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Limiting behavior for the excursion area of band-limited
spherical random fields*
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Abstract

In this paper we investigate some geometric functionals for band-limited Gaussian
and isotropic spherical random fields in dimension 2. In particular, we focus on the
area of excursion sets, providing its behavior in the high energy limit. Our results
are based on Wiener chaos expansion for non linear transform of Gaussian fields and
on an explicit derivation on the high-frequency limit of the covariance function of
the field. As a simple corollary we establish also the Central Limit Theorem for the
excursion area.
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1 Introduction and background

Let {Ty(x),> € $%} denote the spherical harmonics, which are solutions of the
Helmholtz equation:

AgeTy(z) + 000+ D)Ty(z) =0, £=1,2,...;

where Ag: is the spherical Laplacian. We can put on these eigenfunctions a random
structure such that {T;(z),z € $?} are isotropic, centred Gaussian, with covariance
function given by

20+1

™

E[Ty(x)Te(y)] = Py(cosd(z,y)),

where P, is the Legendre polynomial and d(z,y) is the spherical geodesic distance
between x and y, d(x,y) = arccos({z,y)). After choosing a standard basis {Ys,(x)} of
L?($?), the random fields {7;(z)} can be expressed by

4
Tg(.%‘) = Z afmnm($>7 (1.1)

m=—{
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Excursion area of band-limited spherical random Fields

where {ag,, } is the array of random spherical harmonic coefficients, which are indepen-
dent, safe for the condition @, = (—1)"as,_m; for m # 0 they are standard complex-
valued Gaussian variables, while ay is a standard real-valued Gaussian variable. They
satisfy o

E[agm&g/m/] =0 o,

m

The excursion set of Ty is defined as
Au(Ty) = {2z € 8% : Ty(x) > u},

where v € R. The geometry of the excursion sets of random eigenfunctions can be
described by the so called Lipschitz Killing Curvatures (LKCs), which in two dimensions
are the excursion area, half of the boundary length and the Euler-Poincaré characteristic.
These functionals have been studied in many different papers, among them [9], [10], [11]
focused on the area; [20], [8], [21] on the nodal length (boundary length at level u = 0);
[4], [3] on the Euler-Poincaré characteristic. In these works the authors established
asymptotic variances and limiting distributions (in the high frequency domain) of these
geometric functionals. Moreover, the local behavior of the excursion area and of the nodal
length has been investigated in [18], [19] respectively. Indeed random eigenfunctions
restricted to subdomains of $2 are studied and differences and analogies with the case of
the whole sphere have been highlighted. We also refer to [7] and [15] for results in the
d-dimensional sphere $¢. In this framework we aim to extend these results to the case of
band-limited functions. They have recently received attention for example in [2], [13],
where their nodal domains have been studied; in [12], which considers the connected
components of zero sets Gaussian random fields and in [16], where the topology of nodal
sets is analyzed.

Our model is described here below.

Let us consider the sequence «, g given by

1
Qnp g = 1-— n7

with0 < 8 < 1,8 € R, n € N and {7;} defined as in (1.1). The band-limited functions
here are random fields {7, ,(z),z € $*} defined by

To,s(®) =/Cop Y Ti(x), (1.2)

l=ayn gn
where
CoL 47 B 4
T 21— ) +2n+1 n2 P42 417
{T,, ,(x)} are centred Gaussian with E[T,, ,(z)?] = 1 and covariance function given by

n

- 20+ 1
Lo, s(m,y) =Chnp Z E[T,(2)T¢(y)] | = Cnp Z 4+ Py(cosd(x,y)). (1.3)

7

l=an, gn l=ap, gn
We consider the excursion sets
Au(Tan,B) = {CE S $2 . Tan,ﬂ (1’) Z U},

with u € R, u # 0; in this paper we focus on the area of these regions, which we denote
by Sa, ;(u), when 3 € (0,1). Along the lines of [10], we can see that S, ,(u) can be
written as a function of the random field itself in the following way

San,ﬁ (u) = 1{’1_"(Y (z)>u} dz,
g2 n,B
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where 1(+) is, as usual, the characteristic function which takes value one if the condition
in the argument is satisfied, zero otherwise. This expression allows to project the
area into the orthonormal system generated by Hermite polynomials (Wiener chaoses
projection) Hy(u), k € IN, that is

Ho(u) =1, Hy(u) = u, Hy(u) = u?® = 1,..., Hy(t) = tH,_1(t) — Hy_,(t),k > 1.

Indeed, since 1(-) € L?($?), it can be expanded as

= Jy(u) -
1{Tanﬁ(m)>u} = Z qq| Hq(Tanﬂ (),
g=0 "
in L?(2). The coefficients {J,(-)} have the analytic expressions Jy(u) = ®(u), J1(u) =
—p(u), Jo(u) = —ug(u), J3(u) = (1 — u?)¢(u) and in general

Jo(u) = —Hy—1(u)g(u),

(see [10] and [14]) where ¢(-) and ®(-) are the density function and the distribution
function of a standard Gaussian variable. It follows that

Sevn () =" 1) Hy(To, ,(2)) da. (1.4)

7=0 q' Jse

Note that if we take f = 1, the random field in (1.2) is the eigenfunction 7, and
the behavior of the LKCs in this case has already been investigated. Indeed in [10]
the authors have been proved that the projection on the first component vanishes
identically and the correspondent series in (1.4) is dominated simply by the second
chaotic component. More explicitly, the variance of this single term is asymptotically
equivalent to the variance of the full series, and its asymptotic distribution (Gaussian)
gives also the limiting behavior of the excursion area. On the contrary, when 5 = 0,
the expansion in (1.4) does not have any leading component, namely, each chaotic
component has the same asymptotic behavior (as it happens for the defect case, defined
as the difference between positive and negative regions, when only one eigenfunction is
considered, see [11] and [15]). It could then be suspected that the limiting behavior may
depend on the value of 3, but this turns out not to be the case. Indeed, we will prove that
for any 0 < 8 < 1 the second chaotic component is still the leading term of the series
expansion in (1.4) and so no phase transition with respect to 3 arises.

2 Main result

Let us consider the expansion of the excursion area given in (1.4), we can write

Sans(u) =1 =) [ dr+¢(u) . Hy(Ta, 4 (x)) dx

SZ
rus [ (T, @) do+ Y M0 [ T @) dn @

q=3

in the L?(Q)-convergence sense. Denoting

hg.q :z/ Hq(Ta",B(a:))dx q=1,2,...,
SZ

we have that

= Ty (u
o) =3 20 hs,,
q=0 )
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Remark 2.1. Note that [, H1(T,, ,(z))dz =0, indeed

Hl(z‘ﬂanﬁ(gc))cza::/S:nM z)dr =/Chp Z /Tg Ydz =0

2
8 l=an, gn

thanks to the orthogonal property of Spherical Harmonics (see [6], page 66).
Remark 2.2. The choice of C,, 3 in (1.3) is such that Var[T,, ,(z)] = 1. Indeed,

n

4

Var[ Qp, B(Jf)] = (1 _a )+2n+1 Z [VaI‘Tg(.ﬁ)]
_anﬁn
47 "2 +1
= =1.
n?(1—af ) +2n+1, Z 4
’ =an,gn

The main result of this paper gives the high energy behavior of the variances of hg,,
to the vary of ¢ > 2.

Theorem 2.3. For0 < <1, asn — oo,

3272 1
Var(hg,2) = 3P +0 (n3—25) forq =2,
1
Var(hp,) = O < °g2"> for q = 4,
n
1
Var(hg,q) = O <n2> forq=3 andgq > 5.

Remark 2.4. From Theorem 2.3 it follows that the second chaos is the leading term
for all § € (0,1). The same holds when only one eigenfunction is considered (namely
if 8 = 1). Indeed in that case it has been proved, in [10], that the variance of h; ., is

3277 525 for all /.

For the continuity of the norm and the orthogonality of the Hermite polynomials, the
following expansion holds in the L?(2) sense:

u?¢(u)’
1

Var(S,, ,(u)] =0+0+ Var{ et To, ,(x ))dx}

o0

i ar [ s2Hq(Ta"’ﬁ (z)) dm] :

Then, as a corollary, we get

Corollary 2.5. For0 < <1, asn — oo,

2 2 2 2

Var(Sa, , () = = (ﬁ“) Var(hgz) + o (Var(hs)) = 3272 % Qif“) n;_ S +o <n21_ ﬂ> .
The key role in the proof of Theorem 2.3 is played by the derivation of the asymp-
totic behavior of the covariance function defined in (1.3) and it is given here below in

Lemma 2.6.

Denoting by N the North Pole, we fix + = N and, in view of the isotropy, we can
write Iy, ,(z,y) = Ta, ,(cosf) with § € [0, 7). Changing variable § = L the following
lemma gives the asymptotic behavior in the high frequency limit of the covariance

function for 1 < ¢ < a, gn(m —¢), for any e > 0.
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Lemma 2.6. Given f%ﬁ(z,y) as in (1.3), for 0 < p < 1,8 € R, we have that, for
1<y <appnm, asn — oo,

_ v\ Casl . ¥ N[ v/(nang) ¥ ansn
Loy < an,ﬁn) " uar (Sm 2an,ﬁn> <sin<w/<an,ﬁn>>> NG
2 (v 3m (n+1) \ . (n+1 1
X [\/;(—2) sin (2 -7 + 2017;,[3”1/}) sin (nanﬂw — 1/}) + 0 (1/’) } (2.2)

Remark 2.7. Note that, writing % =Y+ % + O(%) + O(n%) and calling ¢ =
245 +O(s) +O(2),

sin <1§ - ?ZTW + (27;:5172 7,/1> sin <Zc:;71 P — 7,/1> = ( (¢ — ?Zr) cos (+cos <1/J — iﬂ) Sin() sin ¢

and then (2.2) becomes

= o _Cap (. Y - Y/angn Y2 (arngm)
Lans <COb an,gn) T 4rm <51n <2an,5n>> (sin(w/an 5n)) VP

X \/Z(—?)sing (—sin (1/1— 32) cos ¢ + cos (1{1— ) sin¢ + O <1P1C>> . (2.3)

Finally, we observe that, for Parseval’s identity,

g2

Hy(To, ,(2))dz = /S 2 (T, 5 (2)? =) dz=Crpd Y /S Tu(@)Te () do — 4z
v

n 4
=Cng Y. > lam|*—4m, (2.4)

l=ay, gnm=—{

which are sums of independent Gaussian random variables. The mean of (2.4) is zero and
then, from Theorem 2.3, the Central Limit Theorem follows for hg.2. As a consequence,
along the same lines as in [7], we can establish the validity of the Central Limit Theorem
for S, ,. Note that from (2.1) it is easy to see that B[S, ,(u)] = (1 — ®(u))4~.

Corollary 2.8. Forall0 < 8 < 1, asn — oo,

San,ﬁ (u) - E[San,[-} (u)]
Var[S,,, ,(u)]

—d Z7
where Z ~ N(0,1) and —, denotes convergence in distribution.
Remark 2.9. When 5 = 0 all the chaotic components have the same asymptotic behavior.

We are not going to discuss in details this case but the idea is that the covariance function
behaves like

and then for all ¢
1 /Mm™™ 1 3m\? 1
Var(hqu) ~ ﬁ . T COS dJ - — d'l,[} ~ ﬁ

since the integral converges.
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3 Proof of the main result (Theorem 2.3)

Proof of Theorem 2.3 assuming Lemma 2.6. First of all we remind the following prop-
erty (see for instance [6], page 98): let Z;, Z5 be jointly Gaussian; then, for all ¢;,q2 >0

E[qu (Zl)qu(Zz)] = q1'5ng[ZlZz] (31)
Now we start computing the variance of hg,; hence,

Var(hgs) _Var{ HQ(TW(z))dx} _IE{ Hg(Tmlyﬂ(:z:))dxr

$2 $2

=1E{ H2(Tan,ﬂ(x))H2(Ta,L,B(y))dﬂ«“dy] :/s E[Hy (T, , () Ha(To, 5 (y))] dady,

52 x $2 24 g2
(3.2)
which is, in view of (3.1), equal to
2/ f‘an 5 (x,y)2 dxdy.
$2 x §2 '
Using (1.3) we get
- “L2+1 20 4+ 1
o2
Var(hg.2) = 205 5 Z Z = Pi({z,y)) p Py ({z,y))dzdy  (3.3)

25 @2
52x$ l=apn gnl=angn

and exchaging integrals and sums, and applying the duplication property (see [6], Ch.
3), that is,

20+1 200 +1 2041 /
|2 Palle ) T Pl 2) dy = 2= Palfo )6
g2 4m 4 4n

(3.3) is equal to

20+ 1
202 / Po(lz, 7)) da.
# XZ: 47T g2

Since P;(0) =1 V¢, we conclude that

n n
20+ 1 20+1
Var(hgz) = 202, S S [ dw=202, 3 Zloan
l=oy g 52 l=oy, gn
= 205”6[(71(71 +1) —apgn(ansn —1)) +n+1—ay, gn
2(41)? 2(4m)?

= 202 4(n*(1—a? 2n+1) = = :
np(n* (1= agp) +2n+1) n?2(1—a2)+2n+1 n?2F+2n+1

Finally, we observe that

3272 2 1 3272 64rx? 1
Var(hg;2) = n2-p (1 TR <n15)> =28 gm0 (n325> -G8

Let us focus now on the variance of the chaotic component hg.4, for each ¢ > 2. Hence,
same computations as in (3.2) lead to

Var(s) =V ([ #(To, (@) o) =at [ T (o) dody
$2 ! §2 g2 ’
and because of isotropy it is

:27r\$2|q!/ Ly, ,(cos0)?sin 6df. (3.5)
0
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Note that, as it happens for example in [9], for symmetry properties of the Legendre
polynomials, we can write

T /2
/ Iy, ;(cos@)?sin6df = 2/ Ia, ;(cos8)?sinfdb. (3.6)
0 0

This can be seen recalling definition (1.3) and using the fact that P(-) is an odd function
if £ is odd while it is even if ¢ is even. Then the only case where (3.6) does not hold is
when the integral in (3.5) is equal to zero. Then we have

/2 _ 1/(04,11511)_
Var(hg,,) = 27T\$2|q!2/ La, 5(cos8)?sin0d = 47r|$2|q!/ Ly, ;(cos8)?sin0df
0 0
/2 B

+ 47r\$2|q!/ Ty, ;(cos@)?sinfdo. (3.7)

1/ (@ 5m)
Note that for § € [0,1/ (v, gn)), since |Tq, ,(z,y)| < 1, changing variable 6 = > v . we

: p

have that

1/(on,gn) 1/(on,pm)
/ I, ;(cos@)?sinfdf = O / | sin @] dO
0 0

=9 ((a:m / ) d¢) -9 (nl) B

For the second integral in (3.7), changing the variable 6 = S “p/m, we obtain

/2 B 1 Tan,gn/2 w q ’l/)
/ Lo, ,(cos)sinfdf = / Lo, s (cos > sin ( ) dap
1/(an,pn) 1 Qn, M J1 ' Qn, gM QBN

8

1 n” q
= / Lo, s <cos v ) sin < v > dy
Qn, g7 J1 ’ Qn,gN Qn, g1

1 Tan,gn/2 q
+ / To, s <cos v ) sin < v > dip.
Qn, BT Jnp ’ Qn, g1 Qn, T

8

1 nt q
Ly = / Lo, s <cos v ) sin < L4 > dyp
Qn, g1 J1 " Qn, g1 Qn,gN

1 T, g /2 B q
I, = / Fa, 5 | cos v sin v dip.
Qn BN JpnB ' Qp N Qp BT

Let us focus on I ,. From Lemma 2.6, taking the ¢g-power, we get that

= (0 ! S Cup( . Y ! Y/ (nang) 1z Qn,gN
Ta,, ( Wn> - { 4m (Sm 2an,ﬁn> (sin(w/m,ﬁn))) Nz
2 (Y 3w (n+1) . n+1 1 a
X {\/;(—2) sin (2 vy + 2an,5nw) sin (nanﬁw - 1/)) + 0 <¢) ] } . (3.9)

Exploiting that

We denote

and

sin(w/(anﬁn))O( v ) (3.10)

non, g
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and bounding by a constant the term in the square brackets in (3.9), we can say

e nom, gT/2 1 w 1—q
g =0t [ Gm (0) )

_ 2q—2q renaT/2
= 0( (ansm)®2c7 T ).

nh

We consider now (o, sn)*12C 5 = (o, g1)%0 > We can write it as

(n2_ﬁ+2n+1)q :

n2a-2 1 1\' np2 2n + 1 1
1-— = 1+0 | —— 1+0
cemramy () e (00 (5) (o (39)
n=?2 1 1
- ( +0( )+o( 1 ﬁ)) (3.11)
Hence for all ¢ > 4, we have that
ndb 1 1 1
Iy =0 ( n2 ((an’ﬁn)3/2q—2 - n5(3q/2—2)>> =0 (77,2) ’ (3.12)

For ¢ = 3, from (3.9), we get
38 Oy, g /2 1 3 1 3 1
hF3~UQP3f/ >wm(w—7T W+)¢)5m("+ - ¢>Mu

n2 J.s 1)9/2-1 20,80

where K3 = L \/% (—2). In view of the following formula

(sin(a))?(sin(b))® = 312 [ 3 cos(a — 3b) + cos(3a — 3b) + 9 cos(a — b) — 3cos(3a — b)

—9cos(a + b) + 3cos(3a + b) + 3 cos(a + 3b) — cos(3a + 3b)] ,

integration by parts applied to each summands gives

Iy —3=0 (;) . (3.13)
To be clear, let us study for example the first term, it is equal to
3 —3n38 an,pn7/2 cos(dip — ??TW - %TZJ) —3(K3)? n%f
(o) 55 57 /nﬁ /21 V= Ba- L) 2
sin(de) — 5 — ALy jansnm/2 g pan pnn/2 sin(d) — 5 — atly)
<[] s g

1
=0 (n2+ﬁ/2> :

The other integrals can be done in the same way.
As far as I 4 is concerned, taking the g-power of (2.3) and exploting again (3.10) for
sin/(an gn) and sin ¢, we get

L[ s (% T fansn P (ansn)
*’l’q:an,gn/l [477 ( 2ozn,ﬁn> (sin(Wanﬁn)) Vo
T e e o R G DAL ) |
x4/ —=(=2)sin( | —sin [ ¥» — — ] cos { + cos 1/1—— sin¢ + O sin dip
T 4 P QAn. B

=0 ((C7L,B)q(047z,6)2q2 /1n wlf‘lﬂﬁgq d¢> =0 <(C"a/3) ian B / pL-a/2 d¢>
(3.14)
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For ¢ > 4 the integral in (3.14) converges and in view of (3.11) we conclude that
1 .
O 2) lf q > 4
n

I, = (3.15)
, 1
o) oan) if g = 4.
n

It remains to study I; 4—3. Developing the third power in (3.14), we obtain

Caplan,an)” /mﬁ L (ena) )WQ sin ¢
(4m)3 1 sin(y/2a,, 5)% \sin(¢/ay, ) 372

3
<sm(¢) cos® ¢ 4 cos® (¢)sin3(3sin(w:zr)cosg

X cos? <w — I) sin? ¢ + 3sin® <w — I) cos? ¢ cos (1/) — 32) sin() sin(y/ ., g) di.

I =3~

Replacing once again sin(y/(a, gn)) ~ ¥ /(on,gn), cos¢ ~ 1 and sin ¢ ~ ¢ we get

Crplomam)® 5 [ (anp)® 1 4
(4m)? = BTN

(o) e o2 o ) o)
+ 3sin? (w - I) cos (w - ?Zr) j’ﬁ) dip
and in view of (3.11) we have
—3sin <¢ — T) <¢ - > £+3sm (1,/1 - I) cos <¢ - T) ;f;) dip.

Integrating by parts it can be seen that the integral converges and then that

1
Lg—3=0 (ng) : (3.16)

Indeed, let us consider, for instance, the first summand, we have that

“sin (7,/} sm _cos (w — 3—”) sin (@Z) — 3—”)
[t [ Sy

Il,q:S ~

1/;1/2 Y172
_Jeos(@ )" 1 eos (v — )
I T N
1 [cos (¢ — %{)3 n’ ™ cos (v — 3”)3 J
3 P12 ) o L 372 ¥
Putting together (3.15), (3.16), (3.12), (3.13) and (3.8) in (3.7), and remembering the
result in (3.4) the thesis of Theorem 2.3 follows. O

4 Proof of Lemma 2.6

Before proving Lemma 2.6, using the same notation as in [5], we recall the Hilb’s
asymptotic formula (see [17], Theorem 8.21.12):

P19 (cos ) = <sm g) 1{( ,9 )1/2J1((n+1)9) +R17n(0)}, (4.1)

sin 6
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S0

where P, is a Jacobi Polynomial, which in general is defined by

£

Run(0) = 630(n), 0<6<c¢/n
L 01720(n=3/%), c/n<O<T—¢

and J; is the Bessel function of order 1.

(4.2)

Proof of Lemma 2.6. Looking at the covariance function in (1.3) we can write f‘an,ﬁ (z,9)
as

no —1
_ "N 20+ 1 <A 20+ 1
Fovale) = Cos( 2 Plea) - Y 2R,
£=0 £=0

Thanks to the following formula ([5], page 6), derived by the Christoffel-Darboux formula
(see [1]),

3 Z Ve (@)Vem(y) = L PO cos bz, ),

=0 m=—/
and to the addition formula ([6] page 66):

2041
Z Yo (2)Ye,m (y) =

m=—{

Py(cos 0(z,y)),

we obtain that

n+1
4

I, ;(cost) = Cn’g[ P(1 0) (cosO(z,y)) — NOn.p 10n.8 p(1,0) _4(cos 9(&1/))}

A nay,,g—1

Applying the Hilb’s asymptotics formula given in (4.1) we get

To ,(cosd) = (’;ﬂ (sin g)_l {(n+1)< ! )1/2 Ji(n+1)8) + (n + 1)Ryn(6)+

sin 6

o \1/2
— nagy g ( - ) Ji(noy, gf) — nanﬁRlﬂmnﬂ(O)}

sin 6

<f<7mT—c¢

In view of (4.2) the error term (n + 1)R1 ,,(0) — nan g R na, ;(0), for

’

non, g
is equal to

20 (n8) (n-+ 1), 5820 (1wt B) =20 (w7t nta ) =0 ().

— and exploiting the expansion of the Bessel functions

Now, changing variable 0 = _
(see [17], page 15-16):

2 \'/? 3m 3 3m 5
= —_ R - q] - —5/2 .
Ji(z) (773:) cos <x 1 > YWGrTE sin (m 1 > +O0(z ), as x — o0,

we find

o)~ (o (5)) ()

2a,, gn 1/2 (Y(n+1) 3w 3 1\*? QBN 3/2
Loen(Geste) (o 5w (6) (G5)
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(i 5) o (@) ) e (s (%)
“wvm () (0-5) o () )| o ()

which leads to

B C —1 1/2
Foc” 5 | COS 1/} = n.5 (sin ¥ M Qn, M
’ Qp, BN 4 20, 81 sin(y/(am, gn)) ’
2 ((n+1\"" 3
il 1) _ 2z
AW E) e (g F) e (7))
3/2 1/2
3 1 . 3T Q8N . (n+1 3m 1
— | = -— |- | == - — O|—++— .
i (3) (n(-F)-(38) e (35 %)) o (o) ]
Using the Taylor expansion (14 z)7 =1+ ~x + w:ﬁ +o(z?) (z— 0) applied to

T N (L N . e e e
Q3N n nf N anf 32028 2n n?8 n

and
1/2 ~1/2 1/4
. gm 1 1 1 3 1 1 1
DnfY) = (142 1— — -] __°2 = — -
<Tl+1> ( +”) ( n5> P 3202 2 O\n2 ) T\ )
we obtain
-1 1/2
Lo, , <cos L > _ Cns (sin ¥ > { < ¥/ (non,s) > Oén.ﬁn|: 2
" Qp, BN 4 2a, g1 sin(y/(cn,gn)) ’ T
Y(n+1) 37 3 2 1 P 3
PIRTL) 2T _2r i 1 _on
X (cos ( P 1 cos | ¢ 1 + “m{) 1P €0 (n+ )an,gn 1
3 1\, 3r\ . (n+1, 3x
v () (e (=) e (S5 T)
3 (1N\*? 1 [/ nt+1 3 1 1 1
rvm () w5 rolmm )
Exploiting the addition formulas of sine and cosine
1 1 1
cos Yln+l) 3r — cos w—B—Tr =—2sin %—314—(”_'_ )w sin iw—w )
Oy BN 4 4 2 4 200,81 Ny, g
) 3 . (Y(n+1) 3w v 3r (n+1) (Y n+1
_2) PART ) 9T 9 z_2n 7 _
S (¢ 4 ) S ( anpn 4 ) cos (2 4 20?2 T e, )
we conclude that
r ( ¢ ) _ Cug ( LY ) ( ¥/ (nev ) >”2 i, g1
ans | COS = sin .
Oy BN 4w 2a, g1 sin(v/ (o, gn)) N
2 (Y 3rm (n+1) . (n+1 1
Z(—9)s ry_ 27 , .
eman(3-F i) e (Ee-0) o (3)] o
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