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The weak functional representation of historical martingales*
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Abstract

A weak extension of the Dupire derivative is derived, which turns out to be the adjoint
operator of the integral with respect to the martingale measure associated with
the historical Brownian motion a benchmark example of a measure valued process.
This extension yields the explicit form of the martingale representation of historical
functionals, which we compare to a classical result on the representation of historical
functionals derived in [7].
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1 Introduction

Dupire’s landmark work [5] on the functional Ito-formula gave rise to a completely
new approach to numerous questions in the field of stochastic calculus. One of the
applications of the so-called functional or Dupire derivative developed by Cont and
Fournié is presented in [3] as well as [1], where they extend the derivative to a weak
one for square-integrable Brownian functionals and use it to derive their martingale
representation.

The classical versions of the functional It6-formula are derived for R%-valued pro-
cesses (see [5], [2], [3], [10]) and there are only a few extensions to infinite-dimensional
processes. For functionals of Dawson-Watanabe superprocesses, this was done in [11].
In the present work, we transfer the approach in [3] and [1] to an infinite-dimensional
setting and derive the martingale representation formula of the following form. If
H = (H(t))e[r,r) is a historical Brownian motion and Y a square-integrable martin-
gale with respect to the filtration generated by H then, by Theorem 3.8, Y allows the
representation

t
Y(t) =Y(0) Jr/ VuY (s,y)My(ds,dy), forallte [r,T]
0

where the operator V), is an extension of the Dupire derivative and My is the martingale
measure associated with H (in the sense of [17]).
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Weak martingale representation

A historical Brownian motion is an enriched version of the super-Brownian motion
that also contains information on genealogy. Generally speaking, if y € C([0, 7], R%) and
yi(s) = y(t A s), Yi(y) = ¢ is a time-inhomogeneous Borel strong Markov process on
an appropriate space, sometimes called the path process, and the historical Brownian
motion is the Dawson-Watanabe superprocess associated with Y ([15], [16]). Historical
Brownian motions have been studied extensively by Perkins and his co-authors (e.g.
[4], [12], [14], [7] and [15]), whose notation we follow in this work.

The predictable representation property for Dawson-Watanabe superprocesses and
other measure-valued processes was first studied in [6] and [13], which are based on the
fundamental insight of Jacod [9]. In the paper [7] Evans and Perkins derived the explicit
form of the integrand in the representation of historical functionals. Their approach is
based on the cluster representation of the historical Brownian motion.

In contrast, we base our approach on properties derived from the martingale problem
of the historical Brownian motion. To highlight the differences, we provide a brief intro-
duction to the approach in [7] as well as a comparison of the resulting representations
in Section 4.

Before that, we start by introducing the underlying concepts in Section 2 including
a brief introduction to historical Brownian motions as well as path processes. In Sec-
tion 3, the weak extension of the functional derivative is derived and the martingale
representation formula obtained.

Finally, it is worth mentioning that, if one works with a super-Brownian motion X
instead of a historical Brownian motion, a result similar to the one in Section 3 can be
obtained. For more details we refer to the remark after Theorem 3.8. In the special case
that the martingale of interest, Y, can be expressed as Y (t) = F(t, X*) for a sufficiently
nice F, one can directly apply the functional Ito-formula introduced in [11] to obtain the
martingale representation.

2 The setting

Let T € (0,0) be fixed and set C = C([0,T],R¢), the space of continuous functions
mapping [0, 7] to R?, equipped with the compact-open topology. Denote by C its Borel-o-
algebra and by C; = o(y(s), s < t) its canonical filtration.

Next, for any y, w € C and s € [0, 7], define y*(t) = y(s A t) and the function y/s/w
glued together at s
y(t), ift <s,

w(t—s), ift>s.

(y/s/w)(t) = {

A function Z : [0,T] x C — R is (C;)-predictable if and only if it is Borel measurable and
it holds Z(t,y) = Z(t,y") for all ¢ € [0, T (see Section V.2 in [16]).

Denote by Mp(C) the space of finite measures on C equipped with the topology of
weak convergence and define for ¢ € [0, 7]

Mp(C) ={m e Mp(C) :y=y" for m-a.a. y}.

For m € Mp(C) and ¢ : C — R, we set (m, ¢) = [, ¢(y)m(dy).
If P, denotes the Wiener measure on (C,C) starting at z, 7 € [0,T] and m € Mr(C)",
define the measure P, ,, € Mp(C) by

Py (4) = /C Py ({0 s y/7/w € A})dm(y).
Define the space Qpy by

Qp = {H € C([r,T), Mp(C)) : H(t) € Mp(C)! Vt € [r,T]}.
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To introduce the historical Brownian motion, let

S={(r,m):7€[0,T], me Mp(C)7}
and define for (r,m) € S

Frm={¢:[1,T] x C = R: ¢ is (C;)-predictable, P; ,,-a.s. right-continuous and
sup |¢(s,y)| < K holds P, ,,-a.s. for some K}
s€[r,T)

as well as

D(A; ) ={¢ € F;p, : there exists a A, ,,® € F: ,, such that
t

¢(ta y) - (b(T’ y) - / AT7’I’I’L¢(S7 y)ds

T

is a (Ct)¢e[r,r-martingale under P; ,, }.

Given these notations, we can define the historical Brownian motion via its martingale
problem. A predictable process (H(t),t € [r,T]) on Q = (Q, F, (F¢)ie[r, 1), P) with sample
paths a.s. in Qy is a historical Brownian motion on (, starting at (7,m) € S and with
branching rate v > 0, if and only if its law P, ,,, solves the martingale problem (see [15])

t

Z(t)(6) = (H(1), 6(t,)) — {m, &(7,)) / (H(s), Ay (s, ))ds, ¢ € [7.T],

T

is a continuous (F;)-martingale under P, ,,, for all ¢ € D(A, )

: . . . (MPg )
such that Z(7)(¢) = 0 and with the quadratic variation given by

[Z(d))]t:/ (H(s),vé(s,-)*)ds forallt € [r,T].

The process Z(t)(¢) in (MPypas) gives rise to a martingale measure in the sense of
[17], which we denote by My (see [15]). This allows us to write

2(1)(6) = /( P00 Min s, ).

From [15], we know that the historical Brownian motion can also be defined by a more
explicit martingale problem. To introduce this alternative martingale problem, denote
by Cg°(R9) the space of infinitely continuously differentiable functions with compact
support mapping R? to R and define

Do={¢:C—=R: o(y) = b(y(tr)s ... y(t)),0 St < ... S 1, < T, 9 € C(R™)}

as well as
Dy = {¢:[0,T] x C — R: ¢(t,y) = (y") for some 1 € Dy}.

Further, set for ¢ € DO

$i(t,y) = > Lict, b-nyari((ts At), ... y(tn A)),
j=1

n n

Gij(t,y) = Z Z LictinteVk—1)dri(e—1)+5 (Y1 A D), y(tn A L)),
k=1 (=1

) d

Ag(t,y) = diilt,y),
i=1
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with 1; and 1);; being the first and second order partial derivatives of ¢). Using these
functions, It6’s lemma yields that for all ¢ € Dy and (r,m) € S

A
AT,m¢(t7 y) = E(b(ta y)

holds, which is needed for the following result.

Theorem 2.1 ([15]). A (C;);-predictable process H(t), t € [r,T] on Q is a historical
Brownian motion starting at (7,m) € S and with branching rate v > 0 if and only if
H(t) € Mp(C)! for all t € [r,T) and the law P, of H is a solution to the following
martingale problem

Z(t)(d) = <H(t),¢>—<m7¢>—/ (H(s), $0(s,-)ds, t€[r,T],

is a continuous (F;)-martingale under P, ,,, for all ¢ € D (MPy)
such that Z(7)(¢) = 0 and with the quadratic variation given by 0

[Z(¢)]t:/ (H(s),v¢*)ds forallt e [r,T).

From now on we consider the historical Brownian motion on its canonical path
space (Q, H[7,T], (H¢)iefr,r); Pr,m) With the coordinate process H(t)(w) = w(t). The
o-algebra H[7,T] and the filtration (#;);¢[-,1}, are defined as the PP, ,,,-completions of the
corresponding o-algebra and filtration generated by the coordinate process H.

Now we can introduce the concepts necessary to develop the result in Section 3,
starting with a metric on the space of measure-valued cadlag functions and differentiation
of (non-anticipating) functionals on that space.

Denote by D([r,T], Mr(C)) the space of right continuous functions from [r, 7] to
Mp(C) with left limits and equip the space with the supremum metric J(w,w’ ) =
SUP,¢fr, 1) dp(w(u), w'(u)) for all w, w' € D([r,T], Mp(C)), where dp is the Prokhorov
metric on Mp(C). This allows us to define an equivalence relation on the space
[.T) x D7, T, Mp(C)) by

(tw)~ (o) & t=tandw’=u'",

which gives rise to the quotient space
Ar = {(t,w") : (t,w) € [1,T] x D([r, T], Mp(C))} = [7,T] x D([7,T], Mp(C))/ ~,
which we equip with the metric (for all (¢,w), (¢,w’) € Ar)

doo((t,w), (', ")) = sup dp(w(t Au),w (t' Au))+ |t —t].
ue[r,T]

A functional F on [, T] x D([r,T], Mr(C)) mapping to R is called non-anticipating if
it is a measurable map on the space of stopped paths, i.e. F: A7+ — R. In other words,
F is non-anticipating if F(¢,w) = F(t,w') holds for all w € D([r, T], Mp(C)).

A functional F' : Ay — R is continuous with respect to d, if for all (¢,w) € Ar there
exists for every € > 0 an n > 0 such that for all (¢,w’) € Ar with do((¢t,w), (t',w')) <7
we have |F(t,w) — F(t',w')| < € (joint continuity in ¢ and w).

For a non-anticipating functional F' : A7 — R and y € C, the functional derivative of
F in direction y is given for all (t,w) € Ar by

F(t Sylpry) — F(t
D,F(t,w) = lim (t,w +edylpny) — F(t,w)
Y ’ e—0 €
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if the limit exists.

We conclude this introductory section by defining the space of simple functions,
which plays an important role in the development of the stochastic integral with respect
to a martingale measure (see [17]). The space of simple functions, S is defined as the
space of functions from Qp x [7,7] x C to R that are linear combinations of functions of
form

Or pa(w,t,y) = T(W) 1Y)l amn(t)

with I" being bounded and #,-measurable, B € C and a € [r,T)]. The o-algebra generated
by S is the product of the Borel o-algebra on C' and the predictable Borel o-algebra on
[7,T] x Q and called the predictable o-algebra. Functions measurable with respect to
this o-algebra are called predictable.

3 Result
Let £2(My) be the space of predictable functions ® : Qy x [0,7] x C — R satisfying

191122 (aryy) 7= Brom

V[ s HE)d)ds| <o,
[7,TIxC

For functions in this space, the integral with respect to the martingale measure My
exists, i.e.

Ing, (®) == /[ ] D(s,y) My (ds,dy) < oo (3.1)
T, | xC

for ® € L2(Mpy).
Denote by M? the space of square-integrable (#;);-martingales with initial value
zero and with norm
1Y |32 == Erm [Y(T)?].

Further, let U be the linear span of functions of form
‘I’Rw,a(% 2 y) = F(w)w(y)l(a,T] (t),

where I' is a H,-measurable, bounded random variable, 7 < a < T and ¥ € Dy. As the
pointwise limit of of ¢/ and S are equal, all functions in ¢/ are predictable. Further, if the
L*> bounds of I'? and ¢? are given by K2 and K2, respectively, we have

I1Prp.allZ2(ary) = E

/ (Fw(saZ/)l(aj](s))QH(S)(dy)ds]
[, T]xC

/ H(s)(dy)ds] < o0,
la, T]xC

where we get the finiteness of the last term by the integrability of the total mass (cf. e.g.
Corollary 2.2 in [15]). Therefore, U C EZ(MH) and, since ¥ € D, can be approximated
by step functions, this yields that I/ is dense in £2(Mp).

In a first step, we analyze the predictable representation property and the form of
the integrand on martingales build from the functions in I/, more precisely on the space

< K2 Ky E

Ly (U) = {Y Y () = / B(s,y) My (ds, dy), B €U, t € [r, T]} |
[r,t]xC
Proposition 3.1. Let ® € U, with ®(w) = ®r y q(w,s,y) = I'(w)(y)1(a1)(s). Then:
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1. It holds

M‘[>|

oty (@)0) = Tw) ({00 ~ (0.9 = [ (ol 30045 ) L = F,H'(0)

with F = Fg. , , defined by
F:[nT)x D(r, T, Mp(C)) — R
() — T(w) ( (1), ) — {w(a). )
- [ o) 2uds) 1

2. For F defined as in the first part and (t,w) € Ar, it holds

DyF(t,w) = T(w)(y)(a,r)(t) = Pr,y,a(t,w). (3.2)
3. SetY(t) = F(t,H'). As (t, H'(w)) € Ar, we can define the operator V ; on Iy, (U)
by
VI, U) Y = VY € L2(My), (3.3)
where

VuY : (w it y) = VY (w,t,y) =D, F(t, H (w)).

Then, the representation
Y(t) = / VY (s,y) My (ds, dy) (3.4)
[rt]xC

holds for all Y € Iy, (U).

Proof. We only have to prove (3.2). To do so, we first acknowledge that, for any w €
D([r,T], Mr(C)),

t

lim ( ((w+edylig ) (), ) — (W + byl 1) (a), ¥) — / ((w+edylp,m)(s),

e—=0 ¢ a

Pyds

l\')“>|

o[>

—<w(t),w>+<w(a),¢>+/<w(s), w>ds>

= lim 1 (51/}(3/) — 6/l:<5y1[t,:r], §¢>d5> = (y)

e—=0 ¢

holds. Further, .
lim — (I‘(w + €5y1[t,T])1t>a — F(w)1t>a) =0

e—=0 ¢

holds since T" is ‘H, measurable. In combination with the product rule of differentiation,
this completes the proof of (3.2). O

Definition 3.2. A linear operator II mapping from its domain D(Il) into a Hilbert space
H is called an extension of the linear operator 11 : D(II) — H if D(II) C D(Il) and
ITv = v for all v € D(II).

To derive the martingale representation for elements in M2, we extend the operator
V, which is defined in (3.3) and based on the functional derivative D, to an operator V
on M. A crucial step towards extending the operator is proving that I, (i) is a dense
subspace of M?2. For this, we need the following result.
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Proposition 3.3. The mapping

Ingy : L2(Mp) 2 @ — ®(s,y) My (ds,dy) € M?
7, ]xC

is an isometry.

Proof. As My is an orthogonal martingale measure with covariation v(ds, dy) = vH(s)
(dy)ds, we obtain (Theorem 2.5 in [17]) for all ® and ¥ in £(Mp)

[T, t]xC [T,t]xC
(3.5)
By [ ()W) H ) d)ds
[rt]xC
for all ¢ € [, T]. Setting ¥ = ® in (3.5) yields
2
10y (@) g2 = B (/ é(syy)MH(ds,dy)>
[7,T]xC
=E 7/ <I>(s,y)2H($)(dy)dS] = @172 sy - .
[7,T|xC

Next, to verify that Iy, (i) is indeed a subspace of M?, consider any ® € . We then
get

T (y)1 a1y (5) M (ds, dy) = T /[ o VM )

Iy (@)(0) = |

[r,t]xC
= DM (1)) — M(a)())lrsg = T (<H<t>, o) = (H@.w) - [ ), %wds) Lo,

As ¥ € Dy and I' is H,-measurable, we get from the martingale problem (MPg) that
elements in I, (U) are martingales with Y (7) = 0. In addition, as i C £?(My), we get
forall ® e U

2
E[(Ir, ()(1))*] = E </[ ] C<I>(5,y)MH(d87dy)>

By [ (s H)d)ds| <E
[rt]xC

’y‘/[T’T]XCCI)(s,y) H(s)(dy)ds] < 00.

Consequently, Iy, (®) is square-integrable and thus I, () C M?2.
From Theorem 4.7 in [7] and Example 3.1 in [13] we get the existence of a unique
p € L2(Mp) such that

Y(t) = / p(s,y)Mp(ds,dy) forallt e [r,T] (3.6)
[r,t]xC

holds PP ,,-a.s.. Consequently, the representation (3.4) is unique and by Proposition 3.3
the mapping /)y, is a bijective isometry, which allows us to prove the following.
Proposition 3.4. The space {V Y : Y € Iy, (U)} is dense in L?(My) and the space
Iy, (U) is dense in M?.
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Proof. From (3.2) and the definition of Vj;, we obtain that {VyY : Y € Iy, (U)} =U
holds. As U is dense in £2(Mp), this yields the density of {VyY : Y € I, (U)} in
L?(Myp). Further, as Iy, is a bijective isometry, we get the density of I, (/) in M2, O

Taking this density result into account, we can prove the following proposition, which
can be interpreted as an integration by parts formula.

Proposition 3.5. IfY € Iy, (U), VY is the unique element in £L%(My) such that

E[Y(T)Z(T)] = E

7/[ ] VMY(s,y)VMZ(s,y)H(s)(dy)ds} (3.7)
T, T xC

holds for all Z € I, (U).

Proof. From (3.4) and (3.5) we get

E[Y(T)Z(T)] = E

7,T|xC

[T, T]xC

=E

’y/ VY (s,9)VarZ(s,y)H(s)(dy)ds
[7,T]xC

The uniqueness is obtained from the following: Assume ® € £?(Mp) also satisfies

EY(T)Z(T)] = E

’y/ <I>(s,y)VMZ(s,y)H(S)(dy)dS] .
[7,TIxC

Then,
0=E

v/ (®(s,y) — VMY(&y))VMZ(s,y)H(S)(dy)d81
[r, T|xC

holds for all Z € Iy, (U). As {VZ : Z € In, (U)} is dense in L£L2(My), this yields the
equality of ® and VY in £2(My) and thus the uniqueness. O

The interpretation as an integration by parts formula becomes clear if we write (3.7)

in the following alternative form, which holds for all ® € £?(My):

E =K

Y(T) / B (s, ) M (ds, dy)
[+, T]xC

y / vas,y)@(s,ym(s)(dy)ds] .
[+, T|xC

By using the uniqueness of V ;Y in (3.7), we can extend the operator Vj; from the
subspace Iy, () to all of M2.

Theorem 3.6. The operator V), defined on I, (U) can be uniquely extend to a bounded
operator

VM : M2 — ﬁz(MH)
Y —» VuY

This operator is a bijection and the unique continuous extension is given by the following:
For a givenY € M?, VY is the unique element in £L?(Mp) such that

EY(DZD) =E |7 [ TarY(s.)Var Z(s. o) H(s) dy)ds (3.8)
[7,TIxC
holds for all Z € I, (U).
ECP 27 (2022), paper 51. https://www.imstat.org/ecp
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Proof. As Vy : Ing, (U) — L2(Mpy) is a bounded linear operator, £2(My) is a Hilbert
space and Iy, (U) is dense in M?2, the BLT theorem (bounded linear transformation
theorem; see e.g. Theorem 5.19 in [8]) yields the existence of a unique continuous
bounded extension of V,; to M2. As the restriction of the operator defined by (3.8) to
Iy, (U) coincides with the initial operator by Proposition 3.5, (3.8) uniquely defines the
continuous extension.

As for every Y € M?2 there exists a unique p such that (3.6) holds, we can com-
bine (3.6) with (3.5) and (3.4) to get for all Z € I, (U)

E[Y(T)Z(T)] = E

/ p(s,4) My (ds, dy) Z(T)
[7,T|xC

=E

/ p(&y)VMZ(s,y)H(S)(dy)dS]-
[7,TIxC

Thus, p and VY have to coincide in £2(M 1) because of the uniqueness of the integrand
in (3.6).

Using this, we can prove that the operator is bijective. To do so, let Y, Y’ € M? with
VuY =VyY' and VY, VY’ € L2(Myg). Then, as Iy, (U) is dense in M?, we get
from

0=E

|7, T|xC

=k

(/ VuY(s,y) My (ds, dy) —/ VMY'(S,?/)MH(CZS»dy)> Z(T)
[7,T]xC [7,T]xC

= E[(Y/(T) - Y'(T))Z(T)]
forall Z € Iy, (U) that Y = Y’ in M? holds. Consequently, the operator V) is injective
and as for every ® € £?(My) the process given by

Y = D(s,y) My (ds, dy)
[7—7'] xC
is in M? and satisfies V ;Y = ®, the operator is also surjective. Therefore, the operator
is bijective. 0O

The operator V,; defined on M? has the following nice properties which, while not
of particular interest for the martingale representation formula, are worth mentioning.

Proposition 3.7. The operator V), defined on M? is an isometry and the adjoint opera-
tor of I,y,,, the stochastic integral with respect to the martingale measure Mp.

Proof. Let Y € M?2. As in the previous case, we get the isometry property from

||VJVIY||2£2(MX) =

v (VMY@,y))?H(s)(dy)ds]
[7,T|xC

2
=K (/ VA{Y(S7y)MH(dS7dy)>
[7,T|xC

2
[T7']><C

M2
= Y42
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To show that V), is the adjoint operator of Iy;,,, let ® € £2(Mp). It then follows

(I (), V) p2 = F /[ 1 P s )Y (1)

[T,T]XC [T,T]XC

=K *y/ O(s,y)VmY(s,y)H(s)(dy)ds
[7,TIxC

= <®a VMY>E2(MH)a
which proves that V), is the adjoint operator. O

From the above, we obtain the following martingale representation formula that
extends (3.4) to all square-integrable (#.);-martingales.

Theorem 3.8. For any square integrable (H.);-martingale Y and every t € [r,T] it holds
Y()=Y(0)+ / VY (s,y)My(ds,dy) Pr,, —a.s.. (3.9)
[T, t]xC

Proof, First, assume that Y € M2. From the proof of Theorem 3.6 we know that the
unique integrand p in (3.6) is given by VY. Therefore, for Y € M? and t € [r,T], it
holds

Y(t) = / VarY (s, y) M (ds, dy)
[r,t]xC

P, ,,-almost surely.

To obtain the result for all square-integrable (#;);-martingales Y, we can once again
get a process Y € M2 by setting Y =Y — Y (0). Then, applying the above to Y and
adding Y (0) to both sides yields (3.9). O

Remark 3.9. By following the same steps, one can obtain a version of Theorem 3.8
based on the super-Brownian motion instead of the historical Brownian motion. While
we leave the details to the reader, we do note that the space Dy in the definition of I/ is
replaced by the Schwartz space and the uniqueness of integrand in (3.4) is proved in [6].

4 Comparison to the Result by Evans and Perkins

We start this section with a brief summary of the results in [6] and [7] before we
compare our result to the existing one. Note that the following results from the literature
are slightly adjusted to match our setting and that we skip over most of the details for
the sake of brevity.

Let X be a Dawson-Watanabe superprocess and Myx the associated martingale
measure. If a square-integrable functional F' is applied to X, then the result of interest
in [6] states that there exists an unique suitable integrand ¢! such that F(X7) can be
written as

F(XT)=E[F(XT)) +/ o (s, ) Mx (ds, dz). (4.1)
[0,T]xE

As an immediate consequence, every square-integrable martingale Y can be written as

YO =EYO)+ [ fs0)Mx(ds do
[0,t]xE
for some square-integrable integrand f.
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In [7] a result similar to (4.1) is proven in a scenario with X replaced by a historical
Brownian motion H. In addition to that, if the function F' satisfies some regularity
conditions, the authors obtained the explicit form of the integrand ¢ and thus the
explicit form of the representation, which is given by

F(HT):IE[F(HT)]+/[ . CJS;yF(HT)MH(ds,dy). (4.2)

The integrand J;,, F(H T is given by a specific predictable projection of the process

L) = | F(HT 4 1) — F(HT)Q" (dh),
C([r,T],MF(C))

with Q*¢" playing the role of the canonical measure in the Poisson cluster representation
of the path of H from s to T and the operator J,., resembling the Malliavin derivative
for diffusions. The proof of (4.2) is motivated by Bismut’s perturbation argument in the
context of Brownian motion. For details on these concepts, we refer to the original work
[7].

To compare the result in [7] to the one presented in Section 3, note that, if we set
t="1T, (3.9) becomes

Y(T) = E[Y(T)] + / VMY(S,y)MH(dS, dy)
[7,T]xC

As Y (T) is Hr-measurable, there exists a function G such that Y (7) = G(H?), from

which we get a representation of form

GUHT) = BIG(HT)] + [ uGUHT)(5,) M (ds, dy).
[7,TIxC
If the function G satisfies the regularity conditions on F' in [7], the uniqueness of the
representation yields that the two integrands have to coincide with respect to || - || z2(ar,,),
ie.
VuG(HT)(s,y) = To.y G(HT) with respect to || - |l 2 (A -

In particular, if F' in (4.2) is such that F(HT) € I, (U), we can use the definition of V),
on I, (U) as well as (3.2) to compute the integrand using the Dupire derivative so that

TsyF(H") = DyF(s, H®) with respect to | - || z2(asy)-

In conclusion, the approach by Evans and Perkins is based on a two step derivation.
In a first step, J,, F(HT) is computed. As J,, F(HT) is not predictable, computing the
predictable projection J;., F(H T) is necessary to obtain the integrand in the represen-
tation. This is in line with the derivation of the classical derivation of the Clark-Ocone
formula based on Malliavin calculus.

In contrast to that, our approach is based on a single step as the Dupire derivative
D as well as the operator V,; are already predictable. However, if one starts with a
function G, it is necessary to first derive the martingale Y from the functional G for
this single step procedure. Of course, this also constitutes a predictable projection.
Hence, one can conclude that the operations predicatable projection and differentiation
commute. A detailed comparison of the the approach based on Malliavin calculus and the
approach based on functional calculus for real-valued diffusions is presented in Chapter
7.3 in [1], where this commutativity is also discussed.

Finally, while the approach in [7] requires a deeper understanding of the cluster rep-
resentation of the historical Brownian motion and its paths, our approach is solely based
on properties obtained from the martingale problem defining the historical Brownian
motion.
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