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Abstract

We derive Berry-Esseen approximation bounds for general functionals of independent
random variables, based on a continuous-time integration by parts setting and discrete
chaos expansions methods. Our approach improves on related results obtained in
discrete-time integration by parts settings and applies to U-statistics satisfying the
weak assumption of decomposability in the Hoeffding sense, and yield Kolmogorov dis-
tance bounds instead of the Wasserstein bounds previously derived in the special case
of degenerate U-statistics. Linear and quadratic functionals of arbitrary sequences
of independent random variables are included as particular cases, with new fourth
moment bounds, and applications are given to Hoeffding decompositions, weighted
U-statistics, quadratic forms, and random subgraph weighing. In the case of quadratic
forms, our results recover and improve the bounds available in the literature, and
apply to matrices with non-empty diagonals.
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1 Introduction

Significant progress in probability approximation has been achieved in recent years
by combining the Chen-Stein method with the Malliavin calculus. See for example [30],
[36], [37], for the derivation of distance bounds on the Wiener and Poisson spaces, and
also [34] and [24] in the case of Rademacher sequences. Those results rely on covariance
representations based on the inverse of the Ornstein-Uhlenbeck operator L acting on
multiple Wiener-Poisson stochastic integrals. While the inverse operator L' is well
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Berry-Esseen bounds for functionals

adapted to certain random functionals such as multiple stochastic integrals, it can prove
more difficult to use in applications to other, more specific functionals. Other covariance
representations based on the Clark-Ocone representation formula and not relying on L~!
have been used in [43] on the Wiener and Poisson spaces, and in [44] for Rademacher
sequences.

In [27], second order Poincaré inequalities in the Kolmogorov and Wasserstein dis-
tances have been obtained for functionals of a Poisson point process by using the iterated
Malliavin gradient instead of L~!. This approach relies on probabilistic representations
for the inverse operator L~! using Mehler’s formula on the Poisson space, see e.g.
Lemma 6.8.1 in [39]. Second order Poincaré inequalities for functionals of Rademacher
sequences have also been obtained in [25], with application to renormalized triangle
counting using the Kolmogorov distance in the Erdés-Rényi random graph, see also [41]
and references therein for the treatment of arbitrary subgraph counting.

In [4], a method based on difference operators has been introduced with the aim of
obtaining Stein bounds in the Wasserstein distance for functions of vectors of indepen-
dent random variables. This approach has been extended in [26] to the derivation of
bounds in the Kolmogorov distance, see also [19] for earlier related results..

An integration by parts setting for related difference operators has been exploited in
[10] to derive normal Stein approximation bound for functionals of independent random
variables, see also [29], and [3] for concentration inequalities. In [16], this framework
has been unified with the approaches of [4] and [26] with applications in statistical
physics, see also [17].

In [40], a general framework for the derivation of Wasserstein distance bounds for
functionals of independent random sequences has been developed in the continuous-time
integration by parts setting of [38], using an analog of the operator L~! on discrete
chaos expansions based on discrete multiple stochastic integrals. This approach allows
us to extend chaos-based arguments from the binomial and Wiener-Poisson settings to
general i.i.d. sequences of random variables.

Bounds in total variance distance have also been obtained therein using Clark-Ocone
covariance representation formulas under stronger smoothness conditions. Applications
to normal approximation in the Wasserstein distance have been obtained in [42] for the
weights of subgraphs in the Erdés-Rényi random graph.

Our first goal in this paper is to extend existing Stein normal approximation bounds
proved in the Kolmogorov distance for Rademacher sequences, see e.g. [25], [13], to
general sequences of independent random variables. This is achieved in the general
framework of [40], by replacing the Wasserstein distance with the Kolmogorov distance
for which obtaining rates is known to be more difficult and requires new ideas. In
Theorem 3.1 we derive a general Berry-Esseen bound in the Kolmogorov distance for
functionals of independent random variables. In comparison with Theorem 4.2 in [26],
the variance term (3.2) in Theorem 3.1 can be easier to control, see also Theorem 2.3 in
[16].

The bound of Theorem 3.1 is then specialized to sums of multiple stochastic integrals
in Proposition 3.2, and then to multiple stochastic integrals in Proposition 3.3. Note
that multiple stochastic integrals of order d coincide with degenerate (generalized)
U-statistics of order d, and can then be used to represent Hoeffding decompositions as a
chaos summations, see the examples given below.

Our second goal is to show that the obtained bounds remain sharp despite the very
general framework of the paper, as demonstrated in the following examples. Consider
a sequence (Xi,...,X,) of (not necessarily identically distributed) independent ran-
dom variables, and the d-homogeneous random multilinear forms W, 4 written in the
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Hoeffding form as
Wn,d = Z WJv
Jc{1,...,n}, |J|=d

where, for each J C {1,...,n}, W, is a random variable with variance ¢, measurable
with respect to the o-algebra F; := o (X, :j € J), and such that E[W; | Fx] = 0,
J ¢ K C [n]. In [9], a central limit theorem has been proved for the sequence (W, 4)n>1
under the conditions

lim max 02=0 and lim E[W! =3,

n—oo 1<i<n n—o00 ?

J>i

generalizing earlier results by [8] for quadratic random functionals. The results of [8, 9]
have been refined by the derivation of bounds in the Wasserstein distance in Theorem 1.3
in [14] in the case of degenerate U-statistics, for which |J| is constrained to a fixed value
|J| = d for some d € {1,...,n} in the sum (2.17).

Applications of Proposition 3.2 are given to Kolmogorov distance bounds in Theo-
rem 4.1 for general U-statistics, and in Theorems 4.2 and 4.3 for degenerate U-statistics.
This extends the bounds of [14] by using the Kolmogorov distance instead of the Wasser-
stein distance, and by applying to Hoeffding decompositions in full generality and not
only to degenerate U-statistics. This also extends the bounds in the Kolmogorov distance
derived in [13] for U-statistics in the particular case of Rademacher chaoses, where
(X1,...,X,) is a sequence of independent Bernoulli random variables.

More specifically, given an i.i.d. sequence (X})x>1 of centered random variables with
unit variance, and the sum

1 n
D i = —= Xk, > 1,

convergence bounds to the standard normal distribution A of the form

E [1X41]?]
vn

have been obtained in e.g. Theorem 1.1 in [20] in the Wasserstein distance

dw (X, N) = sup [E[R(X)] - E[RN)]].

heLip(1)
See also Corollary 2.11 of [11] for related bounds in the Kolmogorov distance

dic(X.N) = sup |[P(X < 2) — P(N < a),
zER

including the case of random sums. In the case of quadratic functionals of the form

Qn = Z ap XXy, (1.1)

1<k,l1<n

where A = (a;j)1<i,j<n is @ symmetric matrix, the bound

dic(Qn, N) < C (E | X1 )% |\l (1.2)

where \; denotes the largest absolute eigenvalue of A and C' > 0 is an absolute constant,
has been obtained in [21] when the diagonal of A vanishes, see e.g. Theorem 1 therein,
and also Theorem 3.1 of [47].
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In this vanishing diagonals setting, Theorem 4.3 is applied to derive a version of
Theorem 3.3 of [15] for the Kolmogorov distance instead of the Wasserstein distance in
Corollary 4.4. Theorem 4.3 also yields Corollary 5.1 which recovers Theorem 3.1 in [47],
and improves on the above bound (1.2) of Theorem 1 in [21]. In addition, Corollary 5.1
extends the Kolmogorov bounds of Theorem 1.1 in [13], restricted to the quadratic case,
from Rademacher sequences to general sequences of random variables by using fourth
moment differences as in e.g. Theorem 1.3 of [14].

In case the diagonal of A = (a;;)1<s, j<» may not vanish, the bound

(B [XP])* +EBXY

2
\ 2 1<ij<n %)

has been obtained in Theorem 1.1 of [22] for some v > 0 depending on A. See also Propo-
sition 3.1 in [4] for a result in the Wasserstein distance using Rademacher sequences, and
Theorem 2.2 in [5] for related normal approximation bounds in total variation distance
for a smooth function of finite-dimensional random vectors via second order Poincaré
inequalities.

In comparison with Theorem 1.1 of [22], the bound (5.7) in Theorem 5.2 gives better
rates under weaker assumptions according to the inequality (5.5). Theorem 5.2 also
provides an additional bound (5.6) which is valid for any i.i.d. sequence (X,,),>1 and
holds in the Kolmogorov distance, instead of the Wasserstein distance used in [14]. This
bound is related to the so-called fourth moment phenomenon ([35]), which has been the
object of intense research work, see e.g. [31] and references therein.

We proceed as follows. In Section 2 we recall the framework of [38] for the treatment
of functionals of independent random sequences, including the construction of discrete
multiple stochastic integrals and the associated finite difference gradient operator
and integration by parts formula, which are used to derive a fourth moment bound in
Section 2.3. Section 3 contains our main result Theorem 3.1 which states a general
Berry-Esseen bounds for general functionals of independent random sequences, and
its applications to the derivation of Kolmogorov bounds for discrete multiple integrals
and for sums of discrete multiple integrals in Propositions 3.2-3.3. Applications to
Hoeffding decompositions, weighted U-statistics and random subgraph weighing in the
[18] random graph are given in Section 4. Section 5 focuses on quadratic forms.

dx (Q" N) <C(7v) [A1l, (1.3)

7
On

2 Preliminaries

2.1 Setting

We work on the probability space (2, F,P) where 2 = [-1,1]N and F, P are the
natural o-algebra and probability measure generated on 2 by the cylindrical Borel sets
and Lebesgue measure, respectively. Let (Uy),>1 denote the i.i.d. sequence of uniformly
distributed [—1, 1]-valued random variables on (2, F,P), constructed as the canonical
projections from {2 to [—1,1]. We define the finite difference gradient operator V of a
functional F(U; (w),Us(w),...) of the sequence (U; (w), Us(w),...) as

t
VtF:E[F ‘Ul”UL%J’UL%J‘Fl :t—1—2{§J,UL%J+2,
_E[F’Ul,...,UL%J,UL%HQ,...},
t € Ry. In other words, using the shifted sequence

2u(w) = (1), -, Uy )t =1~ QQ,UL%HQ(W),...), LeR,,
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we have

1 f2le/2l+2
V.F ::Fo<I>t77/ Fodyds, teRy, (2.1)
2(t/2]

provided that (Fo®,).cr, is integrable on R, IP-a.s., see Definition 5 and Proposition 10
in [38]. Although V; does not satisfy the chain rule of derivation, we have the following
identity.

Lemma 2.1. The finite difference operator V satisfies the relation

1 r2le/2]+2
Vi(FG) = (F 0 ®,)V,G + (G o &)V, F — = / (Vi FV,G + YV, FV,G)du, (2.2)
2[t/2]

t € Ry, provided that (F o ®,)scr,, (G o ®y)ser, and (F? o ®,)ser,, (G* o ®y)scr, are
integrable on [2n — 2,2n|, n > 1, P-a.s.

Proof. By (2.1), we have

1 f2le/2l+2
V.(FG) = - / (FG) o ®; — (FG) o ®,)du
2 Ja(1/2)

1 2l/2l+2 1 2l/2l+2
= f/ (Foq)u)(Goq)t—Goq)u)du—&—f/ (Gody)(Fo®,—Fod,)du
2 Jat/2) 2 Jalt/2)
1 21t/2)+2 1 20t/2)+2
= f(Foq)t)/ (Goq)t—Go@u)du—l—f(Go@t)/ (Fo®;— Fod,)du
2 2[t/2] 2 2[t/2]
1

2t/2)+2
—f/ (Fo®; — Fo®,)(Go® —God,)du
2 Ja11/2

1 2(t/2]+2
= (Foq)t)VtG+(Go<I>t)Vth */ (Foq)t*FO@U)(GOq)t*GO(I)U)dU.
2[¢/2]

Furthermore, we have

2(t/2]+2 2t/2]+2
/ (Fod,—Fo®,)(God®;—Go®,)du = / (ViF =V, F)(V,G—-V,G)du
2(t/2] 2(t/2]
2(t/2]+2
2(t/2]
o r2(t/2]42 _
from the equality f2[t/2j VuFdu=0. O
For any X € L'(Q) and k € IN we also note the identity
1 2k+2
E[X] = -E / X o ®yudul . (2.3)
2 ok
2%+2

In addition, since [,

X,Y € LY(Q) we obtain

2k+2 2k+2 2k+2 2k+2
/ VXV, Ydu = / VuX®,Ydu— / <I>5Yds/ VuXdu
2 2

VuXdu = 0 a.s. holds directly from the formula (2.1), for any

k 2k 2k k
2k+2
= / VuX®,Ydu, a.s. (2.4)
2k
EJP 27 (2022), paper 71. https://www.imstat.org/ejp
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Definition 2.2. Given f, in the space EQ(]Ri) of square integrable symmetric functions
on R that vanish outside of

A= ] [2k1—2,2k] x -+ x 2k, — 2,2k,
ki7#k;>1
1<iz#j<n

we define the multiple stochastic integral

[e%s} tn to
In(fn):n!/o /0 [ Al ) = 0/2) -, = 1),

with respect to the jump process Y := > -, 1j2k—14U,,00)(t), t € Ry, which satisfies

In(fn) = Xn: <—;>W <7:) (2.5)

r=0

X Z / Fn@ki =1+ Uy, 2k =14 Up Y1y oy Yner)dys - - - Ay
ki £k >170 0

The multiple stochastic integral I,,(f,,) satisfies the bound
2
E [(In(frb))2] <n! ||anL‘2(]Rn dz/2) nz>1,

which allows us to extend the definition of I,(f,) to all f,, € EZ(Ri), see Propositions 4
and 6 in [38]. Under the additional condition

2k
/ fn(t,*)dt =0, k>1, (2.6)
2k—2
i.e. f, is canonical in the sense of [48], the multiple stochastic integral I,,(f,) can be
written as the U-statistics of order n

L(fa) = > falky =14 Usk,..., 2kn — 1+ Uy,),

ki Akn>1

with the isometry and orthogonality relation

E [In(fn)Im(fm)] = 1{n=m}n!<fn7fm>L2(]R+,dw/2)®na In € Ez(Ri)a Im € E2(RT)3 (2.7)

see Proposition 6 in [38], which shows that the sequence (I,,(f,))n>1 forms a family of
mutually orthogonal centered random variables. Under the condition (2.6) we have the
relation

vtln(fn) = n[n—l (fn(t7 *))7 te R+7 (28)

see Proposition 10 in [38].
The operator V also admits an adjoint operator V* given by

V* (In(9n+1)) = Lnp1(1a, 1 Gnt1),

where g, 1 is the symmetrization of g, 1 € EQ(]RC;) ® L2(R,) in n+ 1 variables. Precisely,
the operator V is closable with domain

Dom(V) = {X € L*(Q) : E[|VX|72g,)] < oo} C L*(Q x Ry),

see Proposition 8 in [38], and satisfies the duality relation (or integration by parts
formula)
E [(VX, U>L2(]R+7dx/2)} = E[XV*(u)], (2.9)

EJP 27 (2022), paper 71. https://www.imstat.org/ejp
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which shows that V* is closable as well, with domain Dom(V*) C L?(€2). The operators
(V,V*) are linked by the Skorohod isometry

E[V*uV*] = E [/ utvtdt} + [/ / Vu:Vivs ds dt} ,
0 o Jo

see Proposition 9 in [38], which yields the Poincaré inequality

E[|V*u]’] <E U |ut2dt} +E U / vsut|2dsdt} ) (2.10)
0 0 0

Finally, every X € L?(f2) admits the chaos decomposition
X =EX]+ Y In(fn), (2.11)
n=1

for some sequence of functions f,, in EQ(Ri), n > 1, cf. Proposition 7 in [38]. Moreover,
under the condition (2.6) the sequence (f,),>1 is unique in L?(R?) due to the isometry
relation (2.7), and in this case we have

E[X?] = (E[X])* + Z ”!||fn||i2(1R3;,(dx/2)®n)- (2.12)
n=1

The operator L defined on linear combinations of multiple stochastic integrals as

LIn(fn) = —=V*Vielo(fn) = —nln(fn),  fo € L*(RY),

is called the Ornstein-Uhlenbeck operator. By (2.11) the operator is invertible for
centered X € L?(2), and its inverse operator L~! is given by

1
L7 L(fn) = == Lu(fn), n>1 (2.13)
n
In fact, we can easily derive the form of any real power of —L, i.e. it holds
(=L)*In(fn) = n“In(fn), n>1 ackR.

We also recall that, by Proposition 5.3 in [42], for every f, € EQ(JR’Jr) there exists
foeL? (R") given by

fa(te, oo ytn) =Wy oo Uy fro(t, ..o, tn), (2.14)

satisfying (2.6) and such that I,,(f,) = I,(f.), where

\I’tif(th e ,tn) = f(tl, N ,tn) - = / f(th o 7ti—la S,ti+1, e ,tn)ds,
2 Jalnis2)

t=1,...,n,1t,...,t, € Ry. We end this section with the following multiplication formula

for multiple stochastic integrals, see Proposition 5.1 in [40]. Letting n A m := min(n, m),

for 0 < ! < k < nAm we define the contraction f, *} g,,, of f, € L?(R"}) and g,, € L*(R7")

as

l
fn,*kgm,(y17"'ayn—lazl7-'~7zm—k) (215)
1
= ? fn(xla A 7xl7y1) A 7yn7l)gm(wlv A 7xl7y1? R 7yk'7l7 Zl? MR mek)dml Tt dxl7
Rl
EJP 27 (2022), paper 71. https://www.imstat.org/ejp
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and we let f, %.gm denote the symmetrization

~1
o % gm(Z1, - o Tntm—k—1)

]]'Am n—k— (:L'l,.,, x —+ *k*l)
= + (:nl+ o k,_rg)'m Z In *L Im(To(1)s s To(man—k—1))-

0E N mtn—k—1

Then, for f, € EZ(JR’}F) and g,, € EZ(]RT) satisfying (2.6), the following multiplication
formula holds:

() n(m) = ji_jk' ()% (Y prnrizian). e

=0

whenever f, xi g, € LQ(IRTJF""“_") forevery0 <i <k <mAn.

2.2 Multiple stochastic integrals and Hoeffding decomposition

Although the multiple integrals (chaoses) seem a little abstract, they are in fact a
very well known objects. Namely, we can call them degenerate U-statistics. To explain
the context, let us recall the definition of the Hoeffding decomposition.

Given (X3,...,X,) a family of independent random variables and [n] := {1,...,n},
n > 1, the family (F;) jcp, of o-algebras is defined as

Fr=o0(X; : je€J), J C [n].

Definition 2.3. A centered F,-measurable random variable W,, admits a Hoeffding
decomposition if it can be written as

W, = > Wy, (2.17)
JC[n]

where (W) jc[n) is a family of random variables such that W is F;-measurable, J C [n],
and
E[W]|]:K]:0, J@KC[n]

If we take the sum over |J| = d for a fixed 1 < d < n, we call W,, a degenerate U -statistic
of order d. In particular, for any U -statistic we may write

W, =Y Wi, (2.18)
d=1

where W,(ld) are the degenerate U -statistics of order d

For J = {ky,...,ky s} with by < ky < --- < k), any W, in Definition 2.3 can be
written as a function W, = g;(Xx,, ... ,ka) of (X, .. , Xk, ), with in particular

Elg;(X;:5€J) | Fprpy) =0, kel (2.19)
and
Wy = Z 97 (Xys -5 Xny ) (2.20)
JC[n]

Note that if X; = U;, ¢ € [n], then the chaos decomposition (2.11) coincides with the
Hoeffding decomposition (2.17), by taking

1
W, = me (2ky + 1+ Un,.. o 2k 51 + 14+ Upgp—1, 2k + 1+ Uyyy),  J C[nl,
EJP 27 (2022), paper 71. https://www.imstat.org/ejp
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and condition (2.19) is equivalent to (2.6). Furthermore, any sequence (X;,...,X,) of
independent random variables with distribution functions (Fx,, ..., Fx, ) is distributed

as
Ui +1 U, +1
( X_ll( 12 )7'"7})(_:,( ”2 ))7

where (Fy!,...,Fy') are the generalized inverses of (FX, ..., Fx,). For instance, for
f1 € L*([0,2n]), the stochastic integral

n—1 1 2k+2

k=0 2k

represents a sum of independent centered random variables (degenerate U-statistic of
order 1)

n

Li(f) £ > (X — B[X)) (2.21)

k=1

by taking fi(z) = F)}:((x +2)/2—k), z € 2k —2,2k), 1 < k < n. Analogously, we may
represent any degenerate U-statistic of order d as I;(f4) for suitable function f; and
therefore the chaos decomposition (2.11) becomes the Hoeffding decomposition (2.18).
For this reason, investigating the multiple stochastic integrals is very natural. It also
explains the special attention we put on the sums of the multiple stochastic integrals, as
it allows us to deal with any U-statistic in the most general sense.

2.3 Fourth moment bound

The main result of this subsection is the below-given fourth order moment bound
stated in terms of the gradient operator V.

Proposition 2.4. For any X € L*(Q) we have
2
E [X*] <36E[|VX|72r,)) + IBE[VX | 7ag, )] +2 (E[X?])". (2.22)
Before passing to the proof, we present a covariance relation, that can be obtained
as in Proposition 2.1 in [23] and also plays a crucial role in the proof of Theorem 3.1.
Lemma 2.5. Let o € R and X,Y € L?(Q) such that L*~'X € Dom(V) and L=%Y €

Dom(V). Then we have the covariance relation

Cov(X,Y):EUooo(vt(—L)a—l)()(vt(— )~ Y)C;t (2.23)

Proof. We have
Cov (X,Y) = E[(X —E[X)(Y - E[Y])]
— _E[L(-L)*" 1(X E[X])(-L)"*(Y - E[Y])]
= E[V'V(-L)* X - E[X])(-=L)"*(Y — E[Y])]

1 oo
— 58| [ @ @Dyl
0
O
Proof of Proposition 2.3. By the covariance relation (2.23), we have
E[X*] = Var [X?] + (E [x?])?
EJP 27 (2022), paper 71. https://www.imstat.org/ejp
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- %E [/OOO Vi (X2 - E[X?]) VL7 (X2 - E[X?]) dt] + (B [x?])°

< ;\/E [T Ivipa B | [T vz (o - B ) + € [x7)°
< %E UOO |Vt(X2)|2dt] + (B [x?])?,
0

where we applied (2.8), (2.12) and (2.13). Since

(X O ‘I)t)th = XVtX + (X o (bt - X)VtX

1 r2lezl+2
- XV, X + (th - (X = / Xo <I>udu>>VtX,
2 Ja11/2)

by the relations (2.3)-(2.2) and the bound (a + b+ ¢)? < 3 (a® 4+ b* + ¢?), a,b,c > 0, we

have
0o 00 1 2|t/2]+2 2

E {/ |Vt(X2)|2dt} =F / (2(Xo<1>t)th—/ (|VtX2+VuX|2)du> dt
0 0 2 Ja(t/2)

0 , o 1 el 2
4/ (XV,X)2dt + 4/ (th - (X - f/ Xo @udu)>VtX dt
0 0 2 Ja1t/2)

1 [ 2|t/2]+2 2
+7/ (/ (Ve X]? + |VuX|2)du> dt
4 Jo 2(t/2)

<3E

oo
—12E/ (XV,X)% dt ]
2(t/2]4+2 1 [2le/2)+2 dv
+12E/ / (( (qu) _,/ Xo@udu))vt )dt
2(¢/2] 2 Jaes2)
3 2(t/2]+2 2
+ E/ </ (|VtX|2+|VuX|2)du) dt
4 0 2(/2)
o ) 2|t/2]+2 5 dv
=12 X2/ (Vi X)*dt| + 12 / ((VeX — V,X) V. X) 5 dt
0 2|t/2]
3 oo 20t/2|+2 2
+=E / </ (|VtX|2+|VuX|2)du> dt
4 0 2(¢/2)
0o 2 oo 2|t/2]+2 dv
<12, |BIXE (/ VtX|2dt) —|—12IE/ |th|2/ (VX2 4V, X12) 2 ar
0 0 21t/2 2
o0
+3E [ / (VtX)“dt}
0
0o 2 0o
<12, | E[X4]E (/ VtX|2dt> + 15E [/ (VtX)‘ldt]
0 0

Thus, we get

+ 5EUO (VtX)“dt}Jr(E [Xx2])7.

%) 2
(/ |VtX2dt)
0
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Denoting

a=,|E

(/Ooo |VtX2dt) 21, b= ?E {/{)w(vt)()‘*dt] + (E [x?])

and r = /E[X*], we rewrite the last inequality as 2> < 6ax + b, which gives x <
3a +v9a? + b and consequently x2 < 2(9a® + b) + 18a? = 36a? + 2b, which yields (2.22).
O

3 General results

3.1 Statements and discussion

Our main result is a Berry-Esseen bound on the Kolmogorov distance dg (X, /N)
between the standard normal distribution A on R and a general functional X of the
uniform i.i.d. sequence (Uy)renw on [—1,1], using the operators V and L. This result
extends Proposition 4.1 in [25], see also Theorem 3.1 in [24] and Proposition 2.1 in [41],
from functionals of Bernoulli sequences to more general functionals of independent
random variables. We note that in comparison with Theorem 4.2 of [26], which is
obtained in a discrete-time integration by parts setting, the variance term (3.2) in
Theorem 3.1 can be easier to control, in particular it vanishes when X = I1(f;) is a
first chaos random variable. Before stating our main result, let us mention that the
Wasserstein distance has been approached in the framework of this paper in [40] and
[42], which resulted in the bound (see Proposition 2.4 in [42])

dw (X, N) <|1 - B[X?]| + \/Var U VtXVtL—lXCﬂ (3.1)
0

- 2\/E[<<—L>—1/2X>21 JREIA RS

Below, we present an extension of (3.1) to the Kolmogorov distance. This general result
will be specialized to sums of multiple stochastic integrals in the next two propositions.
Those results will be applied to general and degenerate U-statistics in Sections 4 and 5.

Theorem 3.1. Let X € Dom(V) be such that E[X] = 0. We have

di (X, N) < |1 = B[X?][ + \/Var [/Oc thvtLlet:| (3.2)
0

2
+§\/1EUOOO(VtX)4dt] ((EW]E (/OOOVtL_lXPdt)Q )”i‘/;\/lE[((—LHX)?D
oy

oo 9 1/4
((1 + 2(—L)%) ((VtL—1X)2)) dt]) .

Direct application of Theorem 3.1 might be quite cumbersome, however, this is
rather typical in the area. One difficulty is estimation of the variance term, the other
one is involvement of the operator L~!. The next proposition applies Theorem 3.1 to
sums of multiple stochastic integrals, which, as explained in Section 2.2, covers U-
statistics in full generality. It extends Theorem 3.1 of [41] from functionals of Bernoulli
sequences to functionals of independent random variables, see also earlier results such
as Proposition 3.7 in [30] in the case of multiple Wiener integrals. In the sequel, we
denote dyy,x (X,Y) := max {dw (X,Y),dx (X,Y)}.
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Proposition 3.2. For any X € L?*(2) written as a sum X = ZZ=1 I (fr) of multiple

stochastic integrals where f; € fz(lRﬁ) satisfies (2.6), k =1,...,d, we have
dw (X, N) <E[|1 - E[X?][] (3.3)
+Ca [ 3 et Allamey + 2 (It Al aqacoy + 1wt 2l ami) )
0<i<i<d 1<l<i<d

for some Cy > 0.

We note that the constant C; might be precisely calculated from the proof of Propo-
sition 3.2. The simplest example of application of Proposition 3.2 to sum of multiple
stochastic integrals is the quadratic form discussed in Section 5, which leads to the
bound (5.8).

Next, due to the identity VL™ '1,;(fs) = Is—1 (fa(t,*)), d > 1, the bound in Theo-
rem 3.1 can be significantly simplified in the case of multiple stochastic integrals I,;(f4),
which represent degenerate U-statistics.

Proposition 3.3. For X = I,(f;) a multiple stochastic integral of order d > 1, we have

dw;k (X, N)
< [-Bpe)+ ;\/v [Cexeg] - m%m\/m [
< N-EXY+ \/Var [/Ooo(vtxydt] + 31\/IE [/OOC(VtX)‘ldt]. (3.4)

The bound (3.4) has been obtained for the Wasserstein distance in [42] with different
constants, see Proposition 2.4 therein. As an example, recall that by (2.21), a sum of
independent random variables S,, = >_;'_, X might be represented as a single stochastic
integral I(f1) of f1. Then, since the variance term in (3.4) vanishes for X = I;(f1), for

Sn = (S, — E[S,])/+/Var[S,] we get

= 31 ot 4
d S N) < = / Fl(21) —E[X,]) d
(S N) < o S\ 2 [, (e (57) ~ B e

n

2) E [(Xk- - E[Xk])ﬂ,

k=1

B 31
j1 Var[Xy]

which provides a quantitative bound with explicit constant in the Kolmogorov distance
for the L* Lyapunov Central Limit Theorem, and implies the fourth moment bound

dyw/x (Sns N) < 31V24/|E[S4] - 3].

In order to formulate the bound (3.4) in a framework closer to e.g. [26], let us assume
that X as written as X = f(U) with U = (Uy,Us, Us, ...) and let

Ajf(U7U/) = f(U) - f(Ula"'an—lanl‘an—i-ly“-);

where U’ = (U, U4, U}, .. .) is an independent copy of U. Then, for j € N and sufficiently
integrable i : R — R we have

242
B[ nvs)G | = ElkEs 0.0 )],
27
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hence (3.4) can be rewritten as

dwx(X,N) < |1 - E[X?]]

+2 | Var Z]E E[A, f(U,UNU))?] | +31V2 Z]E (A, (U, un0)),

j=1
where by [E; we denote the expectation with respect to U; only.

3.2 Proofs

Proof of Theorem 3.1. The beginning of the proof of Theorem 3.1 follows the
general argument applied in the literature on the Stein method and the Malliavin
calculus in discrete settings, see [36], [34], [37], [44], [24], [25]. However, the rest of
the proof presents significant differences as specific arguments are needed to bound
the remainder terms using the Kolmogorov distance. For any = € R, let f, denote the
unique bounded solution of the Stein equation

fo(2) = 2fu(2) = 1<y — PN < z), (3.5)

which is continuous, infinitely differentiable on R\{z}, and satisfies 0 < f,(z) < \/7/8
and |f2(z)] <1, z € R\{z}, see Lemmas 2.2 and 2.3 in [6]. From the Stein equation (3.5)
we have the bound

z€R

For every f € C'(R), the finite difference operator V satisfies

1 r2le/2l+e
Vif(X) = 5 (f(Xo®) — f(X 0 Dy))ds
2 Ja1/2)
| 2lt/242 pXod,—X
= f/ / F(X + u)duds
2 Jayt/2) Xod,— X
1 p2le/2l+2 [ pXow,—X Xo®,— X
= f/ / (f(X +u) — f/(X))dqu/ f(X)du | ds
2 Jayt/2) Xo®,—X Xo®,—X

| el/2le pXod,—X
— PXO)VX 4 f/ / (F/(X +u) — f(X))duds, teRy.
2 Ja1/2) Xob,—X

Hence by the duality relation (2.9), we have

B[f'(X) = X f(X)] = E[f (X) — f(X)(-V*"V)L7'X]

= E[’ —7/ Vef( 1X)d}
= E[f(X)(l/ Vi X(=V:L 1X)d>}

20t/2]42 pXod®—X
1 E[/ / / (f'(X +u) — f(X))dudsV, L~ Xdt|. (3.6)
2

Lt/2] Xo®,—X

By the covariance relation (2.23) applied with o = 0 and the fact that E[X] = 0, we have
2 > 1t
E[X ] =E (Vi X) (VL X)E ,
0
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hence from the bound || f.|- < 1 and Jensen'’s inequality we obtain

‘E [f’(X) (1 — ;/Om VtX(—VtL‘lX)dt)} ’
<E Hl - ;/OOO VtX(—VtL_lX)dtH

<[ -E[XY|+E H; /OOO V. X(~V, L7 X)dt — B UOOO(VtX)(VtLlX)Zt] H

<|1-E[X ]|+Var{ V. X(~V,L 1X)Cﬂ (3.7)

Next, from the Stein equation (3.5) we have

Xo®,—X
/ (FLX +u) — FL(X))du = Aga(2, X) + Bos(2, X), x€R,
Xod,—X

where

Xo®,—X
AualwX)i= [ (X)L (X 4 0) - X£a(X))du

Xod,—X

and

Xod;—X
Bs,t(x,X) = / (1{X+u§a:} — 1{X§I})du
Xod,—X

Thus, applying this and (3.7) to (3.6), we get

dt} (3.8)

BL(0) - XFO0] < 1 - B+ Var | [ 9x(-9i07 30

2[t/2j+2
‘E[/ / Agi(z, X)dsV, L 1th”
2(t/2]

2(t/2]4+2
‘E[/ / Byi(z, X)dsV,L 1th”.
21t/2]

[ w) i+ ) — w0 fo(w)] < <|w| n m> W,  wweR,

_|_

N e A

+

Using the inequality

see Lemma 2.3 in [6], we estimate

max(Xo®;—X,XodP;,—X) 2
AuX)| < [ (11457 Y

min(Xo®,—X,Xo®,—X)

o= |Xo®,—X|
(27T + |X|> / |u|du
|

4 Xod,—X|

(i

IN

5 )(qu>S—X|2+|qu>t—X|2).

Then, by the Cauchy-Schwarz inequality we have

2(t/2]+2
‘ [/ / Agi(z, X)dsV, L 1th”
2(t/2]

1 2[t/2]+2 , i
=3 [/ / (+X|)(|X°‘I’t—x| +1X 0%, — X| )VtL_1X|dsdt]
21/2]
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2[t/2)+2
1\/ {// |Xo<I>t—X2+|Xo<I>S—X|2)2dsdt]
-2 2(t/2)
ﬁ —1 2 > —1 2
x5 ]E/ (V,L-1X)2dt| + 2]E/ (XV,L-1X)2dt| | . (3.9)
0 0

Next, by the inequality (a + b+ ¢)? < 3(a® +b* + ¢?), a,b,c > 0, formula (2.23) with a = 0
and the relation (2.3), we get

2lt/2]+2 >
{/ / |Xo<1>t—X|2+|Xo<I>S—X|2) dsdt]
2

t/2]
2U/2J+2 2(¢/2]+2 ,
) { / <|X0(Dt_XO(I)U|2+|XO(I)3—XO¢)U|2> dvdsdt}
2 21t/2)  Japes)
1 2Lt/2 142 p2(t/2]+2 )
D) { / (|th — Vo X|? + |V X — VUX|2) dvdsdt]
2 alt/2)  Japes)
2Lt/2J+2 2|t/2]+2
SE[ / (|VtX2+VsX|2+2VvX|2)2dvdsdt}
0 J2[t/2] 2(t/2]
2Lt/2J+2 2(t/2]42
< 3E { / (Vi X)* + (Vo X)* + 4(V, X) dv ds dt}
2(t/2] 2|t/2]

—TE [/0 (V,X) dt].

Furthermore, by Lemma 2.5 applied to X and (—L)~'X with a = 1/2, we have

E [/Ooo (VtL_lX)2dt} _9E[((—L)-2X)7]

and

E [/Ooo(xvtL*X)th} < \IE[X4] E (/Ooo(vtL—IXP)?dt].

Applying the last three inequalities to (3.9), we finally obtain

2(t/2]4+2
[/ / Agi(z, X)dsV, L 1th}
2|t/2]

o oo 2 1/4
§6,/1E/0 (VtX)4dt< (E[X‘*]E (/O (VtLlX)Q) dt ) +\/2E\/]E[((—L)—1/2X)2]>.

Regarding the last term in (3.8), we use (2.3) and the equivalence (VtL_lX) od, =
(V¢L71X), which is valid for 2|t/2| < v < 2|t/2] + 2, and get

2|t/2]+2
[/ / By (7, X)dsV, L 1th}
2(t/2]
2(t/2]+2 Xod,
= ’E|:/ / (/ (1{u§z} — 1{X§m})du> dSVtL_let:| ’
0 2|t/2] Xod,

1 o 20t/2]42 p2(t/2]42 Xod,
= 'E[/ (/ / / (1{u<x} — 1{qu>v<w})duds d’U) VtL_let] ‘
2 0 2(t/2] 21t/2] Xod, - -
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(3.10)

2m

ee} 2m—+2
Z / Kpnl(t, X)VtLlet] ,

m=0

where

2m—+2 2m—+2 Xod,

m(t,x, X) / / / 1{u§z} — 1{Xo<pv§m})du dsdv, 2m <t <2m+ 2.
Xod,

Next, we rewrite K, (¢, X) as follows

2m—+2 Xod, 2m-42
m{to X) / / / (Lixod,<a} — 1{Xow,<a})dvduds
Xod,

2m+2 ,pXo®; pr2m+2
/ / / (1{uSw} - 1{Xo<1>t§x})dv duds

Xod,

2m—+2 Xod,
=4V XVl x<qz) + 2/ / (L{u<ay — Lixon,<a}) duds
Xod,

2m+2 Xod,
= —4V, XVil{xsqy +2 / (Lu<ay — Lixod,<s}) duds, (3.11)
2m Xodg

where we used the equality V;1;x<;; = —Vil{x>,). Next, we consider two cases.
(1) If X o ®; > x, we have

2t/2]+2 pXod,
K (t,z,X) = _4Vtht1{X>x} + 2/ / 1{u§z} duds

2|t/2) Xo®,
2|t/2]42
= _4VtXVt]—{X>1;} + 2/ 1{XO<I>SSI}(:I; —Xo (I)S) ds. (312)
2(t/2]
Note that the last expression depends only on m := |¢/2] and may be bounded for
x < 2m+2 X o ®, du/2 as follows

2(t/2]+2
OS/ 1{X0¢S<w}($fX0(bs)d5
2[t/2] B

2m—+42 2m—+2 2m—+2
= x/ 1ixop, <z ds — / X o®,du+ / lixop, 521X 0 Pudu
2

m 2m 2m

1 2m-+2 2m+2
— (m _ 5/2 Xod, du) /2 1ixon,<a} ds

2m+-2 1 [2m+2 2m+2
+/2 lixoq,>z1X © d,du — 5/ 1{X0¢S>$}ds/ X o®,du

m 2m om
2m+2 1 [2m+2
< / (1{Xo<1>u>:c} - 5/ 1{Xo¢5>1}ds) X o ®,du
2m 2m
2m—+2
:/ VulixsgX o d,du
2m
2m—+2
= / Vulixsey Ve Xdu,
2m
where we used (2.4) to obtain the last identity. Consequently, for z < [, - 22 X o B, du2
we get
2m—+2
/ 1{X°¢‘t>m}Km(t7X)VtL_1th
2m
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2m-—+2
< 4/ |ViXVilixs, Vi LT X dt (3.13)
2m
2m—+2 2m—+2
+2 / VuXVilixsgydu / Vil{xsa VL7 Xdt],
2m m

where we also changed 1{x.¢,>4) into Vi1(x~ ;) in the last integral, which is justified
by (2.4). In order to obtain the same bound in the case x > f;;”” X o @, du/2, we
rewrite (3.12) as

2|t/2]+2
K7n(t, Z,X) = _4thvt1{X>a:} + 2/ 1{qu>5§m}($ —Xo (bt + VtX - VSX) ds
2|t/2]

2(t/2]+2
:2/ 1ixop,<z}(x — X 0@ — V X)ds
2|t/2] T

2m+2 2m+-2
= 2/ Vsl{x>z}V5XdS — 2/ 1ixow,<a) (X o®; — ) ds,
2m 2m

and we estimate the last integral by

2m-—+2
0 < / 1{XO<I>5§:E} (X o (I)t — J)) ds
2

m

2m—+2 1 2m—+2
< / 1ix0p, <z} ds <X o®; — 5/ Xod, du)
2 2

m m

= —ViXVilix<oy = ViXVilixsyy,

which shows that the inequality (3.13) is valid for all x € R under the condition z <
X o ®,. Thus, applying the Cauchy-Schwarz inequality several times and using the bound
|Vilix<q| <1, we obtain

E

0 2m—+2
Z / 1{Xo<1>t>z}Km(t7I7X)vtL71th
m=0"2m

<4,|E E

o0 2m—+42
> /2 Vulixsay| [VuX|2du
m=0 m

0 2m—+2
> /2 Vul{xsay] (VUL—lX)2du]
m=0" <M

+4,|E E

o0 2m—+42
> /2 (Vulixse})?| VX |2du
m=0 m

o0 2m-—+2
3 / (vu1{X>z})2(vuL—1X)2du]
m=0 2m

< 8\/E {/Ooo |Vu1{X>x}| |VUX|2du] E {/OOO ]VUI{X>$}| (VuLlX)Qdu}
By the duality relation (2.9), Holder’s inequality and the formula (2.10), we get
E UOOO |Vulixsay] |VuX2du]
=k [/OOO vu1{X>I}sgn(vu1{X>m})|vuX|2du]
=2F [1{x>0} V" (sg0(Vul{x52)) | Vu X )]

2\/IE [(V* (sgn(Vul{xn})\VuXF))Q]

IN

2\/IE Uooo(vuxwt] +E [/OOO /OOO (Vs (sn(Valixse))|VuX[2))  dsdul. (3.14)
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Next, we observe that by the covariance relation (2.23) with a = % we have

[/ / (s9n(Volx50))|Vu X| ))2dsdu]
5[ [Tt [ (9 (7))
+ l{vul{x>z}<0}\/0 (VS (7|VuX‘2))2dS du:|

[// . (IV.X]| ))2dsdu}
_9E UO (1) (|VuX|2))2du]

Applying this to (3.14), we get

E [/Om\vu1{x>x}y|vuX|2du: §2\/]E —/OOO((HQ( L)1/2) (|V.X[2))" d }

and analogously we obtain

~ —1 32| [~ _7)1/2 -1x)2))? du

which eventually gives us

2m+2
2/2 1{Xo<1>t>a;}Km(t,:1:,X)VtL1th]
cnfi [ (v 2007) () )
o 1/2 2 1/4
/0 ((1+2(—L)1/z) ((VuL—1X)2)> du]) . (3.16)

(7i) In case X o &, < z we observe that, denoting

(3.15)

x E

Xod,

2m—+2
K (t T X) = *4vavt1{X>m} + 2/ / 1{u<x} - 1{XO‘I’¢<$}) du dS,
Xody

which comes from (3.11) by changing weak inequalities into strict ones and conversely,
and repeating all the above argument, we arrive at

oo 2m-—+2 -
Z / 1 xod, 520 Km(t, 2, X)VtL‘let]
—_oY2m

o[ (o) (more) o
< UOOO ((1+2(-)"?) ((VuLlX)2)>2du} )1/4. (3.18)

Next, by (3.11) we have, for m = [t/2] and X o &; < z,

(3.17)

Xod,

2m-—+2
K (t x X) = _4VtXVt]—{X>m} + 2/ / 1{u§z} — 1{qu>t§m}) duds
Xod,
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2m+2 Xod,
= 4thvt1{XSz} —/ / 1{u21} — 1{X0¢t21}) duds
2

m Xodg

2m—+2 Xod,
=4V XVili_x>_0 —/ / (L_u<—ay — Y xod,<—s}) duds
Xodg

2m—+2 Xod,
= —AV{(=X)Vil{_x>_0 +/ / (Lu<—o} — L{_Xow,<—s}) duds
Xod,

= Kp(t,—z,—X).

Thus, using (3.17) with —z and — X instead of z and X respectively, we get

2m-—+2
Z / Lixod, <o} Km(t, 2, X))V L7 X dt
2m

0 2m+2 _
= |E Z/ 1 Xod,>—2} Km(t, —2, —X)VtLl(—X)dt]
m=0"2m
<16 (IE U (<I+ 2(7L)1/2) (|VuX|2))2du} (3.19)
0

o [/OOO (207 ((VuL-lx>2))2 du} >1/4

Combining (3.15) and (3.19) with (3.10), we finally obtain

1 20t/2]+2
- / / B i(z, X)dsV, L™  Xdt
4 21¢/2]
1 2m—+2
= g Z / (1{X0<I>t>rc} + 1{X0<Dt§m}) Km(th)vtL_let
2m

AL s
Ao

which ends the proof.

O

Proof of Proposition 3.2. The bound for Wasserstein distance has been derived
in Theorem 3.2 in [42], so we will focus of the Kolmogorov distance. Since |V25X|2 and

(VtL*IX )2 are sums of multiple integrals of orders 2d — 2 and below, the relation (2.12)
shows the bound

B[ ((1+2( )1/2) (VX ))2} < 2dE [(th)“] ,
and )
B ((1+2(-0)"2) (7.27'X)?)) "] < 2dB[(V,L7'X)"].
Additionally, by (2.12) we also have

E [((—L)‘UQX)Q} <E[Xx?] < VE[X4.
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Applying these inequalities to (3.2) in Theorem 3.1, we get

di (X, N) < |1 —E[X?]| + \/Var [/OC VtXVtLlet}
0

3

+3 (& [x*)"* IE/OOO(VtX)‘ldt(l + <IE (/OOO(VtL‘lX)th> 2D1/4>
+ 6d\/]E UOOO (V. X)* dt] E UOOO (V,L-1X)* dt].

i k
RX = Z Zz:ﬂ.{i:j:k:l}c

1<i<j<d k=1 1=0
it follows from the proof of Theorem 3.2 in [42] that

Denoting

l 2
fi *L fjHZQ(Riﬂfkfz) ,

Rx <cq Z || fi fi“iz(RZ_—l) + Z (Hfz X fiHiz(Riu—z)) + || fi % fiHiz(]Rz_—l)) )
0<i<i<d 1<i<i<d
(3.20)

and
Var UOOO VtXVtLlet} <csRx, E Uooo(vtx)‘*dt] < cqRx, (3.21)
for some cq > 0. Taking L~'X as X in the last inequality, we also have
E Uooo(vtle)‘*dt] < Ry,

for some ij > 0. Furthermore, since

d-1
V.L7'X = ka (frr1(t,))
k=0

and the functions fj satisfy (2.6), the multiplication formula (2.16) gives

0o 00 [ k
/O(VtL_lX)th:/o Z ZZCi,j,l,krli+jfk7l(fi+1(ta');gcfj+1(tv')>dt

0<i<j<d—1k=0 =0
i k oo
~1
= > Y > cijanlivioko (/ fi+1(t7')*kfj+1(tv')dt>
0<i<j<d—1k=0 =0 0

for some ¢; ;1 > 0, and consequently

(/Ooo(vtL—l)()th) 2]

e Y TY ([ e skttt )

0<i<j<d k=0 =0

7 k
=@ Z ZZH(fPFl *gqillfjJrl)HQLz(Riﬂfkfz)

0<i<j<d k=0 =0

E

2

LQ(]RT'J'*k*l)
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=cq Z Zzﬂ{z_] k=l}e

1<i<j<d k=11=0

< cq (Rx + (B[X?))?).

(fi *ka)HLZ(lR““ k=1 +Z fl*fz

Similarly, we get for some C; j ;> 0

ik
E [X'] < c4B Z chi,j,l,ka#jfkfl (fi ;gcfj)

0<i<j<d k=0 1=0

i k
DD Wi 7571 e

0<i<j<d k=0 1=0

d
= Cq RX + Z (fz *;f2)2 —+ Z Hfz *8]3“12(]}{:%-7)

i=1 1<i<j<d

|fj||L2 ]RJ

=Cd RX"‘Z”fZ”LZ(]R + Z HJCZHH(]R1
1<i<j<d
< ¢y (RX + (E[XQD ) .
This finally gives us
2 21\1/4 2
Ak (X,N) < 1= B[X]| + ca/Ry (14 ((Bx + EX2)Y1+1)").

Since dy (X, N) < 1, we may assume that E[X?] and Rx are bounded, which implies

di(X,N) < |1 — E[X?]| 4 cq/Rx,

and the assertion of the corollary follows from (3.20).

O
Proof of Proposition 3.3. First, let us observe that we have
(~L)"*Lu(fa) = —=1a(fa).
Vd
and, by the covariance identity (2.23) applied with a = 0,
E[X?) = éE [/OOO |VtX2dt} : (3.22)

Then, Theorem 3.1 and the bound (3.1) give us

vy (X, N) < 1~ B[X?) 4 - \/Var[/ooolthQdﬂ

3 o0
+ 571 / IE/O (Vo X)4dt

AL (e esanya)
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Since di (X, N) < 1 by definition, we may assume that \/Var [J57 IVeX|?dt/2] < d and
E [X?] < 2. Hence we get

<1E [Xx4] (deVar UOOO VtX|2dt] + 4(E[X2])2>)1/4 + g\/m
< VE[XY] (€/E+ ‘f) < ?%/W.

Furthermore, since |V, X|? is a sum of multiple integrals of orders 2d — 2 and below, we
have by (2.12)

B[((2(~L)2 +1)(IV.X[?)"] < (2M+ 1)2 E {(th)“} < 9dE {(th)“] .

Combining all together we obtain the first inequality from the assertion. Next, applying
Proposition 2.4 and enlarging some constants, we get

dwk (X, N)

< |1 -E[XY|+ \/Var [/OOO |VtX|2dt} + \/IE Uooo(vtxyldt]
X (12 + % ( (36E (/OOO |VtX|2dt>2 + 15 [/Ooc(th)‘*dtD +2 (E[X2})2>1/4>.

Using once again the inequality dx (X, N) < 1, we may assume \/Var [T IVeX|2dt] <1,

\/]E [J°(V,X)4dt] < & and E[X?] < 2. Employing additionally (3.22), we get

12+\2<<361E ( /O°°|th|2dt)2 s | °O<vtx>4dt]>+2(E[X2D2)1/4
- 12+;E<<36Var ( /0 w|th|2dt>2 +15F [ /0 OO(%X)‘*dtD +(2+36d2)(E[X2D2> h

1/4
15
<12+ 5(36 + +4(2+ 36)) <12+ 5v/189 < 31,

which ends the proof.

4 Applications to U-statistics

4.1 General U-statistics

The next Theorem 4.1 is a consequence of Proposition 3.2, using the fact that
any random variable can be represented in distribution as a function of a uniformly
distributed random variable, and makes more precise the central limit theorem of [8, 9].
In comparison with Theorem 1.3 in [14], see also Theorem 3.7 in [12], Theorem 4.1 is
stated for the Kolmogorov distance instead of the Wasserstein distance, it applies to
Hoeffding decompositions in full generality and not only to degenerate U-statistics for
which |J| is constrained to a fixed value |J| = d for some d € {1,...,n} in the sum (2.17).
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Theorem 4.1. Let 1 < d < n. For any W,, € L*(2) admitting the Hoeffding decomposi-
tion (2.17) with |J| < d, and such that E [W?] = 1, we have

A

0<l<i<d |J|=i—1

+ 0> > E

1<i<i<d | J1|=|J2|=i—1
JiNJa=¢

+ > > E

1<i<i<d |J|=i—1

( > EB[(Wik)’ m]ﬂ

|K|=l,KNJ=¢

2
( Z E[W5ukWiuk | fﬁu@}) ]

|K|=l,K1N(J1UJ2)=¢

1/2

( > E[WkWiuk | J’A)T : 4.1)

|K|=l,KNJ=¢

where Cy > 0 depends only on d.

Proof. By representing X, as X; < FE7'((U; +1)/2) where F; ! is the generalized
inverse of the cumulative distribution function F; of X;, ¢ = 1,...,n, we rewrite (2.20) as
the sum of multiple stochastic integrals

Mo X (0 (3 5 ]) e (- [2]) 6o

" J={i1,...,ix}C[n]

X 1[21'1—2,21'1)><~~><[2ik—2,21'k)(x17 c TR),
(z1,...,z,) € RE. Next, denoting
N™ = {(k1, oy km) = Kty ki > 1, ki # kyifi # 5, 1< 4,5 <m},
we have

Il fi *ﬁ fz‘|\2L? R

/231 2,251) XX [255i—1—2,25i 1)

JGNL l
2
Z / (filz1,. .o 2))?day - day | dagys - day
kENl 2k1 22l€1)>< 2]@[ 221)
<G Y /
| J]=i—1 (21,241 +2) X X[25i—1,25i—1+2)
J={j1,-Ji—1}
2
2
/ (fil@1,...,2)) doy - -day | dwggy - day
IK‘:[ [2k1,2k1+2)><"~><[2’6[,21-‘1—2)
K={k1,....ki}
2
2
cY E ( S E[W) w) ]
|J|=i—1 |K|=l,KNJ=¢
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for some C = C(d). Similarly, we get

2
( Z E[W5okWi,uk | -F]lu.]2]> ]

|K|=1,KN(J1UJ2)=¢

|| fi * fi”iz(R’j’r(i—l)) <C Z E
|J1]|=|J2|=l—1
JiNJa=¢

and

lfist sy <€ X2 E
|J|=i—1

2
( Z ]E[WKWJUKl.FJ])], 1<li<i<d.

|K|=l,KNJ=¢

We conclude by applying the above to Proposition 3.2, which yields the required bound.
O

4.2 Degenerate U-statistics

In this section we narrow our attention to the degenerate U-statistics of a given order
d > 1, which are random variables W,, ; admitting the Hoeffding decomposition (2.17)
with |J| = d.
Theorem 4.2. For any degenerate U-statistics W,, 4 € L4(Q) of order d > 1, and such
that E[W? ;] = 1, we have

dw/xk (Wn,a, N)

< .| Var

me%ﬁmewwﬁHﬂH]

+24 2E§:E [(Waa = E[Waal{Xi}])'"]

k=1

( S B[(Wiuk) | mﬂ

|K|=l,KNJ=¢

27\ 1/2
( Z E[W,0xWiuk | -7:J1UJ2]> ]) ;

\K\:Z,Klﬁ(Jlqu):qﬁ

gcd<z > E

0<i<d |J|=d—I

+2. > E
1<i<d |Jy|=|J2|=d—1
JinJ2=¢

where { X} ={X1,..., Xk—1, Xk+1,...,Xn} and Cy > 0 depends only on d.

Proof. The first bound is just the latter bound from Proposition 3.3 rewritten in
a different form. Namely, it is enough to take f; as in (4.2) and then we have for
t € [2k,2k+2)

ViWna=E[Wpa | {Xp} Xp =t] —E Wy a | {Xe}].

The other bound in the assertion follows from Proposition 3.3 in view of (3.21), (3.20) -
where the last sum is vanishing - and the proof of Theorem 4.1. O

Weighted U-statistics

As an example, we consider degenerate weighted U-statistics. Precisely, given (X,
.., X,) anii.d. sequence of random variables with distribution v, we define

-1
n
Un,d: <d> Z w(klvu'»kd)g(XkU“kad), 1§d§n, (43)
1<k1<---<kq<n
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where w(ky,...,kqs) € R is symmetric and vanishes on diagonals, and g (zk,,...,zk,) €
L*(RYL, %), 1 < ki < --- < kq < n, is symmetric and satisfies

E[g(X1,20,...24)] =0,  (z2,...,24) € RL (4.4)
The variance o2 of U, 4 is given by

—2
n
0'2 = Val"[Un,d] = (d> ||g||%2(]Rd7V®d) Z wz(kh sy kd)

1<k < <kg<n

The assumption (4.4) plays a technical role, which helps in simplifying the deriva-
tions. Nevertheless, it covers important examples of U-statistics such as quadratic
forms and their multidimensional generalizations. Sharp bounds have been provided
in [7] in case (4.4) is not satisfied, but only in the case of classical (i.e. non-weighted)
U-statistics. See also [24] for weighted first order U-statistics based on symmetric
Rademacher sequences, and [32] for a fourth moment type central limit theorem in case
g(x1,...,2n) = x1- -z, and X; has a vanishing third moment.

In order to formulate the next result, given v a probability measure on R we use
the notation

1

()1
fn *k gm,(y17"'7yn—l7217"'7Z7n—k,) = ? , fn(xlv" '7xl7y1a'~'7yn—l) (45)
R
+

Xgm(xb e XYLy Yk—1H R - - ,mek;)V(d.'L'l) U V(dml))

where f, € L*(R%,v®"), g, € L*(R7,v®™), which is a generalization of (2.15). Never-
theless, the two definitions are used in different contexts since v is a probability measure
and (4.5) can be interpreted as an expected value of function of a random vector, while
the contraction (2.15) can be used to compute the expected value of a stochastic integral.

Theorem 4.3. Let U, 4 be a degenerate weighted U -statistics of the form (4.3). We have

Un
dw/x ( ’d7N>

g

)i 2
s crzacs {9 1 alzus o001 Sirene-t (Smens wlkomyo(e,m)?}

‘|9||%2(]R,47V®d) Z1gk1,4..,kdgn w2(k1, LR kd)

IN

Cq

2
||9||2L4(]Rd,l,®d) maxi<j<d-1 \/Zk7reﬂ\]d—1 (X men: w(k, m)w(r, m))

d
||g||2L2(]Rd,V®d) ZmG]Nd w?(m)

for some C, > 0 depending only on d € {1,...,n}, where v denotes the distribution of
X;.

Proof. By Theorem 4.2, we have

Un
dW/K ( ’d7N>

ag

sj(Z)(Z [ ([ o) vwera 5 (3 wim

keNd—! \ melN!

2
D SR B B e e ) IOl
1<i<d-1 Ra—! JRd—1 R!
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2

1/2
x> > w(k, m)w(r, m) ) .

k,reclNd—! \ melN!

Applying the inequality

Yl D wikm) | < ) > wk,mw(r,m) |

kelNd—! \meIN! k,relNd—! \ melN!

to the terms in the first sum, as well as the inequality

/]R(FL /]Rd—l (/]Rl 9(z,y)g(z, Z)V®l(d33)>2 vED (dy)v® a1 (dz)
:/Rd_l /]Rd_l /Rl g(xl,y)g(ml,z),/@l(dxl)/ (@, 9)g(22, 2)v®H(dz)r® @D (dy) 24D ()

R

[ [ (] g(m)g(u,y)u@(dl><dy>)2v®l<dm1>v®l<dw2>
=[] @ e ety e )

2
- ()1
= /}Rdil </}Rl 92($,y)V®l(d$1)) o l)(dl/) =llg *, 9||i2(Rd’V®<d—1>)v

where we used Jensen’s inequality, to the terms in the latter sum, we arrive at

U7L
dw,k < ’dyN)

g

/
Ca

2 1/2
-2
n ()1
S 0_2 (d> < Z ||g * 1 g||2L2(]Rd7V®(dfz)) Z Z w(k, m)w(r,m) )

0<i<d—1 k,reNd—! \ meN!

()
maxi<i<d—119 /g *

l 2
!l 001 Srenet (Saneae w0l mpu(rm)’ |

< Cy
||9||iz(]Rd,,,®d) Z1gk1,,“,kdgn w?(ki, ..., ka) ’

which is the first bound from the assertion. To obtain the other one, it is enough to
employ Jensen’s inequality once again as follows

2
)1 _
lg %1 9llp2(re,poa-n)y =/ (/ 92(557?/)”®l(d33)) v (dy)
]Rdfl ]Rl

= / / g* (2, y)v® (da)v® D (dy) = ||g| 74 ga yoa-
Rd—! JRI

This ends the proof. O

Taking w =1, we have for 1 <[ <d -1

Z Z wk,m)w(r,m) | = Z w?(ky,. .. kq) = n?

k,reNd—! \ meN! 1<ky,....ka<n

as n tends to infinity, where f =~ ¢ for non-negative functions f, g means that there
is a constant C' > 0 depending on d such that f/C < g < C f. Applying the above

equivalence to the first inequality of Theorem 4.3, we immediately obtain the next
corollary.
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Corollary 4.4. Let U, 4 be a degenerate weighted U -statistics of the form

-1
n
Unyd(d> > g(Xk,Xk,), 1<d<n
1<k < <kqg<n

We have

U,
n’d,./\/'> < (Cy max
1<I<d—1

g

()1
lg * 1 9llL2ma,po@—n)

dw/k (

||g||%2(]Rd’l,®d)
An analogous result dealing only with the Wasserstein distance has been provided in
Theorem 3.3 of [15]. Although the explicit values of constants have not been provided

for simplicity in Theorem 4.3 and Corollary 4.4, they can be fully computed from the
proof arguments.

4.3 Random graphs
Consider the [18] random graph G, (p) constructed by independently retaining any
edge in the complete graph K, on n vertices with probability p € (0, 1). Here, we assign
an independent sample of a random weight X to every edge in G,,(p,,), and we define the
weight of a graph contained in G, (p,) as the sum of weights of its edges. Then, consider

the renormalized random weight
e . Wi — BV

n

Var[W¢|

where W& denotes the combined weight of graphs in G, (p,,) that are isomorphic to a
fixed graph G. By writing the combined weight W, of graphs in G, (p,) that are isomor-
phic to a fixed graph G as a sum of multiple stochastic integrals (which is equivalent
to finding its Hoeffding decomposition) we obtain the following result as in [42], by
replacing the use of Theorem 5.1 therein with Theorem 3.2 above.

Theorem 4.5. Let G be a graph without isolated vertices. The renormalized weight WnG
of graphs in G, (p,) that are isomorphic to G satisfies

o Je[xm] - e )
dW/K(Wn ’N) <C Var[X] + (1 — p)(E[X])? (1_p)§{1cl§n o ’

for some constant C = C(eg) > 0, where vy, ey denotes the numbers of vertices and
edges, respectively, of a graph H.

Theorem 4.5 extends other Kolmogorov distance bounds previously obtained for
triangle counting in [46], and in [25] using the Malliavin approach to the Stein method,
see also [45] for triangle counting, [41] for arbitrary subgraph counting, and [24] for
weighted first order Rademacher U-statistics in the symmetric case p = 1/2. As a
consequence, if p,, satisfies p,, < c <1, n > 1, we have

—1/2
G < _ : VH ,€H X
EHzl
and for p, > ¢ >0, n > 1, it holds
d W& N)<C : 4.7
wy (Wa', V) < ny/1 — p, Var[X] (4.7)
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In particular, when X = 1 is a constant, (4.6) and (4.7) recover the Wasserstein and
Kolmogorov bounds of Theorem 2 in [2] and Theorem 4.2 in [41]. Applications to cycle
graphs, complete graphs trees can be treated as in [42] by replacing the Kolmogorov
distance with the Wasserstein distance.

5 Quadratic forms

5.1 Context and results

We consider the quadratic form (),, defined as

= ) ayXiX; +Zakk E[XY])

1<i,j<n
i#]

where A,, = (a;;)1<i,j<n is @ symmetric matrix, n > 1, and (Xj),-, denotes i.i.d. copies
of a given random variable X satisfying E[X] = 0. In the sequel, we let y;, := E[X"],
i = B[ (X2 — B[x?))"?], k > 2, and

o2 = Var[Q,] = Z am + fig Za“

1<1 ,J<n
Tit]
Many papers in the literature are devoted to asymptotical normality of quadratic forms.
The best known convergence rates in the general case where the diagonal of A may not
vanish are given in [22], as

2
de (Qn )scw) (E[XP)" +BIX 5.1)

On 2
1<i,j<n ij

see Theorem 1.1 therein where )\; denotes the largest absolute eigenvalue of A,,
=" /Zl<”<n ij» and the constant C(y) blows up when 7 tends to one, i.e.

Ll’L’L

when the linear part is dominating.

Vanishing diagonals

More is known if we assume the diagonal of A,, to be empty, in which case [8] proved
the asymptotic normality of @,,/o,, under the conditions

n

1
E[(Qn/an)ﬂ —3 and 5 max 3 a2, — 0. (5.2)

In addition, for (X)r>1 a Rademacher sequence, Theorem 1.1 in [13] restricted to
double integrals gives the corresponding bound

di (Q” /\/) <C \/|E [(Qn/on)] — 3| +— max aZ; |- (5.3)

n

The same bound may be concluded from [14] for (X} ),>1 being any i.i. d sequence, but
only in Wasserstein distance. Note that the quantity max;<;<j, Z -1 a? ; corresponds to
“maximal influence”, see [28], [33].
The bound

dw<§: J\/')<Cg4 i(i )2+ Z(Zazk“ka>2- (5.4)

n i=1 i,j=1
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has been provided for Rademacher sequences using the Wasserstein distance in Proposi-
tion 3.1 of [4], and has been recently extended to arbitrary i.i.d. sequences using the
Kolmogorov distance in [47], Theorem 3.1.

Corollary 5.1 recovers this bound as an immediate consequence of Theorem 4.3
by taking d = 2, w(kl,kg) = Qk ko 1 < k’l,kg <n, ]Cl 7é k’g, and g(yl,yg) = Y1Y2. Note
however that only the second term is significant in the right-hand side of (5.4), making
the conjecture at the end of Section 3.1 in [47] pointless.

Corollary 5.1. Assume a;; = 0, i = 1,...,n. Then, there exists a constant C > 0 such
that

Qn M )
dK< ,/\/) SC(T% Z Zam% _oé Tr(A4), n>1.

i,5=1

Corollary 5.1 also improves (5.1) for matrices A,, with empty diagonal, since

VIr(AD) = [ A< | DA <\
k=1 k=1

Non-empty diagonals

Z a2, < —|)\1 (5.5)

3,7=1

Theorem 5.2 below generalizes and improves all the aforementioned results. First, in
comparison with the above bound (5.1) of [21, 22], it gives better rates under weaker
assumptions, as noted in (5.5). Furthermore, it extends every other result by applying
as well to non-vanishing diagonals. In addition, it completes Corollary 5.1 with an
additional bound related to the so-called fourth moment phenomenon ([35]), and it also
extends (5.3) from the Rademacher case to any distribution. Finally, it deals with the
Kolmogorov distance instead of the Wasserstein distance considered in [14]. See also
Theorem 3.11 in [1] for some bounds in total variation and Kolmogorov distances, which
however provide worse rates and require slightly stronger assumptions.

Theorem 5.2. There exist absolute constants C,Cy > 0 such that

Qn
dW/K(an N) <Oy \/|]E [(Qn/on)*] 3|+— Jmax a?j , (5.6)
1<5<1
and
dx (Q”,N) < 02/1” Tr(AD), (5.7)
On o2

where

Oy 1= 4 —&-& and (B, =ps++/usl

e 2 12 {all-i- +a,m>0}’ n 4 8 {af1+~~+a$m>0}'

Contrary to what is stated on page 1590 of [4], the conditions o,,2,/Tr(A%) — 0 and
E [(Qn/0y)*] — 3 are not equivalent as n tends to infinity, and therefore fourth moment
convergence is not sufficient for the central limit theorem to hold for quadratic func-
tionals. The next proposition clarifies this point via inequalities between the quantities
appearing in Theorem 5.2. In the sequel, we let a A b := min(a, b), a,b € R.

Proposition 5.3. There exist absolute constants C1,Cs, C3 > 0 such that

4 ~
Py A f
AP Tl < B [Qufon)] -3+ 57 e %, 2

n <j<n
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. 3 B
< Ty 4 _n < n 4
CQ O';ll (An) + o2 1ISH%L1< —~ am S Cg, % ?L (A )
sJjsn

where «,,, B, are as in Theorem 5.2
Theorem 5.2 and Lemma 5.3 immediately imply

Corollary 5.4. Assume (X;);cn is a fixed i.i.d. sequence with zero means and finite 8th
moments. The following two conditions are equivalent:

a) E [(Qn/Un)4] — 3 and 0'7:2 maxi<i<n Z?:l afj — 0,
b) o, Tr(A7,) — 0,

and they imply Q,, /o, i> N with the Kolmogorov rates (5.6) and (5.7).

This extends (5.2) for any matrix A,, and completes it with the equivalent condition
in terms of the trace of A4,,.

5.2 Proofs
Proof of Theorem 5.2. The quadratic form (),, admits the Hoeffding decomposition

= > Wup+ Z Wik
1<i,5<n
where
W{z]} = 2(1”X X W{k} = Qkk (X —E [Xk])

Thus, Theorem 4.1 gives

dW/K <Qn 7N> < % (US Z aj; + 2:“4 Z az] + 2#2“‘1 Z CL2 azk (5.8)
In Tn i=1 1<i,j<n 1<i,5,k<n
i#£] i£,i£k,j#k
2 n 2\ 1/2
+ /fgl Z ( Z aikakj> +N§M2 Z ( Z ij%j) ) .
1<i,j<n \ 1<k<n i=1 \1<j<n
i#] k#i,j i#j

Next, we estimate this bound by means of E [Q;,] and maxi<i<n )<<, a7;- A direct

calculation shows that
E[ iﬂ =51 + 35, + 45853,

where

n
Syo=jis Y _ag+16p5 Y al +48udus > afay,

1=1 1<i<j<n 1<i,j,k<n
i#],i#k,j#k
4 2
+ 484, > iy Qiyiy Qi iy, + 48302 Y @ii 5 Wik U
1<y in,i3,i4a<n 1<i,j,k<n
iy if k£l i#],1#k,j#k
2 2
+ 48542 E QjojQik Qi)
1<i,j,k<n
i#£],i#k,j#k
and
E E E 2 2
52 - :u’4 CL“ jj + 4/,&4,[1/2 Q5 jk} + 4”2 a’iliga’igi47
i) 1<i,j,k<n 1<iy,i2,13,54<n
J#k, J.k#i il if k#L
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and

Sy =30 Y auaj;a5; +8us (s — papz) Y aiad; + 6pa (fis + flap) Y aja;

1<ij<n i#j 1<i,j<n
i#] i#j
2 2 2~
+ 12/.1,3,&2 Z aiiaijajk + 24u2u4 Z Qi Qij Qi Ak -
1<i,j,k<n 1<4,5,k<n
i#3,j#k,i#k i#,j#k,i#k

The sum S is to dominate the right-hand side of (5.8), S5 is approximating o2, and S;
contains remainder terms that are more difficult to handle due to their unknown sign.
Note also that S3 vanishes if the diagonal of A is empty. First, by

2
) ) — T T T 2 .2
[ = Qiyig QigigPigig Aigig A A 5

1<i,j<n \1<k<n 1<i1,42,i3,54<n 1<4,5,k<n
i#] k#i,j i A i k7L £, i#k,j#k
and
n 2
AjjAij | = Qi Q55 Aik Ak Qi Qjjs
i=1 \1<j<n 1<i,j,k<n 1<i,j<n
i i#7,i4k, )£k ij
we get

n
Syo=fsY o +16uF Y al+48udua Y ajal

ij

i=1 1<i<j<n 1<i,j,k<n
12,17k, j#k
2 " 2
4 2
+ 48, E ( § aikakj> + 4850 E ( § ajﬂij)
1<i,j<n \1<k<n i=1 \1<j<n
ij ki i
4 2 2 2 2 2 2 2
— 4815 g i@y — A8p3 0o g aza;; + A8 o E @ik Qg
1<i,j,k<n 1<i,j<n 1<i,j,k<n
1#]i#k,j £k i#] i#ji#k,j#k

The first two lines dominate the right-hand side of (5.8) with substantial surplus, which
will be used to deal with the last term of S; and some terms of Ss. Indeed, by p3u2 < pap3
and the inequality of arithmetic and geometric means, we have

48u§u2 Z aijaikaij

1<i,j,k<n
i#]i £k, #k
2
1
<dbpaps Y 3 ((akjaik)2 + (akjaij)2) + <(u4aﬁj)2 + <u§ > amam‘) >
1<i,j,k<n 1<k,j<n 1<i<n
i#g,i#k,j#k k#j i#5,k
2
:46u§u4 Z a?jafk—k/ﬁl Z afj —HL% Z < Z aikakj> . (5.9)
1<i,j,k<n 1<i<j<n 1<i,j<n \ 1<k<n
i#£],i#£k,j#k i#] k#i,j

Since, additionally

4 2 2 2 2 2
Ho E ;1,0 + U342 E az;03;
1<i,j,k<n 1<i,j<n
1#],i#k,j#k i#]
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< Unﬂz max a .+ 02 ,u3 max aZ < 0 a max a2 (5.10)
1<i<n < ™ Lo { aj;+- +am>0} 1<z<n 7 Y1<i<n - B
J_ ‘7_

we arrive at

Qn c 2 2 S 2
dw/ K (Un,./\f < o2 S1 + 480, a5, 1%1%)%2; a;;
j:

2 n 2\ 1/2
RO S (5 ot LS 31 (5 o
1<ij<n \1<k<n i=1 \1<j<n
i#] k#i,5 i#]
c 4 4 2 2 ~ 4
— (E Q] — 305 + 48020 max Zl a;; + 3(0, — S2)
i=

n

IN

2 n 2\ 1/2
—453 — 24/13 Z ( Z aika;w) — 24/1%,[1,2 Z ( Z ajjaij> ) (511)
1<i,j<n \1<k<n 1<i<n
i#] k#i,j 1#]

Next, in order to bound 3(c} — S5), we calculate

<2M2 Z az] + fla Z azz)

1<4,5<n
]
2 n 2 n
_ 4 2 ~2 2 2~ 2 2
= 4/ E N E @i | A Apafa E aij E Qi
1<i,j<n i=1 1<i,j<n i=1
i#£] i#]
_ 4 4 2 2 2 2
= 415 (2 E a;; + E ag i Gii, + 2 E aijaik>
1<i,j<n 1<i1,42,13,44<n 1<4,5,k<n
i#£] ik A if kL J#k, j.k#i
+ ak + a? +4 a’ a%a?
,u4 i i J] :u2ﬂ’4 it ’L_] ik |
1<i,j<n 1<i,j<n 1<i4,5,k<n
i#£] i#£] J#k, j.k#i

hence

3 ‘0-;11 - 52‘ = 24M§< Z a?j + Z a?]azk> + 3/’64 Zau + 24M2M4 Z au ’Lj

1<ij<n 1<i,5,k<n i=1 1<i,j<n
i#] J#k, j.k#i i#]
< 112?2{” <48M2 Z a’zg + 27“4,“/4]1{ 2 4. ta2 >0} Za’ )
-7 1<i<n 1<i,j<n n
Citj
< o2 (482 + o7ty max aZ.. (5.12)
- 2 w3 {a2,+4az,>0} | 1<i<n A
1<j<n
Regarding S5, we have
aiia;ia’ < a? < 02 max a2,
iidjj @ iJ /L4 i Z] —=%n 1<i<n R
1Sm§ﬂ 1<i,j<n 1<j<n
i#] i#]

EJP 27 (2022), paper 71. https://www.imstat.org/ejp

Page 32/37


https://doi.org/10.1214/22-EJP795
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

and

Berry-Esseen bounds for functionals

8us (ns — pspiz) Y @iad; +6pa (fig + flap) > agai;

=2

=6

1<i,5<n 1<i,j<n
i#£j i#j
403 audd (XP-BXZ])XPXP 43 Y adal (X2 -B[XZ]) X2X]
1<i,5<n 1<i,j<n
L i#d i#£j
2
2 8
> <an(Xi2—1E[X¢2])+3ainz‘Xj) al; X} X3 —3E > ahXxix)
1<i,j<n 1<i,j<n
i#j i#]
" 2
2 4 2
Y gt () e Y
1<’Lj<’ﬂ 1<j<n
i#j

Furthermore, using the correction terms from (5.11), we get

as well

Hence,

2
n
1203 112 Z aiiaija?k + 6u3 12 Z ( Z ajjaij>

1<4,5,k<n i=1 \1<j<n
i#5,j#k,i#k i#]’
" 2
-6 2 2 + o —6
= Ouz iz i, @jjij M3H2
= 1<k<n 1<j<n = 1<k<n
k#i J#i E£i
n m 2
4 2
—6u2ps | max g a?, E g a? > -3 (£ max a;
Haftz | B i ik = "\ g ) 1<i<n i’
1<j<n i=11<k<n 1<j<n
k#i
as
2
24121 s 4 oeud ) )
o [La azlaljalkak’j + Ho a’lkak‘j
1<i,j,k<n 1<i,j<n \1<k<n
i£),J#k,i#k i k#i,j
~ 2
=6 E <2M4an‘aij + s E aikakj> — 24[13 E aja 1]
1<4,j<n 1<k<n 1<i,5<n
i#£] k#i.j i)
~2 2 2
> —2445 | max a;; a? > 24Unu4 max a;
1<i<n 7 <n ij
-7 1<5<n 1<i,5<n 1<5<n
Ti]
we arrive at

n 2 2
53+6H§/l22< Z ajj%‘j) + 645 Z ( Z aikakj>

i=1 \1<j<n 1<i,j<n \ 1<k<n
i#j i#£j k#i,j
2
Ha
—Co2 (2] 1 a;;
n (H2> {a11+ +a,m>0} 1<z<n1<122n
for some C' > 0, since S3 vanishes if a;; = -+ = a,, = 0. Applying this and (5.12)

to (5.11), we obtain the first inequality from the assertion. To prove the other one, we
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use (5.8) and write

1/2
Qu\_ C i
dW/K(g_n) S5 Z ( Z azkak3> +MSZ%+MSZ< Z ajj%‘j)
n 1§z,]<n 1<k<n i=1 1<5<n
k#i,j i#£]
Next, we bound
2 2
> ( > ) .S ( > ——)
1<i,j<n \1<k<n 1<i,j<n \1<k<n
ki
2
< Z 2( Z aikak]) + 4ata fj < 2Tr(A%) + 4 Z ( Z afk> < 6Tr(A%),
1<4,5<n 1<k<n 1<i<n 1<k<n
(5.13)
and, by the inequality ab < (a? + b%)/2,
SRS (D IRTH IS SRS i TR
i=1 1= 1<j<n i=11<j,k<n
i#£] 1#£]
n 2
< ah+ Y (aaw)’<2 Y ( > a§k> < 2Tr(AY). (5.14)
i=1 1<i,j,k<n 1<i<n \1<k<n
i#j
This ends the proof.
O

Proof of proposition 5.3. The proof of Theorem 5.2 shows that the right hand
side of (5.6) is larger than the right hand side of (5.8) up to an absolute multiplicative
constant, hence we have

2
‘]E[(Qn/an)ﬂ—?)’—i—aia 113121<Xn am 20”2/\”8(2 ag;+ Z ( Z aikakj> )

1<j<n 1<ij<n \1<k<n
ki)

Employing the inequalities (a + b)? < 2a% + 2b and ab < (a? + v?)/2, a,b > 0, we get

2 2
Z ( Z CLikCij) = Z ( Z aikakj+aiiaij+aijajj>

1<i,j<n \1<k<n 1<i,j<n \ 1<k<n
k#1,j
2 2
< E ( g aikakj> + 8a“a”
1<i,5<n 1<4 j<n
k#i,j
2
2 2 4
X (T ) s TS s X
1<i,j<n \1<i,j<n 1<i<n 1<j<n 1<i<n
k#i,j J#i
2
- 12 4
azkak] + aua
1<i,j<n \1<¢,5<n 1<i<n
k#i,j
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which gives the first inequality in the assertion. In order to justify the latter one, we will
show

f"T(A4)+—21rga<x > a? (5.15)
n —1—"1<J§n

|E[(Qn/on)'] -3 < C

for some C' > 0. Following notation from the proof of Theorem 5.2, we obtain the
inequality |E [(Qn/0n)"] — 3| < (IS1] + 3|92 — o7 +4|S3|) Job. By (5.9), (5.10), (5.12)

and bounding terms from the first three sums in S3 by a?a ” + a ; and the last two sums

from S5 by
" 2 2
i=1 1<k<n 1<j<n
*Fi i
and

> [afia§j+< > aikak.j>2]7

1<i,j<n 1<k<n
i#] k#i,j
respectively, we arrive at
|IE [ Qn/an ] _3|
2, 2
2 2 2
Z a;; + Z Z ikQrj | + Z Z ajjij + a0, lrga<x azj,
SN
1<i,5<n \ 1<k<n = 1<5<n 1<<n
k#i,j i#j

and (5.15) follows from (5.13) and (5.14). Finally, the last bound in the assertion is a
consequence of

and
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