Munk and Stratmann
(2004)) focused on wrapped distributions, basing their analysis on the Fourier
coefficients. Here, the Fourier coefficients turn out to be very useful as well but
the nonparametric paradigm makes the study quite different and intricate. Our
identifiability results are obtained under mild assumptions on the Fourier coeffi-
cients. We require that the coefficients are real which can be related to the usual
symmetry assumption in mixture models (see for instance Hunter, Wang and
Hettmansperger (2007)) and we impose that only the first 4 coefficients do not
vanish. Interestingly enough, some not intuitive phenomena appear. A striking
case occurs when the angles o and Sy are distant from 27/3, model (1) is then
nonidentifiable which is quite surprising at first sight.

Once the identifiability of the model is obtained, we resort to a contrast func-
tion in the line of Butucea and Vandekerkhove (2014) to estimate the Euclidian
parameter 6y. In that regard, we prove the consistency of our estimator and an
asymptotic normality result. Thereafter, for the estimation of the nonparametric
part, a penalized empirical risk estimation method is used. The estimator of the
density turns out to be adaptive (meaning that it does not require the specifica-
tion of the unknown smoothness parameter), a property which was not reached
so far for this semiparametric model even in the linear case. The procedure
devised is hence relevant for practical purposes. We prove an oracle inequality
and minimax rates are achieved by our estimator for Sobolev regularity classes.
Eventually, a numerical section shows the good performances of the whole esti-
mation procedure.

The paper is organized as follows. Section 2 is devoted to the identifiability of
the model. Section 3 tackles the estimation of the parameter 6y whereas Section
4 focuses on the estimation of the nonparametric part. Finally Section 5 presents
numerical implementations of our procedure. Proofs are gathered in Section 6.

2. Identifiability

In this section, to keep the notation as light and clear as possible, we drop
the subscript 0 in the parameters. For any function g and any angle «, denote
Jo(z) := g(x — ). For any complex number a, @ is the complex conjugate of
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a. For any integrable function ¢ : S — R, for any | € Z, we denote by ¢*! the
Fourier coefficients ¢*! = fSl gb(r)e’”xg—fr. Note also that we use notation f and
f' for two densities, where f’ is not the derivative of f.

Let us now study the identifiability of our model (1) where the data have
density pf(x — a) + (1 — p)f(x — B). First, it is obvious that if p = 0, « is not
identifiable, and if p = 1, 8 is not identifiable. In the same way, p is not iden-
tifiable if « = 8. Moreover, as explained in Hunter, Wang and Hettmansperger
(2007) for a translation mixture on the real line, the case p = 1/2 has to be
avoided. Indeed, denoting g a density and for instance f = %gl + %g,l and

"= 19>+ 192 we have

fi+fs=fa+ fa

In addition, it is well known that, in such a mixture model, (p, @, 3) cannot be
distinguished from (1 — p, 8, «): it is the so-called label switching problem. So
we will assume that p € (0,1/2) (for mixtures on R it is assumed alternatively
that o < 8 but ordering angles is less relevant).

Now let us study the specific problems of identifiability on the circle, that
do not appear on R. First, if f is the uniform probability, the model is not
identifiable, so we have to exclude this case. Another case to exclude is the case
of d-periodic functions. Indeed in this case f, = fo1s5. These functions have the
property that f*' = 0 for all [ ¢ (27/6)Z. So we will require that the Fourier
coefficients of f do not cancel out too much. Here we will assume

forall 1 € {1,2,3,4},  f*#0, and f* = f+.

This last assumption can be related to the symmetry of f. Indeed if f is zero-
symmetric then all its Fourier coefficients are real. Symmetry is a usual assump-
tion in this mixture context, to distinguish between the translations of f: for
any 6 € R,

pfle—a)+ (1 —p)f(z - p) =pfs(x —a+0)+ (1 -p)fs(x - B+5)

More precisely, Hunter, Wang and Hettmansperger (2007) show that symmetry
is a sufficient and necessary condition for identifiability of the model mixture on
R. In the circle framework, it is natural to work with Fourier coefficients rather
than Fourier transform as on R. A lot of circular densities have their Fourier
coefficients real, provided that their location parameter is p = 0: for example the
Jones-Pewsey density, which includes the cardioid, the wrapped Cauchy density,
and the von Mises density. Here we require the assumption only for the first 4
Fourier coefficients of f (due to our proof), which is milder than symmetry.

Let us now state our identifiability result under these assumptions. Note that
Holzmann, Munk and Stratmann (2004) have studied the identifiability of this
model when f belongs to a parametric scale-family of densities, but here we face
a nonparametric problem concerning f.

Theorem 1. Assume that 6 = (p,«, ) and 0" = (p’, o, B") belong to

{(p,cu,B)e(O,l/Q)xSl><Sl7 a#pB (m0d27r)}



3486 C. Lacour and T. M. Pham Ngoc

and that f, f’ belongs to
{f :S" = R density such that, for all l € {1,2,3,4}, f* € R\{0}}.

Suppose pfo + (1 —p)fs =p'fi + (1= ') fh. Then

1. either (p/, o/, 8') = (p,a, B) and ' = f,

2. or (p,d,B) = (p,a+m B +7) and f' = fr,

3. orif B —a=m (mod 27), then f' is a linear combination of f and fr,
and either (!, 8') = (a, B), or (o/, ') = (B, ),

4. orif f—a = £27/3 (mod 27), then f' is a linear combination of fr /3, f—x /3,
fr and p' = (1 —2p)/(2 — 3p) and
(a) if —a=2n/3, (¢/,5) = (a+m B—n/3) or (¢/,8') = (o, B+27/3),
(b)if f—a=—-2x/3, (¢, 8) = (a+m, B+7/3) or (¢, 5") = (o, B—27/3).

Case 2 arises from a specific feature of circular distributions: if f is symmetric
with respect to 0 then it is symmetric with respect to 7. Unlike the real case, a
symmetry assumption does not exclude the case f'(x) = f(z—m). To bypass this
we could assume for instance f*! > 0. Indeed for each [ € Z, (f;)* = f*(-1)!,
so the Fourier coefficients of f and f, have opposite sign for any odd [. With
our assumption, we recover among f and f, the one with positive first Fourier
coefficient, i.e. with positive mean resultant length. Nevertheless our estimation
procedure begins with the parametric part so that this assumption concerning
only the nonparametric part will not allow us to distinguish « from a + 7 in
this first parametric estimation step. That is why we rather choose to assume
that o and 8 belong to [0,7) (mod ).

Case 3 concerns bipolar data since « and 8 are diametrically opposed (sep-
arated by 7 radians). In this case o and 3 are identifiable, but p and f not.
Indeed, for any density f and any 0 < p’ < p < 1/2, we can find ¢ € (0, 1] such
that f" = qf + (1 — q) fx verifies pfo + (1 —p)fs = p'fly + (1 —p')f4. Thus
our result demonstrates that bimodal data sets with opposite modes lead to
non-identifiability issues, and this highlights a fundamental issue in considering
a too large class of possible densities.

Let us now discuss the case 4, which is the most curious (we shall only
comment the first case (a), the other is similar). Let us set

f@)=0=-pf(a=3)+Q=pf (2+5)+ - Df@-m).

This function is symmetric if f is symmetric, verifies fsl f" = 1 and may be
positive for some values of p (depending on f): see Figure 1. Then we can write

f;r/?,:

Fla=3)=a-ns(s=F)+a-nr@+ - (o= 7).

as well as f1:
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F1G 1. Plot of a circular density f (dashed blue), and of f' = (17p)f% +(1-p)f_ z +(2p—1)fx
(solid red). Here f is the von Mises density with mean 0 and concentration 1. In this case,
f' is positive as soon as p > 0.36, here p = 0.4.

Hence a mixture of f; and f] 4 gives a mixture of f(z), f(z — %), f(z — %):

Pra-m+1-p)f (c-%) = PEp-D+1-p)1-plf@)
-9+ = -plf (o )
Y-+ 1lf (o )

If now p’ = (1 —2p)/(2 —3p), then p’(1—p)+ (1 —p')(2p—1) = 0 and the third

component f(z — 4*) vanishes. Thus

™

P =m+ (1 -p)f (v = 5) =pf@)+ (-] (m_ 2?77)

In such a particular case, we cannot identify 6 nor f. However this happens
only when 8 —« = +27/3. So, to exclude these cases, we will now assume 3 # «
(mod 27/3).

Finally, we shall assume that f € F with some assumptions for F:

Assumption 1.

F C{f:S" =R density s.t. for alll € {1,2,3,4}, f* € R\{0}}
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or
Assumption 2.
FC{f:S" =R density s.t. for alll € {1,2,3,4}, f* e R\{0}, f* >0}

and we shall assume that 6 € © with some assumptions for O:

Assumption 3.
1
©cC {(p,oz,ﬂ) € (0, 5) xS'xS', a#p (mod 7T,27T/3)}

where a # 8 (mod 27/3,7) means § — a ¢ {—2?”,0, 2?“77@‘ + 27Z, or

Assumption 4.

oc {(p,oz,ﬂ) c (oé) «[0,7) % [0,7), a£A (mod 271'/3)}.

Note that Assumption 4 implies Assumption 3, and Assumption 2 implies
Assumption 1. We can write the following result.

Corollary 2. Under Assumptions 1 and 4, or under Assumptions 2 and 3,
model (1) is identifiable. Under Assumptions 1 and 3, model (1) is identifiable
modulo m, that is to say that if pfo + (1 —p)fs =p' fr, + (1 —p')f5 thenp’ =p
and either (o, ') = (a, B) and f' = f, or (¢/,8') = (a+m,+7) and ' = fxr.

Moreover, the proof of Theorem 1 provides the following statement.

Lemma 3. Under Assumption 3, denoting M'(6) := pe~"' + (1 — p)e~L for
all 6,6 € O,

Vi<i<4, S (Ml(e’)Ml(e)) — 0560 =0 o0r0'=0 4.

where 8'=0 + = means (p', o', B') = (p,a + m, 5 + 7).

3. Estimation for the parametric part
Now, let us denote for all [ € Z
MZ(H) = pe il 4 (1- p)e_iﬁl.
In model (1) the Fourier coefficients of g satisfy for any I:
g™ = (poei@0! 4 (1 — po)eiol) f21,

Thus g*! = M'(fy)f*! and the previous lemma gives that 6 = 6y (or 6y + 7)
if and only if, for each [ € {1,...,4},

3 (Ml(eo)W) —0&9 (g*lW) =0
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using that f*' are non-zero real numbers. This invites us to consider

S(0) := 24: (% (g*lMl—w)))2 = 24: (% (g*l{peml +(1 —p)eiﬁl}))2 )

1=—4 1=—4

Note that ¢g*MO(@) = 1/(27) and that < ( *(*Z)M*il(ﬁ)) =g (FMl(G)) =

& (g*lMl(H)) so that we can also write

0 =23 (s (7 @))"

=1

The empirical counterpart of S(6) is

S0 = 3 ((Fm))’

I=—4

4 1 n 2
- £flog )

I=—4

- S S () ().

I=—41<k,j<n

Next, we consider a slightly modified version of S'n(ﬁ) by removing the diagonal
terms

520 = LoD Z ST (M 9) S (MU D). (3)

l——4 1<k#j<n

Let us denote

ZL0) =3 <6;: Ml(e)) and J'(0) = (gTM'(0))

Hence
4

sn(e):ﬁz > Z(0)Z}(0)

I=—41<k#j<n

Note that we have E(ZL(0)) = J'(#), and S, () is an unbiased estimator of
S(6).
Let the estimator of 6y be

0, = argmin ycg S (0). (4)

For this estimator we can prove the following consistency result.



3490 C. Lacour and T. M. Pham Ngoc

Theorem 4. Consider © a compact set included in
{(p.a,B) €(0,1/2) xS' xS', a#pB (mod2r/3,7)}

and the estimator 0, = argmin oco Sn(0). We have 0,, — 0o (mod =) in proba-
bility.
The last convergence means that for all € > 0, the probability P(]|6, — 6| <

e or ||6, — 60y — || <€) tends to 1 when n goes to +oco, where ||| denotes the
Euclidean norm.

Proof. © is a compact set and S is continuous. Lemma 13 ensures that S, is
Lipschitz hence uniformly continuous, and Proposition 14 ensures that for all 4,
|Sn(0) —S(0)| tends to 0 in probability. Then it is sufficient to apply a classical
Lemma to conclude. See the details in Section 6.2 O

From now on, we assume that © is a compact set included in (0, 1) x [0, 7) x
[0,7), as in Assumption 4. Then, 0y + 7 is excluded and under Assumption 4,

6, — 0o in probability. Moreover this estimator is asymptotically normal. We

denote ¢(#) the gradient of any function ¢ with respect to 8 = (p,a, 8), ¢(6)
the Hessian matrix and for any matrix A, we denote A" its transpose.

Theorem 5. Consider © a compact set included in
{(p, o, B) € (0,1/2) x [0,7) x [0,7), a#B (mod2m/3)}

and the estimator 0, = argmin oco Sn(0). Assume that 8y € ©. Let A be the
Hessian matriz of S in 6y: A= S(6) = 22?:_4 JY00)J (00) . Then, if A is
invertible,

V(0 — o) < N (0,5),
where ¥ = A"WA™, V =4EUUT) and U = ¥ _, J'(60)ZL(6).

_ The proof can be found in Section 6.3. Note that A can be estimated by
S(6,) and V by

4 A S oA A c A
E Z Z lec(07L)Zk (en)Z]l(en)(ZJl’(en))T
1<k,j,j'<n —4<l,l’'<4

(see details in Section 6.4). Thus we can estimate the covariance matrix ¥ and
deduce an asymptotic confidence region.

We also prove the following result on the quadratic risk of the estimator én,
which is useful for the sequel (see Section 6.5 for a proof).

Proposition 6. Under the assumptions of Theorem 5, there exists a numerical
constant K such that, for all 0y € © and for alln >1

E||6, — 6o]® < Kn™*,

where the norm is the Euclidean norm in R3.
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4. Nonparametric part

Let us now estimate the nonparametric part. We shall use the following norm:
for any function ¢, we denote ||¢[l2 = (5= [ ¢2(x)dx)1/2. Recall that for all
1 €Z, g = M'(6y) f* where g is the density of the observations X} and g*
its Fourier coefficient. Then f*! = g*'/M!(6y). We can verify that M!(6,) # 0.
Indeed, for any 6 € O,

|MY(0)* = p® + (1 — p)* + 2p(1 — p) cos[I(B — a)] > (1 — 2p)* > 0.

Nevertheless this division by M!(y) requires us to impose a new assumption.
We assume that there exists P € (0,1/2) such that 0 < p < P for any p, i. e.

Assumption 5. © is a compact set included in
{(p,a, ) € (0, P) x[0,7) x [0,7), a#fB (mod2r/3)}.

Under this assumption, |M'(9)| is always bounded from below by 1 — 2P.
Now, to estimate g*' = [, e~ g(z)dx/(27), it is natural to define

n
Fim b
2mn Pt

e—lek )

If 6 = 6, is the previous estimator of the parametric part, we set the plugin
estimator of the Fourier coefficient:

Finally, for L an integer, set

fL(I) = Z Jaem-

l=—L

To measure the performance of this estimator, we use Parseval equality to
write

L
IF = Jel3 = D2 1P+ 3 1 = P
[1][>L I=—L
which is the classical bias variance decomposition. Moreover it is possible to
prove that the variance term satisfies ZfszEU*l - Ja\g = O(Z2t) (see
Lemma 18 below). To control the bias term we recall the definition of the Sobolev
ellipsoid:
W(s,R)={f:S" =R, > (1+1)°|f*] <R}
€7
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For such a smooth f, the risk of estimator f 1, is then bounded in the following
way:

. - 2L+1

Ef — ful3 < B (1+17) " + 0.

It is clear that an optimal value for L is of order n'/(2st1) but this value is
unknown. We rather choose a data-driven method to select L. We introduce a
classical minimization of a penalized empirical risk. Set

L
~ - 2L +1
L= in < — Y|P+ AT— 5
argmm{ [ f*° + - } (5)

LeL =

where L is a finite set of resolution level, and A\ a constant to be specified later.
The next theorem states an oracle inequality which highlights the bias variance
decomposition of the quadratic risk and justifies our estimation procedure.

Theorem 7. Assume Assumption 1 and Assumption 5. Assume that f belongs
to the Sobolev ellipsoid W (s, R) with s > 1. Let L defined in (5) with L =

{0,1,..., en 2501+1J} for some sg > 1 and some positive constant c. Let € > 0.
If the penalty constant verifies A > (3/7%)(1 + € 1)(1 —2P)~2 then,

2L+1}+C(1—|—R2)
n

BNy - 1 < 1+ 29 in {1~ 13 + 23
where C is a positive constant depending on P, sq,c, €, \. Moreover, if s > s,

sup  sup Eg, ;|| fz — fI3=0 (RQH*QS/(25+1)> .
fEW (s,R) 00€O

As a consequence our estimator has a quadratic risk in n—2%/(2s+1) " Regard-
ing the lower bound note that for any estimator f,

sup  sup Eg, fllfu — fI3> sup  Eoyllfu— fII3
fEW (s,R) 0p€®© fEW (s,R)

for some arbitrary 6 € O, so that the problem is reduced to a purely nonparamet-
ric lower bound. In the case of direct observations this quantity is lower bounded
by Cn~2%/(2s+1) "see Theorem 11 and its proof in Baldi et al. (2009) (case d = 1
for the circle St). We can use this proof to prove the lower bound in our mixture
case. Indeed, for any densities fi and fo, if g;(z) = pfi(z—a)+(1—p) fi(z—5) is
the associated density of our observations, then the Kullback-Leibler divergence

verifies 2
K(g1dz, godz) < /% /(fl f2f2)

and the rest of the proof is identical. Thus

sup  sup Eg, ¢[|lfz — fII3 > Cn~2/(FD)
fEW (s,R) 00€O

and our estimator is optimal minimax.
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Remark 1. Note that the penalty only depends on P which is some safety
margin around 1/2, that can be chosen by the statistician. For the practical
choice of the penalty, see Section 5.

Eventually, note that some densities may be supersmooth, in the following

Sense:
S exp(2blI]")|f*? < R2.
LEZ

In this case, the quadratic bias is bounded by R?exp(—2bL") which gives the
following fast rate of convergence:

Bl 13 = 0 (L2220,

5. Numerical results

All computations are performed with Matlab software and the Optimization
Toolbox.

We shall implement our statistical procedure to both estimate the parameter
0y and the density f. We consider three popular circular densities, namely the
von Mises density, the wrapped Cauchy and the wrapped normal densities. We
remind their expression (see Ley and Verdebout (2017)). The von Mises density
is given by:

1
_ K cos(z—p)
Fonr®) = 5w ’

with k > 0, Ip(x) the modified Bessel function of the first kind and of order 0.
The wrapped Cauchy distribution has density:

_ L 11—

C 271442 — 2ycos(z — )’

fwel(x)

with 0 <~ < 1. The wrapped normal density expression is:

1 _ (z—pt2km)?
fwn(z) = Z 2 20t

o > 0. For more clarity, we set 02 =: —2log(p). Hence, we have 0 < p < 1.

All these densities are characterized by a concentration parameter x, v or
p and a location parameter p. Remind that values k = 0, y = 0 and p = 0
correspond to the uniform density on the circle. To meet symmetry assumptions
of Theorem 1, we consider in the sequel that the location parameter is set to
w=0.

First, let us focus on the parametric part. We set 6y = (po, o, Bo) = (%, 5 2%)
Obtaining the estimate 6, of 6 (see (4)) requires to solve a nonlinear minimiza-
tion problem. To this end, we resort to the function fmincon of the Matlab
Optimization toolbox. The function fmincon finds a constrained minimum of a
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function of several variables. Two parameters are to be specified: the domain
over which the minimum is searched and an initial value. We consider the do-
main {(0,3) x [0,7) x [0,7)}. For more stability and to avoid possible local
minimums, we perform the procedure over 10 initials values uniformly drawn
on {(0,3) x [0,7) x [0,7)}. The final estimator 0,, corresponds to the minimum
value of the empirical contrast S, (6) given in (3) over the 10 trials.

Table 1 gathers mean squared errors for our estimation procedure. When
analyzing Table 1, one clearly sees that increasing the number of observations
improves noticeably the performances. As expected, von Mises densities with
smaller concentration parameter are more difficult to estimate. Nonetheless, the
overall performances are satisfying. Table 2 displays the performances of the
method-of-moments estimation procedure developed by Spurr and Koutbeiy
(1991) to handle the problem of estimating the parameters in mixtures of von
Mises distributions. To fairly compare the two methods, Table 3 gives the Spurr
and Koutbeiy (1991) performances but this time when estimating on the same
domain than ours e.g {(0,3) x [0,7) x [0,7)}. At closer inspection, the Spurr
and Koutbeiy (1991) method seems to behave better to estimate angles ag
and By while our method may appear more competitive for estimating pg. It
is worth noticing that the method by Spurr and Koutbeiy (1991) is completely
parametric and takes advantage of the knowledge of the distributions. In this
regard, our procedure which is semiparametric is competitive with a parametric
method.

Figure 2 illustrates the asymptotic normality of our estimator 6, stated in
Theorem 5.

TABLE 1
Mean squarred errors for estimating parameter 8o over 50 Monte Carlo replications.

density n = 100 n = 1000
p a 8 | p a B
fvm, k=2 0.0121 0.6848 0.1131 0.0017 0.1919 0.0238

fvm, k=5 0.0030  0.0285 0.0049 | 1.4632e-04 0.0017 4.4861e-04
fuvm, k=7 0.0033 0.0133 0.0031 | 1.6721e-04 0.0013 3.0102e-04
fwe, p=0.8 | 0.0029 0.0124 0.0024 | 2.0788e-04 8.5435e-04  1.8942e-04
fwn, p=08 | 0.0077 0.1679  0.0457 0.0020 0.0238 0.0037

TABLE 2
Spurr and Koutbeiy procedure: mean squared errors for estimating parameter 6y over 50
Monte Carlo replications on {(0,1) x [0,2m) x [0,2m7)}

density n = 100 n = 1000
p a 8 | p a B
fvm, k=2 0.0938 0.4212 0.1171 0.0116 0.0685 0.0062

0.0031  0.0360 0.0049 | 2.9965e-04 0.0025 6.6273e-04
0.0031  0.0084 0.0029 | 2.4553e-04 0.0014  3.5541e-04

fvm, k=5
fvm, k=T

Now, let us turn to the nonparametric estimation part namely the estimation
of the density f. The estimator of f is given by f; (see Theorem 7). It requires
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TABLE 3
Spurr and Koutbeiy procedure: mean squared errors for estimating parameter 6y over 50
Monte Carlo replications on {(0, %) x [0,7) x [0,7)}

density n = 100 n = 1000
P o B | P o B
fvm, k=2 | 0.0231 0.2117 0.0351 0.0112 0.0635 0.0081
fvam, k=5 | 0.0032 0.0409 0.0042 | 4.1489e-04 0.0022  6.3122e-04
fvm, k=71 0.0026 0.0094 0.0029 | 2.3197e-04 0.0010 2.8350e-04

-3 -2 -1 [ 1 2 3

Fic 2. Histograms of the centered and standardized statistics On for the von Mises density
fvm with kK =5, n = 1000 observations and 100 Monte Carlo replications

the computation of a data-driven resolution level choice L (given in (5)) which
implies a tuning parameter \. To select the proper A, we follow the data-driven
slope estimation approach due to Birgé and Massart (see Birgé and Massart
(2001) and Birgé and Massart (2007)). An overview in practice is presented in

Baudry, Maugis and Michel (2012). To implement the slope heuristics method,
one has to plot for L =0 to Lyax the couples of points (2L, ZlL:_L [F*1)2).
For L > Ly, one should observe a linear behaviour (see Figure 3). Then, once
the slope is estimated, say a, by a linear regression method, one eventually takes

~

A = 2a and the final resolution level is:

L
~ - 2L +1
L = argmin | — E | + s
Le =1 n
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FiGc 3. For the wrapped Cauchy density fwc with v = 0.8 and n = 1000: plot of couples
CEEL S _pIf?) for L={1,...,50}.

Finally, Figure 4 shows reconstructions of the density f and the mixture
density g as well. The estimates are good.

Remark 2. Note that for the two exceptional cases, when py = 0 or f is the
uniform density, our procedure performs well. Indeed, if pg = 0, our method
yields that o = B and retrieves that there is only one component in the mizture.
When f is the uniform density, our algorithm selects L = 0 which yields the
uniform distribution.

6. Proofs
6.1. Proof of Theorem 1 (identifiability)

Denote
Ml(ﬁ) = pe il 4 (1- p)e*’ﬂl.

Suppose pf(z — )+ (1 —p)f(z =) = p'f'(x =) + (1 = p') f'(z — B’). The cal-
culation of the Fourier coefficients gives, for all [ € Z, f*'M"(0) = (f)*'M'(9")
which implies

FHMNO) = (F') M () M(D).
Then, our assumptions on f and f’ entail

MY(0")ML(0) is real VI € {1,2,3,4}.

Let us now study the consequence of this fact. Denote

m=d - p=d-a u=0~-81u=p5-a
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Fic 4. Estimation of the density f and the mixture density g for n = 1000. In red, the
density, in dotted lines its estimate. From top to bottom: the von Mises density with Kk = 5,
the wrapped Cauchy with v = 0.8 and the wrapped normal density with p = 0.8.

the 4 angles. Denote also the associated weights in (0, 1):
A=p(L=p) ha=pp, As=(1-p)1-p), a=(1-p)p.
With this notation
MYOYMI(B) = A 4 Aoe 2l 4 Agem el 4 N ge TPl
Then M'(0")M'(6) is real if and only if Zizl A sin(ly,) = 0 and we have to

solve the equations

4
Vi=1,2,34, > Asin(ly) =0. (6)
k=1
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This system of equations is studied in Lemmas 8 and 9 below.

Let us now reason with the representatives of the ~; in (—m,7]. Lemma 9
says that the possible values for the ~;’s are 0,7,v, —v, for some v € (0,7).
Note that here

YM—Ye=y3—Y=a—F3#0 and Yy —y3=y2—w=a -8 #0 (7)

and then the 7;’s take at least 2 different values: either 4 different values; or
v2 = y3 and the other distinct; or v = 4 and the other distinct; or v = 3
and Y1 = VY4-

e Let us first study the case where all the ~;’s are distinct. There are 4!=24
ways of having (Vi,, Via» Viss Via) = (—7,0,7,7). But 16 combinations lead to
p = 1/2 or p' = 1/2. For example, if (v1,72,73,71) = (—7,0,7,7) then (6)
becomes

Arsin(—1y) + A2 sin(0) + Agsin(ly) + Agsin(lmr) = 0.

Thus A\; = A3, which gives p’ = 1/2. In the same way, there are 4 possibilities
giving A\ = A3, 4 possibilities giving Ay = A3, 4 possibilities giving Ao = Ay, 4
possibilities giving A3 = A4. All of this is impossible, since p,p’ € (0,1)\{1/2}.
In addition, in the 4 cases where ;3 = —v4, we obtain via (7) v3 = —72 which
is impossible if {v2,73} = {0, 7}. Idem if v9 = —v3 and {v1,74} = {0, 7}. Thus
it is finally impossible that all the ~;’s are distinct.

o Let us now study the case where the ~,’s take 3 distinct values (y2 = 73
or v1 = 74) and belong to {0,7,v} or {0,7, —v}. In the case where vo = 3,
coming back to equation (6), we understand that all the rearrangements lead
to Ay = 0or Ay = 0 or Ay + A3 = 0, which is impossible. In the same way,
if 41 = 74, equation (6) leads to Ay = 0 or A3 = 0 or A\; + Ay = 0, which is
impossible.

e The next case is when the 7;’s take 3 distinct values and belong to {0, ~y, —v}
or {m,v,—7}. If 72 = 73, we can then list the 6 cases:

Y1 Y2 =73 74 consequence
-y 0/m v |p=p,d—a=p~-3=0 (modn)
v 0/m —y |p=p,d —a=p3 =0 (modm)
- 0 0/m A=A+ A3
gl - 0/x A=A+ A3
0/m Y =y Ay =X+ A3
0/m -y 0l A= A2+ A3

Note that Ay = A2 + A3 & p'(2 — 3p) = 1 — p, which is possible only if p < 1/2
and p’ > 1/2 (recall that we suppose p < 1/2 and p’ < 1/2). In the same way
A =X+ A3 & p'(1—3p) = 1— 2p, which is possible only if p > 1/2 and
p < 1/2.
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Finally, if 1 = -4, we have the 6 last cases:

Yo Y1=7Y4 V3 consequence
-y O/n v p=1-p
v o/m -y p=1-np,
- vy 0/ =5
gl - 0/x P =g
0/m 5 — p’:%,ﬂfa::t?ﬂ/i%
0/m —y v | p= ;:gg,,@fa::t%r/ii

Note that the 4 first lines of this table are impossible since p,p’ € (0,1/2) and
p =p/(Bp—1) ¢ (0,1)if 0 < p < 1/2. Let us detail the lines 5 and 6. In these
cases, A1 + Ay — A3 = 0 which provides p’ = (1 — 2p)/(3 — 2p). Moreover (7)
implies that 371 = 72 = 0 (mod 7) and 2v; = 8 — a = & — 8’. According to
the values of v, and 72, there are 4 possibilities

ofB—a=2r/3and (¢/, ) = (a, B+ 27/3),

ofB—a=2r/3and (¢/,f) = (a+ 7,8 —m/3)

of—a=-2r/3 and (/,5) = (o, 8 — 27/3)

of—a=-2r/3and (¢/,5) = (a+ 7,8+ 7/3)

e The last case occurs when the ;’s take 2 distinct values. If the 4’s take
exactly 2 different values, using (7), necessarily

=7 and o =73 (mod27)=0=9—v+73—72=2(a—pF) (mod 27)
which is possible only if «— 8 = 7 (mod 27) (recall that o — 3 is always assumed
# 0). And in the same way o' — ' = 7 (mod 27). Then v — o =a—f =
(mod 27). Thus the two different values of the v;’s are at a distant of 7.

The first possibility is that these two values are 0 and 7, which corresponds
to the first case of Lemma 9. There are two subcases: la. (y1,72,73,74) =
(m,0,0,7) or 1b. (v1,72,73,v4) = (0,7, 7, 0). In the subcase la. (/, 8') = («, ).
Equations

pf+A=pfx=0pf+1-p)f;
phr+ (A =p)f =p'fr+ 1 -p)f
entails that f’ is a linear combination of f and f,. In the subcase 1b. (o/,8') =

(a+mB+m)=(Ba)
The second possibility is that the two distinct values v; = 74 and v = 3
are not multiples of 7, which corresponds to the fourth case of Lemma 9. Then

(71,72, 73, 74) = (71, =71, =71, 71) and
Nn—(m)=m—r=r (mod2r)
which entails 71 = 7/2 (mod 7). Equation (6) becomes
(M — A2 = A3+ Ay)sin(ln/2) =0
so that A1 + Ay = A2 + A3, which gives

PA—p)+pA—p)=pp+QA-p)1—p)=p +p—2p" =1/2=p =1/2
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which is impossible.
e Let us recap the only possible cases that we have obtained:
>pp=p,¢/ —a=p—-F=0 (mod ),

>p = ;:gz, B —a = £27/3, with the four possibilities described above,

> B —a=m, (alaﬁl) = (aaﬂ) or (0/36,) = (6aa)'
This completes the proof of the theorem.

Lemma 8. Let vq,...
Then

;74 be four reals. Let A be the matriz (sin(iv;))i<ij<a.

4
det A =64 H sin(yx) H (cos(7;) — cos(v;)).
k=1 1<i<j<4
Proof. From matrix A, doing line modification Ls < L3z — L1, and Ly <

Ly — Lo, we obtain (recall that sin(2p) = 2sin(p) cos(p) and sin(p) — sin(q) =
2sin(252) cos(2£2))

sin(y) sin(72) sin () sin (1)
det A— 2sin(vy1) cos(y1)  2sin(y2) cos(v2)  2sin(ys)cos(ys)  2sin(ya) cos(ya)
T |2sin(y1) cos(2y1)  2sin(vy2) cos(2v2)  2sin(y3) cos(27ys)  2sin(ya) cos(2y4)|
2sin(y1) cos(3y1)  2sin(y2) cos(3y2) 2sin(y3) cos(3ys)  2sin(y4) cos(3va)
Using 4-linearity of the determinant:
. 1 1 1 1
_ Y costm)  cos(ra)  cos(rs)  cos()
det A =8 1:[1 sin(7;) cos(2y1) cos(2y2) cos(2vs3) cos(2y4)|”
= cos(3v1) cos(3v2) cos(3y3) cos(3va)

Now, denote x, = cos(7yx) and remark that cos(ivy,) = T;(cosvi) = T;(xx) where
T; is the ith Chebyshev polynomial: Tp = 1,7, = X, Th = 2X2 — 1,73 = 4X3 —
3X. We have Th + Ty = 2X? and T3 + 371 = 4X3. Then, doing L3 « L3 + L1,
and Ly < L4+ 3Ls:

1 1 1 1

4
dot A — 8 Hsin(vj) 23312 Ty T3 T4

2 2 2
1 2 3 4
. 1 1 1 1
. Tr1 T2 X3 T4
=64 jl;[lsm(’yj) :5; xé xé xg.
Ty Ty T3 Ty

This is a Vandermonde matrix, hence

4
det A =64 [ [] sin(y))

j=1

I @i—=)

1<i<j<4
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=64 H sin(yx) H (cos(vi) — cos(5))- O
k=1

1<i<j<4

Lemma 9. Let v1,...,v4 be four reals. Let \y,..., Ay € R\{0} such that

4
> Aesin(lyg) =0, l=1,...,4. (8)

k=1
Then, one of the following cases holds:

1. All vyx are multiples of .

2. Ezactly two v, are multiples of w: vi;, = vi, =0 (mod 7) and i, = £,
(mod 27).

3. Only one ~yy is multiple of w: v;; = 0 (mod ) and v, = £vi, = L7,
(mod 2).

4. No v is multiple of m and 1 = £y = £73 = +7y4 (mod 27).

Proof. First observe that, since Zi:l Ak sin(ly,) = 0 with A # Oga, necessarily
det(A)=0 where A = (sin(iv;))1<i,j<4. Using Lemma 8

[Isinwe) T (cos(r) — cos(y,)) = 0. (9)
k=1

1<i<j<4

Now, let us study the various cases that make this quantity vanish.

For the first case, note that if three -, are multiples of 7: v;, = v;, =i, =0
(mod 7) then equation (8) becomes \;, sin(ly;,) = 0 and the last angle is also
null modulo 7.

In case 2., equation (8) entails

Ais Sin(lyi,) + Ay sin(ly;,) =0, 1=1,2
with 7;, # 0 (mod 7),v;, # 0 (mod 7). Then, since (A, Ai,) # (0,0),

Sin(’}/i?,) Sin(’}/z@)

= |sin(2v;,)  sin(2yi,) = 2sin(7i,) sin(vi, ) (cos(7yi,) — cos(7ig ).

Then cos(vi,) = cos(v;, ). Either 7, = v, (mod 27), or 7v;; = —7;, (mod 27).
Let us now study case 3. For the sake of simplicity we assume that v, = 0
(mod 7) and v, # 0 (mod ) for k = 1,2, 3. Equation (8) gives
Arsin(lyr) + Agsin(lyz) + Agsin(lys) = 0, 1=1,2,3.
With the same proof as Lemma 8, we obtain

3
[Isinew) TI (costr) — cos(r)) = 0.
k=1

1<i<j<3
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Then v; = +7v, (mod 27) or 11 = £v3 (mod 27) or v2 = +73 (mod 27). More-
over, if, for example, 73 = 72 (mod 27) then

(A1 £ A2)sin(ly1) + A sin(lys) = 0, 1=1,2

We are reduced to the previous case, then v; = £v3 (mod 27).

In the case 4., equation (9) becomes [], ., _;<4(cos(vi) — cos(v;)) = 0, which
provides 6 possible equalities. Assume, for example, cos(v1) — cos(v2) = 0 and
consequently 71 = £7y2 (mod 27). Then

(A1 £ Ag)sin(lyr) + Agsin(ly3) + Ay sin(lyy) = 0, 1=1,2,3.

Reasoning as in previous case, 713 = +7y3 = £74 (mod 27). O

6.2. Proof of Theorem Jj (consistency)

This proof and the following are inspired from Butucea and Vandekerkhove

(2014). Let us denote © = (0,1/2) x S' x S!. Denote by $(f) the gradient of

any function ¢ with respect to 8 = (p, «, 8), and by (;5(9) the Hessian matrix.
The proof of Theorem 4 relies on some preliminary results, given in the sequel.

Proposition 10. Under Assumption 3 the contrast function S wverifies the fol-
lowing properties: S(0) > 0, and S(6) = 0 if and only if 6 = 0y or 6 = by + .

Proof. Tt is clear that S(€) > 0 and that

S(0y) = f: (3 (¢ 207@))) " = f: (3 (SM180)]?))* = 0.
4

I=—4 I=—
By Lemma 3, if 8 # 6y (mod ), there exists I; € {1,...,4} such that
- L \\2
3 (Mh(eo)Mh(e)) £ 0 so that S(0) > (% (g*th(a))) > 0. O

Lemma 11. 1. For all§ in ©, |M'(9)| < 1.
2. Foralll <k<mn, foralll inZ,

1
sup |ZL(0)| < —, sup |[J'(0)] < —.
96 2 06 2
3. Foralll <k <n, foralll inZ,
. 2+l . 2+
sup || 2, (0) | < ;o osup [JO)]| < —=—.
06 * L 06 V2r
where ||.|| is the Euclidean norm.
4. Forall1 <k <mn, foralll in Z,
- I+ 12 . I+ 12
aup 12401 < 1L sup o)) < 1L
06 @ 66 ™

where ||.|F is the Frobenius norm.
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Proof. Point 1 is straightforward.
2. Let us start with Z! (). We recall that Z!(0) = < (e”X"' Ml(ﬁ)). Then

27

1 1
! < —|M < —.
12O < 5-IM(6)] < o

Furthermore ) )
JHO)| < |g*Y Mt (o <_/ < .
o< lglnto) < 5 [ o< o
3. We have
' . o . . e—ile _ e.—il,B
ZL(0) = Q—E‘y (e”X’“Ml(H)) = 2—% !X —ilpe~iol
T T —il(1 — p)e~ !
and
e—ilo _ o—ilf
Jle) =3 (FMl(e)) S W e
—il(1 — p)e !
We get,
. 1 12 2+
ZLO < — 22+ P+ (1 —-p)2?) " <
1.0l < 5o (2 +p°F + (1 =p)*F) " <
and we have the same bound for ||.J¢(6)].
4. We have
Ao = s i
0 = 3(Gre)
e 0 —ile e ile— P8
= & 62 _,L'le—iloz _l2pe—ila 0
T ile= P 0 —12(1 — p)e~ A
Thus

1] + 12

.. 1 1/2

ZrO)lr < —— (AP +1'"p* +1*(1—-p)?) " <
1Ze@le < 5 (47 +Tp* + 151 = p)*) 7 < =
We bound ||J*(#)|| in the same way. This ends the proof of the lemma. O

Lemma 12. There exists a numerical positive constant C such that the follow-
1ng inequalities hold.
1. For all1 <k <mn, foralll inZ

V0,0' €6 | Z1(0) — ZL(6")]| < Cll6 — 6| (1 + [I] + 7).
2. We also have
1Z4(0) — Zi(0)[lF < CII0 — O'][(1 + [1] + 12 + |I[*).

Proof. We use Taylor expansions at first order and then apply same bounding
techniques as in Lemma 11. O
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Lemma 13. 1. The function S is Lipschitz continuous over ©.
2. The function S, (0) is Lipschitz continuous over ©.
3. The function Sn(ﬂ) is Lipschitz continuous over © with respect to Frobe-
nius norm, with Lipschitz constant not depending on n.

Proof. We will write C for a numerical constant that may change from line to
line but is numerical.
Let us start with point 1. We recall that S(0) = >, J'(6)%. Let 6 and ' in

O. As © is a convex set, we get, thanks to the mean value theorem

4

200 - 607 > T (0,)J'(04)

l=—4

15(0) = S@) = |> JO?—-JO) =

1=—4

IN

Clle - GIIZ +i) < Cle - ¢

I=—4

with 6, lying on the line connecting 6 to €', and using Lemma 11.
Let us shift to point 2. Due to the mean value theorem, we have

9 (8) = Sa(0)] = ZZ Z4(0)Z5(0) = Z,(0") Z5(60"))
k¢11_—4
- L Y 0 0 VAG 20,
k;é]l——4
_oNT 4 .
- %;ﬂ;zwwzﬂeu) ,

with 6, lying on the line connecting 6 to 6’. Then using 1. and 2. of Lemma 11
we get

S, (0) — S, (0 < 0”6 Al 1+|p<cle-o
$:6) = $u®)] < S (s < oo
k#jl=—4

which ends the proof of the second point.
Concerning point 3. we have that

S.(0) ZZ (ZL(0)ZL(0) + ZL(0)ZL () 7).

k:;fﬁjl 4

4
5,0 -8 < 25 F S (n (460~ ZL0) Z0)]|F

k;é] I=—4



Semiparametric inference for mixztures of circular data

I Z1(0")(Z5(0) = Z5 ()| ¢+ 11 21.(6")(Z;(8) = Z;(6") )| ¢

2@ - Z',iw))Z';(e)TnF)

Using Taylor expansions and Lemma 11 and 12, we get that

4
15(6) = Su(8)l 7 < ClIE = &'l D (14 U+ + 1),

l=—4

Proposition 14. There exist a positive constant C' such that

C

sup E[(S,(6) — 5(6))%] < =

0c6 n
Proof. The definitions of S,, and S provide

— l l 2\ _
l——4 k;é_]
where
T= s S S0 - S O)(Z0) - 1)
l—74 k<j

and

Z 5°(Z0) - JO)0).

l——4 k=1

Note that E(ZL(0) — J'(0)) = 0 which entails E[7},V},] = 0. Then

E {(Sn(ﬂ) - 5(9))2] —E [(Tn + vnﬂ —E[12] +E[V2].

Now, since the variables (221:74(2}c (0) — JH0))(ZL(0) — JZ(G))) are uncor-

k<j
related,

- ,
E[T}] = P (l;4(zi(9)—JI(H))(ZQ(G)—JZ(@))]

4 2
2 2

IN

using Lemma 11. We focus now on V,,: in the same way

4 2
B[V = %E[(Z(Z{(@—ﬂw))ﬂ(m)]

l=—4
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4 ! ’
C ol 22|l
- n 1:74277 2 — 2n

using Lemma 11 again. 4

Theorem 4 is finally proved using the following lemma, its assumptions being
ensured by Proposition 10, Lemma 13 and Proposition 14.

Lemma 15. Assume that © is a compact set and let S : © — R be a continuous
function. Assume that

S(Q):HgnS<:>9:90 or 6 = 0

where 0,0 € ©. Let S,, : © — R be a function which is uniformly continuous
and such that for all 0 S, (0) — S(0)| tends to 0 in probability. Let 0, be a point
such that S, (0,) = infe S,,. Then 0, — 0y or 8}, in probability.

This is a classical result in the theory of minimum contrast estimators, when
6o = 6}, (see van der Vaart (1998) or Dacunha-Castelle and Duflo (1986)). We
reproduce the proof since it is slightly adapted to the case of two argmins.

Proof. Let € > 0 and B be the union of the open ball with center 6, and radius
e and the open ball with center ) and radius e. Since S is continuous and
B¢ C © is a compact set, there exists 6. € B° such that S(f.) = infpc S. Using
the assumption, since 6. # 6y, and 6. # 6],

d:=5(0:.) — S(6p) > 0.
Since S, is uniformly continuous, there exists a > 0 such that
v, 0’ 60— 0| < a=|S.(0)—S,(0)] <d/2.

Moreover B€ is a compact set then there exists a finite set (6;) such that B¢ C
UL B(6;, ). Denote A,, := maxo<;<z |Sn(6;) — S(0;)|. The assumption ensures
that A, tends to 0 in probability. Let 8 € B€. There exists 1 < i < I such that
|16 — ;|| < v, and then |S,(0) — S, (6;)| < /2. Thus

Sn(0) = Sn(bo) = (Sn(0) — Sn(6:)) + (Sn(0:) — 5(0:))
+ (S(6:) — S(60)) + (S(6o) — Sn(6o))
> —§/2—-A,+5—-A,
using that S(6;) — S(6p) > S(6e) — S(6p) = 0. Then

i — >6/2 — )
Jnf S,(6) = Sa(60) = 5/2 24,

Now, if ||6,, — o|| > € and ||6,, — 6} > € then 6,, € B and

inf S, (6).

325 5n(0) = Snl0n) = Jnf,
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In particular infge ge S, (6) < S, (0p) so that

P65 — 6oll > € and [|8, — 65 > €)

IN

> i — > _
P(O = OIEanC Sn(e) Sn(HO) —6/2 2An)

IN

P(A, > 6/4) — 0

since A,, tends to 0 in probability. O

6.3. Proof of Theorem 5 (asymptotic normality)

The Taylor’s theorem and the definition of 0, give
Sn(0) = Su(B0) + Sn(03) (0, — 6) = 0,

where 67 lies in the line segment with extremities 6y and 0,,. Equivalently we
have,

S (02) (0, — 00) = — S (6o).

We recall that A

Sn(6o) = n_lzZZieozleo

k;éj |=—4
and .
Sn(00) = SN Zi(00)2
n(n -1 k# =,
and .
. 2 . . .
Sn(fo) = n(n—1) DD Zi(00)Z;(60) + Z1.(60) Z5(00) -
k) l=—4

Step 1- Let us prove that

VS (00) - N(0,V).

We remind by Lemma 3 that J'(6y) = 0. Hence

4
E(Sn(60) =2 J'(60)J'(60) = 0.

I=—4

We can break down S,,(6p) in the following way:

S, (6o)

oD Z (ZL(80) — J*(60) + J'(80)) Z(60)

k;é] l=—4

- n_lzZZk‘)O —J4(80)) ZL(60) + ZZJW)OZZGO

k<jl=—4 ] 1i=—4
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= A, + B,.

Note that A, and B, are centered variables. Let us show that v/nA, = op(1).

Note that the variables Wjj := (Z?:_4(Z,l€(00) - jl(ﬁo))ZJI-(GO))k are cen-
<Jj

tered and uncorrelated. Then

2

4 8
E(|Au)*) =E | || D_Wik| | = 7—ElWe|*
n(n —1) kzq / n(n—1)
Using Lemma 11, there exists C' > 0 such that
214 i) 1
Wil < - 7 _ <
[Wiall < 1:2;4 Vor 27 T ¢

so that E(||\/nA,||*) < 8C?/(n — 1). Finally, invoking Markov inequality we
have that /nA,, = op(1). We can write v/nB,, in the following way:

2 n
VnB, = — Uy (6p),
st

where we set Uy (0p) := 2?174 jl(GO)Z,i(HO). Note that the Ug(6g)’s are i.i.d and
centered. Invoking the central limit theorem, we have that

1 < d
— Y Ug(6o) — N(0,V/4),
U7 U0 N OV
where V/4 is the covariance matrix of Uy (6p), equal to E(Uy(69)U1(6p) ).

Step 2- Let us prove that S, (67) i A(6y) where A(fy) = 22?:74 J4(6o)
J'(0o)T. First, we have

4
E(Sn(60)) = S(f0) =2 (J'(00) J'(60) +J"(60)J' (60) ")
=4 —
= 2 Z J (60)J" (60) " = A(bo).

I=—4

Next we write the decomposition
15:(65) = AB0) | < 1150(8;,) = 50(60)ll 7 + [150(60) — ES,(60) | -

We get due to the Lipschitz property of S, stated in Lemma 13 that

P (1150 (00) = Su(0:)ll > £) < P(K]0; — 0ol = £) = 0,
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because 6, — . Last, let us focus on the term 115, (80) — ES, (60)|| 7. We
remind that

Sn(ao) - ES’n(GO)

4
- % > (Z,i(eo)Zé(eo) + Zi(00) Z;(60) " — jl(eo)jlwo)T) :

nin—1 /
kAj =4

From now on, we drop indices [ and 6y to simplify the notation. We center the
variables in order to find uncorrelatedness:

Zij -‘erZ]T —J.J.T = (Zk — J) Zj+ij+<Zk — J)(ZJ — J)T
-

A B C

A7 = D)+ (2= D))

D E

(remind that E(Z;) = J!(6y) = 0). Then $,,(6y) — ES,(6) =21, (A+ B+
C + D + FE) where

A:ﬁZ(Zk—j)Zj

k<j
B—lijZ
= .
Jj=1
2 . . . .
C=—>-_ Z— N2 — )T
1 .
D== Zi—J)7
PRCEY

1 < . ..
E==- (Z,—-J)J' =D"
nE(k )

Using the weak law of large numbers for uncorrelated centered variables, we

obtain that ||S,,(60) — ES,,(6o)| £ 0 which completes the step 2.
Finally it is sufficient to apply Slutsky’s Lemma to obtain the theorem.

6.4. Estimation of the covariance

Proposition 16. Consider notation and assumptions of Theorem 5. Let V =
AB(ULUY) where Uy = S, Z4(80)J4(60). Then
4 N P Ay

1<k,j,j'<n —4<LI'<4

tends almost surely toward V when n tends to +oco.
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Thus we obtain a consistent estimator for V' (that allows to estimate the
covariance Y). Nevertheless this estimator is biased. Notice that the quantity

H(—ZZ SN Zi00) 2 (0)Z3(60) (25 (60))"
k=1j#k j'¢{k,j} —4<IlI'<4

has expectation
43" E[Z1(00)Z) (60)] (00)(J" (90) T =V
—4<1,1'<4

and we could also prove (with some additional technicalities in the following
proof about the uniform convergence in k) that it tends almost surely toward
V. However, we lose the “unbiased” property when replacing 6y by 6,,.

Proof of Proposition 16

Let U, = 2?274 Z(60)J'(6). The law of large numbers gives

V =EU4U,U,) = lim —ZUkUk
=1

where the convergence is almost sure. Moreover
’ 1 ’ . .71
T Lt . l L(U\T
UU, = Y Zizp (YT =lm = > zizp > ZNZh)
—4<1l'<4 —4<1,I<4 1<j,j'<n

where the convergence is almost sure and we have dropped the 6, for the sake of
simplicity. This convergence is uniform in k in the following sense: there exists
a set with probability 1 for which for any £ > 0, there exists N > 1 such that
forallm> N and forall 1 <k <n

1 , e
= o zzy > ZiZ)T U || <e
—4<l,l'<4 1<5,5'<n

Indeed

]. ’ . Y
— oo zzy > ZWZ)T -nhUf

—4<l,I'<4 1<j,j'<n
_ ZZZ’ i Z'Z(Z'l’)T_jl(jl’)T
- Lt ) A

—4<l,l’<4 1<j,j'<n

1 1 71U \NT il 7UNT
ym > = S Zizi)T - JNIY)

—4<Ll’<4 1<5,5'<n

IN
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Then we use the following lemma: “If v, — v uniformly, with (v,%) and (vg)
bounded, and if n=' Y}, vy — v then n=' >} v — v.” To prove this
lemma, notice that, for a given positive ¢, for n large enough

1 n
ﬁ E Unk — U
k=1

n

N
1 1
< HE |'Unk_vk|+ﬁ E [Unk — vi| +
k=1 k=N+1

1 n
— E Vi — 0
n

k=1

e+e < 3e.

IN

N n
— (sup [vpk| + sup |vg]) +
n kn k n

That provides

4 R

V= lim — § § AVAWAIVADE

n=yoo 03 k“k ]( j/)
1<k,j,j'<n —4<1,1'<4

where the convergence is almost sure. Here all the Zi’s are depending on 6y,
but we can use the consistency of 6,, to finally assert

Vedim S S 2002 (00200 (26

n—00 N,
1<k,j,j’<n —4<l,l’'<4

6.5. Proof of Proposition 6

We use the proof of Theorem 5. We have seen that

Sn(e;:)(én - 00) = _Sn(00)7

with 6 in the line segment with extremities 6, and 6,,. Recall that S, (6y) =
A, + B,, with

A - ﬁz 3" (Zk(80) — J'(60)) Z}(60)
k<jl=—4

n

Bn = % ZUk(QO)

k=1

where Uy (6o) :== S0, J'(60) ZL(6o). Note that the Uy (fo)’s are i.i.d and cen-
tered so that

> Uk(bo)
k

using Lemma 11. Here ¢; is a numerical constant. Thus E|B,||? < 4ci/n. In
the same way the variables Wj;, = (Z?=_4(Z.1l€(90) - J'Z(GO))ZJZ»(GO))k are
<J

centered and uncorrelated, and also bounded. Then

E

2 3 3
= ZVar <Z Ukj(90)> = ZnVar (U15(00)) < ney
j=1 k

Jj=1

2

Eln(n = )Au?) =E | |3 Wi | = n(n = DE (IW:]*) < n(n—1es.
k<j
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Then E (||A,[/?) < ¢2/n and sup, E (n||5n(90)|\2) < 8¢ + 2¢p < 0.

In the proof of Theorem 5, we noted that S, (%) tends to S(g) in probability.
Actually we can prove that the convergence is almost sure. Indeed the strong
law of large numbers is true for uncorrelated variables if their second moments
have a common bound (see e.g. Chung and Zhong (2001)) so that

Sn(00) = 5(60) = Sn(6o) — ES,(6) == 0.

Since Sn is continuous, it is sufficient to show that the convergence of én towards
6 is almost sure and this will imply that S, (8) converges almost surely towards
S, (0) (recall that 6% in the line segment with extremities 6y and 6,,). To do
this, remark first that S, (0) — S(0) £ 0 by the strong law of large numbers
for uncorrelated variables again (see the decomposition of S,, — S in the proof
of Proposition 14). Now, we come back to the proof of Lemma 15 (in the case
of a unique minimum 6y), with this new assumption that S, (0) tends to S(6)
almost surely. The proof shows that for any e > 0 there exist §(e) > 0 and A, (¢)
which tends to 0 almost surely such that

[0, — 0ol > € = An(e) > 6(e) /4.

Let I' = Np>1{A,(1/p) — 0}. This set has probability 1 and on this set, for any
e > 0, taking p > 1/e, there exists N > 1 such that for any n > N

A, (1/p) < 6(1/p)/4 and then ||, — 6| < (1/p) <e.

This ensures that on the set T', §,, tends to 6o, and finally S, (6%) tends to S(6p)
almost surely.

Now, since S (6p) is assumed invertible, there exists n; such that for alln > nq,
S, (0%) is invertible and ||.S,,(6) " |op < 2[15n(00) " |lop := C(60) a.s. Then

|0, — 0ol|* < C(00)*nl|Sn(00)|>  as.
and . .
E(n)|0, — 6o]*) < C(00)*E(n]|Sn(60)]1?) < C(6o)*(8cr + 2¢2).

Moreover supyeg C(f) < oo because © is a compact set and 6 + ||, (0) ™! ||op
is continuous.

6.6. Proof of Theorem 7 (nonparametric estimation)

The proof of the oracle inequality is based on Lemma 17 and Lemma 18 below.
The conclusion follows, choosing 2y = ¢/(1 +€) and A = vy~ k(1 — 2P)~2 =
26(1+e 1) (1 —2P)72, and ¢ = (250 + 1)/3.

Let us derive the rate of convergence, which is the second result of Theorem 7.
We use the notation of Lemma 17 and the notation |.||; for the natural norm

of (2(C%). Let L € L. Since v (t) = Yep b(F* — f41),

L
STUFL = PR =va(ff - £1) < sup (O FF — Fille

I=——L teBy,
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where we denote by fr the sequence in CZ such that (f;); = f* if —L <
| < L and 0 otherwise. Hence ||} — f1l17 < supyep, vn(t)||lff — f1lle so that
If7 = fElle < supsep, Vn(t). Then, using Lemma 18

ho 2L+l CO4 R

L
EN /-7 = EIfi - fil3 <

= (1-2P)2 n n
2L+1
< C'(1+ R
Using Parseval’s identity,
E|f - fel3
2L +1 2L+ 1
— Z |f*l|2+cl(1+R2)—+ < R2(1—|—L2)_S+Cl(1+R2)—+.
|l|>L n "
Thus, the oracle inequality gives
N 2L +1
Bl - A8 < (20 { R0+ 227+ R 40 2T
C(1+ R?
LA+ R
n

< CIIRQn—Qs/(23+1)

choosing L = Ly = [Cn'/(2s*1) |, This choice is possible since s > sy and then
Ly belongs to L.

Lemma 17. Let A > 0 and L be a finite set of resolution level and define

L
~ — 2L +1
L = argmin < — *|24\ .
%ec { Z|f | n

l=—L

Then, for all 0 < vy < 1/2,

R . L
(1= 27y - 18 < iy { @+ 29l - g1+ 222

1 9 2L+1
— t) — X\
m%sz((t@;zw L )

where By, = {t € CZ, ", |6l> = 1, t, = 0 if [I| > L} and v (t) = Xyep ll(F*—
7).

Proof. We recall that the dot product (f,g) means 5= [ f(z)g(z)dz and that
II.]l2 is the associated norm. Usual Fourier analysis gives for any L:

1z = £15 = =N/ l3 +201f2 )13 — (oo 1) + I£13
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L L — ~
== D P2 > P = Y IR

l=—L l=—L

L
= PP+ 2ua(FE) + 113

I=—L

where we denote by fz the sequence in CZ such that (f}j)l = f:l if—L<I<L
and 0 otherwise. R
Now let L be an arbitrary resolution level in £. Using the definition of L,

L =~ L
—~ 2L +1 —~ 2L +1
=Y P AT <= Y P AT
n n
I=—L ==L
Thus

2L+1 _ o 2041
< |fe = fII5 = 2vn(f7) + A

177 = F1B = 20n(F2) + A2 -

which leads to

oL+1 2L +1
+A .

||fL*f||§§HfL*f”%JrZz/n(j%ffz),)\ - -

But, denoting by ||.||¢ the natural norm of ¢2(C%)
-1

17 = T2l
1

<AfE = FLll + 5

2%@—ﬁrﬂ%< )@—ﬁm

~ ~ 2
()
BN AT

s2ww;—fﬁ+nf—ﬁw@+§ sup [m(®)?

SETAV

2 (vn(f2 — ff)

where LV L = max(L, L). Thus
<

I = FI3(L = 2v) Ife = FI3(1+27)

1 oL+1 2L+1
+ 1 sup AR 2T
Y teB,,; n n

< o= f13+2y)

1
+ —( sup v, (t)]* = My
Y \t€B.,z

+2A

2Z+2L+2> oL +1
n

2L +1

IN

Ifr = FI3(1+27) +2)

1 2L +1
+ —max | sup |vn(t)]? — My i . O
Yy L'el tEB;, n
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Lemma 18. Assume Assumption 1 and Assumption 5. Assume that f belongs
to the Sobolev ellipsoid W (s, R) with s > 1. Assume that L = {0,...,L,}
with L, such that L3 < Cyn'/9 for some q > 1. Then, with the notation of
Lemma 17, for all k > 3/(27?),

2L +1 1 2
Emax | sup |v,(t)|]> — il * < ci+ i)
LeL \ieB, (1-2P)2 n

)
n

where C' is a positive constant depending on P,q,Cr, K

Proof. Denote R = M+(é) M’(e 3 First note that

Wl Xy 27Tg*l
~ 2m Z Z (Ml Ml(90)> = V1 (1) + Vn2(t) + v 3(t)

where
Vn.s(t iizzlg*%l :ZEZZEQ*IPJ.

Thus |[v,]? < 3|vnal? + 3|vn2|? + 3lvns|?, and, if k1 = k/3,

E max | sup |, |? r 2L+ 1
X | —
P\ EP (1-2P)2 n
K1 2L+1
<3E il —
= ;(SEE"“' (1-2P2 n )+

+ 3E max (sup |un,2|2> + 3E max (sup |un,3|2>
L By L By

where a; = max(a,0) denotes the positive part of a.
Control of v, 3 First note that

M'(60) — M'(9) Pl j
*l pl *l l l
R|= M (60) — M)
"R = |f Q) ST 5P Q)
Thus, using Schwarz inequality
L *1|2 .12
sup |vp,3(t) Z |f | ’Ml Ml(t?)’ .

teB],
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Moreover

|M(80) —M'(

D>

)< ‘(po ple ool ppemiool =iy (] — py — 1 4 p)e” P!
(L))
< po — p| + el — eT Y |pg — p| 4 e~ ol — =AY
< 2|po — p| + |ll|eo — &] + [U][Bo — B < 2[I[ |60 — 0|1

(note that it is also true for [ = 0 since M°(6y) = M°(0) = 1).
Thus, for any L € L

Ly, *
sup a0 < 30 L appio, - oz,
teBL =L, (1 )
Since s > 1
L
4 - A 4R? A
< *l2l239_92< 9—62
o (5w o) < (e 31U~ < o - 13

According to Proposition 6 and inequality ||z||? < 3||z||?, there exists a constant
K > 0 such that E(n|| — 65]|?) < K. Then

2
E max (Sup|1/n,3|2> < Calt”
LeL \ g, n
with C3 = 4K/(1 — 2P)2.
Control of vy, » Note that
IR < e [M'00) = M'(0)] < = 110 = ol
= (1-2P)? = 1- ’
so for t € By,
L . 2 4 L X
o (t))? < (Z ti(g* —g*l)Rl|> < T3Py > gt = g6 — 6ol
I=—L I=—L
Then, for any L € L
4 Lo~
sup |vno(t))? < ————— L g*212116 — 0,12
tEBpL| ,2( )| = (1 _2P)2 Z;L |g g | || 0“1
and
4 o~
2 A 212110 — 00112
max sup [Vn,2()]” < TEETE > gt = g P10 - 6ol1?

I=—Ly,
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Using Holder’s inequality, for any p, g > 1 such that zl) + % =1,

4
Emax sup |v,.2(t)]?

L, -
P — RREYVP(|g5 — o 2P \RY9||) — 01129
LeL teBr, - (1 _ 2P>2 Z (|g g | ) || 0”1

I=—Ln,
But Proposition 6 gives us
E||§ — 60)> < (1 + 27 + 27)242E (3||é - 90||2) < K'(¢)n~ .

Moreover, we can apply the Rosenthal inequality to the variables Y = e?X* —

E(e?X*): there exists C'(2p) > 0 such that

ENvi| < C(2p) (Zmyﬁu (Zmnﬁ) )
k=1 k=1 k=1
< O(2p) (n2% + (4n)?) < C'(p)n?

that provides

2p

E(lg — g"[?) =E [ (2m)~2 < (2m)7%C (p)nP.

1 n
w2V

Thus

L
A .
E 2 < 29020 1/p -1yt 1/q,,—1/q
rgggtseuBrilvn,z(t)\ < q=2p)p I:E—L 2(2m)7=C"(p) '*n (@)n
C"(q) —1-1
< Z lag3.
=1 _z2p2" n

Since Lfb < C’gnl/q, we obtain

Cs
E 2 < =
?35;1};;'%2( )< -

with Cy = C"(q)Cr/(1 — 2P)2.
Control of vy, 1
To control v, 1, we need Talagrand’s inequality.

Lemma 19. Let Xi,..., X, be i.id. random variables, and define v,(t) =
% Sony Vi(Xy) —Ege(Xg)], fort belonging to a countable class B of real-valued
measurable functions. Then, for 6 > 0, there exist three constants ¢, | = 1,2, 3,
such that

E (sup|un(t)2—c(5)H2>J < cl{%exp(—CQ(SnT}ﬂ) (10)

teB
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02]2451) exp (—C3C(5)\/<_5ﬁ) } ,
with C(8) = (VI+06 —1) A1, ¢(8) = 2(1 + 26) and
sup [l < My, B [i?g mwt)@ < H, and sup Vor(b (X0)) < v

Inequality (10) is a classical consequence of Talagrand’s inequality given in
Klein and Rio (2005): see for example Lemma 5 (page 812) in Lacour (2008). Us-
ing density arguments, we can apply it to the unit sphere of a finite dimensional
linear space.

Here v, 1(t) = 2 370 04 (Xy) — B[ (X)) with

—le

vil 27TZ lMl Zthl (60)°

leZ
Let us compute M7, H and v.
e Using Cauchy Schwarz inequality, for ¢ € By,

—4sz|l|22

(2L +1),

2m = "M(6,)
< 1
= 472(1 — 2po)?

thus Ml = mv 2L + 1.
e Using Cauchy Schwarz inequality, for ¢ € By,

mzz (e ()

k=11€Z

eleu 2

M(60)

—ilu

[ ()] =

tEBL

L

<2 |om

)

then
—Zle
E | sup |vy, ) Var
(te L| ! wt Z—Z—L 271'71 Z Ml 00
L .
1 e—lel
< — V. —
= l:z_:L dn2n (Ml(eo))

L

1
< — E
~ 4m3n l_Z_L

thus by Jensen’s inequality H? =

! 2

(6o)

< 1 2L +1
T 4n2(1 —2pg)? n

1 2041
172 (1—2p0)° n
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e It remains to control the variance. If t € By,

L , 2 e
1 e—le 1 _E(e—leele’X)
Var X < E - t = ity ———=
(X)) <E |5 l;L "M (6o) 2 %: M (00) M7 (0)
1 . *(1=1")
== tlr—— e J —.
2 LU M (HO)M (90)
Using twice Schwarz inequality
» 2
AV v *(1—1")
ar(¢y(X)) < 27r Z ’Ml 8] 2T (0y)
1 m ’
l/ !’
< *(1=1")
~ 2m(1—2po) \ zl: 7 Ml/(eo)
< - *(1—1")
= 2m(1 - 2po)
1 12
- Z —o T Z l9%7]
2m(1 2170)\/ 1 2100| ez
R

< —— 2L+ 1
S22 VT

. y 2 ; 2 R
sice ZjEZ ’g*‘?‘ S Zjez |f*]‘ S RQ. Thus v = W 2L +1

Inequality (10) becomes

E

n t -
(;ggl V1 (1) W=7 n ),

SR

om(1 — 2po)2n P orR

2L +1
s e o (~COV) |

< Kma+(R,1) {\/Wexp (—cm) + 2L: ! exp (—c\/ﬁ)}

with K and ¢ positive constants depending on P, cq,co,c3,6. This ends the
control of v, 1 with K1 = ( )

Z { oL + le °V2L+T | —2L + 16_0\/ﬁ}
n

Lel

since
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<D V2L Te VP gLe Y = 0(1).
L=0

Finally it is sufficient to take

32446 3 36

REE T Tt
to conclude the proof. Since § can be chosen arbitrary small, and we have as-
sumed £ > 3/(27?%), this condition is satisfied. O

Acknowledgment

The authors would like to thank the Editors and one anonymous referee for
valuable comments and suggestions leading to corrections and improvements of
the article.

References

BaLpi, P., KERKYACHARIAN, G., MARINuccl, D. and PicArD, D. (2009).
Adaptive density estimation for directional data using needlets. Ann. Statist.
37 3362-3395. MR2549563

BANERJEE, A., DHILLON, I. S.; GHOSH, J. and SRA, S. (2005). Clustering on
the unit hypersphere using von Mises-Fisher distributions. J. Mach. Learn.
Res. 6 1345-1382. MR2249858

BARTELS, R. (1984). Estimation in a bidirectional mixture of von Mises distri-
butions. Biometrics 40 1345-1382.

BATsCHELET, E. (1981). Circular Statistics in Biology. Academic Press, Lon-
don. MR0659065

BAUDRY, J.-P., MAuais, C. and MICHEL, B. (2012). Slope heuristics: overview
and implementation. Stat. Comput. 22 455-470. MR2865029

BIRGE, L. and MassarT, P. (2001). Gaussian model selection. J. Eur. Math.
Soc. (JEMS) 3 203-268. MR1848946

BIRGE, L. and MASSART, P. (2007). Minimal penalties for Gaussian model
selection. Probab. Theory Related Fields 138 33-73. MR2288064

BORDES, L., MOTTELET, S. and VANDEKERKHOVE, P. (2006). Semiparametric
estimation of a two-component mixture model. Ann. Statist. 34 1204-1232.
MR2278356

BuTucCEA, C. and VANDEKERKHOVE, P. (2014). Semiparametric mixtures of
symmetric distributions. Scand. J. Stat. 41 227-239. MR3181141

CHEN, J., L1, P. and Fu, Y. (2008). Testing homogeneity in a mixture of
von Mises distributions with a structural parameter. Canad. J. Statist. 36
129-142. MR2406935

CHUNG, K. L. and ZHONG, K. (2001). A course in probability theory. Academic
press. MR1796326


https://www.ams.org/mathscinet-getitem?mr=2549563
https://www.ams.org/mathscinet-getitem?mr=2249858
https://www.ams.org/mathscinet-getitem?mr=MR0659065
https://www.ams.org/mathscinet-getitem?mr=2865029
https://www.ams.org/mathscinet-getitem?mr=1848946
https://www.ams.org/mathscinet-getitem?mr=2288064
https://www.ams.org/mathscinet-getitem?mr=2278356
https://www.ams.org/mathscinet-getitem?mr=3181141
https://www.ams.org/mathscinet-getitem?mr=2406935
https://www.ams.org/mathscinet-getitem?mr=1796326

Semiparametric inference for mixztures of circular data 3521

DACUNHA-CASTELLE, D. and DUFLO, M. (1986). Probability and statistics.
Vol. II. Springer-Verlag, New York Translated from the French by David
McHale. MR837655

FRrASER, M. D., Hsu, Y. S. and WALKER, J. J. (1981). Identifiability of finite
mixtures of von Mises distributions. Ann. Statist. 9 1130-1131. MR628771

GassiAT, E. and RoUssEAU, J. (2016). Nonparametric finite translation hidden
Markov models and extensions. Bernoulli 22 193-212. MR3449780

GassiaT, E., Rousseau, J. and VERNET, E. (2018). Efficient semiparametric
estimation and model selection for multidimensional mixtures. FElectron. J.
Stat. 12 703-740. MR3769193

GOLDENSHLUGER, A. (2002). Density deconvolution in the circular structural
model. J. Multivariate Anal. 81 360-375. MR1906385

HaLL, P. and ZHou, X.-H. (2003). Nonparametric estimation of component
distributions in a multivariate mixture. Ann. Statist. 31 201-224. MR1962504

HaLL, P., NEEMAN, A., PAKYARI, R. and ELMORE, R. (2005). Nonparametric
inference in multivariate mixtures. Biometrika 92 667-678. MR2202653

HERNANDEZ-SANCHEZ, E. and SCARPA, B. (2012). A wrapped flexible general-
ized skew-normal model for a bimodal circular distribution of wind directions.
Chilean Journal of Statistics 3 129-141. MR2982066

HouMANN, D. and HoLzMANN, H. (2013). Two-component mixtures with in-
dependent coordinates as conditional mixtures: nonparametric identification
and estimation. Electron. J. Stat. 7 859-880. MR3044502

HoLzMANN, H., MUNK, A. and STRATMANN, B. (2004). Identifiability of finite
mixtures—with applications to circular distributions. Sankhya 66 440-449.
MR2108200

HUNTER, D. R., WANG, S. and HETTMANSPERGER, T. P. (2007). Inference for
mixtures of symmetric distributions. Ann. Statist. 35 224-251. MR2332275

JAMMALAMADAKA, S. R. and SENGUPTA, A. (2001). Topics in circular statis-
tics. Series on Multivariate Analysis 5. World Scientific Publishing Co., Inc.,
River Edge, NJ. MR1836122

JOHANNES, J. and SCHWARZ, M. (2013). Adaptive circular deconvolution by
model selection under unknown error distribution. Bernoulli 19 1576-1611.
MR3129026

JonEs, T. A. and JAMES, W. (1969). Analysis of bimodal orientation data.
Math. Geol. 1 129-135.

KENT, J. T. (1983). Identifiability of finite mixtures for directional data. Ann.
Statist. 11 984-988. MR707948

KM, P. T. and Koo, J.-Y. (2000). Directional mixture models and optimal
estimation of the mixing density. Canad. J. Statist. 28 383-398. MR 1792056

KLEIN, T. and R10, E. (2005). Concentration around the mean for maxima of
empirical processes. Ann. Probab. 33 1060-1077. MR2135312

LACOUR, C. (2008). Adaptive estimation of the transition density of a particular
hidden Markov chain. J. Multivariate Anal. 99 787-814. MR2405092

LARrk, R. M., CLIFFORD, D. and WATERS, C. N. (2014). Modelling complex
geological circular data with the projected normal distribution and mixtures
of von Mises distributions. Solid Farth 5 631-639.


https://www.ams.org/mathscinet-getitem?mr=837655
https://www.ams.org/mathscinet-getitem?mr=628771
https://www.ams.org/mathscinet-getitem?mr=3449780
https://www.ams.org/mathscinet-getitem?mr=3769193
https://www.ams.org/mathscinet-getitem?mr=1906385
https://www.ams.org/mathscinet-getitem?mr=1962504
https://www.ams.org/mathscinet-getitem?mr=2202653
https://www.ams.org/mathscinet-getitem?mr=MR2982066
https://www.ams.org/mathscinet-getitem?mr=3044502
https://www.ams.org/mathscinet-getitem?mr=2108200
https://www.ams.org/mathscinet-getitem?mr=2332275
https://www.ams.org/mathscinet-getitem?mr=1836122
https://www.ams.org/mathscinet-getitem?mr=3129026
https://www.ams.org/mathscinet-getitem?mr=707948
https://www.ams.org/mathscinet-getitem?mr=1792056
https://www.ams.org/mathscinet-getitem?mr=2135312
https://www.ams.org/mathscinet-getitem?mr=2405092

3522 C. Lacour and T. M. Pham Ngoc

LEy, C. and VERDEBOUT, T. (2017). Modern directional statistics. Chapman
& Hall/CRC Interdisciplinary Statistics Series. CRC Press, Boca Raton, FL.
MR3752655

Ma, Y. and Yao, W. (2015). Flexible estimation of a semiparametric two-
component mixture model with one parametric component. Flectron. J. Stat.
9 444-474. MR3326131

MARDIA, K. V. and Jupp, P. E. (2000). Directional statistics. Wiley Series in
Probability and Statistics. John Wiley & Sons, Ltd., Chichester. MR 1828667

PEARSON, K. (1894). Contributions to the mathematical theory of evolution.
Phil. Trans. Royal Soc., A 185 71-110.

PEWSEY, A. and GARCiA-PORTUGUES, E. (2021). Recent advances in direc-
tional statistics. TEST 30 1-58. MR4242171

SEDIMENTATION SEMINAR (1966). Cross-bedding in the Salem Limestone of
Central Indiana. Sedimentology 6 95-114.

SPURR, B. D. (1981). On estimating the parameters in mixtures of circular
normal distributions. J. Internat. Assoc. Math. Geol. 13 163-173. MR613759

SPURR, B. D. and KOUTBEIY, M. A. (1991). A comparison of various methods
for estimating the parameters in mixtures of von Mises distributions. Comm.
Statist. Simulation Comput. 20 725-741. MR1129093

VAN DER VAART, A. W. (1998). Asymptotic statistics. Cambridge Series in Sta-
tistical and Probabilistic Mathematics 3. Cambridge University Press, Cam-
bridge. MR1652247


https://www.ams.org/mathscinet-getitem?mr=3752655
https://www.ams.org/mathscinet-getitem?mr=3326131
https://www.ams.org/mathscinet-getitem?mr=1828667
https://www.ams.org/mathscinet-getitem?mr=4242171
https://www.ams.org/mathscinet-getitem?mr=613759
https://www.ams.org/mathscinet-getitem?mr=1129093
https://www.ams.org/mathscinet-getitem?mr=1652247

	Introduction
	Identifiability
	Estimation for the parametric part
	Nonparametric part
	Numerical results
	Proofs
	Proof of Theorem 1 (identifiability)
	Proof of Theorem 4 (consistency)
	Proof of Theorem 5 (asymptotic normality)
	Estimation of the covariance
	Proof of Proposition 6
	Proof of Theorem 7 (nonparametric estimation)

	Acknowledgment
	References

