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Abstract

In this paper, we establish optimal Berry-Esseen bounds for the generalized U-
statistics. The proof is based on a new Berry-Esseen theorem for exchangeable
pair approach by Stein’s method under a general linearity condition setting. As ap-
plications, an optimal convergence rate of the normal approximation for subgraph
counts in Erdo$-Rényi graphs and graphon-random graph is obtained.
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1 Introduction

Let X and ) be two measurable spaces. Let X = (X1,...,X,) € X" and Y =
(Y;:j)léz(jgn e yn(n=1)/2 he two independent sequences of i.i.d. random variables; more-
over, we set Y;; = Y;; for j > i. For k > 1, let f : X% x Yk(*=1)/2 , R be a function

and we say f is symmetric if the value of the function f(zi,,..., % Yisins - - - Yin_1.ir)
remains unchanged any permutation of indices 1 < i1 # is # -+ # i < n where
(Tiys e ooy T3 Yirsins - s Yin i) € XF x YEE=1/2 In this paper, we consider the general-
ized U-statistic defined by
Sun(F) = D F(Xay- Xawi Ya@)a@) - Ya(-1).a(k)> (1.1)
a€l,

where for every £ > 1 and n > ¢,
Tne={a=(a(l),...,a):1<a(l) < - < aff) <n}. (1.2)

We note that every a € Z,, ¢ is an ¢-fold ordered index.
As a generalization of the classical U-statistic, generalized U-statistics have been
widely applied in the random graph theory as a count random variable. Janson and
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Generalized U-statistics

Nowicki [13] studied the limiting behavior of S,, 1 (f) via a projection method. Specifically,
the function f can be represented as an orthogonal sum of terms indexed by subgraphs
of the complete graph with £ vertices. Janson and Nowicki [13] showed that the limiting
behavior of S,, 1,(f) depends on topology of the principle support graphs (see more details
in Subsection 2.1) of f. In particular, the random variable S, (f) is asymptotically
normally distributed if the principle support graphs are all connected. However, the
convergence rate is still unknown.

The main purpose of this paper is to establish a Berry-Esseen bound for S,, by using
Stein’s method. Stein’s method is a powerful tool to estimating convergence rates for
distributional approximation. Since introduced by [26] in 1972, Stein’s method has
shown to be a powerful tool to evaluate distributional distances for dependent random
variables. One of the most important techniques in Stein’s method is the exchangeable
pair approach, which is commonly taken in computing the Berry-Esseen bound for both
normal and nonnormal approximations. We refer to [27, 21, 6, 23] for more details
on Berry-Esseen bound for bounded exchangeable pairs. It is worth mentioning that
Shao and Zhang [24] obtained a Berry-Esseen bound for unbounded exchangeable pairs.
Note that generalized U-statistics are also functionals of independent random variables.
Lachiéze-Rey and Peccati [16] applied a generalized perturbative approach to develop a
Berry-Esseen theorem for functionals of independent random variables; however, the
Berry-Esseen bound in [16] involves some terms that are complicated to compute. In
this paper, we develop a general exchangeable pair approach to obtain a Berry-Esseen
bound for generalized U-statistics Sy, (f).

Let W be the random variable of interest, and we say (W, W’) is an exchangeable

pair if (W, W") L (W’,W). For normal approximation, it is often to assume the following

condition holds:
E{W —W'|W} =AW + R), (1.3)

where A > 0 and R is a random variable with a small E|R|. The condition (1.3) can
be understood as a linear regression condition. Although an exchangeable pair can
be easily constructed, it may be not easy to verify the linearity condition (1.3) in some
applications.

In this paper, we aim to establish an optimal Berry-Esseen bound for the generalized
U-statistics by developing a new Berry-Esseen theorem for exchangeable pair approach
by assuming a more general condition than (1.3). More specifically, we replace W — W’
in (1.3) by a random variable D that is an antisymmetric function of (X, X'). The new
result is given in Section 4. There are several advantages of our result. Firstly, we
propose a new condition more general than (1.3) that may be easy to verify. For instance,
the condition can be verified by constructing an antisymmetric random variable by the
Gibbs sampling method, embedding method, generalized perturbative approach and so
on. Secondly, the Berry-Esseen bound often provides an optimal convergence rate for
many practical applications.

The rest of this paper is organized as follows. In Section 2, we give the Berry-Esseen
bounds for S, x(f). Applications to subgraph counts in x-random graphs are given in
Section 3. The new Berry-Esseen theorem for exchangeable pair approach under a new
setting is established in Section 4. We give the proofs of our main results in Section 5.
The proofs of other results are postponed to Section 6.

2 Main results

Let k > 1 be a fixed integer. Let (X,Y), f and S, 1 (f) be defined in Section 1. We now
apply Hoeffding’s decomposition to rewrite S, (f) as a sum of uncorrelated random
variables. The Hoeffding decomposition was first introduced by Hoeffding [11], and we
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follow [13] to give a Hoeffding decomposition of S, x(f). Forany ¢ > 1, [{] = {1,...,¢}
and [{]s = {(4,7) : 1 < i< j</{}. Let AC [k] and let B C [k], and let X4 = (X;)ica
and Yp = (Y; ;)@ j)en- Specially, we can simply write f(Xi,..., Xg;Y12,...,Ye 1) as
f (X3 Yirp,)- Let V(B) be the set of vertices which appears in B, that is,

V(B) = {i € [k] : there exists j € [k] such that (i, j) € B}. (2.1)

Let G4 p be the graph with vertex set AU V(B) and edge set B, and let v4 g be the
number of nodes in G4 p.
By the Hoeffding decomposition, we have

FXuiYig) = Y. fans(XaiYs) as.
ACI[k],BC[k]2

where fa p: X141 x YIBl - R is defined as

fapleaiys)= Y (-pAHEEAE]
(A’,B"):A’CA,B'CB

X E{f(X1,.... Xe; Y12, ... Yec1k) | X =24,V =yp}, (2.2)

where 14 = (2;)ica and yp = (¥;,;)i.j)ep for A C [k] and B C [k];. We remark that if
A=@and B =g, then f 5(Xg;Ye) = E{f(Xx); Yji),)} For £=0,1,...,k, let

E{f (X5 Yirg) } if £ =0,
JoXwiYi) = § Y fap(XaYp) €1<0<k, (2.3)
’UA)BZK

where v, p is the number of nodes in G4, 5. Let d = min{¢ > 0: f, # 0}, and we call d
the principal degree of f. We say the function f(d)(-; -) is the principal part of function
f. Moreover, we say the indices (A, B) satisfying that v4, g = d and f4 p # 0 are the
principal support indices of f.

The central limit theorems for S, ;(f) is proved in [13]. We remark that if f has
the principal degree d, then Var(S,, (f)) is of order n?*~9¢, see Lemmas 2 and 3 in [13].
Janson and Nowicki [13] proved that if all graphs in G 4 are connected, then

Sni(f) —E{Snir(f)} a.
O R

Note that if not all principal support graphs are connected, then the limiting distribution
of the scaled version of S, ;; is nonnormal (see Theorems 2 and 3 in [13]), and we will
consider this case in another paper.

Now, assume that f is a symmetric function having principal degree d (1 < d < k). In
this subsection, we give a Berry-Esseen bound for S,, x(f). For z € X, by (2.3), we have

foy(@) = fry,e(®@) = E{f (X Yir) | X1 = 2} = E{f(Xx); Yirp) }-

If || f1y(X1)[[2 > O, then it follows that d = 1. Here and in the sequel, we denote by
|Z||, = (E|Z[P)}/? for p > 0 and we denote by ®(-) the distribution function of N (0, 1).
Let 7 = || f(X(x); Y[r)o) = f (X5 Y[k ) l4 < 0o. The following theorem provides the Berry-
Esseen bound for S,, 1(f) in the case where || f(1)(X1)|]2 > 0. Let o1y = || f(1)(X1)][2-

Theorem 2.1. Ifcr(l) > 0, then

Snk(f) —E{S 8kt?
sup ]P|: L,k(f) { n,k(f)} < Z:l —(I)(Z) < 7-2 ) (2.4)
-eh Var{S, x(f)} Vo,
EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Remark 2.2. We remark that Var(S, »(f)) = O(n?*~!) as n — oo. Typically, the right
hand side of (2.4) is of order n~/2. Specially, if f(X, Yx),) = h(X[x)) almost surely for
some symmetric function h : X k _ R, then Sp.k is the classical U-statistic. In this case,
Chen and Shao [8] obtained a Berry-Esseen bound of order n~1/2 under the assumption
that [|A(X7y)|l3 < oo.

If (1) = 0, then d > 2, that is, the principal degree of f is at least 2. For any graph G,
let Aut(G) be the collection of automorphisms of G, and let |Aut(G)| be its cardinality.
Let

1
=Y o ford</(<k, (2.5)
ot |[Aut(Ga.B)
and let
Lk
Ava=ma+— Y m+l. @9
Td a1

Letoap = EfA’B(XA;YB)z, and let jfyg = {(/LB) tAC W,B C [@2,0',4’3 #* 0,va.B =

¢}. Moreover, let Gy = {Ga,p: (A, B) € Jsr}. Let omin :=min{oa g : (4,B) € Jf.a}-
We have the following theorem.

Theorem 2.3. Assume that f is a symmetric function having principal degree d for some

2 < d < k, and assume further that all graphs in Gy 4 are connected. Then, we have

Var{sn,k(f)}

where C' > 0 is an absolute constant.

If we further assume that the function f does not depend on X, i.e., f(X;Y) = g(Y)
almost surely for some symmetric g : Y*(*-1/2 _ R, we obtain a sharper convergence
rate. To give the theorem, we first introduce some more notation. Let G") be the graph
generated from G by deleting the node r and all the edges connecting to the node r. We
say G is strongly connected if G is connected and G(") is either connected or empty for
all » € V(G). The following theorem provides a sharper Berry-Esseen bound than that
in Theorem 2.3.

sup
z€ER

< z} —3(2)| <

Theorem 2.4. Assume that f(X[; Yjy,) = 9(Yx),) almost surely for some symmetric
g:YF*=1/2 4 R, Lett and oy, be defined in Theorem 2.3. Assume that the conditions
in Theorem 2.3 are satisfied and assume further that all graphs in Gy 4 are strongly
connected. Then,

sup|P |:(Sn,k(f) - E{Sn,k(f)}) < Z:| - (I)(Z) < Cn—1 kAZ,dTQ’
z€R Var{sn,k(f)} O in

where C > 0 is an absolute constant.

3 Applications

3.1 Subgraphs counts in random graphs generated from graphons

A symmetric Lebesgue measurable function « : [0,1]> — [0,1] is called a graphon,
which was firstly introduced by Lovasz and Szegedy [18] to represent the graph limit.
Given a graphon x and n > 2, the x-random graph G(n, k) can be generated as follows:
Let X = (X4,...,X,) be a vector of independent random variables uniformly distributed
on [0,1]. Given X, we generate the graph G(n, k) by connecting the node pair (i, j)
independently with probability x(X;, X;). This construction was firstly introduced by
Diaconis and Freedman [9], which can be used to study large dense and sparse random
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graphs and random trees generated from graphons. We refer to [18, 3, 4, 17, 2] for more
details. For any simple graph F, let E(F') be the edge set of F, let V(F) be the vertex
set of F, and let v(F) = |V(F)| and e(F) = |E(F)|.

Subgraph counts are important statistics in estimating graphons. As a special case,
when x = p for some p € (0,1), the k-random graph model becomes the classical Erdés—
Rényi model ER(p). The study of asymptotic properties of subgraph counts in ER(p)
dates back to [19, 1, 13] for more details. Recently, Krokowski, Reichenbachs and Thale
[15], Rollin [22] and Privault and Serafin [20] applied Stein’s method to obtain an optimal
Berry-Esseen bound for triangle counts in ER(p). For subgraph counts in x-random
graph, Kaur and Rollin [14] proved an upper bound of the Kolmogorov distance for
multivariate normal approximations for centered subgraph counts with order n—1/(+2)
for some p > 0. However, the Berry-Esseen bounds for subgraph counts of x-random
graph is still unknown so far. In this subsection, we apply Theorems 2.3 and 2.4 to prove
sharp Berry-Esseen bounds for subgraph counts statistics.

Let = = (&, j)1<i<j<n be the adjacency matrix of G(n, ), where for each (i, j), the
binary random variable ; ; indicates the connection of the graph. Formally, let Y =
(Y11,...,Y,_1,) be a vector of independent uniformly distributed random variables on
[0,1] that is also independent of X, and then we can write &; ; = 1(Y; ; < x(X;, X;)). For
any nonrandom simple F with v(F') = k, the (injective) subgraph counts and induced
subgraph counts in G(n, n) are defined by

T = T3 (G = Y P aya@: - Cath-1)a(k)s
a€ly, i
TR = TP (G Z PR ar).a@): - - Eath—1).a(k))s
OLEIn k
respectively, where for (uj 1,...,u,_1 ) € RF(F=D/2,

inj
I (’11,1717 c, Uk— 1k E H Ui, j,

H:H=F (i,j)€E(H)
¢ilf_‘ld(u1,27"'7uk’—17k) = z H Ui, H (1 7“1,])
H:H=F (i,j)€E(H) (1,9)¢E(H)

Here, the summation ). ,. ranges over the subgraphs with v(F') nodes that are
isomorphic to F' and thus contains v(F)!/| Aut(F’)| terms, where |Aut(F’)| is the number
of automorphisms of F'. Therefore, we have

k! k!
R €ty )l < s O (€t s Gt < -
|Aut(F)] |Aut(F)]
Moreover, we note that both (;5"” and qS‘“d are symmetric. For example, if F' is the 2-star,
(F)|=2and

<l5ifwlj (§1,2:61,3,82,3) = €1,261,3 +&12823 + 61,3823,
P& 2,603, 62,3) = E12613(1 — Ea3) + E12&05(1 — &13) + &3&3(1 — &12).
If F is a triangle, then | Aut(F')| = 6 and
W (€12,61.3,623) = PRI (€12, €13, €03) = £1.261 3623

(3.1)

Let
tr(k) = H K(xi, ;) H dxz;,
0.1% ; eE(F) i€V (F)
tind (k) = H K(xi, ;) H (1 — (x4, 25)) H dz;.
O (i j)eB(F) (i.)¢B(F) i€V (F)
EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Then, we have

B{OR €010 610)} = Tt ()
. k! .
E{ﬁbllgd(gl,l, s 7§k—1,k)} = mt}?d(ﬁ)-

As f@j = ]l(Y;] < K,(Xi,Xj)), let

II;IJ(X[ k]z) QSF (51 1a'~-7§k—1,k‘)7

Now, as random variables (¢; ;)1<i<j<n are conditionally independent given X, we have
E{f (X Vi) | XY =D [ s X)),
H2F (i,j)e B(H)

E{A (Xu Vi) [ X3 =Y [T s(XaXy) [ (-r(X, X))

H=F (i,j)€E(H) (i,5)2E(H)
Let
f(l?i( ) = B{ i (X Ying,) | X1 = 2}
= Z E{ H K(Xi,Xj> ’ X1 :;[;}7
H=F  *(i,j)€E(H)

and similarly, let
Fi (@) = B{RY (X3 Ying,) | X0 = )}

:ZE{ I sxix) I (1—/<;(Xi,Xj))’X1:x}.

HX~F (i j)eE(H) (,J)¢E(H)

We have the following theorem, which follows from Theorem 2.1 and (3.1) directly.

Theorem 3.1. Let o} = || /3] (X0) ~E{/(3} (X1)}|2 and o(3! = || f{35 (30) ~E{ /{35 (X1)} 2.
inj

Assume that ey > 0, then

P {\/ﬁ (Z)l(T“” E{T}) < } —®(2)

ko_lnj

(€]

< 87’171/2 k(k')Q

h |Aut(F)[2(a )

sup
z€ER

Moreover, assume that U'Erl“)i > 0, then

oo/ KD’

Aut(F)PoR?

sup
z€R

\/ﬁ n B ind ind
Plomaly) (TP -B{TFY) <z - 2(2)| <
M)

If k = p for a fixed number 0 < p < 1, then the random variables (Ei,j)1<i<]‘<n are i.i.d.
inj

and the functions f° and f}“d do not depend on X. We have the following theorem:
Theorem 3.2. etk =p for 0 < p < 1. Then

Tln_] E Tln_]
sup IP[m{} < z} —®d(2)| < Cn~t,
zeR| L (Var{Tp"})'/2
where C' > 0 is a constant depending only on k and p.
EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Remark 3.3. For the L; bound, Barbour, Karonski and Rucinski [1] proved the same
order of O(n~!) in the case that p is a constant. For the Berry-Esseen bound, Privault and
Serafin [20] proved a general Berry-Esseen bound for subgraph counts for Erdos-Rényi
random graph using a different method. Specially, if p is a constant, then Theorem 3.2
provides the same result as in [20].

For induced subgraph counts, we need to consider some separate cases. Let s(F') and
t(F) denote the number of 2-stars and triangles in F, respectively. If any of the following
conditions holds, then it has been proven in [13] that (Ti'! — BE{Ti*})/(Var{Tird})1/2
converges to a standard normal distribution:

v(F
(G1) If e(F) # p("P));
(G2) if e(F) = p("})), s(F) # 3p* ("))
(G3) if e(F) = p(""), s(F) = 3p* (")) and t(F) # p*("D)).
The following theorem gives the Berry-Esseen bounds for induced subgraph counts.
Theorem 3.4. Letk =p for 0 < p < 1. If (G1) or (G3) holds, then
Tind - Tind
P % <z| —P(2)
(Var{Tp})1/2
where C' > 0 is a constant depending only on k and p. If (G2) holds, then

T — (T}
* [ <] -#0

sup <Cn™t, (3.2)

zER

sup <Cn~ Y2, (3.3)

z€R

where C' > 0 is a constant depending only on k and p.

4 A new Berry-Esseen bound for exchangeable pair approach

4.1 Berry-Esseen bound

In this section, we establish a new Berry-Esseen theorem for exchangeable pair
approach under a new setting. Let X € X be a random variable valued on a measurable
space and let W = ¢(X) be the random variable of interest where ¢ : X — R. Assume
that E{W} = 0 and E{W?} = 1. We propose the following condition:

(A) Let (X, X’) be an exchangeable pair and let F' : X x X — R be an antisymmetric
function. Assume that D := F'(X, X’) is square integrable and satisfies the following
condition:

E{D|X} = A(W + R), (4.1)

where A\ > 0 is a constant and R is an integrable random variable.

We remark that the operator of antisymmetric functions was firstly mentioned in [12],
and the condition (A) was considered by Chatterjee [5], who applied the exchangeable
pair approach to prove concentration inequalities.

The following theorem provides a uniform Berry-Esseen bound for exchangeable pair
approach under the assumption (A).

Theorem 4.1. Let (X, X') and D satisfy the condition (A). Let W' = ¢(X') and A =
W — W'. Then,
1 1
sup|P[W < 2] = @(2)] < B|1 — o> E{DA[W} + + E|E{D*A|W}|+E|R, (4.2)
z€R
provided that D* .= F*(X, X') is a square integrable random variable satisfying that
D* > |D|, where F* is a symmetric function.

EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Remark 4.2. Assume that (1.3) is satisfied. Then, we can choose D = A = W — W', and
the right hand side of (4.2) reduces to

1 1
Bl o E{A%|W}| + 3 E|E{A*AIW}| + E|R|,

where A* := A*(W,W’) is a symmetric function for W and W' satisfying that A* > |A]
and A* is square integrable. Thus, Theorem 4.1 recovers to Theorem 2.1 in [24].

The following corollary is useful for random variables that can be decomposed as a
sum of W and a remainder term. Specifically, let T := T'(X) be a random variable such
that T'= W + U, where W = ¢(X) is as defined at the beginning of this section, and
U := U(X) is a square integrable random variable which is usually taken as a remainder
term. The following corollary gives a Berry-Esseen bound for 7.

Corollary 4.3. Let (X, X’) € X x X be an exchangeable pair and let D := F(X,X')
where F : X x X — R is antisymmetric. Assume that D is square integrable and

E{D|X} =AW + R) (4.3)

for some A\ > 0 and some integrable random variable R. Let U’ := U(X') and A =
o(X) — ¢(X'). Then, we have

sup|P[T < 2] — ®(z)| < E|1 — iIE{DA|X}
z€ER 2\

1 3
+ X]E|1E{D*A | X} + 5]E\D(U ~ U+ E|R|+E|U|,

provided that D* := D*(X, X') is any symmetric function of X and X' satisfying that
D* > |D| and D* is square integrable.

Remark 4.4. Assume that X = (X,..., X,,) is a family of independent random variables.
Let W =37 | & be a linear statistic, where &; = h;(X;) and h; is a nonrandom function,
such that E§; = 0O and > .- | E¢? = 1, and let U = U(Xy,...,X,) € R be a square
integrable random variable. Let T = W + U, 8 = > E{|&*1(|&] > 1)} and 83 =
S E{|&1P1(l&] < 1)}. Chen and Shao [8] (see also [25]) proved the following result:

sup|P[T < 2] — ®(2)| < 17(B2 + B3) + 5E[U[+ 2> BGU -UD),  (4.4)
zeR =1

where U(") is any random variable independent of &;.

The Berry-Esseen bound in Corollary 4.3 improves Chen and Shao [8]’s result in
the sense that the random variable W in our result is not necessarily a partial sum
of independent random variables, and our result in Corollary 4.3 can be applied to a
general class of random variables.

4.2 Proof of Theorem 4.1

In this subsection, we prove Theorem 4.1 by Stein’s method. The proof is similar to
that of Theorem 2.1 in [24]. To begin with, we need to prove the following lemma, which
is useful in the proof of Theorem 4.1.

Lemma 4.5. Assume that (4.1) is satisfied. Let 1) be a nondecreasing and bounded
function. Then,

;}\‘E{D/O ($(W + ) — (W) du}’ < 55 B{D"Au(1)},

—A

where D* is as defined in Theorem 4.1.

EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Proof of Lemma 4.5. Since v (-) is nondecreasing, it follows that

A(p(W) —4(W')) >0

and
0
0> / (VW +u) —p(W)) du
-A
which yields

_E{DL(D > 0)A($(W) —p(W)} < ]E{D /_A(¢(W ) du}
< —E{DL(D < 0)A(¢(W) — (W) }.

Recalling that W = ¢(X), W' = ¢(X'), D = F(X,X') is antisymmetric and D* =
F*(X, X') is symmetric, as (X, X') is exchangeable, we have

E{D1(D > 0)A{p(W) —op(W’')}} = —E{DL(D < 0)A(p(W) — (W)},
and
E{D*1(D > 0)Ayp(W)} = —E{D*L(D < 0)Af(W’)}.

Moreover, as E{D*AL(D = 0)(¢(W) — ¢(W’))} > 0 and E{D*1L(D = 0)Ap(W)}
—E{D*1(D = 0)As(W")}, it follows that

E{D*AL(D = 0)¢(W)} > 0.

Therefore,

1 0
—|E D/ {p(W +u) — (W)} du
2\ _A
1
<5 E{D1(D < 0)A(»(W) — (W)}
1 .
< oy E{D" (D < 0)A(p(W) — v (W)}
1
=5\ E{D*A(]I(D >0)+1(D < O))’(/J(W)}
1
< 55 BAD"Au(W)}. .
Proof of Theorem 4.1. We apply some ideas of Theorem 2.1 in [24] to prove the desired
result. Let z € R be a fixed real number, and v, the unique bounded solution to the Stein
equation:
W (w) — wih(w) = L(w < 2) — B(2), (4.5)

where ®(-) is the distribution function of the standard normal distribution. It is well
known that (see, e.g., Lemma 2.2 in [7])

\/27rew2/2<1)(w){1 - ®(z)} ifw <z,
a(w) = » (4.6)
V2me” /2®(2){1 — ®(w)} otherwise,
EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Since E{D|W} = A(W + R), and D = F(X, X') is antisymmetric, it follows that

0= E{D(¢(W) + . (W)}
= 2E{ D, (W)} — E{D(tb.(W) — . (W)}

0
=2 E{(W + R)y, (W)} — ]E{D/ LW + u) du}.
-A
Rearranging the foregoing equality, we have
0
E{Wv. (W)} = % ]E{D/ WL (W + u) du} —E{Ry.(W)}. (4.7)
-A

By (4.5) and (4.7),
P(W < z) — ®(2) = E{yL(W) - Wy, (W)}

(4.8)
=J1 —Ja+ Js,
where
1
s =e{uiom) (1- S EDaIw )},
1 0
Ja= gy B{D [ WLV )~ wLV)) du
2\ _A
J3 = E{sz(W)}.
We now bound J;, J> and J3, separately. By [7, Lemma 2.3], we have
sup |, (w)] <1, sup |[¢L(w)] <1, sup|wwz(w)| < 1. (4.9)
weR weR weR
Therefore,
1
Ji| < E[1 - —E{DA|W},
A< Ef1 - 3 B (DA|W) .

75| <E|R.

Now we consider J,. Rearranging (4.5) yields ¢, (w) = wip.(w) — L(w > 2) + {1 — () }.
Note that both w, (w) and 1(w > z) are nondecreasing and bounded functions (see, e.g.
[7, Lemma 2.3]), by Lemma 4.5,

1

1l < m\E{D/OA«Wmm(Ww) ~ W) du

1

+ 2)\‘IE{D/OA {I(W4u>z2)—1(W > z)}du}

(4.11)
1

< N E{|E{D*A|W}|(|Wi.(W)|+ L(W > 2))}

< Jo1 + Jog,

where

T = o5 B{[EAD*A W) [ Wy (W)

3

Jog = %E{\E{D*A|W}|1(W > z)}.

Then, by (4.9),

Jo| < + E|E{D*A|W}|. This proves Theorem 4.1 together with (4.10).
O
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4.3 Proof of Corollary 4.3
In this subsection, we apply Theorem 4.1 to prove Corollary 4.3. By (4.3), we have

E{D|X}=XT-U+R).
Let T" = ¢(X') + U(X"’), then we have (T,7") is exchangeable. Let
D' ={D*:=F*(X,X'): D* > |D| and F*: X x X — R is a symmetric function}.
By Theorem 4.1, we have

sup|P[T < z] — @(z)|
z€R

1 1
< - o . - * o
<E[1 oy EAD(T T)|T}I+Dyéfp* AE{E{D (T-T")|T} +E|U|+E|R|
1
<E[ll-—E -7
11— S E{D(T—T")| X}
. 1 «
+ nf X1E\JE{D (T-T)|X}+E|Ul+E|R|
1
SB[ - 53 B{D(6(X) — 6(X")) | X}
. . / 1 /
+ inf S E[E{D"(¢(X) - ¢(X)) [ X} + E|U| + E|R| + > EIDU - U')]
1
+ inf —E|D*(U -U")|, (4.12)
D*eD* A
where the second inequality follows from that fact that 7" is ¢(X)-measurable and

Jenson’s inequality. Choosing D* = |D| in the last term of the right hand side of (4.12)
and recalling that A = ¢(X) — ¢(X’), we complete the proof.

5 Proofs of Theorems 2.1, 2.3 and 2.4

In this section, we give the proofs of Theorems 2.1, 2.3 and 2.4. To simplify our
statements, we assume that IE{ f(X3j; Y4),)} = 0 throughout this section without loss
of generality. We denote by C' an absolute constant that may take different values in
different places.

5.1 Proof of Theorem 2.1

Without loss of generality, we assume that n > max(2, k?), otherwise the inequality is
trivial. We use Corollary 4.3 to prove this theorem. Recall that

fay(@) = B{f (X Yiag,) | X1 = 2}
For each a = (a(1),...,a(k)) € T, 1, let

T(Xa@)s - Xak); Ya(1),a2)s - - - » Ya(k—1),a(k))

k (5.1)
= F(Xa@s -+ Xamw: Yaw.a@: - Yat-1.a) = Y J0)(Xap)-
j=1
Let 7, = \/Var{S, x(f)}, and
1
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Then, it follows from (5.1) that 7" has the following decomposition
T=W+U,

where
1 /n—1)\ &
W= (b 1) S e,

1
U=~ Z T(Xa@)s - Xak)i Ya1),a2)s - - Ya(k—1),a(k))-

n OéEInyk

By orthogonality we have Cov(W,U) = 0, and thus

o> Var((z_ i) iz:;fu)(Xi)) = (Z_DQVar<jz: f(l)(Xj)> = (Z)

Let X’ = (X{,...,X]) be an independent copy of (Xi,...,X,,). Foreachi =1,...,n,
define X = (xV .. x{”) where

X0 _ {Xj ifj #1i,

*Kaf)
s

(5.2)

J X! ifj=i,

and let

L i) )
U@ — = D Xy Xohyi Ya@ @)+ Ya(k-1),a0k)-
n OtGInﬁk
Recall that 7 := || f(X4); Y}x],)|l4 < oo. The following lemma provides the upper bounds
of E{U?} and E{(U, — U\")?}.
Lemma 5.1. Forn > k? and k > 2,

k—1)%r2
E{U?} < (k= D7 (5.3
v 2(n — 1)0(21) )
122
B{(U - Uy < 2E=177 (5.4)

n(n—1)of, "

The proof of Lemma 5.1 is put in the appendix.

Now, we apply Corollary 4.3 to prove the Berry-Esseen bound for 7. Let I be a
random index uniformly distributed over {1,...,n}, which is independent of all others.
Then, ((X,Y),(X,Y)) is an exchangeable pair. Let

1 /n—1
D=A= 5 (k B 1) (foy(X1) = fay(X7))-
and recall that X and Y are independent, then it follows that
1
E{D|X,Y}=-W.
n

Thus, (4.3) is satisfied with A = 1/n and R = 0. Moreover, we have

1 . 1 m—-1\"<& 2
oy BDA| X, XY} = %%(’f—1> (foy(Xs) — (X)),

(f(l)(Xi) - f<1><X£)) ‘f(1)(Xi> - f(l)(Xl{)"

M
(] I
L

Legpalx, x vy = = ("1 i
A 2 \k-1 -

?
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Also,
i lE{DA} =E{W?} =1-E{U?}, E{|D|A}=0.

Recall that 7 = ||f(X[k]7 Y[, )|l4. Note that

k-1 2
< —= forn > max(2, k?). (5.5)

n—1"n

By the Cauchy inequality and Lemma 5.1, we have for n > max(2, k?),

1
E’”\E{DA|X,X’,Y}—1'

E % E{DA|X,X" Y} — i ]E{DA}‘ +E{U?}

|
s 2@;%(:_1) (Var{é ) (Xi) = fay (X ))2})1/2+m
<2 ( 1)2(71 B{f)(X:) = fo) (X )}4>1/2+2((];_11))2;

<) (

2n3/2 2 (n — 1> (n) -2 N (k —1)%72
k202 o0 k—1 k 2(n — 1)0(21)
B 272 n (k—1)72 o (k+1)72
\/ﬁa(Ql) \/50(21) = \/ﬁa(Ql)
where we used (5.2) and (5.5) in the last line. Using the same argument, we have for
n > max{2, k?},

1/2 k— 1)272
ZE{fu i>4}+1E{f<1><X5>4}) +2(<nlf>()

1
E‘)\IE{|D|A|X,X’,Y}‘

% <Z: 1)2 (Var{zn:(f(l)(Xi) — fy(XD) [ fay (Xi) — f(1)(Xf)|}> v

i=1

LY St )
% <Z: D (SEE{J%U(XZ-)L*} + E{f(l)(X£)4}>1/2

An3/272 (n - 1)2 (n) -2
k202 0(1) kE—1 k
< 472
\/ﬁa(l)
Now we give the bounds for U and U(”). We have two cases. For the case where
k = 1, then it follows that U = 0 and U = (. Note that E f1y(X;)? < 72. As for k > 2,
noting that n < 2(n — 1) for n > 2, by Lemma 5.1 and the Cauchy inequality, we have
(k=17 < (k—1)7
V2(n—1)204) ~ Vnog)

N

//\

N

E|lU| <
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and
FEIDW -0 = 2 (37 ) SR (%) i (DT V)l
<2 (371 ZEtieow -
<2 (30 0) Sy ww - ooy
<o) e

By (5.2), we have

and thus, using the inequality n < 2(n — 1) again, we obtain

2v2(k — 1)72 <4(k—1)T2
(n=1)1720%, = Vo,

1
TEIDU -U)| <

Here, with a slight abuse of notation, we choose (X, X’) in Corollary 4.3 as ((X,Y),
}

(XD Y)) in this theorem. By Corollary 4.3, and noting that ‘7(1) < E{f(X{ay; Y{a}) <

72, we have

(k+5)7%  7(k—1)r2
sup|P|T' < z] — ®(2)| < +
zE]R‘ [ ] ( )’ ﬁ0(21) \/50(21)

< 8k72
~ 2 .
\/ﬁo(l)
This proves (2.4).

5.2 Proof of Theorem 2.3

In this subsection, we give the proof of Theorem 2.3. Recall that 2 < d < k. Without
loss of generality, we assume that n > k2, otherwise the proof is trivial. In this subsection,
we denote by C' an absolute constant that may take different values in different places.

We first prove a proposition for the Hoeffding decomposition.

Proposition 5.2. For A C [n], B C [n]» such that (A, B) # (@, @), and for any A, B such
that A C A and B C B but (A, B) # (A, B), we have

E{fa5(Xa;Yp) | X3, Yz} =0. (5.6)
Proof of Proposition 5.2. 1f |A| 4+ |B| = 1, then for (4, B) = (@, @), by definition,

E{fa5(Xa;Y) | X5, Y5} =E{fa,5(Xa;YB)}
= E{f (X Yir) b — E{f (X3 Yir,)} = 0.

We prove the proposition by induction. Let m > 2. Assume that (5.6) holds for 1 <
|Al+ Bl <m-—1.
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Now, we assume that |A| + |B| = m. Let AA 5= 1(4, ’) :A'c A/B' C B,} and
let AA 5= ={(A,B"): A CAB CB,(A,B)+# (A B)}\ .A 5- Reordering (2.2) by the
inclusive-exclusive formula we have

fa,B(Xa;YB)

= E{f(Xx); Yk )1 Xa, YB} — > far B (Xa;Ypr)
|A’|+|B'|<|A|+|B|

= B{f(Xp; Vi) [ X4, VB = Y faw(XasYe)— Y fas(XaiYe)

(A/’B/)EAZ,E (AI’B,)GA%,E’
= E{f(Xx); Vi) 1 Xa, YB} — E{f (Xa)5 Yirpo )1 X5, Y51 — Z far B (Xa;Ypr).
(A’,B’)E.A%)ﬁ

By the induction assumption, we have

Z E{fA’7B’(XA’;YB’)|X‘ZaY§} - 0
(AQB')eA%ﬁ

Then, the desired result follows. O
Let
Ao ={a=(a(l),...;af)): 1 <al) # - #alf) <n}.
Then, Z,, o C Ay . For AC [¢{] and B € [{]; and o = (a(1),...,a(l)) € A, 4, write
a(4) = (a(i))ica, a(B) = (@0, a())
KXa) = Xidicaa), Yam) = Yig)G.gea)-

Moreover, for any fa p : X4 x YIBl 5 R, let

Sne(fap) = Z faB(Xaay; Yas)),

aCEAn ¢

and similarly, S, /(fa,5) can be represented as > _ .7 , fa,B(Xa(4); Ya(B))-
Let (Y{;,...,Y,;_;,) be an independent copy of Y = (Y11,...,Y,_1,). For any

(i,5) € Apo, let VD) = (V{49 vy with
- Y. if 1,7},
y (i) = ) Yo : {p.q} # {f,q} for (p, q) € Tos.
Yy, if{p,q} ={i,j},
Then, it follows that for each (i, j) € A2, ((X,Y), (X, Y (")) is an exchangeable pair. For

any B C [n]s, let Yg"j) = (Y;@(f(}j))(pyq)eB. For any A C [{], B C [{]2, @ = (a(1),...,a(f)) €
Z,cand fap: X4 x YIBI R, define

Y8 = Vi at) waren:

a(B) —
S(I’J) (faB) = Z Ja,B( a(A),YCEE%%
a€ly
S (fam) = Fan(Xaa), Y8
a€EA, ¢
EJP 27 (2022), paper 134. https://www.imstat.org/ejp
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Let f(g) be defined as in (2.3), and it follows that

k
F=Y fo fo=B{Xu i)}t San(fo) = E{Sur(f)}.
£=0

Moreover, by assumption, as f has principal degree d, and it follows that f,) = 0 for
{ = 1, .. .,d — 1. Let 5n = (Var{Sn,k(f)})l/Q and 3n,g = (Var{Sn,k(f(g))})l/? For any
A C [k] and B C [k]q, let

o 1 N — VA B
HAB = IAwt(Gap) B\ n—k )

(5.7)
vap = |B| x :; nTvAB
AB ¢ HA B |Aut(GA’B)| n—k )
and foranya € A, , 0 =1,...,k), let
55(’23) = fa,B(Xa(a); Ya)) — fa,B(Xa(a); YOEE’EJ;))) (5.8)

The next lemma estimates the upper and lower bounds of 52 and & 0’ .- The proof is
similar to that of Lemma 4 of [13]. Recall that Jy, = {(4,B) : A C [4], B C [l2,04,B >
0,va,p = ¢} for d < £ < k and 7, was defined in (2.5).

Lemma 5.3. Assume that n > 2k? and k > 2. We have for each (i,j) € A, and

d<i<k
52, = Z nl(n—0)lo% p _ e 50
) — 12 _ 12 ~N . 12 .
(A B (n—k)2(k—0)12|Aut(Ga,B)| (k —0)!
k
52 = o'n[ < <Z 7 '2> p2h—d 2 (5.10)
o=
i Oy 2kt =272
]E{(Sn,k(f(l)) - Sy(b,lg)(f(é)))Q} < W, (5.11)
2 2k—0—2,2
i,j 2mm T
E {( Z Z uABgi(Q,B)) } < ?]@—76)'2’ (5.12)
a€An 0 (A,B)ETf :
and

~ ~ 7Td0’ k—d
o > U?zd Z ﬁrﬂ 5 (5.13)

where |Aut(G)| is the number of the automorphisms of G, and C > 0 is an absolute
constant.

Proof. Recall that Aut(G) is the collection of automorphisms of G. For any d < ¢ < k and
(A,B) € Jt4, by symmetry of f, we have fa g = far,p for all G4 g € Aut(Ga,g), and
§n,k(fA7B) = §n7k(fA/7Bf) for all G4 p = G4/ . Note that for each (A, B) € Jy 4, there
are exactly k!/((k — ¢)!|Aut(G 4 g)|) subgraphs of K (k) isomorphic to G 4 5, where K (k)
is the complete graph with k vertices. We then have for each d < ¢ < k and (4, B) € Js.,
by symmetry,

(=9 !, Sne(fan),

§n,k(fA,B) = m
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and 1
Sni (i) = 75n (o)
1 -
B Z Snx(fa,B)
Y , ’
(A,B)ETs .0 (k — 0)!|Aut(Ga B)| 510
1 (n — £> ~

B Z |Aut(G 4 B)| Sne(fa.B).

(A,B)ET ) |Aut(Ga,p)| \n—k

By Lemma 4 of [13], we have

n!|Aut(GA,B)|O'124yB

Var(gn,e(fA,B» = (n—0)! ’

and thus, the variance of S, 1 (f()) is given by

72 = Var(Snr(f)))

1 n—4 2 -
= ¥ mamr o) Vel

(A,B)Ejf,e

(5.15)

1 n—0> nl
Y RN 7AutG (72
2o, RGBT (+20) Gmam@amiris

nl(n—0)lo% p

- (Ag;jm (n—k)12(k — 0)2|Aut(Ga p)|

For any (A, B) 2 (A’, B), by orthogonality,

Cov{gn,k(fA,B), §n,k:(fA’,B’)}
- Z Z Cov{ fa,B(Xa(a): Yas)): far,5:(Xarary; Yarsn) } =0,

a€A, €A, K

and it follows that
COV{gmk(f(g)), §n)k<f(g/)>} =0, ford < /{+# V< k.
Hence,

k
G = Var{S,x(f)} =D 5o, (5.16)
l=d

The inequalities (5.9) and (5.10) follows from (5.15) and (5.16) and the fact that

nl(n —£)! okt

— 0y S f <Lk
k)2 n ord<{<k

As for (5.13), by (5.15) and (5.16), we have

P B |[Aut(Ga.B)

nl(n —d)! 9 1
> o, _—
_ '2 _ ‘ min
G RPG - | 2 TRuiGa )

(5.17)

min>
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where in the last line we used the definition that

1
. —
(abyeg,. AU(GaB)|
Using a famous inequality

k2 PR 1
e 2(n—k) < n-

<1, (5.18)

and using the assumption that n > k2 and k > d > 2, we have

(k — d)? k2
< <Ll
2(n—k) " 2(n—k)
Therefore,
2
nt_(n—d) Zh=dem 2“]:3’0 Sk > e 2?4, (5.19)

-kl -kl ~"

Combining (5.17) and (5.19) yields (5.13).
It remains to prove (5.11) and (5.12). For any (i,j) € A, 2, we have

Sni(fw) =S (fw) = Y S (Z - f;) (Sne(fap) = S8 (Fam))

(ABreTse |[Aut(G 4 B)]

Z Z 1 n—/¢ é.(z,j)
|Aut(Ga )| \n — k) AB)

Q€A ¢ (A,B)ET} 0
where gS(Q B) is given in (5.8), and we have

Var(fé(A) B)) <272

By orthogonality, and recalling that |Aut(Ga,5)| > 1,

(2 Y o))

a€An 0 (A,B)ETf

! =) Var(eid)
i |AUt(GA,B)2(n_k> Varaiap)

a€An e (A,B)ET¢

n—0\2
<2t ) 2 AutGAB>|< k)

(A,B) GJf@OLE.A )

— 9.2 n! L n-0)
=2 Z (n—0)!|Aut(Ga, B)| <n_k>

(A,B)eTs
nl(n —0)! 1
=272
A T BP0 (G )
o 2rimen®
X (k _ Z)!Q ’

where we used the inequality (5.18) in the last line.
This completes the proof of (5.11). The inequality (5.12) can be shown in a similar
way. O
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Recall that G4 p is the graph generated by (A, B). For any (4,,B;) for j = 1,2,
we simply write v; = v A;,B; as the number of nodes of the graph G A;.B;- Recall that
jf,d = {(A,B) : A C [d],B C [d]Q,O’A’B > 071),4’3 = d} and jf’dJrl = {(A,B) :AC
[d+1],B C [d+1]2,04,8 > 0,4, = d+ 1}. We have the following lemmas, whose proofs
are given in the appendix.

Lemma 5.4. For all (A1, B1), (A2, B2) € Gy.q such that G4, p, and G4, B, are connected,
we have

{ Z ( Z fsl,j(Al Bl)>( Z ESQ’JLQ B )} < Cl2p2d—174,

(1L.3)€An2 “ayeal) azeAlld)

Lemma 5.5. Assume that k > d + 1. For all (Ay,B1), (A2, Bs) € Gr.q UGy a41, we have

{ Z ( Z gg‘l’j(‘)AhBl)) ’ Z faz A2,B>)

’LJ GATL 2 ap EA(l J) -A'(ILZ?‘J];Z

} < Ck2n2 max{vl,vg}—QT4.

We are now ready to give the proof of Theorem 2.3.

Proof of Theorem 2.3. As we mentioned at the beginning of this subsection, we assume
that n > k2 without loss of generality, otherwise the result is trivial. Recall that fa is
defined in (2.3). Write T' = 5,,'S,, x(f), and

k

W =5,"Snr(f@), U=T-W=05," > Surlfw) (5.20)
l=d+1

Here, if d + 1 > k, then set ZIZ:dH Sn.k(fey) = 0. We have

1
W = = Z Z fa,B(Xaca); Yas))
" a€An x AC[K],BC[k]2,v4, p=d
_ 1 Z n—d\ fa,B(Xaa): Ya(n))
Tn k—d |Aut(Ga,p)|

a€Ay g AC[d],BC[d)2,va,=d

[]27
_ 1 Z Z n—d\ fa,B(Xaa); Yas))
5 k—d) JAw(Gan)

a€Ap,a (A,B)ETf a

where the second equality follows from symmetry and the last equality follows from the
assumption that f4 5 = 0forall (A,B) € {(A,B) : AC [d], B C [d]2} \ Jf.4-
For each (i,7) € A, 2, let

1

Wit = Ly, vt Z5mt 3 86

{=d+1

Let (I, J) be a random 2-fold index uniformly chosen in A,, o, which is independent of
all others. Then, ((X,Y), (X,Y+))) is an exchangeable pair. Let

A=WoWON =D S S vl
In \éa, .a (A,B)ETs,a
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Also, define

1
D== > > i B n) (5.21)
" a€An a4 (A,B)ET}a

Then, we have D is antisymmetric with respect to (X,Y) and (X, Y:/)).
Let A7) = {a € Anq: {i,j} C {a}}. Then,

1 i,J

’L ])G.An 2 OéG.A(l 23) (A B)GJ] d
By (5.6),

B{fa,8(Xa): YD) [ X, Y} = B{fa5(Xa(a): Yas) | Xa, Ve \ {Yi,}}
_ {0 if (i,j) € B,

fa,8(Xa(a): Yo(p)) otherwise.

Moreover, note that for a € A,, 4,

Y (i) € a(B)) = |a(B)] = {(ali),alh)) : (i,4) € B,ali) # a(j)}] = 2|Bl,

(ivj)EAn,2

and thus

EDIX Y =———— Y anfanXaiYam) S 1(Gi)ea(B)

n(n —1)c
( " a€An.a (A,B)ETf.a (1,7)EAR 2

2
=— E E va,Bfa,B(Xaca); Yan))
n(n—1)on (A,B)eJ
n, 5 f.d

2
= " (5.22)

Thus, (4.3) is satisfied with A = 2/(n(n — 1)) and R = 0. Moreover, by exchangeability,
E{DA} = 2E{DW} = 2AE{W?} = 2)5}, ,/5.. (5.23)

Then, we have

1
]E{DA|X YY) = 3 Y haLBVALB,
" (A1,B1)€Jf,a (A2,B2)ETf,a

X Z < Z 52621731)>< Z 5&?{22’32))'

(1,4)€An2 “aeAlid) acAld)
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Now, by the Cauchy inequality, (5.7) and (5.23) and Lemmas 5.3 and 5.4, we have

1
]E‘Q)\]E{DA|X,Y,Y’}—1’

~2

<E| L BoAx. vy - L Bpay| + Tn =T
S 24 T 2\ o2
1 n—d\? 1
<=
4o, 2 2 (" - k) |Aut(G a,,B,)||Aut(G a,,B, )|

"™ (A1,B1)€Jy.q (A2,B2)E€Js,a

(ol 5 ) )

, )G.Ang O‘GAS_(? G.A(i 23)
k ~
Zz=d+1 Ug,z
+ T
Ck(k —d |2 d—1/2._2 k—d 2
S (mm%) T ( DD - d)!7|lAut(GA B)|)
mm (A,B)ij,d 5
E— d)2 k 2k—0, 2
( . )2 men” T (5.24)
mgn2k—dg?. (k —0)!12
min p—q1

For the first term of (5.24), we have

k(k — d)"?n d1/272< Z nk—d )2<k7rdn1/272

Tqn2h—dg2 (k — d)!|Aut(Ga,B)] on

min

min (A7B)Ejf,d

For the second term of (5.24), we have for d + 1 < ¢ < k, by (5.18), and recalling that
n > k2,

g 1\12,,d+1—C g 1y2\ (d—d-1)
(k—d—1)*n < (k—d-1) <1,
(k—20)12 n

then we have

k k
(k — d)!? en2k—tr2 k272
- < Ty < . (5.25)
man?k—dg2 . Pl (k=02 o2, é;_l ﬂdnl/Qomm £§1
Therefore, we have
1 kAg q7>
E| 55 E{DA|X.Y,Y"} - 1‘ < COn~120kdT (5.26)

where Ay, 4 is as defined in (2.6). Taking D* =

§E|E{D*A|X,Y,Y’}|

< % Z Z HAy,B1VA; B,

" (A1,B1)€Jf,a (A2,B2)ETf,a
i.3) . 1/2 (5.27)
(w25 @l £ €tm)})
acAl)

(1) €Az qe )

kA 472
—1/2 k,d

min
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Now, by (5.20) and (5.25), Lemma 5.3, and the orthogonality property, we have
Kk
E|U|* < Ca,7% o
f=d+1
k
(k — d)"? Tn
<C————F~F—— _
TanZk—dg2 Z (k—0)r
min p—gy]
K2 /1 k
-1
< Cn 0_2 <7‘rd Z W[)v

min t=d+1

2k—€7.2

k
E(U - U®))? < 5,2 E{(Sni(f) — S (fo))?)
f=d+1

2.2 /1 k
SCn_:‘];; < Z M).

: e
min \Td p_ 1y

Thus, noting that 7 > o,;, and by (5.12) and (5.21), we have

Omin \ 7Td

k 1/2
B < on 2 (230 )

l=d+1
9 k 1/2 2
< Cn—l/QkL i Z 0 < Cn—l/QkAki’dT7 (5.28)
U1r2nin Td f=d+1 Ur2[1in

1 1 y .
sEDC-v == ¥ B{|[( 2 X mastidy )w-vt))

" (1,§)€Tn 2 a€An.a(AB)ET a
k2 (1 & 1/2 Ay g7
<Cn V22 ( 3 m) < COn~ 12kl (5.29)
Omin \Td f=d+1 O min

Applying Corollary 4.3, and combining (5.26)-(5.29) we obtain the desired result. O

5.3 Proof of Theorem 2.4

The proof of Theorem 2.4 is similar to that of Theorem 2.3. Without loss of generality,
we assume that £ > d + 1, otherwise the proof is even simpler. Again, let C denote a
positive absolute constant, which might take different values in different places.

For any A C [k] and B C [k]a, recall that

. ; (n - UA,B)
HAB = IAw(Gap) B\ n—k )

y . |B| _ 1 n—VAB
AB = IPHAL = TG (Gap) |\ n—k )

By (2.2) and Proposition 5.2, we have there exists a Hoeffding decomposition of g as
follows:

BC[k]z
where g5 : VPl — R is defined as
gs(yp) = Y (DPIEIE{g(Vio, ... Yiois) | VB = ypr}, (5.30)
B":B'CB
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and where y = (y12,...,yx—1,%k) and yp = (y;; : (¢,5) € B). Also, for any B C [{]; and
Q€ Ang(C=1,....k), let

77( (’J)) =98(Ya(m)) — (Y;Z}é)))

and let V(B) be the node set of the graph with edge set B, as defined in (2.1). Recall that
from the condition of Theorem 2.4, it follows that f(X{x); Y{x),) = 9(Y[x),) almost surely for
some symmetric function g. For any r € V(B), let B(T ={(,7): (i,4) € Byi #r,j #r}.
Recall that Jfqy1 = {(4,B) : A C [k], B C [k]s,va,p =d+ 1,043 > 0} and we define
Jr.a=1{(A,B) € Jp.a: Gap is strongly connected.}.
We need to apply the following lemma in the proof of Theorem 2.4.

Lemma 5.6. Assume that k > d + 1. For all (4;,B;) € jfﬁd U Jfrd+1,J = 1,2, let
Vj = Va4, B, We have

(i,4) (w) 2 2d—2,_4
val S (X i) X ) oren,
(4,J)€EAn,2 Olle-Aizi,‘Ji 26./45:,1{;
Now, we are ready to prove Theorem 2.4.

Proof of Theorem 2.4. Let C denote a positive absolute constant that may take differ-
ent values in different places. Recall that without loss of generality, we assume that
E{f(X), Yik,)} = 0. Write T = 5,15, 1 (f), and let

W =5, (Sn(fia) + Snn(flar)), U=0," Z Sk (f (5.31)
t=dt2

Here, if d + 1 > k, then set Z’Z:dH Snk(fry) = 0. Then, T = W + U. Now we apply
Corollary 4.3 again to prove the desired result. To this end, we need to construct an
exchangeable pair. For each (7,j) € A, 2, let

k
. 1 i y B iy
W) = ?(Sé,’lg)(f(dﬂ + Sfl,ig)(f(dﬂ))), Utd) =51 Z S f(z
" t=d+2

By assumption and recall that f(X[; Yjx),) = 9(Y[x),) almost surely, W can be rewrit-
ten as

W= % > > vangs(Van):

n <
(A,B)eTf,aVUTf a+1 O‘G‘A"x'UA,B

Let (I, J) be a random 2-fold index uniformly chosen in A, », which is independent of
all others. Then, ((X,Y), (X,Y 7)) is an exchangeable pair. Let

1
_ I1,J) __ (I J)
(A,B)€J},aUTf,a11 “€Anva B
Also, define
! (I,7)
D= T Z Z HA,B"y(B)
! (A,B)€Js,aUTs 411 “EAn v B

Then, D is antisymmetric with respect to (X,Y) and (X, Y (7).
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Following a similar argument leading to (5.22),

2

Thus, (4.3) is satisfied with A = 2/(n(n — 1)) and R = 0. Moreover, by exchangeability,
E{DA} =2E{DW} = 2AE{W?} = 2X(G}. 4+ 02 411)/0- (5.33)

Now, by the Cauchy inequality, (5.33) and Lemmas 5.3 and 5.6, and using a similar
argument to the proof of (5.26), we have

1
E’Q)\IE{DA|X,Y,Y’}—1

1 1 52 _ g? _ 0.2
< L n_ n n,d n,d+1
\E‘Q/\E{DA|X,Y,Y} oy (DA} + =

1 k2 AgqT?
——.

min

<Cn
o

With D* = |D

, and by Lemma 5.5 again,

szk,dT2
—a -
min

1
ZE|E{D*A| X, Y, Y} <Cn!
)\ | { | ) ’ }| n o

Now, by (5.31) and Lemma 5.3, and similar to (5.28) and (5.29), we have

k 21 F
E|UI <C5,% Y E(S; (fr) < Cn°= ( ) ”4)7

g T,
(=d+2 min \d p 254

I=d+2 min

Thus,

E|U| <Cn

)

1 kQAk,dTQ
2
O min

1
- U—uyd
A1E|D( )|

Ly f T mele)o-v))

" (6,§)ETn 2 (A,B)ETf,aVTf,a41 @€ AR vy
k2Aj g2
—1 k.,d
<Cn 027»

min

where the last inequality follows from (5.12). Applying Corollary 4.3, we obtain the
desired result. O

6 Proof of other results

6.1 Proof of Theorem 3.2

Note that there is no X involved in the function g, and it follows that the principle
degree is at least 2. As f” does not dependent on X if x = p for some 0 < p < 1. Fix F.
Define

gM(Y) = FR(X;Y)
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and by Proposition 5.2, we have ¢™ has the following decomposition:

gm(Y) = Z giélj(YB)- (6.1)
BC[k]2

By [13, p. 361], we have
g 5 (12) = E{g™(Y)[Yi2 = y1.2)

T L <) - 1) 2.

Therefore, by Theorem 2.4 with d = 2, we complete the proof.
6.2 Proof of Theorem 3.3
Again, let
g™ (Y) = fRUX;Y),
and similar to (6.1), we have

FUY)= Y 95(Ye).
BC[k]2

Recall that s(F') is the number of 2-stars in F' and #(F') is the number of triangles in

F. Let
&(F) = (”(2F)>_16(F), 5(F) = <“(f)>_1S<F), HF) = <”(F)> _1t(F).

Let

_ VI ey g ) () et
By Section 9 of [13], letting B; = {(1,2)}, B2 = {(1,2),(1,3)} and B3 = {(1,2),(1,3),
(2,3)}, we have

95 (y12) = E{g™ (V) [Y12 = y12}

= M(G(F) _p)(]l(yl,Z <p) _p)’
g§§<y1’2’y1>3) =E{g™Y)|[Vip =12 Y13 =113}
N(F)

= W(E(F) —2pe(F) +p*) (L(y1.2 < p) —p) (L(y1,3 <p) — p),
9?5(91,2&1,3»3/2,3) = E{gind(y)|Y1,2 =y1,2, Y13 =¥1,3, Y23 = y2,3}
NF) - . 2 3
= ———(t(F)—3ps(F)+ 3p°e(F) —p
pg(l_p)g(() (F) (F) —p°)

X (1(3/1,2 <p) — p) (]l(yl,?, <p) — p) (ﬂ(y2,3 <p) — p)-
We now consider the following three cases.

Case 1. If e(F) # p("!{"”). In this case, we have g # 0. Then, by Theorem 2.4, we
have (3.2) holds.

Case 2. If ¢(F) = p and 5(F) # p?. In this case, we have

g5 =0, gpy #0.
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However, the graph generated by B, is a 2-star, which is not strongly connected. Then,
by Theorem 2.3, we have (3.3) holds.

Case 3. If ¢(F) = p, 3(F) = p? and £(F) # p>. In this case, we have
gE =0, gpl =0, gE #0.
Because the graph generated by Bs is a triangle, which is strongly connected. Then,
by Theorem 2.4, we have (3.2) holds.
A Proofs of some lemmas

A.1 Proof of Lemma 5.1

Proof of Lemma 5.1. We write {a} = {a(1),...,a(k)} forany a = (a(1),...,a(k)) € A, k.
Also, write 7o = 1(Xa(1), - - - » Xak); Ya1),a(2)s - - - » Ya(k—1),a(k))- NOW, observe that

var{ 3 Ta}: S Cov(rarra). @1

a€ly, i a€l, o' €Ly i

Note that if {a} N {o’} = &, then r, and r, are independent, then clearly it follows
that

Cov(rmra/) =0 (A.2)

if {a} N {a'} = @. If there exists i € {1,...,n} such that {a} N{a'} = {i}, then

Cov (ra, To! ) = E{Cov (ra ,To

Xi)} + Cov(EB{ra| X}, B{rar| Xi}). (A.3)

By independence, we have the first term of (A.3) is 0. For the second term, note that for
any i € {a}, then E{r,|X;} =0, and thus the second term of (A.3) is also 0. Therefore,

Cov(ra,rar) =0, if {a} N{a’} = 1. (A.4)

For any « and o’ such that [{a} N {a'}| > 2, by the Cauchy inequality, we have

Cov(ra,ra/) < \/Var(ra) Var(ra/) = Var(ra),

where the equality follows from the fact that r,, < ro. Recall that r, and f(X ;) are
orthogonal for every j € {a}. By (5.1), we have

Var(ra) = Var(¢(Xa(1), e ,Xa(k); Ya(l),a(Q)a ey Ya(kfl),a(k))) — Z E{fl (Xj)Q} g T2.
j€{a}

Thus, it follows that

|Cov(ra,rar)| <72, if [{a} N {a'}] > 2. (A.5)
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Moreover, note that

Y 1({aini{a’} = 2)

a€l, &' €Ln i

k
-3 3 Y a({e}n{a} =1

G0
Wm0

“OOS ) ED GO

where in the last line we used the fact that

n K n—=k\ [k
= > .
(k) ;:0 (k—t) (t) foralln > k

Combining (5.2), (A.1), (A.2) and (A.4)-(A.6), we have

7_2

Bt <= > > 1{a}n{a}>2)

aGIM O/EIn,k

_ n? (k\ (n\ ' /n—2 (A.7)
k202 \2) \k k—2

(k —1)%r2

2(n —1)o%’

(A.6)

IS

This proves (5.3). '
Now we prove (5.4). Let Z\}, = {a = {a(1),...,a(k)} : a(1) < --- < a(k),i € {a}}.
Note that

where
i) _ (1) (@) .
7”,(1) =Ta — T(Xa(l)a s 7Xa(k)’ Ya(l),a(Z)a R Y(x(k—l),(x(k))~
For each a € Iq(f)k by independence and the definition of rgf ), we have

E{r{?|X;,5 € {a}\ {i}, Ya().a@):- - - Yat1).a0) } = 0.

Therefore, for o € T (Z)k we have

n

Var(r()) = E{Var(r() | X;,5 € {a}\ {i}, Ya),a@):- - Ya-1).a00) }
+ Var(]E{rg) ‘ Xj,5 € {3\ {i}, Ya)a@) - - Yatk-1)a(0) })

= 2E{Var(ro | Xj,j € {a} \ {i}, Ya@)a@) - -+ Yatk-1),a()) }
< 2Var(ra) < 272
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Similar to (A.4), we have
Cov(rgf),rof,)) =0 if {a}n{a'}| =1.
Moreover, we have for fixed i,

Y. > L{arn{a’}>2)

aEI(Z) a EI(l>

ZZ Z ({e}n{a} =1)

LY
SOl () T TGy

u=
k—2

_z_:k—l n—1 n—=k k—2
_u:0u+1 k—1)\k—u—2 u
n—1\/n—2
< — .
S (k 1)<k—1><k—2)
Similar to (A.7), we have

E{((J—U@)Q}:%2 S Y Cov(r),r)

" aEIif) a EI(l>

32@) > > L{ainia’}>2)

aEIf:,)k @ eIr(Ll,)k'

;g-ro-

N

o 2n(k —1)72 (n\ > /n—1\ (n—2
S k20? k k—1)\k—2
_ 2(k —1)%72
- n(n—1)0?"
This completes the proof. O

A.2 Proof of Lemmas 5.4 and 5.5

Recall that {a} = {a(1),...,a(¢)} for @ € A, 4. To prove Lemma 5.4, we need the
following lemma. In this subsection, we denote by C' a positive absolute constant that
may take different values in different places.

Lemma A.l. Let (Al, 31)7 (Ag, Bz) S jf’d, (i,j), (il,j/) S .An’z, a1, € “A?(“Z:é) and 0/1,0/2 S
AV, Let

s=[{ar} n{az}], t=[{a1}N{as}].
Ifl({an} U{aa}) N ({af}n{ab})| < 2d — (s+t), then

('“ ) P ) (7' 5
COV{fm(A1 B gazj(Az,Bz)’gal(jAl,Bl f%(jAz’Bz)} 0. (A.8)
Proof of Lemma A.1. Let
Vo ={ar} n{az}, Vi={a}\ Vo, Vo={a2}\ Vo, s=[Wl

A.9
Vo= {ah)n{ab), V= {ol}\ Vi Vi={ap]\ W t=|W]. (A9
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Then, we have Vi NVo =g, V) NV = 2, 2 < s,t < d. Without loss of generality, assume
that s < t.
If 2d — (s +t) = 0, which is equivalent to s = d,t = d, then {al} = {ag} and

{ad} = {ad). I {an} 0 {ah) = 2 then (€10, )26, ) @0 (€43 F4) s €50 )
are independent, which implies that (A.8) holds.

If2d— (s+t) > 0and |[{a1} U{az}) N ({ai} U{as})| < 2d — (s + ¢), then there exists
r € [n] such that r € (V] UVY) \ ({1, @2}). Now, assume that r € V3§ \ ({a1, a2}) without
loss of generality. Let

Fr=0(Xp,Yp.q,0,q € [n]\{r}) Vol i’,’jl). (A.10)

Therefore, we have §(Z AI’BI),gaZ’JLQ’BZ) ,fgl’(JAl B,y € Fr. Then, by (5.6),

E{0, 0, 52y | 1)
= E{fAQ,Bz (X (42,82)3 Yay(42,85)) = Faz,8: (Xay (4,823 YCSZ(QZ),B@) ‘ fr}
—0 (A.11)

Hence,

(.37 (@57 _
{Eal . 1,B1 5032(]142732) |}—T} =0

which further implies that

(G J")
{5 (AhBl)f%(JAzaBz)} 0,

and (4,9) (@ "
Cov{gaij(z‘h B1)€Ot2(A2,B2)’§ (AhBl)gag)(JA%B’z)}

(YD) (3"
- E{gal(Al,Bl 50[2 A2,B2 é-al(.Al,31)6052(142,32)}

_ (4.5) (4:9) (.37 (.57
- E{E{gal(Al Bl)g(yg(Ag,BQ)gall(Al,Bl)faé(Az,Bg) |‘Fr}} (A.12)

= E{ggﬂxl Bl)€a2 As,B3) 5213&{4)1,31) E{fsg(ix)z,BQ) |~7:T}}
=0.
If2d—(s+1t) > 0and |({a1 }U{az})N({a) }N{ab})| = 2d—(s+t), then either the following
two conditions holds: (a) there exists r € VJ UVJ \ ({a1} U{az}) or (b) Vo NVy = @. If (a)
holds, then following a similar argument that leading to (A.12), we have (A.8) holds.
If (b) is true, letting 7 = 0(X,{Y, 4 : p,g € Vi UV UV/ UV, }), we have conditional on

F, (fg;{LI’Bl), 5(”342 B,) is conditionally independent of (E(Z jA)l Bi) 5&2 in 5,)- @nd thus,

(4,5) (1,9) (i',3") (i".3")
COV{f (A1,B1) gOQ(Az,Bz)’gal Al,Bl)ga’Q(Az,Bz)}
_ (4.9) i,5) (i',5") (i",5")
- COV{E{gaﬂAhBl)faz(Az By) |]:}’E{§O‘,1(A1;B1)§az A3z,Bg3) ]:}}

Without loss of generality, we assume that V; UV, UV/ UV, # &, otherwise the argument
is even simpler. Moreover, we may assume that V; # @. Let 7y = o(Y/ i Ypq 1D €

Vo), and we have {“’Jl‘ B, and 5@2’&2 p,) are conditionally independent given F Vv
Fo. Moreover, by (5.6), ]E{g(“) G IFV Fo} = E{g(“% oy | F V Fo} =0, and thus

]E{E(Z JAl 31)552](242732) | F}=0. Therefore, we have under the condition (b),

(4,9) ) @, _
Cov{galj(Al Bl)faszz,Bz)’gal(JAl,Bl)faz Az,Bz)} =0. (A.13)
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Combining (A.12) and (A.13) we prove that (A.8) holds for |[{a1, as }N{a), ab}| = 2d—(s+1).
This completes the proof. O

Proof of Lemma 5.4. In this proof, we denote by C' a constant depending on k and d,
which may take different values in different places. For oy, as,af,a € An 5, let st
be defined as in Lemma A.1, and note that {«a;} and {as} has at least one common
element {7, j}, and {«] } and {c}} has at least one two common elements {¢’, j'}, we have
2 <s,t<d. and

{ Z ( Z fa;e‘h,Bl))( Z §S;{342732)>}

(1L.3)€An2 “ayeA) azeAlD)

= Z Z Z COV{§Q1 AlaB1)€a2(A27B2 7§a1 A1,Bl)€a2,(jA)2,Bz)}

(i,5)€AR 2 a1€A(L 13) o eA(‘ 237)
(') e, ,2

ageA( J)

aeA(’ J)

Y Y Y ¥ win

5,t=2 (j J?E-An 2 aleA(’ ) a/leA(i’éj’)
(i3 EAR 2 ( 0
aeAIJ) éeA(z,J)

(4.4) (@.4) (i",3") (Z d")
X Cov{goq A1 Bl EQQ‘EAQ,BQ)’é.Otl Al,Bl a2(jAQ BQ }ﬂ (A'15)

where O, = {[{a1} N{az}| = s}n{{ai} n{as}| =t} If [{ar } U{a ) N ({ef }Nn{as})] <
2d — (s +t), by (A.8) in Lemma A.1, we have

(i7j) \J ) (7' 2J
COV{foq(A1 Bl)faz(AQ,BQ)’fal(Al,Bl faz(AQ 32)} =0.

If [({a1} U{a2})N({af }n{ab})| > 2d—(s+1), then, recalling that (¢, , €07 ) =

ay1(A1,B1)’ Saz(A2,B2)
(@3 ('3")
(Eal AL Bl),§a2 Aa.B 2) we have

3) (4,4) (5" (.37
|COV{§Q1%A1 Bl)g JAQ,BQ 50/1({41731)50(2 ‘242,32)}|
(4.9) 2 ¢(1,9) 2

S B{(&0 Tar,m)" Caslan )}

(E{wAl,Bl ( a1(A1,B1)s Yal(Al,Bl))} + E{’l//lAl,Bl (Xoéz(A2,B2); YOLQ(A27BZ))})

<
<ot (A.16)

Therefore, with

O1 = {|({aa} U{az}) n({ah} U{ab})] > 2d = (s + 1)},

we have
(4,5) (4,9)
o ¥ (% &) T €
(1.7)€An2 “aeAld acA )
d
oY Y Y Y w00
5,t=0 (LNE€An 2 eA( J) o) EA(I 137)
("5 EAp 2
azeA(’f) o EA“ o2
d
< CT4 Z n(2d—s)+(2d—t)—(2(1—s—t+1)
s,t=0
< CRPn217t, =
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Proof of Lemma 5.5. If k < d + 1, then it follows that {,¢) = 0 for all G € I'4;; and
o € Ay q+1. Therefore, we assume k > d + 1 without loss of generality.

Observe that

o T (% &hn) T
(i,3

i.5)€An2 oy e A azeAd)
B (4,9) (4.3)
- Yy (T )| T &n)
(1.5)€An.2 (i j')EAn 2 areA) az€AL)
> )| ¥
o (A1,B1) (Az,B2)
aheA ) apeAls)

(A.17)
Letting

Fir=0(X)Vo(Ypq Yy, ip.a} # {i,5}),

and noting that

( Z ES;%L1731)>’ Z 5042 A2,B2)

o eASf;i{ 26-/455,5;

is anti-symmetric with respect to (Y;;,Y};), we have

(4,9) (4,5)
(T &ln) T &lhn

€A 2€ANY)

}0.

Now, we consider the following two cases. First, if {4, j} # {¢’, '}, we have

(i".3") (i",3")
Z 50/1(141731)> ‘ Z 5042 Az,B3)

afeAl ") al e A

is F; measurable

and by anti-symmetry again,

(2.9)
E{( Z g041(141731)> ’ Z 5062 Az,B2)

Qi eAﬁf:ﬂi a2€¢4$3,52)

7f-o

Therefore,

(4,5) (4,5)
COV{ ( Z éh6¥1(1‘11,5’1)> ‘ Z f042(142 Bs)

are A azeAl)
3 551’&1730) > 5%(Az Ba) } =0 (A.18)
ale Al ahe Al
for {i,j} # {7, j'}.
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It suffices to consider the case where {i,j} = {i’,j'}. Observe that

COV{( Z 50421%341,31 )’ Z gaz (A2,B2) |’ < Z 5631%341,31 ) Z EOtz A3,Bg)

}

areAly) aze Al aleAld) abeAld)
_ (m) (1.9)
- { 011(141731))( Z 5 1(141731 )
A afeAl))
(m) (1,5)
‘( Z 062A2B2)< Z f A2B2)‘}
eAld) ayeAl)
_ (4.9) i,5) (4.9) i,5)
- Z _ Z ‘ E{fal(AlaBl)gal (A1,B1) Z _ Z ‘ 50&2(1‘\2732)5&2 (Az2,B2) }
ar1€AR) ale Al ar€ALD) abe AL
(A.19)
Let Hy = {a1}\{a)} and H] = {a)}\ {1 }. Lett = <t < v

Now, as

(4,5) (4,9) 1,5)
Z Z g012(/‘2732)5042(142 By) = Z 5062 Az,Bz az AQ,Bz)

azeAﬁf,’ﬁ; aéGAg,’ﬁg az,05€A;
(1,9) (4,5)
+ Z g042(142732)5012 (A2,B3)
ag,ab €Ay
(4,9) i,5)
+ Z 5042(142 B2)£a2 (Az2,B2)’
az,ab€A3

where A; = {as, o € A% (HyUH)\ {a2, b} # 2}, Ay = {a, oy € ADD) - (H,UH))\
(o0t} = 2. (}nfal) < {oahnfod )}, and As = fan ) € AGD) 5 (H U]\ 0z, ab} =

F,{ar}n{ai}) \ {az} Nn{a)}) = @}. Given a; and o). We have we have to choose at
most another 2(¢ — 2) + {(v2 — v1) V 0} elements to form «; and o, and then

[Ao] < Cn*=D (n=71 v 1),

If there exists r € (H; U H7) \ {az, as}, letting F,. = 0(X,,, Y} 4, Yy, p,q € [n] \ {r}), then
we have

(4,5) (i,5)
Z 5(12 Az,B2 é.042(142,13’2) €Fr

ag,ah €A

and by orthogonality, we have

(7,
{qu A1,B1) a1](A17Bl)|]: } =0.

Therefore, we have

(4,5)
Z E Az,Bz gaz (A2,B2)

ag,ab €A

}_0.
} 0
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Similarly, by independence, we have

Z § (4,4) (m
as(A2,B3) a2(A2 B»)

ag,ab€As

(4,9) (4,5
E{gmj(fh,fh f 1(A1 By)
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Hence, by Cauchy’s inequality, we have

(1,9) (i,5)
Z 6042(142732)5 (A2,B2)

ag,a’QEAg,ﬁ;

i,5) (4,5) (i,9) (i,5)
{‘éal A1,B1) 5 1 (A1,By1) | Z é_042(142,1'32)5 (Az2,B2)

az,ab€As
2
<C .

Following the similar argument in the proof of Lemma 5.4, and recalling that {ayNaj} = ¢
and |Ay| < Cn?(t=2)(n¥2=1 v 1), we have

g

Therefore, we have

1

»3) (4,4)
E{gcn%Al,Bl gozlj(Al B,)

}

Z g(z ) (m‘)
az(Az,B2) %(AmBz)

ag,azeAz

(4,4)
Z 5042 (A2,32)£O¢2(A2 Bz)

ag,ab€A

2
} g Ck'2n2(t72) (nv27'l}l vV 1)7_4

}

Substituting the foregoing inequality to (A.19), we have

Z COV{< Z 5(1,13‘11 B: )‘ Z gg;(l?‘xz,Bﬂ ’

< C’anQ(t*Q)(n”r”1 v1)rt

(4,9) 2J) (4,9)
E{fal(Al,Bl £ o) (Ay,By) ‘ Z gazj(AzaBz)gazj(Az B>)

’ (i,5)
az,ah €A b,

(4,4)€AR,2 areAld) az€AS3)
Z 5 i,5) Z g(z]
o) (A1,B1) ab(Az,B2)
areAl) aheAl)
< CkPp2madvne2d =224 - (A 20)
By (A.17), (A.18) and (A.20), we complete the proof. O

A.3 Proof of Lemma 5.6

Lemma 5.6 follows from a similar argument as that in the proof of Lemma 5.4 and the
following lemma. Recall that J;, = {(A4, B) € Jt¢ : Ga,p is strongly connected}. Now,
as the function g does not depend on X, we set A,, = & in the following lemma. With a
slight abuse of notation, For j = 1,2 and for B,, C [k]2, let G,, be the graph generated
by B,, and let v,,, be the number of nodes of G,,

Lemma A 2. Let B,, € Jr.aU Jras1 form = 1,2. Let (i,5),(i',j') € Ano, and let
am € ALD  al € AV form =1,2. Lets = |{a1} N {az}| and t = |{a}} N {ab}|. For
= 1,2, let ~,, indicate that B,, € jf’d U jf’d+1. Then

(4,9) (1.9) (i'5")  (i'5")
COV{ Mo, (11 Ty (B2 Ty (B1) %(me} 0 (A.21)
for |[{ay,as} N{ca),ab} <vi4+va+71+7 —(s+1).

Proof. The proof is similar to that of Lemma A.1.
Let Vo, Vi, Vi, V{, Vo, V4 be defined as in (A.9). Note that if Gp has isolated nodes,
then 7,y = 0 for all « € A, ,,,;, where vp is the number of nodes of the graph generated
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by the index set B. If v; + v = s+, then it follows that {o;} = {ae} and {a}} = {4}, If

{a1} N {a}}| <2, then 77( 3(39 )77512](382) and n( (3)1)77('7(33)) are independent, which further

implies that (A.21) holds.

Now we consider the case where vy +vy > s+¢. If [{a1, as}N{a], ah} < vi+ve—(s+t),
then following the same argument as that leading to (A.12), we have (A.21) holds.

If G, is connected and [{a1, a2} N{af, ah}| = v1 +v2 — (s+1t), then either the following
two conditions holds: (a) there exists r € V5 \ ({1} U{ax} UVGUV)or b)) VoNVy =&
If (a) holds, then following a similar argument as before, we have (A.21) holds. Now we
consider that the case where (b) holds. Let H; = {(p,q) : p € Vp,q € V1} and

Fi= U(}/I%Q’Y;q7: n2 \ Hi).
By orthogonality, we have E{n( 9) \}'1} =0.
Note that 14, (B,) M) (B1)s 77%(32) € F1, we have

(6,5)  (4:9) (4,4) (%))
E{nalj(Bl)nazj(Bz)} E{naQJ(BQ) E{ m%Bl) ‘ ]:1}} =0,

@) () @) (@) | _ @d) ) @3 ()
CO"{ Moy (B) oes (B2 Mo, (By) vy (B )} = E{E{Wm(Bl>77az<Bz>’7a1(Bl>”a2<Bz> ’ fl}
]—'1}}:0

= B 1 oyt oy B
This proves (A.21) for the case where |[{a1, a2} N{a),ab}| = v1 +vs — (s +1).

Now, we further assume that v, = v = 1. If G; or G, is a graph containing one
single edge, then the proof is even simpler. Without loss of generality, we now assume
that Gfﬁ) is connected for every r € [n] for m = 1,2. We then prove that (A.21) holds
when [{a1, a2} N {a), a5} = v1 +v2 — (s +t) + 1. Under this condition, additional to
(a) and (b), there is still another event that may happen: (c) there exists r € [n] such
that {r} =V, N VO’. As the cases (a) and (b) have been discussed, we only need to prove
that (A.21) holds under (c).

As {i,j} C Vb, we have s > 2, and V \ {r} is not empty. Let

Fo=0{Yp g, Y, :p€VIUVRUVUV;, e ViUV UV UV U{r}}

(4,9) (i.9) (i',5") (Z ")

Then, conditional on F,, we have Noer(B1) s (Bs) and 7 o (B1) o, (By) AT conditionally

independent. Hence,

COV{ 1 s M) T oy )>}
= Cov{B{n il Vo B 0 nll o | P} -
Letting
F3=0{Ypq,Ypq: 0 €Vo\{r},q € VaU{r}}.

Now, if GY) is connected for every r € [n], there is at least one edge in G; connecting
Vo \ {r} and V3, and thus

(4,9) (i,9) _ o (89) (4,9) _
E{Tloflj(gl)ﬁazjgz |f2 \ -7:3} 7);2](32) E{nallj(Bl)U:Q \ -FS} - 07

where the last equality follows from orthogonality. Noting that 7, C JFj3, then
B{n 0, 0, | F2} = 0 and thus (A.21) holds. 0
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