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1. Introduction

When analyzing survival data, interval censoring arises frequently in medical
and public health studies. In particular, interval-censored data occur when the
exact failure time cannot be observed, instead, it is known to lie within an
interval or not. Among these data, due to the constraints, costs, features of
events of interest and many other difficulties, an event of interest is observed
once only but the failure time is just known before the examination time or not.
This kind of data is called case I interval-censored data or current status data
([15, 25]).

The nonparametric maximum likelihood, as a widely used method in nonpara-
metric inference, has been developed for estimation of an unknown cumulative
distribution function with current status data. In particular, [1] and [9] derived
the nonparametric maximum likelihood estimator (NPMLE) with current sta-
tus data, while [15] and [17] established the limit distribution of the NPMLE
for current status data. [3] studied a likelihood ratio test to construct pointwise
confidence intervals for an unknown distribution function with current status
data. This novel method was investigated further in [4, 5, 2]. The NPMLE is
an important method and widely used in applications, since it does not involve
any tuning parameter and it converges in distribution pointwisely to an asymp-
totically unbiased limiting distribution. However, due to the discontinuity of
NPMLE, estimators of the density and the hazard rate cannot be directly ob-
tained through taking derivatives. For the problem, [6] provided adaptive risk
bounds for a wide class of distribution function estimators under current status
data based on smoothness classes such as splines, wavelets, etc. [14] proposed
the maximum smoothed likelihood and the smoothed maximum likelihood esti-
mators. Moreover, [11] presented the maximum smoothed likelihood estimator
for the interval censoring model, [12] discussed these nonparametric estimators,
and [13] improved the algorithm for computation and also provided an alter-
native way to derive the distribution of the likelihood ratio. [27] developed an
I-spline based sieve maximum likelihood method for estimating the marginal
and joint distribution functions with bivariate current status data.

As the hazard and cumulative hazard functions can provide different insights
about an event of interest from a survival function, and the survival function
can be directly obtained from the hazard and cumulative hazard functions via
simple calculations, a number of studies have been developed for estimating the



Nonparametric inference for current status data model 3101

hazard and the cumulative hazard. While the nonparametric estimation with-
out smoothing is not stable, some smoothing estimation approaches have been
developed. For example, the kernel-based approaches were given in [10] and [14].
In order to avoid selecting the sensitive bandwidth in estimation, spline meth-
ods have also been developed for the case of interval-censored data. Specifically,
[20] used M-splines to model the hazard and I-splines for the cumulative haz-
ard, [22] suggested using the nonnegative coefficients to model the hazard, while
[7] developed the penalized B-spline basis to model the hazard. [16] considered
Cox’s proportional hazards model with current status data, and studied the
asymptotic properties of the maximum likelihood estimators of the regression
parameter and the baseline cumulative hazard function. [18] proposed likelihood
ratio tests and confidence intervals for the current status data with the model
studied by [16]. Furthermore, [28] developed a B-spline based semiparametric
maximum likelihood approach for Cox’s proportional hazards model with case
IT interval-censored data.

Despite the significant contributions in the literature, the limiting distribu-
tions of the spline-based estimators have not been established yet. Our goal is
to fill this gap and address the theoretical challenge. An additional challenge
is to study the likelihood ratio test for the global hypothesis, which has not
been addressed in the current status data model. In this paper, we develop a
penalized nonparametric likelihood method to estimate an unknown cumulative
hazard function with current status data. In particular, a functional Bahadur
representation is established. Using this technical tool, we show that the pro-
posed estimator enjoys the pointwise asymptotic normality. Furthermore, we
study the penalized likelihood ratio tests and show the optimality of the global
test.

The remainder of this paper is organized as follows. In Section 2, we present
estimation procedures, construct the Sobolev space with a special inner prod-
uct, and give some basic results. In Section 3, we derive a functional Bahadur
representation (FBR) in the space and establish the asymptotic properties of
the proposed estimator. In Section 4, we develop the penalized likelihood ratio
tests for local and global hypotheses. In Section 5, we present simulation results
for comparing the performance of the proposed penalized likelihood ratio test
and the classical likelihood ratio test [3]. Some concluding remarks are made in
Section 6. All technical proofs are deferred to the Appendix.

2. Methodology

Denote U as an examination or observation time and 7' as a failure time with
an unknown distribution function F. Then under the scenario of current status
data, the observation consists of X = (A,U), where A = I(T < U). In this
paper, we assume that the examination time is independent of the failure time.
Such an assumption is less stringent than that of [6] and common for the simplest
version of the current status model in survival analysis; see [26]. Let X; =
(A, U;),i = 1,2,...,n be iid copies of X = (A,U). Under the assumption



3102 M. Hao et al.

that U is independent of T, the log-likelihood of F' is
1 n
= Z [A;log{F'(U;)} + (1 — A;)log{l — F(U;)}]
i=1

by omitting the term independent of F'.

Assume that there exists a small positive constant £ such that P(U > &) = 1.
Let Ag be the true cumulative hazard function of the failure time. Assume that
Ag(t) is increasing and bounded away from 0 and infinity on I = [€, 7], where
7 is the end of the study period. This assumption is less stringent than (F.1)
n [14], since we do not need to assume the distribution of the survival time
has bounded support. Besides, the introduction of £ is to make the definition
of the inner product in (1) meaningful. In fact, we can relax this assumption to
& = 0. In applications, we can choose £ as the minimum observation time and
7 as the maximum follow-up time. Moreover, it is assumed that Ay belongs to
the Sobolev space H™, where

H™ ={g:1— R|g") is absolutely continuous for
j=0,1,...,m—1,9" e LyI)}.

Here m > 1 is assumed to be known, and ¢\) is the j-th derivative of any
function g. Without loss of generality, we assume that I = [¢,1 4 &]. Then, the
log-likelihood of A is

1 n
l(A) = - D (Ailog[l — exp{—A(U)}] — (1 — A)A(T)) .-
i=1
Define I(A) = El,(A) and J(g,§) = [;9™ (¢)g™(t) dt. To make an inference
about Ay(t), we propose the following penalized log-likelihood of A

Lia(d) = 1(8) = 38 A),

where J(A, A) is the roughness penalty and ) is the smoothing parameter. Then,
the penalized likelihood estimator of Ag is defined as

A, ) = arg nax oA ().

We will show that An  is increasing on I with probability tending to 1 in the
next section.
Define £5(A) = E4,, »(A) and the inner product in the space H™ as

(9. h)x = Eu h(Ui)f (Qpe?fi;ﬁ)(}[] ) }} +A /H g™ (&)™ (1) dt, (1)

where Ey is the expectation with respect to U and the corresponding norm is
llgll3 = (g, g) . Hence, H™ is the reproducing kernel Hilbert space (RKHS) with
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the inner product (-,-)x. Besides, there exists a positive self-adjoint operator:
Wy : H™ — H™, such that (Wi f, g)x = AJ(f, g) for any f,g € H™. Define

f(U)g(U) exp{—Ao(U)}

V(f,9)=Eu 1 —exp{—Ao(U)}

We have

<f7 g>)\ = V(f) g) + <W)\fyg>)\~

Let K(-,-) be the reproducing kernel of H™, and let h; and ; be the eigenfunc-
tions and eigenvalues of ™. The properties of K(-,-), h; € H™ and ~; can be
found in Appendix A. Let S,,(A) and S, x(A) be the Fréchet derivatives of 1,,(A)
and £, x(A), respectively. Similarly, let S(A) and Sy(A) be the Fréchet deriva-
tives of I(A) and ¢, (A), respectively. Let D be the Fréchet derivative operator.
Then, direct calculations yield

f(U)g(U) exp{—Ao(U)}

(DSx(Mo)f,g)n 1 —exp{—Ao(U)}

_EU

= _<f7g>/\-

The following proposition will play a key role in the FBR.

- <kaa g>)\

Proposition 1. DS\ (Ag) = —id, where id is the identity operator.

Following Proposition 1, the first term of the Taylor expansion of S, x(A)
at Ay can be approximated by —id(A — Ag). This will result in a sum of the
independent and identically distributed random variables.

3. Functional Bahadur representation and asymptotic normality

The functional Bahadur representation (FBR) is a key technique to establish
the asymptotic normality of the estimators. The following lemma shows that
the estimator is consistent in the || - ||« with ||g]|lec = sup,er|g(t)| and || - |1,
which denotes that || - ||y with A = 1.

Lemma 1 (Consistency). If Asn'=2# — 0 as n — oo for any 0 < p < 1/2, we
have H[\S))\ —Aé])”oo =0,(1),j =0,1,...,m—1, and J(A, x — Ao, Apr — Ao) =
op(1).

Remark 1. Define H{* = {g € H™, g(t) > 0,4'(t) > 0,t € [}. Assume Ay(t) €
HE', m > 1. By Lemma 1, one can show that

nli—?éoP(An’A e Hy) =1
To see this, define A,, = {w : sup,¢; |1AX£3)/\(t) - A((]j)(t)\ < ¢,j =0,1}. Then by
Lemma 1, for any € > 0, n > 0, there exists a No such that when n > No,
P(A,) > 1 —mn. Thus, on A,, we have Ay A(f) > Ao(t) — e > Ag(§) — € and
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/A\;L)\(t) > A(t) — € > Co — € with Cp = mingep Aj(t) > 0. Therefore, by taking
e = min(Ag(€)/2,Cp/2), we have [Xg’&(t) > 0 for any ¢ € I on A,, with n > Np,
7 = 0,1. This yields the conclusion. Numerically, to ensure monotonicity, we use

the B-spline with constrained coefficients for estimating the cumulative hazard
in the simulation studies.

Next, we present the exact rate of convergence and the FBR for f&m A

Theorem 1 (Rate of Convergence). If 1og{log(n)}/(nh2) — 0, \nl72# = 0 as
n — oo for any 0 < pu < 1/2, we have ||Ay x — Aoy = Op((nh) =12 + h™).

We derive a new version of the FBR.

Theorem 2 (Functional Bahadur Representation). If log{log(n)}/(nh*) — 0,

nh? — 0o and A= — 0 as n — oo for any 0 < p < 1/2, we have ||A, \ —
Ao — Sn (Ao |Ia = Op(an), where

Qy, = hfl/Q{(nh)fl+h2m}+h7(6m71)/(4m)n71/2[log{log(n)}]1/2{(nh)71/2+hm}.

From Theorem 2, we can find that the bias of the estimator is very close to a
sum of some independently and identically distributed random variables, which
is very useful to study the asymptotic normality.

Theorem 3. (Asymptotic Normality) Assume that m > 3/44++/5/4, nh*™~1 —
0 and nh® — oo as n — oco. For Yty € I, define

2 . 2 2
i = S (14 )
=
Let A* = (id — Wy)Ag be the biased true parameter. Then we have

Vih{Ana(to) — A*(to)} 5 N(0,02)).

The above theorem reports the point-wise asymptotic normality of the re-
sulting estimate.

Corollary 1. If m > 3/2, nh®™ — 0 and nh® — oo as n — oo, then
Vih{R, 2 (to) — Ao(to)} = N(0,02).

Remark 2. The choice of tuning parameter that leads to the optimal pointwise
rate of convergence is h =< n” TR However, this rate does not satisfy the con-
ditions of Corollary 1; in other words, the estimator needs to be under-smoothed
to ensure an unbiased limiting distribution, which yields a sub-optimal point-
wise rate of convergence. This shares the same spirit as the under-smoothing
procedures in the literature. Thus, we need to sacrifice the optimal rate for re-
moving bias. In practice, we apply the widely-used CV or GCV to select the
tuning parameter h, as suggested by [24].



Nonparametric inference for current status data model 3105

Remark 3. Corollary 1 together with the Delta-method immediately gives the
pointwise confidence interval for some real-valued smooth function of Ag(tg) at
any fixed point ¢ty € I, denoted as p(Ag(t)). Let p(-) be the first derivative of

p(-). If p(Ao(to)) # 0, we have

P (p{Ao(to)} € [p{f\n,A(to)} + zam%D —1-aq,

where z, is the lower ath quantile of the standard normal distribution function.

4. Penalized likelihood ratio test

In this section, we present the penalized likelihood ratio tests for the local and
global hypotheses.

4.1. Local likelihood ratio test

For a prespecified point (¢g,wp), we consider the following hypothesis:
HO : A(to) = Wy versus H1 : A(to) 75 wo-
The constrained penalized log-likelihood is defined as

L, A(A)

=% Z [A;log{1 — exp(—=A(U;) — wo)} — (1 — Aj){wo + A(U)}] — %J(A, A),

where A € Ho = {A € H™ : A(ty) = 0}. To test Hy against Hyp, take the
penalized local likelihood ratio test (PLLRT) statistic:

PLLRT, x = Lyx(wo + A% ) = Lo (Any),

where A | = argmaxaezy, Lna(A).

Endowed with the norm ||« ||x, Ho is a closed subset in H™, and thus a Hilbert
space. The following proposition states that 7y also inherits the reproducing
kernel and penalty operator from the space H™. The proof is trivial and thus
omitted.

Proposition 2. (Ho, (-, )x) is a reproducing kernel Hilbert space.

(a) The bivariate function
K*(t1,t2) = K(t1,t2) — K(to,t1) K (to, t2)/ K (to, o)

is a reproducing kernel for (Ho, (-,-}x). That is, for anyt' € I and g € Ho,
we have K}, = K*(t',-) € Ho and (K}, g)» = g(t'). Besides, | K*||x <
\/Qcmhfl/g.
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(b) The operator W3 defined by Wig = Wig — (Wig)(to) Ky, /K (to,to) is
bounded linear from Ho to Ho and satisfies (W3 g, g)x = AJ(g,9).

From Proposition 2, we obtain the restricted FBR for f\% »» which will be used
to derive the null limiting distribution. Let the first-order Fréchet derivative
of Ly and Ly be S)  and S respectively. Define S°(A) = E{S}(A)} and
SY(A) = S°(A) — Wi A. Taking the derivative of SY(A), we have

A; exp{—A(U;) — wo }91(U;)g2(U;)
[1 — exp{—A(U;) — wo}]?

DS (N)gigo = —E [ } — (W3g2, 91)x-

Define AJ(t) = Ag(t) — wo. Thus, we have

(DSYADf9)x = (DISU(AD}, 9)x — (W3S 9)r
_ B {GXP{—AO(Ui)}gl(Ui)gz(Ui)
Tl T exp{-Ao(U)}

:| - <W)>\kf7g>)\
= _<fag>)\-

Following from the equation, we have the next proposition.
Proposition 3. DSY(AJ) = —id, where id is the identity operator.

Proposition 4 (Rate of Convergence). Under Hy, if (loglog(n))/(nh®) — 0,
An'T2 = 0 as m — oo for any 0 < p < 1/2, we have ||A) \ — Af|x =
Op((nh)=Y% + h™).

The proof of Proposition 4 is similar to Theorem 1 and thus omitted.

Theorem 4 (Restricted FBR). Suppose that (loglog(n))/(nh?) — 0, An' =2 —
0 asn — oo for any 0 < p < 1/2. Under Ho, we have ||A) \—A§—Sp y(AD)[x =
Op(an), where oy, is given in Theorem 2.

The proof of Theorem 4 is similar to that of Theorem 2 and thus omitted.
Our main result follows immediately from the Restricted FBR.

Theorem 5. (Penalized Local Likelihood Ratio Test). Assume m > (5++/21)/4,
nh®™ — 0 and nh* — 0o as n — co. Also assume that for ¥ty € I, oy, # 0, and

o = Tim V(Kiy, Ky ) /1Ko 3 € 0,1]

Under Hy, as n — oo, we have
(i) Ay = A\ —wollx = Op(n~1/2);
(i))—2nPLLRT, x = nl[Apx — AS | —wol13 + 0p(1);
(iii)—2nPLLRT, 5 % ¢ x2.

Note that the convergence rate stated in Theorem 5 is reasonable since the
restriction is local.
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4.2. Global likelihood ratio test

Consider the following global hypothesis:
HglObal A=Ay versus Hi: A# Ay

The penalized global likelihood ratio test (PGLRT) statistic is defined as

PGLRT, 5 =y x(Ao) — Lpx(Any).

Theorem 6 (Penalized Global Likelihood Ratio Test). Suppose m > (3++/5)/4,
nh*" 1 = O(1), nh® — 00 as n — oo. Define 03 = 372 h/(1+ M), p3 =
Somoh/(1+Xv)% = 03/p3, va = h™'oy/p}. Under HE""™  we have

_ d
(2v2) "Y' 2 (=20 PGLRT, » — ny||[WaAo()[|2 — vx) == N(0,1).

A direct examination reveals that h < n~¢, where 1/(2m+1) < d < 1/3 sat-
isfies the conditions required in Theorem 6. As one can show that n||WyAg|* =
o(h™1) = o(vy), then —2nvy\PGLRT, , is asymptotically distributed as N(vy,
2vy). Since N (vy,2vy) is asymptotically distributed as sz then

—2nyA\PGLRT, ) ~ X?/A .

This shows that the Wilks phenomenon holds for the PGLRT. Since people pay
much more attention to the shape of a function, the PGLRT plays a key role
in practice. For example, the proposed likelihood ratio approach can also be
applied to a parametric setup, e.g.,

Hy:AePy

where Py = {A(t) A = Z?:o tjbj}. It follows from similar arguments as
in Remark 5.4 of [24] that, the asymptotic null distribution for testing such a
hypothesis is Xﬁp which is the same as that in Theorem 6. This result fills a
gap compared to the local test results in [3].

Furthermore, we show that the PGLRT achieves the optimal minimax rate
of testing presented in [19] based on the uniform version of the FBR. Write
Hy : A = A,,, where A,,, = Ao + A, where Ay € H* and A, belongs to
the alternative set A = {A, € H{", exp(An(t)) < (, J(An, Ap) < ¢} for some
constant ¢ > 0.

Theorem 7. Let m > (34 +/5)/4, h < n=¢, where 1/(2m +1) < d < 1/3.
Suppose that uniformly over A, € A, ||Ayx —Anyllx = Op((nh) =12 +h™) holds
under Hyp : A = Ayy. Then for any € € (0,1), there exist positive constants C
and N such that

inf inf P(reject HI'™|Hy, is  true) >1—e¢,
n2N Ap €A ||An|Ix=Cnn

where 1, > \/h®™ + (nh1/2)=1. The minimal lower bound of n,, n~2™/(4m+1)

can be achieved when h = h* = n~2/(4m+1),
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Theorem 7 shows that when h = h* = n=2/(4m+1) the PGLRT can detect
any local alternatives with separation rates no faster than n=2"/#m+1) which
turns out to be the minimax rate of testing in the sense of [19].

5. Simulation studies

To assess the performance of the penalized likelihood estimator and likelihood
ratio test, we conducted a simulation study with a focus on the comparison of
the proposed penalized method and the classical likelihood method [3, 4, 5, 13].
For this purpose, we consider two examples. We use 5-fold cross validation to
choose the tuning parameter. Besides, we consider m = 2 and 3, and sample sizes
n = 600 and 800. In addition, we calculate ¢, on the basis of the eigenfunctions
and eigenvalues defined in equation (1) with the cumulative hazard function
replaced by the estimate of Ag. For each setting, we report simulation results
based on 1000 repetitions using the proposed local likelihood ratio test (PLLRT)
and the likelihood ratio test (LRT) proposed by [3] and [13].

Ezample 5.1. The failure time follows the Exponential distribution with density
function

)= Sesp (~1) e 0.00)

where p = 2.5, while the examination time follows the uniform distribution from
0.5 to 1.5. Specifically, we test Hy : A(0.82) = Ag(0.82) against H; : A(0.82) #
Ao(0.82) where Ay is the cumulative hazard function of the failure time defined
above. To access the power of the test, we generated failure times with density
function

F(t) = — exp (—ﬁ) e [0,00),

= e
u+c

where p = 2.5,¢ = 0.0,0.5,1.0,1.5,2.0, 2.5, 3.0, and the distribution of the exam-
ination time remains unchanged. Simulation results for this example are shown
in Table 1. The powers of both methods are comparable. It can be seen that the

estimated sizes of the proposed test are closer to the target level 5% than that
of LRT.

Example 5.2. We use the setting of Example 5.1 except that the failure time
distribution is changed to the Pareto distribution with density function

1 AN
f(t)-;(l—k;) ,t €0, 00),
where 0 = k = 2.5. We test Hp : A(0.82) = A¢(0.82) against H; : A(0.82) #

Ao(0.82) where A is the cumulative hazard function of the Pareto distribution
defined above. To assess the power of the test, we generated failure times with

density function
1 Kt o\ UF
ro= (1) e,

o+c
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TABLE 1
The estimated size and power of the proposed test (PLLRT) in comparison to the NPMLE
method (LRT) in Example 5.1

PLLRT (m = 2) PLLRT (m = 3) LRT
c n=600 n=800 | n=600 n=2800 | n=600 n=_800
0.0 0.064 0.059 0.067 0.050 0.072 0.033
0.5 0.292 0.355 0.214 0.277 0.256 0.314
1.0 0.629 0.761 0.560 0.692 0.675 0.778
1.5 0.862 0.959 0.833 0.932 0.923 0.963
2.0 0.951 0.988 0.945 0.985 0.984 0.996
2.5 0.985 0.994 0.980 0.989 0.999 1.000
3.0 0.987 0.999 0.984 0.996 1.000 1.000
TABLE 2

The estimated size and power of the proposed test (PLLRT) in comparison to the NPMLE
method (LRT) in Exzample 5.2

PLLRT (m = 2) PLLRT (m = 3) LRT
c n=600 m=800 | n=600 n=800 | n=600 n =800
0.0 0.061 0.044 0.047 0.040 0.074 0.050
0.5 0.161 0.180 0.126 0.122 0.198 0.226
1.0 0.370 0.474 0.279 0.360 0.463 0.558
1.5 0.596 0.739 0.528 0.652 0.741 0.832
2.0 0.787 0.896 0.726 0.841 0.911 0.960
2.5 0.902 0.955 0.857 0.939 0.971 0.991
3.0 0.947 0.973 0.913 0.972 0.991 0.999
TABLE 3
The mean squared error (MSE) of the proposed method in comparison to the NPMLE
method.
Proposed(m = 2) | Proposed(m = 3) NPMLE
n=600 n=800 | n=600 n=800 | n=600 n =800
Example 5.1 0.0107 0.0038 0.0094 0.0044 0.0056 0.0043
Example 5.2 0.0442 0.0035 0.0151 0.0033 0.0036 0.0028

where ¢ = 0.0,0.5,1.0,1.5,2.0,2.5, 3.0, and the distribution of the examination
time remains unchanged. Simulation results for this example are shown in Table
2. It can be seen that the estimated sizes and powers of both methods are
comparable.

For each setting, the pointwise averages, the coverage probability of the point-
wise 95% confidence intervals, and the estimated standard errors of [Xn A(t) are
calculated. The simulation results of Example 5.1 are displayed in Figures 1-
3, and those of Example 5.2 are showed in Figures 4-6. Table 3 summarizes
the mean squared error (MSE) of the estimate in each setting. The simulation
results based the NPMLE proposed by [3] and [13] are also included for compar-
ison. For each case, the estimates given by our proposed method are closer to
Aq(t), particularly when ¢ is near the boundaries, than that given by [3] and [13].
When the sample size increases, the reduction of MSE of the proposed method
is faster than that of NPMLE. This result confirms that the convergence rate of
the proposed method is higher than that of the NPMLE. The coverage proba-
bilities of both methods are reasonable. Besides, the simulation results indicate
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Fic 1. Estimates of the cumulative hazard function in Example 5.1. Note: The solid blue lines
represent Ay, »(t) ; the dashed red lines represent Ag(t). The bottom panel, labelled NPMLE,
is the results based on the estimator proposed by Banerjee and Wellner’s.

that the proposed method with m = 2 and m = 3 has similar performance.

6. Closing remarks

This article focuses on the development of nonparametric inference for the cumu-
lative hazard function with case I interval-censored data or current status data.
It is well known that the convergence rate of the NPMLE of an unknown dis-
tribution function is n~'/3 rather than the standard rate n~/2 due to interval-
censoring. To improve the convergence rate, we develop a penalized likelihood
method using smoothing techniques. To establish the asymptotic properties of
the proposed estimator, we derive a functional Bahadur representation of the
estimator in the Sobolev space with a proper inner product, which plays a key
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F1G 2. The coverage probability of the pointwise 95% confidence intervals in Example 5.1.
Note: The solid blue lines represent the coverage probability; the dashed red horizontal lines
represent the target coverage probability, 95%. The bottom panel, labelled NPMLE, is the
results based on the estimator proposed by Banerjee and Wellner’s.

role for nonparametric inference. Furthermore, we develop the penalized likeli-
hood ratio tests for both local and global hypotheses. In particular, the proposed
penalized global likelihood ratio test is able to detect any local alternatives with
minimax separation rate in the sense of [19], while the classical likelihood ratio
test for the global hypothesis in the current status data model has not been
addressed, to the best of our knowledge. Simulation studies demonstrate that
the proposed estimator outperforms the classical NPMLE and the penalized
likelihood ratio test is more powerful than the classical likelihood ratio test, as
expected.

Note that for case II interval-censored data, the convergence rate of the non-
parametric maximum likelihood estimator of an unknown distribution function
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ple 5.1. Note: The solid blue lines represent the SSE; the dashed red lines represent ESE. The
bottom panel, labelled NPMLE, is the results based on the estimator proposed by Banerjee
and Wellner’s.

is n~1/3 and the limiting distribution of the estimator is still unknown. Fur-
ther interesting research is to investigate the limiting distribution of penalized
nonparametric maximum likelihood estimator through deriving a functional Ba-
hadur representation of the estimator, which is very challenging in the presence
of case II interval-censoring.

Appendix

The Appendix contains the proofs of the main results in the main text and the
properties of the reproducing kernel and the eigensystems. In the following, we
will denote different positive constants by C' which may take different values in
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is the results based on the estimator proposed by Banerjee and Wellner’s.

different places, while “a < b” means “a < Cb” and “a 2 b’ means “a > Cb”.

Appendixz A

In this section, we state the properties of the reproducing kernel K(-,-), the
eigensystems and how to compute the eigensystems.

First, the reproducing kernel K(-,-) of H™ defined on I x I satisfies the
following properties:

(P1) Ki(-) = K(t,-) and (K, g)x = g(t) for any g in H™ and any t € L.

(Py) There exists a constant c¢,, which only depends on m such that ||K¢||x <
cmh /2 for Vt € I, where h = \'/?™_ Thereby, for any g € H™, we have
lglloe < emh™?|lgllx.



3114 M. Hao et al.

n =600 n =800
1.00-

0.75-

0.50-

w) a3S0d0¥d

0.25-

(¢4

0.00-
1.00-

0.75-}:7‘7 \--;-\. 1 %

0.50-

ty (CP)

w) a3S0d0¥d

o

)

a
'

Coverage Probab
(e

0.00-
1.00-

0.75-

0.50-

ERILELN

0.25-

0.50 075 1.00 1.25 150 0.50 0.75 1.00 1.25 1,50
t

Fic 5. The coverage probability of the pointwise 95% confidence intervals in Example 5.2.
Note: The solid blue lines represent the coverage probability; the dashed red horizontal lines
represent the target coverage probability, 95%. The bottom panel, labelled NPMLE, is the
results based on the estimator proposed by Banerjee and Wellner’s.

The eigenfunctions h; € H™ and the eigenvalues v; satisfy the following prop-
erties:

(Ps) supjep [|7jlloc < 00, v; < 2™

(Py) V(hi, hj) = 65, J(hi, h;) = r;0;;, where §;; is a Kronecker’s delta, which
means that when ¢ = j, §;; = 1; otherwise, it’s 0.

(P5) For any g € H™, we have g = Zj V(g, hj)h; with a convergence in the
Il - [[x-norm.

(Ps) For any g € H™ and t € I, we have [|g||3 = > Vg, hi)?(1 + \vy;),
Ki() = 32, hy(0)h; (/1 + A73) and Wy (-) = (/1 + A3 ) ().

It follows from [24] that the underling eigensystem (v;, h;(-)) can be chosen
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F1G 6. The simulated standard error (SSE) and the estimated standard error (ESE) in Exam-
ple 5.2. Note: The solid blue lines represent the SSE; the dashed red lines represent ESE. The
bottom panel, labelled NPMLE, is the results based on the estimator proposed by Banerjee
and Wellner’s.

as the (normalized) solution of the following ODE functions:
_ . exp{—Ao(D)}
PT—ep{-Ao()
(k) ey — 50 — —
hi?(§) =h;"(1+&) =0,k=m,m+1,....,2m —1, (2)

(—1)™h™ (1) m(H)h;(t),t €1,

where 7(+) is the density of U.

Appendix B

In order to prove Lemma 1, we need the following lemma.
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Lemma B.1. For any g € H™, we have J(g,9) < CoV(g,g) with Cy being
independent of g.

Proof. Using the properties of the eigensystems (P4)-(P5), we have for any
geHM™ g= >-; V(9. hj)h;. It follows from [8] that there exists a constant Co

such that {3,V (g, hj)?v3} < CoV (g, g) with Cy being independent of g. Thus,

(Zv.gv 9 ) Zng jvg):ZV(gvh])Q'y
< {ZV g.hj) }1/2{2‘/ (9.h;)* 232 < V(g,9)/?CoV (9,9)"/?

§C()V( 9,9 ) U

Proof of Lemma 1
Let q,(t) € H™ satisfying ||g,||co = O(n~1/2%#). Define
Hp(e)

= 1 D 0g {1 = exp(-Aa(l5) — aan(U)} — (1= 54) {Aa(U3) +a0n (U}

—iﬂA (£) + agl™ ()2 dt

Then, the derivative of H,(«) is

’ _1 - an(Ui) _ )
H(e) nZ[A ~exp{—Ao(T7) — agu(U)} q”w”]

1
—A/ A (¢ W%ﬂﬁ—aA/(ﬁmVﬁ
0
1

1
n Z |: an ‘ {1 — exp(—Ao(Ui) — CYQn(Ul)) - 1- exp(_

1
+qn(U2) {Al 1— eXp{—AU(Ui)} - 1}:|
_ )\/Aém)(t)qﬁlm) (t)dt — ax /((Jﬁm) (£))* dt

I I

. 1 n 'q%(Ui)exp{_AO(Ui)} o (m) (472
B LZAZ [ e WANEA p(”)“/ﬂq" " dt}

=1

1 < 1
_ n 7 Am)
+n;q (U){ "1 —exp{—Ao(U, } A/ t) dt

=0 + 1, + Is.

Ao(Ui))}
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It follows directly from ||gn[leo = Op(n~'/2#) that I; = Op(n~'*2*). Direct
calculations yield that

b (#) - B an(f[]ﬁ} {A”l - exp{l—Aowz-)} B 1}2

and FI, = 0.

Thus, by the central limit theorem, we can get Iy = O,(n™1*#). As q,, € H™,
we have Hqém)Hoo = O0(1). As A\n'72* — 0, Iy = 0,(n~12"). Hence, H}, (a)a <
0. Since

= Op(n_1)7

n

") = — l _q?z(Ui)eXp{—Ao(Ui) _ CVQn(Ui)} o2
Hn( ) - |fl ZAl [1 — exp{—Ao(Ui) — aq'n(Ui)}]Q + AAqn (t) dt] ,

i=1

then H’ () is a nonincreasing function. So A, x(t) € [Ao(t) — |agn (t)], Ao(t) +
|lagn(t)]]. Then [[An x—Aolloo < |elllgnlloc — 0. Thereby, V([[An x—Aolloo, [|Anx—
Aolloo) = 0p(1). It follows from Lemma B.1 that J(A, x—Ag, Apx—Ao) = 0,(1).
Then, [|Anx — Aolla=1 = 0p(1).

Following [23], there exist two B-spline functions g, x, m.o such that

1AL = 89\ e = 0(1), 1350 — A llse = 0(1), for j =0,1,...,m — 1. Note
that

”gm,/\ - gm,OHoo
< A = Gmalloo + 1Gm,0 = Aolloo + [1Anx = Aoflee = 0p(1).

Then it follows from Corollary 6.21 in [23] that HQT(Z))\ — g£{30||oo =o0p(1), 5 =
1,2,--- ,m — 1. Thereby, we have

AP, = APl < IAYY = 39, oo + 1135 — 354 oo + AT = 350100 = 0,(1).
As a result, ||/A\£f)/\ - Aéj)Hoo =o0,(1),5=1,2,....m—1

Proof of Theorem 1

Set g = A A — Ap and write

1 1
lm/\(g + AO) - lm/\(AO) - Sn,)\(AO)g + §D8n,)\(A0)gg + EDZSn,)\(g*)ggg
L + I + I,

where g* = Ay + ag with « € [0, 1]. Note that

613 = [D*Sn(9%)g99]
_ I n [ exp{—g* (U} exp{—g" (U:)}g*(U3)
- ‘n;A’ [1— exp{—g"(U))}]?
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- ||g||oo‘_ZA [1 4 exp{ f_(exi)}{]ezp‘({ ?}}(3 i) }9°(Ui)
L~ exp{=Ao(Ui)}g*(Us)
& ”g”“‘ﬁgAi T ol AolU)TP
Igllo |~ [ o exP{—=Ao(Ui)}g*(U) exp{—Ao(Ui)}¢*(Us)
S o e R e ol
exp{—Ao(Ui)}¢*(Uh)
FlgllF [{1 EPSEWOANE
_ %“Z (A, Ui, 9) Ko, — B{G(A,U, )Ku )], )|
exp{—Ao(Ui) }g*(Us)
+||g”°OEU([1 - eXp?{—Ao(Ui)Hz),
where
oA exp{=Ao(Ui) }g(Ui)
N [ S MM N
Define
(A, Ui, g) = L ;f;f{j\ffg})}]zc;fhl/zw(Ai,Ui,g), i=1,2,....n.
Then,

[D(A, Ui, g) — (A3, Us, f)|

(e Ao€)) 1,1/ Asexp{—Ao(U))
exp(—Ao(§)) ™ [1 —exp{—Ao(U;)}]?

< e W2 = glle

Lemma 1 shows that g € F = {g € H™(I), ||lgllcc <1,J(g,9) < ¢;;2hA~1} when

n is large enough with ¢, defined in (P2). It then follows from [24] that there
exits a set B, with lim,_, P(B,) =1 such that on B,,

|f(Ui) — g(Us)

||Z[ A;, Ui, g)Ku, = B{(A:, Ui ) Ko} 1y

< (n2)lgllic V™ + 1){5loglog(n)} /2.

Thereby, on B,,, we have

191lo0
n

1O (AL Ui, 9)Ku, — E{$(A, U, 9)Ku, 3, 9)1]

i=1

_ Jlloo [|GlIN — m
emh 1/2” ” n” ” (n1/2”g”io 1/(2 )+1){510g10g(n)}1/2

A
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Since

exp{—Ao(Ui)}¢*(Us) )
1 — exp{—Ao(U;)} < lgllssllgllx;

glloc E

then on B,,
— 9lloo|lGlIN
685 5 coun /2 D029 2 2120 3 5 10g 10g(m) 72 4 il
2
Cm
~ 1/2 172 i o %\
S —3/sy, Uoglog(n)} Zllgll3 + llglloclgl ®3)

Hence, from (n'/2h) =1 {loglog(n)}/? = o(1) and ||g||c = 0,(1), we have |6I3] =

op(1)lglI3-
It follows from the definition of S,, y(Ag) that [|S, x(Ao)|x = Op((nh)~1/2 +
A1/2). Thereby,

111 = |Sn A (B0)g] < ISaa(Bo)llxllgllx = Op((nh) /2 + X1/2) gl

For I, we write

2I, = DS, a(Mo)gg
= (DS, (Ao)gg — EDS, A(Ao)gg} + EDS,, z(Mo)gg
—1lgll3 + {DSnA(Ao)gg — EDS,, A (Ao)gg}

||g||i+1i<Alg2<Ui>exp{Aowz-)} b G (U exp{— A0<Uz>}>_

n e \TH I —exp{—A )} T 1= exp{—A0(U;)}

In view of (3), we have

G(U) exp(~ Ao (1) G(U) exp(~Ao(U1))
"IE&P( S EU{ 1~ exp(—Ao(U) H’

S el 2lglh { T2 lal /o 4 2 loglog(m) /2 ) =1
It follows from the definition of /A\m,\ that Iy + Is 4+ I3 > 0. Thus,
Tim P (lgl3 (140, (1)) S {lgl} Y B0t/ 22 1/ 2m =141/ Gm) (5 log log (n) } /2
+ 07 h 2 5 loglog(n)} /2l + ((rh) /2 4+ AV2)[gllx}) = 1.
Therefore,
gim P(Jlgla S {llgly G2 G R A 5 1og 1og (n) /2

+n  h™2{5loglog(n)}/? + ((nh)~1/2 + )\1/2)}) =1.
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Since (nh'/2)~1{5loglog(n)}'/? = o((nh)~1/?),
Jim P(llgllnn < {(nh)=V2 4 AV2 4| g|| Lo/ Cmn =125 10g log(n) } 1/ % ¢, h = /2})
=1
Moreover, as ||g|ls = 0,(1) and (nh)~'/2{5loglog(n)}'/? = o(1), we have
lglla = Op((nh)~Y2 + A™).

Proof of Theorem 2

Denote g = A,y —Ag. By Theorem 1, we have ||g||x = O,((nh)~*/24+h™). Then,
there exists a constant C' such that B,, = {||g|lx < rn = C((nh)=*/? + ™)}
has a large probability to occur. Define § = d,,'g with d,, = ¢, h~1/2. Since
h = o(1) and {loglog(n)}(nh?)~! — 0, d,, = o(1). Besides, on B, ||§]lcc < 1
and J(g,9) = d,;°271(AJ(g,9)) < d.227 g/} < ¢;.2A"h. Thus, on B, we
have § € F, where F = {g : [|glleo < 1,J(g,9) < c,,2hA71}. By the Taylor
expansion,

Al

. KUi
T A exp{—Aowi)}]
Ky N Ky

1—exp{—A,2(U)} — 1—exp{-Ao(U)}
Ky, N Ky,

1—exp{—A,2(U;)} 1 —exp{—Ao(U)}
Ky A Ky

1—exp{—A,\(U)} — 1—exp{~Ao(U)}

- (A_KUi exp{—Ao(Ui)}g(Ui) .\ Ku, eXP{—AO(Ui)}g(Uz’)>
1

A;

>

L= ep{=A@HE "7 = exp{=Ao(U)}?
. (Z A, SP{ R0 (U)K, (U [1+ exp{=Ao(Un)}]

(1 — exp{—Ao(Ui)}]?

exp{—Ao(Ui) } Kv,g° (Us)[1 + exp{—Ao(Us)}]
[1 —exp{—Ao(Ui)}]?

—EA; ) (14 0p,(1))

=1 + I.
Note that

L[ s Ko exp{=Ao(U)}g(Ui) Ky, exp{—Ao(U:)}g(Ui)
= nZ[A 1~ exp{—Ao(U)))]? E{Al 1~ exp{—Ao(Uy)) 2 H

i=1
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1
_ _ﬁ Z {¢(Al7 Ui;g)KUi - E¢(Az; Ui?.g)KUi} ’

=i
where
oo = D,
Define
32, Ui ) = 2 Zfﬁfﬂffg(f}w (A U d G-I,
Then,

|6(A:,Us, §) — $(Ai, Ui, f)|

[1 —exp{—Ao(¢)
exp{—Ao(§)}

[1-— eXp{_AO(f)}]qucqhuz Ajexp{—Ao(U;)}
exp{—Ao(§)} " " (1 — exp{—Ao(U;)}]?

C W2 f = oo

It follows from [24] that there exists an event A,, C B,, such that lim, P(B,, —

A,) =0, and on A,,

2 ~
}] dr_Llc;zlhl/Z‘qs(Ah Ul7dn.§) - ¢(Al7 Uiu dnf)'

d.{9(U:) — f(U:)}

IN

H Z{ (84 Ui, ) K, = BS(A, Ui §)Ku, ||
_<n1/2h-<2m-”/<4m>||§||i*”<2’"> +1){5loglog(n)}/2.

Then, on event A,

111]1x = %H Enjw(AuUmg) — Eo(A: Ui g)} ’L
=1

A

1
—(n!/2p DA g | 2 G 1) {5 loglog(n) Y/ 2 dy 1/

— (n71/2h7(2m71)/(4m)”g”;l/@m) + nfl){5 loglOg(ﬂ)}l/Zdncmhil/?
As ||§]lco < 1, then, on A,

Ly S (n='/2R=Om=D/Um) 4 =1 =) 510glog(n) } /2 c2,ry
= OP(n_l/Zh_(6m_1)/(4m){5loglog(n)}l/Z{(nh)_l/g—i—hm}),

For the main part of I, (ignoring o,(1)I2, still denote as I5), we have

1 ‘exp{—Ao(Ui) } K, g°(Us)[1 + exp{—Ao(Ui)}]
- Z { [1 — exp{—Ao(U:)}]?
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B “exp{—Ao(Ui) } K, g° (Us)[1 + exp{—Ao(Us)}]
E (AZ 1~ exp{—Ao(U)J P ) } |

Write

“exp{—Ao(Ui) } K, g* (Us)[1 + exp{—Ao(Us)}]
' [1 —exp{—Ao(Ui)}]? ’

[1 —exp{—Ao(§)}]*
2exp{—Ao(§)}

Again, it follows from [24] and nh? — co that with n large enough,

0(A;, Ui, 9) = A

B(Ai, U, §) = A2 enh ™ 2 p(A;, Uiy dnd).

12]lx = Op(rah™ /2|11 ]13) = 0p(IIT11x).
Thereby, it is not hard to show that
||Sn(]\n,>\) - Sn(AO) - {S(An’/\) - S(AO)}HA
= Op(n~1/2p= M=/ floglog(n) }/2{(nh)~1/% + h™}).

On the other hand,

(Anx) = Sn(Mo) = {S(An0) — S(Ao)}
AAn ) = Sna(Ao) — {Sa(Anx) — Sa(Ao)}
= —=Spa(Ao) = {Sx(An) — Sa(Ao)}

= g—8ur(Ao) — //SDQS,\(AO + 55'g)g* ds ds’.
1JI

Sn
= Sn

Since || [; [; sD2Sx(Ag+s5'g)g* dsds'||x < [; [; ID?*Sx(Ao+s5"g)g?||x ds ds” and
ID2Sx (Ao + 55'9)g% [x = Op(h™/2{(nh) /% + h™}2),
then [|g — Sp a(Ao)||x = Op(ay,), where

an = h~Y2{(nh) " A2 4~V 2p = Om=D/Gm) fog 10 (n) }1/2{ (nh) "V 24-h™ ).

Proof of Theorem 3

Define Rem,, = An A — A = S, (Ag). Tt follows from the Functional Bahadur
representation that || Remy,||x = Op(an). As nh® — oo, nh*™=1 — 0 and m >
(3 ++/5)/4, we have a,, = o(n~'/2). Since ||S,(Ao)|lx = O,((nh)~/?), Rem,,
is negligible compared with S,,(Ag). Next, we intend to show the asymptotic
distribution of (nh)~1/2{A, (to) — A*(to)}. We will use the fact that for any
t € land any g € H™, (K¢, g)» = g(t). Hence, for any fixed t( € I, since

1-— exp{—Ao(Ui)} ’

) K SR = ()L S K, ) [1
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then,
|(nh)Y2 (K, Apx — A% — Sp(Ao))a|
< Ky lIalAnx — A% = Su(Ao)[a(nh)/? = 0,(1).

As Var{KtU(Ui)(l AL - exp{—Ao(Ui)}]_l)} = V(Kyy, Ky,) and bV (Ky,

2
mo

Kto) — O’t20 <c
(nh)Y/2(EK1y, Sn(Ao))x — N(0,02)

as n — 0o. We finish the proof of Theorem 3.

Proof of Theorem 5

Clearly, part (i) can be obtained from part (ii) and part (iii). Here, we only need
to give the proofs of part (ii) and part (iii).

Proof of Theorem 5(ii). For notational convenience, denote A = /A\n)\, A0 =
/A\%,A, g= A% + wy — A. By Theorem 4, we have

gl = IIA® +wo = Aflx < A% +wo = Aollx + A = Aoflx = Op(rn),
where r, = (nh)~Y/2 4+ h™. By the Taylor expansion, we have
PLLRT, 5 = Lnpa(wo+A% — Lya(A)
= Spa(A)(wo+ A% —A) + /II/HSDSH’)\(A +ss'g)ggdsds’.
By the definition of S,, x(A) = 0, S, x(A)(wo + A® — A) = 0. Then,
PLLRT,

://sDSn’A([X—i— ss'g)gg ds ds’
1.J1
://S[DSH))\(A—i— 55'9)gg — DSy A (No)gglds ds’ + //sDSn,A(AO)gg dsds’
1.J1 r.J1
. 1
= / / s[DSp x(A+55"g)gg—DSn A (Mo)gglds d3/+§[DSn7/\(AO)gg — DSx\(Ao)gg]
1.J1

1
+ 5D8\(Ao)gg
=0+ I, + Is.

Define g = A+ ss'g — Ag, for any 0 < 5,5 < 1, [|gllx = [|A — Ag + s5'g|[x <
IA = Aollx + [lgllx = Op(rn). Then,

DSny)\([\ +55'9)g9 = DS, A(§ + Ao)gg
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n

1 9 (Us) exp{—g(Ui) — Ao( m) (1112
__EZAl[l—exp{ —g(Us) — Ao0 A/{() )Y db

Note that
DS, A(A+ 85’9)99 DS, A(Ao)ggl

U;) exp{—g(U;) — 1 ¢ Us) exp{—Ao(U;)}
_‘ Z 1—e><p{ 9(U;) — Ao 75; 1—€><p{ Ao(U )}]2’

2 1 1
=I5 ;A” ) | o Em Ty =50 T e )

+{[1—exp{ Ao(lU) 3(U >}12‘[1—exp{iAo<Ui>}]2H’

eXp{ Ao(Ui)}g(Us)

<‘ ZA 1_expf TN GANE LA
ex A U;

s ZA O A0+ o)

=1L +1,.

For the main part of I (ignoring the term op(l)jzl, still denoted as I;), we have

I < HQHOO‘ Z [ eX';I’C{P{A:\(O( )}iz} - Ey {g[l(?li:;(?ij\i)\ségl})]} }] ‘
i)}

B g*(U;) exp{—Ao(U;)
+|g||ooEU{[ exp{ O
U;) exp{—Ao(U;)} 9% (Us) exp{—Ao(Us)}
<||9||oo‘ Z[ exp{ AO(O ANE EU{ 1 —exp{— Ao(0 Ui)} }“
+ llllollgllx
EI11+I12~

From the proof of Theorem 2, we have
Iy = [|3llecOp(rna,),
where o, = n=1/2{(nh)~/2 4 pm} = (6m=1/(m) fog log(n)}1/2. Then,
111] = 1|3llsc Op(rna) + gl Op (7).
Similaly, we have || = 70 0p(rucy) + [3llocOp(r2). Thus,

11] = 1|3l Op () + |3l Op (7).
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Under the conditions of A, we have n~'/2p=6m=1/(4m) flog10g(n)}1/2 = o(1).
Thus o/, = o(r,,) and

21| = ||§||OOOP(T'?L) < h_l/anOP(TTQL) = Op(h_l/gri)~
Further, it can be easily checked that
215| = | DS, A(Ao)gg — DSx(Ao)gg| = Op(rpar,).

As I3 = —||gl3/2,
||9||§ -1/2.3 ’
PLLRT, ) = -+ Op(h™Y%13 rpal).

It follows from nh?™ — 0 that nh®>™*! — 0. Together with nh* — oo, h='/23 +
rpal, = o(n~t). As a result,

—2nPLLRT, » = n||A° + wo — A3 + 0,(1). O

Proof of Theorem 5(iii). As —2nPLLRT, = n||A%4wo—A||240,(1), it suffices
to derive the asymptotic property of n||A® 4 wy — f\||§\ Note that

n! A%+ wy — A = 8 A\ (AD) + Sua(R0) 14

n'2(A° 4+ wo — Sp A (AD) [a + n' 2| — Spx(Ao)llx

0,(n* %) = 0,(1).

IN

Hence, we only need to focus on nl/g{Sg,/\(Ag) — Spa(Ao)}. Note that

SpA(AQ)
1 « NKG }
I i o K* o W*AO
n ; L —exp{—AJ(U;) — wo} Us A0
— l Xn: A’ K — KUi (tO)Kto
n = |[1—exp{-AJ(U;) —wo} | *  K(to,to)
Ky, (to) K+, H
K, — —Yi\0)
{ YT T K(to, to)
W (Ao)(to) Ky
_ A — ZAR0/E0) Rt |
{WA ’ K(to, to)

Thus,

SpA(AD) = Sna(Ao)

% % ; { 1 _ei;fUA??&)} +Ku, (to)} T (WAAO)(to)] :
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Thereby,

n!/2 )80 A(AG) = Sua(Ao)llx

1 1 o —AKy, (t
) ’m l\/ﬁ S ety + e} + (WAA‘J)“O)] ‘ |

As nh?™ — 0 as n — oo,

V(Wiho)(to) . vnh(Wiho)(to)
[Kiollx = A2 VY2(Kyy, Ky )x

VIRV ) _ o i 1)

Tty

=0(1)

Consequently,

L LS~ [ DKy, ()
VK(to, to) [_” ; { 1= exp(—Ao(Uh) Ky, (to)}
+ (Waho)(to)] =5 N(0, c1,)

as n — 0o, where

. V(Ky, Kyy)
= 1 -~ 0/ 1 .
=t g, <O
Finally, we have shown —2nPLLRT,, BN Cto X3 as n — 00. U

Proof of Theorem 6

For ease of presentation, we denote g = Ag — /A\n,A and r, = (nh)~Y2 + h™. By
the Taylor expansion,

PGLRT,x = lnx(Ao) = lna(Ann)
= Sua(Ana)(Ao — Ay + / / $DSy A(Anx + 55'g) ds ds’
IJI
= Il +IQ.

According to the the definition of S, x, |11| = 0. It follows from similar lines of
the proofs of Theorem 5(ii) that

_ ||9||§ -1/2,.3 ’
|I2| - 2 +Op(h Tn+rnan)7
where o, = h~(0m=1/(4m)p=1/2{16010g(n)}'/?r,,. Thus,

2
PGLRTnA = 7—”92”/\ —+ Op(hil/lf‘i + ’I‘nOé;L).
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Under the conditions that m > (3 +v/5)/4, nh®™*+! = O(1) and nh® — oo, we
have
—2nPGLRT, » = nl|g|3 + 0,(h~1/?).

Under the null hypothesis H'** and Theorem 2, ||Anx — Ag — Spa(Ag)|| =
Op(a,). And it follows from Theorem 3 that n'/2a,, = o(1). Thus,

12|\ gllx = n'2(|Sp A (Ao)[|x + 0p(1).

Next, we study the leading term ||S,, x(Ao)|[x. Write

1 Ky, 2
Siaol3 = nl|= > [—Ku, + A : — Wi
Sna@GolR = nll7 3 |~Ku+ My ~ el
IH " { Ky, } 2
n ; v 1 —exp{—Ao(U;)} ] lIA
n
Kp.
2 [ K gy W(iA);
WiAo)x +nl[WadolX-
We first approximate |[WWxAgl|x. Define
Avj _
m)\(]) | (AUa )| ,YJ1+A .7_07]-727""
Then, |mx(j)| is a sequence of functions satisfying |m(j)| < |V(A0,h WPy =
m(7). Since Ag € H™, we have 3, [V (Ao, hy) [Py = [y m(7) di(j) = J(Ao, Ao) <
00, where p(-) is the counting measure. As limy_,o mx(j) =0,
1 (A =1
lmZW 0.l 1+)\7] AIE&)/ ma(7) Al
by the Lebesgue dominated convergence theorem. That is,
A2~2
Wil = V (Ao, hy)|? I =o(\
[WaAollX zj:| (Ao, hy)l 1+ My o(A),
which implies that
E‘ Ku + A, i WA ‘
O [+ dr | o

B ‘i[l—exp{ RolT >}‘1]W*A°‘2

-~ exp{—Ao(Ui)}
i e w AW
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< | WaAo(®)]3 = o(n).

Thus, it follows from nh?™+! = O(1) that

n

K i
B e R

= op(nN)!/2) = 0p(n!/2h™) = 0, (h1/2).

Hence,

eXP[{(iJiAO(Uz‘)J H +Op(h71)'

n[|Sp (o) Z—HZ[ Ky, + Aig
In what follows, we study the limiting property of

n DY =Ky, + AiKy,[1 - exp{—Ao(U)}] '3

i=1

Direct calculations yield that

%H ; {_KUi * Ail - exp‘?—Ui/\o(Ui)}] Hj

z*l

where

i ZL_eXp{ oo~ [r=emtmmy 1 6o

Define

AV A;
W, =2 i 1 J —1}K.,K. ,

’ L — exp{—ho(U:)} ] [1 “ep(AaUy) | e K
and Wy, = 37, o, <, Wij such that W), is clean ([21]). Next, we intend to derive
the limiting distribution of W,,. Let o2 = Var(W,,). Then,

— 1

nn =V <[1 —exp{ oy~ [ty Y )

Z 1+/\’yl

=0
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Write G1 = Zi<j E‘(I/Vé)7 GQ = Z
and

E{WEWE+E{WEWE I+ E{WEWE Y,

i<j<k
Gs = Z E{W;jWyWiiWi} + E{W; Wy Wi Wi } + E{Wi, Wy W;. Wi }.
i<j<k<l

It follows from Proposition 3.2 of [21] that, if G1, G2, G3 are all of lower order
than o, then o, 1W,, converges in distribution to the standard normal distri-
bution. Note that

E{W;;}

o8 ({1 = exp*{A—iAo(Ui)} B 1] [1 - exp{A—jAo(Uj)} B 1} <KUi’KUj>A)4
=0(h™%).

Then, G; = O(n?h~%). By the Cauchy-Schwarz inequality, we have
EWZEWE < (EW;)V2(EW3)Y? = O(h™).
Thus, Go = O(n3h~*). Straightforward calculations give that

> 1
E{W, WyW, Wil =16y ———— =0O(h™ ).
(Wi Wi Wi; Wi } ;(1+)\%)4 (h™)

Therefore, Gz = O(n*h™1). Since o2 = (02)? = O(n*h=2), nh® — oo and

n

h = o(1), G1,G2,G3 are of smaller order than that of 0. Hence,
o'W, -5 N(0,1).
It then follows from p} = 3272 h/(1 + Xv;)? that

1

A

Next, consider

1=

1 n Al 9
52 [1 —exp{—Ro(T1)} 1} (Kv, Ku)a

It can be easily checked that

2
A; 2 -
. <{1 ~ep{—ho(Up)} 1] <KU@»KU7:>A> = O(|IKull}) = O(h~),

and

3 Ai ’ -1 _2 ’
. (Z {1 —exp{—Ao(U))} 1] (K, Ky )x —h U,\>

i=1
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Ai 2 2_ -2
< nE(L—exp{—Ao(Ui)}_l} <KU"’KUi>*> o

where of = >3 h/(1 4 \v;). Thus,

{_

It follows from (4) and (5) that n|S,.||3 = O,(h~!). Hence,

1 n Az 2 e .
5;[1—exp Koy Y B K = 1k £ 0,00 )

n! 2|8 allx = Op(h7/2).
Finally,

— 2nPGLRT, {n2||Spallx 4 0p(1)}2 + 0,(h~Y?)

nl[SnallR + op(h7H2). (6)

Combining (4), (5) and (6), we have

(2h Yok /p3) V2 (=2n9A PGLRT, »—n|[[Waho ()3 —h ot /p3) -5 N(0, 1).

The proof of Theorem 6 is complete.

Proof of Theorem 7

First, it can be verified by straightforward calculations that m > (3 + v/5)/4
and h =< n~9 where 1/(2m + 1) < d < 1/3 and satisfies those conditions in
Theorem 6. Then, we only need to consider A,, = Ag + A, for A,, € A. Write

—2n - PGLRT, 5 = —2n{lyx(Ao) = lnx(Ang)} = 20{lna(Ang) — lna(Anx)}

Regarding I, we define

R; = (A;log[—exp{—Ao(Us)}] — (1 — Ai)Ao(U5))
— (Ajlog[l — exp{—Apn, (Us)}] — (1 — A;) Ay, (U3))
= A; (log[1l — exp{—Ao(U;)}] — log[l — exp{—A,,(U:)}]) — (1 — A;))An(U;).

Obviously,
Then,

b {\ S (R, - ER) } < nER? = (nl|Aall} + nll A1)
1 i =~ T n i\ niix/

i=1
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and
1 [lnA(Ao) = lna(Ang) = E{ln,a(Ao) — Ly a(Ang) } = Op(n1/2||An||?\+”1/2||Aon\)~

On the other hand, in view of the fact that DSy (g)AnA, < 0 for any g € H™,
there exists constant ¢’ > 0 such that

o 2
E{DS, »(A% ) Ay} < ¢ E{DS, (Any)AnA,} = %
Then,
E{ln,A(AO) - ln,A(Ano)}
1
= E{SuA(An,)(—Apn) + §D8n’,\(Afm)AnAn}
/ 2
S )\J(AnoaAn) - c ”/;n”)\
/1A 2
<M An) (A0, A} — el
(| AnllX
S )\{J(Ana An) + J(A0> AO)l/ZJ(Any An)l/Q} - T)\
_ || AnlIX
=0(\) 5
Combining the above results, we obtain
L > [ A5 + Op(nd+ 12| Anlx + 22| An]13)
= 0l An3{1+ Op (Al Al + 072 An " + 07 2)) (3)

As for Iy, under Hy,, it follows from ||A,, x — Ay, || = Op((nh)~Y/2+h™) and the
FBR that, for any € € (0, 1), there exists a positive constant C' and an integer
N such that

infinf o (IAa = Aug = Suahug)a < Cra) 21— (9)

where r,, = (nh)~'/2 + h™. Similar to the proofs of Theorem 6, we can show
that I has the same limiting distribution as that in Theorem 6, uniformly over
any A,, € A. In other words,

(20y) 2 (L2 — 0l Wadn, |3 — h 107, 1) = Op(1), (10)

’I’Lo,)\

: _p—1_4 2 2 2
uniformly over any A,, € A, where v,, = h 0n07>\/pn07>\, Tno x> Pg. are of the

form of Uf\, pi with the eigenvalues and eigenvectors derived under A,,,. Let V,,,
and V) be the V functions defined in Section 2. Then, for any f € H™,

Vo (s £) = Vo, H)l = CVo (S, Pl Anlloo-
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It follows from [24] that

Tnor = 03 = O(W2[[Ag]2). (11)

no,)\
Combining (8), (10) and (11), we have

(ZVn)_1/2(—2nr>\PGLRT>\7n —Up)
=2un) V2 (=ra(I1 + 1) — 1)
(2vn) T2 ATz — nl|WaAp I3 — h 7102, 3) + (2vn) 7 2ran][Wa A, |13

77,0,)\

+ (2u) V20 + (2Vn)_l/2rAh_1(07210,)\ —03)
>0,(1) + (2v) 20| A3 (1 + Op (MAL N2 + 07 Y2 AL I3 +n712)
+O(h™ Y| Anll5),

where O, (1) holds uniformly in A, v, = h™'03 /p3, and r, is defined in Theorem
6. Let A[[An ]3> < 1/C, n= V2| A, || < 1/C, Ch™Y|Ag|Ix < (nh'/2)||A,][3, and
|Anl3 > C(nh'/2)~1 for some sufficiently large constant C. Then,

|(2v,) Y2 (=2nr\ PGLRT ,, — )| > ca,

where ¢, is the critical value (based on N(0,1)) for rejecting HZ'**™ at signifi-
cance level . In other words,

AR Z (%™ + (nh?/2)71). (12)

Combining (9) and (12), the main results in Theorem 7 are proved.
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