n b
Electr® 8biljty

Electron. J. Probab. 27 (2022), article no. 46, 1-29.
ISSN: 1083-6489 https://doi.org/10.1214/22-EJP771

Large deviations for Gibbs ensembles of the classical
Toda chain®

Alice Guionnet' Ronan Memin*

Abstract

We prove large deviation principles for the distribution of the empirical measure of
the eigenvalues of Lax matrices following the Generalized Gibbs ensembles of the
classical Toda chain introduced in [9]. We deduce the almost sure convergence of
this empirical measure towards a limit which we describe in terms of the limiting
empirical measure of Beta-ensembles. Our results apply to general smooth potentials.
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1 Introduction

In a breakthrough paper [9], Herbert Spohn introduced the generalized Gibbs ensem-
bles of the classical Toda chain as invariant measures of the dynamics of the classical
Toda lattice. He analyzes them by comparing the Toda Lax matrices for these Generalized
Gibbs ensembles with Dumitriu-Edelman tri-diagonal representations of S-ensembles.
Thanks to this beautiful comparison, [9] showed that the empirical measure of the eigen-
values of Toda Lax matrices converges towards a probability measure related with the
equilibrium measure for 5-ensembles. One of the key tools of Herbert Spohn analysis is
the use of transfer matrices, which are restricted to polynomial potentials. We refer the
interested reader to subsequent developments in [7, 8, 10] and [5] where the transfer
matrix approach is used in the similar context of the so-called Ablowitz-Laddik lattice.

The main goal of this article is to generalize some of the results of [9] by using large
deviations theory, which allows to consider more general potentials. More precisely,
we will show the convergence of the free energy and of the empirical measure of
the eigenvalues of Toda Lax matrices following these Generalized Gibbs ensembles.
Moreover, we will express the limits in terms of the well known $-ensembles. Indeed, a
key tool is again to compare the Toda Lax matrices with Dumitriu-Edelman tri-diagonal
representations of S-ensembles. Moreover, we will derive large deviation principles for
the empirical measure of the eigenvalues of tri-diagonal matrices with more general
coefficients. However, in this generality, the rate functions and the limits will not be
explicit as the comparison with S-ensembles is not possible.

More precisely, the Hamiltonian of the Toda chain on sites j = 1,..., N is given by

N
1 .
H=>( pa+e ), T =4 g
j=1

with the periodic conditions qx4; = g; + cN for some real constant c. The equations of
motion are then given by

d

7 —pj=e Tt —e ", (1)

q] :p]7 dt

Let Ly be the Lax matrix given by the N x N tri-diagonal matrix with entries
(Ln)jj = pj and (Ly)j 41 = (Ln)jq1; = e 73/? (2)

with periodic boundary conditions (Lyx )1,y = (Ln)~+1,~ and (Ly)n,1 = (Ln)n,n+1, then
for all integer number p,
= Tr(LY)

is conserved by the dynamics (1) as well as Zi\; r;. It is therefore natural to consider
that the finite NV Toda chain is distributed according to the Gibbs measure with density
e~ Tr(W(Ln)=P 3 7i with respect to Lebesgue measure. Here, P > 0 controls the pressure
of the chain and W is a potential to be chosen later, which can be a polynomial or a
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general measurable function from R into R. We will assume it goes to infinity faster than
x2: namely there exists ¢ > 0 and a finite constant C such that forall z € R

W(z)>ca? +C. 3)

This assumption is used to compare our distribution to the case where W (z) = cz? in

which case the entries of the Lax matrix L are independent. We can without loss of
generality assume ¢ = % up to rescaling and therefore put

1
W(z) = ixz + V(). 4)
In the following we will denote
1 1 N
dr%r (p,r) = VP exp{—Tr(V(Ly)) — 5Tr(L?V)} [Te " dridp; (5)
N,T i=1

where ZX’_I;F is the partition function of the Toda Gibbs measure:

N

Zy = / exp{~Te(V (L)) — 5 T(23)} [[ e Pdridpi. ()
i=1

We denote in short T4, for T(I)\}P . Our goal in this article is to study the empirical measure
of the eigenvalues Ay < --- < A\; of L denoted by

1 N
ALy =737 D0
i=1

We shall call i, the empirical measure of Ly, or the empirical density of states of
the Lax matrix following [9]. Our main result is a large deviations principle for the
distribution of fi7,, under d’JPX’P , from which we deduce the almost sure convergence of
fir,, under d’]I‘X,’P.

Theorem 1.1. Let P > 0 and assume that V is continuous. Assume that either V is
uniformly bounded or there exists k € IN* such that

V(x)

|| =00 2k

=a, (7)

witha > 0ifk >1anda > —1/2 if k = 1. Then:

(1) The law of jir,,, under TX;P satisfies a large deviation principle in the scale N with
good rate function Ty, .

(2) TI‘! achieves its minimal value at a unique probability measure 1/}.5.

(3) As a consequence fiz,, converges almost surely and in L' towards Vl‘.f.

vl‘é corresponds to the density of states of the Lax matrix in [9]. Moreover, following

[9], we can identify the equilibrium measure y}.f using the equilibrium measure for
Coulomb gases in dimension one at temperature of order of the number of particles.

More precisely, for a probability measure p on the real line, we define the function f},f by

Ew) = / @(x L)) V(@) + V() — 2Plfe — y|) dyu(z)du(y) + / tn i)
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if 4 < dx, whereas f} is infinite otherwise. f) achieves its minimal value at a unique
probability measure % < dr which satisfies the non-linear equation

1 dup
55+ V@) = 2P [Inle — yldub) + 1o D2 =3) s ®)

where )\g is a finite constant. We show in section 3 that u% is absolutely continuous with
respect to Lebesgue measure and that its depends smoothly on the parameter P. In
Lemma 3.6, we show it is in fact differentiable in P. We then show that

Theorem 1.2. Let P be a positive real number. Then, for any bounded continuous
function f on the real line,

/ f(@)dvY(z) = Op(P / F(@)dul (@)

This result was already shown in [9] when V is a polynomial. Our strategy is to prove
first a large deviation principle in the case when V vanishes: then, Ly has independent
entries (modulo the symmetry constraint) under T%,. We then derive large deviation
principles for more general bounded continuous potentials by using Varadhan’s Lemma,
see section 2.

Indeed, in the case where V' vanishes, the random variables (p;,r;)1<;j<n are inde-
pendent, (Ly); ; are standard Gaussian N (0, 1) variables and v/2(Ly); 11 follows a x2p
distribution with density with respect to Lebesgue measure given by

21—Px2P—1€—:1c2/2
Xep(T) = (P 150 9

The central observation is that we can compare this matrix to the tri-diagonal matrix
Cﬁ, introduced by Dumitriu and Edelman [3]. This is the symmetric matrix with inde-
pendent (up to symmetry) entries whose diagonal elements are independent standard
Gaussians variables, and off diagonal elements so that \/inf, (4,7 + 1) follow a y distri-
bution with parameter (N — j). When 3 = 2P/N, the matrix is therefore similar to
L except that the parameters of the off-diagonal entries vary linearly. The key point
is that the law of the eigenvalues of C’f, is explicit and given by the -ensemble, see
Section 3. This comparison allows to compare the free energy, the rate function and
the equilibrium measure of the Toda chain with those of Coulomb gases in section 3.
In section 4, we study the case of general potentials. The proof is nearly independent
from the quadratic case, but requires additional arguments in particular because the
eigenvalues of the Toda matrix are not simple functions of the empirical measure of
the entries. Note that the proof given in section 4 also applies to the case where V is
bounded. We nevertheless choose to give a separate proof, dedicated to this case: the
computations being simpler, the core of the proof seems more accessible and introduces
ideas we re-use in the case where V' is unbounded.

Moreover, our result allows to derive large deviation principles for the empirical
measure of the tri-diagonal matrices with independent standard Gaussian entries on
the diagonal and independent chi distributed variables with general parameters profile
on the off-diagonal. Namely let L, be a tri-diagonal symmetric matrix with indepen-
dent Gaussian variables on the diagonal and independent variables \/§L7V (j,7 + 1) chi
distributed with parameter a(%), 1 <i< N. Let TX;U be the distribution with density
e~ (VLX) /7 with respect to the distribution of L%.

Theorem 1.3. Assume that V' is continuous and satisfies (7). Then, if o is bounded
continuous,
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(1) the law of jir, under TX’” satisfies a large deviation principle in the scale N with
good rate function TV,

(2) TY achieves its minimal value at a unique probability measure vY = f01 1/;/( pydP,

N . 1%
(3) As a consequence, jiz, converges almost surely and in L* towards v, .

Acknowledgments: We are very grateful to Herbert Spohn for asking us to investi-
gate the convergence of the density of states for general potentials V' and many fruitful
discussions that followed. We would also like to thank David Garcia-Zelada for showing
us how to derive Theorem 3.1 from [4]. We thank an anonymous referee for helping us
to improve the presentation of our results.

2 Large deviation principles for tri-diagonal matrices

In this section, we consider a tri-diagonal matrix My with entries
(MN)j,j = aj and (MN)j,j+1 = (MN)j+1,j = bj (10)

with periodic boundary conditions, the random variables (a;, b;)1<i<n being iid, with
(a1,b1) with law Q, ® Q, on R?. We denote by fiar, the empirical measure of the eigen-
values of My and prove the existence of a large deviation principle for the distribution
of fipry. In [11, Theorem 4.2], the author proves a large deviation principle for the
empirical moments /i s, (z*) by noticing that

N
. 1 o
IU/MN(‘Tk) = Nz.fk(aj’bﬁ‘l _.7| S k)
i=1

where fi(a;,b;,|i — j| < k) = (M});i is an homogeneous polynomial of degree k in the
entries a;, b;, |t — j| < k. Noting that f; does not depend on ¢, one can use the large
deviation principle for Markov chains (or k-dependent large deviation principle), see e.g
[2, Theorem 3.1.2 or Section 6.5.2], as well as the contraction principle, to deduce a
large deviation principle for the distribution of the empirical moments {jixs, (%), k < p}.
This could be used to deduce the existence of a large deviation principle for /iy, for
the weak topology after approximations, but the rate function would not be particularly
explicit. We prefer to develop a more straightforward sub-additivity argument and prove
separately the existence of a weak large deviation principle and exponential tightness,
see e.g [2, Lemma 1.2.18].

2.1 Exponential tightness
In this section we assume that

Assumption 2.1. There exists v > 0 such that
D, = /ewdea(m) X /eWQde(y) < 00.

We equip the set of probability measures on the real line P(R) with the weak topology.
We then show that

Lemma 2.2. If (a;,b;)1<j<n are iid with law Q, ® @ satisfying Assumption 2.1, the
sequence (fiar, ) N>0 is exponentially tight, namely for each L > 0 there exists a compact
set K1 (K ={n € P(R): [2°du(xr) < 2(L +InD,)} with v as in Assumption 2.1) such
that

1
limsup — InP(fin, € K7) < —L. (11)
N N
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Proof. For N > 1, notice that

1
[ @ = $1013)
| X N 5
= 2 ()" NZ( (M) - 12)

As a consequence, Tchebychev’s inequality implies that, for any v > 0,
P (/ :UQd/lMN(a:) > K) < e—%'yNKE[e%N»yfﬁdﬂMN(x)} < e—%'yNKD’JyV )

The conclusion follows by taking K = 2(L +In D). O

2.2 Weak large deviation principle

We next establish a weak large deviation principle, based on the general ideas
developed in [2, Lemma 6.1.7]. To this end, we use the following distance on P(R):

} (13)

- o ||

I fllev<L,] flup<l

f(@)du(s /f e

where || f||gv is the total variation norm of f given by

I £llev = sup Y |f(zrr1) = f(n)],

keN

where the supremum holds over all increasing sequences (zz)rew € RY. ||f]|z is the
Lipschitz norm of f. If f is continuously differentiable and we put without loss of
generality f(0) l5v = [T |f'(y)|dy and || ]| = || f'|l«- The distance d is smaller
than the Wassersteln distance where one takes the supremum over all functions whose
L and Lipschitz norms are bounded by one, and is easily seen to be as well compatible
with the weak topology. Then, we shall prove that if B, (6) = {v € P(R) : d(u,v) < §}
denotes the open ball with radius J centered at p, we have:

Lemma 2.3. For any p in P(R), there exists a limit
lim Tim inf — In P (g, € Bu(8)) = lim limsup — In P (jing,, € By (6) (14)
lim lim inf = In P (fazy L = lim 1m15upN nP (finry 4(0)) .

We denote this limit by —Jp(p).

Proof. The advantage of the distance d is the following control: For any symmetric NV x IV
matrices A and B with empirical measures of eigenvalues [i4 and jig, we have:

d(fia, fip) < min M 12\142] ) e - (15)

Indeed, for any function f with bounded variation we have thanks to Weyl interlacing
property, see e.g. [6, (1.17)],

‘ / fdia - / fdin
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Moreover, one can check that, if f is continuously differentiable, we have

/fdﬂA—/fdﬂB - /O %T (A—B)f(ad+ (1 - a)B))da
1 N
_ /0 % S (A= B)if (@A +(1—a)B)j; | da
=1

which implies since for all indices 1, j,

] [ tdia~ [ sai

Since continuously differentiable functions with bounded L°° norm are dense in Lipschitz
functions, we deduce (15) from (16) and (17). We are now ready to prove Lemma
2.3. To this end, we shall approximate our matrix My by a diagonal block matrix
with independent blocks. Let ¢ > 1. For N > 1 we decompose N = kyqg + ry with
ry €40,...,¢ — 1} and set My = M}, + R, where M}, is the diagonal block matrix

(@A + (1 —a)B)ji| <|[f']lo that

N

, 1
<f ooy D2 1A= Byl (17)

4,j=1

Ml
q
q _
M} = e (18)
B

Here, forall i € {1,...,ky}, M has the same distribution than M, and B the same dis-
tribution than M., . The matrices M;, 1 <i < kp, are independent, and are independent
from B. RY is the self-adjoint matrix with null entries except R% (1, N) = R (N,1) = by,
R (kng +1,N) = Ry (N,kng + 1) = —by, and those given, for k € {1,...,kn}, by
Ry (kq+1,kq) = Ry (kq, kq+1) = by, Ry ((k—1)g+1,kq)) = Ry (kq, (k—1)g+1) = —by,.
Therefore rank(R%) < 2ky + 2 < 4kn. By (15), we deduce that

R R 4
d(fnty s farg,) < . (19)

Moreover, we can write [i Mg as the sum

kn
N q . TN .
My = E A + N HB-
i=1

Therefore, for any u € P(R) and ¢ > 0, we have
kn
P (ﬂM; € Bu(é)) P (/lM,‘N e BH((S)) - (Vi € {L,....kn}, fings € Bu(), fis € BH(5)>
<P (jiarg € Bu(9))
R 4
<P (MMN € B,(6+ q)) ,
where we used the convexity of balls and (19). As a consequence,

un(0) == —InP (finry € Bu(d))

satisfies
un (6 +4/q) < knug(6) + ury (6).
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It is easy (and classical) to deduce the convergence of uy(d)/N when N goes to infinity,
and then § goes to zero. Indeed let § > 0 be given and choose ¢ large enough so that
% < 0. Then, since § — ux(d) is decreasing and non-negative, we have:

un(260) _un(+4/a) _ uy(8) | up(6)

< < 20
N N q N (20)
Since u"fjv(a) R ui(9) goes to zero when N — oo, we conclude that
2
Jim sup “Y 20 a(0)
N N q
Since this is true for all ¢ large enough, we get
. uN(2(5) .. ’U,N((S)
| ———= <1 f—=.
1m]\§up im fnf —=
Since the left and right hand sides decrease as ¢ goes to zero, we conclude that
. 1 . C 1 N
(%1_{% hj{/nj;lop N InTP (fiary € Bu(6)) < }1_% l}\r{r:lgof ; InP (finry € Bu(9)) ,
and the conclusion follows. O

2.3 Full large deviation principle
As a consequence of Lemmas 2.2 and 2.3, we have by [2, Theorem 1.2.18] the
following large deviation principle.

Theorem 2.4. Under Assumption 2.1, the law of i, satisfies a large deviation principle
in the scale N with a good rate function Jy;. Moreover, .Jy; is convex. In other words,

e Ju : P(R) — [0,400] has compact level sets {y : Jy(p) < L} for all L > 0.
Moreover, Jy; is convex.

* For any closed set F' C P(R),

1
limsupﬁlnIP(ﬂMN eF)< firFlfJM,

N—o0

whereas for any open set O C P(R)
1
N - o ’
1}\1{11}1({15 N InP(ip, € O) > lgf Im

Proof. J); exists and is defined by Lemma 2.3. The lower semi-continuity of J,; follows
from [2, Theorem 4.1.11]. We then deduce that the level sets of J,; are compact by the
exponential tightness, see [2, Lemma 1.2.18 (b)].

In the spirit of [2, Lemma 4.1.21], we show that Jj; is convex. Let u1, us € P(R).
Since i, can be decomposed as the independent sum of /iy, divided by 2 plus an
error term of smaller than 4/N by (16), we have for all §;,d2 > 0

. R . +
P (Wlfarys ) < )P (@i z) < 82) < P (diara "5 ) <i0) . @)

for any 63 > %(51 +02) + %. Taking the logarithm, dividing by 2N and letting NV go to
infinity, §1, 62 and then J3 to zero, we conclude that

1
I <M1 —;M2> < 5 <JM(,u1) + JM(MQ)), (22)

from which we deduce the convexity of Jy; as in [2, Lemma 4.1.21].
The second point, namely that a weak large deviation principle and exponential
tightness implies a full large deviation principle, is classical, see [2, Lemma 1.2.18]. O
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2.4 Large deviation principle for the Toda-Chain with quadratic potential

Recall that we denoted by @, and @, respectively the laws of the a;’s and b;’s,
see (10). In the case of the Toda chain with Gaussian potential, that is V' = 0, with
entries following T%, we take @, to be the standard Gaussian law and @ to be the chi

distribution ﬂ_l X2p given in (9). We let L (P) be the tridiagonal matrix whose entries
follow T4 . These entries clearly satisfy Assumption 2.1 and therefore we have

Corollary 2.5. For any P > 0, the law of iy, (p) satisfies a large deviation principle in
the scale N with good, convex, rate function denoted by T'p.

For further use, we show that

Lemma 2.6. For each y € P(R), the map P € (0,400) — Tp(p) is lower semi-
continuous.

Proof. Let P, h be positive real numbers. We first couple the matrices (Ly(P), Ly (P +
h))n, where Ly (u) follows T% for w = P and v = P + h, in such a way that there exists
a finite constant c so that

P (d(firy (P)s iy (Prny) > 0) < N eV In(ha/2), (23)

This coupling is done as follows:

e The diagonal coefficients are the same set of standard independent Gaussian
variables

e The coefficient below and above the diagonal X!, follow a \/§_1X2u foru=P,u=nh
and P + h. By definition of the y distribution we can construct these variables so that
almost surely

Xy =/ (XB)2 + (X))2. (24)
This coupling allows by (15) to write

N N N
N . 2 i i 2 i i 2 i
ALy (P)s BLy (P1+h))) < N Z [ Xpyn — Xpl = v Z(XP+h - Xp) < N Zth
i=1 i=1 i=1
where we ultimately used that, foralli € {1,...,N}, X}, < X} + X}, because X} X},
is non-negative and (24) holds. Equation (23) follows by Tchebychev inequality since
Elexp{vInh~1X}}] is finite, see (40). (23) implies that (fi1,, (p+r))n>0 is an exponential
approximation of (jiz,, (p)) >0 when h goes to zero. By [2, Theorem 4.2.16 ], we deduce
that for any 4 € P(R), we have

T = lim liminf inf Tp.y.

Pl = IR TRIRT ) T

By monotonicity of the right hand side and the lower semi-continuity of Tp,; we deduce
that, see [2, (4.1.2)],

lim inf Tpyp =T, ,
fim, inf Tp+ Pin(1t)

and therefore

(1) = Jm gt o, T < gt T3,

and so P — Tp(u) is lower semi-continuous. O
We shall also use later that Corollary 2.5 gives a large deviation principle for the
empirical measure of the Toda chain with general bounded continuous potential.

Corollary 2.7. Let V be a bounded continuous function on the real line and P be a
positive real number. Let Ly (P) be the tridiagonal matrix whose entries follow TX’P.
Then:
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* The law of i (p) satisfies a large deviation principle in the scale N with convex
good rate function given, for any u € P(R),

Ty (1) = Tp(u) + /Vdu - iII}f{TP(V) + / Vdv}.

« The set M), where T, achieves its minimum value is a compact convex subset of
P(R). It is continuous in the sense that for any ¢ > 0, there exists 6. > 0 such that
forall § < §., any P,Q > 0 such that for |P — Q| < 9,

My C (MY)®
where A° = {p: d(u, A) < e}.

Proof. The first point is a direct consequence of Varadhan’s lemma since when V is
bounded continuous, ¢ — [ V(z)du(z) is also continuous. We hence need only to prove
the second point, that is the continuity of P € (0,+00) — M}y . Note that since TY is
a good rate function, M}! is compact for all positive real number P. We let T be the
coupling of Ly (P) and Lx(Q) introduced in Lemma 2.6. By definition, for R = P and Q,
B a measurable subset of P(R), we have
TX[’R(IELLN © B) - ﬁ / 1{/2LN(R)GB}8_NIV(z)dﬂLN(R)(m)dTN7
N,T

where we used the notation

79— /efovu)dﬂLN(R)(m)dqpﬁ_

Therefore, since ((M(‘Q/ )¢)¢ is open, we can use the large deviation principle for the
empirical measure of Ly (P), Corollary 2.5, to state that for any x > 0

1 1 R
— inf TV < limsup—lni/ e—NfV(ac)dume)(w)dTN
@9 7 T Nvoe N 2R Nt e 218)>e)

1 1 N
< max{limsup —In —+ / e~ NI V@)L @) g
Nooo N ZN:T {d(ﬂLNUD)’M5)>5}m{d(ﬂLN(P)yﬂLN(Q))SN}

2|V loo + ¢ — /—In|P — Q|r/2} (25)

where we used (23) and Z}G’E > ¢~ NIVl We next remark that by Lemma 2.2, there
exists a positive constant ¢ and a finite constant C' such that uniformly on P in a compact
set, if we denote by K, = { [ 2%du(z) < L},

TY (iny € Kj) < e FrON,

Hence, fixing some L > 0, (25) implies

— inf TY <max{2V||oo+c— V—In|P—-Q|x/2,2||V] e —cL — C, (26)
(M)

li ! 1 !

imsup — In ——

N— 00 N ZN,’]T

. N . . =N [V(x)dpr (p)(x)
x/1d(ﬂLN(p),Még)>€1d(MLN<P>7NLN<Q))SN1“LN<P>vl‘LmQ)EKLe N dTy -

We next notice that [ V(dy — dv) is bounded by some £ (k) going to zero as x does
uniformly on {d(u,v) < k} and p,v in the compact set K. Indeed, this is obvious if
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V has bounded variation and Lipschitz norms, with ey (k) = max{||V||sv, [|V|L}x. If V
is bounded continuous, we let n > 0 and choose M = /2n~'L so that pu([—M, M]°) +
v([-M, M]¢) < nfor p,v € Kr, and then V,, with finite bounded variation and Lipschitz
norm so that
sup  |V(x) = V()| <.
z€[~M,M)]

We then check that

‘ / V(du — dv)

< (Vlloo +2)n 4+ max{|[VylBv, [Vl } s -

< IVl 20+ | [ V(- )

We finally choose 7 = (k) going to zero slowly enough with x so that the above right
hand side goes to zero. Hence, we can bound the third term in the right hand side of
(26) to find that

1

- R ) R ) —N [V(z)dig  (p)(z)
VP /1d(ﬂLN<P>vM5)>61d(#LN<P>»#LN<Q>)§K1HLN<P>’HLN@)GKLe N dTx
N,T

ZG3 1

Nek (k)
<e v ZV,P ZV7Q /1{d(ﬂLN(Q),I\JC‘§)ZE—K}e
N, T “N,T

N V@)L @ @) gy,

Similarly, we find that

V,Q —N [Vdjr o)1 . ) . .
ZN,T < /e w( )1#LN(P)”U'LN(Q)€KL1{d((,“‘LN(P)7HLN(Q))S’Q}dTN

+e(IIVHoo+c—\/mn/2)N 1 261Vl —eL=C)N
< ZYP (N 4 oClIVlisotemy/=In[P=QIK/IN 9oV Il —cL=C)N)

where we used that the partition function is bounded from below by e~ IVll<~ Moreover
the previous large deviation principle implies if k < /2 that

1 .
limsup — In —/ e NI V@diLy@@gry < — inf {TY}.
Nooo N Z}G’}% {dfig (@) ME)Ze—r} d(p,MY)>e/2 Q

Hence, we find that if L is big enough, P — @ small enough so that c& (k) > max{2||V||o +

c—+/—In|P = QIk,2||V||s — cL — C}, (26) yields

— inf TY <2eL(k) — inf Y
(e T V() d(u,M5>zs/2{ @

We then conclude that the right hand side is negative for such choices of parameters if s
is small enough and therefore inf (v )-). Ty > 0so that ((M))° C (Mp)® which yields
the result. O

3 [-ensembles

3.1 Large deviation principles for 5-ensembles

In this section we consider the 5-ensembles and collect already known results about
their large deviation principles. We then relate these large deviation principles with the
previous ones thanks to Dumitriu-Edelman tri-diagonal representation, as pioneered in
[9]. Coulomb gases on the real line are given by the following S-ensembles distribution:

1
AP} (x1,- -, an) = 3 H\ml —xj\ﬂe_zxil AV @) dgy - day. (27)

-V
ZN,C i<j
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V will be a continuous potential. When V' = 0 and § = 1, it is well known [1, Section
2.5.2] that dIF’?\’,1 is the law of the eigenvalues of the Gaussian orthogonal ensemble of
random matrices with standard Gaussian entries. Hereafter, we keep the potential to
be under the form of a quadratic potential plus a general potential only to have simpler
notations later on. In this article, we are however interested in the scaling where g = %.
The large deviation principles for the empirical measure iy = % Zf\; 192, have been
derived in [4] and yields the following result.

Theorem 3.1. [4] Let Py be a sequence of positive real numbers converging towards
P > 0. Let W(z) = 32 + V() be a continuous function such that for some P’ > P + 1
there exists a finite constant Cy, such that for all x

W(z) > P'In(|z)* + 1) + Cy (28)

2PN

Then the law of iy under IPX’ N satisfies a large deviation principle in the scale N and
with good rate function I} (p) = f% (p) — inf f¥ where

W) =5 [OV(@)+ W)~ 2Pl ~ yduta)duty) + [ 0 du(o)

if f < dr and In g—’; is u-integrable, whereas f} is infinite otherwise.

In fact, neglecting the singularity of the logarithm, this result would be a direct
consequence of Sanov’s theorem and Varadhan’s lemma. Dealing with this singularity
requires extra-care, a difficulty which was addressed in [4]. Indeed, [4, Theorem 1.1]
can be applied, as was kindly shown to us by David Garcia-Zelada. For 2113, <a<l-— %,
we can rewrite

1
7L

2P
APy ™ (w1,...,2) e 2PN NHN @18 e (2,) . dr(w ),

where, if ¥(N) = (1 = N™') 55 + §5, we set

N
Hy(1, ... an) = % 3 (W(:ci) ILACT) —xj> ) > W)

£— 2P 2P
1<i<j<N

and 7 is the probability measure given by

1
dm(x) = Ee_o‘w(z)das.

The sequence (Hy)n>o is (up to considering N large enough) uniformly bounded from
below by (28). Moreover, letting v(co) = 55 + %5, we set for p € P(R),

10 =y [ (5 + e~ e =) dua)dn(s) ~ +(00) | Wia)dn(o)

we find [4, Lemma 2.1] that the couple ({Hn}n>0, H) fulfills the assumptions of [4,
Theorem 1.1]. Thus the law of iy satisfies a large deviation principle at speed N with
rate function I} = f¥ —inf ), where

£ () = 2PHy () + [In %dy  if p <« and In 9 is y-integrable
P = 400 otherwise.
It is not hard to see that

Lemma 3.2. For any continuously differentiable function W, any P’ > P + 1 such that
(28) holds,
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e wu— IY(p) is strictly convex,

« I} achieves its minimal value at a unique probability measure uY (dz) < dz which
satisfies the non-linear equation

14

d
W(z) — 2P/1n |z — y|dup(y) +1n % =\, as (29)

where )\g is a finite constant. Furthermore the support of ug is the whole real line

and the density of dgf is bounded from above by Cp(|z| + 1)*F=F") where Cp is a

constant which is uniformly bounded on compact subsets of (0, P’ — 1).

e Let D be the distance on P(R) given by

D(p, 1)

(- [ mle = vt =)o - u’)(y))l/z

< /Ow % ‘ / et d(p— ') () 2 dt) " (30)

Then P +— pY is locally 1/2-Hélder for the distance D: For any § > 0 such that
[P—6,P+6] C (0,P' —1), there exists a constant D > 0 such that forall P — § <
R < P+ 6, we have

D(up,pp) < DVIP —R].

We will see later that in fact P : (0, P’ — 1) — u} is differentiable, see Lemma 3.6.
Observe that if f is in L* with derivative in L?, we can set || f||1 = ( [y~ t|f¢|?dt)*/?. Then,
for any measure v with zero mass,

/f(x)dv(:c) =/_Z ftﬁtdt:/_o; \/ift%ﬁtdt

so that by Cauchy-Schwartz inequality, we get,

2
oo R oo 1 R
< / it 2de / L1oudt = 4] f12 D (v, 0)? (31)

oo oo |1l

‘ [ rwan)

In particular, the last point in the theorem shows that for any f with finite || f]],/2,
P — [ fduY is Holder 1/2.

Proof. For P” > 1, we denote by Ap~ the probability measure on the real line given by
Api(dz) := Zph(|2®| + 1)~ F"/2dz and rewrite f) (up to a constant In Zp) as

1 - - du(x
) = 5 [0V + W) — 2Pl = shduednt) + [ 2o
2 d)\p// (.CC)
where W(y) := W(y) — 3P"In(|y|> + 1). Because Ap~ is a probability measure so that,
for every probability measure p,

d
/ in ¥ (@)du(z) 2 0
by Jensen’s inequality since z — x In x is convex.

The first point of the lemma is clear as y — [(W(z) + W (y) — 2P In |z — y|)du(x)du(y)

is strictly convex [1, Lemma 2.6.2] whereas the relative entropy x — [ In df‘;” (y)du(y) is

well known to be convex. Since fp is a good rate function, it achieves its minimal value
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at a unique probability measure p},. Writing that for any measure v with mass zero such
that u¥% + ev is a probability measure for small enough ¢, I} (% +ev) > Ip(u}), we get
that (29) holds ug almost surely and that the left hand side in (29) is greater or equal
than the right hand side outside of the support of 1%. Since the left hand side equals
—oo when the density vanishes, we conclude that the support is the whole real line. We
finally show the boundedness of the density. Note that (29) implies that

\4
dCI;P (J?) _ e)xge—W(x)—s-ZPfln\z—y|d,ug(y) (32)
i

We get from (28), and the fact that In |z — y[ < 1 In(|z|> + 1) + £ In(|y[> + 1) the bound
~W(z) + 2P/ln |z — yldup(y) < —(P' — P)In(|z|?> + 1) + Cy + P/ln(|a:|2 + 1)dub .

We thus only need to bound [ In(|z|? + 1)du}, and A} from above. We first notice that

P+ inf f¥ is concave since it is the limit of the free energy —N~!In Z]‘\/,’%. This is
enough to guarantee that this quantity is uniformly bounded on compact sets (as it is at
any given point). We denote by C such a bound for a fixed compact set. As in [1, Lemma
2.6.2 (b)], since the relative entropy is non-negative we find that

J 7 @) = Pu(al? + D)dup (@) < s¥ ) < €.
This implies by our hypothesis (28) that
(P'—P" — P)/ln(|x|2 +1)dup(r) < C —Cy

and therefore plugging this estimate in the infimum of f} gives if P’ — P — P > 0 (which
is always possible as we assumed P’ — P > 1)

/W(x)dug(ag) >C4 m

Moreover, again because the relative entropy is non-negative,

_PY(uY) = —P/lnlx—ylduzva(m)dug(y)

< - [ W) <0 =P = P) [ ol + Do) - Cv
is uniformly bounded. Finally, from (29) we have after integration under ug

AV =inf f§ — P/ln |z — y|dub (z)duk (y) (33)

is thus uniformly bounded from above. This completes the proof of the upper bound of
\'%4 ’
the density: %2 is bounded by Cp(|z| + 1)2P~F") where Cp is uniformly bounded on

compacts so that P — P — 1 > ¢ > 0 for some fixed «.

We next study the regularity of the equilibrium measure ug in the parameter P. Let
§ > 0 be such that [P—§,P+6] C (0,P'—1),andlet P—d < R< P+6. If Ap = p}p —py,
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since ;)% minimizes f),, we have
0 > fp(up) = fr (k)
— [ W@daua) - 2P [Infe - ylduf (@) ~ P [ 1nfe - yldan(z)ddut)

dpp v _/ dpg v
+/1n . dup In . dup
d ,
— [er [nj - yidf) - k) @irp(a) 2P [ ke~ vlduf@)dduty
v v
—P/ln|x—y\dAp(x)dAu(y) +/1n d'u—Pdpg — /ln dg—Rdu%

— 3R~ P) / Inl — ylduf(2)ddu(y) - P [ [ nle ~ ylddu(e)dsn(y)

/ln 'updup

where in the second line we used (29) and the fact that Au(1) = 0. By using the Fourier
transform of the logarithm, the centering of Au and the definition (30) we deduce

d 1%
[m b+ PDGE R < 2P =R) [ [l —vidik@iznw). @4
R

We can assume without loss of generality that R < P. We now show that the integral

of the right hand side is bounded independently of R € [P — ¢, P]. We have d" 2 <

MWI?%’ where R — Cp is bounded on any compact of (0, P’ — 1), and in partlcular
du¥,
on [P — §, P + ¢]. Thus there exists C' > 0 such that 5 R < ﬁ and the same bound
x
holds for x%. Using that for any z, y with = # y we have In(|z —y|) < In(1+|z|) +In(1+|y|)

and the previous bound on the density of u};, we conclude that [ [ In |z —y|du) (z)dAu(y)

is uniformly bounded in R € [P — 4, P + §]. Since [ In d“” £duY, > 0 by Jensen’s inequality
R
equation (34) gives the existence of a finite constant D such that

D(up,py) < D\/|P — R|. O

3.2 Relation with the large deviation principle for Toda matrices with quadratic
potential

When V = 0, for any 5 > 0, Dumitriu and Edelman [3, Theorem 2.12] have shown
that IP?\}ﬁ is the law of the eigenvalues of a N x IV tri-diagonal matrix Cf, such that

((C]ﬁv) ji j> cicn € independent standard normal variables, independent from the off

diagonal entries (C'%);j+1 = (C%)j+1,; which are independent and such that v/2C% (j, j +
1) follows a x(n—;)s distribution. As in the case of the Toda measure we hereafter identify
]P?\}ﬁ with ]Pj’i,. We are now going to give an alternate large deviation principle for the
empirical measure under IP?VP/ N based on this representation, this will allow to relate the
rate function Ip = I}l of the Coulomb Gas in terms of the large deviation rate function
Ts,s < P for Toda matrices.

Lemma 3.3. The law of the empirical measure i under IP?VP/N satisfies a large deviation
principle in the scale N and with good rate function

M
o . 1
Ip(p) = lim lim inf inf {M ZTiP/M(Vva/M)} . (35)

§—0 M—oo Vp/Myr VPS.E —
ﬁ > vip/ M E€BL(I) =
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Observe for later purpose that we must have Ip = I, where I}, is defined just above
Lemma 3.2.

Proof. We shall proceed by exponential approximation. We write N = kxM + ry,
0<ry <M —1, and consider the matrices

1
Ly,

Lix
0

with (L}, )i<i<m a family of independent square matrices with size ky distributed

N —ik
pREN )

according to T ISN

, and a block with null entries of size rx x rx. We shall prove

2P
that they provide good exponential approximation for the matrix C'\y following the
distribution ]P?VP/ N see [2, Definition 4.2.14]. More precisely, we show that for any

positive real number §:

. . 1 N N _
Ml_l)rgochmj\?up N lnP(d(uCIz;Wp,uS%) > 0) = —00. (36)

The lemma is then a direct application of [2, Theorem 4.2.16 and Exercise 4.2.7]. We
first approximate S by the following matrix

Cq

UM _
Cum

RY

where /the symbols * denote entries following the law of a matrix distributed according
to IP?\,P N,

1
UN(ikN,ikN + 1) = UN(ikN + 1,ikN) ~ EXQPN??N, 1<i< M,
2P/N

R]]\V{ has same distribution as the ry x ry-bottom-right corner of a P}, " - distributed

matrix. C; has the same coefficients as L};N except for the top-right and bottom-left
corner entries which are put to zero:

9(i—-1)kn+1 0

(SN

Q
1
Ne
REE

0 o ik
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The (¢})1<j<ky -1 are distributed according to x, pN=ikN -

For1<i< Mand1<j<ky—11letd =,/(c})?+ x7,;, where (xi;j)i1<i<mi<j<ky iS
an independent family of y variables with parameter 2P ]“}V_j , independent from UJ.
We set, for 1 <: < M, B; to be the matrix

9i-1)kn+1 0
. . 174
B; = Vil
174 ..
ah
0 o Yk
The matrix
By
*
*
2P/N *
Cy = .
By
k
3
Ry

is distributed according to ]P?VP/ N, where the symbols * denote the same coefficients as

those of UY . Because the rank of S — U¥ is bounded by 2M + ry < 3M, by (15) we

have a0 5
d(fign s g ) < N Tk (37)

Let 0 be a positive real number. Then for N large enough so that ky verifies ﬁ <4/2,

P (d(ﬂcfvp/NvﬂSf‘\?) > 5) <P (d(ﬂc;"vp/NvﬂUj{‘f) +d(fy, frgy) > 5)
<P (d(ﬂCfVP/N’ﬂU%) > 5/2) .
Moreover (15) yields
N
N . 2
d(:uU%hu‘CIQVP/N) < NZ|K|7 (38)
=1

where Y; is the ith coefficient above or below the (,¢) the coefficient of CJQVP/ N_U M
Applying the inequality va + b < v/a + Vb for a,b > 0 and a = ¢ and b = x; j, we deduce

\/5 kn M
iy fiozr) < 37 D Xarjars (39)
1=1

where the last sum denotes the sum of iid variables with law x2p/y; (and we used that

there exists a coupling between a x, ,xy-s and a xop/y variable such that the first is
N

always bounded above by the second).
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Thus for all 4 > 0, for any integer numbers N such that % < §/2 (i.e for N larger
than some Ny depending on M) and for any non-negative function A : M — A(M)

knM

N N knMS§
P (d(ﬂsyvﬂclzvp/zv ) (Z X2P/M > 12\1\[ )

67A(]\l)kNM5/(2\/§)E |:6A(M)X2P/]\/I:| o M .
It is not hard to see that with A(M) = +/In(M), there exists a finite constant K such that
sup E/eA(M)wdxl/M(x) <K (40)
M>0

insuring that
1)

2/2

which yields the result. O

1 N .
N lnIP(d(,LLC?VP/N,,uS% >0) < —A(M) + K,

We shall use the previous lemma to study the case with a non trivial potential. Indeed,
as a direct consequence of Lemma 3.3 and Varadhan’s lemma, we deduce the following
Theorem.

Theorem 3.4. For any continuous function V such that

limsupM =0, (41)

|z|—o00

the law of the empirical measure [y under ]PV2P/ satisfies a large deviation principle

in the scale N and with good rate function IV( )= fp(u) —inf £} where

M

N . 1
fp(n) = lim lim inf inf {M Z ip/m (Vip/ar) /VdeP/M)} (42)

Vp/My VPSSt 1

ﬁ Zz ViP/IWEBu(‘S) =

Remark 3.5. Varadhan’s lemma gives the result for bounded continuous function V.

However, we can approximate V by V(z)(1 + ex?)~! with overwhelming probability
thanks to Lemma 2.2, which allows to conclude for any potential V satisfying (41)

We shall use this relation to give a better description of the rate function 7. In fact
we first consider the free energy

1
V,P V,P VP . V,P . v
Fq —A}gnooﬁanNT,F —I\}EHOONIDZNC: inf fp.
Lemma 3.6. For any continuous function V satisfying (41),

e P FVP —inf f¥ is continuously differentiable on (0, +00). Moreover, for any

P>0
= 0p(PFYT)

e For any bounded continuous function f, the map P € (0,4+c0) + Pu¥%(f) is
continuously differentiable. Moreover, there exists a unique minimizer v}, of
pw— Tp(p) + [ Vdu(z), which satisfies, for any bounded continuous function f,

vi (f) = 0p(Pup(f))-
Therefore, we have

vh = 0p(Pu¥%). (43)
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e For any probability measure p,

Tp(u) = — inf {/ Vdu+FTV’P}. (44)
R

vecy

Proof. First notice that, for any probability measure p, Lemma 3.3 implies that

M

A =160+ [ vz ot 55 it { Tt + v}
i=1

1 1
:/ 1nf{ Tep(v) + /de}ds:—/ F*Pds.  (45)
0 R 0

In the equality between the liminf and the integral, we used the fact that s € (0,1) —
qur/ P is convex and therefore continuous. We claim that this lower bound is achieved.
For s € [0,1], let v}, be a minimizer of p — Tysp(u) + [ Vdu. By Corollary 2.7, we can
choose v}, such that s — v} is continuous. Hence, up = fol vipds makes sense and is
a probability measure on R. We claim it minimizes f} . Indeed, by Lemma 3.3, we have

M
1
= lim lim inf f — T; v; +/ Vdy;
fP(ﬂP) 550 M s V7P/M€B*(6){M; P/M( P/M) L P/M}
M
<11m1nf— { ip/m( lP/M /VdeP/M}

—hmmmef{ ip/m (V) + /le/}
R

1 1
= / inf {TsP(V) +/ Vdu} ds= —/ Fleds.
o Y R 0

With (45), we deduce that the above inequality is an equality and that £} achieves its
minimal value at p%. By Lemma 3.2, this minimizer is unique and therefore u} = u}, for
any choices of paths v* and any positive real number P. Hence, we find that

1
R =t £ = 1pu) + [ val = [ Fas.
R 0

By a change of variable we deduce

P
PFX’PZ/ F%ds.
0

Since s — Fq‘r/ ** is convey, it is continuous. This shows that P — PFg’P

differentiable, and that for all P > 0,

is continuously

EyP =op(PEYT).

Moreover, we have seen that for any choice of continuous minimizing path v* of y —
T.(p) + [ Vdu and any positive real number P,

v 1 1 P
= * d = — *d .
HUp /0 Vsp@s P~/O vsas

Integrating the last equality against f bounded continuous we have
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By continuity of s — v*(f), we deduce that P — puY%(f) is continuously differentiable and
that
vp(f) = 0p(Pup(f))-
But Corollary 3.2 implies that any probability which minimizes TI‘D/ can be seen as the
endpoint of a continuous path s € (0, P] — v} where each v} minimizes 7). By the latter,
such a measure is then equal to 9p(Pu%(f)), showing the uniqueness of the minimizer
vY of TY and the equality
v = 0p(Puk).

The last point of the Lemma is a direct consequence of [2, Theorem 4.5.10] since TI‘J/
is convex for all bounded continuous function V. O

By Lemma 3.2, ul‘.f is a probability measure which satisfies almost surely
vl (@) = (CF + 2P [ Inle = ylav ()i (z)
with C} a constant such that
cy +2p [tule - slav Wduf(e) =1
Furthermore we must have CY, + 2P [In|z — y|dv} (y) > 0 for all z.

4 Large deviations for Toda Gibbs measure with general poten-
tials
We now consider the measures rJI‘K’P given by (5), with potential given by W : x €
R +— ax?* + U(x), k > 2, with U(z)/2?* going to zero at infinity. We show that under
these laws, the law of the empirical measures (jir, )n>1 still fulfills a large deviation
principle, by extending the subadditivity argument previously used. We then identify the
rate function as before. By Varadhan’s Lemma, it is enough to consider the case where

U(z) = %a:Z (we detail this in Section 5). We hereafter continue to use the notation (5)

with now V(z) = az?".

4.1 Exponential tightness

In this section we prove that if W(z) = az®*+12?, i.e V(z) = az®* with k > 2 and
a > 0, then the law of the empirical measure of the eigenvalues is exponentially tight
under T‘A/,’P. More precisely, we let K, = { € P(R) | [V(z)du(z) < L} which is a
compact of P(R). Then we shall prove

Lemma 4.1. There exists a finite constant cy, such that
TR (v € K§) < em(Fmewi,

Proof. We first bound from below the free energy by Jensen’s inequality
AGE / e N Vdin gl > eXp{—N/ / VdandTh} > exp{—cyN}.  (46)
’ R2N R2N JR
From here we deduce exponential tightness for (fiy)x under ’H‘X’P :for L >0,

1 )
TV:P /VdA > L :—/ 1, . ~N Jy Vv g P
N (R [N ZX,”}; ReN {fuVdan>L}€ N

L eNlev=D), (47)
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For later purpose we prove the following result showing that the off diagonal entries
b; = e‘”/Q, 1 <4 < N of the Lax matrix Ly do not become too small:

Lemma 4.2. For any P > 0
1 1 &
im s S QT v.p [ - e _
thbuphmA?up N InTy (N gl Inb; < L) =

Proof. Since V is bounded from below and we have bounded from below the partition
function (46), it enough to prove this estimate when V' = 0. But, in this case the entries
are independent and so we only need to prove it for independent chi distributed variables.
But then, for any 0 < § < P, with Zﬁm = Z?\}ﬁr the partition function in (6), we find

Zn i TP —s/2)\"
P Z —LN ZN,T —§LN
TN( hlb < L) <€ ZZP\;T =€ (W)
from which the result follows by taking for instance § = P/2. O

4.2 Weak LDP

In this section, we prove that /is,, satisfies a weak large deviation principle, namely
Lemma 2.3. In this more general setup, we follow again a subadditivity argument, which
is however more sophisticated since the entries of L are not independent anymore. We
will restrict ourselves to the case where V (r) = az?*, a > 0, the case of a more general
potential with the same asymptotic behavior being again a consequence of Varadhan'’s
Lemma. We first show that the large deviation principles is the same if we remove the
entries (equal to by) in the corners (N, 1) and (1, N) in the Toda matrix. Namely, let Ly
be the tridiagonal matrix with entries equal to those of Ly except for the entries (1, N)
and (N, 1) which vanish and consider the following modification of ’]I‘X,’P given by

. 1 -
dTy" = VP e VN AT (48)
N

Lemma 4.3. For any probability measure u, we have

. .. 1 _TrV (L P N TR 1 —TrV (L P
lim hmmfNln_/ld(ﬂLN,u)«Se ( N)dTN = lim hmmfﬁln 1d(ﬂLN~,u)<6e ( N)dTN

6—0 N—oo 6—0 N—oo

Moreover,
hm mf — ln/ —Trv( LN)dTP = hm 1nf — ln/ —Trv( LN)dTP

The same results hold if we replace all the liminf by limsup.

Proof. To simplify the notations we take a = 1 in the proof. First notice that V(L N) —
V(LN) is an homogeneous polynomial of degree 2k in Ly and ALy = Ly — LN, with
degree at least one in the latter. Observe that ALy only depends on by. Therefore,
there exists a finite constant Cj, such that on By := {by < K} N {+Tr(L3¥) < M} (or
By = {by < K} n{+Te(L3¥) < M}), Holder’s inequality implies

(v -viw)| sas (yrten) () 7
< C(J\/.;, K)N ™2
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where C(M, K) is a finite constant depending only on M, K, k. Note that in the above
right hand side Tr(L3F) can be replaced by Tr(L3¥) as they play a symmetric role.
Moreover, by (16), d(jiiLy,fi;,) < 2/N since ALy has rank at most two. We fix a
probability measure p and first prove that

P 1 —TrV (L P B 1 —TrV (L P
hmmfﬁln/ld(ﬂLN#)de ( N)dTN > l}wgofﬁln La(ag , u)<s€ ( N)d’IFN.

N—o00
(49)
We can assume without loss of generality that the right hand side does not equal —oc.
Then, we have by the previous remark

2k—1 ~
—TrV (L P —C(M,K)N“ 2% v (L P
/1d(ﬂLN,u)<5€ EX)aTy > emCUIONTE /1B%I’Km{d(ﬂ£N,u)<5*%}e Enlamy

2k—1
C/efc'(M,K)N 2k

Y

—TrV (L P
X/1{TTV(EN)SNM}m{d(ﬂLN7u)<6—%}e ( N)dTN

2k—1
C'e—C(ME)N 2%

— rV‘E P —_NM

where in the second line we integrated over by < K and in the last line we used that

v

/1{TrV(EN)2NM}8_TrV(LN)dTJF\)/ <e MM

We next choose M so that this term is smaller than the first term (which we assumed
bounded below by e V¢ for some finite C'). We deduce that (49) holds. To prove the
converse inequality, we notice that there exists one b; bounded by K with probability
greater than 1 — e=S)N under T%, with a(K) = —In P(b > K) > 0 which goes to +
infinity when K does. By symmetry with respect to the order of the indices, we may
assume it is by. Therefore, because V is bounded below by some finite constant C,
setting o’ (K) = a(K) — C, and using Lemma 4.1, we find

/1d<ﬂLw»#><56_TrV(LN)dT§ < eV 4 N/1{bNSK}m{d(ﬂLN7u><5}€_TrV(L”)dT§
< efNa'(K) _|_N67N(Mfcv)

JF.NGC(M’K)N2);7;1 /].BI\I,Km{d( 7TrV(I~'N)dT]I\D[
N

ﬂiN,H)<5+%}e
2k—1 ~
—Na'(K —N(M—c C(M,K)N 2% —Trv (L P
< e N (K)  NemNM=cv) | V@M KN 2 /1{d<ﬂiN,m<a+%}e IV aTy
which gives the converse bound, letting /N going to infinity, provided K and M are large

enough. The same arguments also hold when there is no indicator function, giving the
same estimates for the free energy. O

Lemma 4.4. Let V(x) = ax?* and P > 0. For any u in P(R), there exists a limit

R | V,P - T 1 VP«
%;r%thmfﬁlnTN (firy € Bu(9)) f%gr%llm;ulenTN (firy € Bu(9)). (50)

We denote this limit by —T¥ (i1). Then, u — T¥ (1) is convex.
Proof. We use the notations of Lemma 2.3. Let ¢ > 1 be fixed. For N > 1 we write

N = kng+rn, 0 <y < ¢ — 1, and define L}, by removing the off diagonal entries
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beg = Ln(€q,lq+ 1), Ln(fg+1,4q),1 < ¢ < ky, as well as the entries Ly (1, N), Lny(N, 1),
from Ly. We set RY, = Ly — LY%,. Let Z}; = ZX’E denote in short the partition function

for the Toda Gibbs measure with potential V' and set
ij\/,’q _ E’H‘ﬁ [eTrV(L‘}V):| _ /efTrV(L‘i,)dTJ}z’.

We first show that there is some constant C} (independent of V) such that for all

N >1,
i In ZX[ q _&
N Z]‘\/, - qt/2k’

(51)
By Jensen’s inequality we have

1. Z%, 1 . ~ 1
v qu = v nEpyr [eT (V{Ln) Wﬁ‘v”} > 5 Erpyr {Tr(V(LN)V(L?V)) . (52)

As in the proof of Lemma 4.1, we bound the right hand side by first noticing that
V(Ln) — V(L}) is an homogeneous polynomial of degree 2k in Ly and Ly — L}, with
degree at least one in the latter. Therefore, Holder’s inequality implies that there exists
a finite constant C' depending only on & such that

[ Eeye [TV () - V)|
2k 1 1/2k 1 2151;1
< CZETV [NTr (Ly — L?V)Q’“)} Eyv.r [NTr(L%’“)]
=1

Now, R% = Ly — L% has non zero entries only at the sites (i,7 + 1) and (¢ + 1,4),
ieJ={qg1<{l<ky} aswell as (N,1) and (1, N). We can assume without loss of
generality that ¢ > 2k so that ’I‘r(R‘}\,)WC simply depends on the 2kth power of the its
non-vanishing entries. Thus, there exists a finite constant Cj, which only depends on &
such that

Tr (R%)?) < Cu Y Ln(ivi+ 1)* + CrLy(N, 1)

icJ
Next notice that
Ly(iyi+1)? < Ln(iyi)* + Ln(iyi +1)* + Ly (i, i — 1) = LY (4, ).
Moreover, diagonalizing Ly = ) /\jvjva, we find by Hélder’s inequality (since > v;(i)? =
lforallie {1,...,N}) that
k

L3iyi)* = (3o X0 (0)2) < 3 A%uy(0)? = L3 ().

Thus,
Ly(i,i+1)%* < L3,(i,0)*F < L3¥(i,4).

Because Ly has periodic boundary conditions, the distribution of the entries of Ly
are invariant under the shift § : i — i + 1, so that under T, Ly(i,i + 1) has the
same law than Ly (i + 1,7+ 2), and Ly(i,7) has the same law than Ly (i + 1,7+ 1). As a
consequence, we have

1 , 1 . kn 1 ;
o (Ly — L‘}V)Qk)] < O ;ETX,,» [L?V’“(z,z)] = Cp o Eqyr {NTr(L?\f)} :
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But (47) implies that ]ETv‘p ﬁ,Tr(L%“)} is bounded by some finite constant independent
N

of N. We therefore deduce (51) from (52).

We next prove the subadditivity property. Let § > 0 and L > 0 be given. Let
Kr ={fry(V) < L}. As in equation (19), we have for ¢ big enough,
ZN, 1

v 1, eBuo-ape "V ENATE (53)
O N R S N

Ty" ({firy € Bu(8)} NKL) >

where we set Ky = Kan = Nies{ b2¥ < A} N {v3¥ < A}. As before, noticing that
V(Ln) — V(L% ) is a polynomial in L% and Ly — L%, we find a finite constant C' such
that, on Ky N K4, for N large enough,

2k—1

1 - 1/2k
ymvEs v <o (aa) o

Therefore if we set K] = {fis (V) < L}, we deduce that K4 N K, contains K4 N ,Cife(q)
for some £(g) going to zero as ¢ goes to infinity. We deduce from (51) and (53) that there

exists a finite constant C' independent of ¢ (but dependent on L and k) such that

) eiNqu/zk . ,
TV ({in,, € Bu(6)} NKL) > T/ 1 em ooajaye "V EDGTE,
N,q KAﬁ/Ci_E(q) N

(54)

Since L‘}V is independent of the entries b;,7 € J and therefore of K4, we see that we
can integrate the indicator function of K 4 yielding a contribution C’ZN for some positive
constant C'y depending only on A. We observe as well that L% is a block diagonal
matrix diag(L;, ..., LV, B) where L}, 1 < i < ky, are independent and independent
from B, L following ’]Tf; defined in (48) and B following TZ . Finally, we notice that
K7 (g contains Migicry {3 Tr((Le)*) < L — e(q)} N { gy Tr(B*) < L —&(q)} since
the trace of (L%)?* is a linear combination of the latter traces. Thus by independence

of the matrices L}, ..., LF¥ under Z%e*ﬂvwfv)d'l?ﬁ and convexity of balls, we deduce
N,q
by taking the logarithm that if we set un(§,L) = —1In Tﬁp({ﬂMN € B,(0)}NnKr) and

un(8, L) = —In Ty ({ii; . € Bu(6)} N {Tr(Ly)?*) < LN}), then we have

un (6 +4/q,L+¢e(q)) < N(Cq~/** +1n(Ca)/q) + knvg(5, L) + vy (5,L).  (55)
We conclude as in Lemma 2.3 that
In(Ca)

4/q, L L
lim sup U/N((S + /q7 + E(q>) < U‘Z(67 ) + Cq—l/Qk + . (56)
N N q q

We then notice that for all N, 4§, un(d, L) > un(d,00) and vy (8, L) < vn(d,00) + In2 for L
large enough by Lemma 2.2 (for Ly). If therefore we choose a subsequence ¢ going to
infinity along which the liminf is taken, we deduce by Lemma 4.3 that
26, 1) )
lim sup un(29,00) < liminf v4(9,20) = lim inf Uq(%,0)
N N q— 00 q q—r00 q
If there is no such subsequence then both sides go to infinity and there is nothing to say.
Otherwise we conclude as in Lemma 2.3.
We see that we can adapt in the same fashion the proof of Theorem 2.4 (which stands
for quadratic V') to our setting and get that p — TI‘D/ (1) is convex, which concludes the
proof. O
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4.3 Convergence of the free energy and large deviation principle

In the case where V(z) = az?* a > 0, Lemmas 4.1 and 4.4 of the previous two
sections showed that a large deviation principle holds for the empirical measure of the
eigenvalues of Ly under rJl“}(;P with good, convex rate function which, using [2, Theorem
4.5.10], can be represented as

Y (1) = — Wiggo{/ Wdp+ Fy WP — p0PY (57)
b

where

1
VP -
Fpt = ]\}1_{%0 N ln/e TFV(LN)dTﬁ .

To identify 7% and its minimizer, our goal is to show that
Lemma 4.5. Fora > 0 and V(z) = az®* + U(z) with U € CY(R), for every P > 0, we
have

1
/ Ey*Pds = FRY (58)
0

As a consequence, the unique minimizer of T is given by v¥ = 0p(PuY) with uY, the
equilibrium measure for the 8-ensemble with parameter = 2P/N.

Proof. We first prove (58). Clearly, for all bounded continuous functions U, U’, uniformly
in P,

B O — B P < U - U amd [P - R < U - U
Therefore it is enough to prove (58) for U € C}(R) by density. We prove that for

U e CtR),
EyP =op(PEYT). (59)

2P
Let us consider the tridiagonal matrix C} of the Coulomb model with distribution P 3.
We decompose, for € > 0, this matrix as

N
cy— (M Ry
R, Cp

where M IEENJ isa | Ne| x | Ne]| tri-diagonal symmetric matrix with standard independent
Gaussian variables on the diagonal and chi distributed variables above the diagonal with
parameters 2 P,N — [eN| <i < N —1, Cﬁ'}% isa N. = N — |eN| square tridiagonal
Coulomb matrix with parameter 2P5 /N with P = N.-N'P = (1 — |eN|/N)P, and Ry
has only one non-zero entry r at position (|[eN |, [eN| + 1). Our first goal is to show that,
with V(z) = az?* + U(x), we have

. 1 —TeV(MEN) 1, _vp V,P—e V,P—e
]\}E)noo . InEle P = e(FC Fom )+ Fg . (60)

We will then complete the argument by showing that

1 €
lim lim —— InE[e"TVOE"D] = pLP (61)
el0 N> €

We next turn to the proof of (60). Let us denote
B [eN]
ey—( MmO
0 Cplg
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We now show that )
Tr((CP)**) = Te((CP)™). (62)

Indeed, by Klein’s lemma [1, Lemma 4.4.12], B ~ Tr(B?*) is convex on the set of
symmetric matrices. Moreover VIr(B%*) = (2kB%~1),;. As a consequence, for any
symmetric matrices A, B

Tr((A + B)?*) — Tr(B?*) > Tr(2kB**~1 A4).

We apply the above inequality with A = C — cy and B = cy and notice that the entry
|eN|, [eN] + 1 of (C¥)?*~! vanishes so that Tr((CY)?*~1(C} — C¥)) = 0, proving (62).
Moreover, if U is C},

1
ITe(U(CF))=Tr(U(CF))| < / Te(U"(aCF +(1-a)CF ) (CR —CR))lda < [[U” ]| |r| (63)
0
Consequently, using the independence of » and C‘ﬁ and the fact that Cy = E[e*“U,“m ‘T‘}

is finite since r has sub-Gaussian distribution, we deduce from (62) that

Ble~ VO] < Ble= TV ERNHIV lwlrl] < ¢y Ele~TVED)] . (64)

As a consequence

E[efTr(V(Cﬁ’))} < CUE[efTrV(]V[IL)ENJ)]E[efTr(V(Cgfi))

]

which gives the desired lower bound:

1 e —¢
liminf — InBle" ™M) > pEV (1 - o) pE-9V (65)
N—oo

where we used that Theorem 3.1 is valid for P — (1 —¢)P.
To get the complementary lower bound we restrict ourselves to

{Irl € £} N I (™) < M)

Because of (63) and applying Holder’s inequality as in the proof of Lemma 4.3, we see
that on this set Tr(V(CY)) — Tr(V(CY)) goes to zero uniformly for all M. On the other
hand the probability of the set {|r| < +} is of order 1/N. Again by independence we
deduce that

E[e—Tr(V(Cg))]

v

o —1r AN
VBN < bynipmeym<ane P

o) (E[e—mw@ﬁ))] _ E[l{%Még)%)w}e—mwéﬁn]) . (66)

v

But we can show exactly as in the proof of Lemma 4.1 that for M large enough

Tr(V(ég))]

E[l ANN\2k e
lim sup {Tr((CF)**)2MN}

= <
N Eje- T (V(C) .

)

N =

yielding the desired lower bound and therefore (60).

To prove (61), we proceed by approximation. We notice that if we denote by D% the
density of the distribution of M }fNJ with respect to the distribution of a Toda matrix
iLs n| with parameter P to which we removed the extreme entries at (1, [¢N]) and
(leN],1), then we get

e TH-2P()
Dg =] :

i=1
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Therefore

_ leN] _ .2 _ =
E[e™TVMe ] > e MM TV NI v s o]
i=1 N i

eN .
_ —e2NM —TrV(Licny) _mV,P * < 2
- ¢ Ele D)1= T3 ( 2P21N1nb1§ e2NM))

On the other hand

N eN
v 2 1 2 1 _ )
N o2 b2 —Tr >
{2PZ§:1:N1an > 2NM} C {PNg;bZ > M} € {5 Tl(E v ))?) 2 M/P)

has exponentially small probability under r]T‘L/Ni ] for ge enough. This shows, using Lemma
4.3, that there exists a finite constant M such that

1 €
limian—lnIE[e*TrV(M}a "D > FVP 4 Me

N—oc0 3

Similarly, we can see that the density D5 = Hf\fl bfp(%_s) of the law a Toda matrix -Z/I_s N|

with respect to M5! is bounded below by —e2NM on {35 (¢ — £)lnb; <e2NM} so
that we get similarly a finite constant M’ such that

lim sup 1 In IE[e_TrV(MIL’ENJ )] < F%/’P(lfs) +M'e (67)
N—oo €
We hence conclude by the continuity of ¢ — F;T/ P=e) (which is due to its convexity)
Equality (59) follows then from (67).
We finally show that (58) implies that Tl‘.f achieves its minimum value at 8p(P,u¥).
Indeed, by (57), for any bounded continuous U, any probability measure v, we have

TY (v) > — (/ Udv + Fy T9F — F{’P>

We integrate this inequality at v = v;p a measurable probability measure valued process
such that yu = fol vspds to deduce from (58) that

1
/ TX(Vsp)ds > — </ UdM—FFg_‘—U’P - Féﬁp) '

0

We finally optimize over U to conclude that

1
/0 Ty (vsp)ds > —irl}f (/ Udp + Fg+U7P _ Fg’P) =1p(p).

Since I}S vanishes only at ug we deduce that any measurable minimizing path (vsp)o<s<1
must satisfy fol vspds = p¥%. If we can consider a continuous s — v4p, we conclude that
dp(Pp}) makes sense and that it is equal to vp. We therefore now show that such a
path can be chosen to be continuous. But we can follow arguments similar to those
of Corollary 2.7 to show that the set M} where 7% achieves its minimum value is a
compact convex subset of P(RR) and is continuous in the sense that for any ¢ > 0, there
exists §. > 0 such that for all § < §., any P, @ > 0 such that for |P — Q| < J§

My C (MP)=.
Indeed, even if we do not have the coupling of Corollary 2.7, we easily see that the

density of Ty with respect to Tl" is bounded by eNP~@l with probability greater
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than 1 — e )N with ¢(M) going to infinity when M goes to infinity. Indeed, the density
equals (P — Q) Y Inb; from which the remark follows from Lemma 4.2. This implies that

— inf TY <max{M|Q - P|— inf T¥,—c(M)N
()o@ M @iy TP DN

which implies that for any ¢ > 0, for M large enough and |@Q — P| small enough
inf MY)e)e T(}; > 0, from which the continuity follows. O

5 Proof of Theorem 1.1 and 1.3

Lemma 4.4 combined with the exponential tightness of Lemma 4.1 proves a large
deviation principle for the potential V(z) = ax?*. If now we consider the case where
V(z)/x?* goes to a > 0 at infinity, we can always write V(z) = az? + U(z) where
U(z)/x?* goes to zero at infinity. We have seen by Lemma 4.1 that under rJl“]}\),’v, the
event {1 Tr(L3) > M} has exponentially small probability. Let for ¢ > 0, Vo(z) =
ar®* 4+ (1 + ex?*)~1U(x). Then, the large deviation principle for the distribution of
firy under T3'"" follows from Varadhan’s lemma. Moreover, on {Tr(L3¥) < M N}, if
|U(z)| < 62®* on |z| > L,

1TW(L) 1TV(L) el U( )\+651T( Ly )

— — —=Tr ———— max —Tr(— =

N NITIN RN = Tk e T N g eL%
5L2k

< 11 el llgﬂg)z |U ()| + Mo
which is as small as wished if M is fixed, L taken large so that § is small, provided
€ is taken small enough. This shows that we can approximate TX;P by TX;’P in the
exponential scale from which the result follows.

The proof of Theorem 1.3 follows the same arguments than those developed in the
last section: we approximate the general variance profile by a stepwise constant profile,
remove a negligible number of off diagonal entries and then use the large deviation
principle for the Toda matrices. We leave the details to the reader.
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