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1 Introduction

In Non-commutative probability, the concept of random variable is generalized to a
scheme of operators where new notions of independence of random variables appear.
Some of the most important notions of independence [10] are the free, Boolean, and
monotone ones.

One of the main objectives in non-commutative probability is to obtain analogues of
relevant theorems in classical probability. Such is the case of the Berry-Esseen theorem
[4, 6]. This theorem is a quantitative version of the Central Limit Theorem (CLT) that is
important to justify many applications. Recall that the Kolmogorov distance between two
probability measures ;. and v is defined by djo (11, V) := sup,cg |1((—00, z]) — v((—o0, z])]|.
Let m,,(u) denote the n-th moment of a measure . The Berry-Esseen theorem states
that if 41 is a probability measure with m1(p) = 0, mz(p) = 1, and [ [¢{]*du(t) = p < oo,
then there exist an absolute constant C' > 0 such that

D 1 *MN < —1/2
dkol( ﬁ/’(' 7N)_Cpn )

where * stands for the convolution, N represents the standard normal distribution, and
D, i denotes the dilation of a measure p by a factor a > 0; this means that D,u(B) =
p(a~1B) for all Borel sets B C R.

The proof of the Berry-Esseen theorem, see Section XVI.5 in Feller [7], is based on a
general smoothing inequality in terms of the Fourier transform to bound the Kolmogorov
distance between distributions and on obtaining an adequate approximation to the
Fourier transform of the n-fold iteration of the classic convolution.
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In free probability, the analogue of the Berry-Esseen theorem for the free CLT was
obtained by Chistyakov and Gotze [5]. Their result says that if y is a measure with
mi(p) =0, me(p) = 1, and my () < oo, then there exist an absolute constant C' > 0 such
that

diot(D 1 p®", ) < CJma ()] + ma(p)' /> =12,

1
N
where H stands for the free convolution and S represents the standard semicircle
distribution.

In monotone probability theory, Wang, Arizmendi, and Salazar [2] proved a Berry-
Esseen type estimate for the monotone CLT: if i is a measure with mq(u) =0, ma(p) = 1,
and finite sixth moment, then dkol(D% pP",a) = O(n~'/*), where > stands for the
monotone convolution and a denotes the”standard arcsine distribution.

The proofs in [5] and [2] to obtain the Berry-Esseen type estimates for the central
limit theorems in free and monotone probability, respectively, rely on Bai’s inequality [3],
which is a smoothing inequality in terms of the Cauchy transform (see Subsection 2.2) to
bound the Kolmogorov distance between two distributions, and on obtaining adequate
expressions for the Cauchy transform of the n-fold iteration of the free and monotone
convolutions.

In the case of Boolean probability, a Berry-Essen type result for the Boolean CLT was
obtained by Arizmendi and Salazar [1]. In this case, convergence in the Kolmogorov
distance does not hold. Instead, one should use Levy distance, denoted by d;., (see
Subsection 2.1), since it metrizes weak convergence of measures. Let & denote the
Boolean convolution and b denote the symmetric Bernoulli distribution, %5_1 + %51.
Suppose that p is a probability measure with m;(u) = 0 and ms(u) = 1. Arizmendi and
Salazar proved that if ;1 has bounded support, then dzev(Dﬁ p¥" b) = O(n~1/2), and if p

has finite fourth moment, then dlev(D% p¥" b) = O(n=1/3).

In this paper, we obtain the following theorem that improves the above results on
Berry-Esseen type estimates for the Boolean CLT. The estimate in this theorem is sharp,
see Remark 3.1.

Theorem 1.1. Let i be a probability measure such that mi(u) = 0, ma(p) = 1, and
me(p) < co. Define the measure ., = D%/ﬁ”. Then, for n large enough we have that

C+2
\/ﬁ7

NSRRI

dlev (/fvna b) S

where C' is a constant that depends only on .

In the bounded case, the proof in [1] of the Berry-Esseen type estimate for the
Boolean CLT is based on accurately approximating the Cauchy transform of the n-fold
iteration of the Boolean convolution, while in the unbounded case the proof is based
on a general inequality to bound the Levy distance of any measure to the Bernoulli
distribution.

Now, the proof of Theorem 1 is also based on such inequality. However, we combine
it with a quantitative version of the Stieltjes-Perron inversion formula (Theorem 2 below)
and further refinements of estimates related to the Cauchy transform.

Apart from this introduction, the sections of this paper are organized as follows. In
Section 2, we present the preliminary material and technical results necessary to prove
our main result. Particularly, in Section 2.2, we present Theorem 2 and discuss some
interesting consequences. In Section 3, we prove Theorems 1 and 2.
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2 Preliminaries

In this section we define all the concepts used in this work and discuss some basic
properties of them. In Subsection 2.1, we define the Levy distance and state a proposition
that gives an upper bound of the Levy distance of a probability measure to the Bernoulli
measure. In Subsection 2.2, we introduce the Cauchy transform and the F-transform.
We also state Theorem 2 which gives a quantitative estimate to recover a measure from
its Cauchy transform. In Subsection 2.3, we define the Boolean convolution in terms of
the F-transform and obtain an expression for the F-transform of the n-fold iteration of
the Boolean convolution of a measure with itself.

2.1 The Lévy distance

Let 1 and v probability measures. We define the Lévy distance, see [8], between
them to be

diey(p,v) :=inf{e > 0| F(x —€) —e < G(x) < F(z +¢)+e forall z € R},

where F' and G are the cumulative distribution functions of ;1 and v respectively.
The following Proposition is the Lemma 2 in [1], and it is a key ingredient in the proof
of Theorem 1.

Proposition 2.1. Let i1 be a probability measure of zero mean and unit variance. Sup-
pose further that p((—1 —¢,—1+¢€¢)U (1 —¢,1+¢€)) > 1 — ¢ for some e € (0,1). Then

dlev (/’La b) S

€.

N |~

2.2 The Cauchy transform

Throughout the paper z denotes a complex number and we write z = x + iy, where x
and y are real numbers.

The Cauchy transform (or Stieltjes transform) [12] of a non-negative Borel measure
w is defined as

1
Gu(z) = /]R du(t) for z € CT,

z—1
where C* denotes the open upper complex half-plane.

We can recover a measure p € M from its Cauchy transform via the Stieltjes-Perron
inversion formula:

1 b
p(la.t) =tim— [ (6o + in))da.
w0 mw/J,

provided that p({a,b}) = 0.

The following theorem is a quantitative version of the Stieltjes-Perron inversion
formula which is tailored for our purposes. This will be proved in Section 3.1.
Theorem 2.2. Let u be a probability measure. Let —o0 < a < b < co. Then we have that
forally >0

2y 1t . 2y
p((a+0,b—9]) — =5 < —;/a SGu(z +iy)dr < p((a —0,b+0]) + 5

Note that if § = \/y and y | 0, then we obtain the Stieltjes-Perron inversion formula
for probability measures. Moreover, taking a = —oco and § = 27?’ we deduce that

2y

dlev(lu/yvﬂ) S ?7
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where ¥ is the probability measure of density —13(G,(z + iy))dz, i.e. p¥ = px* C,
where C), is the Cauchy distribution with location 0 and scale y. This further implies the
following inequality for the Lévy distance between two probability measures in terms of
the Cauchy transform

pew (V) < \/8:er % /]R 1S(Gu(z)) — S(Gu(2))|de.

Next, we discuss some bounds for the Cauchy transform.
Since |z — t| > y for all t € R, then it follows that

|Gu(2)] < ,u(y]R) for € CT. (2.1)

The following proposition gives another bound for |G, (z)| in terms of the moments of
L.
Proposition 2.3. Let i be a measure and ¢ > 0. Then we have that

2u(R) | 2 Jy [tidpu(t)
E yla

Gu(2)] <

for any x > 0.

Proof. We have that

2/ 1
< — d,utJrf/ du(t
x| ) Y Szl 2

2u(R) | 2 [y [tidu(t)

- O
|z| ylz|
In particular, taking ¢ = 2 we obtain that
2u(R) 4 [t3du(t
Gu(2)] < 220 | ] Edutt) (2.2)

|| ya?

The reciprocal Cauchy transform (or F-transform) of a positive Borel measure

1 € M is defined as
1

Gu(z)

Directly by definition, it is not too difficult to see that for a probability measure 1 and
a > 0, then

for z € CT.

F,(z) =

Fp,u(z) =aF,(z/a) forze C". (2.3)
The next proposition gives a fundamental representation of the F-transform for the
probability measures that are of our interest.

Proposition 2.4. Let i a probability measure such that mi(u) = 0, mo(p) = 1, and
me(p) < co. Then there exists a real number « and a non-negative Borel measure w such
that mg(w) < oo and

forz € CT.
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Proof. Let i as in the hypothesis. Since m;(p) = 0 and mq(p) = 1, then by Proposition
2.1 in [9] we have that there exists a probability measure v such that

Fu.(2)=2—-G,(2) forzeC".

Moreover, since mg(1) < oo, then by Proposition 4.8 also in [9] we have that m4(v) <
o0. Again by the same propositions aplied to v, we get that there exists a real number «
and non-negative measure w such that ms(w) < co and

F,(2)=z—a—G,(z) forzeCT.
The desired representation follows from the above equations. O

2.3 Boolean convolution

Given probability measures p and v, the Boolean convolution p W v, introduced by
Speicher and Woroudi [11], is the probability measure defined by the equation

Fuu(2)=F,(2)+ F,(2) —z forze C".

Let 1 be a probability measure and n be a positive integer. We want to obtain an
expression for the F-transform of p, := D1 (u*").

First note that

ﬂ

Fuen(2) = (1 —n)z +nF,(z) forze C'.

Now, suppose further that m, () = 0, mo(p) = 1, and me(p) < oo. Thus, by Proposi-
tion 2.4 we get that

n

- " f +
P —c o orze C™,

Fyom(z) = 2 —

where « is a real number and and w is a non-negative Borel measure such that [ ¢2dw(t) <
oo. Finally, applying (2.3) we obtain the representation

F.(2)=2z—

1
— for z € CT. (2.4)
v i ﬁGw(\/ﬁz)

3 Proofs

3.1 Proof of Theorem 2.2.

Let i be a probability measure. Choose a and b such that —co < a < b < oo and fix
y > 0. First, we rewrite the following integral

b b poo
. Y
/a—(\\lS‘GH(x‘i_ly)dx:/a /;Oo mdﬂ(t)dm
oo b
Y
= ———dxdu(t
[ool (x_t)2+y2 I'u()
_/OO /b_ L dedu(t)
=/ - o xdu(t).

Now, let § € (0, 25¢). It follows that

ECP 27 (2022), paper 11. https://www.imstat.org/ecp
Page 5/10


https://doi.org/10.1214/22-ECP448
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

On a Berry-Esseen type limit theorem for Boolean convolution

o it b—s i 1
———dzdu(t) > ———dxdu(t
/—00[1;75 2 +1 xu()/ﬁa /Lt 221" uet)
Y

So, we arrive to

2y 1 ° .
w((a+0,b—10]) — - < —— | SQSGu(x +iy)de.

On the other hand, we have that

b b+6 o=t % 1
—-SG(x +iy)de = / / dxdu( )+ / / ———dxdu(t).
/a a—s Ja= t¢(a—sbo] Jozt wP+1

Next, note that

b+ v b+o 0o 1
/a [L 2+1dxdﬂ /a /700 mdl’du(t):’ﬁﬂ((afé,b‘F(ﬂ)

Hence, splitting the integral over the complement of the interval (a — §,b + ¢], we get

b—t s b—t bt
Y
dxdp( dad dud
/¢(a ‘”’*‘S]/yt $2+1$u / / 2+1xu /+5/ x2+1xu()
a—o =4
< dd dad
_/ / l',LL /+5/ x2+1x:u()

§2/ e dad(t)

_
=2

<o

Finally, we conclude that for any y > 0

-1 /° 2
= [ 86w + e < pl(a— b8 + 2L
T Ja w

3.2 Proof of Theorem 1.1

We are now ready to prove Theorem 1. Before this, let us make the following remark.

Remark 3.1. In [1] it is also shown that if we define p,, := %7%3:1, Gn = %7%,
Ty = % Vo, and y,, = % Vi;:“”, then the probability measure given by i, := ppd., +

Gndy, is such that p, = D 1 p¥™ and L(j,,b) > ﬁ.
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Now, let us fix a probability measure p such that m;(u) =0, ma(p) =1, and mg(p) <
oo. Define u, := D%(/ﬁ”). We begin by obtaining some representations for the

imaginary part of the Cauchy transform of .
Note that

= 3G, (2) =

Recall that by (2.4) we have the representatlon

1
i) =2 e e )

(2 o)

for z € CT,

where « is a real number and w is a non-negative Borel measure such that [ t?dw(t) < co.
Define W;,(2) = 2 — = — ﬁGw(\/ﬁz) so that F},, (2) = 2 — 1 (7. It follows that
YW (2)]* + S(Wa(2))

- gGﬂn(Z) = |ZWn(Z) . 1|2

(3.2)

Next, we establish two lemmas that carry the main estimations of the proof. But first,
we define some constants and give an inequality that is vital for making such estimations.
Let K = max{w(R), [ t*dw(t)}. Now, take C' > max{5 la+2, 4(K+1)2, 1+ 55 (30K +1)},
let n > max{20%a?, 20 - 30K, 16C?}, and fix y = 1. Observe that by the inequality (2.2)

we deduce that
2K 4K

|Gu(Vnz)| < NG + e

Lemma 3.2. We have that —1 fAi 3G, (2)dx < f fori = 1,2, provided that n is large
%] and Ay = [1+ ﬁ’ o).

(3.3)

enough, and where Ay = (—o0,—1 —
Proof. Assume that z < —1 — % Since |z| > 1, then by (3.3) we have that |G, (v/nz)| <
6K
N

First, we want to bound below |F},, (z)|. Observe that ®(WW,(z)) <z+-= Lol +f|G (v/nz)]
< x4+ ‘\O‘fl—t—GK. As z < —1—— v/n > 6K, and C > |a| + 1, then it follows that
R(Wn(2)) <
deduce that |§R(

( )| > 1, which further implies |W 5| < 1. Hence, we

W (Z )| < 1. Usmg this, we conclude that

1

[R(E, (2))] = |z = R( )= 2| = [R( )| >—z—1,

1
forx < —-1-— %
Now, we want to bound above $(F},, (z)). As seen above, for z < —1 — % one

has that —3(Gy(Vnz)) < |Gu(vnz)| < f/—lf and |W,(z)| > 1. Therefore, (W, (z)) =

n

y— =S(Gu(Vnz)) < 14 6K Hence, we obtain that
S(Wn(z)) 6K+2 C
S(F, = < < —.
\f( Mn(z)) y+ |Wn(z)|2 n n
By the previous estimations and (3.1), we conclude that —3(G,,, (2)) < % for
r< —1-— % It follows that
1 1 [ % ¢ 1
_7/ %Gun(z)dac<—/ /”de: .
T Ja, T J_ o (x+1) m/n
By a similar argument, it can be shown that —2 [, 3G, (z)dz < ﬁ O
ECP 27 (2022), paper 11. https://www.imstat.org/ecp
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Lemma 3.3. We have that —1 S SGy, (2)dx < 2% + 8

CRSECY Jr T

Proof. We deliver the estimation of this integral in three parts.
First, let us suppose that z € [0.4,1 — \F] By (3.3), it follows that |G, (v/nz2)| < 30K
Our objective is to bound —3(G,,, (2)). We begin by bounding $(F),, (z)). We clalm
that |W,,(z)| > 0.3. Indeed, from the definition of W,,(z) we see that |W,,(z)| > |z| — = —

|ﬁGw(\/ﬁz)| > x - % — 30K S0, the claim follows as n is larger than 20 - 3OK and
20202
Next, note that J(W,(2)) = y — 7=3(Gu(Vnz)) < 30841 1t follows that

S(E, () =y + SGE) L e @HAD €

Now, let us bound below |F}, (z)|. Observe that

p L) SN )

Wo(z) R(Wn(2))
We have that R(Wn(2)) < = + [ + f w(vnz)| < 1-— f l?n—‘ + 29K Recall that
[Wa(2)] > 0.3 and S(W,(2)) < 2L Tt follows that 1+ S(W (2))S () > 1— GOK 41

Since the last quantity is bigger than R(WV, (z)), as C' > |a| + 2 and n is larger than
(30k + 1)? and 16, then we deduce that (3w ) > 1. Thus,

[P, (2)] 2 |z = R( )| = [R(

1 1
7Wn(2) Wn(z))|fx>1fx.

By the above estimations and (3.1), we obtain that —3(G,, (z)) < (ggr/l) for z €

(04,1 — %] We conclude that
1 [ 1 [ C 1
- 3G, (2)dz < = / /n Sdr < ——. (3.4)
T Jo.4 0.4 (1-2) m/n

With minor modifications on this argument, we can also deduce that —% f[_l n
1
SGy, (2)dr < —=

Secondly, suppose that z € (‘?,0 4]. By (3.3), it follows that |G, (y/nz)| < (% +
%)K . Our goal is to bound the expression (3.2).

Note that |W,(2)| < |2| + 5 + | J-Gu(vnz)| < 2 +y + 'j;[+ 2L+ 2K < 1 since

C > 6K + 1 and n is larger 20%a? and 200K . Moreover, as |z| < 3, we obtain that

C
ﬁ7—0<4]

1
|2Wh(2) = 1] > 1 — |z2W,(2)] > 3

Now, we have that (W, (z2)) =y — \%%(Gw(\/ﬁz)) <ig ﬁ(ﬁ + fzz VK, thus
2 2K 2K
YW (2)I” + (W (2) < —+ —

ne nxQ ’

By the above estimations and (3.2), we deduce that

1 04 1 042 4 2K | 2K
- 7/ 3G, (2)dx < f/ n__nz__ na® g

T Jve T Jve 1
vn vn 2

- U4 1 1 ]
Since f% — < NG and x > oL then we conclude that
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0.4
- (3.5)

e .
/o W\F Cyvn w\/ﬁ

By a similar argument we can obtain the same estimation of this integral for z €
[-0.4, €]

el
Finally, suppose that z € [,g %] It follows that |W,,(z)| < |z|+ 1% +|f (\/ﬁz)|
w(R) lof

Moreover, since |G, (v/nz)| < (— then we conclude that |W,(2)] < = +y + f +
w(R) < @ as C > 4(K +1)? and n is larger than 202a? and 16C?. Next, note that
|2W, (2)] < |2||[Wa(2)] < (% +1)¥C < 1 asn > 16C2. Thus, we obtain that

SWalz) ~ 1] 21— |2 Wa2)] > 5.
Now, by the above estimations, we also have that
YIWa(2)]? + (W, (2)) < — + -
By (3.2), we deduce that —3(G,, (2)) < & + v/C, and so we conclude that

VT
1 (v 2J*C+¢@ 20

7\/7\/2 S(G#n(z))d Wf( < ﬁv

as C > 5 and n > 16C?. From this estimation, (3.4), and (3.5), the desired result
follows. O

Now, we are ready to conclude the proof. Let ¢; = % and e = % By Theorem 2,

we have that

1 I—e 2
uaemrrwrwms——/ (G ()l + 22

Q oo

1 1—ey 9
'un([_l tetegl—e — 62]) < _*/ %(Gun(z))dx + %, and

T J-14e 2
L[~ o 2y
i+ e+ o)) <=2 [ 3Gy (2))dr + 2L
1+e; TEy
The previous lemmas implies that pn((—00, =1 — &1 — &]) < 2= + =, pn([-1+
€1 +e,l—€ —e]) < % + %/ﬁ + wf' and i, ([1 + €1 + €2,00]) < —= + —2=. Since

2C 4 11 < 4 2
svr Tave SV T Um
n((—1—€1 — €, —1+e1+e)U(l—€ —€,14+€1+6€)) >1—¢€ —ea.

= €1 + €5 for C' > 5, then we obtain that

Therefore, by Proposition (2.1), we conclude that

7C+2
dev nab Sf

The author thinks that it is an interesting question if for finite fourth moment, or even
finite absolute third moment, we still have an order of convergence O(n~'/?) in Theorem

1.
https://www.imstat.org/ecp
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