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tive noise matrix. Existing decomposition methods claim that their common
matrices capture the common pattern of the two datasets. However, their
so-called common pattern only denotes the common latent factors but ig-
nores the common pattern between the two coefficient matrices of these
common latent factors. We propose a new unsupervised learning method,
called the common and distinctive pattern analysis (CDPA), which appro-
priately defines the two types of data patterns by further incorporating the
common and distinctive patterns of the coefficient matrices. A consistent
estimation approach is developed for high-dimensional settings, and shows
reasonably good finite-sample performance in simulations. Our simulation
studies and real data analysis corroborate that the proposed CDPA can
provide better characterization of common and distinctive patterns and
thereby benefit data mining.
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1. Introduction

Modern biomedical studies often collect multiple types of large-scale datasets
on a common set of objects [8, 23]. For example, The Cancer Genome Atlas
(TCGA) [18] collected for tumor samples the multi-platform genomic data such
as mRNA expression and DNA methylation; the Human Connectome Project
(HCP) [52] acquired multi-modal brain imaging data, including structural MRI
and functional MRI, from healthy adults. The use of multiple data types can
allow us to enhance understanding the mechanisms underlying complex diseases
like cancers [26, 5] and neurodegenerative diseases [55, 43|, or to improve the
performance in various learning tasks such as clustering and classification [51,
46).

The most straightforward approach to the integrative analysis of multi-type
datasets is to concatenate all their data matrices into one matrix and then im-
plement standard data analysis tools. One such example is the simultaneous
component analysis (SCA) [47], which applies the principal component analysis
(PCA) to the concatenated data matrix and thus is also known as SUM-PCA.
These methods are simple to implement, but they are unable to explore or inter-
pret the relationships among datasets. As pioneers to overcome this drawback,
the canonical correlation analysis (CCA) [20, 33] and its various generalizations
[6, 24, 49] measure the correlations and extract the most correlated components
among datasets. The CCA methods only account for correlated features and fail
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to reveal a more detailed relationship on the common and distinctive patterns
across datasets.

A family of data integration methods has emerged recently to identify and
separate the common and distinctive variations across datasets, including or-
thogonal n-block partial least squares (OnPLS) [31], distinctive and common
components with SCA (DISCO-SCA) [44], common orthogonal basis extraction
(COBE) [58], joint and individual variation explained (JIVE) [30], angle-based
JIVE (AJIVE) [13], and decomposition-based CCA (D-CCA) [45]. Consider the
case with two datasets. All these methods decompose each data matrix into a
low-rank common matriz generated by latent factors shared across datasets,’
a low-rank distinctive matriz corresponding to each dataset, and an additive
noise matrix. Despite different constraints in the decomposition, these methods
refer the common pattern of the two datasets to the common latent factors,
but ignore the common pattern between the two coefficient matrices of these
common latent factors. It may be more appropriate to name their “common”
and “distinctive” matrices as common-source and distinctive-source matrices.

We propose a new unsupervised learning method, called the common and
distinctive pattern analysis (CDPA), to improve the delineation of the common
and distinctive patterns between two correlated datasets. The CDPA method
defines the common pattern by incorporating both the common latent factors
and the common pattern of their coefficient matrices, and determines each dis-
tinctive pattern as the residual part of the corresponding signal dataset. In
factor analysis [17], a coefficient matrix of latent factors is called a factor pat-
tern matriz, containing the factor loadings (i.e., coefficients) that represent the
contributions of latent factors to the signal data. A coefficient matrix is also
known as a mizing channel in signal processing [39, 41] which introduces cor-
relations into the uncorrelated source variables to generate the output data.
Hence, the two coefficient matrices of the common latent factors for two corre-
lated datasets may contain common and distinctive patterns of the ways in which
these common latent factors form their corresponding common-source matrices.
Such common and distinctive patterns in the two coefficient matrices are also
important and should be separated into the common and distinctive patterns
of the two datasets. Our defined common-pattern and distinctive-pattern ma-
trices together with the aforementioned common-source and distinctive-source
matrices constitute a more comprehensive picture that depicts the relationship
of two datasets.

Three challenging issues arise in the construction and estimation of common-
pattern and distinctive-pattern matrices: (i) There exists the row matching prob-
lem of the two coefficient matrices, or equivalently the variable pairing problem
of the two datasets, if the rows of either observed data matrix can be arbitrar-
ily ordered independent of the other matrix; (ii) The common pattern of the
two coefficient matrices must be identified; (iii) Recovering the high-dimensional

1 The common matrices of OnPLS may have different sets of latent factors. As a post-
processing step [51], the same set of latent factors can be obtained as an orthonormal basis
of the vector space spanned by all these sets of latent factors. The common matrices remain
unchanged after this post-processing step.
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common-pattern and distinctive-pattern matrices confronts the curse of dimen-
sionality where the unknown large covariance matrices may not be consistently
estimated by the traditional sample covariance matrices [56]. We successfully
convert the row matching problem (i) into the classic graph matching prob-
lem [32]. We extract the common pattern in (ii) by our extended analogy of the
state-of-the-art D-CCA. To address the challenge (iii), we develop consistent
estimators of proposed common-pattern and distinctive-pattern matrices under
the high-dimensional spiked covariance model [12, 53, 45], which has been widely
used in various fields, such as signal processing [36], machine learning [21], and
economics [7].

The rest of this article is organized as follows. Section 2 introduces the CCA
and D-CCA methods as preliminaries. Our CDPA method and its consistent
estimation are established in Section 3. Section 4 examines the finite-sample
performance of proposed estimators via simulations. We also compare CDPA
with six D-CCA-type methods through simulated data in Section 4 and through
two real-data examples from HCP and TCGA in Section 5. Section 6 concludes
with discussion. All theoretical proofs and additional simulation and real-data
results are provided in Appendices. A Python package for the proposed CDPA
method is available at https://github.com/shu-hai/CDPA.

2. Preliminaries

Let Yj, € RP**™ for k € {1,2} be the k-th dataset obtained on a common set
of n objects, where pg is the number of variables. The decomposition model
considered in aforementioned existing methods (e.g., D-CCA) is

Y, =X, +E,=C,+D;+E; € RP-*" (1)

for which the n columns of each matrix are assumed to be independent and
identically distributed (i.i.d.) copies of the corresponding mean-zero random
vector in

Y, = T + ex = ¢ + di + e, € RPF (2)

where {Xy, zx }2_, and {Ey, ex }7_, are signals and noises, respectively, {Cy }2_,
and {ci}i_, are common-source matrices and random vectors that are gener-
ated from the common latent factors of the two datasets, and Dy and dj, are
the distinctive-source matrix and random vector from distinctive latent fac-
tors of the k-th dataset. Write each k-th common-source random vector by
c, = Blei,...,cpn,,) ", where ¢i,...,cr,, are the common latent factors and
By, is their coefficient matrix. The common pattern of B; and B is not consid-
ered by the existing methods, which motivates our current research.

We start with signal vectors {z;}?_, for simplicity, and introduce the CCA
and D-CCA methods in the two following subsections. The signal estimation is
deferred to Section 3.3.

Notation. For any matrix M = (M;;)i<i<p,i<j<n € RP*™, denote the (-
th largest singular value and the ¢-th largest eigenvalue (if p = n) by o,(M)
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and (M) respectively, the spectral norm ||[M||s = o1(M), the Frobenius norm

IM|p=./>%, Z?:I M}, the matrix £ norm ||M||e = maxi<i<p Z?:l | M,
and the max norm ||M||max = max; ; [M;;|. Let Mlsitwvl Mlstil and Ml-w]
denote the submatrices (M;;)s<i<tu<j<v, (Mij)s<i<ti<j<n and (M;j)1<i<pu<j<v
of M, respectively. Write the Moore-Penrose pseudoinverse and the column
space of Ml by M and colsp(M), respectively. Let [My;..; M) = [M{,...,M]|T
for matrices My, ..., M with the same number of columns. Denote the j-
th entry of a vector v € R? by vU). Write span(v') = span({v[j]}é’:l) =
{325 a;vVl : Ya; € R}. For vectors vy, ..., vy, of same length, let [v/]}_ |, =
(v1,...,vr). Denote the angle between two elements vy and vy in an inner prod-
uct space by @(vy,vs). Let (£, cov) be the inner product space composed of all
real-valued random variables with zero mean and finite variance, and endowed
with the covariance operator as the inner product. Let both z := y and y =: «
mean that x is defined by y. Write a o< b if @ = kb for some constant x € R. De-
note a Ab = min(a, b) and a Vb = max(a,b). For signal vectors {xx}?_,, denote
3k = cov(xy), 12 = cov(xy, ®2), 1 = rank(Xg), "min = "1 AT2, Fmax = 71 VT2,
and 719 = rank(X15). Throughout the paper, our asymptotic arguments are by
default under n — oo.

2.1. Canonical correlation analysis

The CCA method [20] sequentially finds the most correlated variables, called
canonical variables, between the two subspaces {span(z; )}2_, in (L2, cov). For
1 < /¢ < rqg, the ¢-th pair of canonical variables are defined as

{z1¢, 220} € argmax corr(z,29) subject to
{ze}is, (3)
var(z;) = 1 and 2, € span(z; ) \ span({zrm }521),

where span(z; ) \ span({zkm}%,_;) = span(zx; ), and for £ > 1, span(zx] ) \
span({zgm}ot,) denotes the orthogonal complement of span({zgm}'2t,) in
span(wg). The correlation py := corr(z1y, z9¢) is called the ¢-th canonical corre-
lation of 1 and @5. Augment {2y, },1% with any (rp—ri2) standardized variables
to be zx = (2k1,. .-, 2kr,) | such that z; is an orthonormal basis of span(z; ).
We have the bi-orthogonality [45] that

COV(zl’ ZQ) = diag(pla s aphz?0(7‘17T12)><(T2*T12))' (4)

The augmented canonical variables {zk}izl can be obtained by zj = U;rkzz,
where 2z} = A;l/QV;—xk, X = V;CA;CV,;r is a compact singular value decom-
position (SVD) with Ay = diag(o1(Zk), ..., 0., (Zk)), and O := cov(z],z3) =
UpnAgUj, is a full SVD with Ay = diag(p1, - - - s Prigs
O(r, —r12)x (ra—r))- Note that in the inner product space (L3, cov), cosB(-,-) =

corr(-,-) and || - || = y/var(-).
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A similar method to CCA is the principal angle analysis (PAA) [3], which
investigates the closeness of any two subspaces, denoted by F' and G, in the
Euclidean dot product space (RP,-). For 1 < ¢ < ¢ := min{dim(F), dim(G)},
the ¢-th principal angle 6, € [0, 7/2] between F and G is defined by

cos fy = max max u'v= uZw subject to
ueF veG (5)

|ullp = |lv]|lr=1, and u' u; =v v; =0for j=1,...,0—1.

The vectors {us, v¢} are called the ¢-th pair of principal vectors of F' and G. Let
Qr and Qg be the matrices whose columns form the orthonormal bases of F
and G, respectively. The principal angles and principal vectors can be obtained
by

COS@@ = O’g(Q;Qg), (ul,. .. ,uq) = QFUQ, (vl,. . .,'vq) = (QC,VVvQ7 (6)

where Q1. Q¢ = Uq diag{r1(Q;Qq), - - -, aq(Q;Qg)}Vg is a SVD of Q. Q.

The PAA and CCA methods are essentially the same except their respec-
tive inner product spaces (RP,-) and (£3,cov). The principal vectors and the
cosines of principal angles of PAA correspond to the canonical variables and the
canonical correlations of CCA. The cosines of principal angles are also called
canonical correlations in PAA [3]. Similar to (4), the bi-orthogonality between
different pairs of principal vectors also holds.

2.2. Decomposition-based canonical correlation analysis

For random vectors {x }s_,, the D-CCA method [45] aims to decompose each
) into a common-source vector ¢ and a distinctive-source vector dy by

T = ¢ +dg (7)

subject to three desirable constraints in (L3, cov):

span(c| ) = span(cy ),
span(d] ) L span(d; ), (8)

span([x1; Jig]T) = span([cy; €2;dy; dg]T).

To this end, guided by the bi-orthogonality (4) of augmented canonical vari-
ables z] = [zge|}%,, k = 1,2, D-CCA divides the decomposition problem (7) of
span([xy; 2] ") into 7. subproblems, each within one of the mutually orthog-
onal subspaces { span({zx¢}7_;) ZT‘

Zke = ¢¢ + die, 9)
where ziy = 0 for £ > ri, and ¢y = 0 for £ > ryin. For £ < ryin, the common
variable ¢y is defined by

co oc argmax {cos® 0(z1¢, w) + cos® 0220, w) } (10)
we(LE,cov)
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such that
{ die L doy, (11)

lce]| increases as 6, := 0(z1¢, z2¢) decreases on [0, 7/2]. (12)

Constraint (12) equivalently says that ||c|| indicates the correlation strength of
z1¢ and zg¢. The unique solution of (10) subject to (11) and (12) is

1—cosb, \ z10 + 220 0.0\ | 210 + 220
“ ( V1 +cos€zg> 2 M\ 2 (13)

Figure 1 (a) geometrically illustrates the solution (13) with ¢ omitted in the
subscriptions.

Combining the solutions of subproblems yields the D-CCA decomposition:
for k=1,2,

Tk 712 Tk
Tk =Y Bzt = Y Brece+ Y Bredie =: ¢k + di (14)
(=1 =1 =1

with B, = cov(xy, zre). Here, {c,};!? are the common latent factors of &, and

@9, and {dg¢}," , are the distinctive latent factors of xy. Figure 1 (b) shows the
decomposition structure of D-CCA.

3. Common and distinctive pattern analysis

The CDPA method aims to more comprehensively define the common and dis-
tinctive patterns of two datasets by incorporating the common and distinctive
patterns of the two coefficient matrices of common latent factors. We use a
graph matching approach to match the unpaired rows between the coefficient
matrices. Consistent estimators are established for the CDPA-defined common-
pattern and distinctive-pattern matrices.

3.1. Common and distinctive patterns

As shown in Figure 1 (b), D-CCA only focuses on the common latent factors
{ce}y2 of {xk}7_,, and ignores the common pattern of their coefficient matrices
Br = (By1s- - Brry,) for k= 1,2. So do its five previous methods mentioned
in Section 1. In factor analysis [17], the coeflicient matrix By of latent factors
{ee}}22 in e = By([ee]}22) T is called their factor pattern matrix, and the entry
BE’“"Z] is the factor loading on ¢, for variable c%’“] =>2 ng’a ¢y, representing

the contribution of ¢, in the linear combination of {c,};!? to forming c%’“].

In signal processing, By is called a mixing channel [39, 41], which introduces
correlations into the uncorrelated input sources {c,};!* to generate the output
signal ¢, that has cov(cy) = By diag(var(c1),. .., var(c,,,))B; . Thus, By and

B, may possess common and distinctive patterns of the respective ways in
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(b) The D-CCA decomposition for two signal random vectors.

d27’2

Fic 1. The D-CCA decomposition structure. In subfigure (a), the distinctive variables di and
do are orthogonal (i.e., uncorrelated); the norm (i.e., standard deviation) of the common
variable ¢ indicates the correlation strength of the two standardized variables z1 and z2. In
subfigure (b), D-CCA refers the common pattern of {x1,x2} to the common latent factors
J{cc@}]gfl, but ignores the common pattern of their coefficient matrices By = (Bg1, - - - Brryy)
ork=1,2.

which the common latent factors {c,};!? constitute ¢; and cp. In CDPA, we
define a common-pattern vector ¢ for {xy}%_, which takes into account both
the common latent sources {c/},'? and the common pattern of their mixing
channels {By}7 7—1- The distinctive-pattern vector of signal xj, is then defined as
the residual part of the signal after removing c.

In the process ¢, = Bi([cd]}3) " = Y72 Brece, the £-th column By, of the
mixing channel By, is the sub-channel transmitting ¢y, and the linear mixture



Common and distinctive pattern analysis 2483

of sub-channel outputs {Bj,ce};!? reflects the “mixing” performance of the
channel B;. We disentangle the common and distinctive latent structures for
the two sub-channel spaces {colsp(B)}7_, in a similar way as D-CCA does for
the two signal spaces {span(z} )}7_,.

Two issues need to be solved before the analysis. First, the sub-channel vec-
tors {Bj¢tr<2,6<r, may have unequal lengths p; and ps, Without loss of gen-
erality, we let p; > po throughout the paper. When p; > ps, we zero-pad B,
to be a p1 x 712 matrix Boa = [B2;0(p, —p,)xry,)- This zero padding is equiva-
lent to adding (p; — p2) zeros into x. In other words, we are now equivalently
studying the patterns between x; and x4 = [:cg;O(pl_pz)Xl]. Second, some-
times the rows between By and By 4 or equivalently the entries between x; and
T4 are not one-to-one matched due to their arbitrary ordering. For this sce-
nario, we match their rows by permuting the rows of Bo4 with a permutation
matrix P. The permutation can be defined so that colsp(B;) and colsp(PBg4)
are closest to each other by maximizing Z;fl cos? Opp, where Op, is their /-
th principal angle. This row-matching procedure will be discussed in detail in
Section 3.2. For the generalization of our results to other row-matching crite-
ria, we assume that the permutation matrix P is prespecified in the following
text. For notational simplicity, we use the superscript “¢” to indicate adding
zero padding and P to the given vector or matrix if necessary, for example,
(x$,25,B,BS) = (1, Pxas,B1,PBag).

We now consider the latent structure of the two sub-channel spaces
{colsp(B$)}7_, by using an analogy of D-CCA on (RP!,-), where constraints
(7)-(12) are translated for the columns of {B$}2_, and CCA is replaced by PAA.
Let O and {vp, s, vpB,¢} be the ¢-th principal angle and the ¢-th pair of principal
vectors of {colsp(B$)}2_,. There are r12 such pairs since By, = VkA}C/ZUg;ﬂM”]
is a rank-rio matrix. We define the common and distinctive components of
{vB,¢,vB,¢} using a decomposition similar to that in (9) and (13):

/1 —cosOpy\ (VB¢ + VByr)
=1|1- 1 2 ddg,, = — 15
CBy¢ < 1+ cos 9318) 5 anadap, ¢ VB¢ — CB¢ ( )

fork=1,2and ¢ =1,...,r2. Because the principal vectors (vp, 1, ..., VB, r,) =
Vg, form an orthonormal basis of colsp(B$), the mixing-channel matrix can be
written as

B{ = V5, (VL. BY) = ([eadi2 + [dp, ) (VE, B). (16)

The part of xj that contains the common latent factors (source variables)
{ce},2? and the common mixing-channel basis {cp};'? is

ci = lend 2 Vi, Bi(led2) (17)

The difference between ¢j and c5 is the matrices Sy := Vgl ok = 1,2
in the middle of their formulas, which contain the weights dually owned by
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{epe}y? and {cg},22 . We define the common part of the two dual weight ma-
trices {Sy}7_, as

2
S = argmin HM [tr(Zx)] 1/28kH Z[tf(zk)]fl/zsk. (18)
M€R7‘12><T12 k=1

To avoid overweighting a dataset when signals 1 and x5 have different scales, we
weight Sy, by the scale factor [tr(Xy)]~!/2 in (18). This is equivalent to rescaling
each xj, by the factor [tr(2})] /2 at the very beginning as in [30]. Our definition
of S in (18) is motivated by the consensus configuration in generalized procrustes
analysis [15, 16] which minimizes the sum of squared Euclidean distances to
transformed configurations of interest (i.e., the scaled {Sy}7_, in our case). This
minimization is equivalent to that of the sum of Kullback-Leibler divergences
[35, Lemma 17.4.3] and yields a closed-form solution.

We combine the three types of common parts {cp/},?, {c¢};? and S to

define the common-pattern vector of the scaled signals zy = [tr(Ek)]fl/sz
k=1,2as
12
c=Be([edi2) " = [endi S([edi) =3 > e (Be)] 2, (19)
k=1

where B, = [cp¢];!% S is defined as the common pattern of B and BS.
For each individiual unscaled signal vector xj,, we rescale c to be c¢¥) =
[tr(Z)]'/%c and express the CDPA decomposition as

xd =cS+d) = (c® +hy)+d) =c® + (hp+d)) = c® + 6, (20)

For signal vector xj,, the vector hj, represents the distinctive pattern retained
within the common-source vector cj, and the vector 0, characterizes the total
distinctive pattern by incorporating both hj and the distinctive-source vector
d;,. We denote {C, c®) H, Ay} to be the corresponding sample matrices of
{c,c® hy, 8} associated with X,.

Definition 1. We define the common-pattern vector of {x$, xS} (more pre-
cisely, {mf,af;g}) as the vector ¢ given in (19), and the scaled common-pattern
vector for =3 as ¢¥) = [tr(y)]Y/%c. The distinctive-pattern vector of T, is
0, = x5 — c\¥). As the sample matrices of ¢, {cW}2_, and {81}2_,, matrices
C, {CW2_ and {A}};_, are called the common-pattern, the scaled common-
pattern, and distinctive-pattern matrices of {Xy}2_,, respectively.

The population CDPA decomposition is summarized in Algorithm 1 and its
uniqueness is given in Theorem 1.

Theorem 1. Given any p1 X p1 permutation matrix P, the common-pattern
vector ¢ defined in (19) for (x5,x3) = (x1,Pxoa) is unique, regardless of
the non-unique choices of canonical variables {z1¢,z2¢},2% and principal vec-
tors {’UBlg,'UBzg};lzzl.
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Algorithm 1 Population CDPA

Input: Signal vectors x) € RPk k=1,2
1: Obtain common latent factors [c,];!? and coefficient matrix By, by the D-CCA in (14);
2: Add zero rows to By or By if dimensions p1 # pa;

3: Match the rows of By and B2 by the graph-matching based approach (Section 3.2), if the
variables in ¢; and x2 are not paired;

: Compute the common mixing-channel basis {cp¢};1% by (15) for {colsp(By)}2_;;

: Compute the common dual-weight matrix S by (18);

: Obtain the common-pattern vector of @1 and @2 as ¢ = [cge]; 3 S([cg]

2121)T.

— 9

: Rescale c to be the scaled common-pattern vector ¢(¥) = [tr(3)]'/?¢;

: Obtain the distinctive-pattern vector of ¢y as §p = ¢ — c(k ;

Output: Common-pattern vector ¢, scaled common-pattern vectors {c(k)}izl, distinctive-
pattern vectors {6, }2_,

0 O U

Remark 1. Since c is the common-pattern vector of the scaled signal vectors

and @, tr{cov(e)} = ol

variance of 7 and x5 explained by c, which reflects the similarity strength of
the two signal vectors.

represents the proportion of the average

Remark 2. The common-pattern vector ¢ differs only in its sign for {z1, Pxaa}
and {—x1, —Pxoa}, but is usually quite different for {xi,Pxoa} and

{1, —Pxoa}. We assume the sign of each entry in y, or xp cannot be ar-
bitrarily changed, but the sign of y,, or equivalently that of i may change. The
assumption is generally true if each dataset represents a data type. For example,
let Yy, be mRNA expression data and its entry y[;] measure the mRNA expres-
sion level on the i-th gene. The arbitrary entry-wise sign changes can result in
two different measurements applied to yo. Regarding the different ¢’s due to the
sign change (if allowed) of entirely y, or xa, we suggest to choose the one with
larger variance tr{cov(c)} or, in practice, larger %HGH% = tr(%aaT), where C
is the estimate of C that will be introduced in Section 3.3. It will be shown later
in Theorem 2 that %HGH% R tr{cov(e)} under mild conditions. The confidence

interval (CI) of %HGH% can be constructed by bootstrapping samples [11] once
the ranks {r1,r2,r12} and the permutation matriz P are determined.

3.2. Row matching of coefficient matrices

When the rows of coefficient matrices B; and Boy are not one-to-one matched,
we match them by permuting the rows of By 4 with the following permutation

matrix
712

P, =arg maxz cos? Oy, (21)
Pell,, [

where 0, is the ¢-th principal angle of colsp(B1) and colsp(PBs2y4), and II,,
is the set of all p; X p; permutation matrices. This optimization is equiv-
alent to minimizing the Frobenius distance (23} sin®6fp,)/2. Commonly-
used distances between vector spaces [9] also include the geodesic distance
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(3212, 6%,)1/2, the Martin distance (log[}% cos™20p,)'/2, the Asimov dis-
tance fp1, and the gap distance sin ;. The four alternative distances appear
more difficult to be minimized, but our criterion based on the Frobenius distance
can be converted to the famous graph matching problem [32].

Specifically, by equations in (6), the optimization problem in (21) is equivalent
to

P, = arg max tr (QlTPQ2A(Q1TPQ2A)T)

Pell,,

= arg max tr (QlQIPQQAQ;APT) ) (22)
Pelly,

where Qj € RPr*™2 i3 a matrix whose columns are an orthonormal basis
of colsp(By), which can be the rio left singular vectors of By, and Qoa =
[Q2; 0, —p,)xri,] Whose columns are still an orthonormal basis of Boa. Let
M; = Q;Q; and M, = QQAQ;A. For k =1,2, let Mg be the matrix obtained
by all elements of My, minus the smallest element of [M;, My]. For any p; X p1
matrix M, denote diag(IM) to be the p; X p; matrix having the same off-diagonal
part of M but with zero diagonal, and vdg(M) to be the vector consisting of
the diagonal elements of M. We have

max tr (M;PM,P")

Pelly,

. 2
& gmin |[M; —PMPT||,

. 2
& Jmin [[M{ - PM;P|,

. - - 2 2
=3 Prél%lr,l,l {Hdlag(Mf) - Pdlag(M;)PTHF + ||vdg(MY{) — Pvdg(M;)HF}

& max {or (P dag(M{)Pdiag(M)) + tr (PT vdg(M{)[vdg(M;)])}
(23)

where the last objective function is the formula (4) of [32] for the graph matching
problem. Graph matching is known to be NP-hard for the optimal solution. We
use the doubly stochastic projected fixed-point (DSPFP) algorithm of [32] to
obtain an efficient approximation of P, which has time complexity only O(p?)
per iteration and space complexity O(p?). For ultra-large p;, one may further
apply the approximation procedure of [37] that employs a clustering method
before DSPFP.

3.3. FEstimation

Often in practice, the data matrices {Yj;}7_, are high-dimensional and are
the only observable data in decomposition (1). The literature of (1) regularly
assumes high-dimensional {Yk.}izl to be “low-rank plus noise”. Indeed, big data
matrices are often approximately low-rank in many real-world applications [50],
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so their low-rank approximations provide feasible or more efficient computation
and meanwhile preserve the major information [25]. Moreover, the low-rank plus
noise structure can circumvent the curse of dimensionality [56, 27] in recovering
the common-source and distinctive-source matrices {Cy, Dy }7_, from which our
defined common-pattern and distinctive-pattern matrices are derived. Following
the D-CCA paper [45], we consider the low-rank plus noise structure:

Y, =Xy + Er =By, Fr + Eg, (24)
Yp = + e, =By, fi + ek, (25)

where By, € RP**" is a real deterministic matrix, the columns of F;, and Ej
are respectively the n i.i.d. copies of mean-zero random vectors f, and ey, the
columus of F = [Fy; Fy| are also statistically independent, and the vector f, €
R™ contains 7, latent factors such that cov(f;) = Lr, xry, COV(F, €x) = Orp xpys
and span(f} ) is a fixed subspace in (£2, cov) that is independent of {n, p1, ps}.
Hence, 71, 2 and r12 are fixed numbers. We can choose fz to be the augmented
canonical variables z; . The covariance matrix cov(y;) = By, Bj, 4 cov(ey) is
assumed to be a spiked covariance matrix for which the largest r; eigenvalues
are significantly larger than the rest, namely, signals are distinguishably stronger
than noises.

Before recovering our common-pattern and distinctive-pattern matrices, we
introduce the D-CCA’s estimators of X and Cg. For simplicity, we write all
estimators with true matrix ranks {ry,rs,r12}. In practice, as implemented in
D-CCA, ranks {r;}7_, and 712 can be well selected by the edge distribution
(ED) method of [38] and the minimum description length information-theoretic
criterion (MDL-IC) of [48], respectively; see Appendix A2. The estimator of Xy
is defined by using the soft-thresholding method of [53] as

X, = Uy diag (67 (Y), ..., 65 (Y1) UL, (26)

where Uy diag(o1(Yg), ..., 00, (Yk))U forms the top-r; SVD of Yy, and the
soft-thresholded singular Value 67 (Yg) = \/max{ag (Yx) — Tk, 0} with 7, =
f’“ S92 (Yk)/(npk —nrg —prrk). Then from Xk, define the estimator of Xy,
by Ek = —XkX and denote its SVD by Ek = VkAka , where V;.c € RPEXTk
has orthonormal columns and Ay, = dlag(al(Ek) ., 0y, (21)). Following Sec-
tion 2.1, let Z* = (AT)I/2VTX;C and © = 1 Z*(Z ) , and write the latter’s full
SVD by © = U91A9U92 with Ay = dlag(al(G) 0'7«9(9) O(T1 —70)x (ra— Te))
and 7g = rank(@) Define the estimated sample matrix of z; by 7 = U;—kZ*

Let Ac = diag(ay, ..., ay,,), where ap = 1 — (LZ—EES;)I/Q] for £ < 7y, and

otherwise ay, = 0. The estimators of C; and Dy, are defined by

2
~ g 5 12, N 7lliriz,: -~ N > ~
Cr = Xp(Zy ") Ay 2" =BGy and Dy =X, - Cy.
j=1
where B, = X (Z[1 Tz ]) \A/'ijXllc/2ﬁ[9:,’€1"'”] similar to By, = VkA}C/ZUg,’;:m],
and Co = Ac Z Z!"127) s the estimated sample matrix of (ci,...,¢pp,) "
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We now derive the estimators of our common-pattern and distinctive-pattern
matrices. Let Boag = [B2; 0, —po)xri,], Qr € RPFX712 be the left singular matrix
of ﬁk, QQA = [QQ;O(m,m)wm], and @B = QIPQQA. Recall that we assume
the permutation matrix P is prespecified. If the row matching of B; and B4 is
necessary, one may choose P to be the matrix P, in the NP-hard problem (22),
approximated by the DSPFP method with data samples. Note that P,, as a
permutation matrix, is either obtained exactly or approximated with at least
two wrong entries. To ease theoretical analysis without such misspecification,
we assume that P is well determined. Write the full SVD of e) B by @ B =
U A BU By» where A B has nomncreablng diagonal elements, and define \Y% B, =
QlU B, and V32 = PQ2 AU Ba- It follows from (6) that the diagonal elements
of AB and the columns of {VBk} t_q are respectlvely the cosines of principal
angles and the principal vectors of colsp(B;) and colsp(PBay4). Substituting
them for their true counterparts in (15) yields our estimator égy for ¢pe. Then
from (19), we define the estimator of C by

~ 1 ~ ~ ~ ~
C = Slendp (VEBiler(S0)] /% + V5, PBoaltr(£2)]7/?) Co. (27)

where [tr(3)]"/? = [tr(2X,X])]M? = || Xy|p estimates [tr(Sy)]/2. The

estimator of the scaled version C(®) is defined by
C® = [tr(5,)]/2C.

Given {ry, 72,712, P}, the computational complexity of obtaining C and C™® is
O(np1 An?py) majorly due to the SVD of {Y}7_,. We define the estimators
Hk = Co C® and Ak = Hk + D for Hy and Ak, respectively.

The estimation approach for the CDPA decomposition is summarized in Al-
gorithm 2.

Algorithm 2 CDPA estimation

Input: Observed datasets Yy € RPEX" k=12

1: Select ranks rp = rank(3g) and ri2 = rank(Elz) respectively, by the ED method and
the MDL-IC method (Appendix A2).

2: Obtain the denoised data Xj, by the soft thresholding in (26).

3: Obtain coefficient matrix estimates {ﬁk}%zl and the sample matrix Co of common latent
factors by the sample D-CCA (Section 3.3).

4: If necessary, zero-pad and/or row-match {]§ k}izl by the graph-matching based approach
(Section 3.2).

5: Compute the common-pattern matrix estimate c by (27).

6: Obtain the scaled common-pattern matrix estimate C*) = [tr(Zk)]1/2C with 2, =
XkX /mn, and the distinctive-pattern matrix estimate Ak — G,

Output: Common-pattern matrix estimate C scaled common-pattern matrix estimates
{C(k)}k 1> distinctive-pattern matrix estimates {Ak},c 1

The following assumption given in [53, 45], which guarantees the consistency
of {Xk}izl, is also used to derive our asymptotic results. Readers are referred
to [53, 45] for detailed discussions on this assumption.
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Assumption 1. We assume the following conditions for model given in (24)
and (25).

(I) Let Aga > -+ > Mo > Mol = - 2 Aip, > 0 be the eigenvalues
of cov(yy). There exist positive constants k1,k2 and g such that k1 <
Ao < Ko for £ > 7y, and ming<,, ()\k’g — /\k,Z+1)/>\k,€ > 4.

(IT) Assume that py > kon with a constant ko > 0. When n — oo, assume
Mo, — 00, P/ (Mg ¢) is upper bounded for £ < 1y, Ap1/Nk,r,, i bounded
from above and below, and \/pr(logn)Y/ "2 = o(Ag,,) with k2 given
in (V).

(III) The columns of Z,iy) = (A,(vy))’1/2(V,(€‘7’))TY;€ are i.i.d. copies of z,iy) =
(A,gy))’l/Q(V,gy))Tyk, where V,(Cy)A;y) (V,(Cy))—r is the full SVD of cov(yy,)
with Afﬂy) = diag(Ak,1,. .., Ak,p, ). Vector zfcy) s entries {z,(fz’)}f;l are in-
dependent with E(z,(fj)) =0, var(z,(jf)) = 1, and the sub-Gaussian norm
SUP >y qil/z(E|z,(£)|q)1/q < ks with a constant ks > 0 for all i < py.

(IV) The matriz B};Bfk' is a diagonal matriz. For all i < pr and £ < ry,
|B£f};é] < KB/ Ak/pr with a constant kg > 1.

(V) Denote e, = (k1. ekp,) and i = (fu1s--s frr,) - Assume that
[lcov(er)lloo < So with a constant so > 0. For all i < pg and £ < ry,

there exist positive constants Yi1, Vi, br1 and bgs such that for t > 0,
P(lexi| > t) < exp(—(t/bk1)"*) and P(|fre| > t) < exp(—(t/bg2)72).

Theorem 2. Suppose that Assumption 1 and ri2 > 1 hold. Assume that any
distinct values in {cosOp},' U {0, —oo} are separated by at least a positive

constant. Define
1 2 logp
6o = | — F Al
0 <\/ﬁ+; V nSNRk> ’

where SNRy, = SeV@r) o yhe signal-to-noise ratio of y,. For k = 1,2, we

tr{cov(ex)}
have that
C-CJ3? Ck) — ck))2
R R L Y
FUXTZ+IX312) [1X[[2
and
1 ~~
tr(—~CCT) — tr{cov(c)}| = Op(5y"),
where || - ||, denotes either the Frobenius norm or the spectral norm, and X; =

[tr(Ek)]*l/QXk.

Remark 3. From Theorem & and Corollary 1 of [45], we have w =
Op(dg) for My, € {Xy, Ci, Dy }. Additionally by our Theorem 2 and the triangle
inequality of norms, we also have this error bound for My € {Hg, Ag}. Note
that the scaled squared error in the Frobenius norm indicates the scaled loss in
matriz variation (sum of squares).
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Theorem 3. Let P, = arg maxpery, tr(Q] PQoa(Q]PQaa)T). Suppose that
Assumption 1 and r19 > 1 hold. Then, we have

tr (QlTlA)*QgA(QlTlA)*Qu)T) —tr (QIP*QQA(QIP*QQA)T)’ = Op(dg).

For the row matching problem of B; and Bs 4, Theorem 3 provides an asymp-
totically vanishing bound on the change in the objective function value of (22)
when the optimal solution P, is replaced by P,.

4. Simulation studies

In this section, we evaluate the finite-sample performance of the proposed CDPA
estimation via simulations, comparing with the six D-CCA-type methods men-
tioned in Section 1.

4.1. Simulation setups

We consider the following two simulation setups for signals {wk}zzl.

Setup 1: Let variable dimensions p; = ps, ranks r1 = ro = 5, and eigenval-
ues Ag(Xg) = 500 — 100(¢ — 1) for ¢ < 5. The signals are x) = VkAllﬁ/sz
for k = 1,2, where canonical variables [z1; 23] follow a multivariate Gaus-
sian distribution with zx ~ N(0y, x1, L. xr,) and cov(zy, z9) = diag { cos(f A
30°), cos(# A 60°), cos 6, cos(6 + 15°), cos((6 + 30°) A90°)}. Let Q;, = V,[;’lzr“’],
P =15, vps)x(p1vps)s @0d (Q)T QY = cov(zy, z9)ltm12:1im12l of which the diago-
nal contains the cosines of principal angles of colsp(BY) and colsp(BY), where
MY = [My; O(pr—piAps) o) With M € {Q, B}. Matrices {V}3_, are randomly
generated under the above constraints and are fixed for all simulation replica-
tions.

Setup 2: We vary p; but fix po = 900. The other settings are the same as in
Setup 1. This setup aims to evaluate the performance of considered methods
when p; # pa. .

We generate noises {exi }r<2.i<ps "% N(0,02) independent of signals {mi}_,.
Simulations are conducted with sample size n = 300, variable dimension p; rang-
ing from 100 to 1500, angle 6 from 0° to 75°, noise variance o2 from 0.25 to 9,
and 1000 replications under each setting. The proportion of average variance of
x7 and =5 explained by e, that is, tr{cov(c)}, has values 0.890, 0.479, 0.213,
0.126, 0.092 and 0.088 corresponding to 6 from 0° to 75° by a step 15°. This
pattern of the explained proportion of variance persists across all chosen values
of p1.

4.2. Finite-sample performance of CDPA estimators

We numerically evaluate the finite-sample performance of proposed CDPA es-
timators by comparing to the asymptotic results given in Section 3.3. Since the
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signal-to-noise ratio SNRy = 1500/ (pro?) in the above simulation setups, for
simplicity we examine the trend of estimation errors with respect to (px,o?)
instead of (pg, SNRg) in the theorems. We use the true {rk}i:17 r12, and P in
our matrix estimation here to exclude the error induced by their misspecifica-
tion. The ranks {ry}s_, and r12 can be well selected by the ED and MDL-IC
methods, respectively, as shown in [45]. The selection of P by the DSPFP-based
row-matching method in Section 3.2 is evaluated later in this subsection.

We first investigate the performance of our common-pattern matrix estimator
C defined in (27). The first two rows of Figures 2 and 3 summarize the scaled
squared errors of C as studied in Theorem 2 and also its relative squared errors
under Setup 1 with 6 € {15°,75°}. The squared errors in the Frobenius norm
represent the scaled or relative losses in matrix variation (sum of squares). The
average estimation errors increase as the dimension p; or the noise variance
0?2 grows, and are even well controlled under 0.1 for many cases with large
p1 > 900 and large 02 > 4 (or SNRy < 0.42). These results are consistent
with the influence of p; and o2 (= 1500/(px SNRy), here) on the convergence
rates given in Theorem 2. Similar numerical results are observed for the scaled
version C®) = [tr(£,)]/2C and the distinctive-pattern matrix estimator A, =
X, — C® for k € {1,2}, and hence are omitted for brevity.

As a similarity indicator of signals ; and x2, the common-pattern explained
proportion of signal variance, tr{cov(c)}, is estimated by tr(:CCT) = 1||C||2.
The third rows of Figures 2 and 3 plot the average absolute error and the
average relative error of this estimator for Setup 1 with 6 € {15°,75°}. Same
with Theorem 2, the row shows that the average estimation errors grow with
increasing p; or o2 and have a larger magnitude than those squared errors of C
as shown in the ﬁrst two rows of the figure. The errors are controlled below 0.1
even for some cases with large p; > 900 or 03 > 4.

For the row-matching approach of coefficient matrices {Bk}%:1 described
in Section 3.2, its theoretical performance stated in Theorem 3 is numerically
investigated with the intractable P, and P, being replaced by their DSPFP ap-
proximations denoted as P, and P The fourth rows of Figures 2 and 3 dlsplay
the average absolute and relative errors of tr{(QO)TP QO[(QO)TP QI T} for
Setup 1 with 6 € {15°,75°}. Although its absolute error seems to have larger
values than that of its oracle version (with f’*) expected in Theorem 3, its
relative error is controlled under or around 0.1 even for some cases with large
p1 > 900 or 02 > 4, and moreover, the two types of errors both follow the
influence of p; and o2 (= 1500/ (px SNRy), here) on the convergence rate shown
in the theorem.

The above result patterns also generally hold for settings with more different
values of 6 (or equivalently tr{cov(c)}) and for those under Setup 2 where
p1 # P2, which are provided in Appendix A3.
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F1a 3. Average errors of CDPA estimates over 1000 replications and the signal-to-noise ratios
for Setup 1 with 6 = 75°.
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TABLE 1
Averages (and standard deviations) of the estimates for the first principal angle 61 and its
cosine cos g1 of colsp(BY) and colsp(BY) obtained from existing methods over 1000
simulation replications with (6,p1,02) = (75°,300,1).

Method Setup 1 Setup 2

D-CCA 30.6°(0.374°)/0.860(0.003) _ 30.8°(0.339°)/0.859(0.003)
OnPLS 31.8°(0.931°)/0.850(0.009)  32.0°(0.881°)/0.848(0.008)

COBE NA NA
JIVE 32.0°(0.998°)/0.848(0.009)  32.9°(1.210°),/0.840(0.012)
AJIVE NA NA

DISCO-SCA  31.1°(0.573°)/0.856(0.005)  31.3°(0.545°)/0.855(0.005)
Note: NA means the result is not available due to zero common-source matrix estimates.

4.3. Performance of related methods

We now investigate the numerical performance of the six competing methods,
including D-CCA, OnPLS, COBE, JIVE, AJIVE, and DISCO-SCA. Unlike our
CDPA, all the six D-CCA-type methods are developed without taking into ac-
count the common and distinctive patterns between the two coefficient matrices
{By}2_, of their common latent factors.?

The simulation here aims to corroborate the existence of both common and
distinctive patterns in their coefficient matrices {By}7_,. The existence can be
shown if colsp(BY) and colsp(BY) are neither overlapping nor orthogonal, that
is, their first principal angle 81 ¢ {0°,90°} or equivalently their first canonical
correlation cosfpy ¢ {1,0}. Since the six D-CCA-type methods have different
definitions of {ex}?_; for decomposition (2) due to their different constraints,
they may have different {B{}Z_, and thus different values of §p; under our
simulation setups. The ground-truth 6p; is # A30° for D-CCA in our simulation,
but may not be easy to theoretically determine for the other five methods and
is thus estimated by simulated data.

Table 1 summarizes the first principal angle 6g; and its cosine cosfpg; of
colsp(BY) and colsp(BY) estimated by the six methods under the two simulation
setups with (0, p1,02) = (75°,300,1). We see that the COBE and AJIVE give
zero common-source matrix estimates and thus fail to discover any common
pattern of the two correlated signal datasets. The average estimates of §p; and
cos 0p1 from the other four methods are all close to 30° and 0.866, respectively,
with very small standard deviations. Therefore, there is significant statistical
evidence that their 051 ¢ {0°,90°} and cosfp1 ¢ {1,0}. This indicates the non-
negligible existence of both the common and the distinctive patterns between
their coefficient matrices, but these patterns are unfortunately not considered
by these D-CCA-type methods.

2 We implement the OnPLS with the post-processing step in footnote 1 to obtain the
coefficient matrices {Bk}izl of its common latent factors.
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5. Real data analysis

We apply our CDPA to two real-world data examples, respectively, from the
HCP and TCGA, comparing with the six D-CCA-type methods mentioned in
Section 1. We focus on the comparison with the state-of-the-art D-CCA in this
section, and present the results of the other five methods in Appendix A4.

5.1. Application to HCP motor-task functional MRI data

We consider the HCP motor-task functional MRI data obtained from 1080
healthy young adults [2]. All participants were asked by visual cues to per-
form five motor tasks during the image scanning, including tapping left and
right fingers, squeezing left and right toes, and moving tongue. From the ac-
quired brain images, for every participant and each task, the HCP computed
a z-statistic map of the task’s contrast against the fixation baseline at 91,282
grayordinates including 59,412 cortical surface vertices and 31,870 subcortical
gray matter voxels. The z-statistic maps of all participants for each individual
task constitute a 91,282x 1080 data matrix. We focus on the left-hand and right-
hand tasks, and apply the proposed CDPA to discover their common pattern
on the brain, with comparison to the D-CCA method.

Each of the two observed data matrices is row-centered by subtracting the
average within each row. Since all z-statistic maps of the two motor tasks
are obtained from the same measurement and at the same set of grayordi-
nates, there is no need to choose the signs or match the rows of the two
data matrices. We consider the variance maps of {xr, TR, cr,cgr,c} on the
brain, which are estimated by the sample variances computed from the sam-
ple matrix estimates {Xp,Xg,Cr,Cpg, C} obtained by D-CCA and CDPA.
Here, the subscripts L and R denote the left-hand and right-hand tasks. The
ranks {rz,rr} and r1y are all selected as two by the ED and MDL-IC meth-
ods, respectively. The proportions of corresponding signal variances explained

tr{cov(er)} ICL I3
by common-source vectors ¢y, and ci are ~ =tEF — (.113 and
Y L R tr{cov(zr)} X212

tr{cov(er)} . [Crll:
tr{cov(zr)} H)A(R”%
signal variance is tr{cov(c)} = %HGH% = 0.077.

Figure 4 presents the estimated variance maps of D-CCA and CDPA. For
all the five maps, the estimated variances of cortical surface vertices overall
dominate those of subcortical voxels. We hence focus on the part of each variance
map for the cortical surface. From the estimated signal variance maps var(xr)
and var(xg) shown in Figure 4 (a) and (b), we see that the right half brain
is more active, with larger variances, on the cortical surface for the left-hand
task, while the pattern is almost opposite for the right-hand task. In particular,
the contralateral pattern is clearly seen on the somatomotor cortex annotated
by green circles, a brain region known to be linked with hand tasks [4]. A
similar contralateral pattern is also observed for D-CCA’s var(cr) and var(cg)
in Figure 4 (c¢) and (d). This indicates that the ¢, vector of D-CCA retains

= 0.111. The common-pattern explained proportion of
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(e) var(e) - [tr%{&ﬁ(a:L)} +tr%{ﬁ(m3)}}2/4 of CDPA

Fic 4. The variance maps estimated by the D-CCA and CDPA methods for HCP motor-
task functional MRI data. The notations var and cov denote the sample variance vector and
sample covariance matrixz obtained from the corresponding recovered sample matriz. In each
subfigure, the left part displays the cortical surface with the outer side shown in the first row
and the inner side in the second row; the right part shows the subcortical area on 20 xy slides
at the z azis. The somatomotor cortex is annotated by green circles.

some distinctive pattern of xy for k € {L, R}. It is not surprising because cr,
and cg have different coefficient matrices of the common latent factors, which
are 712 columns in the coefficient matrices of canonical variables for xj and
xR, respectively, as shown in equation (14). In contrast, our CDPA’s common-
pattern vector ¢ in Figure 4 (e) has an estimated variance map that is nearly
symmetric on the two hemispheres, and thus is more reasonable than D-CCA’s
common-source vectors ¢y, and cg to represent the common pattern of the left-
hand and right-hand tasks on the brain.
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5.2. Application to TCGA breast cancer genomic datasets

With the aim to discover new breast cancer subtypes, we apply the proposed
CDPA to two TCGA breast cancer genomic datasets [26], and compare the
results with the D-CCA. We consider the DNA methylation data and mRNA
expression data obtained from a common set of 703 tumor samples. Following
the preprocessing procedure of [29], we select the top 1100 variable probes for
the DNA methylation dataset and the top 896 variably expressed genes for the
mRNA expression dataset. The tumor samples are categorized by the classic
PAMS50 model [40] into four intrinsic subtypes, including 124 Basal-like, 58
HER2-enriched, 348 Luminal A, and 173 Luminal B tumors.

The two data matrices of interest have sizes 1100x703 and 896x703, and
are row-centered before analysis. The ranks (rpna, "mrNA,T12) are selected by
the ED and MDL-IC methods as (3,2,2). From the D-CCA, the proportions
of signal variances explained by common-source vectors cpna and cphrNa are

tr{cov(econa)} ~ IConally _ tr{cov(cmrna)} . lCmrnall%: _
prf{cov@ona)l T Xpwall: 0-210 and tr{cov(@mrna)} T |[Rumrnallz 0-422,

indicating different influences of the common latent factors on the two signal
datasets. Thus, by ignoring these different common-source influences, their cpna
and c,rNA are not appropriate to be viewed as the common pattern of xpna
and Z,RNA-

Since only 126 (11.5%) DNA methylation probes can be mapped to the genes
of the considered mRNA expression data, for simplicity we match the rows of
the two data matrices by using the graph-matching based approach described
in Section 3.2 before implementing CDPA. The CDPA method shows that the
common-pattern explained proportion of signal variance tr{cov(c)} ~ 1| C||%
is 0.161 (95% CI = [0.154, 0.185]) for xpna and Ty,rNA, but is only 0.049 (95%
CI = [0.046, 0.057]) for xpna and —xy,rNaA, Where each 95% CI is computed
by 5000 bootstrapping samples. We hence focus on the common and distinctive
patterns extracted from {&pna, TmrNa b rather than {&pna, —ZmrNa }-

We explore new cancer subtypes by conducting clustering analysis on each
observed or recovered matrix from the CDPA and D-CCA methods. We use
the Ward’s hierarchical clustering method [54] with the Euclidean distance, and
simply specify the number of clusters to be four, which is the same number of
the PAMb50 intrinsic subtypes.

Table 2 compares the differences in survival curves of identified clusters or
given subtypes using two most popular methods, the log-rank test [34] and the
Peto-Peto’s Wilcoxon test [42], where the latter test is more sensitive to early
survival differences. Our CDPA’s AmRN A-identified clusters and the PAM50
intrinsic subtypes both have very significantly distinct survival behaviors with
the two smallest p-values < 0.009 in both tests, while the other matrices generate
much less pronounced clusters, in particular, the matrices {Cy, Dk}ke{DNA,mRNA}

of D-CCA all have large p-values > 0.290. By comparing the p-values of C, Xy,
and Ay for each k, the improved discriminative power of distinctive-pattern
matrix estimate Ay can be attributed to removing the less sensitive common-
pattern matrix estimate C from the denoised data matrix X;. The adjusted
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TABLE 2
Log-rank test and Peto-Peto’s Wilcozon test for survival curve differences among the
clusters identified from each observed or recovered matriz from the CDPA and D-CCA
methods for TCGA breast cancer datasets.

Log-rank/Peto’s Log-rank/Peto’s Log-rank/Peto’s

Data p-values Data p-values Data p-values

Yona 0.175/0.230 YourNA 0.251/0.299 Y Bxa Y gnal 0.245/0.129
Xpna  0.077/0.112 Xmrna  0.063/0.061 [XDNA, XNanal  0.565/0.619
Cona 0.820/0.979 CurNa 0.619/0.704 [CAyas mRNA] 0.752/0.751
Dpna  0.515/0.417 Durna  0.290/0.354 [DYxai DN pnal 0.149/0.223
Hpna 0.430/0.502 Hurna 0.330/0.409 [HDNA,HfXRNA] 0.337/0.369
Apna  0.058/0.075 Amrna  0.004/0.009 [AN AN 0.218,/0.208

c 0.106,/0.163 PAM50  0.003/0.001
Note: Denote MY = M/||M||g for any matrix M.

Rand index [22] between our AmRNA—identiﬁed clusters and PAM50 subtypes
is 0.343 (95% CI = [0.335, 0.352]), indicating a poor agreement. It is evident
that, built on top of D- CCA our CDPA can benefit data mining with additional
pattern matrices {C {Ak, Hk}ke{DNA mRNA}}

Let AmRNA -t denote the i-th cluster identified from AmRN A- Figure 5 dis-
plays the Kaplan-Meier survival curves of AmRN A-identified clusters and PAM50
subtypes. With the worst survival curve among the four identified clusters,
A rNA-3 behaves similar to the HER2-enriched subtype, but is notably dif-
ferent with all other identified clusters and intrinsic subtypes. This is further
confirmed in Table 3 by the minimum p-value of corresponding log-rank test
and Peto-Peto’s Wilcoxon test. Also seen in the table, the other three A rna-
identified clusters have no significant survival differences with large p-values
> 0.32()\. Moreover, the matching matrix in Table 4 shows that most of A,rnA-
1 and Aprna-2 samples belong to the Basal-like and Luminal A subtypes, re-
spectively. Hence, the other three A;,grna-identified clusters are less of interest

Cluster: 123 4 Subtype: Basal-like <~ Luminal A =~ Luminal B HER2-enriched

°
S
3

Survival probability
]
Survival probability
g

Lﬁ

o
N
&

0 5 10 15 20 0 5 10 15 20
Years Years

(a) CDPA’s Anrna-identified clusters (b) PAMS50 subtypes

Fic 5. Kaplan-Meier survival curves of TCGA breast cancer clusters and subtypes.
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TABLE 3
Log-rank test and Peto-Peto’s Wilcozon test for survival curve differences among CDPA’s
A, rNa-tdentified clusters and PAMS0 subtypes for TCGA breast cancer data.

Log-rank/Peto’s Log-rank/Peto’s
Comparison p-values Comparison p-values
AmRNA‘l VS. AmRNA‘2 0895/0550 AmRNA‘l VS. AmRNA‘3 0022/0070
AmrNa-l vs. Anrna-4 0.491/0.816 AmRNA-2 VS. AmRNA-3 3.34e-4/5.35¢-4
AmRNA-2 VS. AmrNna-4 0.375/0.320 AmRNA-3 VS. Amrna-4 0.006,/0.013
AmRNA-3 vs. Basal-like 0.041/0.121 AmRNA-3 vs. Luminal A 5.89¢-5/1.26e-4
AmRNA'B vs. Luminal B 0.069/0.070 BmRNA‘B vs. HER2-enriched 0.585/0.361
TABLE 4

Matching matriz and clinical features of CDPA’s A ,,rna-identified clusters and PAMS50
subtypes for TCGA breast cancer data analysis.

PAMS50 AmrNa-l Angna-2 Aprna-3 Aprna-4 Total ER+4/— PR+/— HER2+4/—
Basal-like 122 0 0 2 124 6%/81% 6%/79% 7%/54%
Luminal A 0 194 31 123 348  89%/1% 82% /8% 9%/53%
Luminal B 0 13 7 83 173 87%/2%  T2%/17%  16%/46%
HER2-enriched 8 8 10 32 58 33%/52% 17%/71% 62%/16%
Total 130 215 118 240 703
ER+/— 6%/80%  91%/3% 80%/4% T9%/10%
PR+/— 5%/79% 84%/10% 64%/20% 68%/20%
HER2+/— 8%/52% 10%/57% 19%/42% 21%/41%

Notes: The columns of the matching matrix are well reordered such that its diagonal sum is
maximized. Receptor status for estrogen (ER), progesterone (PR) and human epidermal
growth factor 2 (HER2) includes positive (+), negative (—), and N/A or equivocal.

to be new subtypes, and we focus on ﬁmRN A-3 which has the poorest survival,
and further compare it with the HER2-enriched subtype. From Table 4, we see
that the A,rna-3 cluster (118 samples) and the HER2-enriched subtype (58
samples) share only 10 samples and have substantially distinct clinical features
in terms of the three important receptors’ status. In particular, the AmRNA—i%
cluster primarily includes those samples that are ER+ and/or PR+, whereas
the HER2-enriched subtype contains those that are HER2+ and/or PR—. To
conclude, the AmRNA—3 cluster, with a low survival rate, is remarkably differ-
ent from the four PAM50 subtypes and appears to be an important new breast

cancer subtype worth further investigation.

6. Discussion

In this paper, we propose a new decomposition method, called CDPA, to extract
the common and distinctive patterns of two correlated datasets by incorporating
the conventionally ignored common and distinctive patterns between the two co-
efficient matrices of common latent factors. We also develop a graph-matching
based approach to match the unpaired rows between the coefficient matrices.
Consistent CDPA matrix estimation is established under high-dimensional set-
tings and is supported by simulations. Our simulation studies and two real-data
examples show that CDPA can better delineate the common and distinctive
patterns between datasets than D-CCA-type methods, thereby benefiting data
mining applications.

There are two possible extensions of the CDPA. The first is to extend it to
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three or more datasets. One may construct a multi-set CDPA method by first
developing a multi-set D-CCA from the generalized CCA [24]. The next chal-
lenge is how to appropriately match the rows of the multiple coefficient matrices
of the resulting common latent factors. The second extension is to incorporate
the nonlinear patterns between the two datasets. The CDPA only considers the
linear patterns extracted from the inner product spaces (£2, cov) and (RP1VPz ).
A nonlinear version of our row-matching approach and a nonlinear D-CCA may
be expected in this extension, where the latter is possibly developed from the
kernel CCA [14] or the deep CCA [1].

Appendix Al: Theoretical proofs
A1.1. Proof of Theorem 1

For k = 1,2, denote le:T”] and ,%E:nz] to be the vectors containing two different
sets of the first 719 canonical variables associated with x;. By the first paragraph
of page 5 in the supplement of [45], there exists an orthogonal matrix O, such

that z[1 el = o, zgcl 2l Let By, = cov(zxg, zgcl T”]) and B, = cov(:z:;ﬁzgc1 “2]).
We have By = cov(xy, 2}, [ m])OTk = B,O],. Thus, colsp(By) = colsp(By,).
Define ]~32A = []~32;0(p1_p2)w12]. We still have colsp(P]NBQA) = colsp(PBay4).
For ¢ = 1,...,r12, recall that ng] and ng] are the /-th pair of principal
vectors of colsp(B1) and colsp(PBa4). Let {\N/'Bk }2_, be the matrices whose
columns {\7[: 4 VEBf] »2% are another set of principal vectors of colsp(B;) and
colsp(PBs4) with 9( B’f] \75:3’5]) = 0py. There exist orthogonal matrices

{Oy, }2_, such that VB,c = Vp,Oy,. Let Ap = diag(cosfpi,...,co80p:,,).
Note that A = VB VBZ = (351\731‘/'320\/2 = OTlABOVg Then, OVk =
diag(Mg 1, - . ., Mk,m»Mk,erl) where My, ¢,¢ < m is an orthogonal matrix
with column dimension equal to the repetition number of the /-th largest dis-

tinct nonzero singular value of Ag, and My, 11 might be an empty matrix. By
Oy, Ap = AOy,, we obtain My ; = My ¢ for all £ < m. Define r) = rank(Ap),

~ 1 1 —cosfp 50 7l
e ) ot ).
and Ap = diag(apy,...,aBr,) With agy = %[1 _ (%)1/2] for £ < .
Note that
[EBE]Zﬁng = [éBe]Zgl(Vg;’Tk])T
_ (‘A’/[Bllm\] + vg;:rﬂ)A[B}:m,lzm](V[é,kl:rx])'r
= (V[gllzm\] + V[szlrkb diag(MLl, . 7M1,m)A[B}:TM1:”\]
. [diag(Mlyl, e 7M1,m)]T(V[§1:r>‘])T

k
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_ (V%JTA] +V[:,l:T'A])A[B}:T'A,l:'r)\](V[ékl:r)\])‘r
= lend 2, (V™)

[CBE]Z 21Vka

Hence, [ep(];™? V, is unique for k = 1,2. By Theorem 2 in [45], we have that ¢
in (14) is unique for k = 1,2. Then by By ([c]};*3) " = €1 and PBoa([e/]}22) " =
P(cg,01x(p—py)) ", We have that both Bi(fee]p2) " and PBoa([ce]j?) " are
unique. Then by the definition in (17), we obtain the uniqueness of cj for k =
1,2. Hence, ¢ = %Zizl[‘cr(ﬁk)]_lmcz is unique.

A1.2. Proof of Theorem 2

Let 7, = rank(}zk). From (S.17) in [45], we have 7, = r with probability
tending to 1 as n — oco. Due to Lemma S.1 in [45], we snnply assume 7 = Tk
in the rest of the proof. Thus, Ak is rank-ry, and then Bk VkAl/QU[ Lra] o
rank-r{s.

From (S.7) of [45], we have A1 (Xx) < A\, (k). By Weyl’s inequality [19, The-
orem 3.3.16(a)] and Assumption 1 (I) and (V), k1 < Ak p = My (ro+1) - (pa—r)—1—

Aret1(cov(@r)) < Ap,—ry (cov(eg)) < Ai(cov(er)) = || cov(er)|2 < | cov(er)le <
o (cov(@s)) _ tr(cov(ay)
A1(cov(zy)) _ tr(cov(mg))
Dh " tr(cov(er)) SNR.

Let Q) € RP*X™2 be the left singular matrix of By. Note that |Bygllz <
IVEA 2|2 UL 1y = M/2(S4). By (S.31) in [45], we have

By, — Byl = Op(A*(Zk) ). (A1)

Thus, |Bill2 < | Bk — Bill2 + |Bill2 = Op(A\/*(Z1)). By Lemma 1 of [28] and
then Theorem 3 of [57], there exists an orthogonal matrix Oy, such that

1Qkr — QiOkllr < [|Q:O} — Qillr Okl
<p A 2(Z0)[Br - Billa/ M (Zk) Sp do. (A2)

Here and in the following text, we write A <p B if and only if A = Op(B).
Note that for any real matrices M; and M5, we have

VL M — My M| < [V |2 Mg — Mzl + [[Mal|o[[ My — Mo, (A3)
T M l2]| Mg — Malg + | Mal|2[[M1 — M|,
and
P M, |[2[Ms — Ma ||z + [|[Ma||o||M; — M, ||p,
(VL My — M M| < [V |2 [ M allp + [[Mal|o[[ My 1 F (A4)
My |2[[M2 — Ma||r + [Ma]|2[M; — M ||£.
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Let Qx = Q0 and Qos = [Q2;0(p, —py)xr)- Note that the columns of Qg
form an orthonormal basis of colsp(By), and those of PQs4 also form an or-
thonormal basis of colsp(PBa24). Let ® 3 = Q[ PQo4. Then by (A4) and (A2),

we have
185 — ©5lr < Q] [2PQoa — PQoallr + [PQoall2) Q] — Q] [|£
<1Q! 12IIP)|2|Q24 — Qaallr + [|Pl21Q24ll2|Q — Qf ||~
=1Qz — Qzllr + |Q1 — Q1l|r

<P %o,
and
max{|©50; — @0 r, 0565 - 0505}
< (I1©5]:+ 105/ — ©5|r < 285 — O] Sp &
By Weyl’s inequality (see Theorem 3.3.16(c) in [19]),

max ‘0@(@3) —O’g(@B)| < H@B — @BHQ < ||®B — @B”F NTZ dg. (A5)

1<t<r12

Denote {INJBk}i:1 to be one pair of orthogonal matrices such that ®@p =

UBIABUEQ. Let o1 > -+ > 0By, be the distinct singular values of ®p,
and define 0%, ., = —oo. By Lemma 1 of [28] and then Theorem 2 of [57],
there exists a matrix Op, = diag(Op, . 1,...,0B, r5), Where Op, ¢ is an or-

thogonal matrix with column dimension equal to the repetition number of o ¢,
such that

|Up, — Up,Op,|r < |Up,Of, — Ug,|rllOz, |2
<p mln{dg/ mm {JBZ U%,Hl},l} <pdp. (A6)

We define 632 = diag(Op,1,---,0B,75-1,08,+5) ifoB o # 0, and otherwise
let 032 = dlag(OB1 1y.n- 031,7“3 1,032 TB) Let [JB1 IJBloB1 and -[JB2 =

UBQOB2 We have UBlABUBz = UBloBlABOB UB = UBlABUB = ®B
Define Up, = Up,0p, and rg, = rank(©p). Then,

UE:B,2(TQB+1):T12] _ U*B[;,(T‘QB+1)CT12] if ro, < T2, (A?)
105, = Us,llr Sp 6, (A8)

and R
|05, ~ Ub, s Sp . (49)

By (A3), (A5) and the above two inequalities,

05,250}, — Up, ApUE,

0. A 07 07 T
< |Up,Ap = Up,Ap|2l[Ug,ll2 + [Up, Ag|2[Up, — Ug, 2
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<||Ug, = Ug, |2 Azl + [Us, 2| A — Aglls + |Ap|2|Ugs, — Ug, |
NV RLE

By the above inequality, H(:) B — Opll2 Sp dy, and the triangular inequality of
matrix norms, we have

[Up,A(Up, — Ug,)[l2 Sp do-
It follows that
(LS §al PV o Sl ¢
< vriz|| AL, U5, U As(Us, - U3,) 7],
Sp - (A10)
Combining (A10), (A7) and (A9) yields
|Up, — Ug,|lr Sp de. (A11)

By (6), we have that the ¢-th columns of Vg, := Q;Up, and Vg, := PQ24Up,
are the ¢-th pair of principal vectors of colsp(B;) and colsp(PB24). By (A4),
(A2) and (A8), we have

Vs, =V, |lr = |QiUsp, — Q:Usg, |-

< Up, 211Q1 — Qillr + 1Qu21Up, — Ug, ||r
Sp 0o (A12)

Similarly, by (A11) we obtain
H{\/BQ - VB2 ||F SP dp. (A13)
Then, together with (A4) and (A1), we have
IVE,B1 = V5,Billr < |Bil2lVE, = Vg, llr + [V, l2]B1 = Billr
<P M2(Z1)d0, (Al4)
and similarly,
IVE,PBoa — VL PBoalr Sp A2 (2)d. (A15)

By the results given in (S.16), (S.17) and (S.7) of [45], we have |\(Zx) —
MN(ZR) Sp A (g)/v/m for all € < v, [tr(Zp)]Y2 = [S75, Me(Zp)]V? > [ri(1-
op(1)Ar, (Z1)]Y2, and A1 () =< A (Zg). Then by the mean value theorem,
we obtain

]2 = [tr(Zp)] 2|
| tr(Sk) — tr(Sk) | - max {[tr(Sk)] 72, [tr(Sk)] 72}

[6x(E
1
=3
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<p N 2(Z)/ V. (A16)
Hence,
|[tr(24)) 712 — [tr(3)] /2]
= [[tr(Z)]2 = [er(B] 2] / (1 (S 2 r(B)] )
<SP AR (ER) V. (A17)

By (A4), (A14) and (A17),
H\A/‘glﬁl[tr(il)]il/2 - Vngl[tf(El)]fl/QHF

<p AL EDAAE0)8) + AP (E0A A= /v
Sp do.

Similarly, by (A15), |V, PBaaltr(22)]~1/2 = VI, PBaaltr(22)] /2| . <p d.
Thus,

H (VE,Bi[tr(21)] V2 + VE PBoaltr(S,)] /)

— (VEBuilte(S0) 72 + VE,PBosltr()]72)| Spda (AL8)

Define Cp = [cp]y?, and Ap = diag(api,...,apr,) with ag, = % 1—
_Alen
(1+ﬁ§’“ )1/2]. We have Cp = (Vp, + Vp,)Ap. By the same technique used to

derive (S.32) in [45], we have ||A\B —Agllr Sp 5é/2. From (A12) and (A13),
(VB +Vg,) = (VB, + VB,)|r Sp do. Then by (Ad),

ICs — Callr Sp dy'* + 60 Sp 85" (A19)

From (S.23) in [45], |© — ©||p < 8. Using the same proof technique for (A8)
and (All), we have HUg,’j:T”] — U[é,’clznz]ﬂp <p d9. Then following the same
proof lines for (S.28) in [45], we can obtain

|G TRV — Ul TA VT e AT A0,

From the results given in (S.9), (S.13), (S.15) and (S.32) of [45], we have that
max{(|Xx[lp, IXkllr} Sp vnAL(ZR), Xk — Xillr Sp omin{y/A1(Zk)/n +
VPr10g Pk, /i (Bx)}, and [|Ac — Acllr Sp dy/%, where Ac = diag(as, . ..,

ar,y) with ap = 5[1 = (FZENV2]. Let 2 = UL A, ?VIX, and Cy =
liria,:]

Ac 23:1 Zg. , which are the sample matrices of z;, and (cq,...,¢pn,) ", Te-
spectively. Then by (A4),

Higclzmz,:] _ chlzrlz,:] HF
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=[O A AR (U AV
<p A2 (Z0)60/nA (k)

+ min{\/A\ (Zk)/n + V/prlog pi, vV (Ze) VA (Zk)
<p dov/n,

and thus,

ICo — Collr Sp 8,/ V. (A20)
From (A18), (A19), (A20) and (A4), we obtain

IC —Cll2 < [|IC — Cl|r = Op(8,*V/n). (A21)
Combining (A16) and (A21) yields
IC® — By < |C® — B |p <p 53/ AYA(Zy).

By (S. 14) in [45], there exists a constant k3 € (0, 1] such that | Xk||r > || Xk|l2 >

[k3 + op(1 \/n)\l (2g). Hence,

IC-cl2

=0 59 ’
X O
and C(k) (k)
[CH — Cct2
—————* = 0p(dy).
Xk 12
_ T _ [1ir12], _[Lliri2] [Lirya,:],
Let ¢o = (c1,---5¢r,) and z. = [z %25 **]. Define Z. = [Z; ;

Z[QLT””:]], which is the sample matrix of z.. We have cg = Ac (L1, xr1as Iriaxria) Ze
and Co = Ac[Ir, xryns Ly xra) Ze. From the central limit theorem,

1 1
H—ZCZCT —cov(z.)|| < 2rio —ZCZCT —cov(z.) <p n~1/2,
n F n max
Hence,
1., R 2
_COCO - COV(CO) < _ZCZC - COV(ZC) HAC[IT‘mX?‘lz’ IT‘12><7“12]
n I n F
SP n_1/2.
Then,
1 1
—CC" - cov(e) HCOCJ —cov(ey)|| |CaS|IZ <p n~Y/2
n F n F
By (A21), we have
1A 1~ ~
et - ccT < ~[I€ = Clr(IClr + [Cllr) Sp 35
F
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Combining the above two inequalities yields

1A~
—CC" — cov(e)

1/2
<p 6%
n

F

By Weyl’s inequality (see Theorem 3.3.16(c) in [19]),

_AAT pa—
[ax A(~CC) /\e(COV(C))‘
1 a7 1 aaT
< ||=CC' —cov(e)|| <||-CC" —cov(e)
n 2 n F
<p 6>
Then,
R 712 1~ ~
w(1EaT) - tr(cov(c))‘ <Y [M(=CCT) - /\g(cov(c))‘ <p 8>
n n

The proof is complete.

A1.3. Proof of Theorem 3

By (A2), there exists a matrix Q, whose columns form an orthonormal basis of
colsp(By,), such that ||Qr— Qx| r = O,(ds). Note that tr(Q] PQaa(Q] PQaa) ")

= |Q{ PQaa|%. Then by (A4), for any P € II,,, we have
1QI PQaall7 — Q] PQaallE|
< [1Q{ PQaallr — Q] PQaallr|(1Q) PQ2allr + [|Q) PQ2allr)
< 1Q{ PQaa — Qi PQaallr(|Q{ P|lr|Qzallr + |Q{ Pl #[|Qoal )

< (I1Q] 2IPQ2a — PQaallr + [[PQaall2|Q] — Q] || )27
= Op(5).

Hence, [[|Q{P.Qoal} — 1Q/P.Qual}| = Or(%) = [1Q]P.Qoal} -
|QI P Q23] Note that Q] P.Qaal} < Q] P.Quall3 and Q] P, Qaall3 <
||Q1'—P*Q2AH%. We have
0< QI P.Qaal} — Q] P.Qaall?
= (1Q{ P.Q2all} — 1Q P.Qoall}) + (IQ P.Qoall? — Q] P.Q24l})
+(1Q{ P.Qaal% — Q] P.Qaal?)
< 1QI P.Qaall? — IQ P.Qaall}| + |1Q] P.Quall? — Q) P.Qaall}|
= Op ().

Hence, |tx (Q] P.Q2a(Q] P.Q24)") — tr (Q PuQ2a(Q] P.Q24)T)| = Op(3).
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Appendix A2: Selection of matrix ranks

Following [45], we select r, = rank(Xy,) for k = 1,2 and r12 = rank(X3) by the
ED method of [38] and the MDL-IC method of [48], respectively. Specifically,
the ED method estimates r; by

P, = max{€ <T;: 5\]@,2 - 5\k,lJrl > 5}7

where S\k,e is the (-th eigenvalue of Y, Y /n, T}, = |{z : /A\;m' > L 2”;1 Xk,é}‘ A

—_— m
& with my = nApyg, and 4 is calibrated as in Section IV of [38]. If there exit two
variables from different denoised datsets have a significant nonzero correlation
detected by the normal approximation test of [10], then we conclude 12 > 0.
Otherwise, the CDPA method is unnecessary due to no correlation between the

two signal datasets. The MDL-IC method estimates nonzero r15 by

f12 = argmin {nZlog(l — 82 (P 4o —7) logn} ,

TE[l,f‘l/\’f‘Q] =1
where s, is the (-th largest singular value of (UL )TUL™ and the i-th
column of Ugy € R™ ™ is the right-singular vector of Y} corresponding to its
i-th largest singular value.

Appendix A3: Additional simulation results

Figures A1-A4 display the simulation results for the CDPA estimators under
Setups 1 and 2. The result analysis given in Section 4 generally holds here.

Appendix A4: Additional real-data results
AY4.1. Additional results of HCP motor-task functional MRI data

We also apply the five D-CCA-type methods (OnPLS, DISCO-SCA, COBE,
JIVE, and AJIVE) to analyze the HCP motor-task functional MRI data. The
result of OnPLS is not available because this method exceeds the 62GB mem-
ory limit of our computing node due to the SVD computation of the large
91,282x% 91,282 matrix YLYE in its algorithm. The COBE method fails to gen-
erate nonzero common-source matrix estimates. Figure A5 shows the maps of
var(cr) and var(cg) obtained from the DISCO-SCA, JIVE and AJIVE methods.
Similar to those shown in Figure 4 (¢) and (d) for D-CCA, the common-source
vectors ¢y, and cg of the three methods have estimated variance maps that
are asymmetric on the two hemispheres, and thus are less plausible than the
common-pattern vector ¢ of CDPA to represent the common pattern of the
left-hand and right-hand tasks on the brain.
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(a) var(cr) of DISCO-SCA (b) Var(cr) of DISCO-SCA

(e) var(er,) of AJIVE (f) var(er) of AJIVE

Fic A5. The variance maps estimated by the DISCO-SCA, JIVE, and AJIVE methods for
HCP motor-task functional MRI data. The notation var denotes the sample variance vector
obtained from the corresponding recovered sample matriz. In each subfigure, the left part
displays the cortical surface with the outer side shown in the first row and the inner side in
the second row; the right part shows the subcortical area on 20 xy slides at the z axis. The
somatomotor cortex is annotated by green circles.

A4.2. Additional results of TCGA breast cancer genomic datasets

We also apply the same clustering method used in Section 5.2 to each recovered
matrix from the five D-CCA-type methods: OnPLS, COBE, JIVE, AJIVE, and
DISCO-SCA. Table Al reports the p-values of the log-rank test and the Peto-
Peto’s Wilcoxon test for the survival differences among the clusters from each
of these matrices. All the five methods have the p-values above 0.05 and thus
fail to discover breast cancer subtypes with significant survival differences.
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TABLE Al

Log-rank test and Peto-Peto’s Wilcozon test for survival curve differences among the
clusters identified from each matriz of the five D-CCA-type methods for TCGA breast

cancer datasets.

Log-rank/Peto’s p-values for competing methods

Data OnPLS COBE JIVE AJIVE  DISCO-SCA
XpNa 0.340/0.568 0.093/0.137 0.585/0.389 0.125/0.139  0.774/0.866
XmRNA 0.060/0.078 0.189/0.107 0.577/0.589 0.266/0.192  0.175/0.116
[XNyai XNonal  0.461/0.506  0.325/0.319 0.207/0.225 0.296/0.330  0.452/0.517
Cona 0.846/0.957 NA 0.133/0.156  0.213/0.193  0.147/0.204
Crrna 0.060/0.078 NA 0.133/0.156  0.083/0.116  0.205/0.097
[CNxa; CNanal  0.493/0.707 NA 0.133/0.156 0.321/0.240  0.217/0.104
Dpna 0.618/0.559  0.093/0.137 0.137/0.086 0.282/0.205  0.791/0.657
DuurNA NA 0.189/0.107 0.074/0.076 0.439/0.141  0.846/0.842
[DNxa; DV pnal NA 0.325/0.319  0.089/0.062 0.155/0.187  0.614/0.594

Notes: Denote MY = M/||M||r for any matrix M. NA means that the result is not
available due to a zero matrix estimate.
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