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Abstract

We consider convex hulls of random walks whose steps belong to the domain of
attraction of a stable law in R?. We prove convergence of the convex hull in the
space of all convex and compact subsets of R¢, equipped with the Hausdorff distance,
towards the convex hull spanned by a path of the limit stable Lévy process. As an
application, we establish convergence of (expected) intrinsic volumes under some
mild moment/structure assumptions posed on the random walk.
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1 Introduction

Geometric aspects of random walks have become an attractive topic in modern
probability theory, especially questions concerning the shape of convex polygons spanned
by points lying on a path of a planar random walk inspired a vast number of authors. The
seminal article in this direction is [40] where Spitzer and Widom found a combinatorial
formula for the expected value of the perimeter of the convex hull of an arbitrary random
walk in the plane. To prove this result they applied techniques from integral geometry
while Baxter [4] provided a purely combinatorial argument. Later Snyder and Steele [39]
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Convex hulls of stable random walks

found bounds for the variance of the perimeter, see also [3] for the expected area of the
convex hull. More recently, plenty of interesting results have been obtained for planar
random walks with finite variance [25], [46], [47] and for multidimensional random
walks [16], [17], [21], [45]. We refer to [23] for a historical perspective and a handy
presentation of available results for convex hulls of random walks.

In this article, we consider a class of stable random walks in the multidimensional
case. Let {Y,};cn be a sequence of independent and identically distributed R?-valued
random vectors defined on a given probability space (2, A, P) and let S(n) = >, Y;
be the corresponding random walk such that S(0) = 0. We assume that the distribution
of the step Y, belongs to the domain of attraction of an a-stable law in R¢ with index
of stability @ € (0,2]. This means that there are sequences {b,},>0 C (0,00) and
{a,}n>0 C RY, such that

S(n)—a, o
by, n oo

X(1), (1.1)

where {X(t)}:>0 is an a-stable Lévy process in R¢. The notation L, is used for conver-
gence in distribution of random vectors in R<.

The main object of our study is the convex hull generated by the first n 4 1 positions of
the random walk and we denote it by conv{S(0),S(1),...,S(n)}. So far not much is known
about its limit behaviour if the step distribution of the walk is heavy-tailed. Asymptotic
expansions of the mean perimeter and area of conv{S(0),...,S(n)} were found in [11]
for planar random walks whose steps have stable-like symmetric continuous densities.
There are a few articles on convex hulls of stable (and Lévy) processes in R? which are
strongly related to our work, see [20], [28] and [29]. We also refer to [8] for the case
of the convex hull of Brownian motion, to [1] for the treatment of convex minorants
of one-dimensional stable random walks, to [33] and [26] for the treatment of convex
minorants/concave majorants of Lévy processes, and to [7] for convergence of convex
hulls of point processes under low-moment assumptions.

Our first goal is to enlighten the connection between convex hulls of discrete and
continuous-time processes with infinite variance and to understand under which scaling
procedure we can approximate the convex hull of the limit process with those of random
walks. We thus investigate convergence of convex hulls of stable random walks at the
level of sets in the space of all convex and compacts subsets of R? (so-called convex
bodies) equipped with the Hausdorff distance. Such convergence holds for all stable
walks that have infinite first moment (case a < 1). For random walks attracted by a
Cauchy law (case o = 1) our methods apply only if the walk is symmetric. For stable
random walks with finite expectation (case 1 < a < 2) we distinguish between two
cases, that is when the drift is zero or not. In the case with zero drift (and for the cases
mentioned above) the convex hull of the walk, rescaled with the sequence b,, from (1.1),
converges to the convex hull generated by a path of the limit process {X(¢)}:;>o run
up to time one. If there is a drift such scaling turns out to be inappropriate. In this
context, we learned much about the scaling limits of convex hulls and how to handle
the non-zero drift case from articles [21] and [47]. We apply techniques developed in
these two articles to adjust the scaling along the drift and we obtain corresponding
convergence of rescaled convex hulls.

There are some basic geometric functionals which enable us to describe and study
the shape of a convex body in the Euclidean space. In the plane these are perimeter
and area (also diameter) whereas in higher dimensions surface area and volume play
the key role. The other important quantities are involved in the celebrated Steiner
formula which shows how fast grows the volume of a convex body which is expanded
by a rescaled unit ball. This volume is represented as a polynomial of degree d. The
polynomial variable is the expansion radius and its coefficients are (up to a constant) the
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so-called intrinsic volumes of the convex body. They can be regarded as a generalization
of surface area and volume as the pre-last and last intrinsic volumes actually coincide
with those two functionals and the first intrinsic volume can be seen as a counterpart of
perimeter. These geometric quantities have been recently studied also for convex hulls
of random walks and continuous time stochastic processes. We were inspired by article
[45] where the authors established precise formulas for the expected value of intrinsic
volumes of conv{S(0),...,S(n)} under a general position assumption on the walk which
means that it does not stay almost surely in any affine hyperplane of R?, see also [3],
[16] and [17]. Another motivation for our work came from article [29] where the authors
computed expected intrinsic volumes of the convex hull for Lévy processes, see also [20]
and [28] for the case of symmetric stable processes.

In this article, we establish convergence of intrinsic volumes of the convex hull
of stable random walks. If the walk has no drift (or & < 1, or @ = 1 and {S(n)},>0
is symmetric) then by a continuity argument we infer that the m-th intrinsic volume
of conv{S(0),...,S(n)}, scaled by b, converges towards the corresponding intrinsic
volume of the hull spanned by a path of the limit process {X(t)}+>0. Similarly as before,
if the drift does not vanish an another scaling has to be employed which is found by an
approach based upon [47].

The main part of the article is devoted to convergence of the expected intrinsic
volumes of the convex hull. In the zero-drift case we show that under the general
position assumption the expected m-th intrinsic volume, scaled by b]*, converges to a
limit given in terms of the Gram determinant spanned by independent copies of the
process {X(t) }+>o. If the process is symmetric this determinant can be computed through
techniques developed in [28] and [29]. Moreover, via our methods we obtain the result
that (even for a non-symmetric stable process) the first expected intrinsic volume of
its convex hull is determined by its first absolute moment. For non-zero drift random
walks we need finiteness of absolute moments of Y; of higher order which implies that
a =2 and {X(¢)}+>0 is a Brownian motion. Then, appropriately rescaled, m-th expected
intrinsic volume of the convex hull of the walk converges to the convex hull spanned by
a time-space Brownian motion which is constructed from the original process {X(t)}:>o0.
As an additional result, we establish a closed formula for the expected volume of the
convex hull of the time-space Brownian motion (see Theorem 3.11).

Finally, we study asymptotics of the variance of intrinsic volumes of the convex hull
of random walks with finite moments of order higher than two and under the general
position assumption. For zero-drift random walks we find an appropriate scaling for all
m € {1,...,d}, while if there is a non-zero drift we only cover the case m > 2. For the
variance of the first intrinsic volume we establish an upper bound with a term of linear
order.

The article is organized as follows. We start by a brief discussion on necessary
definitions and results from geometry and probability. In Section 2 we present conver-
gence of convex hulls in the space of convex bodies as well as convergence of their
intrinsic volumes. Section 3 is devoted to convergence of mean intrinsic volumes while
in Section 4 we focus on variance asymptotics.

Stable random walks

We use the notation Y1 = (Y, ..., V)T and S(n) = (SW(n),...,S@(n))T, where
MT stands for the transpose of the matrix M. We remark that (1.1) and continuous
mapping theorem imply that forany £k =1,...,d,

S® () —al  p
bn n oo

xX®(), (1.2)
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where a, = (a%,...,a’™)T and X(t) = (XD (¢),...,X@D¢))T. It follows that each
{X®)(t)}+>0 is a one-dimensional a-stable Lévy process and whence the coordinates of
a, are given by

0, a<l,
al? = $ b, E[sin(Y{¥ /b,)], a=1, (1.3)
nIE[Yl(k)], o> 1.

Moreover, b, = n'/“¢(n) for a function ¢(u) which is slowly varying at infinity. We observe
that [38, Theorem 2.7] and (1.2) imply the following convergence

X k
S®) (|nt]) — ain)tj 7

bn n_ oo
t>0

{X® ()} iz0-

This, together with [5, Problem 5.9], gives that {(S([nt]) — a|n¢])/bn }e>0 is tight. By J{
we denote the Skorokhod topology on the space of R?valued cadlag functions. It is
straightforward to check that finite-dimensional distributions of {(S(|nt]) —a|,])/bn}e>0
converge to those of {X(¢)}:>0 (see e.g. [5, page 88]). It follows

S([nt]) - At KEi
{ bn }t>o n,/1oo {(X(®)}o- (1.4)

We point out that (1.1) and (1.4) are actually equivalent, see [15, Proposition VI.3.14].
For a detailed discussion on multidimensional stable laws and their domains of attraction
we refer to [36], see also [34] and [35].

Geometric issues and cadlag paths

We write ||z|| for the Euclidean norm of x € R and let $¢~! = {x € R? : ||z|| = 1} be
the unit sphere in R%. For 2 € R? and A C R? the distance from z to A is defined as
dist(z, A) = inf e 4 ||z — y||. For a bounded set A C R? we denote by cl A the closure of A.
For two bounded sets A, B C R%, let disty (A, B) be the Hausdorff distance between A
and B defined as

disty (A, B) = max { sup dist(z, A), sup dist(z, B) }.
r€EB T€EA
Note that on the family of bounded sets this defines merely a pseudo-metric, while on
the family of compact sets it becomes a metric.

Let K¢ denote the family of all convex bodies in R? and let K¢ = {A € K?: 0 € A}.
By conv A we denote the convex hull of the set A. The space K¢ equipped with the
topology generated by the Hausdorff metric becomes a complete metric space. Our main
reference for convex geometry is [37].

Let DE[0, 1] be the space of cadlag functions f : [0,1] — R? with f(0) = 0. We equip it
with the standard J{* Skorokhod topology defined through the metric

dist,(f.9) = inf {1/ — g Nlow + A ~ T},

where A is the set of all increasing bijections ) of [0, 1] such that A and its inverse A~!
are both continuous, and Id is the identity map on [0, 1]. To any f € Dg[0, 1] we associate
the convex hull of the closure of its path, that is

[ H(f) = convf[0,1],
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where f[0,1] = cl{f(¢) : t € [0,1]}. We remark that
conv f[0,1] = cleonv{f(¢): t € [0,1]},

see [12, Proposition 3.2]. The following continuity result is a crucial observation for our
purposes. It has been already found in [29] and applied in the context of convex hulls of
stable Lévy processes.

Lemma 1.1. The mapping H: (D0, 1],dist7,) — (K&, disty,) is Lipschitz continuous.

Proof. For any two bounded sets A4, B C R? it holds that disty(cl 4,cl B) = disty (A, B)
and
disty(convA, convB) < disty (A, B),

see e.g. [24, Lemmas 3.2.2 and 3.3.1]. It follows

disty (H(f), H(g)) < disty (f[0, 1], g[0,1]).

Finally, we remark that
disty, (H(f), H(g)) < distz, (f,9),
see e.g. [24, Lemma 3.2.1]. O

We recall definitions of a few basic geometric functionals which can be defined for
any convex body. Later we investigate them for convex hulls of stable random walks. For
A € K% its support function s4 : R¢ — R is defined by

sa(z) = sup(z,y),
yeA
where (-,-) stands for the standard scalar product in R¢. The mean width and Steiner
point of A € K¢ are respectively defined as

wd) = = / sa(0)o(dd) and  p(A) =~ [ sa0)00(d0),  (1.5)
Wd Jgd—1 Rd Jgd—1

where o(df) is the surface measure over $¢~! and wy = o($97!), while k4 = Voly(B9) is
the d-dimensional Lebesgue measure of the unit ball B = {z € R : ||z|| < 1}. The two
quantities are given by kg = 7%2/I'(1+ %) and @, = dk4. For any p > 0 the outer parallel
body of A at distance p is defined as A + pB¢, where this represents the Minkowski
addition. The classical Steiner formula provides an expansion for its d-dimensional
Lebesgue measure in terms of a polynomial in variable p of degree at most d whose
coefficients are important geometric quantities. The polynomial is of the form

d
VOld (A + de) = Z pdim/ﬁd—mvm(A): (16)

m=0
where Vp(A),...,V4(A) are so-called intrinsic volumes of the set A. It is known that

Vo(A) =1 and V4 (A) is proportional to the mean width of A, that is

d,‘id

Vi(A) = ST

w(A). (1.7)

We remark that if d = 2 then V; (4) is equal to one half of the perimeter of A. Furthermore,
Va—1(A) is equal to one half of the surface area/measure of A and V3(A) = Vol;(A). We
remark that A — V,,(A), m € {0,1,...,d}, and A — p(A) are continuous mappings from
(K4, dist4) to ([0,00),] - |) and from (K¢, dist4) to (R%, ||-||), respectively, see [2, Theorem
IlI.1.1] and [37, Lemma 1.8.14].
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2 Convergence of convex hulls

We start by showing a general weak-convergence result for convex hulls of stable
random walks in the space of convex bodies equipped with the Hausdorff distance. The
following result should be compared with [47, Theorem 2.5 and Corollary 2.6].

Proposition 2.1. Under assumption (1.1) it holds

conv{S(0) —ag,...,S(n) —a,}
bn

? conv )([O7 1}

in the sense of weak convergence in (K&, disty ). We also have form € {1,...,d},

Vi (conv{S(0) —ap,...,S(n) —a,}) »p

Vi (conv X[0, 1])

and
p(conv{S(0) — ap,...,S(n) —a,}) »p
bn n, oo

p(conv X0, 1]).

Proof. Observe first that for any bounded set A C R?, any a € R? and any M € R4*¢, we
have conv(A + a) = conv(A) + a, conv(M - A) = M - conv(A), cl(A+a) = cl(A) + a and
cl(M-A) =M -cl(A). It follows

a ({(S(\_ntj) - alntJ)/b”}te[o,l]) = conv{S(0) - aob’n' ~,8(n) —an} .

Finally, (1.4) together with continuous mapping theorem implies

S(0) — ...,8(n) —a,
COHV{ ( ) ap, ) (n) a } _ H({X(t) te [07 1]})7
bn n,too
as desired. By employing again continuous mapping theorem and the facts that for
AeK?anda € R (see the discussion after [2, Theorem III.1.1]) it holds

Vim(a-A)=a"V,,(A) and p(a-A)=ap(4),
we infer the last two formulas. O

Remark 2.2. (i) Proposition 2.1 provides information on the limit behaviour for the
convex hull conv{S(0),...,S(n)} only in the case when a,, = 0. This is true if & < 1 and if
the walk has zero drift for o > 1. For a = 1 it covers the case when the walk is symmetric,
cf. (1.3). The non-symmetric case for & = 1 is not handled in the present article.

(ii) If we assume that E[||Y]|?] < oo, ¢ = 0 and define ¥ = E[Y,Y/ |, then b, = /n (see
[14, Theorem 2.6.6]) and

{(X(t)}iz0 2 {SY2B(t) 10,

where {B(t)};> is the standard d-dimensional Brownian motion. In view of Proposi-
tion 2.1 we obtain

Vin (conv{S(0),...,S(n)}) »p
nm/2 n oo

Vin (Zl/zconv B0, 1]) .

In particular,

Vi(conv{S(0),...,8(n)}) »p
nd/2 "/

- Vdet(Z)Vy (conv B[O, 1]).

The explicit formula for the expected value of V;(conv B[0, 1]) is given in (3.14).
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2.1 Non-zero drift case

In this paragraph, we assume that o > 1 which implies that the first moment of Y; is
finite. We consider the case when p = E[Y;] # 0. We use notation

Vin(n) = Vi (conv{S(0),...,S(n)}) and  P(n) = p(conv{S(0),...,S(n)}).

We first establish an almost sure convergence for Vi (n) and P(n). We will use it later to
obtain convergence of means in Section 3. We remark that almost sure convergence of
Vi(n) was established in [21, Theorem 6.11] and [25, Theorem 1.1] for planar random
walks with finite first moment, see also [39] for random walks with finite variance.

Theorem 2.3. Assume (1.1). Let « > 1 and p # 0. It holds

% - P )
1(”) P-a.s. ||,LL|| and (n) P-a.s. ﬁ
n n /oo n n oo 2

Proof. According to the functional strong law of large numbers (see [21, Theorem 3.4]),
the following convergence holds in (Dg[0, 1], dist 7, ),

S([ntJ)} P-ass.
— — = {tutiepa
{ n tefo,1] " rel

From Lemma 1.1 it then follows that in the space (K, disty),

conv{S(0),...,S(n)} Pp-as.

n n, oo

[0, ul,

where [0, ] = {su : s € [0,1]} € R¥. Thus, continuous mapping theorem yields

Vl(n) P-a.s. P(n) P-a.s.
n e Vi([0,p])  and T e p([0, u]). (2.1)

We claim that V7 ([0, 1]) = ||p||. Indeed, we obtain by Steiner formula (1.6) that for any
p=>0,

d
Vola ([0, 1] + pB?) = kap™Vo ([0, 1]) + Ka—1p* VA([0, 1)) + Y 0" et Vin ([0, 1)
m=2

= kap® + ka_1pVA([0, ),

as Vo = 1 and one can use the relation between intrinsic volumes and so-called mixed
volumes (see [37, Eq. (5.31)]) together with [37, Theorem 5.1.8] to show that V,,,([0, u]) =
0 for m € {2,...,d}. On the other hand, Voly([0, 4] + pB?) = kqp® + kq—1p**||p|| and the
assertion follows. We finally show that p([0, u]) = 5. We have

1 1
pll0) = [ su®)totar) = (0, 1)60(d6)
Kd Jgd—1 Kd J{oe$d—1:(0,u)>0}
1

= 9y $d71<9’ﬂ>90(d9)'

The claim is then a consequence of the fact that

[, (0.6000) = s

and the proof is finished. O
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Even though we could apply the same reasoning as in (2.1) for m € {2,...,d} and
obtain
Vin (TL) P-a.s.

nm n/‘—oo> ‘/;n([ovﬂ])’

this would not provide non-trivial information as V,, ([0, u]) = 0 form € {2,...,d}, see [37,
Theorem 5.1.8]. We thus need to find an optimal scaling for the sequence {V,,,(n)}.>0
when m € {2,...,d} with different methods. For this we adapt approach developed in
[47] (see also [21]). We choose a standard basis of R¢ according to the drift vector . and
then use scaling of linear order in the coordinate along the drift, while for the remaining
coordinates we use sequence {b, },cn. This results in a time-space Lévy process in the
limit.

Let {ey,...,eq} be the standard orthonormal basis of R? and let {é;,...,é;} be an
another orthonormal basis such that &, = u/||u||. Further, let ¢ : R* — R? and ¢+ : R¢ —
R¢~! be two linear mappings given by

gf)((ﬂ) = (<$7 él>a sy <‘T»éd>)—r and ¢J_(x) - (<‘T’ éQ>a sy <$, éd>)T'

SetY; = ¢(Y;)and Y;* = ¢ (Y;) fori € N. Clearly, {Y;};en and {Y; };c are sequences
of independent and identically distributed R?, respectively, R4~ !-valued random vectors.
Also, E[||[Y;]|*~¢] < oo and E[||Y;||*¢] < o for all € € (0,«) and

= (k) _ el k=1,
]E Y = ’e =

Further, let S(n) = Y"1, Y, and S*(n) = 3., Y;- be the corresponding random walks
starting from the origin. Observe that S(n) = ¢(S(n)), St (n) = ¢ (S(n)) and {S*(n)},>0
is a zero-drift random walk. Assumption (1.1) and the continuous mapping theorem yield

S(n) — nllplles :¢<S(n)—nu) D

by, b

and

St(n S(n) —n D

bTL bn

The process X(t) = ¢(X(t)), t > 0, is necessary a d-dimensional a-stable Lévy process.

From [36, Theorem 2.1.5] it then follows that X+ () = ¢*(X(t)), t > 0, is a (d — 1)-

dimensional a-stable Lévy process. For n € IN we define three linear mappings v,, :

RY — R%, ¢} : R? — R and ;- : RY — R4~! by
1 T2 Zd

¢7L('x17"'7xd):¢(nab7"'7b >7 ¢’r11(-r17...7xd): <(x1’”."rd)7él>

n

and

bﬂ, ’ bTL

For A C R? we put ¢,,(A) = {¢.(z) : * € A} and observe that if A is compact/convex,
then v, (A) is also compact/convex. Let

U (z1,. .., xq) = T (11,m2,... xd).

X(t) = (|ullt. XT®)")T, t>o0. (2.2)

Clearly, {)Ni(t)}tzo is a Lévy process in R?. We now prove the following auxiliary result.
We follow [21, Lemma 6.6].
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Proposition 2.4. Assume (1.1). Let a > 1 and p # 0. It holds

U (conv ({S(0),...,S(n)})) 75 conv X0, 1]

in the sense of weak convergence in (K&, disty).

Proof. Due to linearity, 9, (conv({S(0),...,S(n)}) = conv (¥, ({S(0),...,S(n)})). Let C?
be the collection of all compact sets in R? and C¢ = {C € C?: 0 € C}. Since the mapping
C?> A+ convA € K% is continuous, it suffices to show that

Un({8(0),-..S(m)}) == X(0.1]

in the sense of weak convergence in (C¢, disty,). This will follow if we prove that

{on(S(1t1)) } o, nﬁm — = {X(O}efon- (2.3)

Indeed, since the mapping f ~ f[0, 1] is continuous from (DZ[0, 1], dist 7, ) to (CZ, disty,)
(see the proof of Lemma 1.1), if (2.3) holds then continuous mapping theorem implies

Un ({S(0),...,8(n)}) = cl{vn (S(|nt))) : t € [0,1]} —= X0, 1],

which proves the assertion.

To show (2.3) we set A, = {([lullt,¥n (S([nt]))") Heeo,1, Bn = {¢n(S([nt)))}eeio,1)-
According to [5, Theorem 3.1], (2.3) will follow if we show that

L2550 and A, —2— {X(6) e (2.4)

dist 7, (A, B
Jl( ) " oo /‘oo

To prove the first relation in (2.4) we proceed as follows. We have
distjl (An, B,

)
= distyr, ({ (el (S(Unt)) 1) " L o8 (S(Lnt ), v (S(Lt)) ) Yoy
< e |9 (S([nt])) — llellt] -

Observe that ¥} (S(|nt|)) = S*(|nt])/n, where {S'(n)},>0 is a one-dimensional random
walk with drift ||¢||. Hence, according to the functional strong law of large numbers (see

[21, Theorem 3.4)),

P-a.s.

sup ¥ (S(Lnt))) — ||u||t| — 0.

tef0,1

We next prove the second relation in (2.4). Note that wﬁ(S(n)) =S+(n)/b,. By (1.1) and
continuous mapping theorem we obtain (cf. (1.4))

{wi (S(Lnt“)}te[o,u = {S(bL:tJ)}te[o . jld : {X (t) }eepo,1]-

n, oo

This means that for any bounded and continuous f : (D~ *[0, 1], dist 7, ) — (R, |-|) it holds

that
tim B [/ ({2 (S(nt) }epoy )] = B [ (X (O hecon)] -

n— oo

For a given g : (DZ[0,1],dist7,) — (R, |- |) which is continuous and bounded we define
f() = g ({Hl’(‘”t? .}te[(),l]) :
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Clearly, f : (Da71[0,1],dist7,) — (R, |- ) is also continuous and bounded. Hence,

Tim B g ({(lullt, o (S(1nt) ) o) | = i B £ ({0 (S(nt) }eo)]

=K [f ({XL }tE[O 1 )]

:E{g ({(||MHt,XL(t )T}te[o,uﬂ
=F [g ({X }te 0 1])}

which completes the proof. O

Let T' = ({ek, €l>)z,l:1 and D,, = diag(1/n,1/b,,...,1/b,), and observe that T is orthog-
onal, ¢(z) = Tx and ¢, (x) = TD,x. The following result provides information on the
convergence of the m-th, m € {2,...,d}, intrinsic volume of conv{S(0),...,S(n)} and it
should be compared with [21, Theorem 6.13] and [47, Corollary 2.8].

Theorem 2.5. Assume (1.1). Let « > 1 and pu # 0. Form € {1,...,d} it holds

Vin (Dy (conv{S(0),...,S(n)})) T/‘D: Vin (conv X|o, 1]).

In particular,

:Z(SQ M—OO> Vi (conv X|o, 1]).

Proof. By Proposition 2.4 and continuous mapping theorem it follows that

o (10n (conv{S(0),...,S(n)}))) T Vi (conv X[0, 1]).

Since
Vi (’L/Jn (conv{S(O), A S(n)})) =V (TDn (conv{S(O)7 ol S(n)}))

and intrinsic volumes are invariant under orthogonal transformations (see [2, Chapter

II1]), we infer the first assertion. The second formula follows from the fact that

Vd(n

nbﬁlf1

~—

Vi (Dy (conv{S(0),...,S(n)})) = det(D,)Va(n) =

and the proof is finished. O

Remark 2.6. If we assume that E[||Y]|?] < co and define ¥, = E[(Y{)(Y{)'], then
b, = +/n (see [14, Theorem 2.6.6]) and

(X ()}eso 2 {(ZY2B(0)}is0,

where {B(t)}+>0 is a standard (d — 1)-dimensional Brownian motion. Further, let
_ (llul® 0

X0} 120 = {Z/*B0)} 12

Then,

and

Vd(convf([o,l]) = 4/det(Z )Vd(coan [0,1]) = [|p]v/det(31) Vd(COHVB [0,1]),

EJP 27 (2022), paper 98. https://www.imstat.org/ejp
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where B(t) = (¢, B(t)), t > 0. In view of Theorem 2.5 we obtain

Vi (¥ (conv{S(0),...,S(n)}))) n/—oJ Vi (3,/2conv B[0, 1])

and

Va(n -
id(i) % ||u||\/det(ZJ_)Vd(coan[O, 1])
nz n oo

The explicit formula for the expected value of V;(conv B[0, 1]) is given in Theorem 3.11.

3 Convergence of means

In this section, we study convergence of expected intrinsic volumes of the convex hull
conv{S(0),...,S(n)}. We assume that o > 1 which implies E[||Y||*¢] < oo for every
0 < € < a. As before, we shall distinguish between two cases: y = E[Y;] =0, or px # 0.

3.1 Zero-drift case

In this paragraph, we assume that 4 = 0. The following result concerns the sequences
{Vi(n)}n>0 and {P(n)},>o0. It should be compared with [47, Proposition 3.1], where the
expected perimeter of the convex hull of planar random walks was studied.

Theorem 3.1. Assume (1.1). Let « > 1 and p = 0. It holds

nlgr;o w = E[V1 (conv X|o, 1])} (3.1)
and
i O g cons .11 62

n

Proof. In view of Proposition 2.1, it suffices to show that the sequences {||P(n)||/bn }n>1
and {Vi(n)/b, },>1 are uniformly integrable (see [19, Lemma 3.11]). To show (3.2) we pro-
ceed as follows. It is evident from the definition that V1 (n) < (dk4/Kd—1) maxi<g<n |[S(k)||
and [|[P(n)|| < (wq/kq) maxi<k<n [|S(k)|. We fix e > 0 such that « —¢ > 1. Doob’s maximal
inequality yields

E[(Vi(n)/bs)" ] < (

dra(c — €) 1>> E[ISm)/bal*).

Ka—1(a—e —
and
B[P0/ < (A=) Bl

Hence it is enough to prove that the sequence {||S(n)||/by}n>1 is uniformly bounded in
Le~¢. Since we have

d
E[[IS()/ba]l*7] < > E[S® (n)/ba|*~<],
k=1

we only need to show that the moments of order a — ¢ of the coordinates are uni-
formly bounded. This follows from [14, Lemma 5.2.2], since the step distributions
of {S™)(n)},>0, k = 1,...,d, belong to the domain of attraction of a one-dimensional
«a-stable law (see [36, Theorem 2.1.2]). O

Remark 3.2. We point out that E [(V,,(conv X]0,1]))’] < o for all p € [0,a) and m €
{1,...,d} in view of [29, Theorem 1.1].
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We next present the corresponding result for the remaining mean intrinsic volumes.
Here we pose an extra (the so-called general position) assumption on the walk {S(n)},>0,
namely we require that it does not stay in any affine hyperplane of R¢ with probability
one. This in turn implies that for any choice of time indices 1 < j; < ... < jq4, the
random vectors S(j1),...,S(j4) must be almost surely linearly independent, see [3] and
[17, Proposition 2.5]. Under this condition, evidently, the distributions of all coordinates
are continuous and thus lattice random walks are excluded. Our result can be viewed as
a generalization of [3, p. 325] and [47, Proposition 3.3] which concerned the asymptotic
behaviour of the area of the convex hull of planar random walks.

Theorem 3.3. Assume (1.1). Let « > 1 and . = 0. Suppose that P(Y; € h) = 0 for any
affine hyperplane h C R?. Then, for eachm € {1,...,d},

E[Vi(n)] _ oT(1/a)™ F [\/det ((X®(1), X0 (1 )>)k,l:1J

li = 3.3
6o b mI(m/«a) m! ’ (3.3)
where {X*)(t)},50, k = 1,...,m, are independent a-stable Lévy processes with the same
law as {X(t) }+>0.
Proof. According to [45, Corollary 3] we have
E [\/det (8®)jx), SO ()
1 ) k,l=1
EVa(n)]=—= > v —— J : (3.4)
m: ’ J1Im
J1_+""~_'.77n§n
Jiseees Jm€
where {S®)(n)},>0, k = 1,...,m, are independent random walks with the same law as

{S(n)}n>0. Note that the determinant in (3.4) is a special case of the Gram determinant
and it is always non-negative. In view of the general position assumption it is actually
positive. We use notation

AS(ji, .oy gm) = Jdet (S8 (), SOGN)

and
= \/det ((XM(1), XD (1))} _,.
Observe that R¥™*™ > (z1,...,2y) — \/det(<xk,:cl>)}f’fl=1 is continuous and
\/det (arr, ma))y =g = a1+ am \/det (T, 20) ) 1=1

for aj,...,am € [0,00). Thus, the continuous mapping theorem implies

AS(j1, .oy im

A0t dm) 2>A,)f“ a8 J1,..+,Jm — OO.

bjl T bjnL

Next, for any € > 0 such that o — ¢ > 1, it holds

(2l) ] <1158

1 m

E S(k) Jk

Ul dne e )

where in the first inequality we used Hadamard’s inequality for the Gram determinant,
that is

Vet (e a))f iy < ol ol

EJP 27 (2022), paper 98. https://www.imstat.org/ejp
Page 12/30


https://doi.org/10.1214/22-EJP826
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Convex hulls of stable random walks

Hence, by using the same argument as in Proposition 3.1 we infer that

ASG, . dm)
sup E ((31’7])) < 0. (3.5)
J1seedm=>1 b]l . b]m
It follows .
E[AS(j1, ... jm
FlyeensJm—>00 bj "'bjm
We denote
E[AS(j1,. ..\ jm
_ [ (]17 5J )] 1 (36)

€1y = bj, - b;, B[AX]

Clearly lim;, . i o0 €js,....5m = 0 and proceeding similarly as in (3.5) we can show that

Sup 1 |€j17~~-7jm,| < Q. (3‘7)

Combining (3.4) and (3.6) we obtain

X X
V()] _ElAn] 1 g~ biocbyy  BlAR] L g il
- | A | s J1seesIm”
by mb by T m mbby e, T Im
J1s--5Jm €N Jis--Jm €N

(3.8)
We start with the first term in (3.8). Let a,, = b,,/n. We then have

. 1 bi ---b; . 1

lim — E L Imo— i — E aj, -+ aj,..
st timSn Jitetim<n
15 Jm EN JiseJm €N

Recall that for two sequences {z, }1>0, {yn}n>0 C R their convolution is defined as
n
(x * y)n = Z TmYn—m-
m=0

Forn > 0 and k > 2 we use notation z*' = z,, and, inductively, 2** = (z * 2**~1)),. We
next observe that

. 1 . 1 & *m
7}1—>H;o o E aj, - -a;, = nh—>Holo I E ap™. (3.9)
n Jittim<n " k=m

Indeed, without loss of generality we can assume that {b, } nen is strictly monotone (see
[6, Theorem 1.5.3]) and we clearly have

: a.jl e ajrn - § : a’jl e aj'm, = z a’jl U aj?n

it im<ntl it im<n it tim=ntl
J1seeesim EN Jiseesim€EN Jisejm €N
n+1 n
___*m E *Mm § : *m
= an+1 = ak — ak .
k=m k=m

Hence, according to Stolz-Cesaro theorem [30, Theorem 1.22] we infer that the limits
in (3.9) coincide (if they exist). We next compute the limit in (3.9). We claim that

- _al(1/a)™

= (o) (3.10)

lim — a
n—oo hm k
" k=m
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We prove this through induction over m. Since b, = n'/“¢(n), we have a,, = n'/*~1{(n)

According to [31, Lemma 2.4], for m = 1, it holds

N
Jim g 2=

nh—)n;o nl/ag

n

72 o

— 1. In view of [32, Lemma 2.1], we obtain

Suppose that (3.10) holds for 1,...,m

Jim Y et = i 3 (oY),
" k=m " k=m
_ Fl1+1/a)T(14+(m—-1)/a) a’T(1/a)mt
D1+ mja) (m — DT((m = 1)/a)
_ al'(1/a)™
ml(m/a)’

as desired.
Finally, we show that the second term in (3.8) converges to zero. Fix ¢ € (0,1) and let

Jo € IN be such that |¢;, .. ;, | < e for all jy,

s Jm = Jo. We have

1 bjl o bjm
pm Z g Ejseesdm
it im<n m
]11 7]me
1 bj, -+ b 1 bj, -+ b
== - =i T : i
bm Z Jiecgm VI b . Z g gm0
it im<n n JitFim<n
1<g1, s Jm<jo—1 Jk<jo—1 and j;>jo for some k,l
1 bj, -+~ bj,,
T om > 1y enim
n .71+ A+ im<n m
J1s--5dm >Jo
The first term clearly converges to zero. By the choice of jy and (3.10) it holds
1 bi ---b; al'(1/a)™
fmsup o Y0 g < oL
nee Fn Jitdim<n Jitgm m (m/a)
Jiseesdm>Jo
Finally, from (3.7) and (3.10) it follows that
1 bi b
limsupb—m Z 2 Im R
n— oo n Jitetgm<n J1-- ']m
Jk<jo—1 and j;>jo for some k,l
m(m — 1)2m~1 b ---b:
<tmonp My > iz B
n—00 T1yeeesJm > Gt At im<n Ji1Jm
7J1<jo—1 and jr>jo forall k#1
) 1 b, b
-1 J j G,
<m(m—1)2"""  sup |s:J1 iml Z : hmsup b Z j;---j
JsersdmZ J1=1 ]2"1‘ +jm<n m
25 Jm EN
-1
al(1/a)m=D 2y 1
=m(m—12"" sup |ejy il L lim —
200 i G D G ) 2 T A,
=0,
and the proof is finished. O
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For m = 1 we are allowed to abandon the assumption that P(Y; € h) = 0 for any
affine hyperplane h C R? and this is justified by Theorem 3.1. Combining (3.1) and (3.3)
enables us to conclude the following interesting result.

Corollary 3.4. Assume (1.1). Let o« > 1 and p = 0. It holds
E[Vi (conv X[0,1])] = a E[[|X(1)]]]. (3.11)

Remark 3.5. Formula (3.11) is valid for any (even non-symmetric) a-stable Lévy process
{X(t)}+>0 in RY with p = 0. In particular, if {X(¢)};>0 is standard Brownian motion then
|X(1)||* has chi-squared distribution x?(d) with d degrees of freedom and this enables
us to recover the following known relation (see [20, Corollary 1.4])

_2V20((d+1)/2)

E Vi (conv X[0,1])] = T(d/2) (3.12)

which is a generalization of the famous formula for the perimeter of the convex hull of
planar Brownian motion, see [8] and [42]. We could compute the first absolute moment
of X(1) also for rotationally invariant a-stable Lévy processes (see e.g. [44, Eq. (7.5.9)])
but the corresponding formula for the first mean intrinsic volume for such processes is
included in (3.15).

It turns out that when {X(¢)},>¢ is a symmetric a-stable Lévy processes we can obtain
a more explicit form of the limit in (3.3). The characteristic function of {X(¢)}+>¢ is then
given by

E [exp(i(€, X(1)})] = exp (_ /S

where ¢(df) denotes the corresponding (finite and symmetric) spectral measure, see [36,
Theorem 2.4.3]. This together with Minkowski inequality and [37, Theorem 1.7.1] (here
we use the fact that a > 1) implies that there is a unique K € K¢ such that

.0, e

E [exp(i(€, X(1)))] = exp (=s%(€)), €€ R™

Here, sk (x) stands for the support function of the set K and the set K is the so-called
associated zonoid of X (1), see [20] and [28]. Using this fact, in [29, Theorem 2.3] it is
further shown that

al(1/a)"T(1 - 1/a)™

mr™(m/«a)

E [Vin (conv X[0,1])] = Vi (K). (3.13)

In particular, if {X(t)}:>0 is a standard Brownian motion then K = (1/2/2)B? and

(3.14)

E [V, (conv X[0,1])] = <d> <W>m/2 F(F((dm)/2+1)

m) \2 m/2+1)T(d/2+1)

see [28, Example 3.2], [8, Corollary 1.2], [29, Example 2.5], or [18, Eq. (16)]. Form =1
this is formula (3.12). If {X(¢)}+>0 is a rotationally invariant a-stable Lévy process with
Elexp(i(€,X(1)))] = exp(—v|£|*) for some v > 0, then K = v%/*B% and

d 0(1/a)"T(1—1/a)™
E [V, (conv X[0,1])] = ra_ol/e)" (1 —1/a) o (3.15)
m) Kd—m ma™T(m/a)
see [29, Example 2.6].
We summarize the above discussion in the following corollary.
EJP 27 (2022), paper 98. https://www.imstat.org/ejp
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Corollary 3.6. Assume (1.1) with {X(t)};>0 being a symmetric a-stable Lévy process
with o > 1 and suppose that 4 = 0. Form € {2,...,d} we assume additionally that
P(Y; € h) = 0 for any affine hyperplane h C R%. For all m € {1,...,d} it then holds

lim E[Vin(n)]

m
n—oo bn

= [V;n (conv X[0,1])] .

In particular; the limit in (3.3) is given by (3.13). If moreover, {X(t)}:>¢ is rotationally
invariant with characteristic function exp(—v|£|®) for some v > 0, then the limit is given
by (3.15).

Proof. The proof relies on some facts from the theory of random compact sets. It was
proved in [29, Corollary 2.2] that

E [\ /det ((X)(1), XO 1)),

m!

J =V (Ea[0,X(1)]),

where V,,,(EE4[0,X(1)]) denotes the m-th intrinsic volume of the so-called Aumann expec-
tation of the (random) segment [0, X(1)], see [27]. Thus,

E[Vin(n)] _ ol(1/e)™

li = m (EA[0, X(1)]). 3.16
nggo bm mF(m/Oz)V ( al0, X( )D ( :
According to [28, Theorem 6.16] it holds
'lr—-1/a)™
Vin (B0, (1)) = "y (i),

where K is the associated zonoid of X(1). Combining this with (3.13) and (3.16) finishes
the proof. O

Remark 3.7. Suppose that E[||[Y:|?] < co and recall Remark 2.2. Then, in view of
Corollary 3.6 and (3.14), we have

_ EVa(n)] _ m?/?
lim oy 2((1_4)/%[21_‘((1/2)2\/det(E).

n—oo

3.2 Non-zero drift case

In this paragraph, we investigate the case u # 0. We start with a result for sequences
{Vi(n)}n>0 and {P(n)},>o0. It follows from [25, Theorem 1.1] that for all planar random
walks with drift g # 0 it holds lim,,_, E[Vi(n)]/n = ||u||.- The following result extends
this to stable random walks and to higher dimensions.

Theorem 3.8. Assume (1.1). Let « > 1 and p # 0. It holds

V; 1 P 1
n n oo n n oo 2
In particular,
E|V; E|||P E|P
lim M =g/, lim M = M and lim M = ﬁ (3.17)
n— oo n n— o0 n 2 n—o0 n 2

Proof. In view of Theorem 2.3 we can base our proof upon a uniform integrability
argument. It suffices to show that {Vi(n)/n},>1 and {||P(n)||/n},>1 are uniformly
bounded in L*~° for some ¢ > 0 with a — ¢ > 1, see [19, Proposition 3.12]. By an
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analogous reasoning as in Proposition 3.1 it is then enough to show that {S*)(n)/n},>1,
k=1,...,d, are uniformly bounded in L*~¢. We have

1 n
ap E[15") a—e] < qup — E Y»(k) a—<] _ Y(k) a—e
sup E[|S™(n)/nl* ] < sup = 3 B[] = E[177],

=1
where in the first step we used the following elementary inequality: for aq,...,a, >0
and p > 1 it holds
n P moal, € (0,1),
(ZQZ) < Zz 11 a; p p ( ) (3.18)
i=1 nP- Zz 1 A, P Z L
This finishes the proof. O

We next show that if higher moments of {S(n)},>¢ (of order at least 2, which implies
that o = 2 and the limit process {X(¢)};>0 is a Brownian motion) are finite then mean
intrinsic volumes of the rescaled (through a linear mapping) convex hull converge to the
convex hull of the rescaled time-space Brownian motion {X(t)}¢>¢ defined in (2.2). This
leads to an asymptotic result for the mean volume V; of conv{S(0),...,S(n)}. The result
should be compared with [47, Proposition 3.4]

Theorem 3.9. Assume that E[||Y||*V™?] < co for some p > 1 and p # 0. Then, for any
me{1,2,...,d},

E[V,, (conv X[0,1])] < oo (3.19)
and, for D,, = diag(1/n,1/+/n,...,1/y/n),
lim E [V, (Dy(conv{S(0),...,S(n)}))] = E[Viu (convX[0, 1])]. (3.20)
In particular,
i ZLVa()] E [Vy(conv X[0, 1])]. (3.21)

n—oo nld+1)/2

Proof. In view of the moment assumption, {X(¢)};>o is necessarily a Brownian motion
and b, = /n, see [14, Theorem 2.6.6]. We start by finding a polytope which bounds the
convex hull conv{S(0),...,S(n)}. We have

conv{S(0),...,S(n)} C [Mi(n),A1(n)] x -+ x [Aa(n), Ag(n)],
where \;(n) = ming<i<, (S(k), &) and A;(n) = maxo<r<n(S(k), €;). Hence,
Dy, (conv{S(0),...,S(n)}) C Dy, ([Ai(n), A1(n)] x -+ x [Aa(n), Ag(n)])
Further, since D,, is a diagonal matrix and due to monotonicity of intrinsic volumes,
Vin (Dp (conv{S(0),...,S(n)})) < Vi ([M1(n)/n, Ay (n)/n] x---x [Xa(n)/v/n, Ag(n)/v/n]) .

According to [22, Proposition 5.5], the m-th intrinsic volume in the right hand side of
the last inequality is the coefficient next to w™ of the polynomial w +— H?zl(l + v;(n)w),
where

vi(n) = Ai(n)/n—X(n)/n  and  v;(n) = A;(n)/Vn— X i(n)/Vn, i=2,...,d.

Hence,

Vin (Dr (conv{S(0),...,S(n)}))

< Z Hv% = v1(n) Z 1:[ v (n) + Z th(n)

it eim €{1,..,d} §=1 i1 eesim—1€42,.,d} =1 i1 eim €42,.,d} 5=1
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where we use convention that the empty product is equal to 1. Clearly

vi(n) <2 max [(S(k),e1)|/n and  wv;(n) <2 max [(S(k),&)|/vn.

0<k<n 0<k<n

This yields

Vin (D (conv{S(0),...,S(n)}))

2m ~ )
< oo e IS®.e) 3, ] max 1S(k), )]

i1,0im—1€{L,....d} j=1

2m
20 % I sme)

11 yemim €42,...,d} j=1

+

Holder’s inequality implies that for any ¢ > 1,

. _ 1/m
[Ho@sfnl heilt] < 1 (Bl 509,600 ™))™

Without loss of generality we can assume p € (1,2). According to [47, Lemma A.1] it
holds!

(n?), m=1g=2andi=1,
1/m nP m _ i
(E[( max [(S(k )»@')I)mq]) = OE ) >2, g=pandi=1,
(

0<k<n n), m=1,¢g=2andi € {2,...,d},

On?/?), m>2, g=pandic{2,...,d}.
From this we infer that

E [V (D (conv({S(0),...,S(n)})))?] = O(1).

It follows that the sequence {V,,, (D, (conv{S(0),...,S(n)}))}n>0 is uniformly integrable.
Thus, in view of Theorem 2.5 and [19, Lemma 3.11] we obtain (3.19) and (3.20). Equa-
tion (3.21) follows from the fact that

V(Do (conv{S(0), ..., S(n)})) = det(D,) Va(conv{S(0),...,S(n)}) = %

and the proof is finished. O

Remark 3.10. (i) We note that the fact that E[V,,, (conv }~([0, 1])] < oo follows also by [29,
Theorem 1.1].

(ii) The arguments used in Theorem 3.9 do not apply in the case when m =1 and a < 2
as in such case we would require that E[||Y1]|%] < co. Then, by the same reasoning as in
Theorem 3.9 we would obtain

E[( max [(S(k),e;)|)"] =

0<k<n

O(n®), i=1,
O(n), ief2,... d}.

This would imply
E (Vi (D, (conv{S(0), ..., S(n)}))a] =0(n/b3).

In order to infer uniform integrability we would have to assume that lim sup,,_, . n/b% <
oo. However, this is in contradiction with [43].

1We use the standard O-notation: for f : IN — R and g : IN — (0, c0) we write f(n) = O(g(n)) if, and only
if, there is a constant ¢ > 0 such that | f(n)| < cg(n) foralln € IN.

EJP 27 (2022), paper 98. https://www.imstat.org/ejp
Page 18/30


https://doi.org/10.1214/22-EJP826
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Convex hulls of stable random walks

Before we continue our discussion on convergence of mean intrinsic volumes of the
convex hull of the random walk, we find the precise value of the limit in (3.21) which
results in deriving a formula for the expected volume of the convex hull spanned by
a time-space Brownian motion run up to time one. For this reason, we extend the
argument from [47, Proposition 3.4] where the planar case was handled. The main idea
is to construct a specific Gaussian random walk such that its convex hull approximates
the convex hull of the time-space Brownian motion. For such random walk we can then
compute the expected volume of the convex hull through a combinatorial formula given
in [45].

Theorem 3.11. Let B(t) = (t,B(t)), t > 0, where {B(t)}+>0 is a standard Brownian
motion in RY~!. It holds
9(d+1)/2(d—1)/2

E {Vold(convﬁ[O,l])} = d+ 1)

Proof. Let {Z;};cn be a sequence of independent and identically distributed random
vectors with law N(0,1,;_,). Here, I;_; stands for the (d — 1) x (d — 1) identity matrix. Let
Z; = (1, Z/)" and denote by S(n) = > Z; the corresponding random walk such that
S(0) = 0. Evidently, E[Z1] = e;, where {e1,...,eq4} is the standard orthonormal basis of
R¢. According to [21, Theorem 6.13] the following convergence holds

Voly(conv {S(0),...,S(n)}) »

@3 . Volg (conv B[0, 1]).

We can apply the same reasoning as in the proof of Theorem 3.9 to show that
E [Vold (conv ({8(0), ..., §(n)}))2} — O(nd+).
This implies uniform integrability and by [19, Lemma 3.11] we then infer that

E {Vold (convﬁ[o, 1])} = lim n~@+H)/2R [Vold (conv {S(0),..., g(n)})] .

n—00
We are left to compute the limit in the last expression. Let {g(k) (n)}n>o, fork=1,...,d,
be independent copies of {S(n)},>0. According to [45, Corrolary 2] it holds
L | E [[det (8 (1) -+ 8@ (ju) |
E {Vold (conv {S(0),..., S(n)})} =— - - .
dl , JiJd
Jite+jasn
Jise-ja€N
For fixed j;,...,jq4 € IN we have
det (SM (jy) - -- S (jg)) = det 7 Ja
et (S (1) - -89 (ja)) = de gD s g(@ ]
i=1 4 i=1 4i

where {ng)}iem, fork=1,...,d, are independent copies of {Z; };c. Clearly, {il ng) is
of the form /5, W, where W, = (W,(:), ... 7W,(Cd*l))T are independent random vectors

with law N(0,1;_1). Hence,

det(g(l)(ﬁ)-“g(d)(jd)):mdet(\\{\fj? - @

Vi1 WT
Vit 1
= Vi da/ir+ -+ jadet : :
Vid WT
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We note that the first column in the last determinant is a unit vector which we denote
by v. Let O be an orthogonal matrix such that Ov = e;. Further, the vectors (forming

the remaining columns of the last determinant) (W:(Lk), . 7Wflk))T, k=1,...,d—1, are
independent with law N(0,1;). It follows that the vectors W;, = O(ng), . 7W((ik))T,
k=1,...,d—1, are also independent and have law N(0,1;). Consequently,

‘det(g(l)(h) : "g(d)(Jd))’ =V Jai -+ ‘det(ﬁ W, - "Wd—l)‘

B i jai+ o+ ja|det(Wy - W)

The distribution of the last determinant was found in [10] and it is given by

|det (W1 -+ Wy_y)| 2 VX3(1) - x3(d = 1),

where y?(k), for k = 1,...,d — 1, are independent chi-squared random variables with &k
degrees of freedom, respectively. Since,

5 B I((k+1)/2)
E{ X (k)} =2 T(k/2)
we obtain
2(d—1)/2
NZs

E [[det (8 (1) -+ 8 () || = Vit Jav/in + -+ Jd r'(d/2)

and whence

S & 2(4-D/21(d/2) Nt +Jd

E [Vold(conv{S(O), ce S(n)})] == 77 E VAT T Jd
diym i Jd

T

We finally claim that

. 1 N/ — 2/
A D2 > g
Jit+-+jasn
Ji,Ja €N

Ju--Ja (d+1)r(d/2)

We consider two sequences

Vit+ o+ Ja
n = Z T ja

and  f, =ndt1/2,
Jit-+jasn
Jiseeja€lN

Since {f,}nen is strictly monotone and divergent, according to Stolz-Cesaro theorem
[30, Theorem 1.22] it suffices to show that

. Gpy1 — Qp o d/2
lim = .
n—0o0 fn+1 - fn (d + 1)F(d/2)

Since
(n+1)" —n*
RS e
unufl

for all © > 0, we have

lim fn-ﬂ-l*fn _ d+1
n—oo nld—1)/2 B 2
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Hence, the claim will follow if we find the limit

im dntl e 1 Vi F - +Jd
L Y E L e ey 3 Z .
Jitetja=ntl

. 1 , N —1/2
= a7 > G
Jit-+ja=n+l
J1sesJa €N

The last expression is equal to the integral sum converging to the Dirichlet integral given
in terms of the multinomial Beta function, see [9, page 11]. We have

. L\ —1/2
. 1 . . \—1/2 . J1-Jd 1
ey > G = . 2 ( nd nd—1

T raje) w2

r(ei,1/2) T/2)
and the proof is finished. O

We next show how Theorem 3.11 provides the precise form of the limit in (3.21).
Recall Remark 2.6. We have

{)N((t)}tzo s {2}/2]~3(t)}t20 and  Vg(conv X|o, 1]) = ||pll+/det(S1) Vd(COHV§[07 1)),

where ¥, = E[(Y{)(Y{) '] and
_ (lul* 0
5, = ( ).

In view of Theorems 3.9 and 3.11 we obtain the following result.

Corollary 3.12. Under the assumptions of Theorem 3.9,
1im E [V (Dy (conv{S(0),...,S(n)}))] = E[Vin(5,/*conv B[0, 1])]

and
. E[Va(n)] 20t/ 2g(d-1)/2
B e iy i el (A NI IR)

We finally aim to derive an analogue of formula (3.17) or (3.21) for mean intrinsic
volumes with m € {2,...,d—1}. Before we formulate and prove the result, we need some
preparation. We assume that ;2 # 0 and P(Y; € h) = 0 for any affine hyperplane h ¢ R<.
Moreover, let E[||Y]|™?] < oo for some p > 1 (recall that this implies that {X(t)};>¢ is a
Brownian motion and b, = /n). We fix m € {2,...,d — 1} and let P, be the orthogonal
projector from R? onto R™. For Q € SO(d) (the space of all orthogonal matrices with
determinant one) it holds

P,,Q conv{S(0),...,S(n)} = conv{P,,QS(0), ..., P,QS(n)}.
Clearly, P,,QS(n) = Y7, P,QY, is a R™-valued random walk. Also, E[P,,QY] = P,,,Qu

and
Pn@QS(n) —nPQu o
\/ﬁ n oo

PnQX(1).
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The process {P,,,QX(t)}+>0 is a Brownian motion in R™. Thus, analogously as in (1.4),

{PmQS(WJ?/ﬁ [nt] PmQu} !

If P,,Qu = 0 then, by Theorem 3.3,

E[Volm (PmQ conv{S(0),..., S(n)})]

{Pn@X(t)}i>0-

t>0 00

nlgr;o /2 =0. (3.22)
We next consider the case when P,,,Qu # 0. Let {e?, ...,e2} be an orthonormal basis

of R™ such that e? = P, Qu/||PnQul. Similarly as before, let qﬁé :R™ — R™ ! be a
linear mapping given by ¢ (z) = ((z,€%), ..., (z,e3))T. Clearly, {¢5(PrnQS(n))}tnxo is a
zero-drift random walk in R™ ! satisfying
¢5(PnQS(n)) p
\/ﬁ n oo

The process {(bé?(PmQX(t))}tzo is a Brownian motion in R™~!. We define the following
time-space Brownian motion in R™

06 (Pm@X(1)).

S T
Xom(t) = (|1PnQult, 05(PmQX(1)") ', t>0. (3.23)
By Theorem 3.9,
] E[Volm (PmQ conv{S(0),..., S(n)})] ~
nhHH;O D)2 =E [Volm (conv Xo.ml0, 1])} (3.24)
We finally claim that
sup [E [Volm (conv )NCQym[O, 1m = sup E [Volm (conv )~(Q7m [0, 1})] < 00.
QesO(d) QESO(d): P Qu0
(3.25)
Indeed, we have
conv XQm[O, 1]
C [0, 1Pn@Qpll] x [ inf (PnQX(t),ef), sup (PnQX(t), €3)]

0<t<1 0<t<1

e i Qy o Q
xonx [t (PrQX(0), e), sup (Pm@X(), er)]

C [0, lell] x [ sup [IX(@)], sup [X@I] x - x [= sup [X(B)], sup [|X(®)][]].
0<t<1 0<t<1 0<t<1 0<t<1
This yields

E Vol (conv X, [0,1])] < 27 [E] sup [X(1)]" ]

and by (3.18) we obtain

d m—
D k=1 E[SUPogtgﬂX(k) ()] 1], m =2,
A =9/25 Blsupgei [ X (6|1, m > 3.

B[Vol (conv Km0, 1)] < 2 {

Since {X(¢)}:>0 is a zero-drift Brownian motion, the claim follows by Doob’s maximal
inequality.
We are ready to state and prove the theorem.

EJP 27 (2022), paper 98. https://www.imstat.org/ejp
Page 22/30


https://doi.org/10.1214/22-EJP826
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Convex hulls of stable random walks

Theorem 3.13. Assume that u # 0 and E[||Y||"?] < oo for some p > 1. Further, suppose
that P(Y; € h) = 0 for any affine hyperplane h C R¢. Then, form € {2,...,d — 1},

. E\Vi d -
s Em) (0)m [ o ELVoln (com K nl0.1)](0Q),

RmKRd—m

where {XQ,m(t)}tZO is defied in (3.23) and v(dQ) denotes the (probability) Haar measure
on the special orthogonal group SO(d).

Proof. We make use of Kubota’s formula which asserts that

(d) - / Vol,, (PmQ COHV{S(O)a R S(n)})u(dQ)’ (3.26)
SO(d)

m) EmKd—m

Vin(n)

see [2, Theorem 1.3] and [22]. From (3.22), (3.24) and (3.25) it follows that
/ . E[Vol, (P Q conv{S(0),...,S(n)})]
1m
S

0(d) n—oo n(m+1)/2 V(dQ)

= / E[Vin (conv Xm0, 1) ]1(dQ)
{Q€eSO(d): P, Qu#0}

= / IE[Vm(conv )~(Q7m[0, 1})] v(dQ@).
SO(d)

Hence, we are left to justify interchange of the limit and the integral in (3.26). This will
be possible if we show that

E[Volm (PmQ conv{S(0), ..., S(n)})]

n(m+1)/2

sup sup < Q.

nelN QeSO(d)

We can proceed exactly in the same way as in the proof of Theorem 3.9 but this time we
work with Vol,, instead of V,,, and with the walk {P,,,QS(n)},>0. If P,,,Qu # 0 we use the
basis {€2,...,e¢2} of R™ and obtain

m

Vol,,, (P, @ conv{S(0), ..., <2’”H max |(P,QS(k),e >|

0<k<n

By Holder’s inequality,
[H max |(Pa@S(E). D] < HE max [(PQ8(R), €))7

Note that E[(P,,QS(k),e®)] = 0 for i € {2,...,m}. Thus in this case, Doob’s maximal
inequality entails

E[( mas [(Pa@S(E),e?))™]™ < "2V _g[(1(P,.Q8(n),e2)))™]) ™.

0<k<n (mp—1)P

This, together with [13, Corollary 3.8.2], implies that for some ¢; = ¢;(p) > 0,

E[( max [(Pn@S(k),e))"™"]"" < ciB[[(PaQY1, 2] /" nr/?

0<k<n

<¢E [HYl Hmp] 1/mnp/2.

" mp 1/m
<Z|Y(k)||> 1 :
k=1
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By [13, Lemma 3.9.1], there is ¢, = c2(p) > 0 such that

Bl(max [(Pn@S(R), D)™™ < B[] "

It follows that

E[Volm (PmQ conv{S(0),..., S(n)})]

i)z < 00. (3.27)

sup sup
n€N QeSO(d): P, Qu#0

If P,Qu = 0, then with the use of the standard basis {ey, ..., e, } and through the same
reasoning we arrive at

E[(max [(Pa@S(k),e))™]"" < caB[|(PuQY e "] " 0P

< CgE [”Yl Hmp} 1/m np/2

for some c3 = c3(p) > 0 (observe that in this case E[(P,,QS(k),e;)] = 0foralli =1,...,m).
Hence, (3.27) is valid also for @ € SO(d) such that P,,,Qu = 0 and the proofis finished. O

Remark 3.14. With the same arguments as in Theorem 3.13 we can obtain the corre-
sponding result if m = 1 and p = 2 or m = d. This entails

i E[V,(n)] _ e fso(d) [%(COHV)’ZQJ[O, 1)]v(dQ), m=1,
n—oo p(m+1)/2 fso(d) [Va(conv X0.4[0, 1])]v(dQ), m=d.

Then, by Theorems 3.8 and 3.9 it follows that

dlid

/ E[Vi (conv X1 [0, 11)](dQ) = [l
SO(d)

R1Rd—1

and
/SO( ) E[Vy(conv Xg,4[0,1])]v(dQ) = E[Vy(conv X[0,1])].

4 Variance asymptotics

In this section, we discuss the variance asymptotics of the intrinsic volumes V,,,(n),
form =1,...,d, under the assumption that moments (of the step of the random walk)
of order higher than two are finite. The first result concerns the zero-drift case and it
should be compared with [47, Propositions 3.5] where the planar case was handled.

Proposition 4.1. Assume that ¢, = 0 and E[||Y1||"?] < oo for some p > 2. Suppose that
P(Y; € h) = 0 for any affine hyperplane h C R¢. Then, for eachm € {1,...,d},

Var (V,, (conv X[0,1])) < oo

and
lim Var(V,,(n))

n—o00 nm

= Var (V,, (conv X[0,1])) .

Proof. Proceeding analogously as in the proof of Theorem 3.9, we easily show that there
is ¢ = ¢(m,d, p) > 0 such that

rse 3 s ISP

i1 eim €{1,...,d} j=1
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Holder’s inequality implies

B T e, 00007 = TT BT, 08100 ™)

0<k<n

and according to [47, Lemma A.1] we obtain

(E[( max [(S(k )7ei>|)mp])l/m:0(np/2).

0<k<n

From this it follows that

E

nm nmp/2

<Vm<n>2)p/2]: LBV (n)) = 0(1)

This means that the sequence {V;,(n)?/n™},en is uniformly integrable. Thus, in view of
Proposition 2.1 and [19, Lemma 3.11] we infer the result. O

We present a corresponding result for random walks with drift where the scaling is of
higher order and we cover the case of m € {2,...,d}. The case of planar random walks
was studied in [46] and [47, Proposition 3.6].

Proposition 4.2. Assume that p # 0 and E[||Y1]"?] < oo for some p > 2. Suppose that
P(Y; € h) = 0 for any affine hyperplane h C R?. Then, form € {2,...,d — 1},

Var (/ Vol,, (conv X .m0, 1])u(dQ)> < 00
SO(d)
and

i Yar(Vim(n)) <d)2ﬂ§

n—oo  pmtl m) KZK3

Var (/ Vol,, (conv XQ,m [0, 1])1/(dQ)> .
SO(d)

Proof. By Theorem 2.5,

Vol (P @ conv{S(0),...,S(n)}) »

(A1) /2 - Vol,,, (conv X, [0, 1]).

Kubota’s formula (3.26) and continuous mapping theorem then imply

2
Vi (n)? d X
(nf o, ( )d / Vol (conv X [0, 1))(dQ) | -
nm n /oo m/) EmKd—m JsO(d)

Hence, according to [19, Lemma 3.11] it is enough to prove that {V,,(n)?/n™ "1}, cn
is uniformly integrable. By replacing the standard orthonormal basis with the basis
{€1,...,84} such that &, = u/||u|| and reasoning as in the proof of Proposition 4.1, we
obtain

Vin(n)P < ¢ Z H max [(S(k),e;,)[?,
0<k<n J
i1, 0tm€{1,...,d} =1

for some ¢ = ¢(m,d,p) > 0. Due to [47, Lemma A.1],

O(np)v =1,
Om?/?), ie{2,...,d}.

(E[( max |(S(k ),éi>)mp])1/m{

0<k<n
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Hence, Holder’s inequality then implies

m m

{H max [(S 6ij>|”} <[] (B[( max (S(k), &,)) ™)™ = Oty

0<k<n P 0<k<n
that is Vo () o2 !

E ( ;mff ) 1 = o E V()] = O(1).
This yields uniform integrability of the process {V,,(n)?/n™ "1}, cn. O

Remark 4.3. (i) We could apply the same arguments as in Propositions 4.1 and 4.2
to show convergence of moments of the appropriately rescaled sequence {V,,(n)},en-
More precisely, if there is p > 1 such that E[||Y1]|"?] < oo, then in the case when p =0,

p
E [Vm (COHVX[O, IDP] < 00 and H_>m % =K [Vm (COHV }([O7 1})13} .
If 4 # 0, then
p
E </ Volm(convig,m[Q 1])V(dQ)> ] <0
SO(d)
and

p
E[V..(n)P] _ (d\’ K .
e = \m) w E /SO(d>V°1’”<C°nVXQ’m[O’”MdQ) '

(ii) By Theorem 2.5, if 1 # 0, we obtain

Va(n)
W M—Oo> Vd (CODV X[O 1])

Thus, since {V;(n)?/n?*1},cn is uniformly integrable, we have

Var (Vd(conv X0, 1])) <oo and lim Var(Va(n))

n—s oo nd+1

— Var (Vd (conv )NC[O, 1])) .
In particular,
Var (/ Voly (conv X g 40, 1])1/(dQ)> = Var (Vd(con"i[o’ 1])) :
SO(d)

(iii) By Theorem 2.3 (see also Theorem 3.8), we have

VYl(”) ]Pas
n

which, together with uniform integrability of {V;(n)?/n?},cn, implies

lim Var(Vy(n))

n—00 n2

=0.

In the planar case and under the assumption that E[||Y;||?] < oo, it was proved in
[46, Theorem 1.1] that the variance of the perimeter of the convex hull behaves linearly
if and only if (Y, — E[Y,],E[Y;]) # 0 a.s. In the case when (Y; — E[Y;],E[Y4]) =0
a.s., the authors conjecture in [25, Conjecture 1.13] that the behavior of the variance
is logarithmic. The results from [1, Theorem 1.5 and Corollary 1.6] suggest, however,

EJP 27 (2022), paper 98. https://www.imstat.org/ejp
Page 26/30


https://doi.org/10.1214/22-EJP826
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Convex hulls of stable random walks

that one needs stronger moment assumptions to conclude logarithmic behavior. The
perimeter of the convex hull of the random walk corresponds to the first intrinsic volume
V1(n) in higher dimensions and we therefore conjecture that the appropriate scaling for
the sequence {Var(Vi(n))},ecn in every dimension d > 1 is of order n as well, provided
that the above mentioned scalar product does not vanish. If this is not the case, we
expect, similarly as in the planar case (cf. [1, Theorem 1.5 and Corollary 1.6]), a sublinear
behavior. We finish the article with a partial result in this direction which can be viewed
as an extension of [39, Theorem 2.3] to higher dimensions.

Proposition 4.4. Assume that E[|Y1||?] < co. Then
Var(Vi(n)) < nE[[Y1 —pf?),  nelN.
Proof. We follow the approach from [39, Theorem 2.3]. We clearly have
Sconv{8(0),...8(m}(0) = max (S(k),6), € s

Thus, by (1.5) and (1.7),

Vi(n) = — /S max (S(k), 0) o(d0).

Kd—1 Jgi—1 0<k<n

Further, let {Y}};en be an independent copy of {Y;}ien. Fori € IN we set

S .
Si(n) = (n), 7<Z, 1)
S(n)-Y;+Y, i>n,
and )
Vim) = — /S  max (S7(k).6) o(d0).
According to [41, remark on page 755],
1 n
Var(Vi(n)) < 52 [ — Vi(n)) ]
(4.2)

From (4.1), for any 0 € Sdil, we have

(S'(k),0) = {:EZ;?Z? (Y;,0) + (Y, 6) f><lz7

< (S(k).0) + [{Y:,0) — (Y5, 0)].

1
263, a1 0<k<n 0<k<n

( A max (S'(k),0) — max (S(k),0>)a(d9)>21.

Hence,

Jmax (S'(k),0) - max (S(k),0) < [(Ys,6) — (Y}, 0)].

By symmetry, we can replace the left-hand side of the above inequality with its absolute
value. This together with (4.2) implies

2
Var(Vi(n S E ([ 10ve0)~ (¥t olotan))
2k 1521 gd—1
< E[|(Y; — Y], 0)*] o(dd
_%d_I;/SM I 1) o(a0)
nE[||Y; — ul|?
< mELOZtE [ jogzotan) < nBlly: - 2
d—1 gd—1
and the proof is finished. O
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