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Abstract

We prove local laws, i.e. optimal concentration estimates for arbitrary products of
resolvents of a Wigner random matrix with deterministic matrices in between. We find
that the size of such products heavily depends on whether some of the deterministic
matrices are traceless. Our estimates correctly account for this dependence and they
hold optimally down to the smallest possible spectral scale.
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1 Introduction

A remarkable feature of large Hermitian random matrices H is that their resolvents
G(z) = (H — 2z)~! tend to concentrate around a deterministic matrix M = M(z) for
spectral parameters z € C even just slightly away from the real axis. If the correlation
among the matrix entries of H is sufficiently weak, in particular for Wigner matrices with
independent (up to Hermitian symmetry) and identically distributed matrix elements, this
phenomenon holds as long as |3z] is just slightly above the typical eigenvalue spacing
around Rz. While the random matrix H strongly fluctuates around its mean E H, it is
surprising that the resolvent has such a strong concentration property even on small
spectral scales. Rigorous results of this type are generally called local laws and they
play a fundamental role in random matrix theory since they are able to resolve spectral
properties of H almost down to individual eigenvalues. We remark that for Wigner
matrices M(z) = m(z)I is the multiple of the identity matrix, where m is the Stieltjes
transform of Wigner’s semicircle distribution. For more general ensembles M is given
as the solution of the (matrix) Dyson equation, a non-linear deterministic equation [3].
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Optimal multi-resolvent local laws for Wigner matrices

Historically, the primary motivation for local laws was to provide the necessary a
priori estimates in the three step strategy to prove the Wigner-Dyson-Mehta spectral
universality for random matrices via the Dyson Brownian Motion (DBM), see [32] for
a comprehensive summary. The first local law was proved for Wigner matrices in the
tracial sense [30]; extended later to more general entry-wise [33] and isotropic [40]
senses, as well as to much more general classes of random matrices, including nonzero
expectation [38, 42, 44], nontrivial variance profile [4], and even correlations [3, 29].
Numerous related works focused on local laws for band matrices [13, 26, 50-52], sparse
matrices [8-10,27,43,43], heavy tails [2, 12], accurate error terms [18, 35], general
invariant g-ensembles [1,14-17,24,39,45,49] and many more.

With a very few recent exceptions, listed at the end of Section 1.1, all local laws so
far concerned a single resolvent. Their averaged and isotropic versions assert that for
any fixed € > 0, deterministic test matrix B and test vectors x, y, the bounds

Ne||B] Ne|lz|[]lyl
G(z)—M(2))B)| < , z,(G(z)—M(2)y)| < , n =¥z (1.1)
(e -anm) < TEL @ @) - < T2 3
hold with very high probability, where N is a dimension of H, (R) := 3 Tr R denotes the

normalized trace and (-, -) denotes the scalar product in CV. The estimates (1.1) are
optimal in the critical small n regime (up to the factor N°¢).

This paper is concerned with the multi-resolvent generalizations of (1.1). If G is
approximated by M, what approximates the square of the resolvent? The naive answer
G? ~ M? is wrong, even for the simplest Wigner case since the approximation G ~ M
in (1.1) holds true only in weak sense; it cannot be “squared”. Nevertheless G? still
concentrates and the hint given by the identity G(z)? = 9.G(z) leads to the correct
answer. Indeed G(z)? ~ 0, M(z) in the sense

Ne| B 2 Nellz|l[lyl
< NipZ [z, (G(2)" — 0. M(2))y)| < W7
and again the error terms are optimal. Note that these error terms match the differenti-
ation procedure; indeed (1.2) can formally be obtained by “differentiating” (1.1).

Such algebraic ideas, however, do not help much further if we ask for concentration
of the alternating product

[{(G(2)* — 0.M(2))B)| (1.2)

of resolvents and deterministic matrices By, B, ..., and more generally for
fi(H)B1f2(H)Bs ... By—1fx(H), (1.4)

where f;’s are arbitrary functions on R. The product (1.3) still concentrates but its
deterministic approximation, denoted by M (z1, B1, 22, . .., Bx—1, 2 ), is non-trivial even
for the Wigner case and it was identified only recently in [23, Theorem 3.4] (however,
formulas for traces of (1.4) when f;’s are polynomials have already been obtained within
free probability theory, see e.g. [6, Theorem 5.4.5] or [48, Sect 4. Thm 20.]). The main
result of the current work is to prove the optimal error term for this approximation and
thus to establish the optimal local law for any product of the type (1.3) when H is from
the Wigner ensemble (Theorem 2.5). These optimal multi-resolvent local laws will then
be used to establish the universality of the Gaussian fluctuations of (1.4) in subsequent
works. To keep the current paper focused, we present here only one simple application
of our new local law to improve our control on the thermalisation effect of the Wigner
matrices (see Remark 2.8 below).
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In connection with CLT for linear eigenvalue statistics, special cases of tracial local
laws for (1.3) for k = 2,3 have been proven in [7,19, 31, 36,37,46,47]. These results,
however, considered the special B; = I case, where resolvent identities can directly
reduce the number of G’s. More importantly, the accurate analysis of the case with
general B’s must handle traceless B’s separately as we explain in the next subsection.

1.1 The role of the traceless matrices

The major complication for the multi-resolvent local law is that the size of
M(z1,B1,22,...,Br_1,2;) heavily depends on whether some of the matrices B; are
traceless or not, and the error term must match the size of M to be considered optimal.
For example, if By = By = ... = By_; = I, then (M(z1,1,2,...,1,2)) ~ (1/n)*~! with
n := min |Jz;| in the interesting regime where n < 1, and the corresponding local law

[(G(z1)G(22)G(23) ...G(z) — M (21,1, 22,...,1,2z))| < NLnk = %x—n (1.5)
is optimal (up to N¢) for n < 1. Note that the error term is by a factor N¢/Nn smaller
than the deterministic approximation, hence (1.5) proves concentration for any n > 1/N.

Exactly the same estimate holds for (1.3) with general deterministic matrices B; with
I|B;|| = 1 instead of B; = I, see [23, Theorem 3.4]. However, if all By, Bs,..., By are
traceless, (B;) = 0, then in the < 1 regime typically

1

<M(21,Bb227 .- ~7Bk7172k)Bk> ~ W’

(1.6)
therefore N¢/(Nn*) in (1.5) is much bigger than the deterministic approximation. This
indicates that the robust error term proven in [23, Theorem 3.4] for general matrices is
far from being optimal when traceless matrices are involved, but it does not give a hint
what the optimal error term should be.

The correct answer, in a heuristic form, can be formulated by the following rule of
thumb that we coin the \/ﬁ-rule (in the n < 1 regime):

\/n-rule: Each traceless matrix B; reduces both the size of M and the error term by a factor
V-

Establishing the ,/7-rule for M is relatively straightforward given its explicit form, but
for the error term it is much harder - this is the main content of the current paper.

The special role of a traceless deterministic matrix even for the single resolvent local
law was observed only recently in [22], where it was shown that

NE
N i

if (B) = 0 in contrast to the much bigger error of order 1/(Nn) for general B in (1.1). In
fact, G — m has two different fluctuation modes, a tracial and a traceless one, expressed
somewhat informally in the following two-scale central limit theorem

[((G(2) —m(2))B)| = [{G(2)B)| <

(G) ~m()B) ~ (B) 3+ (BB (2 a7

where &; and &, are independent Gaussian variables and B:=B- (B) is the traceless
part of B. The asymptotics ~ in (1.7) is understood in the sense of all moments and in
the limit as N7 > 1; see [23, Theorem 4.1] for the precise statement.

Tracking the influence of the traceless deterministic matrices in multi-resolvent
local laws for Wigner matrices played an essential role in our proof of the Eigenstate

EJP 27 (2022), paper 117. https://www.imstat.org/ejp
Page 3/38


https://doi.org/10.1214/22-EJP838
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Optimal multi-resolvent local laws for Wigner matrices

thermalisation hypothesis [21], and in the functional central limit theorems to understand
the fluctuation modes of f(1W) as a matrix [22]. However, in these papers only two-
and three-resolvent local laws were necessary and suboptimal error was sufficient. For
example, a key technical ingredient in [21] was the local law
NE
(G(2)BG*(2)B) = |m(2)|>(BB*) + 0(7) (1.8)
VN7

for any (B) = 0 with ||B|| < 1, which in particular implied the upper bound
(G(2)BG(2)B) = O(1),  for Ni > N*

in agreement with (1.6) applied to k£ = 2. In the relevant small  regime the error in (1.8)
is better than the robust error of order 1/(N7?) from (1.5) valid irrespective whether B
is traceless or not, but (1.8) is still far from optimal. The ,/7-rule predicts an error term
of order 1/(Nn) in (1.8), a factor of (\/ﬁ)2 better than the robust error (1.5), while (1.8)
does not even get the optimal N-power that is naturally expected in the n ~ 1 regime.
Similarly, specific three-resolvent local laws that were proven in [22, Proposition 3.4],
also came with suboptimal errors. Finally, we mention a related two-resolvent local law
for the Hermitization of an i.i.d. matrix in [20, Theorem 5.2] where the mechanism for
the reduced error term is different from the ,/5-rule.

1.2 Strategy of the proof

We developed a very concise new method to prove multi-resolvent local laws. The
basic idea for all local law proofs is to show that G, or in the multi-resolvent case
GBGB...G from (1.3), approximately satisfies the Dyson equation, the defining equation
of the corresponding M. In the previous approaches the fluctuating error term in this
approximation was treated separately and it was shown to be negligible with the help
of a high moment cumulant expansion. The expansion generated many terms and a
fairly involved Feynman diagrammatic representation was needed to bookkeep and
estimate them. This becomes especially cumbersome where some additional smallness
effect needs to be consistently tracked along the whole expansion. For example, in the
main technical Theorem 4.1 in [21], we meticulously counted the number of “effectively”
traceless B factors, struggling with the complication that some B factor becomes B2
along the cumulant expansion, losing its smallness effect. Even suboptimal error terms
for small k as in (1.8) required major efforts and the general case was out of reach.

Our new method drastically simplifies this procedure using two unrelated ideas. First,
the large Feynman diagrammatic representation is actually due to an overexpansion
of the fluctuating error term which can be considerably reduced if one expands “mini-
malistically”, so to say. In the context of single resolvent averaged local laws this idea
appeared first in [43], coined as recursive moment estimates, we will use this philosophy
for the multi-resolvent situation and also for the isotropic case.

Second, the fundamental concern in the proofs of multi-resolvent local laws is how
to truncate the resulting hierarchy involving longer and longer chains of the form
GBGB...GH. The cumulant expansion for a chain of length k£ as in (1.3) will contain
chains of length up to 2k. For the single resolvent local law, £ = 1, this problem is usually
solved by the Ward identity GG* = 3G /7, immediately reducing longer chains to a single
resolvent. If traceless matrices are in between G’s such identity is not directly applicable.
In [21] we solved this problem by considering the positive quantity A? := (3G BSGB) for
traceless B and estimated all longer chains in terms of A, to arrive, finally, at a simple
Gromwall-type inequality for A, roughly of the type

A2

A2<14 — 1.9
N +Nn’ (1.9)
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from which A < 1 immediately follows. The reduction of longer chains to A’s involved
a careful Schwarz inequality within the spectral decomposition of H, for example for
an averaged chain involving 2k resolvents (using SG’s instead of G for illustrational
simplicity) we used

2k
1 1
(SGB™] = 5| 3 (i, Buis) (i, Buiy) . (i, Buiy) [[ 85—
1.k j=1 )
1 1 1 k (1.10)
<= i, Buj)[*S S )
= N(%:K“” IS yy.

= N*YSGBSGB)".

Here \; and u; are the eigenvalues and the orthonormal eigenvectors of H, respectively.
The size of the L.h.s., based upon its deterministic approximation (1.6), is n~**!, while
the r.h.s. is of order N*~! hence this inequality lost a factor (N7)*~!. Very roughly, each
summation in (1.10) effectively runs over N7 different i indices and if each summand
were independent, then an effective central limit theorem would reduce the size by a
factor 1/1/(Nn)2k = (Nn)~F, in reality this effect is weaker by a factor N7. Nevertheless,
for larger k’s this loss in the Schwarz inequality in (1.10) cannot be recovered from the
smallness of higher order cumulants, which eventually results in suboptimal error terms
in the local law in [21]. Another complication is that the bound (1.10) is also needed for
(GB). Since spectrally G is much less localized than 3G, technically we could not do
the analysis locally in the spectrum and A was actually defined after taking a supremum
over the real parts of the spectral parameters z; in G's.

The basic objects in the current paper are the appropriately rescaled versions of the
differences (GB)* — My B between alternating chains of length k and their deterministic
counterparts Mj. More precisely, we set

U = Nn*/2|((GB)* — M B)|, (1.11)

and its isotropic version \I/}jo is defined similarly. The general definition allows for
different spectral parameters and different B matrices in the GBGBGB.... chain but we
ignore this technicality here. The rescaling is chosen such that ¥%""*° < 1 corresponds
to the optimal local laws to be proven.

The “minimalistic” cumulant expansion applied directly to the moments of ¥’s gen-
erates further chains of alternating products of resolvents and B’s. Each of them is
expressed as their deterministic “main term” M plus the error term involving ¥’s, i.e.
for this purpose we write (1.11) as

(GB)) = () + O 5.

and similarly for matrix elements [(GB)*],;. The explicit M; terms can be directly
estimated, leaving us with a nonlinear infinite hierarchy of coupled master inequalities
for ¥3¥ and Ui for each k (Proposition 3.5). The estimate for ¥, still contains terms
involving ¥y since the cumulant expansion generates longer chains. This time, however,
we truncate the hierarchy in the most economical way; roughly speaking a chain of
length 2k is split into two chains of length £ instead of k£ chains of length two as in (1.10).
Hence many fewer N7 factors are lost in the analogue of (1.10); the loss is only (N7)? for
the averaged bounds and N7 in the isotropic bound, independently of k (see Lemma 3.6
below).

Even after the reduction of longer chains to shorter ones, the new truncated system
of master inequalities cannot be closed by a simple algebra, in contrast to the single
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inequality (1.9) derived for A. We first prove a non-optimal a priori bound \Ilzv’iso <./Nn
for all k with a step-two induction argument and successively improving the power of
Nn in each step. Then we start the procedure all over again, but now we will not use
the reduction of ¥y;’s back to ¥},’s that would cost us (N7) or (Nn)? factors; we rather
use the already proven a priori bound ¥y, < /N7 that loses only 1/N7. It turns out that
such a loss can finally be compensated by the smaller size of the higher cumulants.

Summarizing, the key conceptual novelty in the current approach compared with [21]
is twofold. First, in [21] we operated with upper bounds on size of the chains, like (1.10),
while now we operate on the level of the much more precise ¥’s measuring the fluc-
tuations of the chains, i.e. their deviations from their deterministic counterpart. This
enables us to determine the leading order term for resolvent chains of any length, and
perform a more accurate analysis purely on the level of sub-leading deviations. Second,
longer chains are split only into two smaller chains, yielding much less (Nn)-factors lost.
However, the price for this higher accuracy is that we need to handle a new infinite
system of inequalities for the ¥’s. Finally, two important technical differences are that
(i) we can work locally in the spectrum and (ii) now we use the minimalistic cumulant
expansion that considerably shortens the argument.

Notation and conventions

We introduce some notations we use throughout the paper. For integers [,k € N we
use the notations [k] := {1,...,k}, and

6, 0) = {k b+ 1, 1 —1},  [kd]i={kk+1,....01—1,1}

for k < I. By [], |-] we denote the upper and lower integer part, respectively, i.e. for
x € R we define [z] := min{m € N : m > 2} and [z]| := max{m € N : m < z}. For
positive quantities f,g we write f < gand f ~ gif f < Cgorcg < f < (g, respectively,
for some constants ¢, C > 0 which depend only on the constants appearing in the moment
condition, see (2.1) later. We denote vectors by bold-faced lower case Roman letters
z,y € CV, for some N € N. Vector and matrix norms, ||z| and ||4], indicate the usual
Euclidean norm and the corresponding induced matrix norm. For any N x N matrix A
we use the notation (A4) := N~ Tr A to denote the normalized trace of A. Moreover, for
vectors x,y € CV and matrices A € CV*"N we define

N
<may> = Zfiyia Awy = <.’1},Ay>
=1

We will use the concept of “with very high probability” meaning that for any fixed
D > 0 the probability of an N-dependent event is bigger than 1 — N~ if N > Ny(D).
Moreover, we use the convention that £ > 0 denotes an arbitrary small constant which
is independent of N. We introduce the notion of stochastic domination (see e.g. [28]):
given two families of non-negative random variables

X = (X(N)(u) ‘ NeN,ue U<N>) and Y = (Y(N)(u) ‘ NeN,uc U(N))

indexed by N (and possibly some parameter u) we say that X is stochastically dominated
by Y, if for all ¢, D > 0 we have

sup P [X(N)(u) > NEY(N)(u)} <N°P
ueUW)

for large enough N > Ny(e, D). In this case we use the notation X <Y or X = O4(Y).
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2 Main results

We start with the definition of the matrix model we consider.

Definition 2.1. We call W a Wigner matrix if it is an N x N random Hermitian matrix
which satisfies the following properties. The off-diagonal matrix elements below the
diagonal are centred independent, identically distributed (i.i.d) real (5 = 1) or complex
(8 = 2) random variables with E wij|2 = 1/N. Additionally, in the complex case we
assume that waj = 0. The diagonal elements are centred i.i.d. real random variables
with Ew? = 2/(N ). Furthermore, we assume that for every q € N there is a constant
Cy such that

E|[VNuw;;|? < C,. (2.1)

Remark 2.2. The assumptions Ew; = 0 in the complex case, and Ew};, = 2/(8N) are
made to make the presentation clearer. All our results can be easily extended to this
case as well, but we refrain from doing it for notational simplicity.

We set G(z) := (W — 2)~! to be resolvent of the Wigner matrix W with spectral
parameter z € C\ R. The optimal local law asserts that G(z) is approximately equal to
m(z)I down to the microscopic scale |Sz| > 1/N, where

2 Va4 — 22

T — Zpsc(x) dl’, psc($> = T (2.2)

m(e) = mz) = [

is the Stieltjes transform of the semicircular distribution.

Theorem 2.3. For any z € C\ R with |z| < N9, 4 := dist(z, [-2,2]), n := |S2| and any
deterministic vectors x, vy it holds that

L ogd<1 |Sm(2)] + L og<1
(G —m)| < {Nf i1 (z, (G —m)y)| < [l[llyll { VN7 N7 (2.3)
Ndz2> = 5 VN2’ dZ 1.

theorem 2.3 in this form, including both the d < 1 and d > 1 regimes, can be found
in [29, Theorem 2.1] even for much more general random matrix ensembles allowing
for correlations. Its tracial version and its special entry-wise version (where x,y are
coordinate vectors) have already been established in [5, Lemma B.1]. However, the
really interesting d < 1 regime has been proven much earlier: tracial version in [30],
entry-wise version in [33] and isotropic version [40]; with many other refinements and
generalisations mentioned in the introduction. The d > 1 regime, sometimes called the
global law, is much easier and most papers on the local law naturally excluded it for
convenience albeit they could have handled this regime, too, with some minor extra
effort.

In case of several spectral parameters z1,z22,... we use the abbreviation G; :=
G(z;). For our main result we recall from [23] that the deterministic approximation to
G1B1G4 - - Gp_1Bi_1 Gy, for arbitrary deterministic matrices By, ..., By_1 is given by

M(Zl,Bh...,Bk,l,Zk) = Z pTI‘K(ﬂ)(Bl,...,kal) H mo[B], (24)
TENCI[k] Ber

where NC[k] denotes the non-crossing partitions of the set [k] = {1,...,k} arranged in in-
creasing order, and K(w) denotes the Kreweras complement of = [41],
e.g. K({134]2]5/6}) = {12|3|456}. Moreover, the partial trace pTr, with respect to a
partition 7 is given by

pTr (Bi,....Bei1) =[] <HB.,-> II B (2.5)
JjEB

Ben\B(k) \j€B (k)\{k}
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with B(k) € 7 denoting the unique block containing k. Finally for any subset B C [k] we
define m[B] := mq.[25] as the iterated divided difference of mg. evaluated in zp = {z; |
i € B}, and by m, -] denote the free-cumulant transform of m|-] which is defined implicitly
by the relation

mBl= > ] mlB1, VBCIK], (2.6)

TENC(B) B'en

e.g. moli,j] = m[{i,j}] — m[{i}]m[{j}]. We note that the iterated divided difference
admits the representation

2
meel{zi | i € B} = /2 pee(@) || (; d. (2.7)

e T %)

For more details on these notations, see [23, Section 2]. As an example we have

M (21, By, 22) = (B1)(msc[21, 22] — Msc(21)Msc(22)) + Bimge(21)mse(22)

(By) [? Vi — 22 - P 2.8)
oo /—2 (x —21)(x — 22) dz+ (Br = (Bi))mse(21)mse(22)

for any matrix B; and

M (21, A1, 22, Ag, 23)
= (A1 Az2) (Msc[21, 23] — Msc(21)Msc(23))Msc(22) + A1 Aamise (21)msc (22)Msc(23)
M (21, Ay, 29, Ag, 23, A3, 24)
= (A1 A2A3) (Mmsc[21, 24] — Msc(21)Msc(24) )Msc (22)Mse (23) (2.9)
+ Ay Ag Agmise(21)msc(22)Mise (23) M (24)
+ A1 (A2A3) (Msc[z2, 2a] — Msc(22)Msc(24))Mse(21)Msc(23)
+ A3{A1 As)(msc[z1, 23] — Misc(21)Msc(23) )Misc (22)Mse(24)
for traceless matrices A, A, A3. In the sequel we follow the notational convention that
general deterministic matrices are denoted by B, while the letter A is used to denote
explicitly traceless matrices.

We now give bounds on the size of the deterministic term M (z1, By ..., 2k, Bi, 2k )-
The proof of this lemma is presented in Appendix A.

Lemma 2.4. If a out of the k matrices By,..., By with ||B;|| < 1 are traceless, i.e.
(Bj) = 0 holds for a different indices (for some 0 < a < k), then it holds that

1
7= d<1
|M(z1,B1 ..., 2k, B, 2zi41) || S {nkl(a/zw <
d>1
dk:+l = 3
1 (2.10)
- d<1
|[(M(z1,B1, ..., 251, Br—1,21) Br)| < {771’“1(@/21 =
aF d>1
dF >1,

with n := min; |3z;| and d := min; dist(z;, [-2, 2]). Generically, both bounds are sharp
when not all z; have the same sign.

Theorem 2.5 (Multi-resolvent local law). Fixe > 0, letk > 1 and consider z1, ..., zx4+1 € C
with max; |z;| < N, min;|Sz;| > N~'"¢, and let By, ..., By, be deterministic matrices of
norm ||Bj|| < 1, such that a of them are traceless for some 0 < a < k. Let 1 := min;|3z;|
and d := min; dist(z;,[—2,2]). Then for arbitrary deterministic vectors x,y of norm
llz]| + |ly|| £ 1 we have the optimal averaged local law

1

—— d<1
(G1By ---GyBy, — M(z1,By, ..., By_1,zk)Bi)| < { N**% 7 = (2.11a)
Nor 421,
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and the optimal isotropic local law

s d<1
‘<CC, (GlBl cee GkBka+1 — M(Zl, Bl, ey Bk, zk+1)>y>‘ =< { \/Nykfa/2+l/2 -
VNdk+2 d21,
(2.11Db)

where G; = G(z;).

Remark 2.6. (a) Inthe regime d < 1 the error terms in (2.11) are generically smaller,
by a factor of 1/(Nn) and 1/+/N7, respectively, than the leading terms (x, M. 1y)
and (MyBy), with the shorthand notation M; := M(z,B,...,Bj-1,%;), c.f
lemma 2.4. For d > 1 the error terms are smaller by a factor 1/(Nd) and 1/(v/Nd),
respectively.

(b) The estimates (2.11a) and (2.11b) are optimal. This can be easily seen from the
proof since in the Gaussian case the leading term of the variance (4.17) and (4.34)
is estimated sharply due to the optimality of lemma 2.4.

(c) The really interesting part of theorem 2.5 is the d < 1 regime, since the effect of
traceless matrices is only relevant when at least some of the spectral parameters
is close to the limiting spectrum [—2, 2]. In fact, for d > 1 very similar bounds were
already given in [23, Theorem 3.4]. However, the proof in [23] relied on the fairly
involved diagrammatic expansion used in [21, Theorem 4.1]. With our new method,
we can give a much shorter alternative proof for this regime as well; this will be
explained separately in Appendix B.

(d) With our new method we could also present a simplified proof of the single resolvent
local law as stated in theorem 2.3. In this way we could circumvent citing the
quite involved [29, Theorem 2.1] that was designed to handle much more general
ensembles than Wigner. The proof of the easier d > 1 regime is especially simple
in this new way, which would eliminate the main reason for citing [29] instead
of earlier and simpler single resolvent local law proofs for d < 1. For the sake of
brevity we refrain from reproving theorem 2.3, and instead we assume it as an
input within the proof of theorem 2.5.

By Theorem 2.5 we will also conclude the following corollary.

Corollary 2.7. Let k > 3, let By,..., B, be deterministic matrices with || B;|| < 1, such
that a of them are traceless for some 0 < a < k. Let f1,..., fr be Sobolev functions
fi € H*=/21(R) such that | fi|| - < 1. Then for any deterministic vectors =,y with
] + [yl < 1 we have

(fi1(W)By ... fr(W)By) = Z (B, ... ’Bk’>K(7r) H sco[B] + O <maXi|fi||HU€a/2'\ >

N
TENCIk] Ben
(@, A(W)By ... frW)y) = > (2, pTr(ny(B1,-.., Bi1)y) [ [ scolB] (2.12)
TENCIk] Bern
O max;|| fill grra—a/21
+ =< N1/2 )
where sc, is the free cumulant function from (2.6) of sc[iy,...,in) = (fi, fis - fir)ses

with (f).. = [ f(z)psc(z)dz. For k = 2 and a = 0,1 exactly the same result holds. In
the remaining case k = 2, a = 2 (2.12) also holds with f; € H' =%/21 and ||| jyrx—a,e1
replaced by f; € H? and I|| 72, respectively. The results in (2.12) can be extended
straightforwardly to include several independent Wigner matrices (see [23, Remark
2.13]).
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Exactly the same result (2.12) for k =1 and f € H? was proven in [22], where we
actually even proved a CLT for (f(W)A).

We remark that in Corollary 2.7 there is a significant improvement in the error term
compared to [23, Theorem 2.6] where the matrices B; do not necessarily have trace
zero. Namely, the Sobolev norm ||-|| ;« in the error term of [23, Theorem 2.6] is here
replaced by ||| jrr—a/21, With a denoting the number of traceless matrices. For a = 0 the
error terms in Corollary 2.7 coincide with the ones in [23, Theorem 2.6].

Remark 2.8 (Thermalisation). We now specialise Corollary 2.7 to f(z) = €!*%, with s > 0,
and define

2
. J1(2s
o(s) == / €7 pee(z) da = 12 ), (2.13)
-2

where J; is the Bessel function of the first kind. The thermalisation result from [23,
Corollaries 2.9-2.10] asserts that the unitary Heisenberg evolution generated by the
Wigner matrix renders deterministic observables (matrices) asymptotically independent
for large times. More precisely,

. . 52
(€W B1e W By) = (B1)(By) + ¢(5)?(B1By) + O« <N> , (2.14)
for any deterministic matrices B;, By (for simplicity we only stated the case k = 2).
Using the optimal local law for two resolvents in (2.11a), by a very similar proof to
the one of Corollary 2.7, we conclude

(€W AW Ag) = ¢(s)* (A1 42) + O (%) ; (215

with (A;) = (A3) = 0. Note the improved error term in (2.15) compared to s?N !

from (2.14), which allow us to prove that
(eiSWAle_iSWA2> ~ <p(s)2<A1A2>

for any s < N'/* (instead of s << N'/® from (2.14)), where we used that ¢(s)? ~ s~ for
s > 1. We remark that by Corollary 2.7 we obtain a similar improvement for any k& > 3,
but we refrain from stating it for notational simplicity.

3 Proof of the multi-resolvent local law in the d < 1 regime

We give a detailed proof of Theorem 2.5 for the much more involved d < 1 regime, in
particular in this case n < 1. In Appendix B we explain the necessary modifications for
the d > 1 case. At a certain technical point (within the proof of Lemma 5.1), the proof for
the d < 1 uses (2.11a) for the d > 1 regime, but this lemma is not needed for the proof
in the d > 1 regime, so our argument is not circular. With the exception of Appendix B,
throughout the rest of the paper we assume that d < 1, hence n < 1.

For traceless deterministic matrices 4;, ||4;] < 1, (4;) = 0, deterministic bounded
vectors x,y, ||z|| + ||y]| < 1 and for k£ > 1 we introduce the normalized differences

U (2, Ag) 1= NP2 [(Gr AL - GrAy — M(21, Av, ..o, A1, 20) Ar)l,

N (3.1)
U0 (2401, Ap, 2, y) 1= /Niph L (G1A1 oo At — M(zl,Al,..‘,Ak,zkH)) :
Ty
where
G = G(z), n:= mz_in\i‘yz7;|, zp = (21,...,2k), A :=(41,...,A). (3.2)
EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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For convenience we extend these definitions to £ = 0 by

UEY(2) == Nnl{G(2) = mse(2))],  U5°(z,2, ) i= V/Nl(x, (G(2) = mee(2))y)|, 7:=[S2],
(3.3)
and note that

U + e <1 (3.4)

by the well known single-resolvent local law [11, 34,40]. Note that the index k counts
the number of traceless matrices.

For notational convenience we also introduce the concept of e-uniform bounds.

Definition 3.1. Fix any e > 0. Let k € N, then we say that the bounds

|<G(21)Bl s G(Zk)Bk — M(Zl, Bl, ceey kal, Zk)Bk>| =< gav’

N (3.5)
’(G(zl)Bl e BkG(ZkJrl) — M(Zl, Bi,..., 2k, B, Zk+1))wy < E°

hold e-uniformly for some control parameters £2V/1s0 = gav/ i5o(N,n), depending only on
N,n, if the implicit constants in (3.5) are uniform in bounded deterministic matrices
|| B;|| <1, deterministic vectors ||x||,|y|| < 1, and spectral parameters z; with 1 > n :=
min;|Sz;| > N7, |z;] < N0, Moreover, we may allow for additional restrictions on
the deterministic matrices, and talk about uniformity under the additional assumption
that some of the matrices are traceless, or some of them is a multiple of the identity
matrix, etc.

Note that (3.5) is stated for each fixed choice of the spectral parameters z; in the
left hand side, but in fact it is equivalent to an apparently stronger statement, when
the same bounds hold with suprema over the spectral parameters z;. More precisely, if
£ > N—C for some constant C, then (3.5) implies

sup [(G(z1)B1---G(2)Br — M(z1,B1,...,Bk_1,21)Bi)| < € (3.6)

21,225--3%k

(and similarly for the isotropic bound), where the supremum is taken over all choices of
z;'s in the admissible spectral domain, i.e. with |z;| < N'% and 1 > min;|Sz;| > N~1*<
This bound follows from (3.5) by the usual grid argument. Indeed, we may apply (3.5)
for a dense N 1'% _grid of k-tuples of complex numbers within the spectral domain. The
number of such tuples is at most polynomial in N and we use the standard property of
stochastic domination to conclude max; X; < C from X; < C as long as the number of i’s
is at most polynomial in N. Finally, we can use the Lipschitz continuity (with Lipschitz
constant at most ~*~1 < N**1) of the left hand side of (3.5) to extend the bound for all
spectral parameters in the spectral domain. In the sequel we will frequently use this
equivalence between (3.5) and (3.6), e.g. when we integrate such bounds over some
spectral parameter.

We first establish the following key lemma which allows us to conclude multi-resolvent
local laws for general deterministic matrices from the special case where each determin-
istic matrix is traceless.

Lemma 3.2. Fix e > 0 and k > 0 and assume that for all 1 < j < k and some control

parameters 1/1;“’/ % the a priori bounds

\I]av(zjﬁ AJ) <Y \Ijijso(zj7Aj7ma y) = ¢}SO (37)

J J o
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have been established e-uniformly in traceless matrices. Then it holds that

S
<G(21)B1 .. G(Zk)Bk> = <]\4(Z17 Bl, ey Bk717 Zk)Bk> + O< (W
Zk—b wiso
. — _Lg=a vy
(G(Zl)BlG(ZQ) BkG(2k+1))my = ]\4(217 Bl, ey Bk, Zk+1)a:y + O< (ﬁnk‘—a/}‘rl/?) y
(3.8)
e-uniformly in vectors x,y and deterministic matrices B, ..., By, out of which0 < a <k
are traceless and 0 < b < k are a multiple of the identity.
Using Lemma 3.2 we reduce Theorem 2.5 to the following Lemma.
Lemma 3.3 (Final estimate on \Ifiv/iso). For any e > 0 and k > 1 we have
Mwe <1 (3.9)

e-uniformly in traceless matrices.

Proof of Theorem 2.5. Theorem 2.5 is equivalent to Lemma 3.3 in case when all matrices
are traceless. The general case follows from Lemma 3.2 and setting ¢ZV/ % =1 due
to Lemma 3.3. O

We prove Lemma 3.3 in two steps and first establish a weaker bound as stated in the
following lemma.

av/iso

Lemma 3.4 (A priori estimate on ¥, ). For any e > 0 and k > 1 we have
T L gise < /Ny (3.10)

e-uniformly in traceless matrices.

The rest of the proof is organised as follows: First, we prove Lemma 3.2, then
in Section 3.1 we state the master inequalities on the ‘I!ZV/ "% parameters, which we
then use to prove Lemmas 3.3 and 3.4 in Section 3.2. Finally, the proof of the master

inequalities will be presented in Section 4.

Proof of Lemma 3.2. We start the proof by splitting all those k£ — a — b matrices B; that
are neither traceless nor multiples of the identity as B; = (B;) + éi. Since (2.4) is
multi-linear in the B-matrices and the error terms in (3.8) are monotonically decreasing
as a or b are increased, it is sufficient to prove Lemma 3.2 for the special case when
a+ b=k, i.e. all matrices are either traceless or multiple of the identity.

Moreover, if $z;3z; < 0 then we use the resolvent identity G(z;)G(z;) = [G(z) —
G(z)]/(z — z;) and |z; — z;| > n repeatedly to further reduce the lemma to the special

case . i
(H G(Zl,j)>A1<H G(zQ,j))AZ"' (3.11)
Jj=1 j=1

where (A;) = 0 and sgn(Sz;1) = - - - = sgn(Sz; i, ) for all i. We note that (2.4) satisfies the
same relation since

M(...,Zi,...)7M(...,Zi+1,...)

M(...,Zi,I,Zi+1,...): > P (312)
i At
due to () ( )
Mgl Zi) — Mesc(Zit1
mlzi, zip1] = — Z — z+1 : (3.13)
(3 (3
EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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by definition. Finally, from the residue theorem we have that

k k

1. , 1
[[G() == [] d 14
j:lG(ZJ) ™ /R\YG(IJFW) T~z +sgn(Sz)in (5:14)

j=1

whenever 0 < 1 < min; Jz; or max; Sz; < —n < 0. We note that M from (2.4) satisfies
the same relation since

1 M(... in,...)—M(...,z—1in,...
M(...’zi7l7zi+17l7...’I’ZiJrn,...):7_/ ( )I.+1n’ ) ( .,.I‘ 177, )dx
271 Jg (x4 oin—z) - (z+ oin — zi4n)
(3.15)
for o = sgn(8z;) = - - - = sgn(8zi4r) due to multi-linearity and
1 . .
m[zi,...,zm}:—./ miz th) —m(z—in) __y, (3.16)
271 Jg (x+oin —21) -+ (x + oin — z,)

from the residue theorem. By using (3.14) for each product in (3.11) obtain an alternating
chain of traceless matrices and resolvents, so that the bound follows by the assumptions
in (3.7). O

3.1 Master inequalities and reduction lemma

From now on every deterministic matrix A; is assumed to be traceless and uniformity
is understood as uniformity in traceless matrices.

Proposition 3.5 (A priori estimates on pav/isoy, (i) Assume that
\I/;v/iso < w;v/iso7 1 S] <4 (3.17)
uniformly. Then it holds that

" UP + ()2 + (vg)' 2

vy < 3.18a
1 m ( )
<14y VW) 4 OV (W) + (U)? 4 ()
2 1 N N7
(3.18b)
\IjiSO _< 1+ wilso + w%v + (wizso)l/Q (3 18C)
! VN7 (Nnp)t/4 '
\I,iso e wiso N i2so + (lbisow%so)l/? + w%v N ,(/)ilsod]iw N (¢§so)1/2 4 (wjlso)l/Z
? ' VN7 N (N)1/4 7
(3.184d)
again uniformly.
(ii) Now, let k > 2 and assume that a priori bounds
\I}’i’v.< ’(/};J‘V ::VN ) ]Skj_27
J 2, k—1<j<2k,
i (3.19)
\I/i_so ) ¢}SO =V N ) j S k— 27
I g0, k—1<j<2k,
have been established uniformly. Then it holds that
k—1 iso iso k av)1l/2
YRSy + VR 4 2 k2 (¥55)
Uy o1+ ¢§N + J= (3208)
k ; J /;N’I?
k—1 i i i av 2k i
e <14 Y i 4 Y R VR S RND DI Cl ) PP,
=’ VN (Nm)H/4
EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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again uniformly.

Since in Proposition 3.5 resolvent chains of length £ are estimated by resolvent chains
of length up to 2k we will need the following reduction lemma in order avoid an infinite
hierarchy of inequalities with higher and higher k-indices.

av/iso

Lemma 3.6 (Reduction inequality). Fix k > 1 and assume that ¥}, =< z/JZ,V/iSO holds for
0 < n < 2k uniformly (in the sense explained in Proposition 3.5). Then it holds that

N 2 av)2 k
v {( )+ W even (3.21)

(N0)? + Nn(py +9i%) + 0pr 9%y, k odd.

Moreover, for j < k and for k even, we have

p, < N1+ \/Jan> (1+ M\/N);:) (3.22)

again uniformly.

The proofs of Proposition 3.5 and Lemma 3.6 will be given in Section 4 and Section 5,
respectively.

3.2 Proof of the bounds on U#'/° jn Lemmas 3.3 and 3.4

Proof of Lemma 3.4. Within the proof we repeatedly appeal to a simple argument we
call iteration. By this we mean that whenever X < z implies

X <A+ % +zlmege, (3.23)

for some constants B > N?Y, A,C > 0, and exponent 0 < o < 1, and we know that
X < NP initially (here §, « and D are N-independent positive constants, other quantities
may depend on V) then we can iterate (3.23) finitely many times (depending only on 6, «
and D) until we arrive at

X <A+C. (3.24)

In other words, (3.23) implies (3.24).
The proof of Lemma 3.4 is a two-step induction on k. Our first step is to establish the
induction hypothesis

gvise o1 < /Ny, WA <\ /N, (3.25)

in fact for \IJ"l‘V/ 5o we will establish the stronger < 1 bound immediately. We start
with (3.18b) which together with (3.21) implies

5O+ (U812 + (W) (81°)? + (U1)% + v (v)!

s <1+ ¥ + =2 T
VN N
iso + r(/)aVn ( 180)2 + ( av)2 + ,(/)iso(,(/}av/;l/Q (3.26)
R e

and hence, using iteration and a Schwarz inequality ¥ (¢3Y)1/? < (11%°)2 + 3 for the
last term, we get

iso is0)2 av)2
; ; +
\If%v < /N77+wfv+ 2 4 (1/}1 ) (1/11 ) .

(3.27)
VN7 Nn

EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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Next, we consider (3.18d) and eliminate wlso 1/)150 from it by first using (3.21) and (3.22)
in the form

wiso Nﬂ(l + %)( Ngn)l/z
< Nn<1 + \1/62\77) (1 * (J\zf/}j;ﬂ + ( %V)(QJVJ;)(;HSO)Q)UQ’ (3.28)
oot o3 <o )

where in the second step we also eliminated ¢35 using (3.27). Plugging these bounds
into (3.18d) yields

1so (wlsowlso)1/2+wav wlsowav ( 150)1/2 (,(pilso)l/Q

lIIISO _< 1 ISO
ISO (wlSO) ( av)2 N 1/4 w?v _|_ ,l)[}ilSO -
< /Ny + i o () /4 (1 B,
By iteration we thus obtain
lbO av
\Ijlso = \/7 + ,(/}150 ( ) (1/1 ) , (330)
Nn
and by feeding (3.30) back into (3.27) we conclude
Wy < /N g ) Nn(d’ ) (3.31)
By using (3.30) in (3.18c) we immediately obtain
- iso + wav 150 wav av
iso 1 1 1
Ure <1+ TN (N’U)d/4 -<1+(Nn)1/2 (3.32)
and together with (3.18a) we also have that
av)1l/2
T <1 % (3.33)
Finally, by combining (3.31) to (3.33) we obtain
wav 1/2 wgv
Ue < /Nn+ N (Nn)2 </ Nn (3.34)

and therefore \I/?V/ 50 _ 1 and finally, by (3.30), all statements in the claim (3.25) hold.
This completes the initial step of the induction.
Now we turn to the induction step: we assume that k£ > 4 is even and that the bounds

gv/iso o /Ny, n<k-—2 (3.35)

have already been proved. We will prove the same bounds forn =k — 1, k.
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For any j < k and under the assumption (3.35) the reduction inequalities (3.21)
and (3.22) simplify (recall that k is even) to

iso

< ) (1 52

}Cso VN + L?v j even,
=< Nn(l + ) N
VNn/ | VNn+ j“’l + ¥ + Y PiY, /N, jodd,
iso av .\ 1(j=k)+1(j=k—1)/2 iso
Nm3/2(1 k 1 (o Nm3/2(1 k
=< (W) ( +\/‘7\/'77)( Jan) =< () ( +\/Nn)( Nn)
(3.36)
and
(Nn)* + ()%, j=k,
U5 < § (Np)2+ Nphg¥, j =k —1, p < (Nn)® + (v")*. (3.37)
(Nm)?, else,
Then together with (3.20a) and (3.20b) it follows that
YR+ Ty ()2 Y+ U
=< VN + It < VN St
o N N (3.38)
2k 2 :
(wmo) iso | 1/2 an 1/2
1:;0 / k
21 < VN + )i/ = (1+\/7) <1+N77>
and
’ll)lso 1so + Z k/2(,¢)av)1/2
U < /Ny + L=
k k—1 \/m
150 i':so + av
=< \/7Jr Vo1 + Sl S
VN7 o 2 S g (3.39)
- ) wk 1 + (wlso ;csil) S wl_so
\IjlbO < N iso J J
Y RN O PR
iso wk 1 + ,(/)k iso 1/2 wzv 1/2
< VN0 + S N <1+\/T7) <1+N77)

where we used the first inequality of (3.36) to estimate }*?, in the |/¢}°,¢50, -term
with ¢5V = \/Nn. Iterating (3.39) yields

,(/)150 1so
av Nn av (340)
VRl + U
N

\I/ZV < \/N?]‘f’?l}z‘il“v‘

Wis© < /Ny + i, +

and by using (3.38) in (3.40) it follows that

iso w iso | 1/2 ,(/)av 1/2
\Ijav = Yk UV Yk (1 k ) (1 k )
VNn+ o U Ny

VN7
iso
<V Nnp+ —H—
N (3.41)
) iso | 1/2 1/2 hav :
g < /(1 D) (g B
g VN Ny VN
<V Nn+
EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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From (3.41) we immediately conclude \Ilzv/ 50 - /N7 and by feeding this back into (3.39)
finally that ‘ .
giv/ise gav/ise o /N, (3.42)

concluding the induction step. O

Proof of Lemma 3.3. This follows directly from Lemma 3.4 and proposition 3.5 and
induction on k. O

4 Proof of the master inequalities, Proposition 3.5
We recall the definition of the second order renormalisation, denoted by underlining,
from [21]. For matrix-valued functions f(W), g(W) of the random matrix W we define

W)W g(W) = fIW)Wg(W) = Eg: | (0 )W) Wg(W) + f(W)W (09)(W)|,  (4.1)

where 0;;; denotes the directional derivative in the direction of a GUE matrix W that
is independent of W. The expectation is w.r.t. this GUE matrix. Note that if W itself
is a GUE matrix, then E f(W)Wg(W) = 0, while for W with a general distribution this
expectation is independent of the first two moments of W; in other words the underline
renormalises f(W)Wg(WW) up to second order. We note that underline in (4.1) is a well-
defined notation only when the position of the “middle” W to which the renormalisation
refers is unambiguous. This is the case in all of our proof since f, g will be products of
resolvents not explicitly involving monomials of W.
We also note that the directional derivative of the resolvent is given by

957G = —~GWG, 4.2)

furthermore, we have o
Ey; WAW = (A) - I. (4.3)

For example, in case of f = I and g(W) = (W — 2z)~! = G we have
WG =WG+ (G)G.
Similarly, for G; = G(z;) we also have
WG1Gy = WG1Go+(G1)G1G2+(G1G2)Ga, GiW Gy = GIW G2+ (G1)G1G2+(G2)G1Go

indicating that the definition of the underline in (4.1) depends on the “left” and “right”
functions f and g, and even though f(W)Wg(W) =W f(W)g(W) = f(W)g(W)W, their
second order renormalisations are not the same.

Using this underline notation and the defining equation for m = mg., we have

G=m—-mWG+ m(G—m)G =m—mGW +m(G —m)G. (4.4)

The key idea of the proof of Proposition 3.5 is using (4.4) for some G; in G14; ...
Ax_1G} and extending the renormalisation to the whole product at the expense adding
resolvent products of lower order. For example,

1
G1A1G2A2G3(l + O(N77>>
= m2G1A1A2G3 - m2G1A1W7612A2G3 (45)
= Mms (G1A1A2G3 + <G1A1>G1G2A2G3 + G1A1G3<G2A2G3> — G1A1WG2A2G3),
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where on the rhs. only products of resolvent with one deterministic matrix need to be
understood. The renormalisation of the whole product will be handled by cumulant
expansion exploiting that its expectation vanishes up to second order. We note that while
WG = GW, replacing G by ma — moGoW instead of my — maW G, in (4.5) still gives a
slightly different expression:

1
G1A1G2A2G3(1 T O(Nn>>
= m2G1A1A2G3 — m2G1A1G2WA2G3 (46)
= my (G1A1A2G3 F(G1A1Go)G1 AsGy + G Ay GoG (AsGs) — G1A1G2WA2G3).

A key ingredient for the proof is the following lemma which shows that the deterministic
approximation M defined in (2.4) satisfies the same recursive relations as suggested
by (4.5) and (4.6) after ignoring the full underline term and the 1/(NNn) error terms.

Lemma 4.1. Let zy,...,z; by spectral parameters, and A1,..., Ax_1 be deterministic
matrices. Then for any 1 < j < k we have the relations

M(z1,. .0 52,) = ij(Zh--~7Zj—1;Aj—1Aj72j+17--~72k)
J—1
+m]ZM(Zlv "aAlflwzlaI»Zijjv"'7Zk’)<M(Zl7Ala"'azjfl)Aj71>
=1

k
+m; Z M(Zl, .. .,Aj,hzl,Al, .. .,Zk)<M(Zj,Aj, .. .,Zl)>,
I=j+1
4.7)

M(Zl, .. .,Zk) = ij(Zl, .. -aZj—laAj—lAjaZj+17 .. .,Zk)
j—1
+m; ZM(Zl’ e 714[,1,2:[,14]‘, .. -aZk:)<M(ZlaAl7~ .. >Zj)>
=1

k
+m; Z M(zh. .. ,Aj,l,Zj,I, zZ1, A .,zk)<M(zl7Aj,. . .,Zlfl)Al,1>.
I=j+1
(4.8)

We remark that the special j = 1 case of this lemma was already proven in [23, Lemma
5.4]. We will present a direct combinatorial proof for the general case in appendix A.
Alternatively, lemma 4.1 can also be deduced from the original expansions for resolvent
products with the full underline term. For example, taking the expectation of (4.5) for
W being a GUE matrix and letting NV — oo removes the full underline term and the error
terms. Since the local law [23, Theorem 3.4] asserts that G1 A1 G2 A>G3 asymptotically
equals M (z1, A1, 22, Ag, z3) in the N — oo limit for any fixed spectral parameters, we
obtain the corresponding identity (4.7) for k£ = 3. The argument for general k is identical.

4.1 Proof of Proposition 3.5

The proofs of the averaged and isotropic bounds are done separately below. For
simplicity we do not carry the dependence on the spectral parameters z; and traceless
matrices A; but instead simply write G and A.

EJP 27 (2022), paper 117. https://www.imstat.org/ejp
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4.1.1 Averaged bounds (3.18a), (3.18b) and (3.20a)

Within the proof we repeatedly make use of the a priori bounds (3.17) and (3.19) for
7 < 2k. It is important to stress that after possibly applying Lemma 3.2 no chains of
length more than 2k arise along our expansion hence the a priori bounds are needed up
to index 2k only.

By (4.4) for the first G and using the local law |(G — m)| < 1/(/Nn) we obtain

(GAS) (14 0= ((Nn) ™))
= m(A(GA)*1) — m(WGA(GA)* 1)

(4.9)
=m{A(GA)") + m§<(GA)jG><(GA)’“_j> - m(W(GA)").
j=1
By assumption (3.17) and (3.19) and Lemma 3.2 we have
(AGAV ) — (artaa)| < 2y VLTS
((GAPG — My} < .10)
(GA) = (o A)| < =t

so we can replace each resolvent chain by its deterministic M-value plus the error term.
In particular, for the middle term in the third line of (4.9) by a telescopic summation we
have

k

Z( (GAYGY(GAT) = S (M 1) (M)

J=1

S

<.

1
k— k—4 : k—1
1 1 (Chd (i o3 PEVPRY
= Z < G7) Nn““ —oz ; glGn72 N2 ¥ e T Npra17 +j§ N2/

<Nk/2( +Zwav(1+wk ]))
(4.11)

where we used that by assumption 7 < 1, the bounds (2.10) and (Ms) = (M;A) = 0.
Together with the deterministic identity (4.7) we conclude

((GAYF) — (MyA)) (1 Lo, ((Nn)*l)) = — m(W(GAF) + O (&™) (4.12)
with
£ = le/z <1 +ZW(1 n wNn )) (4.13)

where we used |(MyA)| < 1 and [(MA)| < n'~*/2 for k > 3.
We recall the cumulant expansion

eaf(W) + 00ar f (W

N +Z > N(k+1)/2E83bagaf(W)+QR7 (4.14)
k=2 gq+q'=k

Ewy,f(W)=E

from [21, Eq. (79)] with an error term 2z which for the application in (4.15) below
can be easily seen to be of size Qr = O(N~?) for R = 12p. Here the first fraction
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represents the Gaussian contribution and ¢ = N Ew?, € {0,1} is determined by the
complex/real symmetry class of W due to Definition 2.1. The sum in (4.14) represents
the non-Gaussian contribution and ”}? denotes the joint cumulant of p copies of VNwa
and ¢ copies of \/Nm Using (4.12) and (4.14) and distributing the derivatives we
obtain

E|(GA)* — M A)*
S [-mEW(GA)(GAY ~ MA ™ (G A — My AY

[((GA*G)| + [((GA)*(G*A)*G)]
N2
+ > =L J, T)|((GA)F — My A)
[T+ (JUTL)>2

< (&)™)

< E|m| 2p—2 (4.15)

~

[(GA)* — My A)|

|2p—1—|JUJ*|

+0<((E2)"),

where Z3V(l, J, J,) is defined as

— || N (0 )+3)/2Z|al ((GA)* ba|H|3’ (GA)k \f[l@J (G*A)M)], (4.16)

ab jeJ JjeJy

and the summation in (4.15) is taken over tuples | € Z2ZO and multisets of tuples J, J, C
7%, \ {0,0}. Moreover, we set 0(:12) := 9492, |(I1,12)] = Iy + I and 3 J := el
For the first term in the third line of (4.15) we have

o (GARG)| + [((GA)* (G A)G)| 1 ( SZ)

=< 4.17
i N2 N2qk Nn ( )

due to Lemma 3.2 and |(Mar1)| < 7~ from (2.10).
We now turn to the estimate on =2V from (4.16). Due to the Leibniz rule the derivatives

can be written as a sum of products of (aa, bb, ab, ba)-entries of resolvent chains of the
form GAG--- AG(A), e

8ababa(GAGA)ba = Gbabe(GAGA)aa + beGaa(GAGA)ba + be(GAG)aa (GA)ba
+ Goa(GAG) b (GA)ga + (GAG )0 Gop (GA)aa + (GAG) 1, Gaa(GA)pa
Gob(GAG) 4o + (GAG) 06 Gaa

ObaOab(GA) = N
(4.18)
Thus we have the naive bounds
|8l((GA)k)b | < ; Z H( lbo ) 1 (1 n }il)
a nE=1)/2 n(k=1)/2 /Nn/)’
ko+-- +km k—1 1 (4 19)

150

I I (B O RP= I (Rra ]

kit =k

where we used that 1/1}in = +/Nn for k; < k — 2 by (3.19) by assumption. In the proof of
the bounds (4.19) we used that

isp 1 isp
kl kv,
(Mg, A)ap + O<< NT]’“'H)‘ =< e (1 + WW) , (4.20)

by (3.1) and the norm bound in (2.10) for the deterministic term. We will use (4.19) for
any k # 2, the k = 2 case will be done slightly differently later.

’((GA ab‘ -
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For k # 2, by (4.19) we obtain

iso iso iso JUJ.
iz < Ne-l-T o))z VY ( ! )“M"‘ (1 + ’”) (1 TS} ) .
N2 \ N2 VN NG

(4.21)

Note that estimating =3V is necessary only if || + > (J U J,) > 2 by (4.15), so the N-
prefactor in (4.21) comes with a non-positive power. In fact, if [I| + > (J U J,) > 3, then
this factor removes the /N7 factor from the numerator, which will be sufficient for our
purpose.

In case |I| + > (J U J,) = 2 we still wish to remove the /N7 factor, so we need to
improve (4.21). We use a standard procedure, called the Ward improvement, which relies
on the fact that sums of the form ) ,((GA)"G)q, can be estimated more efficiently then
just estimating each term one by one. Note that in (4.16), after distributing the deriva-
tives according to the Leibniz rule, necessarily some resolvent chain! (GAG - -- AG[A])
appears with off-diagonal indices (a, b) or (b, a). Indeed, an off-diagonal term comes from
one of the products in (4.16) when |j| = 1 for some j € J U J,, and it comes from the
O ((GA)*), factor when |I| = 0 or |I| = 2, by parity considerations. For such off-diagonal
resolvent chains we use

NCOMEROE Aal?)” = N2\ /ETAICT

ab
N3/2 (,l/)gv)l/2
1+
n ( VA ) (4.22)

< N*2[IAIVIGGH) <

S I(GA)"GlADw| < N¥2\/(GAGAZ]G*(AGH)")

N3/2 av
3/2 n * *\n - 2n
< ANV (GA GG TAGT)) < oy <1+ Nn)

1/2

for n > 1. This allows us to gain a factor of (Nn)~!/< compared with the naive bounds

c° )
VN7

" ,(/)lb()
SI@AY Gl < W(HM)

that were used in (4.21), at the expense at the expense of replacing 1 + 1*°/\/N7 by
Nn. Thus, in case || + > (J U J.) = 2 we can also improve upon (4.21) by a
factor of (N7)~'/? and obtain

o) A ST

Z(G[A])ab

ab

<N2(1+

(4.23)

=i Nnh/2 VN7

where we used that ¢5Y = /N7 for j < [k/2] from (3.19). Combining this with the earlier
discussed || + > (J U J,) > 3 case, we obtain (4.24) for all cases. By plugging (4.17)
and (4.24) into (4.15) we conclude

E[((GA)* ~ MkA>\2” (&)
+;[ank/2 (1 4 Pkt +Pp° + Z; Lk/2] (7/)23) )]m(ER(GA)’“ _ MkA”zp)lfm/%

VN7
(4.25)
1Here the [A] in square brackets indicates an optional matrix A which may or may not be present.
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and get the appropriate estimate E|- - ~|2p using Young inequalities. Since p is arbitrary,
it follows that

((GA) = MpA)| < & +

iso iso k av
1 (1 L +Zj—Lk/2J(¢2j)1/2>
+

Nnk/2 v Nn (4.26)
k—1 1so 1so av)1l/2 :
1 T Z d)av w + Z] [k/Q] (w ) /
N k/Q VN7 '

concluding the proof of (3.18a) and (3.20a). Here we used that at least one factor in
the w;Wz/J,j‘Lj product from £2V is equal to /N7 by using (3.19), since either j or k — j is
smaller or equal than k — 2 for k # 2.

The proof of (3.18b), i.e. the k = 2 case, is identical except that in the second line
of (4.19)

iso ( iso

— 1 bise 1 )?
PUCIA =< D 10+ % ) NW(H Tt fw) (4.27)

ki+-- +k‘]| =2 1

and in £&¥ there are quadratic terms resulting in (¢15°)2, (¢3¥)? in (3.18b). This completes
the estimates for the averaged quantities.
4.1.2 Isotropic bounds (3.18c), (3.18d) and (3.20b)

Similarly to (4.9), for the isotropic local law we start by comparing ((GA)*G — My 1)zy
and (GAW (GA)*1G) gy
(GAYG)ay (1+O<((N1) 1))
= m(GA(AG)* ) gy — M(GAWG(AG) 1)y
= m(GA(AG)* Mgy — m(GAWG(AG) 1) gy + m(GAY(G*(AG)" 1) gy (4.28)

k—1
+m Y (GAYG)((GA) Gy
j=1

We again replace the G-chains with their deterministic counterparts using

e , o, P
(GA(AG) ),,,.y(M(zhA,zs,...))my+0<<¢Nnk+\/Nnm)

wlso + ,(/}1:;0
= (M(21,4% 23,.. ))ay + O (\/W> (4.29)

(1 )
N771/2 (k+1)/2 \/W ’

where we used the upper bound on (G?(AG)*~1),, from (3.8). By a telescopic replace-
ment we have

{GAYG*(AG) ) ay| =<

k—1
((GAYCY(GA Gy — (My1) (Mi 1)y )

1
k—1 k-1 =

,l)Z)lSO‘ ,l)/)av ,l/}aV ,l)Z)lSO
<Z| )l N1 +ZN773/2“|(MI€ o my|+ZN77]/2+1 Npk—it

J
_ k— ,L/JISO ( w;w) . kz—:l wav
~ k/2+1°
= /N k+1 = N’r] / +

(4.30)
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and together with (4.7) we conclude from (4.28) that

(GA*G — My11)ay (1 ey ((Nn)*1)> —m(GAWG(AG)F 1)y, + O (€5°),
(4.31)
where
5iso - 1 1 _|_k . [ 1so ( qﬁav) + wT/ :| + l(k = 1) élw (4.32)
R Nkt 2 = N7 /N7 A .
Thus,

E[((GA)*G — Myi1)ay|™
S [-mEGAWGAG) )y (GA)G — My )iy (G AG — M)
+ O<((5150)2p)

. (4.33)
SEER|(GAFG — Mit1)ay|”~ + O<((E5)%)
ziso 2p—1—|JUJ.
+ Y EBERWII)|(GAFG = Mygy)ay|” T,
[+ (JUT)>2
where
Siro G(AG) GAG)* oy (GAG)* T,
(4.34)
n |(G*(AG*)JG(AG)’“*l)yy(GA(G*A)’“*J'G*)M|
N
and E¥°(1, J, J,) is defined as
20 1= m| NTUHEULIIEDE S 10 (GA) e (G(AG) )iy
ab
. : (4.35)
x H|aj((GA)kG)my| H 07 (G A)* G ) ya |-
jeJ jed.
For (4.34) we estimate
& . ‘
-~ VEYi Ve 41
=250 =< Myl + ——="2—— ) (IIMy—js2|| + ——L"——
; ;O(n el i ) (10421 wp =)
. (4.36)
1/’k+y 1 Y2t
N MZ( i) 0 )
In order to estimate Zi° we use the entrywise bounds
3 . . 1 iso
|8’((G( )A)kg( ))my\ =< W Z H(l 4 ki )
ko+--+kyj =k i
1 ISO + ,l/}lSO
< 1+
S R .
7 ) N o (4.37)
! k—1
PH(CAC) | < 3 H(1 + )
kot Ak p1=k—1 i
1 B
pRC=E (1+ m)
EJP 27 (2022), paper 117. https://www.imstat.org/ejp

Page 23/38


https://doi.org/10.1214/22-EJP838
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Optimal multi-resolvent local laws for Wigner matrices

Note that in the second step of the first inequality we tacitly assumed that & # 2; the
special case k = 2 will be discussed at the end of the proof. From (4.37) we directly
obtain the naive bound

vNn VN7 HITUIL ) fso ) i50 1 qpiso | |JuL|
N(ll\+Z(JUJ*)—2)/2(\/W) ( +\/JW)( +Tn) :

=l <
(4.38)

Recalling the definition (4.35) and that we need to estimate Z° only when |I| + Y (J U
J.) > 2 by (4.33), we claim that we can improve upon (4.38) by

(a) 4 factors of (N7))~/2? in case |I| = 0 and |j| = 1 for some j € J U J, (implying
|JUJ.| >2),

(b) 3 factors of (Nn)~'/2incase |I| =0 and |JU J,| > 1,
(c) 3 factors of (Nn)~'/? in case |j| = 1 for some j € J U J,,
(d) 2 factor of (N7)~'/2 otherwise,

at the expense of replacing of a multiplicative factor of 1+ ¢°//N7 by 1 4 (52 Y12/
(Nn)'/* for each such improvement. Indeed, estimating

Y (GA)"G)aal < \/JV\/E:I((Gz‘l)"G)a,-aI2 < NY2/((GA) GG (AG ) gw

a

N iso \ 1/2
<\ (1 + \&Lﬁ) (4.39)

Y (G Qzal[((GA)"G)yal < V(GA)"GCH(AC*))zeV/ ((GA)"GCH(AGH) ™) g

a

1 iso 1/2 1 iso 1/2
/nn-i-l VvV Nn /nm+1 vV Nn

(4.39b)

gains factors of (N7)~'/2 and (N7)~! respectively, compared to the naive bounds

" N o )2
oG4 Gl < s (14 )

’ (4.40)
iso 1/2 iso 1/2
3G A Gl (GA "Gyl < s <1+ L ) <1+ a ) ,
/e N VNI

a

for one and two off-diagonal chains per summation index. Similar gains are possible for
the summation over the b-index. We call a chain evaluated in @, a or y,a an a-chain (as
in (4.39a)-(4.39b)), and a chain evaluated in «, b or y, b a b-chain.

We now check that, when performing the a and b summations, in each of the cases (a)
to (d) the gains (4.39a) and (4.39b) can be used sufficiently often to obtain the claimed
number of (N7)~!/? factors. Note that even if there were many a-chains, a gain is
possible from at most two of them.

(a) Here both the l-factor [(GA)g.(G(AG)*~1),,] (see (4.35)) and the j-factor
2 ((GA)*G)4y, after performing the derivative, contain exactly one a- and one
b-chain each. Hence (4.39b) can be used for both summations, and we gain four
factors.
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(b) Here the l-factor contains one a-chain and one b-chain, while the j-factor contains
either an a- or b-chain, and thus both (4.39a) and (4.39b) can be used once for the
a and once for the b-summation, gaining three factors.

(c) Due to |j| = 1, the j-factor contains one a- and one b-chain, while the I-factor
contains either an a- or b-chain, and thus both (4.39a) and (4.39b) can be used
once, gaining three factors.

(d) The l-factor contains either one a- and one b-chain, or two a-chains, or two b-chains.
In the first case we use (4.39a) twice, and in the latter two cases we use (4.39b)
once in order to gain two factors in total.

Now we collect these improvements for (4.38). If [I| + > (JU J,) — |J U J,| =0, then
we are in case (a) and can gain 4 factors. If |I| + > (J U J,) — |J U J.| = 1, then either
[T = 0 and we are in case (b), or |j| =1 for all j € J U J,. and we are in case (c), yielding
three gained factors in both cases. Finally, if |I| + > (J U J,) — |J U J,| > 2, then case (d)
applies with a two factor gain. Note that the fewer gains are compensated by the higher
power of 1/N in the prefactor in (4.38). Altogether we can conclude that

is°| ~ (#)(H-\JUJ*\)M 1+ 1/);531 + w}:o n (w;i‘al)l/? et (wiQSIS)l/Z | JUJ.|+1
k Npkt1 VN7 (Nn)t/4 " 4~1)

By plugging (4.36) and (4.41) into (4.33) we conclude (3.18c) and (3.20b). This proves
(3.18c) and (3.20b).

For the special £k = 2 case, i.e. for the proof of (3.18d) we note that in the first
equality of (4.37) and in the estimate on £;*° there are additional quadratic terms (1*°)?
and 123" but otherwise the proof remains unchanged. O

—_
—

5 Proof of the reduction inequalities, lemma 3.6

In order to prove lemma 3.6 we first infer local laws for resolvent chains including
some absolute value |G| from resolvent chains without absolute value. To formulate the
precise statement, for any choices of g;(z) € {1/(x—z;), 1/|x—z;|} we first generalise (2.4)
to

M(g1, A1, g2, Ak-v,g8) = >, PTrgpey(Ar, ..., Axor) [ seo[Bl, (5.1)
TENCIk] Ben
where sc, is the free cumulant function of scliy, ..., i,] = (g, - gi).)s.. We note that the

bounds (2.10) and their proofs verbatim also apply to this more generalised M. The
following lemma generalises lemma 3.2 to absolute values.

Lemma 5.1. Fixe > 0 and k > 0 and assume that for 1 < j < k a priori bounds
\I}?V(zj,Aj) < @bj'wa \Ijijso(zijj,w;y) < w;‘so (52)

have been established e-uniformly in traceless matrices. Then zi,...,2x+1 € C with
n = min;|Sz| and G; € {G(z;),|G(z;)|} and corresponding g;(x) € {1/(x — z;),1/|x — z|}
it holds that

Sh e Al
(G1B1---GyBy) = (M (g1, B1,...,Br_1,9%)Br) + Ox <H

Nnk—a/Q

X N (5.3)
(GBG B.G ) = M(gy, B B )ay + O M
151062 EGE+1 ey 91, D1, -+, Dk, Jk+1)zy < \/Nnk*“/zﬂ/? )
e-uniformly in vectors x,y and deterministic matrices Bi, ..., By, out of which a are
traceless.
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Proof. The proof is analogous to the special case given in lemma 3.2, with the additional
step first of representing any |G| via

. 1 [ GE+i(n?+s)V?) - GE —i(n? + s2)/?)
G(E = — d 5.4
|G(E +1in)| - /o (2 + s2)1/72 s (5.4)
as an integral over resolvents. Here we used the identity
1 1 [ 1 1 1
_— = — ds. 5.5
R A e e e e [ L

We note that M for g(z) = |z — E — in| " satisfies the analogous identity

o0 2 1 o2Y1/2 _ oo 2v1)2

M(...,g,.,.):_l M(...,E4+i(n*+s)2,..) = M(...,E—i(n* + s%) ,...)ds
i Jg (2 + s2)1/2

(5.6)

by multi-linearity. In (5.6) the lhs. is understood in the sense of (5.1), and the rhs. in the
sense of (2.4).

It remains to estimate the integral of the error term obtained from using (5.4) for
each |G| and replacing the resulting resolvent chains by their deterministic equivalents.
From now on we only consider the case a = k in the averaged version (the isotropic one
is analogous). Proceeding as in lemma 3.2, the general case 0 < a < k — 1 is completely
analogous and so omitted. For notational simplicity in the following we denote all the
deterministic matrices by A and resolvents by G (even if they are evaluated at different
spectral parameters). For concreteness we assume that only two ¢;(z)’s are equal to |z —
2|71, the restis (z—2;)7!, i.e. k1 +ko+2 = k. Introducing the shorthand notations z; s :=
E;+i/m? + 12, M(21.6, 2k, 42,5) = M (21,5, 4, 22, ooy 2k 415 Ay Zhy 42,50 A, 2y 435 - - - 2k), WE
have

[(|G(Ey +im)| A(GA)* |G(Ex, 42 + ink, 12)|[A(GA)™=) — (M (g1, A, ..., A, gi) A) |
dsdt

\/ 7 +S2\/77k +2 + ¢

N7 ds dt

G(21.6) A(GAY G (21, 12.6) A(GAY2 — M (21 4, 2k, 12.4)
\/ 771 + 52\/77k +2 + 2

// 2’1 g GA)le(Zkl+2,s)A(GA)k2 — ]\4(21787 Zk1+2 t

+O(N7?)

v ( / /N"k /N°‘ / ) ds dt
/2
Nn vn%+52\/771%1+2+t2

L2 /NS’” /N“ ds dt
Nr]k 1 1 2 2
\/77 + s 771<; 2+t

A
Ntz

(5.7)

Note that to go from the second to the third line we used the trivial norm bound
|G(E +in)|| < n~! to remove the very large s and ¢ regime (and a similar bound for the
deterministic term). Additionally, in the penultimate inequality we used (5.2) to bound

n > 1. Alternatively, we could have used [23, Theorem 3.4] in this latter regime. O
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Proof of Lemma 3.6. Similarly to Section 4, to make the presentation simpler we do
not carry the dependence on the spectral parameters z; and traceless matrices A; but
instead simply write G and A.

We first start with the bound in the average case and we distinguish two cases
depending on whether k is even or odd. Let {)\; }ze be the eigenvalues of W, and

let u; be the corresponding eigenvectors. For even k: using the shorthand notation
T := A(GA)*/?>~1, we have

Sk = Nn*[((GA)* — M A)l

< Nn+ Nn ) : (i, Twj) (wj, Tt ) (W, Tug) (g, Twy)

N (N = 20) (0 = 2k/240) An = 2i0) (N = 231 7241)
77 Z |(u;, A GA)k/Q—l ->|2|<um,A(GA)k/2_1ul>|2 (5.8)
Py [(Ai = 21)(Aj = 2ry241) A — 2i1) (M1 — 2(38) /241 |

= Nn+ N (|GIA(GA)* 71 GIA(G A2 1)(|GA(GA) G AG A2

2
1
2 k k v 2
S Nn+ Ny (n’“/“ +Nnk/2) < (Nnp+9p¥)”.

In the last line we used Lemma 5.1. This concludes the bound for even k.
Similarly, for odd k£ we have

55 = N |[((GA)** — My A)|
S Nnp+ N277k<|G|A(GA)(k+1)/2_1|G|A(GA)(k+1)/2—1>
x (|GIA(GA) D271 GG A) D2
S (N0)? + No(ph +9ile) + ol

where to go to the last line we again used Lemma 5.1. Additionally, to go from the first
to the second line of (5.9) we used (with the shorthand notation 7 := A(GA)*+1)/2-1,
S = A(GA)k-D/271

(5.9)

(GA)*)
1 (wi, Tuj) (wj, Tum ) (U, Sug) (ug, Su;)
N ”Zml (A = 21) (N = zgea 1y 7241) (A — We2) (N — wWsky1)/241)
GA)(kJrl)/Q 1 -)|2|<um,A(GA) (k—1)/2-1 >‘2
S N ”Zmz [(Ai = 21)( )\ - Z(k+1)/2+1)()\m — wi2) (A — w(3k+1)/2+1)|
— N<‘G‘A(GA) k+1)/2_1|G|A(G*A)(k+l)/2_l><‘G|A(GA)U€_1)/2_1|G‘A(G*A)(k_l)/2_l>.

(5.10)

We now consider the isotropic case when k is even and j > 1:

e S VN + VNgEHTD2 (g (GART Gy)
= /Nn+ VN2 (4 (GAFPGA(GA) TG(AG)  ?y)
< VN + Ny B2 (GA)R2|GI(AGH)F22) P (y, (GA)F/2|G(AG* )/ 2y)
x (|GIA(GA) |G l(AGH )T~ Ay /2
) 1 wiso 1 wg\{ 1/2
< (k+j+1)/2 k J
S VNn+Nn <77k/2 + %Nn%H) (Ujl + Nnj)

< (N + (Np)Y29p°) (1 + (N) =2 (30)1/2),

(5.11)
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Additionally, to go from the second to the third line we used that

(z, (GA)k/QGA(GA)J‘—la(AG)’“/Qy>
_ Z (GA)R ;) (uy, A(GA) 1) (uy, (AG)*?y)
(N = 2ry241)(Aj — 2r/24541)

1 1/2
< (5 o (GA i) Pl (AG) )P z (s, AGAY )P
- [N = 2/2400) (A = 2h/24541)] [(Ni = zry241)(Nj — 2j24541)]

ij
= NY2(z, (GA)"?|G|(AG*)*?z)* (y, <GA>’“/2|G|<AG*>’“/2y>” 2

x (|GIA(GAY Y G|(AG*) 1 A)'/2,
(5.12)

6 Proof of Corollary 2.7

The proof of this corollary relies on the Helffer-Sjostrand representation [25], i.e. we
express each f;(W)in f1(W)A; --- fx(W) as an integral of resolvents at different spectral
parameters. Note that by eigenvalue rigidity (see e.g. [28, Theorem 7.6] or [34]) the
spectrum of W is contained in [—2—¢, 2+¢|, for any small € > 0, with very high probability.
In particular this implies that it is enough to consider test functions f; € H(Ek_a/ 21 ([-3,3)]),
i.e. Sobolev functions on R which are non-zero only on [—3, 3]. In fact, this can be always
achieved by multiplying the original f with a smooth cut-off function without changing
f(W) up to an event of very small probability.

We present the proof only when all the matrices are traceless, i.e. when a = k. The
proof in the general case is completely analogous and so omitted.

Let f € H, [k/21 ([-3,3]) then we define its almost analytic extension by

IR
fo(2) = fon(z) = for(z +in) == | Y 2

= 7

——f9 (@) | x(n), (6.1)

where x(7) is a smooth cut-off equal to one on [—5,5] and equal to zero on [—10, 10]° and
f\) denotes the j-th derivative. Then we have

fo) =2+ / %L? d*z, (6.2)
Vi C —

where d?z = dx dn denotes the Lebesgue measure on C = R? with z = z + in.
Consider fi, ..., fr € H*?!([~3,3]), then by (6.2) we get

VA W) = = [ _Hd% [ (o) (=)

i=1

G(Zl)Al e Ak_1G(Zk), (6.3)

where G(z;) := (W — z;)7L.

Proof of Corollary 2.7. This argument is very similar to the proof of [23, Theorem 2.6],
hence here we only explain the main differences.

Pick any £ > 0 as a tolerance exponent in the definition of O.(). Without loss of
generality we can assume that max; || f;| ;re21 < N'7¢ (otherwise there is nothing to

prove). We first prove the averaged case in (2.12), and then we explain the very minor
changes required in the isotropic case.
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We start with the bound
[ datoesosta+ i)l <0 g 64)

which easily follows from (6.1). Set o := N ~!+¢/2; first we prove that the regime |n;| < 7o,
for some i € [k] in the integral representation of (f1(W)A; ... f(W)Ay) from (6.3) is
negligible. Here we only present the proof in the case when |7;| < no happens only for a
single index i; the changes when more than one 7;’s are small are exactly the same as
explained above [23, Eq. (3.21)], giving an even smaller bound.

Without loss of generality we assume that |7;| < 7. In this regime we claim that
(with z; = z; +in;)

70 k
‘ /d.’El L dZCk /WHZ’IO, d’l72 e dnk / d771 (H(@Z(fz)c)(zl)> <G(21)A1 e G(Zk)Ak>

i€[2,k] "o i=1

< 10 (Npo)*/2 m?XHfiHHrk/zw .

(6.5)
To prove (6.5) we will use Stokes theorem in the following form:
1 o
/ M (x +in)h(z +in) dedn = % Y(z+in)h(x +i7) dz, (6.6)
—10

for any 7 € [0, 10], and for any ), h € H*(C) = H'(R?) such that 9-h = 0 on the domain
of integration and for ¢ vanishing at the left, right and top boundary of the domain of
integration. We will use (6.6) and the compact support of (f;)c to conclude that

10
[ o [ am(@s(f)e) @) (G A Gl A; . Gla) AL
R no (6.7)

1 . .
=5 da:i(fl) (i +1n0)(G(21) A1 ... Ai_1G(z; +ino) Ai . .. G(2k) Ak),
for any fixed 21,...,2;-1, Zi41, ..., 2x. Using (6.7) repeatedly for the zs,.. ., zx-variables,

we conclude

k
[Ihs. of (6.5)| = 2’“ T /dez dm (9z(f1)c)(z1 +1im) H c(z; +in)

X <G(21)A1G(£C2 + i’f]()) s G(xk + 1770)Ak>| .

(6.8)

Additionally, we will use the following bound on products of k resolvents which
holds uniformly in || > N~1%. For this bound we introduce p(z) := 7 !Sme(2)],
for any z € C\ R, as the harmonic extension of the semicircle density noting that
p(x +10) = psc(2).

Lemma 6.1. Forany k € N, z; := x; + in;, with |z;| < 2 and |n;| > N7, with i € [k], it
holds

(G (21)AG(22) ... AG(z)A)| < NF/271 H (6.9)

1
- 1+7
2/3 ( .>’
e[k] p(x; +1N ) N|ni|

1 1
(k—1)/2
(@, G(21)AG(22) . .. AG(z1)y)| < N Z€| k| e T <1+N|m|), (6.10)

uniformly for deterministic traceless matrices || A|| < 1, vectors ||z|| + ||y|| < 1, and z; as

above.
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Armed with all these ingredients, we have the following chain of inequalities in order
to prove (6.5):

|rhs. of (6.5)]

) k
f(Wﬂ (z1)] / fk/2]1< 1 ) / 1
dxq 1+—— | d | | de,—————
/ plxy +iN— oz +iN—2/3) ) Sy <ini1<no " N|m]| n pales p(z;+iN—2/3)

k/21-2 —
+no|\f1||Hw/ A2 ke g

[ <ny

k/2—1 (Tk/27) 2\ /2 day 12
S no(Nno) /2= (/dxl ‘fl (fﬂl)‘ ) </ P(QCH‘IN_Z/S)Q> Jr770||fl||Hrk/21

S o(N1o) ¥ 27 full e
(6.11)

where in the first step we first used || f;|| ., < 1 for ¢ € [2, k| and after splitting the 7,
integration, in the regime 7, < |n;| < 1o we used (6.9) together with

0=(f1) (@1 + i) S ™21 2D ()

for any |z1| <2, |n1| < np from (6.1). In the complementary regime || < 7, we used the
trivial norm bound [(G(21)A; - - - G(z1) Ak)| < [LIG(2:)Ai]| < T1, [m:|~! together with (6.4).
In the penultimate inequality of (6.11) we also used that [ 1/p is finite due to the square
root singularity of p, and that [ 1/p? < log N thanks to the tiny N%/3-regularisation. This
concludes the proof of (6.5).

We now estimate the integration regime in (6.8) where |n;| > no for all i € [k]. By (6.3)
and the local law (2.11a), we conclude that

(fi(W) A W)Ay)
/Rk/<| <10 d®z1 - d?20(0:(f1)c)(21) - (O:(fu)e) (20) (Mg Ar)  (5.12)
+ O (mo (N0 max | fill e )

where we abbreviated M[k] = M(z1,A1,...,2k-1,Ak—1,2r). Note that in (6.12) we esti-
mated the error term N ~!(min |n;]|)~*/? coming from the local law (2.11a) by

k

1 2
/Rk /770<771|<10d Zil;[l(az(fi)c)(zi)<(G(ZI)A1 Gz — M[k])Ak>

k

(6.13)
=04 <N71m?XHfiHHW21) )

with d2z := d?z; ...d%z,. More precisely, in (6.13) we considered the regime 7; < 1y <

- < ng (all the other regimes give the same contribution by symmetry) and performed
k — 1 integration by parts in the z;-variables, i € [2, k], as in (6.7), and then estimated the
remaining J-(f1)c(z1) by (6.4). The error term N~!|n;|~*/2 from the local law together
with the |n;|/*/21=1 bound from (6.4) and the integration in 7, yields (6.13).

Finally, using that by (6.5) the regime 7; € [n,.,70] can be added back to (6.12) at
the price of an error 7 (Nmo)*/?~! max; | fi|| ;r+/2» We conclude the proof of the averaged
case in (2.12) modulo the computation of the leading deterministic term which is done
exactly as in [23, Proof of Theorem 2.6] and so the details are omitted.

The proof of the isotropic case in (2.12) is very similar. The only differences are the
following: (i) to bound the small 7;-regime we have to use (6.10) instead of (6.9), which
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still gives exactly the same bound (6.5); (ii) to estimate the error term coming from the
isotropic local law (2.11b) (used in the regime when |1;| > 1o for all i € [k]) we have to
replace (6.13) by

k

/ / [10:=(f)c)(z0)@, (G(e1)Ar .. Glax) — Myg)y)
R* 770<\77L\<10 i=1 (6.14)

=0, (N-W max il gre/ar ) -

The proof of (6.14) is exactly the same as the proof of (6.13). O

A Additional proofs
Proof of Lemma 2.4. We first note that the inequality

1
ni—1

Imscl21, ..., 2] S (A1)
is a direct consequence of the integral representation (2.7). The bound (A.1) is sharp
only when not all &z; have the same sign. If all signs agree, then the iterated di-
vided difference remains bounded by the smoothness of mg. in the bulk. By Mobius
inversion [23, Eq. (2.3), Lemma 2.16] we have

molBl = > (- 1( II csi- 1) [ mi7!

TENC(B) SeK(m) Tem
=m|[B] + Z \Tr\ 1( H C|S‘ 1> H m[T]
7ENC(B) SEK (n) Ten (A.2)
I >2
— m[B o[- L V< 1
=m(Bl+ >, BTl ) S BT
rENC(B)
|w|>2

where C,, is the n-th Catalan number. Here we used (A.1) in the third and fourth step
recalling that
m[T) =m[{z|i€T}|. (A.3)

We note that (A.2) is sharp since (A.1) is sharp and leading order cancellations are
impossible in the ultimate line.

From the definition (2.5) it follows that pTr K () is non-zero only when no block of
K(r) is a singleton {i} with (B;) = 0, and therefore |K(7)| < k — [a/2] or equivalently
|7| > 14 [a/2]. Thus (2.10) follows directly from (2.4). O

Proof of lemma 4.1. We only prove (4.7) as the proof of (4.8) is completely analogous.
We recall the alternative definition of M from [23, Eq. (5.12)]

M(z1,...,2k) Z

T A
My P i (r () (Ak)) OB

EeNCGI(1,k] _— (A.4)
qE ele_IEq7 QJ 1+m7,mj7 S ( Il )a

where NCGI1, k] denotes the set of non-crossing graphs on the vertex set [1,k] =
{1,...,k}, i.e. graphs without crossing edges (ab),(cd) with a < ¢ < b < d. The
graphs are identified with their edge sets E. Note that the connected components of any
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non-crossing graph F form a non-crossing partition of the set [1, k] that we denoted by
7m(E) in (A.4).
For any fixed j € [1, k], we now partition the set of non-crossing graphs as

j—1 k
NCG[LE =g;u| |(G; xay)u || (Gh x65), (A.5)
=1 I=j+1

according to the idea that each non-crossing graph either
(i) has j as an isolated vertex, or

(ii) has a maximal [ < j with (/j) € E, and the graph can be written as the product of a
graph inside and a graph outside the interval [/, j], or

(iii) has no ! < j with (Ij) € F but there is a maximal [ > j with (jl) € E, and the graph
can be written as the product of a graph inside and a graph outside the interval
[7,1].

The corresponding formal definitions used in (A.5) are given
G; == NCG([1, k] \ {5})
G, ==NCG[l,j), Gy ={EeNCG([1,[JU[jk])|(j) € E} (A.6)
Gi, == {E € NCG[j,l]| (jI) € E}, G :=NCG([1,5) U[l, k]).

We note that for graphs F € NCGJ1, k] with an isolated vertex j whose edge-set is given
by the edge-set E = E; € G, of its restriction to [1, ] \ {j} we have

PTr k() (Ak) = PTY k() (A 215 Aj—145, A1 k) (A.7)

Similarly for E = E, U E; with Ey € G}, E» € Gy, for some [ < j we have

Ty (Ap k) = PTr g (r(my ) (Api—2) A1) PTr e (r () (Apys L, Apiky) (A.8)

since the vertices [+1,...,j—1 are necessarily in distinct connected components than the
vertices 1,...,1—1,5+1,...,k due to the non-crossing property. Finally, for £ = F; U F»
with E; € g}l, E5 € Gy, for some [ > j we have

PTrr gy (A k) = PTr g () (AL)) PTE ke (m(B2)) (A1) Al k) (A.9)

by the same reasoning.
Using this decomposition in (A.4), we thus obtain

Mz, )
ml...mk

= Z 9 PTr g (o (m)) (Ani—2), Aj—145, Ajj k)
EEgj

7j—1
3> am Tk (e (Ang—2)Ai-1) Y a8 DT (A I Ay
=1 Eeg;; E2€G7,

k
+ 30 > am 0Ty (AGn)) Y a8 PTrk(r (i) (A A
I=j+1 B, €0}, E2€05
(A.10)
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By (A.4) it follows directly that
M(Zlv Alv ] Aj*Qa ijl)

Z 4dE, pTrK(ﬂ(El))(A[l»j_Z]) =

. ml .. .m4_1
E1€G}, ’ (A1D)
M(Zl,...,Ajfl,Zl,...,Zk) '
> a8 Pk (r(my (A Apy) = ETo—— )
B2€G2, R

while for Gp: and Q]i.l we note that the graphs with or without the edges (Ij) or (ji),
respectively, give exactly the same tracial expression, and therefore

qij M(Zl,.--,Zl,[,Zj,...,Zk)
0B PTr () (A, L, Apiry) =
EQGZQ?J 2 (m(E2)) [1,0) [4,k) 1+QI] My« My

g1 M(zj, ..., 2)
L+gp mi--my

(A.12)

Z qe, (PTr g (ry) (Apin)) =

E1€G},

The claim now follows from using (A.11) and (A.12) within (A.10) and using ¢;;/(1+¢q;;) =
myms;. O

Proof of Lemma 6.1. Let ¢ > 0 be arbitrary small and set J := N°. For any |z| < 2,
define z(z, J) =  + in(z, J) where n(z, J) is uniquely defined implicitly via the equation
Nn(z,J)p(z(z,J)) = J. Note that n(x,J) > N-1T<. Denote by ); the eigenvalues of
W and by w; the corresponding orthonormal eigenvectors. Additionally, we define the
quantiles ~; implicitly by

Yi ;
| pede=g. i€ (A13)
oo N
and we recall the rigidity bound (see e.g. [28, Theorem 7.6] or [34])
1
|Ai = | < 1<i<N.

N2B3(N +1—i)1/3

Using this eigenvalue rigidity and the spectral decomposition of W, it is easy to see the
following bound on the overlaps of the eigenvectors with a test matrix A

1 o .
Np(z(%‘]))p(z(%“]))<\’G( (v, 1) ASG(2(v;, 1)) A)

1
= NoC(n, INp(2(0 )

for any ,j € [N]. Here we neglected N¢-factors since ¢ > 0 is arbitrary small and
eventually it can be incorporated in the <-notation. Note that in the last inequality
of (A.14) we used (2.11a) with £ = a = 2 and that the corresponding deterministic term,
a linear combination of (M(z;, A1, zj)As) is bounded, see (2.10), where z;, = z(vy;, J) or
Zi = 2(’)/1‘, J)

Given the overlap bound (A.14), we now present the proof of (6.9); the proof of (6.10)
is completely analogous and so omitted. By spectral decomposition for each resolvent
together with (A.14), using that p(z(x,J)) ~ p(z +iN~2/3) for any |z| < 2 (modulo
Ne¢-factor), we find that

(G(21)AG(22) ... AG(=))| < N*/2 1H ZIA y \p’y TIN-273)
i— J

1
Nk‘/2 1 1
H oz, e 7\ T N 1)

EJP 27 (2022), paper 117. https://www.imstat.org/ejp
Page 33/38

[ (i, Aw;)]* <

(A.14)

(A.15)



https://doi.org/10.1214/22-EJP838
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Optimal multi-resolvent local laws for Wigner matrices

where we used that

1 ZN: 1 ! 1
N & |\ = zlp(yi +iIN72/3) N = 4 X — 2zj|p(yi +iN—2/3)
= li—ig|<N?
1 1
+— : (A.16)
N 2. i = Yiol (i + 1N 72/3)

1 1
< - 1+ .
pz; +iN=2/3) < N|77j>

Here § > 0 is an arbitrary small constant (and we neglected N°-factors since eventually
it can be incorporated in the <-notation), and iy = io(j) is the index such that v; ;) is the
closest quantile to the fixed x; = Rz;. In the first inequality in (A.16) we used rigidity to
replace \; and z; with the closest quantiles. In the last step in (A.16) we first used that
p(vi +1N~2/3) and p(x; + iN~2/3) are comparable up to an N° factor, again by rigidity,
and then we used the trivial bound 1/|\; — z;| < 1/|n;| in the first sum and performed
the second sum using the regular spacing of the quantiles. O

B Proof of the multi-resolvent local law in the d > 1 regime

The d > 1 regime is conceptually much simpler than d < 1 for several reasons. First,
there is no need to keep track of the traceless matrices separately. Second, the trivial
norm estimate ||G(z)| < 1/d is affordable without much loss. These two facts mean that
long chains of the form GAGA ... G can affordably be reduced to much shorter chains by
estimating intermediate A and G factors simply by norm. This trivially takes care of the
reduction problem, the key difficulty in the proof when d < 1; in particular no analogue
of Lemma 3.6 is needed. Furthermore, we will not need to introduce the quantities
yiso/av and ¢)5°/2v and gradually improve the estimate on them; the system of master
inequalities reduces to a simple induction on the length £ of the resolvent chain.

We will present the proof of the averaged law (2.11a) for d > 1, the corresponding
isotropic law (2.11b) is completely analogous and will be omitted. The backbone of the
argument is a very simplified form of Section 4. For notational simplicity, we again do
not carry the precise dependence of the resolvents on the spectral parameters and we
denote every deterministic matrix A; generically by A. Note that A’s are not necessarily
traceless.

We prove (2.11a) by induction on k, the initial £ = 1 case will be proven along the
way. We now fix some k£ > 1 and in the case k > 2, we assume that (2.11a) has been
proven for all resolvent chains of length at most k£ — 1. The starting point of the proof
of (2.11a) for k is formula (4.9) that we repeat here

(GA" (1404 <N22>)
k-1 _ ' (B.1)
= m({A(GA* ) +m > (GAYG)((GA)* ) — m(W (GA)F).

Jj=1

Note that the 1/(N7) in the error term in the lhs. is replaced with 1/(Nd?) since it came
from the standard single resolvent local law from theorem 2.3. Notice that all but one
chains in the rhs. of (B.1) have less than k resolvents, these can be approximated by
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their deterministic counterparts using the induction hypothesis of the form

1

k—1y BN S
[(A(GA)) — (AM_1 A)| < NI k>2
. 1
[((GAY G — Mj41)| < N2 1<j<k-2 (B.2)
i 1 .
|<(GA)k ) - <Mk—jA>| = N <k-1.

The k = 1 case is particularly simple, since the first term in the rhs. of (B.1) is simply
m(A) and the sum is absent. In the k > 2 case, for the remaining ((GA)*~'G) term we
instead use the integral representation (3.14) and (3.15) in order to also estimate this
term using the induction hypothesis as

1
Ndk+1°

Thus, similarly to the telescopic summation (4.11) and using the deterministic iden-
tity (4.7), we obtain the following analogue of (4.12):

[((GA*1G — My)| < (B.3)

1

v B

(GA)F — MpA) = —m(W(GA)F) + O (E,;W), with & =
where the error term g;;" has been appropriately redefined compared with (4.12).
Now we fix any integer p and compute the 2p-th moment of the lhs. of (B.4) exactly as
in (4.15) with the definition of =" given in (4.16). We follow the calculation from (4.15)
through (4.27) but the estimates are greatly simplified as follows. Instead of (4.17) we
now have

[(GA**G)| + [((GAM(GA) G| 1 sav) 2
ml < (&)
N2 N2J2k+2
by a trivial norm bound and d > 1. Note that we exploited the additional decay |m| < 1/d
unlike in (4.17) where |m| < 1 was used.
Now we turn to the estimate of Z}". The naive bounds (4.19) become

1
= Nl

(B.5)

P (CA ] < s UG AN

I (B.6)

as long as j # 0, and they again follow from the trivial norm estimates. Using these
bounds in (4.16), we have

14357 (JUJy)

Ezv{N—(Il\+Z(JuJ*)+3)/2N2 1 ( 1 )Z(JUJ*)

AR\ N gk+1
If |I| > 1, then this naive bound is already sufficient. When |l| = 0, then we perform the
> Summation a bit more carefully, similarly to the second line of (4.22):

< N(=Ith/2 (EZV) (B.7)

S I(GA ] < N*/2\J(GA}1GG(AG)E-1) < N¥/2d 7+,
ab

Note that this bound gains a factor 1/v/ N compared to the trivial bound in (B.7) since the
double sum now contributes only by a factor N3/2 instead of N2. This gain is sufficient

to improve (B.7) to

~ )1+Z(JUJ*)

=< (& (B.8)

Plugging this estimate together with (B.5) into (4.15), using a Young inequality as we
did when going from (4.25) to (4.26) and recalling that p was arbitrary, we obtain

[(GA)F — M A)| < &
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i.e. we proved (2.11a) in the d > 1 regime.

We omit the proof of (2.11b) in the same regime since can be obtained analogously,
following a substantial simplification of the argument in Section 4.1.2 along the same
lines as the average bound was simplified following Section 4.1.1.
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