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When the geodesic becomes rigid in the directed landscape®

Zhipeng Liu’

Abstract

When the value L of the directed landscape at a point (p; q) is sufficiently large, the
geodesic from p to q is rigid and its location fluctuates of order L~* around its
expectation. We further show that at a midpoint of the geodesic, the location of the
geodesic and the value of the directed landscape after appropriate scaling converge
to two independent Gaussians.
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1 Introduction

Recently, there have been huge developments on the study of the Kardar-Parisi-Zhang
universality class [2, 17, 18, 9, 23, 24, 8, 22, 12, 19, 20]. Very recently, a four-parameter
random field, the directed landscape, was constructed from one specific model in the
class, the Brownian last passage percolation [12]. It is believed that the directed
landscape is the limiting law for all the models in the Kardar-Parisi-Zhang universality
class, and this has been confirmed for several classic models [14].

For the directed landscape, a lot of information is known, including the finite-
dimensional distributions [22, 19, 20]. On the other hand, less is known about the
geodesic. There are studies on the properties of the geodesic recently [6, 15, 16, 5,
4,7,10, 13, 11, 14]. However, the explicit one-point distribution of the point-to-point
geodesic was only obtained in [21].

The goal of this paper is to investigate one property of the geodesic in the directed
landscape using the formula obtained in [21]. We first introduce some notations and
properties about the directed landscape and its geodesic. Let £(z, s;y,t) be the directed
landscape. It satisfies the metric composition law

L(z,ry,t) = max (L(z,7;2,8) + L(2,8;9,t)) (1.1)
z€

for any fixed r < s <t and z,y € R, and hence it has the reverse triangle inequality

L(x,riy,t) > L(x,r;2,5) + L(2,579,1). (1.2)
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When the geodesic becomes rigid in the directed landscape

The geodesic in the directed landscape £ from (z,7) to (y,t) is a continuous path
T = Tg,ry, Which maximizes the following length with respect to £

k
inf inf Z,C(W(Sifl),Sifl;’/T(Si),Si). (13)
i=1

kEN r=s0<s1<:-<sp=t “—

It has been proved in [12] that such a directed geodesic exists and is unique almost
surely. Moreover, one can prove that the geodesic has the following properties

Tyt (1 — $)1r + st) faw (t — 7")2/377070;0,1(3) +((1—=s)z+sy), se][0,1], (1.4)

w

where la means that the two sides have the same law, and
L(Tp iyt (1 —s1)r + s1t), (1 — 51)7 4+ 8185 Tg ryy ¢ (1 — s2)7 + s2t), (1 — 52)7 + 59t)
law
£t — 1) Y3 L(m0,00,1(51), 515 70,0,0,1 (52), 52) (1.5)

SS9 — 81 _ 2
., -2

—2(t— T)_l/g(ﬂo,o;o,1(32) — 70,0,0,1(51))(y — @) —

for any si, sy satisfying 0 < s; < s < 1. In other words, the goedesic 7, ,., ; has the
same law as 7 0,0,1 after rescaling, and the directed landscape along the geodesic 7 r.y ¢
has the same law as along 7 o,0,1 after shifting and rescaling. These two properties can
be obtained straightforwardly using the formula (1.3) and the stationarity and rescaling
properties of £ described in [12, Lemma 10.2]. Hence we do not provide details here.

In this paper, we will fix the point (0, 0;0,1). Denote II(s) = m,0,0,1(s), 0 < s <1, the
geodesic from (0,0) to (0,1). We also denote L(s) = £(0,0;II(s), s) for 0 < s < 1. We
remark that the fact I1(s) is on the geodesic implies £(s) + £(I1(s), s;0,1) = £(1).

The main result of this paper is about the fluctuations of II(s) and £(s) when £(1) = L
becomes large. In the following theorem, the conditional probability P (A | £(1) = L)
should be understood as lim. o+ P (A | £(1) — L € (—¢,¢)), for an event A.

Theorem 1.1 (Rigidity of the geodesic). For any fixed s € (0,1) and x1,z2,01,¢5 € R
satisfying r1 < xo and ¢, < {5, we have

20 /*11(s) L(s) — sL

P (i e oo SR
xo 2
= [ ot [ e

where p is the probability density function of the standard Gaussian distribution

S (61,52)

L(1) = L>
(1.6)

1 22
p(x) = \/%677, z e R. (1.7)

2LY4M(s)  L(s)—sL

\/5(175) ’ \/3(175)51/4
verges to the product of two standard Gaussian densities as L — oc.

Equivalently, the conditional joint density of given L(1) = L con-

Remark 1.2. Theorem 1.1 implies that II(s) becomes very rigid when L becomes large.
It has fluctuations of order L~'/* and converges to Gaussian distribution after rescaling

1/4
lim P L) € (z1,22)
L—oo s(1—s)

L(1) = L) :/ p(z)de. (1.8)

Z1

The rigidity of the geodesic conditioned on large L is not surprising. For example in [3],
the authors were able to show that in the directed last passage percolation model with
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ii.d. exponential weights, if the last passage time is (4+d)n, then the geodesic fluctuates
of order n'/?+°(1) which is far smaller than the typical fluctuation order n*/ when the
last passage time is about 4n + O(n'/3). If we write § = en~2/3L, then TI(s) - n?/3 has an
order n'/2. So heuristically TI(s) fluctuates as O(n~'/6) = O(L~'/*) which is consistent
with our result above. However, the limiting distribution of II(s) was not known to our
best knowledge.

Theorem 1.1 also implies that £(s) fluctuates of order L'/ and has Gaussian distribu-
tion after rescaling

L—oo L1/4

lim P (W S (€1,€2)

12
L(l):L) :/Z p(O)dL. (1.9)

Both the fluctuation order and the limiting distribution were not known to our best
Remark 1.3. One can show that
20141 L(s) —sL
P <(5) € (71, 72), () —s

knowledge.
s(1—s) V/s(1 — s)L1/4 © L) = L)

To 162 _ T2 Z2 .
= / p(a:)dx/ p(€)dl + L73/4L/ p(:z:)d:v/ Ip(0)de + O(L™3/?)
z z1 4y

) 0 24/s(1 —s)

when L becomes large. The error terms can be explicitly evaluated by a more careful
calculation using the same argument of this paper. However, the calculation is quite
cumbersome so we do not include it here.

(41, £2)

By combing the equations (1.4) and (1.5), and Theorem 1.1, we have the following
general result for the geodesic from (x,r) to (y,t), conditioned on L(z,r;y,t) goes to
infinity.

Corollary 1.4. Suppose z,y € R, and r,t € R>¢ are all fixed. Assume that r < t.
Conditioned on L(x,r;y,t) = L goes to infinity, we have

2L (7y iy 1 (1 — 8)7 + s5t) — (1 — 8)z + 5Y))
(t—r)3/4/s(1 - s)

and
L(x,r;7p 1. ((1— s)r + st), (1 — s)r + st) — sL

(1= /= s

converge to two independent standard Gaussians in distribution.

Our approach relies on the explicit joint density function of £(s) = £(0, 0;II(s), s),
L(1) — L(s) = L(TI(s),s;0,1) and TI(s) which was obtained very recently [21]. As we
mentioned at the beginning of this paper, [21] gives the first explicit formula of the
one-point distribution of the point-to-point geodesic. However, the formula in [21] looks
very complicated and people might doubt whether such a formula has any probabilistic
applications. This paper provides a simple but beautiful application.

The organization of the paper is as follows. In Section 2, we introduce the joint
density function mentioned above. Then we prove Theorem 1.1 In Section 3.

2 The joint density function

In this section, we introduce the joint density function of L(s), £(1) — L(s) and II(s),
which was obtained in [21, Corollary 1.6]. We rephrase it as follows.
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D+

Figure 1: The three contours in the left half plane from left to right are I'y, ;,,,I'r, and
I'1, out Tespectively, and the three contours in the right half plane from left to right are
I'r,out, I'r and I'r i, respectively.

Proposition 2.1 ([21]). The joint density function of L(s), L(1) — L(s) and I1(s) is
2 2
2p (£1+x7£2+x72x;s>, 2.1)
s 1-s

where p({1, {2, x;s) is the joint density function introduced in [21], and as described
in (2.2) below.

We need to introduce six contours before introducing the function p. Suppose
I't,in, 'y, and I'y, oyt are three disjoint contours on the left half plane each of which starts
from e~2"/300 and ends to e2™/300. Here I'y , is the leftmost contour and I'y, .. is the
rightmost contour. The index “in” and “out” refer to the relative location compared
with —oco. Similarly, suppose I'r in, ['r and I'r out, are three disjoint contours on the right
half plane each of which starts from e "/300 and ends to ¢™/300. Here the index “in
and “out” refer to the relative location compared with +oo, hence I'g ;, is the rightmost
contour and I'g o is the leftmost contour. See Figure 1 for an illustration of these
contours.

The probability density function p(¢y, {2, x; s) is defined to be

dz 1
p(f1, 42, z;8) == fgm Z WTkl,kQ(Z§€1,€27$§5) (2.2)
k1,ka>1

“

”

with
Thy ko (2341, 02, 5 5)
(1) 1)

—ﬁ 1 / i) s / de|! 1 / dpY oz / i
o 1—z Jr,, 27 1—zJp 2« 1—2 Jrp,, 271 11—z Jp, . 27

i1=1

k2

2 2 1
H/ d££2)/ i) gy (121) T REBE D) w00 o)
b, 2m Jp, 2w z)  fimD;0)f(n®); L) o

(2.3)

where the vectors £ = ( 3),.-- ,fff)) and ¥ = (n¥>,~-- ,nff)) for ¢ € {1,2}, the
functions f;, f> are defined by

2
f1(G ) == exp (;CS - %XCQ + <51 - ZS) C) ;
_ 2
f2(C; €2) == exp <(138)C3 + %XCQ + (52 - 4(1x_8)> C) ;
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and the function H is defined by
1) p.e@ p@y_ Lar leo 1
H(£ i ;£ , 7N ) = ESI + ZSQ - gsls?) (25)
with

k1

5 =5€0 ) = 3 ((60) = (1)) -3 ((2) - (12) ) 2o

i1=1 io=1

We also used the notations

awy= T o —w). AW =[] TLw—wi), sov) =] f(w)

1<i<j<n

for any two vectors W = (wy,--- ,w,) € C* and W' = (w},---,w),) € C" and any

n

function f : C — C. Here we allow the empty product and set it to be 1.

3 Proof of Theorem 1.1

It is well known that £(1) has the GUE Tracy-Widom distribution Fgy (L), which can
be defined by

oo

Feur(L) = exp (—/L

in terms of the Hastings-McLeod solution u = u(¢) to the Painlevé-II equation

(¢ —L) u2(€)d€) (3.1)

—243/2

u” = tu+2u®, ul) 57 (1+0(1)), as £ — oo. (3.2)

1
NI

It is known from the above formulas (see, for example [1, equation (25)] for the expansion
of the squared root of Fgyg(L)) that Fgyg(L) has the following right tail behavior

1
1- FGUE(L> ~ We_%LS/z, as L — oo, (3.3)
™
and its density function feyg(L) has
1
feue(L) ~ ﬁe_%LS/Q, as L — oo. (3.4)
I

Here and afterwards, we use =~ to denote the leading order asymptotics if the next order
term is not needed in our analysis; More explicitly, A;, = By, ifand only if A;, /By, = 1+0(1)
as L — oo.

Now we come to the proof of Theorem 1.1. For fixed s € (0,1) and z,/ € R, we denote

X =X(L) = zy/5(1 = s)

iAo
vag 209 (3.5)
Ly = Li(L) = sLot V/s(T=s)EV 04 =, .
2
Lo = La(E) = (1= )L = /A0 e 22

In order to show Theorem 1.1, it is sufficient to prove, by using Proposition 2.1, the
following asymptotic result holds uniformly for  and ¢ on compact intervals

1-— Ly, Ly, X; 1 1
lim 5( 5)p( 1, L2, 78) _ 6_%62 ] e_%xz (36)
L—o0 feve(L) V21 V2r
ECP 27 (2022), paper 40. https://www.imstat.org/ecp
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where foug(L) is the probability density function of L.
Inserting (3.4) in (3.6), we find that (3.6) is equivalent to

1 4713/2 12 2
Ly, Ly, Xis) = —— ¢ 5L (—*(“w) 1), L— 3.7
p( 1 2y 78) 1671'28(1—8)[/6 3 e 2 +0( ) as [e.@] ( )
uniformly for x and ¢ on compact intervals.
Recall the definition (2.2) of p. We have the following two lemmas.

Lemma 3.1. With the scaling (3.5), we have

1

dz
L VNIV 70 795 oY) [ pu———
ngﬂ'i( 3 P17 Ly, Lo, X s) 1672s(1 — s)L

) L (6*%(524»932) + 0(1)) (3.8)
as L — oo, where the error term o(1) holds uniformly for x and ¢ on compact intervals.
Lemma 3.2. Suppose |z| = r € (0,1) is fixed. With the scaling (3.5), for any fixed
e € (0,1), there exists a constant C > 0 such that for sufficiently large L, we have

4(1—¢)

Ty o (2 L, Lo, X5 8)| < Ky 2K 2 (g + b ) (r Hh) 20tk o= 552 (b4 (=) k) 127 (3. )

for all ky, ko > 1.

The proof of these two lemmas will be given in the following two subsections. Now
we use these two lemmas to show (3.7). Using (2.2), we write

dz
Li,Ly,X;8)= ¢ ———— =T s L, Lo, X
p( 1, L2, ,S) fi; 27'('1(1 *Z)2 1,1(27 1,42, 78)

dz 1 (3.10)
_— —— T k. (z; L1, Lo, X;8).
" le—r 2mi(1 — z)? 2 (kylpt)2 ~ 1" (& L1, L, X39)

k1+k2>3

k1,k2>1
By Lemma 3.1, the first term on the right hand side of (3.10) gives the desired leading
term in (3.7). We then apply Lemma 3.2 for the second term on the right hand side
of (3.10) and obtain

dz 1
9 (1 — N2 —5T L. Lo. X:
fjﬂ_r 2mi(1 — z)? Z (k1 lka!)? kn ks (%5 L1, Lo, X5 8)

k1+k2>3
k1,k2>1

<7{ S KRy ) (R 2 S ek (-

|z|=r 27T|]. — Z‘Q (klle')Q

k1+k2>3
kik22>1

<O max e o (shit(l=a)ka) L2

B k1+k2>3

k1,k2>1

(3.11)

for sufficiently large L, where C’ is a constant given by

dz| 1 k1/2; ks /2
C=f i X Gt kgt e
|z|=r ki+k2>3 12
k1,k2>1

Note that the above sum in the definition of C’ is absolutely convergent using the
Stirling’s approximation formula. On the other hand, we can choose ¢ small enough such
that 4(1%)(3]«1 + (1= 8)ko) > % for all k; + ko > 3 and kq, ko > 1. Then the second term
on the right hand side of (3.10) is negligible compared to the first term as L becomes
large. Hence we complete the proof of (3.7).

It remains to prove the two lemmas. We provide the proof in the following two

subsections.

ECP 27 (2022), paper 40. https://www.imstat.org/ecp
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3.1 Proof of Lemma 3.1

In the proof below, we fixed x and ¢ for simplification. However, it is easy to check
that the proof is also valid uniformly for z and ¢ on compact intervals since our error
terms depend on x and ¢ continuously.

Since k1 = ko = 1, we drop the subscript 1 in the integration variables for simplifica-
tion

¢ =gV, g0 =nf, @ =¢? and n®=p?. (3.12)

Recall the formula for T ; in (2.3). We realize that if we expand the integrals, there are
four possible combinations in T ;

- ) )
Z JT1,in JTRin /TL /TR l1—z I'tout YI'R,in /T /TR
1
1— ) -z )
2 JTLin JTR.out JTL JTR I't,out YI'R,out /I'L VI'r

where we ignore the integrand for simplification. Now if we take the z integration
fo 2771(?%4)2 for these four combinations, clearly only the first one survives

dz 1
. 1 — . 3.14
fg 27T1(1 - Z)2 ( Z /FL,in /FR,in /FL /FR> /FL,in /I—‘R,in /FL /FR ( )

Now we write down the explicit formula for the above integrals, also note

(3.13)

H(ﬁ(l)m(l)f(z)m@)) = (W — M) (@ — @y (M) — @)D — ) (3.15)

which follows from a direct calculation. We obtain

dz
— T s Ly, Lo, X
\%) 27‘(’1(1 —Z)2 1,1(Za 1,42, 58)

/ dgm/ dn(”/ d§(2)/ dn® 91 (€M) g2 (1) — @) (p(1) — ()
a Tu I'r 'y I'rn

2m o o 271 e () ®) (60 1) (€2 — @)
(3.16)

where
©=-2¢ txe (05 Ve pmo="0e xey (- X e
TSI =735 7 g 1Ty )y Y Ty 2 2T 419"

(3.17)
Now we apply a standard steepest descent analysis to (3.16). Note that if we only
consider the leading term, ¢1(§) ~ s (—¢*/3+ L¢) and g2(§) ~ (1 — s)(—€3/3 + L)
by (3.5). Thus the main contribution of the integral comes from &), £(2) ~ —/L and
nM,n? ~ /L. To further analyze the integral we need to zoom in a neighborhood of
these two points.
We deform the contours I',, with « = {L,in}, {L}, {R,in}, and {R}, in the following
way. Here the braces are just introduced to avoid notation confusion but they will not
appear in the subscripts. For example, I', = I'L, ;, if «* = {L, in}.

ECP 27 (2022), paper 40. https://www.imstat.org/ecp
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The contour I'y, has a vertical part FgL)
)

X 1 /1-
—— —VL-— 3 —SEL_1/4+L_1/4 . {iu(l) :—logL < uM < logL}7 x = {L,in},

1
2(1 5 \FL—&—?,/ (LT L { @ . _logL < u(2)§logL}, « = {L},
X L l=s o 9, r-1/a [. (1) (1) :
—Z+\E+§ TEL +L ~{1v :—logL <w glogL}, x={R,in},

X 1
2(1_5)—1—\/;11—2\/z€[/1/4—|—L1/4 .{iv(2) —log L < v@ < 1ogL} , = {R},

(3.18)

and a second part I'®™ containing two rays

_7_\/>_7 L) SV Ydlog L + e*2/3 . R, * = {L,in},

S

A I S L VA L YA og L4 23 Ry, + = {L),
Picrr) . 2(1 - ) - S -

_7+\/>+ \/761; VA 4in=Y*og L 4 /3 . R, * = {R, in},

X VL —1/4 4 i7—1/4 +ri/3
ST 4 - = 17_8£L +il logL+e ‘R>o, *={R}.

(3.19)
Note that the contours I'y, ;, and I'r ;, do not intersect during the deformation, similarly
I't, and I'g do not intersect. Thus the denominator in the integrand of (3.16) does not
vanish during the deformation of these contours.
Now we estimate g; on T'\") and T respectively.
For

cz——:pfzp ,/ ST VA L LY, —log L < w < log L, (3.20)

we have, after inserting (3.5) and using Taylor expansion,
X3 X1,
* (gl(o N (2452 T 2s ))

(8 2ulcd)

=— sLB/2 vV S)L3/* — 1 —8)0% — %(1 —5)2? — sw? + O(L™3/*(log L)®).
(3.21)

For

X 1 /1=
(=-5 FVLT 5,/TSEL*1/4 + L Y4log L + (F1+ V3w, weRso, (3.22)

or
X 1 1—s —1/4 —1/4; .
CZ—%$\/Z¥§ TEL — L Y%4log L + (¥1 — V3i)w, w€Rs,  (3.23)
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we have, after a tedious but straightforward calculation,

(- (35 )

3
~ Re <¥§ <<+§i) + Ly (<+ i))
sL?’/2 Vs(1—s)eL?* — 1 —8)% — i(l — s)z? — s(log L)? + O(L~*/*(log L)?)
— %w?’ (2sLY? + mﬂL_l/‘l +2v3sL™Y*log L)w?
- (2\/§8L1/4 log L+ sL~Y/2(log L)% + /3s(1 — s)¢L~/2log L

2?2(1—3s) 1-—3s
T =8) a2 17801y
+t— L 1 “L >w,
(3.24)

where the error term is independent of w. Note that the w terms behaves like —5 8% —

2sL'/2w? — 2¢/3sL'*log Lw as L becomes large.

Similarly, for
T \Fi X / eL VA4 L=V %, —logL <w <logL, (3.25)

C2(1)

we have

i<g2<<>+<24(f;)2—Jff;))

1—s X O\’ X
= () ()
—§(1 — 8)L3/% 4+ \/s(1 — s)0L3/* — iszﬁ - isx2 — (1= s)w? 4+ O(L™%*(log L)®).

(3.26)
For
X 1 1—s —1/4 —1/4: .
C:2(1—5):F\FLi§ T[L + L 1logL+($1+\/§1)w, w € Rxo, (3.27)
or

(= 505 X S F VL + = ,/?413—1/4 — L™Y4log L + (F1 — V3i)w, w € Rxq, (3.28)
we have

+ Re (gz(C) + (24(5(_3 $2 2()1(523)>>

<¥1_8 <1Xs>)3ﬂ2 (C‘2)<1X>>>

2 1 1
=—30-s $)L32 4 \/s(1 — s)eL3/* — Zs 13x2 — (1 —s)(log L)? + O(L™%/*(log L)?)
o8-

( 2 o —(2(1 — $)LY? — \/s(1 — s)L™Y* 4 2/3(1 — s) L~ Y*1og L)w?
(2\/5 (1—s)LY4log L + (1 — s)L~Y2(log L)? — /3s(1 — s)/L~/?log L

+Ls 1 S £2L‘1/2) w.

(3.29)

https://www.imstat.org/ecp
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We remark that the only differences between these two formulas (3.26), (3.29) and two
previous ones (3.21), (3.24) are the switch of s and 1 — s, and the change of the sign
before /.

Inserting these formulas (3.21), (3.24), (3.26) and (3.29) in (3.16), we know that the
main contribution of the integral comes from the contours FiL). Also note that

(€0 —0) (1 —€)
(6® — @) (6@ — @) ~ -1 (3.30)

when all the variables are close to —v/L (for £#) and /L (for n(¥). Here we use the
notation = for the leading order asymptotics. We obtain, after changing the integration
variables,

dz
— T i Ly, Lo, X
fg 2771(1 —Z)2 1,1(Z7 1,42, 78)

473/2_ 152 1.2
€_§L/ —5l°—sw

1674L

(3.31)
//// s —s(0D)2 - (1))~ (1-) (™) 1,1 GV D @)
[—log L,log L]*

_473/2_ 142 1,2
sL 37—z

16m2s(1 — s)L ~

e

Q

This proves Lemma 3.1.

3.2 Proof of Lemma 3.2

We fix three positive constants ci, co, c3 satisfying ¢; < co < ¢3 < 2¢1. We change the
integration variables and deform the contours as follows

gi(ll) _ —\/Z— C3L’1/4 + L71/4e:tZ7ri/3u(1)

i
for 5511) €lLin= —VL—csL™ Y4+ L*1/4ei2”i/3IR20,
fi(f) — VL —cL V4 L—1/4ei2ﬂi/3u522),
for €2 €Ty, = VL — L V4 4 L-V4eH2mBR
524(11) = VL - L V44 [ 1/4pE2mi/3,, (1)

11

for 61(11) e FLput = _\/Z — ClL_1/4 -+ L_1/4€i2ﬂ'i/3]R207
mill) =VL+esL V44 L71/4ei”i/3v§3),

for 771(11) € TR = VI + 03L’1/4 + L71/46i7ri/3R20’
0D = VL + eo LM 4 LY 4eET32)
for 77gz) €Tg = VI + CQL_1/4 +L_1/4ei”i/3IR20,

12

771(11) =VL+c L7V*+ L71/4ei”i/3v§11),
for 772(11) € FR,out = \/Z + ClL_1/4 + L_1/4€iﬂi/3R20.

(3.32)

Note that these contours are nested in the order as in the definition.

Recall the definition of g; and g, in (3.17). We show that with the above change of
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variables and the deformed contours,

2(1 —¢€/2
Re (91(@&”)) < —%SLW2 + m(ugll); s), forall 51-(11) €TLin UTL out,
2(1—¢€/2
Re (92(653))) < —%(1 — )L 4+ mu;1—s), forall ¢ ery,
2(1 /2) (3.33)
e )
Re (—91 (! ))) < —st‘S/Z +m(u;s), forall 1" €T UTR ou,
2(1 —¢€/2
Re (—92(771(22))) < —%(1 —s)L3/% 4 m(vg); 1—s), forall 77522) elr
for any fixed ¢ > 0 and sufficiently large L, where
m(w; s) := —sw?. (3.34)

The proof of these inequalities are similar so we only prove the first one.
We drop the scripts and write £ = —/L —cL™'/* +-w(—1++/3i) L~ /4, where w € R,
and ¢ € {c1, c3}. Recall the scaling (3.5). We have

Re (g1(€))
= —%Re ((—\/f —(c+w)L™V4 + \/ng_1/4i>3>

—~ gRe ((—ﬁ — (c+w)L™ V4 \/§wL—1/4i)2>

X2
+ <L1 — 43) Re (—\/E — (C + ’LU)L_l/4 + \/gU}L_l/‘li)

2 (3.35)
= —§8L3/2 + O(L**) 4+ (=2sw? 4 2scw — /s(1 — s)(z + O)w)

+ (—gsw?’ — 2scw? + xv/s(1 — 5)w? + (sc — /s(1 — s))cw) L=3/4
2
= —§SL3/2 + m(w; s) + O(L*) + (—sw? + 2scw — /s(1 — 5)(z + O)w)

+ <—§sw3 — 2scw? + xv/s(1 — s)w? + (sc — x/s(1 — s))cw) L=3/4

where the term O(L%/%) is independent of w. Note that when w < L3/%, the last
two w terms in the above expression are bounded by L?/4. When w > O(L3/%), the
last two w terms behave like —sw? — $sw3L =% which is negative. Thus we have
Re (g1(€)) < 205425 13/2 4 i (w; 5) for sufficiently large L and any € € I'p i UT'L ous-

We need two more estimates before we prove Lemma 3.2. They were obtained in [21]
so we do not provide the proof. The first one is (see (3.12) of [21])

2 (A(f‘;““)))Q(A(n“)))2 AED; n@YA(RM; £2)
Py (A(gf);nw)))z AEY;6P)AMmM;n@)

k1 k2

. 1 1 1 1
< kk1/2kk2/2(k1 + kz)(k1+k2)/2
! ? »Hl dist(f(ll)) dist(nfll)) igl dist(f(z)) dist(n(z))

A @2 12

(3.36)

1=

where dist(¢) is the distance between ¢ € I', and the contours I't, ;, UT', UT'[, outI'Rin U
'R UTRout \ I'«. In our choice of contours, it is easy to see that dist({) = @cL‘l/4 for

ECP 27 (2022), paper 40. https://www.imstat.org/ecp
Page 11/13


https://doi.org/10.1214/22-ECP484
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

When the geodesic becomes rigid in the directed landscape

¢ € {c3 — c2,¢9 — ¢1}. Hence we have

@wwﬁﬁwm2<wmelw%

(1), ¢(2) (1). 12(2)
Py (A@“) n(é))) A7) AMW;n®) (3.37)
—2k1 —2ks
3
< kk /Qkkz/2(k1 + kz)(k1+k2)/2 <\2[ min{c;; — Co,Co — Cl}) I, (k1tk2)/2
The second estimate is, see (3.13) of [21],
kl k’2
HE®, 0@ @) < T wel D) TT 116 Driin), (3.38)
i1=1 ia=1
where h(y) = (1 +y+y* + 3>
Inserting the estimates (3.33), (3.37) and (3.38) in (2.3), we obtain
Tk, ks (2 L1, Lo, X5 5)
3 —2k1 —2ks
< kk1/2]€k2/2(k’1 + k2)(k1+k2)/2 <2 min{cz — ca, 3 — cl}> LFatk2)/2
4 3/2 k 1 k1
. 67§(17€/2)(Sk1+(178)k2)L . |1 . Zl 201 —
k1 1 1
I 1 jagM| N |2] g mlul! ,5)h(|£(1)|) (3.39)
i1=1 |1 - Z| I'w,in 2m |1 - Z‘ 'L out 2
k (1)
1—1[ 1 \dml | N |z |dn;, | R (i (1)|)
AL\ -2 Jr, W 2T [1— 7z Trow 27

‘déz em u( )1—s 2 ‘dn(3)| mlo®1—s 9
T [ el orosiziaangey [ Wl ooy,
R

27
i0=1 I'y

On the other hand, note that the function e” decays super-exponentially along the
integration contours. We obtain

[ ey
'L, inUT'L, out

where C is a positive constant. Here the term L® comes from the function h near the
point u,(ll) =0, and L~!/* from the change of variables. We have similar estimates for all

other integrals on the right hand side of (3.39). Thus we obtain

| 5“ | <CLS. L7 YV4 <L (3.40)

|Tk1,k2 (Z; Ly, Ly, X; 3)‘

< klfl/zkéczm(kl + kQ)(k1+k2)/2Ck1+k2LlS(k1+k2)ef%(175/2)(sk1+(175)k2)L3/2 (3.41)

for a different constant C if |z = r € (0,1) is fixed. Note that L3tk «

e3e(ski+(1=9)k2)LY? a9 T hecomes large. Lemma 3.2 follows immediately.
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