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Abstract

We consider a 2D stochastic wave equation driven by a Gaussian noise, which is
temporally white and spatially colored described by the Riesz kernel. Our first main
result is the functional central limit theorem for the spatial average of the solution.
And we also establish a quantitative central limit theorem for the marginal and the
rate of convergence is described by the total-variation distance. A fundamental
ingredient in our proofs is the pointwise L”-estimate of Malliavin derivative, which is
of independent interest.
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1 Introduction

We consider the 2D stochastic wave equation

02 .

aTg:Au—&—a(u)W, (1.1)
on R, x R2, where A is Laplacian in the space variables and W is a Gaussian centered
noise with covariance given by

E[W (t,2)W (s,)] = do(t — s)l|lz — y|~°

for any given 8 € (0,2). In other words, the driving noise W is white in time and it
has an homogeneous spatial covariance described by the Riesz kernel. Here W is a
distribution-valued field and is a notation for %, where the noise W will be formally
introduced later.
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Averaging 2d SWE

Throughout this article, we fix the boundary conditions

0
u(0,x) =1, au(&x) =0 (1.2)
and assume o : R — R is Lipschitz with Lipschitz constant L € (0,00) such that
o(1) # 0. It is well-known (see e.g. [6]) that equation (1.1) has a unique mild solution,
which is adapted to the filtration generated by W, such that sup {E[|u(t,2)[?] : (¢, z) €
[0,T] x R?} < oo for any finite 7" and

u(t,z) =1+ /0 - Gi—s(x —y)o(u(s,y))W(ds, dy), (1.3)

where the above stochastic integral is defined in the sense of Dalang-Walsh (see [5, 23])
and G;_,(z — y) denotes the fundamental solution to the corresponding deterministic 2D
wave equation, i.e.

1

Gi(x) = ml{nxua}-

Because of the choice of boundary conditions (1.2), {u(t,z) : € R?} is strictly stationary
for any fixed ¢t > 0, meaning that the finite-dimensional distributions of {u(t,z 4+ y) : z €
R?} do not depend on y; see e.g. [7, Footnote 1]. Then it is natural to view the solution
u(t,z) as a functional over the homogeneous Gaussian random field W. Such Gaussian
functional has been a recurrent topic in probability theory, for example, the celebrated
Breuer-Major theorem (see e.g. [1, 2, 19]) provides the Gaussian fluctuation for the
average of a functional subordinated to a stationary Gaussian random field. Therefore,
one may wonder whether or not the spatial average of u(¢, z) admits Gaussian fluctuation,
thatis, as R — +o0

does / (u(t,x) — 1) dz converge to N'(0, 1), after proper normalization?
{llzlI<R}

Here ¢ > 0 is fixed, u(t, z) solves (1.1) and A (0, 1) denotes the standard normal law.
Recently, the above question has been investigated for stochastic heat equations (see
[4, 9, 10, 20]) and for the 1D stochastic wave equation (see [7]). Our work can be seen
as an extension of the work [7] to the two-dimensional case. In Theorem 1.1 below we
provide an affirmative answer to the above question and we will provide more literature
overview in Remark 1.5.
Let us first fix some notation that will be used throughout this article.

Notation. (1) The expression a < b means a < Kb for some immaterial constant K that
may vary from line to line.

(2) || - || denotes the Euclidean norm on R? and we write Br = {z : ||z| < R}. We
define for each t € Ry := [0, 0),

Fr(t) = /B (u(t,z) — 1) da. (1.4)

(3) We fix 8 € (0,2) throughout this article and there are two relevant constants!
cg, kg defined by

ra-3

= — = aa = B—4 2
ol I et S 1.5)

!Note that the quantity g is finite, since Ji(p) is uniformly bounded on R4 and equivalent to
constant times p as p | 0; see e.g. [20, Lemma 2.1].
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where J;(+) is the Bessel function of first kind with order 1, given by (see, for instance,
[13, (5.10.4)])

Ji(z) = z / sin? @ cos(x cos 0)d6. (1.6)
T Jo
Note that 4n2cgrg = [ ly — z[|~Pdydz; see Remark 2.3 below.
1
(4) We write ||.X ||, for the LP(£2)-norm of a real random variable X.
Now we are in a position to state our main result.

Theorem 1.1. Recall Fr(t) defined in (1.4). As R — oo, the process {RQ‘QFR(t) :
t e ]R+} converges in law to a centered Gaussian process G in the space C(Ry;R) of
continuous functions®, where

t1Ato
E[gtlth] = 477205115/ (t1 — 8)(ta — s){Q(S)ds,
0

with £(s) = E[o(u(s,0))] and cs, kg being the two constants given in (1.5). For any fixed
t>0,

dTv(FR<t)/O'R, Z) S R_B/Q, (1.7)

where Z ~ N(0,1) and og := +/Var(Fg(t)) > 0 for every R > 0.

Remark 1.2. (1) The limiting process G has the following stochastic integral representa-
tion:

{Go:ter,} @ {%m/@ (t— $)E(s)dY, : t € R+} ,

where {Y; : t € R, } is a standard Brownian motion.
(2) We point out that og > 0 is part of our main result. Indeed, it is a consequence of
our standing assumption o (1) # 0. In fact, we have the following equivalences:

or=0, YR>0< 3R >0, s.t. 03:0@0(1)=0<:>1%§%Oa§%3ﬁ*4:0.

The proof can be done similarly as in [7, Lemma 3.4] and by using Proposition 3.1.

(3) The total-variation distance dry induces a much stronger topology than that
induced by the Fortet-Mourier distance dpy;, where the latter is equivalent to that of
convergence in law. For real random variables X, Y,

drv(X,Y) = sup IP(X € 4) —P(Y € A)|, dpu(X,Y):= sup |E[(X) — h(Y)]],
where the first supremum runs over all Borel subsets of R and the second supremum
runs overs all bounded Lipschitz functions & with ||h]|s + |7 ||cc < 1. Our quantitative
CLT (1.7) is obtained by the Malliavin-Stein approach that combines Stein’s method of
normal approximation with Malliavin’s differential calculus on a Gaussian space; see
the monograph [15] for a comprehensive treatment. One can also obtain the rate of
convergence in other frequently used distances, such as the 1-Wassertein distance and

Kolmogorov distance, and the corresponding bounds are of the same order as in (1.7).

Now let us sketch a few paragraphs to briefly illustrate our methodology in proving
Theorem 1.1. The main ingredient is the following fundamental estimate on the p-norm
of the Malliavin derivative Du(t, x) of the solution u(t, ). It is well-known (see e.g. [14])

2The space C(R+;R) is equipped with the topology of uniform convergence on compact sets.
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that Du(t,z) € LP(€; ) for any p € [1,00), where ) is the Hilbert space associated to
the noise W, defined as the completion of C2°(R; x R?) under the inner product

(f.g)s = / F(5,9)g(s, 2)ly — 2l|Pdydzds (1.8)
]R+><]R4
— ¢ / F (5, €) Fgls, —€)|€]/P~2deds, 1.9
R+><]R2

where ¢ is given in (1.5) and .7 f(s, &) = [z e ¢ f(s, 2)dx.

Theorem 1.3. The Malliavin derivative Du(t, x) is a random function denoted by (s,y) —
D, 4u(t,x) and for any p € [2,00) and any t > 0, the following estimates hold for almost
all (s,y) € [0,t] x R?:

Gis(@ = y)llo(usy)lly < || Dsyult. )|, < CopurrripsGes@—y),  (1.10)

where the constants C ;1 and k¢ are given in (4.6) and (4.4), respectively.

Remark 1.4. Theorem 1.3 echoes the comment after [10, Lemma 2.1] and generalizes
[7, Lemma 2.2] to the solution of a 2D stochastic wave equation. Although the expression
in (1.10) looks the same as in [7, Lemma 2.2], i.e. LP-norm of the Malliavin derivative is
bounded by the fundamental solution to the corresponding deterministic wave equation,
we would like to emphasize that the proof in the 2D setting is much more involved and
requires new techniques in dealing with the singularity of G;_s(«—y) while in the 1D case
the fundamental solution is the bounded function %1{|$,y‘<t,s}. Modulo sophisticated
integral estimates, our proof of Theorem 1.3 is treated through a harmonious combination
of tools from Gaussian analysis (Clark-Ocone formula, Burkholder inequality) and Hardy-
Littlewood-Sobolev’s lemma.

Before we proceed to explaining our proof strategy, let us provide a brief literature
overview.

Remark 1.5. It was the paper [9] by Huang, Nualart and Viitasaari that first studied
spatial averages of stochastic heat equation with 1 spatial dimension driven by space-
time white noise. Soon later, the same authors and Zheng investigated the same equation
in higher dimension; in their paper [10], the spatial correlation is described by the Riesz
kernel as in the present work. The above two references considered the noise that is
white in time, leading to the natural martingale structure. This enables one to take
advantage of It0 calculus mentioned in previous remark. However, when the noise is
colored in time, these tools are not available any more and we should restrict ourselves
to the linear equation (that is, when o(u) = u). The linear equation, also known as the
parabolic Anderson model, admits the explicit Wiener chaos expansions, and in the work
[20] by Nualart and Zheng, similar central limit theorems are established at qualitative
level by using the so-called chaotic central limit theorem (see e.g. [15, Section 6.3]). The
authors of [7] first considered the same problem for the stochastic wave equations where
spatial dimension is one and the driving Gaussian noise is white in time and fractional
in space. Unlike in the heat setting, the fundamental wave solution differs in different
dimensions and as we will see shortly, the analysis in our work is quite different from
that in [7]. Here we also remark that it is natural to study the same problem for wave
equations when the noise is colored in time, and it may be a hard problem to get a
quantitative central limit theorem in this setting.

Now let us first sketch the main steps for the proof of Theorem 1.1 and then we will
present the key steps in proving (1.10).
The typical proof of the functional CLT consists in three steps:
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(S1) We establish the limiting covariance structure, this is the content of Section 3.1.
In particular, the variance of the spatial average Fy(t) is of order R*~#, as R — oo.
As one will see shortly, the important part of this step is the proof of the limit (3.3):
Cov|[o(u(s,y)),o(u(s,z))] — 0 as |ly — z|| — oco. This limit is straightforward when
o(u) = u and in the general case, we will apply the Clark-Ocone formula (see Lemma
2.5) to first represent o (u(s,y)) as a stochastic integral and then apply the Itd’s isometry
in order to break the nonlinearity for further estimations.

(S2) From (S1), we have the covariance structure of the limiting Gaussian process

G. Then we will prove the convergence of {R§*2FR(t) tteRyto{G :te€Ry}in
finite-dimensional distributions. This is made possible by the following multivariate
Malliavin-Stein bound that we borrow from [9, Proposition 2.3] (see also [15, Theorem
6.1.2]). We denote by D the Malliavin derivative and by ¢ the adjoint operator of D that
is characterized by the integration-by-parts formula (2.6). Moreover, D!:2 is the Sobolev
space of Malliavin differentiable random variables X € L?(Q) with E[||DX||?] < oo and
Dom is the domain of §; see Section 2 for more details.
Proposition 1.6. Let ' = (F() ... F(™)) be a random vector such that F(*) = §(v("))
for v € Domé and F) € D'2, i = 1,...,m. Let Z be an m-dimensional centered
Gaussian vector with covariance matrix (C; j)1<i j<m. For any C? function h : R™ — R
with bounded second partial derivatives, we have

[ER(F)] B2 < TR |, | D E[(Ciy — (DFO,00))5)?] (1.11)
ij=1
where |h' ||« := sup{’#;wjh(x)’ czeR™,i,j=1,...,m}.

In view of (1.3), we write u(t,z) — 1 = §(G—o(x — *)o(u(e, x))) so that Fg(t) can be
represented as

Fr(t) = /B §(Gi—o(z — %) (u(e,*)))dz = 61, R (e, *)o(u(e, %)) (1.12)
by Fubini’s theorem, with

or(T,Y) = Gi—r(z — y)du; (1.13)
Br

see Section 2.2. Putting V; r(s,y) = @1, r(s,y)o(u(s, y)), and applying the fundamental
estimate (1.10), we will establish that, for any ¢, € (0, c0),

R*=%Var((DFg(t1), Viy,r)5) S R™P for R > t1 +ts. (1.14)

Then, we will show that Proposition 1.6 together with the estimate (1.14) imply the
convergence in law of the finite-dimensional distributions.

The bound (1.14) for t; = t5 = t together with the following 1D Malliavin-Stein bound
(see, e.g. [9, 17, 21]) will lead to the quantitative result (1.7).

Proposition 1.7. Let F = §(v) for some $)-valued random variable v € Dom d. Assume
F €D'? and E[F?] =1 and let Z ~ N'(0,1). Then,

drv (F, Z) < 2/ Var[(DF,v)s] . (1.15)

(S3) The last step is to show tightness, which follows from the tightnez;ss of the
processes restricted to [0, 7] for any finite T. To show the tightness of {RE_QFR(t) :
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t €0, T]} in view of the well-known criterion of Kolmogorov-Chentsov (see e.g. [11,
Corollary 16.9]), it is enough to show that for any p € [2, 00),

IFr(t) — Fr(s)|l, < R* 5|t — 5|2 for s,t € [0, T), (1.16)

where the implicit constant does not depend on ¢, s or R. This will proves Theorem 1.1.
Finally let us pave the plan of proving the fundamental estimate (1.10). The story
begins with the usual Picard iteration: We define ug(t,2) = 1 and for n > 0,

t
Upa1 (6, ) =1+ / Gi—s(x — y)o (un(s,y))W(ds, dy). (1.17)
0o JRr2

It is a classic result that u, (¢, z) converges in LP(Q) to u(t,x) uniformly in € R? for any
p > 2; see e.g. [6, Theorem 4.3]. Now it has become clear that if we assume (1) = 0,
we will end up in the trivial case where u(t, ) = 1, in view of the above iteration.

For each n > 0, u,+1(t, ) is Malliavin differentiable, as one can show by induction
on n. Our strategy is to first obtain the uniform estimate of sup {||Ds,yu, (t, )|, : n > 0}
and then one can hope to transfer this estimate to || D, ,u(t, x)|/,. As mentioned before,
Du(t, z) lives in the space $) that contains generalized functions. To overcome this, we
will carefully apply the following inequality of Hardy-Littlewood-Sobolev to show Du(¢, x)
is a random variable in L7 (R4 x R?), with 8 € (0,2) fixed throughout this paper.

Lemma 1.8 (Hardy-Littlewood-Sobolev). If 1 < p < py < oo withpy' =p~ ' —an™!
then there is some constant C' that only depends on p, « and n, such that

7

11l Lo (rm) < CllgllLeen),

for any locally integrable function g : R?> — R, where with a € (0,n),

(I°g)(x) :=/ lz = yl|*~"g(y)dy.
For our purpose, withn =2, a =2 -, p=2¢=4/(4 — ) and py = 4/5, we deduce
from Holder’s inequality that

(g = [ F@lglo)la vl dedy (1.18)

< ||fHL2‘1(R2)H12769||L4/ﬁ(]R2)
< Cpll fllLzar2) 19l 20 (r2), (1.19)

for any f,g € L?I(R?); see e.g. [22, pages 119-120].

Once we obtain the uniform estimate of sup {||Ds yu, (¢, )|, : n > 0} and prove
Du(t,x) € Lﬁ(IE’ur x R?), that is, (s,y) — D; 4u(t, ) is indeed a random function, we
proceed to the proof of (1.10). In view of the Clark-Ocone formula (see Lemma 2.5),
we have E[D; yu; o|Z| = Gi—s(x — y)o(u(s,y)) almost surely, where {Z, : s € Ry} is
the filtration generated by the noise; see Section 2.2. Then, the lower bound in (1.10)
follows immediately from the conditional Jensen inequality. The upper bound follows
from the uniform estimates of || D, ,u,(t, )|, by a standard argument.

Before we end this introduction, let us point out another technical difficulty in this pa-
per. After the application of Lemma 1.8 during the process of estimating || D ,uy, (¢, )
we will encounter integrals of the form

t 5
/ < G (z — z)Gf.q_s(z)dz> dr
s R?

pr
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where ¢ € (1/2,1) and ¢ € {1,1/q}. In the case of stochastic heat equation, the estimation
of the above integrals is straightforward due to the semi-group property. However, for
the wave equation the kernel GG; does not satisfy the semi-group property and the
estimation of the above integrals is quite involved. For the case of the 1D stochastic
wave equation, as one can see from the paper [7], the computations take advantage of
the simple form of the fundamental solution (i.e. %1{|m,y‘<t,s}). For our 2D case, the
singularity within the fundamental solution G;_s(z — y) puts the technicality to another
level and we have to estimate the convolution Gfﬁ,. * G,,2.q_s by exact computations. A
basic technical tool used in this problem is the following lemma.

Lemma 1.9. For0 < s <t < oo, with ||z|| =w >0 and q € (1/2,1), we have

1—2¢q

1-2
qu * G?q(z) S gwes) [t2 —(s— W)2} T4 [t2 —(s+ W)Q] lossrwy)

_ 1 _ 1
+ 1{|57w|<t<s+w} [(W + 8)2 — t2] a+3 [tQ — (S — W)Q] q+2, (1.20)

where the implicit constant only depends on q.

The rest of this article is organized as follows: Section 2 collects some preliminary
facts for our proofs, Section 3 contains the proof of Theorem 1.1 and Section 4 is devoted
to proving the fundamental estimate (1.10).

2 Preliminaries

This section provides some preliminary results that are required for further sections.
It consists of two subsections: Section 2.1 contains several important facts on the
function G;_(z —y) and Section 2.2 is devoted to a minimal set of results from stochastic
analysis, notably the tools from Malliavin calculus.

2.1 Basic facts on the fundamental solution

Let us fix some more notation here.
Notation. For p € R, we write (v)!. = v” if v > 0 and (v)}, = 0 if v < 0. Then, we can
write .

Gula) = o (* — [J]) 7%,

Recall the function ¢ r(r,y) introduced in (1.13):

©i.r(5,Y) :/ Gir(x —y)da.
Br

In what follows, we put together several useful facts on the function G(z).
Lemma 2.1. (1) Foranyp € (0,1) and t > 0.

1-2p
/ G?P(2)dz = %t”ﬂ. (2.1)
R?2 -

(2) Fort > s, we have ¢y r(s,y) < (t — 5)1{jjy|<r+t} and/ or.r(s,y)dy = (t — s)TR2.
]RQ

The proof of Lemma 2.1 is omitted, as it follows from simple and exact computations.
As a consequence of Lemma 2.1-(2), we have

/ our(s, 2+ &)prr(s, 2)dz < m(t — s)2R2. (2.2)
R2

The following lemma is also a consequence of Lemma 2.1.
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Lemma 2.2. Fort,ts € (0,00), we put

Valtn t2i)i= B2 [ or,nlo0)ornnls2)ly - 2l dydz.
R

Then

(i) Ygr(t1,ts;s) is uniformly bounded over s € [0,t2 A t;] and R > 0;
(ii) For any s € [0,t2 At1], Ug(t1,te;s) converges to 4m2cgrp(ty — s)(t2 — s), as R — oo.

Here the quantities cg and kg are given in (1.5).

Proof. By using Fourier transform as in (1.9), we can write
Vi(ty,te;s) = R6_4/ dxd:c’/ G, —s(x —9)Gry_s(z' — 2)|ly — 2| Pdydz
B, R*

ot [ aar [ agemtonsre (009N snltNEI Y -

. H H
Do s [ eestere St = IR sin(ts — IR s
 J M L i AL

where in the last equality we made the change of variables £ — ¢R™1.

The Fourier transform of z € R? — 1y, <1} is £ € R? — 2x|[¢]| 71 J1(|[€]]) (see, for
instance, Lemma 2.1 in [20]), where J; is the Bessel function of first kind with order 1
introduced in (1.6). Then, we can rewrite ¥ (t1,t2; $) as

2 (sin((t — s 1) sin((t2 — s -1 B
Cﬁ/]RQ {27T||£H*1J1(HEH)} ( i ||§1-ZL!§”R ol ||€||132‘£1|R )>||€||5 24g.

Since sin((t — s)||¢|[R71)/(||€|R™1) is uniformly bounded over s € (0,¢] and converges to
t — s as R — oo, then the statement (i) holds true and

Ur(ty,te;s) EimioN dmcgrp(ty — s)(ta — s).
by the dominated convergence theorem with the dominance condition xg < oo. O

Remark 2.3. By inverting the Fourier transform, we have
e = s [ CmERAUENIENZIEN s = [ =21y

2.2 Basic stochastic analysis

Let $) be defined (see (1.8) and (1.9)) as the completion of C° (R X ]RQ) under the
inner product

(f. g5 = /}R  (s.)g(s.2)ly = 2 Pdydzds for f.g € CX (R x R2)
+>< /4

Consider an isonormal Gaussian process associated to the Hilbert space §), denoted by
W = {W((b) t¢ € 53}. That is, W is a centered Gaussian family of random variables such
that E [W(gﬁ)W(q/})] = (¢, ) for any ¢, 1 € 9. As the noise is white in time, a martingale
structure naturally appears. First we define .%; to be the o-algebra generated by P-null
sets and {W(¢) : ¢ € C°(R; x R?) has compact support contained in [0,t] x R*}, so
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we have a filtration F = {%, : t € Ry }. If {®(s,9) : (s,y) € Ry x R?} is an F-adapted
random field such that E[||®[|Z] < +ooc, then

Mt = / @(s,y)W(ds,dy),
[0,t] xR?

interpreted as the Dalang-Walsh integral ([5, 23]), is a square-integrable [F-martingale
with quadratic variation given by

_ 2
(M), = / ®(s,y)0(s, 2)|ly — 2| Pdydzds = ||®(e, %) 1ecn]];,-
[0,¢] x R4

Let us record a suitable version of Burkholder-Davis-Gundy inequality (BDG for short);
see e.g. [12, Theorem B.1].

Lemma 2.4 (BDG). If {®(s,y) : (s,y) € Ry xR?} is an adapted random field with respect
to IF such that ||®||s € LP(Q) for some p > 2, then

2

H/ (s, y)W(ds,dy)| <4p (2.3)
[0,t] xR?

/ B(s, 2)B(s, )|y — 2|~ Pdydzds
[0,¢] x R4

P p/2

We refer interested readers to the book [12] for a nice introduction to Dalang-Walsh’s
theory. For our purpose, we will often apply BDG as follows. If ¢ is [F-adapted and
|Gi—e(xz — *%)D (o, %)|5 € LP(£2) for some p > 2, then BDG implies

by viewing f[o jxge Gi—s(x —y)@(s,y)W(ds, dy) as the martingale

2

/ Gi_al — y)®(s, 1) W (ds, dy)
[0,t] xR2

p

<dp ;o (2.4)

p/2

/ Gros(@ — 2)Grs(x — y)B(s,4)®(s, 2)lly — 2| Pdsdzdy
[0,t] x R4

{/ Gi—s(x —y)P(s,y)W(ds,dy) : r € [0, t]} evaluated at at time ¢.
[0,r] X R2

Now let us recall some basic facts on the Malliavin calculus associated with W.
For any unexplained notation and result, we refer to the book [16]. We denote by
Cgo(]R") the space of smooth functions with all their partial derivatives having at most
polynomial growth at infinity. Let S be the space of simple functionals of the form
F = f(W(hy),...,W(hy)) for f € C;°(R") and h; € $, 1 <4 < n. Then, the Malliavin
derivative DF' is the $)-valued random variable given by

The derivative operator D is closable from LP(2) into LP(2; $) for any p > 1 and we define
D'* to be the completion of S under the norm || F|1, = (E[|F|"] + ]E[||DF||%])1/1) .

The chain rule for D asserts that if F}, F, € D2 and h;, ks : R — R are Lipschitz,
then hy(Fy)he(Fy) € DY and h;(F;) € DY? with

D(hy(F1)ha(Fy)) = ha(F2)YiDFy + hy (Fy)Y2DFy, (2.5)
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where Y; is some o{F}}-measurable random variable bounded by the Lipschitz constant
of h; for i = 1,2; when the h; are differentiable, we have Y; = h(F;), i = 1,2 (see, for
instance, [16, Proposition 1.2.4]).

We denote by ¢ the adjoint of D given by the duality formula

E[6(u)F] = E[{u, DF)s] (2.6)

for any F' € D"? and v € Domé C L?(2;$), the domain of §. The operator J is also
called the Skorohod integral and in the case of the Brownian motion, it coincides with
an extension of the It6 integral introduced by Skorohod (see e.g. [8, 18]). In our context,
the Dalang-Walsh integral coincides with the Skorohod integral: Any adapted random
field @ that satisfies E[||®||3] < oo belongs to the domain of § and

o) = /OOO /W O (s,y)W(ds, dy).

The proof of this result is analogous to the case of integrals with respect to the Brownian
motion (see [16, Proposition 1.3.11]), by just replacing real processes by $)g-valued
processes, where g is defined in (1.18). As a consequence, the equation (1.3) can be
written as

u(t,z) =1+ 6(Gi—o(z — *)o(u(e, *))).

The operators D and § satisfy the commutation relation
[D,d)V := (Dé — D) (V) =W. (2.7)

By Fubini’s theorem and the duality formula (2.6), we can interchange the Skorohod
integral and Lebesgue integral: Suppose f, € Dom/ is adapted for each x in some finite
measure space (E, ;1) such that [}, f,u(dx) also belongs to Domd and I [, || f2]|3u(dx) <
00, then

1) </E fx,u(d:c)> = /Eé(fx)u(dx) almost surely. (2.8)

Indeed, for any F € S,
E|F§ fou(dz) || = E(DF, | fop(dz)), = | E(DF, f.)  p(dz)
E E E
= [ Elrslnn) = |F [ stuan]

which gives us (2.8). In particular, the equalities in (1.12) are valid.

With the help of the derivative operator, we can represent F' € D2 as a stochastic
integral. This is the content of the following two-parameter Clark-Ocone formula, see
e.g. [3, Proposition 6.3] for a proof.

Lemma 2.5 (Clark-Ocone formula). Given F € D2, we have almost surely

F =E[F] + / E[D,,, F|Z,|W (ds, dy).
]R+ xR?2

We end this section with the following useful fact: If {@S NS ]R+} is a jointly

measurable and integrable process satisfying f]R+ (Var((bs))l/ *ds < 0o, then

Var (/ <I>Sds> §/ v/ Var(®,)ds. (2.9)
R, Ry
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3 Gaussian fluctuation of the spatial averages

We follow the three steps described in our introduction.

3.1 Limiting covariance structure
Proposition 3.1. Suppose t1,t; € (0,00). We have, with {(s) = E[o(u(s,0))],

E [FR(tl)FR(Q)] R—00
=

t1A\to
Aeqns / (t1 — 5)(ts — )€2(s)ds 3.1)
0
with kg = [, d€||€]P~*J1(||€])? € (0,00). In particular, for any ¢ > 0,
t
Var(Fr(t)) R Eimi:N dmicprp / (t — 5)2€2(s)ds.
0
Proof. Recall that Fr(t) = fg Sz v1.r(5,y)0(u(s,y))W (ds,dy). Then, by It6’s isometry,
t1At2
E[Fr(t1)Fr(t2)] = / / 1R (5,9) 00,15, 2) |ly—2]| " E[o (u(s, y))o (u(s, 2)) | dydzds.
0 R4

We claim that

t1A\t2
RO / /}R o 1(5,9)0ta.r(5: 2y — 2P Cov[o(uls, ), o(u(s, )] dydzds
0 4
— 0 as R — oo. (3.2)

Assuming (3.2), we can deduce from Lemma 2.2, the stationarity of the process {u(t, ) :
x € R?} and dominated convergence that

E|Fgr(t;)Fr(t t1At2
in [ R;ﬁ;‘( 2)] = lim / €2(s)Up(ty, ta; s)ds = RHS of (3.1),
oo o0 0

where £(s) = E[o(u(s, 0))] is uniformly bounded over s € [0,¢; A t2].
We need to prove (3.2) now and it is enough to show for any s € (0, ¢1 A to]

lim  Cov|o(u(s,y)),o(u(s,z))] = 0. (3.3)

ly—zll—o0

Indeed, if (3.3) holds for any given s € (0,t; A t3], then for arbitrarily small € > 0, there
is some K = K (e, s) such that Cov[o(u(s,y)),o(u(s, 2))] <e, for [y — z|| > K. By Lemma
2.2, we deduce

R4 /” H et r(5,Y)p,r(s, 2) ||y — Z||75Cov[a(u(s, Y)),o(u(s,,z))|dydz
y—z||>K
<eVp(t,t;8) Se,

while using the uniform L?-boundedness of u(t,z), we get
RP—4 /| ok our(8,v)our(S, 2)|ly — ZH_’BCOV[U(U(S, y)), o(u(s, z))}dydz
y—z||<
SR unCs)enn(s2)ly - ol Pdyds
ly—zll<K
—rt [l ([ eunlsit onns i) SR [ dglel by 2
[[Ell<K R2 llEll< K

< RO2 I,
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That is, we just proved for any s € (0, t1 A to],
_ _ R— o
Rﬂ 4/4(PRR(‘S?y)@t,R(s?Z)”y_ZH ﬂCov[a(u(s,y)),a(u(&z))]dydz - » 0,
R

where the LHS is uniformly bounded in R > 0 and s € (0, A t2] in view of Lemma 2.2.
Then the claim (3.2) follows from the dominated convergence.
It remains to verify (3.3). By Theorem 1.3, forany 0 < s < t,

[1Ds yult; 2)llp S Gis(z = y).

By Lemma 2.5,

ouls ) = Elotuls. )] + [ [ E[Dos o(uls, )17 widrnan.

As a consequence,
Efo(u(s,y))o(u(s, 2))] = €*(s) + T(s,y. 2),

where
T(s.y,2) = / /R E(E[D, (o(uls, )| F (D, (o(uls, )15 ) Iy = o/ | dyey/dr.
By the chain-rule (2.5) for the derivative operator,

D, (U(U(Sa y))) = Zs7yDr,'yu(5a )

with 3, , an adapted random field uniformly bounded by L, where we recall that L is the
Lipschitz constant of ¢. This implies,

[B(B[Drs (0 (uls, ) F B [Drs (o, 2D)IF )| S [ Dy, )|y | Drrats, 2]
,S Gs—r(’y - y)Gs—r(ry/ - Z)

Thus,

|T(57 Y, Z)' 5/ /0 A‘l GS—T(’Y - y)GS—T’(ﬂ}/ - Z)H’}/ - ")/,||7Bd"}/d’)//d1"
Suppose ||y — z|| > 2s, then

’ - -8
Gsr(Y=y)Gsr(v = 2) Iy — 'Y/H A <Gor(y— y)GS—f’('Y/ - Z)(Hy —z|| - 25)
from which we get

ly—z[l—=o0

76 S
702 S (y=21-29" [ [ Gty =0)Gumsly = rdyar L2210,
0 JR
This implies (3.3) and hence concludes our proof. O

3.2 Convergence of finite-dimensional distributions

As it was explained in the introduction, a basic ingredient for the convergence of
finite-dimensional distributions is the following estimate

R* =8 Var((DFg(t1), Vis,r)s) S R7P for R >t + t, (3.4)

where we recall that V; r(s,y) = ¢ r(s,y)o(u(s,y)) and ¢ g is defined in (1.13).
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Note that the Malliavin-Stein bound (1.15) and the above bound (3.4) with t; = t5 = ¢
lead to the quantitative CLT in (1.7). In fact, from (3.4) and (1.15), we have for any fixed
t>0and Z ~N(0,1),

38

2 R
drv (Fr(t) /o, Z) < —\/Var((DFg(t). Vir)s) < - R, R> 2t
R R

by Proposition 3.1, UJQ?RL’*‘L converges to some explicit positive constant, see (3.1). So
we can write, for all R > R;

drv (Fr(t)/or, Z) < CR7P/2,

where R, is some constant that does not depend on R. As the total variation distance is
aways bounded by 1, we can write for R < Ry,

dry (Fr(t)/or, Z) <1< (R,)?*R™P/? VR < R,.

Therefore, the bound (1.7) follows.

Note that (3.4), together with Proposition 1.6, implies the convergence in law of
the finite dimensional distributions. In fact, fix any integer m > 1 and choose m points
t1,...,tm € (0, 00), then consider the random vector ®z = (Fg(t1),..., Fr(tn)) and let
G = (G1,...,G,) denote a centered Gaussian random vector with covariance matrix
(Cij)1<ij<m given by

tiAL;
Cij = 47T2tzﬁf£5/ (t; — s)(t; — 5)&%(s)ds.
0
Recall from (1.12) that Fr(t;) = 6(V;, r) foralli =1,...,m. Then, by (1.11) we can write

IE(h(R?2®z)) — E(h(G))|

< DI oo | 32 E(|Cos = ROHDFR(t:) Vi, m)s|) (3.5)

i,j=1

for every h € C?(R™) with bounded second partial derivatives. Thus, in view of (3.5), in
order to show the convergence in law of RZ-2% r to G, it suffices to show that for any
h,j=1,...,m,

lim B (|Ci,j — RO DFg(t) ,vtij>ﬁ\2) = 0. (3.6)

R—o0

Notice that, by the duality relation (2.6) and the convergence (3.1), we have

R/B—4E(<DFR(ti) 7vtj,R>ﬁ) — ROEB[Fr(t)6(Vi, r)]

R—o0

= RO E[Fr(t:) Fr(t;)] —= Cy ;. 3.7)

Therefore, the convergence (3.6) follows immediately from (3.7) and (3.4). Hence the
finite-dimensional distributions of {RQ*QFR(t) : t € Ry} converge to those of G as
R — oc.

The rest of this subsection is then devoted to the proof of (3.4).

Proof of (3.4). Recall from (1.12) that

Fr(t) :/B (u(t,z) = Dda = 6(Vi,r) with Vi r(s,y) = ¢ir(s,y)o(u(s, y))-
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The commutation relation (2.7) implies for s < ¢,
D, yFr(t) = Ds y6(Vi.r) = Vi.r(s,y) + 0(DsyVi,R)- (3.8)
By the chain rule for the derivative operator (see (2.5))
Dsy[Vi,r(r, 2)] = @1,r(r, 2) D[o(u(r, 2))] = 1 (1, 2)Er 2 Ds yu(r, 2), (3.9)

where ¥, ; is an adapted random field bounded by the Lipschitz constant of o. Substitut-
ing (3.9) into (3.8), yields, for s <'t,

t
D, Fr(t) = ¢u,r(s,y)o(u(s,y)) +/ / 01, r(1, 2)5 2 D yu(r, )W (dr, dz).
s JR2

Then, for t1,t; € (0,00), we can write (DFg(t1), VtQ,R>ﬁ = Ay + As, with

t1Ato
Ay = <th,R,V;:2,R>ﬁ :/0 /]R4 01, R(8,9)01,.r(8,2)a(u(s,y))o(u(s, 2)) ||y — 2| Pdydzds

t1 Aty th
Ay = / / (/ / 0ty r(1, 2)Er 2 Ds yu(r, z)W(dr, dz))
0 R4 s R2

< ly — |7 Viy k(5,9 )dsdydy'.

and

(i) Estimation of Var(A;). From (2.9), we deduce that Var(4,) is bounded by

2

ta Aty 1/2
( [ (var [ onnCssm)en (s, otuts,m)outs, )y - 2| Pdydz) ds) . (3.10)
0 R
Note that the variance term in (3.10) is equal to
/]RS ‘Ptl,R(‘g?y)‘ptz,R(S? Z)‘)OtlyR(*g?yl)(ptz,R(S? Z/)”y - ZHiﬁHy/ - Z/”iﬁ
x Cov|o(u(s,y))o(u(s,2)),o(u(s,y'))o(u(s, z’))] dydzdy'dz'. (3.11)

To estimate the covariance term, we apply the Clark-Ocone formula (see Lemma 2.5) to
write

o(u(s,y))o(u(s, 2)) — E[o(u(s, y))o(u(s,2))]
_ / / B{ D, (o (uls, ))o(u(s, 2))) | F, W (dr, d).
0 R?2
Then we apply Itd’s isometry to obtain
COV[U(u(s,y))a(u(& 2)), o(uls, y'))o (uls, z'))] (3.12)

x ||y = |7 Pdvydy dr,

E{ Dy (o (u(s,y))o (u(s, 2))) [ }E{ Dy (o (u(s, y'))o(u(s, =) | Zr }

where, by the chain rule (2.5),

D, (o(u(s, y))o(u(s, z))) = o(u(s,y))Zs, 2Dy u(s, z) + o(u(s, 2)) s,y Dru(s, y).
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Then by Cauchy-Schwarz inequality and Theorem 1.3, we can see that the covariance
term (3.12) is bounded by

s
S [Far [ v = 217 (100t 2) s + 100 u(s,)ls)

% (I, 2)lla + | Drruls, ) )

< / dr/R dydy' ||y = V|77 (Gor(z = ) + Goer(y = 7)) (Go—r(z/ = 7') + G (y = 7).
0 4

Dy (o(uls, y)ous 2))| | Droy (ouls,y/Dartuts, )| Iy =+ I Pavayar

Now we can plug the last estimate into (3.11) for further computations:
Var ([ u s )t r(o. 2o (uls)otuts, Dl — <1~y
R
S
S [ar [ onntsennls Dennls Vonnts Dy =7 = 1l =7
0 R

X (Goer(z =) + Goer(y = 7)) (Gs—r(z' = 7)) + Gs—r(y — 7)) dydy dydzdy’dz’. (3.13)

In order to obtain Var(A;) < R¥%, it is enough to show sup,; »,, 7z < R*737 with

7; = / dr /]Rlz ¢t17R(3’y)¢t27R($? Z)QOh,R(Sa Z//)%ﬁg,R(S, Z/)Hy - Z”iB”y/ — Z/Hiﬁ
0
x|y =41 7PGoor(z = 7)Gs—r(2' =+ )dydy dydzdy'd2’

as other terms from (3.13) can be estimated in the same way with the same bound.
For s € (0,t; A t2], we write, using (1.13),

S
To= [ar [ [ Gialer = 0)Guyalah ~ )Gipmalirn = )Gl — )G (2 = )
0 B4 JR12
X Gsr (2 =)y =Y 17%lly = 2177y = 2|~ Pdrdy dydzdy' d=' day dv dieadicy.
Making the change of variables
(rYa ’7/7 Y,z y/7 Z/a X1, Illv x2, 33/2) — R(’% ’7/7 Y,z y/a 2/7 T, mlla X2, xIQ)

and using G¢(Rz) = R™1G,p-1(2) for every t, R > 0 yields

R38BT, — / dr/ / G (x1 —Y)Gir—s () — Y )Gto—s (w2 — 2)Gry—s (25 — 2')
0 B4 JRiz R R R R

X Gor(z=7)Goze (2 =7 )ly =Y 17 Plly = 217y = 2|7 dydy' dydzdy' d=' d da) dwsdirty.

s—r
R R

Using the fact (2.1), we can integrate out 1, 2, z2, 75 to bound R~1+35T by

S
—10+3 2 2
e /0 dr /}R L0y Iviy IV VI VIV I S ) B

X Ger(z=7)Gamr (2" =)y =177 lly = 2P lly’ = &'l Pdydy/ dydzdy'dz". (3.14)

s—r
R

Suppose R > t; + t and notice that

_ _ 2T _
swp [yl Py < [l Py = 55 < o
2€B2 J By By _B
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Therefore, integrating out y, v’ in (3.14), we obtain
10-35 [°
TSR / dT’/ Lzl ivimiiviy 1<2y G ez (2 = 7)
0 RS
X Goe (2 =)y = Pdydy/dzdz'.

We further integrate out z, z’ and use (2.1) again to write

sup T, SRET /R Liviyi<z Iy =7 1 Pdydy' < RSP

s<ty1Ats

So we obtain Var(4;) < R873% for R > t; + to, where the implicit constant does not
depend on R.

Next we estimate the variance of A.

(ii) Estimate of Var(As). Using again (2.9), we write

t1A\to ty
Var<A2><< / {Var / (/ / sotl,Rmz)zr,zDs,yu(r,z)W(dr,dz>> ly— oI
0 R4 s R?2

1/2 2 Aty 9
X SDtQ,R<S,y’)g(u(s,y/))dydy/} ds) =: (/ w/USds) .
0

As before, we will show sup,<;, n,, Us S B35,
First note that

/:1 /}RZ i, 11, 2)Sr 2 Ds yulr, z)W(dr,dz) = M, (t1),
where {9, ,(7) : T € [s,t1]} is the square-integrable martingale given by

M, (1) = /T /]R2 i, r(r, 2)Er 2 Ds yulr, z)W(dr, dz).
Then we deduce from the mar(tingale property that

E[o(u(s,y)Ms,y(t1)] = Blo(u(s,y)) B,y (1) F:)] =0,

that is, 9(¢;) and o (u(s,y’)) are uncorrelated. Moreover, by Itd’s formula,

t1 t1
M, (1), (1) = / M, , (r)dM, 5(7) + / M, ()M, (7) + (N N )0,

martingale—part

where the bracket (M, ,, M, ;)+, between both martingales is equal to

ty
/ /4 @t1,R(r7 Z)ET’,Z (Ds,yu(ra Z))@tl,R(n E)EnZ(DS,;]’U/(T, E)) ||Z — Z||_5dzd5dr
s R
So, using the estimate (1.10), we obtain
B[ M, (4), 5(t)o(uls,y o (uls, )|

= E[E(ﬂﬁs)y(tl)ms’g(tl)|fs)a(u(s,y'))a(u(s,gj’))] < H<ms,y’ms,§>t1 ||2
131

< / / otr 2 (1 2)| Daytu(r, 2)lapts (. )| D s, 2 a2 — 31| ~P dadzdr
s R4

ty
SJ / /4 @tl,R(T; Z)Grfs(y - Z)QDtl’R(T, E)Grfs(g_ j”Z - gH_ﬂdngd'f'
s R
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As a consequence, the variance-term U, is indeed a second moment and
Us = / dydy'dgdy'|ly — ' | 7°117 — ¥/~ @ta,r (5, ¥ ) Pta,r (5, )
R
X B[y (1) (t1)r (s, ') (s, 7))
t1 _ _
< [ [ dedzagyagagl - ) PG - 70~ 2
s R12

X @tz,R(& y/)(ptmR(Sv J)‘ptlyR(Tv Z)‘ﬂthR(ra z)GT—S(y - Z)GT—S(g_ z)a

which has the same kind of expression as 7,. The same arguments that led to the uniform
estimate of 7, yields

sup Uy S RS,
s<tiAta

for R > t; + t5, thus we obtain Var(Ay) < R373F for R > t; + t,. Hence, for R > t; + to,
R*=#Var((DFg(t1), Via,r)5) S R*8[Var(As) + Var(4;)] S R77.
This completes the proof of (3.4). O

3.3 Tightness

Setqg= ﬁ € (1/2,1). As explained in the introduction, by the Kolmogorov-Chentsov
criterion for tightness, it is enough to prove the inequality (1.16): Forany 7' > 0, p > 2
and forany 0 <s<t<T <R,

[Fr(t) = Fr(s)||, S RY9VE—s, (3.15)
where the implicit constant does not depend on ¢, s or R.
Proof of (3.15). Recall that Fgr(t) = fot Sz 0t.r(5,y)0(u(s,y))W (ds,dy). Then by BDG
inequality (2.3) and (1.19) we have, with the convention that ;s r(r,y) =0if r > s,

|Fr(t) = Fr(s)||” <

/ () — 9a (1) o(ulr, 1)) (o 2) — Par(r 2))
[0,t] xR

x o(u(r, 2))|ly — z||*ﬁdydzdr

fr (L

Applying Minkowski’s inequality yields

p/2

<

q 1/q
(erlry) — on(ry)otulry)| dy)

p/2

t 1/q
70t~ Fa(o) S [ ar ([ loun(ri0) = eontron) Plotutr ) ray

t 1/q
2
5/ dr (/W loe.r(ry) — @s.r(r,y)| qd,u) . (3.16)
0
Note that

lonr(r,y) — @s.r(ry)| = 1{r25}/B Gi—r(z —y)d
R
+ 1<) /B L{jjo—yl<s—r} [Gs—r(x —y) = Gior(z — y)] d
R
+1p<sy /B L{jo—yl|>s—r} Ge—r(z — y)dz
R

=: 51+ S5 + 55.

EJP 26 (2021), paper 102. https://www.imstat.org/ejp
Page 17/32


https://doi.org/10.1214/21-EJP672
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Averaging 2d SWE

The first summand 5 is bounded by 14,54 (t — 7)1q|y|<r+ey < (t — 8)1{|y|<Rr+t}, in View
of Lemma 2.1-(2). For the second summand, we can write

S < 1{r<s}1{nynszz+s}/3 Ljali<s—r} [Gs—r(z) = Gir(2)]dz

R

1 1
< ey 1y |\§R+s}/ - dx
! {llzll<s—r} \ 27/ (s =7)2 = [[z[|*  2m\/(t —7)* — [[z]]?

=1 lqyl<risVE— s(\/t +s5—2r —t— s) by explicit computation
S VE= sl <r+s)s

In the same way, the third summand can be bounded as follows

S3 < Lir<sy Myl reny /R Ls—rsfal<t-r} Ger(@)dz S Ly <rn VE = 5.

Therefore, we can continue with (3.16) to write

t 1/q
|1Fr(t) = Fris)ll; < /0 dr ( /}R 2<t—s>Q1{”y|gR+t}dy) S (t=8)(R+ 1)1,

This implies (3.15). O

4 Fundamental estimate on the Malliavin derivative

This section is devoted to the proof of Theorem 1.3. After a useful lemma, we study
the convergence and moment estimates for the Picard approximation in Section 4.1. The
main body of the proof of Theorem 1.3 is given in Section 4.2 and we leave proofs of two
technical lemmas to Section 4.3. Recall that 5 € (0, 2) is fixed throughout this paper.

Lemma 4.1. Given any random field {®(r, z) : (r,2z) € Ry x R?}, we have for any = € R?,
0<s<t<ooandp>2

-
< Kﬁt@};q) / dr/ dzG (z— z)||®(r, z)”i, 4.1)
s R?

t
/ dr/ dydz Gi—r(x — §)Gi—r(x — 2)P(r, 2)@(r, y) ||y — zH_ﬁ
s R4

p/2

where q = ﬁ € (1/2,1) and the constant Kz only depends on 5.

Proof. By (1.19), there exists some constant Cg that only depends on g such that

dydz Gt—’r(x - y)Gt—’r(x - Z)(I)(T, Z)(I)(Tv y)”y - ZHiﬁ
R4

1/q
<o ([ a6 - ylatrP)

o)l =24 _ !
<o (B - ) [ a6t -l

(2-29)?
q

SKﬂt 2

| @ = wlety)P

where we have used the fact that Gfgr(y)dy, with 2¢ < 2, is a finite measure on R? with

— - 1_
total mass %(t — 7)?72¢ in view of (2.1) and we have put K3 = Cﬁ(%) a1

Therefore, a further application of Minkowski’s inequality yields the bound in (4.1). O
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4.1 Moment estimates for the Picard approximation

Recall the Picard iteration introduced in (1.17): ug(¢,x) = 1 and

t
Upt1(t,x) =1 —l—/ Gi—s(x — y)o(un(s,y))W(ds, dy) for n > 0. (4.2)
0o JRr2

Using the estimates (2.4) and (4.1), we can write with 2¢ = ﬁ €(1,2),p>2andn >1,

un(t, 2)[12 < 2+ 8p

[ Gl = )G~ y)o(un (5,90 (s, 2)y — 2] Pdsdzdy
[0,t] xR* /2
<24 8Kyt Yllo(un—1(s,9))l5dy.
Then, using (2.1), we can write
ot 2013 < 2+ 8p 5 [ [ G20 ) (20007 4 287 a0
0 R2
< 16pK g(2m)t =24 t(Q_ZzQ)Q +3-2050)2
(2- 2q)(3 - 2q)
(2—
16pK s / ds [ G (e =)l (sl
where L is the Lipschitz constant of ¢. This leads to
t
H,(t)<c1+ 02/ dsH,_1(s), (4.3)
0

where H,,(t) = sup g2 ||un(t, 2)||2,

pK};0(0)°
3—2¢q

2292 4 2292 5
cL =2+ t 2 3724 and Co ::ngLQt 2 12 2‘1,

« _ 16Kg(2m)'—2¢ (2r)? 1/q . :
where K = ——5-5—— = 16Cj (7) is a constant depending only on 8. There-
fore, by iterating the inequality (4.3) and taking into account that Hy(t) = 1, yields
H,(t) < c1 exp(cat).

In what follows, we will denote by C; a generic constant that only depends on 5 and may
be different from line to line. In this way, we obtain

lun(t, @)l < (V24 VBC5E T [0(0)]) exp (pC527L?).
As a consequence,
llo(un(t, )], < ]o(0)] + L(\/ﬁ—i— \/;T)C’gzﬁ¥ |o(0)]) exp (pC;t2_ﬂL2) = Kpt. (4.4)

4.2 Proof of Theorem 1.3

The proof will be done in several steps.

Step 1. In this step, we will establish the following estimate (4.5) for the p-norm of the
Malliavin derivative of the Picard iteration.
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Proposition 4.2. For anyn > 3 and any p > 2
HDs7yun+l(t,$)Hp < Capt,LbptGis(T — y), (4.5)

for almost all (s,y) € [0,t] x R?, where k,,; is defined in (4.4) and the constant Cj ,, 1, is
given by

C*L2 k/2 A
COL) ™ i) (4.6)

i

Copar =1+ /PLOj ™2 4 pCLPta " + Z

with C; a constant only depending on 3.

One key ingredient for proving Proposition 4.2 is the following Lemma 4.3, which
is a consequence of the technical Lemma 1.9. Both Lemma 1.9 and Lemma 4.3 will be
proved in Section 4.3.

Lemma 4.3. Forq € (1/2,1), 6 € [1,1/q] and s < t, we have
t
Koi(2) = / dr[G2, % G (2)]° S (t — s) 0@ DI (),

where the implicit constant only depends on q.

Proof of Proposition 4.2. Fix (t,7) € R4y x R? and p > 2. Let us first establish the
following weaker estimate:

u,(t,2) € D and || Dy yun (t, 7)||, < CGi—s(z —y), 4.7)

for almost all (s,y) € [0,t] x R?, where the constant C' may depend on n. It follows
from (4.2) that the claim (4.7) holds true for n = 0,1, because D, uo(t,z) = 0 and
D, yuq(t,z) = 0(1)Gi—s(x — y). Now suppose the claim (4.7) holds true for n > 1, then
taking the Malliavin derivative in both sides of equality (4.2) and using the commutation
relationship (2.7) and the chain rule (2.5), we obtain

¢
Dy yunt1(t,z) = Gi—s(x — y)o(un(s,y)) + / Gip(z — z)E&f?DS,yun(r, 2)W(dr, dz),
s JR?

where {22”; : (s,y) € Ry x R?} is an adapted random field that is uniformly bounded by
L, for each n. We recall that the constant L is the Lipschitz constant of the function o
appearing in (1.1). It follows that

||Ds,yun+1(t7x)|| < 2Hp fGt e(‘ri +8p

/ / Gi_r(x — 2)Gy— T(x—z)Eq(ﬁ”Z
]R4

X Dy yun(r, z)E( )D‘wun(r, ||z = 2| "Pdzdz dr

rz

by BDG (2.4)

p/2

2
§2“12;,th2—3( +8pL2 / |Gf r(r—0)Gr—s(y ')Hyjodr

by applying Minkowski’s inequality and using the induction hypothesis, where &, ; is
defined in (4.4) and $)¢ has been introduced in (1.18). Note that Lemma 1.8 (see (1.19))
implies

t t 1
[ Gt =906ty =)}, < Ca [ dr(G3,+G2) " —y) < O3t G )
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where the last inequality follows from Lemma 4.3 with 6 = 1/¢ and (7} is a constant that
only depends on . Finally, using

2_

Gr_J (x—y) < [2n(t — )] *GE_(x — v), 4.8)

we get || D; yunt1(6,2)|lp < Coy1Gi—s(z — y) with Cpyq = \/2/61277t —|—pLQC’,2LCEt%’1 and
thus by routine computations, we can show u,1(¢,z7) € D'?; see also Step 2. This
shows (4.7) for each n. Moreover, we point out that D, yu,11(¢,2) =0if s > ¢.

To obtain the uniform estimate in (4.5), we proceed with the finite iterations

D yunt1(t,z) = Gi—s(x — y)o (un(s y))

/ / G (= 22, Gy (21— 9)0 (1 (5,4))W (dry, d2a)
RQ

+Z/S /S . /}R% Gri—s(zk — y)o (un—k(s,))

k
H rio1—r; (Zj-1 fzJ)Zg”;l DWW W(drj,dz;) = ZT(")

where T,i") denotes the kth item in the sum and rq = ¢,29 = x. For example, Té") =
Gt—s(x - y)U(un(Sa y)) and

t
T _ / [ G (@ — 22, Gryo(21 — 1) (un1(5,9))W (dry, d2).

We are going to estimate the p-norm of each of term T,g") fork=0,...,n.

Case k = 0: It is clear that
15" Ny < Kp e Gis(a = y), (4.9)

where x5, ; is the constant defined in (4.4).

Case k = 1: Applying (2.4), Minkowski’s inequality and (1.19), we can write

t
T8 <40 [ ] Gionilo = 20Gin @ = )61 = )G =)

X ||z1 — 2, || P2 E(n) ,02(un 1(s,y))dz1dz} drq

T1,21

p/2

t
< 4pL2/@127’t/ |Geery(x— @)Gry—s(y — o)H;Odrl with ) introduced in (1.18)

s

1/q
< 4pL*k Cg/ (/ qun (x — zl)Grf o(z1 — y)dzl) dry,
R2

with ¢ = 2/(4 — ). Then, we can deduce immediately from Lemma 4.3 (with § = 1/q)
that

I3 < pL2w2,Citi Gy (a — ), (4.10)

for some generic constant O;, which only depends on 5. Taking (4.8) into account, we
obtain

Ty < /BLRp Chti ™2 Gy (z — ). (4.11)
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Case k = 2: We can write

t
™ = / W (dry,dz1)Gy—r, (x — 20)50) N, .,
s R2

71,21

with N,, ., defined to be

1
Ny 2y = / e Gry—s(22 = y)o (un—2(r2, 22)) Gry—ry (21 — 22)2572';21)W(d7“27d22)7

S

which is clearly .%,, -measurable. Applying again (2.4), Minkowski’s inequality and (1.19),
we can bound || 74" |2 by

t
4p / G (2 —21)Gi_py (x — 2))||21 — z£||_’82£?)zlz(7) Ny 2y Ny o dzdzydr
s IR4 ) T1:21 ’ 11
p/2
t
< 4pL2/ Gt*Tl (LE - zl)Gt*ﬁ (m - Zi)ans(Zl - y)Gmfs(Zi - y)
s JR4
X [Ny 2y ||P||N7'17Z£ pllz1 — Zill_ﬁdmd?«“idﬁ
t 1/q
< 4pL2Cg/ </ G, (x— 21)||Ney 2y ||§de1) dry. (4.12)
s R2
The same arguments used to obtain the bound (4.11) for ||T1(") I, yield
11
[ Nryza llp < \/ﬁL“ntC{j’tq 2Gry—s(21 —y)- (4.13)

Substituting (4.13) into (4.12) and applying Lemma 4.3 with § = 1/¢, we obtain
(n)2 2 1_1y2 ! 2 2 /e
|IT5™ |12 < 4pL2Cs(/pLkp Cita~2) / (/R G2, (= 21)Gr (21 — y)dZ1) dry
274 2 e, o2 427G
<p L'k, Chta "G, (x —y),
which implies
n e 1_%1
IT5" |l < pL2kp s Ct2 ' G2 (= ).
In view of (4.8), we obtain
n %, 2
IT5" |l < pL2kpaChta " Gy olz — y).

Case 3 < k < n: The strategy to handle these cases will be slightly different. We need to
get rid of the power % in order to iterate the integrals in the time variables and obtain a
summable series. We can write

t
T,gn) = / W(dry,dz1)Gi—r, (x — zl)zg??le,.m
s JR2

with ]\Afrl,z1 defined to be

~

er,zl = / / Grkfs(zk - y)U(Un—k(Svy))
s<rp < <rg<ry JRZk—2

k
x [ Grysory (251 = )20 LW (dry, dzy),
j=2
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which is %, -measurable. Then, we deduce from (2.4) and (4.1) that

t
n) 2 n ~
||T,§ )Hp < 4p / dry /]R4 Giry ( x—21)2£1 lerlmGt Tl(m—zl)Z( ,),Nn%

X ||z — z1|| " Pdz1dz)

24 N
<4pK5L2 / dr1/2dzth T1 Zl)HNTl,Zl”zQz'
R

Now we can iterate the above process to obtain

(n) 12 9 (2—2¢)2 -2
T, H < 4pL th 2q d’l“l d’l“g d’l‘k,1 dzy -+ de,1
H ko lp R2k—2

2

X qurl(a:—zl)fo vy (21 —22) Gl l(zk 9 — Zh_1 HN,k . 1|p, (4.14)
where Nrk 1,2x_, is defined to be
/ W (drie, dzi)o (wn—1(5,9)) Gry_y—ry, (2H—1 — zk)Zsfzti MGy —s(zr —y).
Therefore, the same arguments for estimating ||T(”)Hf, (see (4.10)), lead to
HA?TH’ZHH < pK2 LQCﬂtﬁle (21— ), (4.15)

with C’g being a generic constant that only depends on . On the other hand, applying
Lemma 4.3 with § = 1, we can write

Tk—3
2q 2q
/ dry_o dzk oG (s —ze2)Grl L (k2 — 2po1)
Tk—1

St 2qu3 e (zhes — 2em1), (4.16)

with the convention zp = x and rqg = ¢. Plugging the estimates (4.15) and (4.16) into
(4.14), yields

k
HT,E")H; < k2, (pLQCEtz(qu)2> H4a—y

t 1 Th—3
X / dTl / dTQ ) / d?’k,1 / le ) d2k73d2k71
R2k—4

2 2q
X thTl( - ) Grk 4—Th— 3(216*472]@‘73)

2q—1 o1
Grg 3—TR_ 1(Zk—3 - Zkfl)GTk_"l,s (zk,l )

By Cauchy-Schwartz inequality and (2.1),

2¢—1 2—3
/]R2 Gl (s — 2-1) G, (261 — y)dz

1/2
4q—2 x,1—-2g+1
{/ Gl (2)dz . Grk - S(z)dz} < Cpt' %t

In this way, we obtain

(n))12 2 9 s, 2007 6(1—q)
|1 Hp < Ky (pL7CHt™ 7 )%t {jja—y|<t—s} (4.17)
-3
/ drl/ d’r'g / d’l“k_1/ d21~'~d2k_3
R2k76
X G?qn(x ) GTZ 4—Th_ 3(216—4 _Zk—?))
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The indicator function 1 ,_,|<¢—s) appears in (4.17), because

Lz 1 —yli<ri_1—s,lzn_s—2k 1 l|<rr_s—re_1nllo—z1 | <t—r1} < Ha—yl<t—s}-

Now, we can perform the integration with respect to dz;_3,...,dz; one by one to get

/}RM?G dzy - - dzk,nggrl (x — zl)Giﬂw (21 — 29) - - G,z,z_47,ak_3(zk,4 — Zk—3)
k-3 k-3 k-3
(2m)t2a 2-2¢ 2m)'2 , ,
B ——— X 1T < | Ly
(2_2q 13( D e ,
in view of the equality (2.1). Together with the integration on the simplex {t > ry > --- >
Tk—3 > Tk—1 > S}, we get

n (pCL2)*
T2 < =2

2 4k(2-1)-2
= o) ! G o ycemsy

Thus, taking into account that
2
L{joyl<t—s} < [27(t = 5)] G7_ (z — v),
we obtain for k € {3,...,n},

(pCHLHM2 0

7, < o oG —) (4.18)

Hence, we deduce from (4.9), (4.11) and (4.18) that for any n > 3,
HDS,yuyH,l(t, Z’)Hp < Z HTén) ”p < C,B,p,t,LK/p,th*S(x - y>7
k=0
where the constant Cp ¢ 1, is defined in (4.6). This proves Proposition 4.2. O

Step 2. We are going to show that D, ,u(t, x) is a real-valued random variable. As a
consequence of (1.19), (4.5) and (2.1), we have for any p > 2 and with ¢ = 2/(4 — )

2/p
B[ Dunsa (t,2)4 =H /R ds|| Dyt (8,25,
+

1/q
/ ds (/ Dsyyun+1(t,x)|2qdy)
Ry R2

1/q
< / ds (/2 HD&yunH(t,w)Hiqdy) by applying Minkowski twice
Ry R

1/q t o
< / ds ( G2 (x — y)dy) < / (t—s) < ds S1.
Ry R? 0

One can first read from the above estimates that {Du,i(¢,2),n > 1} is uniformly
bounded in L? (Q; ,6), which together with the LP-convergence of u, (¢, z) to u(¢, x) implies
the convergence of Duy41(t,x) to Du(t,x) in the weak topology on LP(€; ) up to a
subsequence; this fact is well-known in the literature, see for instance [14]. One can

p/2

<

p/2
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deduce from the same arguments that {Du,41(t,x),n > 1} is uniformly bounded in
LP(Q; LRy x R?)):

R
2q

| Dt (t,

P _ 2q
)’|LP(Q;L2G(R+><]R2)) = | /}R+XR2 | Ds,yun+1(t, x)[*dyds

P
2q

34 b
< / HDs,yun+l(t7 x)HQQdde S / G?ES(.ﬁ - y>dyd8 S L.
R4 xR2 p Ry xR2

So up to a subsequence, Du,(t,x) also converges to Du(t,x) in the weak topology on
LP(Q; L*%(R4 x R?)). In particular, we have (2¢ < 2 < p < 00)

sup < +00

(t,z)€[0,T]xR?

/ |Ds_yu(t,x)|2qdyds
Ry xR2 i

P
2q
and D, ,u(t, z) is a real function in (s, y).

Step 3. Let us prove the lower bound. By Lemma 2.5, we can write

u(t,z) —1= /0 /]Rz E[D; yu(t, z)|.7|W (ds, dy),

so that a comparison with (1.3) yields E[D, yu(t, z)|.%s] = Gi—s(z — y)o(u(s, y)) almost
everywhere in ) x R, x R2. It follows that

||E[D‘9,yu(tax)|f€]”p =G s(r — y)HU(US,y)Hpa
thus by conditional Jensen, we have

1Dsyutt, o), = Gees(@ = y)l|ous)]],,
which is exactly the lower bound in (1.10).

Step 4. We are finally in a position to prove the upper bound in (1.10). Put p* = p/(p—1),
which is the conjugate exponent for p. Let us pick a nonnegative function M € C.(R4 x
R?) and random variable Z € L?"(Q) with ||Z|,» < 1. Since Du,(t,r) converges to
Du(t,z) in the weak topology on L?(Q; L?¢(R x R?)) along some subsequence (say
Duy,, (t,x)), we have, in view of (4.5)

/ M (s,y)E[Z D, yu(t,z)|dsdy = lim M (s,y)E[ZDg yun, (t, )| dsdy
]R+ xRR2

k—o0 Ry xR2

< C’g,p,thp,t/ M(s,y)Gi—s(x — y)dsdy.
]R+ xR?

This implies that for almost all (s, y) € [0, x R?,

E[ZDS,yu(t, x)} < Capit,LlptGies(x — 1Y)
Taking the supremum over {Z : || Z]|,» < 1} yields

1Ds yult; 2)lly < Cppi,nkipiGrs(e = y),

which finishes the proof.
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4.3 Proof of technical lemmas

For convenience, let us recall Lemma 1.9 below.

Lemma 1.9. For ¢ > s, with ||z]| =w > 0and ¢ € (1/2,1)
Gth * qu(z) 5 1{w<s} [tz - (S - W)z] e + [tQ - (S + W)Z} 1_qu{t>s+w}
— 1 _ 1
+ 1 (jswi<t<stw) [(W+8)7 = 2] TR — (s - w)2] TR, (1.20)

where the implicit constant depends only on q.

Proof of Lemma 1.9. We are interested in estimating

— 2\ 4 2\ 4
1= [~ 1olP) (6 ~ e = 2P e

where (v)[? = v9 for v > 0 and (v);? = 0 for v < 0. Because the convolution of two
radial functions is radial, the quantity I depends only on s, ¢ and ||z||. Hence, we can
assume additionally that z = (w,0), where w > 0. Note that the integral I vanishes if
t + s<w and we can write, putting x = (£, 7),

I:/ (t2_§2_T]2);(I(82_(f_W)Q_T]Q);qdé—dn.
RZ
Making the change of variables (z,y) = (&2 + 72, (w — £)? + 1?) yields

1= / (# —2)79(s* ) U [(Va + w)? —y] Py - (Vo - w)?) Pdady,  (4.19)
D
D:{(x,y)e]R2:0<x<t2,0<y<s2,(\f—w)2<y<(\/§+w)2}.

To derive the expression (4.19) for I, we have used the fact that the Jacobian of the
change of variables is

0@, 9) | _ yotnl — =W — 12Ty — (o — 2] 2
e sl =205 w0 =] (5w

Then, integrating first in the variable y yields

1= / da(t® — )" /D W E 0TV w? —y] "y - (Ve —w) T

t2
_. % / (£ = 2)798, (x)da,
0

where
D(a:):{yelR:(a:,y)eD}:{yeR:y<52,(ﬁ_W)2<y< (\/5+w)2}

and
Si0) = [y (=) [WEHw? ] Py - (vE - w2
D(z)

Let us first deal with S,(x) for every = € (0,t%). There are two possible cases,
depending on the value of x:
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(A) When (7 — w)? < 52 < (yz +w)?,

2

Sqlx) = /( (8 — ) 1 [(VE+w)? —y] [y — (vVE—w)?] 2y

VE—w)?
< Beta(1/2,1 — g) (VI + w)* — %)) 2 [ — (VI —w)?] T
< K\/E—F W)2 - 82)]_1/2 [82 — (\f _ W)2] —IH-E_ (4.20)

Throughout this section, Beta(a, b) denotes the usual beta function:
1
Beta(a, b) = / 2711 —2)" Ydz, a,b € (0,00).
0
(B) When (vz — w)? < (Vo +w)? < 52,

(Va+w)?
Sq(2) :/(f_ ; (Sg_y)_q[(ﬁ+w)2—y]_l/2 [y_(\/g_w)z]—lmdy
< (s = (Vx+w)H1 /(f_ . [(ﬁ+w)2_y]_1/2[y—(ﬁ—w)Q}_l/Zdy

= Beta(1/2,1/2)[s* - (V& + w)?| ! S [ = (Va+w)] "

(Va+w)?

Note that three positive numbers a, b, ¢ can form sides of a triangle if and only if the
sum of any two of them is strictly bigger than the third one, which is equivalent to saying
that |a — b| < ¢ < a + b. It follows that

(Vz —w)? < 52 < (v +w)? & Vz,w, s can be the sides of a triangle

ss-wP<z<(s+w)i

Furthermore, it is trivial that (y/z —w)? < (Vz +w)? < s> &z < (s —w)? and s > w.

2
Now we decompose the integral 2I = f(f (t? — x) 798, (x)dz into two parts correspond-

ing to the cases (A) and (B):
2l =14 +1Ig,

where

(s—w)2At?

t2A(s+w)?
Ia = / (t* —2)71S,(z)dr and Ig = / (t? — )18, (z)dz.
(

s—w)? 0

Estimation of I,. We first write, using (4.20),

t2/\(S+W)2 )
Ia S /( (t2 — x)_q[(ﬁ+w)2 . 82)]*1/2 [82 . (\f— W)Q]*Q‘i’de

s—w)?

t2A(s+w)?2 L . B
:/( (t2 _ x)_q[(w—i— 8)2 _ x]—q-i-a [m _ (w _ 5)2] q+3 [(\/E—l—w)z . Sg}q ldsc.

s—w)?

Recall in this case \/z+w > s, which implies (v/z+w)?—s? > x—(s—w)? > 0. Therefore,

2A(s+w)? gt 12
Ia S/ (t* —2) " [(w+s)? — 2] e [z — (w—5)?] dx.
(s—w)?
Now we consider the following two sub-cases:
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(A1) If s +w < ¢, then for (s — w)? < x < (s + w)? < t, we have, with y =2 — ¢ 1,
(t2 —x)71< [t2 — (s +W)2]_(”[(s + w)2 _ x]—q-Hn
=[t* — (s +w)?] 12 [(s+w)*— x]q_l.

Thus,

LS [ = w7 [ (w9 = a] e (v 9?) e

(A2) If (s — w)? < t? < (s + w)? (i.e. s, w,t form triangle sides), then

t? .
Ia ,S/ (t* —2)"[(w+s)* — 2] Ttz [z — (w—5)?] R
(s—w)?

<[(w+ 5)? — tz]—q+% / (2 - x) —q[x ~(w— 8)2]_1/2dx

(s—w)?

S[(w+ 5)% — t2] a3 [t2 —(s— W)Q] oty

because ff(b—m)‘q(:c—a)_l/de = Beta(1/2,1—¢)(b—a)~ 7 2 forany 0 < a < b < co
and for any ¢ < 1.

Combining (A1) and (A2), we have obtained

1-2
Ia S [P = s+ W) "Lissiwy

1-2g 1-2q
2

+ s wi<tcsiw} [(WH )2 =12 2 [ —(s—w)?] 2 . (4.21)

Estimation of Ig. In this case, /= < s —w and w < s, then
2= (Ve +w)?>(s—w) —z>0.
Therefore, S,;(z) < [(s — w)? — 2] and the quantity I can be bounded as follows
(s—w)? (s—w)? B
Iz = / (t* — )78, (z)dx < / t—2) (s —w)* —xz] "dx
0 0
1—2¢q

S -(s—w)?] T, (4.22)

because for any 0 < a < b < oo and any p,q € (1/2,1)

b—a

[ oy ra-aydo= [[o-asy iy =o-atrn [Ty vy
0 0 . 0
< (b~ a)t-re / y (1 +y) Pdy S (b—a)' P
0
Our proof is done by combining the estimates (4.21) and (4.22) to get (1.20). O

Now let us apply Lemma 1.9 to prove Lemma 4.3.
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Proof of Lemma 4.3. Put u=(t —r)A(r—s)and v = (t —r) V (r — s) and assume p # v.
We apply Lemma 1.9 to write

(G2, % G2 S (Lpwa [P = = w)?) 7 12 = (4 w)?] T
_ 1 _ 1\ §
1wl eveprwn (W )2 = 22T 02— (= w)?] TR

5(1—2q) 3(1-2q)
/S 1{w<u} [V2 - (‘LL - W)z] / + [Vz - (:u + W)z] ! 1{u>u+w}

5(%*!1)[ 2

v = (= w)?]

+ 1{|/L—w\<u<u+w} [(W + /1‘)2 - I/Q]

)

where w = |[2] > 0and 0 > §(1 —2¢) > ; —2 > —1. Define

t
6(1—-2
K0 = [t [ = (o= w20

S

t
5(1—2
— [ drt e [+ p= W)= et )

and note that t —r > r — s if and only if r < HTS Then, by exact computations and
decomposing the integral in the intervals [s, (t + s)/2] and [(t + $)/2, t], yields

) ()72 5(1—2 6(1-2
Ko {(z) = 1{w<tfs}/ (t—s5— w0720 (t 4+ 5+ w — 2r)°(1720 gy

2 +w

t—w

+ 1yctoey / (t—s —w) 07202 £ w —t — 5)°(1720) gy
20 J(t+s) /2

1

2(6(1—2¢) + 1)
% [(t ~ 5 w)d(m2041 @ 0(1-20) 41

=2 X 1{w<%}(t —s— w)6(172q)

(1—2g)+1
it
5(1—2¢)+1 “tws
5 (t - 5)6(172q)+1(t o 3)6(172q)1{w<t775

6(1—2q)

s (t—s—w)

)
— 5(1—q)
< (t— 9207201 (1 — )% — 1|20 1 gty (4.23)

By the same arguments, we can get

t
5(1—-2
K@@w:/dﬂﬂ—w+wm< LSV
¢ 6(1—2q)
= [ @[t utrwyo— w01

(t+s—w)/2

t

+ Lmsowy(t — 5+ w)° (1720 /( L (2r—s—t— w)6(1_2q)dr
t+s+w
_ 1 B
R K v ey LU A
_ S(1_
S (t — 3)5(1 2q)+1 [(t _ 8)2 N ||Z||2] (3 q)1{|\2|\<t—s}~ (4.24)
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Similarly, we first write

t
S(1— S(1—
Ké?t)(z) - / dr1{|u—w\<y<;t+w} [(W 4 N)Q _ 1/2] (2 ) [1/2 o (’u o W)2] (2 q)
' 2 279(k-a) 5(3 5(1
N / drig, pew<ptoy () = w2720 (W g =) G (w v — p)?E
t
_ [(t . 8)2 N W2} 5(%*‘1)/ drl{V—IJ/<W</J,+V} (W + - y)é(%iq)(w +u— Iul)(s(%*Q)'

Recall t —r > r — s if and only if r < ££2. Then

(t+s)/2 . N
/ drlpy—pcw<ptvy(W+p—v) (a—q)(w Fv—p) (L—q)
S

t+s

:1{w<t_s}/ ’ dr(wftfs+2r)5(%*q)(w+t+s727”)5(%*‘1)

t+s—w
2

1

b
= Liwar—gy 270720 / (r—a) 0G0 (c — )G Dgr,

t4s— t t
where a = y <b= ;8 c= M. It is easy to show that
b b—a
/ (r — a)’ 39 (¢ — p)P =0 gy = (¢ — q)*(1-20+1 /‘ PA-0 (1 _ psG-0g
a 0
1
<(c— a)‘5<1*2‘1)+1/ #G=D(1 —1)°G-Dgt
0
1 1
= Beta(d(5 —q) + 1,0(5 —q) + 1))(c - a)d1—20+L,
Therefore,

(t+s)/2 y y
/ d’r’l{u—u<w<u+y}(w +u— y) (E*Q)(w +v— /Uf) (3-9)
Syt g WOI20H < (¢ = )0204 0y

In the same manner, we can get

¢
/ dr]—{llf;t<w<y,+l/} (W + w— V)IS(%_’I) (W +v— ,u/)ts(%_(I)
(t+3)/2
ttatw
= lfwei—s} dr(w—t—s+ 27")5(%*‘1) (WHt+s— 27‘)5(%*@
tts
2

1

= 1{w<t—s}26(172q)/ (c— T)a(é—q)(T _ a)‘s(?*q)dr
b

1 1
< Uwar— 2" 720 (e — )20 Beta(0(5 — ) + 1,0(5 —0) +1)
S ey W2 < (1 — 50020

t+s—w t+s t+s+w
Wherea:#<b: > <C:T

. Thus, we obtain

_ s(L—
K& (2) £ (t— 907207 (= 9)° — |22 1 comey (4.25)

with (¢ — 3) <1— ﬁ € (0, 3). Combining the estimates (4.23), (4.24) and (4.25) allows
us to finish the proof. O
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