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Order preservation and positive correlation for nonlinear
Fokker-Planck equation®
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Abstract

By investigating McKean-Vlasov SDEs, the order preservation and positive correlation
are characterized for nonlinear Fokker-Planck equations. The main results recover the
corresponding criteria on these properties established in [3, 5] for diffusion processes
or linear Fokker-Planck equations.
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1 Introduction

Based on [5], complete criteria have been established in [3] for the order preservation
and positive correlation for diffusion processes corresponding to linear Fokker-Planck
equations, where the order preservation links to comparison theorem in the literature of
SDEs, and the positive correlation arises from statistics is known as Fortuin-Kasteleyn-
Ginibre (FKG) inequality due to [4]. In the present paper we aim to extend these criteria
to nonlinear Fokker-Planck equations associated with McKean-Vlasov SDEs.

In this paper, we aim to extend the above results to nonlinear Fokker-Planck equations
on the Wasserstein space P2 = {uz € P : u(| - |?) < o<}, a space of probability measures
on R? with second moment. Under the Wasserstein distance

1

2

Wo(p,v) == inf / |z — y|*n(dz,dy) | ,
TeC(p,v) R4 xR

P, is a Polish space., where C(u, v) is the space of all couplings of 1 and v. Consider the
following time-distribution dependent second order differential operators

Ly o= tr{a(t, -, ))V?} + b(t, ) -V, Ly, = tr{a(t,-, u)V?} +b(t, -, pn) -V, (1.1)

where a = (ai;)1<ij<d, @ = (@ij)i1<ij<d, b= (bi)i<i<a, b = (bi)1<i<a are continuous on
[0,00) x R x Py. The nonlinear Fokker-Planck equations for L and L are formulated as

O = L;M/Jt, Ofiy = L;ﬂt/jt7 t>s. (1.2)
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Order preservation and positive correlations

We call (uit, fir)i>s € C([s,00); P2) x C([s, 00); P2) a solution to (1.2), if for any f € C5°(R?),

pe(f) = () + / o (Lo 1)Ar, 0(f) = pa(f) + / i (Lo f)dr, £ 5.

To characterize (1.2) using McKean-Vlasov SDEs, we make the following assumption.

(A) b, 5, a,a are continuous on [0, co) X RY x P,, a and a are positive definite,

(1t 0]+ )} = [ (el + ) e

is locally bounded in (¢, ;) € [0,00) X P2, and there exits an increasing function
K :]0,00) — [0,00) such that b,b, o := v/2a and & := \/2a satisfy

max {2(b(t, 2, 1) = b(t, 9,v), = = y) + ot 2, 1) — o (t,2,0) s,

2<B(t,x,u) - B(tayvy)al‘ - y> + ||5(t7l‘,li) - 6-(15’1’7”)”%15} (13)
SK(t)(‘x_y|2+W2(:U/7V)2)? t207 xayeRda IIJ/,UGPQ,

where || - || zs stands for the Hilbert-Schmidt norm of a matrix -.

Consider the distribution dependent SDEs
dXt = b(t, Xt, ,CXf)dt + v/ 2a(t, Xt, ﬁXt)th,

L — (1.4)
dX; = b(t, Xy, Lx,)dt + /2a(t, Xy, Lx,)dW,

where W, is a d-dimensional Brownian motion on a complete filtration probability space
(Q, F;,P), and L denotes the distribution of a random variable &.

According to [13], (A) implies the strong and weak well-posedness of (1.4) for initial
distributions in Py; that is, for any s > 0 and any F,-measurable (X, XS) with p =
Lx,, = Lx_ € P, the (1.4) for ¢ > s has a unique strong solution (X, X)i>s as well as
a unique weak solution with initial distributions (u, i) at times s, such that

Piip=Lx,, Piji=Lxg, forp=Lx 1= Lx, (1.5)
are continuous in P, with respect to ¢ > s. Therefore, by the superposition principle
in [1], (A) implies that (u, fit)i>s = (P51, P;tﬂ)tZS is the unique solution of (1.2) with
(NSvﬂS) = (,u,/j),

We will also consider the order preservation and positive correlations for

Asu = £(Xt)t2_g7 Asﬂ = ‘C(Xt)tzs7 sz O,Mﬂﬁ € Pa.

Unlike in the setting of standard Markov processes, due to the non-linearity these

= « _

properties for (Asu, Asji) do not imply by their time-marginals (P u, P4 f)i>s-

In Section 2, we state our main results on the order preservation for (F;,, P; ,) and
(As, j_\s), as well as on the positive correlations for A,. To prove these results, in Section
3 we extend the main results of [3] to the time inhomogeneous setting which are also
new in the literature. Finally, the main results are proved in Section 4.

2 Main results

We first define the order preservation and positive correlations in the present setting.
We denote z < Yy for z = (]}i)1§i§d, Y = (yi)lgigd € Rd if x; < Yi for any 1 <1 < d.
Let B,(R?) be the set of all bounded measurable functions on R?. Consider the class
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of bounded measurable increasing functions: U, := {f € Bb(IE{d)|f(a:) < f(y) for z,y €
R¢ with z < y} and the family of probability measures of positive correlations: P, :=
{w e Plu(fg) = w(fHwg) f.g € Up}. If p € Py, then p is said to satisfy the FKG
inequality. Moreover, we write p < v for any two probability measures u,v € P, if
u(f) < v(f) holds for any f € U,(R?). Note that definitions of P, and p < v do not
change if we replace B,(R%) by CF(R?) for k € Z, U {oc}, where CP(R%) = C,(R%)
denotes the set of all bounded continuous functions on R%, while when k > 1 the class
CF(R?) consists of bounded functions on R? having bounded derivatives up to order k.
For any &,7 € Cy := O([s,00); RY), we denote & < nif & < n; for all t > s. For any two
probability measures ®,, ®» on the path space C;, we denote &1 =< @, if 1 (F) < Oo(F)
holds for any bounded increasing function F' on Cy. Similarly, let P{ denote the set
of probability measures on C; satisfying the FKG inequality for bounded increasing
functions on C.

Definition 2.1. Let ¢t > s > 0 and let (Py., P;,) be in (1.5).

(1) We write P}, < P;,, if P}, =< P;,v holds for any s, v € P, with 1 < v.
(2) We write A, < A,, if A, < Ay holds for any p, v € Po with p < v.
(3) We write P;, € Py if PP C Py; and A; € P} if A;u € P holds for all u € Py.

Obviously, A; <A, foralls >0 implies Ps*’t < P;t for all ¢t > s > 0, but the inverse
may not be true in the nonlinear setting. Similarly, A; € P implies P}, € P, for any

t > s but the inverse may not be true.

2.1 Order preservation
The following result provides sufficient conditions for the order preservation.
Theorem 2.1. Assume (A) and the following two conditions:

(1) Forany 1 <i <dand s >0, bj(s,z,v) < b;(s,y, ) holds for z < y with 2; = y; and
V=

(2) a=a,and forany 1 <4i,j <d,s>0and pu € Py, a;;(s, z, 1) depends only on z; and
Xj-.

Then A, < A, for all s > 0. Consequently, P}, < P, fort > s.

The next two results include necessary conditions for the order preservation, which
are weaker than the sufficient ones given in Theorem 2.1. However, they coincide with
the sufficient conditions and hence become sufficient and necessary conditions when
b(t,z, ) and a(t, z, ) do not depend on . Indeed, when the coefficients do not depend
on the distribution, we may take v = J, and p = d, for < y with z; = y; in Theorem
2.2 (i), and with z; = y;, z; = y; in Theorem 2.2(ii), such that these necessary conditions
coincide with the sufficient ones in Theorem 2.1.

Forany € Pand I C {1,---,d}, let ur(A) := p({x € R? : z; € A}), A € B(R#I)
be the marginal distribution of u with respect to components indexed by I, where #1
denotes the number of elements in /. In particular, we simply denote p; = pig;)

Theorem 2.2. Assume (A) and if A, < A, for all s > 0, then the following conditions
hold:

(i) for any v =< p with v; = p;, 1 < i < d, there exists a coupling = € C(v, 1) with
m({z < y}) = 1 such that

bi(Sa‘ra V) S bi(svy7ﬂ)v S 2 01 ((E,y) € suppm.

Consequently, b;(s,z, 1) < bi(s,z,p) for s > 0,z € R,y € Ps.
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(#) for any v =< p with v;; = p;5,1 < 4,5 < d, there exists a coupling = € C(v, 1) with
7({z < y}) = 1 such that

a/ij(S,LE, V) = aij(sa Y, I'L)’ S Z 07 (xa ZU) € suppr.
Consequently, a(s, z, 1) = a(s,x, ) for any s > 0,7 € R, u € Ps.

Since A, < A, implies Ps’j + = P}, conditions in the following result are also necessary
for A, < A,.

Theorem 2.3. Assume (A). If P}, < P}, fort > s > 0, then

(i) Forany s > 0and 1 <1i <d, v(bi(s,-,v)) < u(bi(s,-, p)) holds for v < u with v; = ;.
(t4) For any s > 0 and 1 < 4,5 < d, G;;(s,2,0,) = a;;(s,x,6;) holds and a;;(s, x, 05)
depends only on z; and z;.

2.2 Positive correlations
We first present sufficient conditions for the positive correlations.
Theorem 2.4. Assume (A). If
(1) Forany s > 0and 1 <1 <d, b;j(s,z,v) < bi(s,y,p), forv < p,x <y with z; =y,,
(2) Forany 1 <4,j <d, a;; > 0, and for any u € Py, a;j(s, z, ;1) depends only on z; and
Xy,
then A, € Pi, and consequently, P;t € Py foranyt>s>0.
Theorem 2.5. If AL € P for s > 0 and p = py5y X pigi53- € Py, then
(1) Forany s >0, 1 <4,j <d, a;;(s,x,6;) > 0 and a,;(s, z, 1) depends only on z; and
Ij.
(2) Forany s > 0,1 <i<dand f €U, independent on x;,

M(bi(s7 '7M)f) > N(f)ﬂ(bi(87 'nu))'

When o and b do not depend on the distribution, by taking i and v being Dirac
measures we see that conditions in Theorems 2.4 and 2.5 coincide each other so that
they become sufficient and necessary for the positive correlations.

3 Time-inhomogeneous diffusion processes

Consider the time-dependent second order diffusion operators: for ¢t > 0 and = € R¢,
1 = 1 -
L;:= 5tr{a(t,x)vﬁ» +b(t,x) -V, Ly:= 5tr{a(t,gc)v?} +b(t,z)- V. (3.1)

where a = (a;;),a = (a;;),b = (b;),b = (b;) are continuous in [0,00) x R%. Assume that
the martingale problems associated with (L;);>0 and (L;);>o are well-posed so that
there exist unique time-inhomogeneous diffusion processes (X ;)i>s>0 and (X ¢ )i>s>0
corresponding to (L;);>0 and (L;);>0, respectively. Let (Ps ¢)i>s>0 and (Ps;);>s>0 be the
Markov semigroups generated by (X7,)(i;} X fij}- and (X $e){ijy X Myijye with the initial
value X, ; = X, ; = z, respectively, i.e.,

P f(x) = Bf(XZ,), Pouf(x) =Ef(XZE,), fE€By(RY. (3.2)

It is well known that for any f € C5°(R%)

d d
&P@,tf(x) = _Ps,thfa aPs,tf('r) = Ltljs,t.ﬁ t>s52>0. (3.3)
ECP 27 (2022), paper 26. https://www.imstat.org/ecp
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For any z,y € R¢ withz <y, f €U, and t > s > 0, if P, f(x )<Pgtf( ), we call P,

preserving order, written as 158*775 = P;,, where for any p € P, PJ,p, PS 4 € P is given by

(PLup)(f) = w(Poef), (Prap)(f) = w(Posf), f € By(RY).

Moreover, we denote P, € P, if P;,/Py C Py.

For any ;1 € P, let A,u and A,u be the distributions of the processes starting at
from time s generated by L and L respectively. By the standard Markov property we see
that P;, < P}, fort > s > 0 if and only if A, < A, for s > 0, while P}, € P, fort > sis
equivalent to A; € P3.

Theorem 3.1. P}, < P}, fort > s > 0, equivalently A, < A, for s > 0, if and only if the
following conditions hold:

(1) Forany s > 0and 1 <i <d, b;(s,z) < b;(s,y) for z < y and z; = y;.
(2) Forany s > 0and 1 <i,j <d, @;; = a;; and a;;(s,x) only depends on z; and z;.

Theorem 3.2. P, € P, fort > s, equivalently A; € P; for s > 0, if and only if the
following conditions hold:

(1) Forany s > 0and 1 <i<d, b;(s,x) < b;(s,y) forz <y and z; = y;;
(2) Forany s > 0and 1 < <d, a;; > 0 and a;;(s,z) > 0 depends only on z; and z;.

Proof of Theorem 3.1. (a) We first prove the necessity. Forany ¢t > s > 0 and x € R4, let
A? (resp. /_VS”) be the distribution of the L;-diffusion (resp. L,-diffusion) process on the
path space C; := C([s,o0); R%) starting from x at time s.

Forz e R?and 0 < sg < 81 < 89 < --+ < Sy, let Afo S1oe 8 be the marginal distribution
of Af, at the time sequence (81, sn), which can be expressed via the Markov property
as below

Agsco s1, (dyla dya, -+ ,Ayn) = Psg,s, (@, dy1) Ps; s, (y1,dya) - - “Ps, 15 (Yn—1,dyn).

Then, by an inductive argument, together with the Markov property of the associated
Markov process, P}, = P;, implies A{ < AY (i.e., AZ(f) < AY(f) for any f € U, N C,).
Therefore, there exists a coupling P*¥ € C(A%, AY) such that

PIY((€n) € Cox Co i 2 €) = 1. (34)

Let (Q,F,P) = (Cs x Cs, B(Cs x Cy),P?¥) with the natural filtration (F;):>, induced by
the coordinate process (&;,7:)¢>s solving

dft = b(tv gt)dt + U(t7 ft)dBt17 55 =Y (3.5)
d77t = b(ta Ut)dt + &(tv nt)dBt27 Ns =X
for some d-dimensional Brownian motions (Btl)tzé d (B?):>s, and some measurable
mappings 0,5 : [s,00) x R — RY ® R¢ with a = 00*, @ = 5 ¢*. Then, from (3.4), we have

& >y, PYY-as., forall t > s.
Let x < y with z; = y;. Since & > n, P%V-a.s., and (&); = (s); due to z; = y;, we
derive from (3.5) that

[ g =mar> [ (a5 - [ (o a).

where ;. means the i-th row of 0. Taking conditional expectation P$¥(-|F;,) on both
sides yields

/l ((bi(r, &) = bi(r,n))|Fs)dr >0, ¢ >s.
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This implies the assertion (1) by taking the continuity of b;, b; and (£, 7.) into account.
Let x <y with (z;, ;) = (y;,;). Then, by using & > 7, P{.¥-a.s., again, we have

t t t t
/ by (5, &s)ds+ / (ok-(5,€5),dBg) > [ bi(s,m5)ds+ / (0k-(s,m5),dB3), k = 1i,j. (3.6)

S0 S0 S0

Note that as ¢ | sg,

1 ‘ 1 ! N7 a”(s, y) aij(S’ y) .
— ( / (oi(,6:),dB5), / U (07.(5,€,), dBL) ) weakly N(o,( wr(5.) a(5.) )) =i,
1 ¢ _ 2 ¢ _ N7 a”(s,y) _"( y) .
M(/SO<01-(S7£S)7dBS>a s <0]‘(57£s)ast>)weakly N(Ov( aﬂ( ) ajj(37y) )) =M
Then (3.6) implies f < p. Similarly, 4 < . Therefore, we have p = i1 so that a = a. For
the assertion that a;; depends only on z; and x; of (2), it can be proven by following
exactly the arguments of [3, Lemmas 2.1 & Lemma 2.3].

(b) Following exactly the arguments of [3, Lemma 2.4, 2.5 & Theorem 1.3] with
replacing time homogeneous semi-group F; by time inhomogeneous semi-group P ;, we
prove the sufficiency by the following Theorem 3.3 on the monotonicity. O

Theorem 3.3. P}, is monotone, i.e., Py,u = P; v with y < v fort > s > 0, provided the
following two condltlons hold:

(1’) b;(s,-) is smooth, b;(s,z) < b;(s,y) with x < y and x; = y;;
(2') a;j(s,-) is smooth, a;;(s,z) depends only on z; and x;.

Proof. As in [3], by an approximation argument we assume that (a,b) € C£°([0,T] x R9)
for any T > 0. To prove Ps;f € U fort > s and f € U, it suffices to show

VP..f(x) >0, t>s, felnCORY

since U, N C{°(RY) is dense in U,. Below, we assume f € U, N C°(R?Y). Let uyy; =
P+ f, t > s. Then by (3.3), we have

Orust = Lyusy, t>s, uss=Ff.

Taking the partial derivative w.r.t. the k-th component (i.e., Jx) on both sides yields

0 (Okust) = OKOpusy = (6ku5 t) + Z ap;(t,)0jus 1, (3.7)
Jj=1
where Lf = L; + Z?:l [(1 — —)8ka3k( )}8 -+ 8kbk( ), Ozk-j(t,‘) = (8kbj(t,~))1{k¢j}.
Since L is a time-inhomogeneous Schrodinger operator, it generates a positivity-
preserving semigroup (7%,),. . So, the operator L, := (Lf),_, ., defined on C?(R% R*)
by L,V := (LfVi), <).<q generates a positivity preserving semigroup Ty, := (T%,), ., -,
t > s. Let D, = (o (r,)1<k,j<a) and Vi y = VP, f = Vu,,. Then (3.7) implies
OVst = I/tvs,t +D Ve, t>s, Vss=VFf

This, together with Duhamel’s formula, gives
t
Vit =TVt [ 1D Virdr, 25
S

Since V; s = Vf > 0and T, ,;, D, are positivity preserving, this implies V; ; = VP, f >
0. O

Proof of Theorem 3.2. Theorem 3.2 can be proved using the same arguments in [5,
Proposition 4.1] by combining Theorem 3.1 and 3.3. So, we omit the details to save
space. O
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4 Proofs of Theorems 2.1-2.5

Proof of Theorem 2.1. Since P*tu and Pj,p are marginal distributions at time ¢ of A
and A, P}, < P}, fort > s follows from As = A,. Therefore, to obtain the desired
assertion, it is sufficient to show A,v < A u. Below, we set u, v € Py with v < u. For any
T > s, set

PR = {1, 1 @) € C(s, TPy x Po) g = ™, t € [,T], pl) = v, u) =},

87

which is a complete metric space under the metric for A\ > 0,

pk((u(l)ﬂu@))’(‘a(l),‘a(Z))) — S[u%]efz\t{WQ (1)7H§1)) Wa (/2)#42))}.
tels,

For any (u™, u®) € P.r. consider the following time-dependent SDEs:

ax D =, xM iMyde 4 o6, XD uMyawy 1z s, x0T —gv,
ax@ =y, x@ a4 o, X u@yawy, tzs, xP0 —p ey,

where o = v/2a and 7 = v/2a, and { ~ v means L¢ = v. Define the mapping on P, by

H((n D, 1) (1) = (£ g0 Ly )s 125 4.2)

Since ,ugl) = M(Q) by Theorem 3.1 the conditions in Theorem 2.1 imply £ D =

e )
L (@, s0that H : Pl — Py, By Itd’s formula and the assumption (A), it is easy
[5.T]
to see that H is contractive under the metric p, for large enough A\ > 0, so that it has a

unique fixed point and hence the proof is finished. O

Proof of Theorem 2.2. Let s > 0 and v < p with v; = ;. By A, < A, we have A v < A p.
According to [8, Theorem 5], there exists P, € C(Asv, A i) such that

P({(¢&n) € Cox C: & =myt > s}) =1 (4.3)

Since A, v and A, are solutions to the martingale problems associated with the operators
L and L in (1.1), respectively, according to the superposition principle (see [12]), we
have L ,) = P, where (&, 7;) solves

{ dgt = B(t7nta an)dt + 6(t7’r]t7 ‘Cnt)dBt17 t Z S, (4 4)

dnt = b(ta gta ‘Cff)dt + O-(tvgtaﬁﬁf,)dBtza t > S,

for some 2d-dimensional Brownian motions (B}, B);>s on the probability space (Cs x
Cy, B(Cy x Cy),{Fi}1>s,Ps), where {F, }+>5 is induced by (&, 1¢)i>s-

Since L ,) = P, satisfying (4.3), we have §; > n; for all t > s. Moreover, note that
L, ny € C(v,p) and v; = p; imply & = . Thus, we find P,-a.s.

t t t t
/Ei(r,ﬁr,uﬁl))dw/ Gi.(r, &, piV)dB} < /b(?" ey 1$2) + /Ui-(nm,u?))dBi,tZ«s-

(4.5)
Taking conditional expectation with respect to F,, we drive
t t
/ ( i (73 ey . )\]—')dr</ E(b (7, 7y 2 )\]:) t>s.
S S
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By the continuity of b and b and ,u( ) v, u( ) 1 weakly as r | s, we obtain

bi(s,€s.v) S bils,ms,v), t>s, Py —a.s.
Consequently, letting 7 := L¢_ .y € C(v, 1), we have 7({z < y}) =1 and

bi(s,z,v) < bi(s,y,n), (x,y) € suppr.

Thus, the first assertion of (i) holds true. Hence, for v = pu, 7({z < y}) = 1 implies
x =1y, — a.s. Whence, we have

bi(s, 2, 1) < bi(s, 2, 1), € suppp.

In general, for any € R?, let . = (1 — ¢)u + &6,. It is easy to see that = € suppu.. Thus
applying (4) with u. replaced by p yields

Bi(swraus) < bi(&xy/%), s> 03 e>0.

Consequently, the second assertion in (i) follows by taking ¢ | 0.
Below we assume v =X p with v;; = p;; so that v; = p;,v; = pj. Thus, we deduce
from (4.5) that for any € € [0, 1],

/ [ebi(r, &, pfM)) + (1= )bs (r, &, pV) ] dr+ / (e6:.(r, &, pf) + (1 = )55 (r, &, )] A B}
§/ [e; (7, 1, 1$2) + (1 — )b (r, my, )] dr

t
+ / (e (r, 1, 1) + (1 = )3, (r, my, 1P| A B2

Dividing both side by

\/tl_fs and letting ¢ | s, we find

N (0,52&%(5755, v) +2e(1 —¢e)ai;(s,&,v) + (1 — E)dej(s,fs, u))
<N (0,€%ai(s,ms, 1) + 26(1 = €)aij(s,ms, 1) + (1 = £)a;(s,ms, 1)) -
By the symmetry of centred normal distribution, this further implies
52@1@‘(3,557 v)+2e(1 - )am (8,&,v) + (1 - E)zdjj(sagw v)
= &%aii(s, 75, 1) + 26(1 = €)aij (5,75, 1) + (1 = €)%a 5(s,ns, ), € € [0,1].
Consequently, dividing by €2 on both sides yields
aij(s,€s,v) = a;j(s,ms, 1), Ps — a.s., (4.6)
which gives for m = L ) € C(v, 1),
a;j(s,x,v) = a;;(s,y, 1), (x,y) € suppm, s > 0.
Thus, by the approximation trick above, we can obtain the second assertion in (ii). O

Proof of Theorem 2.3. Due to Pgt = Py, we have L , = 73*7,51/ = Pjyp = Lx,, for

v =< p. Therefore, in particular for f(z) = z; € U, we obtain
E(Xs,t)i S E(Xs,t)i~

Since v;(f) = pi(f), we then deduce from (4.4) with ¢ and 7, replaced by X, ; and Xs,t
in (4.1) that

t t
/ E(bi(s, X Lz, ))dr < / E(bi(s, X, Lx,,))dr.
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Dividing by ¢ — s on both side followed by ¢ | s, we get (i ()

Since P}y < P;up, for f € Uy N C*(R?), we have pu(Ls . f) < p(Ls . f). In particular,
taking p = 6, yields Ly 5, f(z) < Ls s, f(x). With this at hand, we can get the assertion
(ii) by following exactly the argument of [3, Lemma 3.4]. O

To prove Theorems 2.4 and 2.5, we first present some lemmas.

Lemma 4.1. Let p = 1(u® + u®), where p, 4(® € P, such that u® < u. Then,
1% S P+.

Proof. Let f,g € Uy. By ™ = p?, we have (uM)(f) — pu@(f)) (1 (9) — 1@ (g)) = 0.
That is,

21 (N (9) + 1P (NP (9) = (WD () + 1@ (1) (1M (9) + 1P (9))-

Combining this with 4 (fg) > u® (f)u?(g) due to u? € P, fori = 1,2, we obtain

—_

w(fg) == (B (fg9) + 1@ (f9)) = ~ (D (£) + @ () (WD () + 1P (g)) = u(fHulg). O

[N
=~

Lemma 4.2. Suppose that (P;,);>, preserves positive correlations and let ; be in
Lemma 4.1. Then, for f,g € Uy N C°(R%) with u(fg) = u(f)u(g), we have

2(u M (Lo u(£9) + 1P (Lsu(£9))) = (8D (Lo () + 1P (Lo (1)) (1P (9) + 1P (9))

(BN (Lau(9)) + 1 (L (9))) (B () + 1 ().
“4.7)

+

2(p M (T(f,9) + 1P (Ti(f,9) = (1P (Lo u(9)) — D (Ls,u(9))) (6D () = 2 (1))

where Fl(fu g) = Ls,u(fg) - fLs,ug - gLs,uf = <a’(t7 K M)v.ﬂ v9>

Proof. By a direct calculation, we see that (4.7) is equivalent to (4.8). So, it suffices
to prove (4.7). From Lemma 4.1, we have y € Py. Since (P;,);>s preserves positive
correlations, we have

(Pr)(f9) = (PL)())(Pr)(g), t>s, fg €UyNC*(RY).
This, together with = 1(u® + 1), yields
2((PL M) (F)+(Pr o) (f9)) = (Pt ™) () +(P2p) (1)) (P ) (9)+(P o) (g)).-

Combining this with u(fg) = u(f)u(g) we derive

(PO () + (P2 (F9) — () (Fo) + (1) (fo)

> (PO + L)) (PLan) ) + (PL) )
= (D) + 1) (1D (9) + 1P (9)) }-

Consequently, the assertion (4.7) follows by taking ¢ | s. O
Lemma 4.3. If (P;,);>s preserves positive correlation, then a;;(s,z,d,) > 0 for any
s>0,x € RA.
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Proof. By Lemma 4.2 with (1) = u(?) = §,, for any f, g € U, N C3°(R?),

Lys,(fg)(x) > {fLss,9+ gLss, f}(x), s>0.

By choosing f,g € Uy N C°(RY) such that f(z) = z; — x; and g(z) = z; — z; holds in a
neighbourhood of z, we obtain a;;(t, z, d;u) > 0. O

Lemma 4.4. Let () := u{!) x u({g and p® = p? x y% with 1{" = 4{?, where

/LEZ), uf{gc, /L%C € Py. If (P,):>s preserves positive correlation, then p D (b (t, -, pM)) <

//L(Q) (bl(ta " M(Q)))

Proof. Since /151), u§2), /i%u u%c € P, we deduce uM), u(?) € P, . For given i and k # i,

take f, g € U, N C°(RY) such that in a neighbourhood of z,

1)

7 7

h(zk)

(1) Th(zr) “(1)(%)
F2) =z / ruD(dr),  gle) = o
R /i(z)(lﬁ) —p®

where h € C*(R;R,) is an increasing function. Since p(fg) = u(f) = 0 and p
(uM + p?)/2, Lemma 4.2 with the above defined f and g implies p(®) (b;(t, -, u1))
1) (b (¢, - 1)

Proof of Theorem 2.4. Since P;ytu is the marginal distributions of A,y at time ¢, A; € P4
implies P}, € P, fort > s. So, it suffices to prove A, € P]. We only need to prove
that for ahy o € Py and T > s > 0, the marginal distribution A, rpo of Agpp on
Cs 1 = C([s,T]; R?) satisfies

O IA

(Aerpi0)(FG) = (Auirpio) (F)As,r(G) (4.9)
for any bounded increasing functions F, G on C, . To achieve this, let

Dy = {v e C([s,T); Po(RY) : vy = po, vy € Py, t € [5,T]},
which is a Polish space under the metric for A > 0 :

Waa(p,v) :== sup (e_)‘tWQ(ut,Vt)). (4.10)
te(s, T

For v € D, and bY (z) := by(z,14), 0¥ () := \/2a4(x, ), consider the time-dependent SDE
AdX? = bY(XV)dt + oV (XV)AW,, t€[s,T), XY =X, ~ o, (4.11)
By 1o € P+ and conditions (1)-(2), Theorem 3.2 implies
D, ov—= @) €Dy (B(v))e = Lxy, telsT]

By It0’s formula and (1.3), it is easy to see that ® is contractive under the complete
metric
Wo(v'?) = sup (e MWa(v),17))
tes,T)

on D, so that it has a unique fixed point v € Dy. Thus, A, rpo = E(X;’)te[s,ﬂ with
v = Lxr € Py, t € [s,T]. Therefore, by applying Theorem 3.2 to the diffusion process
generated by L; with coefficients (", a”), we conclude that the present conditions (1)
and (2) imply (4.9) as desired.

O
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Proof of Theorem 2.5. Consider the decoupled SDE

AXT = b(t, XTF, Pl dt + o(t, X2F Ply)dWe, ¢ > s, X3P =1, (4.12)

s,t s,t = s,8

where P7,u is the marginal distribution of A; at the time ¢. For z € RY, let ATH = Lyen .

[s,00)

Then for any v € P, AV# := [, AD"v(dzx) is the law of X [” o o) With initial distribution v.
Noting that A¥ = AlH = L‘ Xt , by A% € P3 we obtain

AL(FG) > A(F)AL(G), F,G eU(Cs), € Py. (4.13)
For v € C4, let F(vy) = f(vs) with 0 < f € U(R?). Then (4.13) becomes
APH(G) > APH(G), G eU(Cy),

where v(dz) := % That is, AV* > A##. Then there exit m, € C(AQ*, A##) and

Brownian motions B} and B? on (Q, 7, P) := (Cs,0(7, : 7 € [s,]), 7s) such that

dé; = b(t, &, PFyp)dt 4+ o(t, &, Prp)dBY, Le, =v, t>5 4.14)
d’]t = b(tﬂlt’ s,t:u)dt + U(tvnt? s,t:u)dBt7 [’Us =p, t=s.
satisfy 75(§ > n) = 1.
For any increasing 0 < f € U,, which does not depend on z;, z;, we have v := f:(d}‘)
with 11 = jug;5y X pgigpe such that vy = pg;. Thus, & = nl, & = nl. So,
t
&~y = / (bk (7, &, PLpt) = i (r, 0y, P ppa) ) dr
0 . (4.15)
+/ (on.(r,np, Pyp),dBy) — / (on.(r,m, Ppp), dBY) > 0, k=1, .
Thus, by following the argument to derive (4.6), we have
a/ij(sa €S7 /’[’) = 0;. (57 gsa M)Ui' (87 gsa /j/) = O'i.(s, MNs» /’[/)UJ(S? MNs» /’L) = Clij(S, Ns, :u)
This, together with v = %, Le, =vand L, = pu,leadsto
[ $@)ass (s ntde) = 1B (5,210
(4.16)

= p(f)Eai;(s,ms, 1) = p(f) /aij(&x,u)u(dx)-

Let g be a function such that u(fg) = pu(f)u(g). Then for f(x) = Ia(zy : k # i,75) with
A € B(R(4-2)), we obtain

B (ag) = [ Ta(lg(ohutde) = n(An(o)

Now, by the definition of conditional expectation we get E* (g|zy, : k # i, j) = p(g), which
obviously implies that g depends only on z;, ;. Thus, (4.16) yields the first assertion.
Dividing by ¢ — s on both side of (4 15) and taking ¢ — s, we get Eb;(s, &, pu) >

Eb; (s, &s, p). This, together with v = u(f)' Le, = v and £, = p, leads to the second
assertion. O
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