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Joint scaling limit of site percolation on random
triangulations in the metric and peanosphere sense”
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Abstract

Recent works have shown that random triangulations decorated by critical (p = 1/2)
Bernoulli site percolation converge in the scaling limit to a \/%-Liouville quantum
gravity (LQG) surface (equivalently, a Brownian surface) decorated by SLEs in two
different ways:

* The triangulation, viewed as a curve-decorated metric measure space equipped
with its graph distance, the counting measure on vertices, and a single perco-
lation interface converges with respect to a version of the Gromov-Hausdorff
topology.

* There is a bijective encoding of the site-percolated triangulation by means of a
two-dimensional random walk, and this walk converges to the correlated two-
dimensional Brownian motion which encodes SLEg-decorated /8/3-LQG via the
mating-of-trees theorem of Duplantier-Miller-Sheffield (2014); this is sometimes
called peanosphere convergence.

We prove that one in fact has joint convergence in both of these two senses simul-
taneously. We also improve the metric convergence result by showing that the map
decorated by the full collection of percolation interfaces (rather than just a single
interface) converges to \/8/73-LQG decorated by CLE¢ in the metric space sense.

This is the first work to prove simultaneous convergence of any random planar map
model in the metric and peanosphere senses. Moreover, this work is an important
step in an ongoing program to prove that random triangulations embedded into C via
the so-called Cardy embedding converge to \/8/73-LQG.
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1 Introduction

1.1 Overview

A planar map is a planar graph (multiple edges and self-loops allowed) embedded into
the two-dimensional sphere, viewed modulo orientation-preserving homeomorphisms
of the sphere. Starting in the 1980’s, physicists have interpreted random planar maps
as the discrete analogs of random fractal surfaces called Liouville quantum gravity
(LOG) surfaces with parameter v € (0,2) (see [DS11, Nak04] and the references therein).
Heuristically speaking, if D C C and & is some variant of the Gaussian free field (GFF)
on D, then for v € (0,2) the 7-LQG surface corresponding to (D, h) is the random
two-dimensional Riemannian manifold with Riemannian metric tensor " (dz? + dy?).
The parameter v depends on the particular type of random planar map model under
consideration. Uniform random planar maps — including uniform maps with local
constraints like triangulations and quadrangulations — correspond to v = JST% which
is sometimes called “pure gravity”. This case will be our main interest in this paper.
Other values of v correspond to random planar maps weighted by the partition function
of a statistical mechanics model, such as the Ising model (y = v/3) or the uniform
spanning tree (v = v/2).

The above definition of an LQG surface does not make literal sense since h is only a
distribution, not a function, so cannot be exponentiated. However, one can rigorously
define various aspects of LQG surfaces using regularization procedures. For example,
one can define the v-LQG area measure yuy on D as a limit of regularized versions of
“e7(2) 422" where d?z denotes Lebesgue measure [DS11, Kah85, RV14, DKRV16]. In
the special case when 7 = \/% one can also define \/%—LQG as a random metric
space [MS20, MS16a, MS16b, Miel3, Le 13] (it is a major open problem to construct a
metric on v-LQG for v # /8/3).

Mathematically, the statement that “random planar maps are the discrete analog of
LQG” means that the former should converge in the scaling limit to the latter as, say, the
total number of edges of the map tends to co. For a number of natural random planar
maps decorated by statistical mechanics models, various curves associated with the
statistical mechanics model also converge in some sense to Schramm-Loewner evolution
(SLE,) curves [Sch00] for k € {v2,16/+%} which are independent from the limiting LQG
surface.

There are three main ways to formulate the convergence of random planar maps
(decorated by statistical mechanics models) to LQG surfaces (decorated by SLE curves).
The main goal of the present paper is to show that random triangulations decorated by
critical (p = 1/2) Bernoulli site percolation converge jointly to \/%—LQG decorated by
SLEg in two of these senses: metric convergence and peanosphere convergence. This is
a major step toward proving convergence in the third sense (embedding convergence),
which will be accomplished in [HS19]. Let us now briefly review the main types of
convergence for random planar maps.

Metric convergence. One can view a planar map as a random metric measure space
— equipped with the counting measure on vertices and the graph distance — and show
convergence to an LQG surface — equipped with its LQG area measure and LQG metric
— with respect to the Gromov-Hausdorff-Prokhorov topology, the natural analog of the
Gromov-Hausdorff topology for metric measure spaces (see, e.g., [ADH13]). Presently,
this type of convergence is well understood for uniform random planar maps, but not for
random planar maps in the 7v-LQG universality class for v # \/8/73
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The main reason why distances in uniform random planar maps are tractable is
the Schaeffer bijection [Sch97] and its generalization due to Bouttier-Di Francesco-
Guitter [BDFGO04], which encode various types of uniform random planar maps by means
of labeled trees, where the labels correspond to graph distances in the map. Using the
Schaeffer bijection, it was shown independently by Le Gall [Le 13] and Miermont [Miel3]
that uniform quadrangulations converge in the scaling limit to a random metric measure
space called the Brownian map, a continuum metric measure space constructed via
a continuum analog of the Schaeffer bijection. Subsequent works have extended this
result to planar maps with different local constraints [Miel3, Le 13, ABA17, BJM14,
Abrl16, BLG13] and planar maps with different topologies (such as the whole plane or
disk, instead of the sphere) [BM17, CL14, GM17¢c, BMR19, GM19c, AHS20]. Particularly
relevant to the present work is the paper [AHS20], which shows that uniform triangula-
tions of the disk of type II (i.e., multiple edges, but not self-loops, allowed) converge in
the scaling limit to the Brownian disk, the disk analog of the Brownian map which was
constructed in [BM17].

In a series of works [MS20, MS16a, MS16b], Miller and Sheffield showed that one can
define a metric on a \/%—LQG surface (i.e., a metric on D C C induced by a GFF-type
distribution on D). Moreover, it is shown in [MS16a, Corollary 1.4] that certain special
\/%-LQG surfaces (corresponding to particular choices of (D, h)) are equivalent, as
metric measure spaces, to Brownian surfaces such as the Brownian map and Brownian
disk. We will review the background on Brownian and \/%-LQG surfaces necessary to
understand the present paper in Section 3.3.

For certain planar maps decorated by a curve, one can prove convergence to SLE-
decorated LQG with respect to the Gromov-Hausdorff-Prokhorov-uniform (GHPU) topol-
ogy, the natural generalization of the Gromov-Hausdorff topology for curve-decorated
metric measure spaces which was introduced in [GM17c]. For example, it was shown
in [GM16, GM17b] that a uniform random planar map decorated by a self-avoiding walk
or a percolation interface converges in the scaling limit to a \/8/73-LQG surface decorated
by SLEg,3 or SLEg, respectively.

We remark that the v-LQG metric for general v € (0, 2) was very recently constructed
in [GM21], building on [DDDF19, GM19b, DFGPS20, GM20]; see also [GM19a]. For
v # JST3 it is conjectured, but not yet proven, that appropriate weighted random
planar map models converge to v-LQG surfaces equipped with this metric in the Gromov-
Hausdorff sense.

Peanosphere convergence. Certain random planar maps decorated by statistical
mechanics models can be encoded by random walks on Z? (with increment distributions
depending on the model). Some encodings of this type are called mating-of-trees
bijections since the bijection can be interpreted as gluing together, or “mating”, the
discrete random trees associated with the two coordinates of the walk to construct the
map. The simplest such bijection is the Mullin bijection [Mul67] (see [Shel6b, Ber07b]
for more explicit expositions), which encodes a planar map decorated by a spanning tree
by a nearest-neighbor random walk on Z2. Other mating-of-trees bijections are obtained
in [Shel16b, KMSW19, GKMW18, Ber07a, BHS18, LSW17]. We will review the mating-
of-trees bijection for site percolation on a uniform triangulation from [Ber07a, BHS18]
(which is the only such bijection used in the present paper) in Section 2.2.

In the continuum setting, Duplantier, Miller, and Sheffield [DMS14] showed that a
7-LQG surface decorated by a space-filling variant of SLE,, for x = 16/4* can be en-
coded by a correlated two-dimensional Brownian motion, with the correlation of the two
coordinates given by — cos(72/4), via an exact continuum analog of a mating-of-trees
bijection. This result is sometimes called the peanosphere construction since it implies
that SLE-decorated LQG is homeomorphic to a random curve-decorated topological mea-
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sure space called the peanosphere which is constructed from two correlated Brownian
motions. For each of the mating-of-trees bijections discussed above, it can be shown
that the walk on Z2 which encodes the decorated random planar map converges in the
scaling limit to the correlated two-dimensional Brownian motion which encodes the
SLE-decorated LQG. We interpret this as a scaling limit result for random planar maps
in a certain topology — namely, the one where two decorated “surfaces” are close if
their encoding functions are close. Convergence with respect to this topology is called
peanosphere convergence.

Several extensions of peanosphere convergence are possible, giving convergence
of a wide range of different functionals of the decorated random planar map to their
continuum analogs. See [GHS16, GMS19, GS17, GS15, LSW17, BHS18].

Embedding convergence. There are several natural ways of embedding a planar map
into C, such as circle packing, Riemann uniformization, and Tutte embedding. It is
expected that for any reasonable choice of embedding with conformal properties, the
embedded planar maps should converge to LQG, e.g., in the sense that the counting
measure on vertices (appropriately rescaled) should converge to the LQG measure.
Moreover, certain random curves on the embedded planar map should converge to
SLE curves. So far, this type of convergence has only been proven for a special one-
parameter family of random planar maps called mated-CRT maps which are defined for
all v € (0,2) [GMS17].

A priori, there is no direct relationship between the above modes of convergence.
Each encodes different information about the planar map and none implies any of the
others. One expects that random planar maps in the 7v-LQG universality class should
converge to 7-LQG in each of the above three senses. In fact, this convergence should
occur jointly, in the sense that the joint law of the triple consisting of three copies of
the random planar map should converge to the joint law of the triple consisting of three
copies of the v-LQG surface with respect to the product of the above three topologies.

In this paper, we will prove the joint convergence of critical site percolation on
a random triangulation to SLEgz on \/8/73-LQG in the metric and peanosphere sense
(Theorem 1.1). This is the first such joint scaling limit result for any random planar map
model. We will also extend the result of [GM17b], which gives the GHPU convergence
of the map decorated by a single percolation interface toward M-LQG decorated
by chordal SLEg, to a convergence result for the full collection of interfaces toward
\/%-LQG decorated by a conformal loop ensemble with x = 6 [She09] (Theorem 1.2).

This paper is an important step in an ongoing program of the second and third authors
to prove that site percolation on a random triangulation converges to SLEs-decorated
\/%-LQG under a certain embedding — the so-called Cardy embedding — which is
named after Cardy’s formula for percolation [Car92, SmiOl]. In fact, combined with
the results of the present paper the argument will give joint convergence in all three of
the above senses. Other papers involved in the proof of the Cardy embedding conver-
gence include [GM17a, GM17b, BHS18, HLLS18, HLS18, GHSS19, HS19, AHS20]. See
Section 1.3 and Remark 6.2 for further discussion of the Cardy embedding.

1.2 Main result

For a planar map M, we write V(M), £(M), and F(M) for the set of vertices, edges,
and faces, respectively, of M. A map is rooted if one of its edges, called the root edge, is
distinguished and oriented. The face to the right of the root edge is called the root face.
Given an integer ¢ > 2, a planar map M is called a triangulation with boundary if every
face in F(M) has degree 3 except that the root face has degree ¢. We call ¢ the boundary
length of M. We write OM for the graph consisting of edges and vertices on the root face
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of M. A vertex on M is called a boundary vertex if it is on M. Otherwise, it is called an
inner vertex. We similarly define boundary edges and inner edges.

A graph is called 2-connected if removing any vertex does not disconnect the graph.
If a triangulation with boundary M is 2-connected, we call it a (loopless) triangulation
with simple boundary since there are no self-loops in M and OM is a simple cycle. For an
integer £ > 2, let T(¢) be the set of such maps with boundary length ¢. By convention,
we view a map with a single edge as an element in T(2) which we call the degenerate
triangulation. To highlight the role of the root, we will write each element in U;>2%(¢) in
the form of (M, e), where ¢ is the directed rooted edge of M.

Given M € U;>2%(¢), a site percolation on M is a coloring of V(M) in two colors, say,
red and blue. The Bernoulli—% site percolation on M is the random site percolation w
on M such that each inner vertex is independently colored in red or blue with equal
probability. The coloring of the boundary vertices is called the boundary condition
of w, which can follow any distribution independent of w|ym)\avm). We say w has
monochromatic red (resp. blue) boundary condition if all boundary vertices are red (resp.
blue).

Definition 1.1. For an integer ¢ > 2, the (critical) Boltzmann triangulation with simple
boundary of length ¢ is a probability measure on T({) where each element is assigned
probability

2\" (¢ —2) [4\
<27) ((%)4)' <9) , where n is the number of inner vertices. (1.1)

Suppose a random triple (M, e,w) is such that the marginal law of (M, e) is the critical
Boltzmann triangulation given its boundary length and conditioning on (M, e) and w|yawm),
the conditional law of w is the Bernou]]i—% V(M) site percolation. Then we call (the law)
of (M, e,w) a critical site-percolated Boltzmann triangulation.

The primary object of interest in our paper is the scaling limit of the site-percolated
Boltzmann triangulation. To be more precise, fix [ > 0 and a sequence {{"},en in

[2,00) N N such that (%)UQW — las n — oo. For n € N, we consider the triple
(M™,e", w™) where M™ is the Boltzmann triangulation of boundary length ¢" rooted at
e", and conditional on M™, we have that w™ is a Bernoulli—% site percolation on M™ with
monochromatic red boundary condition.

The site-percolated Boltzmann triangulation was first studied in [Ang03], where
it was proved that the critical threshold is % In that paper a key tool called the
peeling process was introduced. The peeling process also plays a fundamental role
in, e.g., [Ang05, AC15, AR15, Ricl5, GM16, CC19, GM19c, GM17b]. We will review
the peeling process associated with the percolation interface in Section 2.1. Roughly
speaking, this process explores the edges along the percolation interface in order,
keeping red vertices to the left and blue vertices to the right.

In [BHS18], an iterative peeling process was used to define a space-filling explo-
ration! A" of £(M™), i.e., a total ordering of £(M"). Moreover A" defines a random walk
Zn = (L7, R™) of duration #&(M"), with steps in {(1,0), (0,1), (—1,—1)}, describing the
evolution of the lengths of the two arcs between the starting point and the target point on
the boundary of the unexplored region. The construction of A" and Z" will be reviewed

in Section 2.2.2

IThroughout this paper, we denote space-filling curves with a prime and non-space-filling curves (such as
percolation interfaces or ordinary chordal SLEg) without a prime. Note that this differs from the convention
of [MS16¢c, MS16d, MS16e, MS17], where a prime is used for any non-simple curve.

2In fact the peeling process perspective is alluded to but not highlighted in [BHS18]. We give a self-contained
treatment in Section 2.2 with this perspective.
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We equip M™ with the graph distance and the counting measure on vertices, rescaled
appropriately (the precise scaling is specified at the end of Section 3.1). Then mn =
(M™] )\’") can be thought of as a compact metric measure space decorated with two
curves, OM" and A". The natural topology on the space of compact curve-decorated
metric measure spaces is the Gromov-Hausdorff-Prokhorov-uniform (GHPU) topology,
whereby two such spaces are close if they can be isometrically embedded into a common
space in such a way that the spaces are close in the Hausdorff distance, the measures
are close in the Prokhorov distance, and the curves are close in the uniform distance.
This topology was introduced in [GM17c], and will be reviewed in Section 3.1.

The continuum analog of site percolation on a Boltzmann triangulation with boundary
is a space-filling SLEg curve on a Brownian disk (equivalently, by [MS16a, Corollary
1.4], a \/8/73-LQ6 disk) with boundary length [ (and random area). This object can be
viewed as a metric measure space decorated by two curves (the SLEg and the boundary
of the disk). We denote this curve-decorated metric measure space by $)’. We will review
the definitions of the above objects in more detail in Section 3.4. In particular, we will
explain how the mating-of-trees theorem of [DMS14] allows us to associate with § a
pair of correlated Brownian excursions Z’' = (L/, R’), with correlation 1/2, in a manner
directly analogous to the definition of the left/right boundary length process Z" above.
The following is an informal statement of our first main result.

Theorem 1.1. Under appropriate scaling, the joint law of (Eﬁt”, Z") converges to the
joint law of (8, Z') where the first coordinate is given the GHPU topology and the second
coordinate is given the uniform topology.

A precise statement of Theorem 1.1, including the proper scaling, the convergence
topology and the description of the limiting object, will be given in Section 3 as Theo-
rem 3.10. An important input to the proof of Theorem 1.1 is [GM17b], which give the
joint convergence of a random triangulation decorated by a single percolation inter-
face together with its associated left/right boundary length process to a Brownian disk
decorated by a chordal SLEg together with its associated left/right boundary length
process.® Roughly speaking, the idea of the proof is to build the space-filling exploration
from nested percolation interfaces, build the space-filling SLEg analogously from nested
chordal SLEg’s, and then apply the result of [GM17b] countably many times. The re-
lationship between chordal and space-filling curves is explained in the discrete (resp.
continuum) setting in Section 2.3 (resp. Section 3.4). A similar iteration strategy is
used in [CNOG6] to extract the convergence to CLEg from the convergence to SLE¢ for
Bernoulli-% site percolation on the regular triangular lattice. However, the argument in
that paper heavily relies on the fact that the regular triangular lattice is nicely embedded
in the plane, where very strong percolation estimates are known.

1.3 Applications of the main result

Suppose w is a site percolation on M € | J,.,%¥(¢) with monochromatic boundary
condition. Removing all edges on M whose endpoints have different colors, we call each
connected component in the remaining graph a percolation cluster, or simply a cluster,
of w. By definition, vertices in each cluster share the same color. Moreover, each pair
of neighboring vertices that are on different clusters must have different colors. We
call the cluster containing OM the boundary cluster. If C is a non-boundary cluster of
w, one can canonically define a loop on M” surrounding C as a path of vertices in the

3Actually, [GM17b] proves the analogous statement for face percolation on a quadrangulation instead of site
percolation on a triangulation. But, as explained in [GM17b, Section 8], the proof carries over verbatim to site
percolation on a triangulation once one has the convergence of triangulations with simple boundary to the
Brownian disk, which is proven in [AHS20].
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dual map. See Footnote 5 and Figure 1. The collections of such loops is called the loop
ensemble of w, denoted by I'(M, w). In [CNO06], it is proved that given a Jordan domain
D, the loop ensemble for Bernoulli-% site percolation on the regular triangular lattice
on D converges to the so-called CLEg on D, as defined in [She09], as the mesh size
tends to zero. In Section 3.5 we review the definition of the CLEg on the Brownian
disk, which we denote by (H,d, u,&,I"). We also define a natural topology called the
Gromov-Hausdorff-Prokhorov-uniform-loop (GHPUL) topology on metric measure space
decorated with a boundary curve and a collection of loops. As a byproduct of our proof
of Theorem 1.1, we prove the following.

Figure 1: A site-percolated triangulation with simple boundary with monochromatic red
boundary data along with the associated collection of loops. Theorem 1.2 asserts that
this object converges in the metric space sense to CLEg on the Brownian disk.

Theorem 1.2. In the setting of Theorem 1.1, let I'* = I'(M™, w™). Then under the appro-
priate scaling (M™,T'™) converges in law to (H,d, u,¢,T') as a loop ensemble decorated
metric measure space with a boundary curve. Moreover, this convergence occurs jointly
with the convergence of Theorem 1.1.

We state and prove the precise version of Theorem 1.2 in Section 6.2. In [BHS18],
many convergence results related to (M™,e",w™) above are proved under a certain
embedding from M" to D depending on the randomness of the percolation configuration
and a coupling of percolated maps for different n. Theorems 1.1 and 1.2 allow us to
transfer all the convergence result in [BHS18] to a more intrinsic setting. The reason for
this is that Theorem 1.1 reduces convergence results for curves on M” in the uniform
topology and measures on M™ in the Prokhorov topology to the convergence result of
certain time sets of the random walk Z". As examples, we prove convergence results
related to pivotal points and crossing events in Section 6.4 and 6.5, respectively. These
results are important inputs for the work [HS19], which shows the convergence of M™ to
\/%-LQG under the Cardy embedding. See Remarks 6.1 and 6.2 for more detail.

Another important application of Theorem 1.2 is related to the following question.
In the setting of Theorem 1.1, condition on (M™,¢") and let @™ be another critical site
percolation configuration on M™ which is conditionally independent from w”. Let rn
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be the loop ensemble associated with w™. In light of Theorem 1.2, it is natural to
conjecture that (M™, I, T™) converges in law to (H,T',T') where I and I are conditionally
independent CLEg’s on H. In a similar vein, one expects that the boundary length
processes Z" and Z" associated with (M™,e",w") and (M",e",w") converge jointly to

the boundary length processes Z’ and Z’ associated with two independent space-filling
SLEg’s on the same Brownian disk.

These questions appear to be very challenging since it is difficult to tease apart the
randomness arising from H and from 7’ in the definition of Z. Any subsequential scaling
limit of (Z n.Z ™) is a pair of coupled Brownian motions. These coupled Brownian motions
give rise to a pair of coupled SLEg-decorated Brownian disks due to the mating-of-trees
theorem [MS19, Theorem 2.1]. Theorem 1.1 implies the corresponding Brownian disks
must be equal almost surely. In [HS19], it will be shown that in fact the correspond-
ing space-filling SLEg’s are conditionally independent given the Brownian disk, which
proves the joint convergence (Z", Z") - (Z, Z’) As demonstrated in [HS19], this joint
convergence is essentially equivalent to the convergence of the Cardy embedding of
(M",e",w™) to SLE¢-decorated +/8/3-LQG.

Outline

The rest of this paper is structured as follows.

Section 2 is the combinatorial foundation of the paper, where we review the space-
filling exploration of site-percolated loopless triangulations with simple boundary and the
associated random walk encoding from [Ber07a, BHS18]. In fact, we will reformulate
this encoding in terms of an iterative peeling process, which makes its connection to
peeling clearer.

In Section 3, we review the GHPU topology used in Theorem 1.1 and provide the
necessary background on SLEg, \/%-LQG, and the Brownian disk. In particular, we
explain how space-filling SLEg can be constructed by iterating ordinary chordal SLEg
curves inside the “bubbles” which the curve cuts out, in a manner analogous to the
definition of the space-filling exploration from the previous section. We will also give a
precise statement of Theorem 1.1.

In Section 4, we prove that the joint law of M" (viewed as a metric measure space
with a distinguished boundary curve) and the random walk Zn converges in the scaling
limit to a Brownian disk and a correlated Brownian excursion. In other words, we prove
all of Theorem 1.1 except for the uniform convergence of the space-filling exploration
toward space-filling SLEg. In Section 5, we conclude the proof of Theorem 1.1. The
proofs in Sections 4 and 5 are both based on the main result in [GM17b], which gives the
GHPU convergence of a single percolation interface and its left/right boundary length
process, together with the description of the space-filling curves in terms of nested
chordal curves. In Section 6, we prove Theorem 1.2 as well as some consequences
thereof which will be used in [HS19].

Basic notation

We write N for the set of positive integers and Ny = N U {0}. For a finite set A we
let #A denote its cardinality. For a,b € R with ¢ < b, we define the discrete interval
[a,b]z := [a,b] N Z. For each A C Z, we define the connected components of A to be
the connected components with respect to the graph structure on Z where i,j € Z are
adjacent if and only if |i — j| = 1. We write X 2 Y if two random variables X ,Y have the
same law.
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2 Discrete preliminaries

This elementary section reviews the classical peeling process as well as the bijection
between percolated triangulations and certain random walks discovered in [Ber07a,
BHS18]. Our presentation is self-contained and reveals the close relation between the
peeling process and the bijection.

2.1 Peeling process along a percolation interface

We let P8 be the set of triples (M, e,w) satisfying the following. First, M € | J,~, T() is
a loopless triangulation with simple boundary equipped with an oriented rooted edge
e € OM. Moreover, w is a site percolation on M with dichromatic boundary condition,
namely, if e is oriented from a red vertex to a blue vertex, and if OM is counterclockwise
oriented, then there exists a unique edge ¢ oriented from a blue vertex to a red vertex.
Given (M,e,w) € 9B, the boundary OM consists of a red (resp. blue) clockwise (resp.
counterclockwise) arc between e and €, which we call the left (resp. right) boundary of M.
The left (resp. right) boundary length is the number of edges on OM whose two endpoints
are both red (resp. blue). Given ¢y, g € Ny, let P (41, ¢r) be the subset of 8 where the
left and right boundary length of each element is given by /1, and /R, respectively. See
Figure 2 for an illustration. For n € Ny let B(n; {1, {r) be the subset of P(/1, {r) where
each map has n inner vertices. If M is degenerate, (i.e., M consists of a single edge),
let e = € be the unique edge in £(M), and let w be the coloring on V(M) such that e is
oriented from a red vertex to a blue vertex. By convention we consider (M, e,w) to be
the unique element in 3(0; 0,0). We further let

P (n; £) = P(n; £,0), B (n; ) = P(n;0,€), P (n;0) =P (n; £) UB(n; ),
B =J®mo, P = B0 for e = r,b, m. (2.1)

neNg £eNg

Remark 2.1. Given a site percolation w on M € T(¢) and an edge e € £(OM), suppose
the boundary condition for w is monochromatic red. Then there is a unique way to orient
e such that after flipping the color of the head of e to blue, the percolation on (M, e)
belongs to B*(¢). This identifies (M, e,w) as an element in P™(¢). The same holds if we
swap the roles of red and blue.

Definition 2.2. For (M,e,w) € B, there is a unique interface from e to € with red to its
left and blue to its right. We can represent this interface as a function A : [0, m]z — £(M)
for some m € N with the property that A(0) = e, A(m) =€, A(i — 1), and A\(i) share an
endpoint for each i € [1,m]z, and each edge (i) has one red and one blue endpoint (see
Figure 2, left). We extend the definition of A from [0, m|z to Ny by declaring that A(i) =€
fori > m. We call \ the percolation interface of (M, e,w) and € the target of \.

Given a planar map M and an edge subset £ C £(M), let M — E be the collection of
maps obtained by removing edges in E. The graph corresponding to M — E has vertex set
V(M) and edge set £(M) \ E. Throughout this paper we identify M and M — E with their
corresponding graphs when a graph-theoretic notion is applied to them. For simplicity
M — E is written as M — e if F = {e}.

Given a graph G, a nonempty subgraph G’ is called a 2-connected component of G if
@’ is the unique 2-connected subgraph of G containing G’ itself. In Definition 2.2 where
A is the percolation interface, we write M — A(Ng) as M — X for simplicity. The graph M — A
has two connected components, both of which are triangulations with (not necessarily
simple) boundary, where each component contains one endpoint of A(¢) on its boundary
for each 7 € N. Moreover, the boundary of the two components are both monochromatic.
We say that the component with red (resp. blue) boundary is to the left (resp. right) of A.
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Figure 2: A triangulation with simple boundary decorated with a percolation with
dichromatic boundary condition together with the percolation interface. The percolated
map is an element of P (¢, ¢r) with ¢, = 16 and g = 17. Left: The 2-connected
components of M — X lying to the left (resp. right) of A\ consist of the pink (resp. light
blue) regions and the vertices and edges along their boundaries. By convention, an edge
with two red (resp. blue) endpoints which is not on the boundary of any pink (resp. light
blue) triangle also counts as a connected component. See also Figure 6 for an illustration
of the 2-connected components of M — \. Right: The process Z = (£, R) gives the left
and right boundary lengths of the 2-connected component of M — A([0, i]z) with € on its
boundary (shown in gray).

The interface )\ traces the left component in the counterclockwise direction in the sense
that the left endpoint of A(¢) as ¢ increases from 0 to m traces the boundary of the left
component in the counterclockwise direction. Similarly, the interface A traces the right
component in the clockwise direction. For each 2-connected component U of the left
(resp. right) component of M — A, let

Iy = {i € [0,m]z : VA(@)) N V(U) # 0} (2.2)

The set of left (resp. right) endpoints of edges in A(Iy) equals V(9U) \ V(OM) if U is on
the left (resp. right) side of A. Moreover, A traces OU in the counterclockwise (resp.
clockwise) direction.

One can also construct A by exploring M one edge at a time, based on the information
of w. This is sometimes called peeling; see e.g. [Ang03]. We start by defining some
related quantities. See Figure 3 for an illustration.

Definition 2.3. Given (M,e,w) € ‘P which is not degenerate, let t := t(M,e) be the
unique triangle (inner face) of M which is incident to e and let v := v(M,e) be the
vertex on t but not on e (such a vertex exists since M has no loops). Let e’ :=¢'(M, e,w)
be the edge on t other than e with its two vertices having the opposite color. Let
M’ := M’(M, e,w) be the 2-connected component of M — e containing the target edge €
and let w' be the restriction of w to V(M’). If M — e has two 2-connected components, let
M"” := M"”(M, e,w) be the one other than M’ and let ¢” := ¢’ (M, e,w) be the edge shared
byt and M”. Moreover, define a coloring w” := w" (M, e,w) on V(M”) by letting w"’ = w
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on V(M) \ {v} and w”(v) be opposite to w(v). We orient ¢’ and ¢” so that (M, e,w’) € ‘B
and (M",e"”,w") € P™.

/1\

(& (&

Figure 3: Illustration of Definition 2.3. Note that M — e has two connected components if
and only if v € V(OM). Otherwise M — e itself is still 2-connected.

Decompositions similar to the one in Definition 2.3 were used by Tutte [Tut68] to
enumerate planar maps of various types. It is also the building block of the peeling
process.

Definition 2.4. For (M, e,w) € B, if M is degenerate, let Peel(M, e,w) = (M, e,w). Other-
wise, let Peel(M, e,w) = (M, ¢’,w’) with notation as in Definition 2.3. We call Peel : g — B
the peeling operator.

Now let (Mg, &g, wp) = (M, e,w) and for i € N, inductively let
(I\/I,;,e,;,w,;) = Peel(Mi_l,ei_l,wi_l).

Then the percolation interface A for (M,e,w) satisfies A(i) = e; for all ¢+ € Ny. For
i € [0,m]z, the map M; is the 2-connected component of M — A([0,7 — 1]z) containing €.
Here we make the convention that [0, —1]z = (. We note that this is an example of a
peeling process on M; see, e.g., the lecture notes [Curl6] for more information about
such processes. Similar peeling processes to the one considered here are also used, e.q.,
in [Ang03, AC15, GM17b, Ricl5].

For all i € Ny, let L(i) (resp. R(i)) be the left (resp. right) boundary length of
(M;, e;,w;), as illustrated in Figure 2, right. We call Z := (£, R) the boundary length
process of A\. For 0 < i < m, if M; — e; is 2-connected, then Z(i + 1) — Z(i) = (1,0)
(resp. (0,1)) when the added boundary vertex is red (resp. blue). Otherwise, let U =
M"”(M;, e;,w;) be the 2-connected component of M; — e; other than M;;,. Then¢ and i + 1
belong to Iy (recall (2.2)). If U is on the left of ), then £(i) — L(i+ 1) equals the boundary
length of U minus 1, and R(7) = R(i+ 1). Moreover, £ is nondecreasing on Iy N[0, 7] with
the increments being 0 or 1, and £ is constant on Iy N [i + 1, 00). We further observe that

L(max Iy) = min L(7). (2.3)
j€[min Iy ,max Iz

Moreover, £(min I;;) = L£(max [y) if and only if £(U) N E(OM) = 0. If U is on the right of
A, all statements hold with £ and R swapped.

For i € Ny, let 9; be the boundary of M — A([0,7 — 1]z) (by convention [0, —1]z = #) and
X = (0;,ei,wla,). Then {X,};c0,4, and 2| ;, determine each other.

The main property of Peel that we will rely on is the following domain Markov
property.

Lemma 2.1. Given /y,, (g € Ng, suppose (M, e,w) is a site-percolated Boltzmann triangu-
lation with (¢, ¢r)-boundary condition. Given i € N, for each 2-connected component of
M—A([0,1]z), suppose a root edge is chosen in a manner depending only on {X;} jc(0,i4+1]-

EJP 26 (2021), paper 94. https://www.imstat.org/ejp
Page 11/58


https://doi.org/10.1214/21-EJP659
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Joint scaling limit of site percolation on random triangulations

Then conditional on {X;}c(0,i+1),, the 2-connected components of M — ([0, i]z) together
with the percolation w restricted to them are distributed as independent site-percolated
Boltzmann triangulations with given boundary condition.

Proof. Since )\ can be constructed by a peeling process on M, Lemma 2.1 follows by
iteratively applying the so-called Markov property of peeling (see, e.g., [AC15, Section
2.3.1]). In the notion of Definition 2.3, it gives that (M’,¢’,w’) and (M”,e”,w”) (when it is
defined) are independent site percolated Boltzmann triangulations given their respective
boundary condition. O

2.2 Space-filling peeling and random walk

In this section, we use the peeling process in Section 2.1 to review the bijection
between random walks and site-percolated triangulations from [Ber07a, BHS18]. We
also prove some basic lemmas about the bijections.

Definition 2.5. Given (M, e,w) € B, we define a total ordering of £(M), i.e., a bijection
A [0,#EM) — 1]z — EM). Let A(0) = e. If (M,e) is not degenerate, we define
//\|[1’#5(M),1]z inductively as follows. Suppose that \ is defined for all elements in Pt
whose number of edges is smaller than #&(M). Recall the notation in Definition 2.3,
including t, v, (M',¢/,w’), and (M",e",w").

(1) Ifv ¢ V(OM), then the total ordering on £(M) induced by A, restricted to £(M)\ {e},
is given by the total ordering for (M’,¢’,w’), which is already defined by our
inductive hypothesis;

(2) Ifv € V(OM), then A(e”) < A(¢') for each ¢’ € E(M’) and ¢’ € E(M”). Moreover, the
total ordering of £(M) induced by A restricted to £(M’) (resp. £(M")) is given by
the total ordering for (M, &', w’) (resp. (M",&”,w")).

We call A the space-filling exploration of (M, e,w).

In Definition 2.5, let N = #&(M). Fori € [0, N — 1]z, let M; = M — A([0,i — 1]z) and
é; = )\(z), where we set [0, —1]z = () by convention. As A is inductively defined, the
edge ¢, is assigned an orientation along the way (see Definition 2.3). It can be checked
inductively that (M, é;) is a triangulation with (possibly non-simple) boundary such that
e € E(OMy).

Let £(i) (resp. R(i)) be the number of edges on M, that are traversed when tracing
OM; clockwise (resp. counterclockwise) from the left (resp. right) endpoint of é; to the
left (resp. right) endpoint @. Let Z(i) = (£(i), R(i)) for 0 < i < N and Z(N) = (-1, —1).
We call Z = {Zi}ie[O,N]z the boundary length process of \. See Figure 4 for illustration.

For each i € [1,N]z, we call AZ; := Z(i) — Z(i — 1) the step of Z associated with
the edge é;_1. By the definition of \, for each i € [1, Nz, if é;_; itself is a 2-connected
component of M,_; as the degenerate element in 3, then AZi = (=1,—-1). Otherwise,
the edges é; and é; 1 share a unique vertex. If the vertex is the tail (resp. head) of é;_1,
then AZ; equals (1,0) (resp. (0,1)).

For any function Z = (L, R) from [a, b]z to R? for some a < b € Ny, given i, j € [a,b]z
with ¢ < j, we write j <z 4 if L(k) > L(j) and R(k) > R(j) for all k € [i,j — 1]z. We
say that j is an ancestor® of i. Geometrically j <7 i means that Z stays in the cone
Z(j)+(0,00)? between times i and j — 1. In other words j is a simultaneous strict running
minima of the two coordinates of Z relative to time . Given i < m € [a, b]z, we call i an
ancestor-free time relative to m if each j € [i,m]z is not an ancestor of i.

4 Our definition of ancestors and ancestor-free times, correspond to the definitions in [DMS14, Section 10.2]
for the time reversal of the process.
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Figure 4: Top row: Illustration of the bijection ¢ in Theorem 2.2 between K and
B. In the left part of the figure we have added a black dot at Z;, = (Lz,Rl) for ¢ =
0,1,2,5,6,7,8,9 (corresponding to the figures in the middle and lower rows) and written
1 next to the dot. In the right part of the figure we have labeled the edge é; = )\(z) by
i fori € [0, N — 1]z. Middle and bottom rows: The map M; fori = 0,1,2,5,6,7,8,9 is
shown in gray. The length of the red (resp. blue) curve is equal to £() (resp. R(i)).

Theorem 2.2. Suppose (M,e,w) € B(n; L, r) for some n, l,,lr € Ny and let Z be its
boundary length processes. Let N = #&(M) = 3n + 241, + 2¢r + 1. Then Z satisfies the
following three properties.

(1) Z is defined on [0, N]; starting at (¢1,, (r) and ending at (—1,—1);
(2) AZ; = Z(i) — Z(i —1) € {(1,0),(0,1),(~1,—1)} for all i € [1, N]z;

(3) N = inf{z’ €[,N]z:i<4 O}, equivalently, N is an ancestor of 0 while 0 is ancestor-
free relative to N — 1.

Let K(n; /1, ¢r) be the set of walks satisfying the three properties above and define
O(M,e,w) := Z. Then & is a bijection from B(n; Ly, lr) to K(n; by, lR).

Given n,ly,,lr,¢ € Ng and e € {r,b,m}, let K({1,lr), K, K*(n;¢), K*(¢), and K* be
defined as in (2.1) with B replaced by K. Then ® defines a bijection from each set
defined in (2.1) to its counterpart for walks.

Remark 2.6. The bijection in Theorem 2.2 is slightly different from the one in [BHS18],
since the walks considered in [BHS18] do not have the final step (—1, —1) but rather end
at (0,0). We include this step to make the connection to the peeling process cleaner.
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Proof. We first prove that Ze K(n; ly,, ¢r), which is trivially true when N = 1, where
AZ, = (—1,—1) is the single step of Z. When N > 1 we do an induction on N and
assume that our assertion holds for every nonnegative integer smaller than N. Recall
the triangle ¢t = ¢(M, e) and the vertex v = v(M, e) in Definition 2.3. If v ¢ OM, then we
are in Case (1) of Definition 2.5. In this case, by the definition of Z and our induction
hypothesis, if v is red, then AZ; = (1,0) and {Z(i + 1) — Z(l)}ie[o,Nq]z belongs to
K(n —1;41, + 1,¢r). Therefore Ze K(n; ly,,¢r). The same arguments hold if v is blue, in
which case AZ; = (0, 1).

If v € OM, so that we are in Case (2) of Definition 2.5, recall (M’,¢’,w’) and (M”,e”, w")
in Definition 2.3 and let Z’ and Z” be the corresponding boundary length process. Then
by the inductive hypothesis, we have that Z’ € K(n'; 41, ¢z) and Z" e K(n"; 0, 05) for
some (n/; £, ¢5) and (n”; £}, £},). By the definition of A and Z, we have

Z(@)=Z2"(i— 1)+ (¢, + 1,05 + 1) fori € [1, N + 1]z,
Z(N —i)=Z'(N' —i) for i € [0, N']z, (2.4)

where N’ = #&£(M’) and N = #&(M”). In words, we have that Z|[1,N]z is the concatena-
tion of Z” and Z'. In particular, Z(1) = (¢/ + 1,44 4+ 1) + (£, ¢4). Since Z(0) = (¢, {r),
when v is red, we have

/RZER; ’f’{:O, Ki—l—l—‘rég:é[“ (2.5)

This shows that Z € K(n; ¢y, /r). When v is blue, the same argument works with the
two coordinates of Z swapped. As a byproduct, we see that N — N’ = N’ + 1 =
inf{i €[2,N]z:i =<4 1}.

To prove that @ is a bijection, we now define a “peeling” operator Peely on K. Fix
Z € K(n; fr,lg) and let N = 3n + 201, + 20 4+ 1. If N = 1, let Peel;(Z) = Z. Note that
in this case we have AZ; = (—1,—-1). Now we suppose N > 1 so that N <; 1. Let
T= inf{i €[2,N]z:i =<4 1}. (See Lemma 2.4 below for the geometric meaning of 1)

(1) If T = N, then let Peelz(2) := {Zi11 — Z1 }icjo.n 1]

(2) If T < N, let Peely(Z) := (£, Z") where 2" = {Z;11, — ZT—l}ie[o,Tq]z and 2’ =
{Zivr Yicpo,N-71)2-

Let Peel(M,e,w) = ((M',¢/,w’), (M”,e”,w")) if M is not degenerate and M — e has two
2-connected components (recall Definition 2.3). Let Peel = Peel otherwise. Then the
proof of ®(P(n; 1, r)) C K(n; /1, r) above shows that Peel; o® = & o Peel, where if
Peel(M, e, w) has two components we apply ¢ to each of them. This commuting relation
allows us to conclude the bijectivity of ® by an induction on V. O

Given /1, g € Ng, let PBT({1,, /r) be the law of the site-percolated Boltzmann trian-
gulation with (41, /g )-boundary condition. For ¢ € Ny, let PBT"(¢) = PBT(4,0). Under
the identification in Remark 2.1, PBT"(¢) can be throughout of as the law of a Boltzmann
triangulation with boundary length ¢ + 2 decorated with a Bernoulli-% percolation with
monochromatic red boundary condition. Note that a necessary condition for Property (3)
in the definition of K(n; ¢y, fr) to hold is that Z; € [0,00)? for all i € [0, N — 1]z. Although
it is weaker than Property (3) in general, the equivalence does hold when ¢;, = 0 or
¢r = 0. This provides the following sampling method for PBT* ().

Corollary 2.3. For { € Ny, the set K'({) consists of walks with step choices (1,0),
(0,1), and (—1,-1), starting at (¢,0) and ending at (—1,—1), such that both of the
two coordinates stay nonnegative except at the end point. Let Z € K*({) be a random
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variable sampled from the probability measure where each element in K*(n; ¢) is assigned
probability (recall (1.1))

BV U2 0 20 e ()

Then (M, e,w) := &' (Z) has the law of PBT" ({)

We now list a few useful properties of ® which essentially follow from more general
results in [BHS18]. We give self-contained proofs using the language of peeling, which
is not elaborated on in [BHS18]. Detailed proofs will only be given to relatively involved
statements. All the proofs are based on the same induction as in the proof of Theorem 2.2.
We first summarize some useful facts from this proof. In the following lemma and the rest
of this subsection, given any j < k € [0, N]z, if {Ziﬂ» — Zlk—l}ie[o,kfj]z € K, we identify
Z|(; 1, With this element in K.

Lemma 2.4. In the setting of Theorem 2.2, suppose N > 1 and let
YT =inf{i€[2,N]z:i=<z1}.

Recall notations in Definition 2.3. When v(M,e) € V(OM), we have T = #E(M") + 1.
Moreover, A\(T — 1) is the target edge of (M" &”,w") and \(T) =¢'. Let Z' = d(M’, ¢/, ')
and 2" = ®(M",e"”,w"). Then

Z‘[LN]Z is the concatenation of Z' = Z‘[LT]Z and 2" = Z\[T,N]z' (2.6)
When v(M, e) ¢ V(OM), we have that T = N and
2Ny, = (M€, w). 2.7)

Lemma 2.4 was proven in the proof of Theorem 2.2. As an immediate corollary, we
have the following.

Lemma 2.5. In the setting of Theorem 2.2, let A : [0,m|z — £(M) be the interface of
(M, e,w), and let Z be the boundary length process of A as defined in Section 2.1. For
i € [0,m]z, let T(i) be such that A(i) = A(T(i)). Then {T(0),T(1),---,T(m)} is exactly
the collection of ancestor-free times for Z relative to N — 1, in increasing order. Moreover,
Z(i) = Z(T(i)) for all i € [0,m]z.

Proof. The result is immediate for N = 1. By induction, we assume the first statement is
true for maps with less than NV edges. For N > 1, we see that 7'(1) = 1 when v ¢ V(OM)
and T'(1) = T as defined in Lemma 2.4 when v € V(OM). In both cases, the time 7'(1)
is the first ancestor-free time relative to N — 1 after 7(0) = 0. By Lemma 2.4, we
have that T'() > T for ¢ > 2. Applying the induction hypothesis to (M’;¢’,w’), we see

that {T'(1),--- ,T(m)} is the collection of ancestor-free times for ®(M’, ¢’,w’) relative to
#E(M”) — 1, in increasing order. Now the first statement follows from (2.6).
The second statement follows from the definition of Z and Z. O

Here is another immediate corollary of Lemma 2.4, which we leave to the reader to
verify.

Lemma 2.6. In the setting of Lemma 2.5, for i € [0,m — 1]z, recall (M;,e;,w;) in
Section 2.1 where e; = A(i). Then M; — e; has two 2-connected components if and only if
T(i+1) > T(i)+ 1. Define (M/ e/, w) as (M",e",w") in Definition 2.3 with (M;, &;,w;) in

R ]

place of (M, e,w). Then Z"|[T(i)+17T(i+1)]z = o(M/, e, wy).

197
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Following [BHS18], given N € N, suppose Z = (£,R) = {Z(i)}ie[o,N]z is a walk
ending at (—1,—1) satisfying Property (2) in Theorem 2.2. For i € [1, N]z, we call
AZ; := Z(i) — Z(i — 1) an a-step if AZ; = (1,0), a b-step if AZ; = (0,1), and a c-step if
AZi = (—1,—1). This identifies Z with a word (i.e., sequence of letters) of length N on
the alphabet {a,b,c}. Given i,j € [1, N]z such that ¢ < j, we say that an a-step AZ; and
a c-step AZj are matching if

j=inf{m e [i,N]z: L(m)= LG —1)}.
The matching of b-steps and c-steps is defined analogously in the same way with L
replaced by R. Using this terminology, and examining Property (3) in Theorem 2.2, we
see that Z € K if and only if

(1) each a-step and b-step in Zhasa matching c-step, and

(2) AZyisa c-step and is the unique c-step of Z with neither a matching a- nor b-step.

This identification gives that Theorem 2.2 is equivalent to the bijection in [BHS18,
Corollary 2.12]. Since a triangulation of a 2-gon is equivalent to a rooted triangulation of
the sphere by gluing the two boundary edges, the special case ¢, = /g = 0 of Theorem 2.2
gives a bijection between site-percolated loopless triangulations and walks in £(0;0),
which is closely related to the one in [Ber0O7a].

Recall that My = M and M; = M — A([0,i — 1]z) for i € [1, N — 1], which is a trian-
gulation with boundary but not necessarily 2-connected. The 2-connected components
of M; also have an easy description in terms of Z. See the left part of Figure 5 for an
illustration.

A
L

Figure 5: Left: Illustration of the maps {M{}je[l,k]z in Lemma 2.7 for ¢ = 9 and

k = 3. The purple edge on the boundary of W is ef = 5\(§j_1). Right: Illustration of
Lemmas 2.9 and 2.10. The percolation interface A from e to e is shown in orange. Lemma
2.9 describes the 2-connected components of M — A that are visited by A before & (blue).
Lemma 2.10 describes the components MZ visited after € (gray), where i is such that
&= A(i — 1). In the notation of Lemma 2.10, the edges A(c; — 1) are shown in turquoise,
while the edges ),\(aj) are shown in purple.

Lemma 2.7. Fixi € [0,N —1]z. Set &, = i. Let &, - ,& be the set {£ € [i + 1,N]z :
& <z i} listed in increasing order. Then M; has k 2-connected components, which can
be written as {M;};c(i4), such that E(M;) = A([§;_1,&; — 1]z) for j € [1,k]z. Moreover,
letel = A(¢;_1) and & = A(¢; — 1). Letw! be such that (M}, el,w!) € ¢ with target &

19 7))
and w/ agrees with w on inner vertices of M,. Then

Z'[Ej—l-fj]z = q)(mj el wi) (2.8)

19 %50
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Proof. When i = ¢y = 0, we have k = 1 and ¢; = N. Lemma 2.7 is trivial in this case.
Therefore Lemma 2.7 holds when N = 1. By induction, we assume that Lemma 2.7
holds for maps with fewer edges than M. If M; has a single 2-connected component,
then Lemma 2.7 holds for M by the induction hypothesis. Now suppose that M; has two
components M’, M”, as in Case (2) of the definition of 5‘|[17#5(M)71]z' Fori e [T(1),N —1]z
so that )\(z) € £(M’), we can apply the inductive hypothesis to (M’,¢’,w’) to get the
result. If i € [0,7(1) — 1]z, so that A(i) € £(M”), then Mf = M’. Moreover, we have that

€k—1 =T(1) — 1 and & = N. Therefore S(Mf) = )’\([Sk_l,fk — 1]z) and (2.8) holds for
j=k.Since &, -+ ,&—1istheset {{ € [i +1,T(1) — 1)z : £ <z i}, Lemma 2.7 follows by
applying the induction hypothesis to (M”,e"”,w"). O

The next lemma describes boundary edges in terms of Z.

Lemma 2.8. In the setting of Theorem 2.2, except for the c-step AZy, there are exactly
Uy, (resp. Ir) c-steps with no matching a-step (resp. matching b-step), which correspond
to the ¢y, left (resp. ¢r right) boundary edges of (M, e, w).

Proof. We first use the induction on N to show the following. For j € [1, {1]z, let e be the
j-th left boundary edge when tracing OM clockwise from e to € and 7; = A1 (e). Then
it must be the case that ﬁ(Tj) =/, —jand AZUH = (=1,—1). Moreover, £(i) > {1, — j
for i € [0,7j]z. When e € £(M’), we apply the induction hypothesis and Lemma 2.4
to (M';¢’,w’). Otherwise, we have e € £(M”), in which case we apply the induction
hypothesis and Lemma 2.4 to (M”,e”,w”). We leave the details to the reader. Also see
the proof of Lemma 2.9 for a detailed implementation of the same induction scheme.
The induction above shows that 7; + 1 = inf{i € [0,N]z : £(i) = 1, — j — 1}. In
particular, the step AZTJ.H corresponding to e is a c-step with no matching a-step. Since
e # eand A(N — 1) = ¢, we see that 7; < N — 2. The number of such c steps is ¢,
since lf|[0’ N-1] Teaches its record infima exactly at these c-steps. Therefore every c-step
without a matching a-step corresponds to a left boundary edge. The same argument
works for right boundary edges. O

We conclude this subsection with the target invariance properties of percolation
interfaces.

Definition 2.7. Given (1, (r,n € No and £ = {1, + (g, let (M,e,w) € K™ ({) and & be such
that w = w on V(M) \ V(OM) and (M, e,w) € B(n; (1, (r). Let A be the percolation inter-
face of (M,e,w). We call \ the percolation interface of (M, e,w) with ({1, {r)-boundary
condition. B B B N

For an edge e € A\(No) other than the target € of \, let i = A~!(e) and let M; be
the 2-connected component of M — \([0,i — 1]z) containing €. Then the 2-connected
component of I\~/IZ — e not containing e, if it exists, is called the 2-connected component
disconnected from & when the edge e is peeled by .

Lemma 2.9. In the setting of Definition 2.7, let 7 = A~(&) so that é> = &. Let 7(0) = 0,
7(1),---, 7(m) = T be the increasing sequence of ancestor-free times for Z~re]at1've to
7. Then \(i) = A((i)) for all i € [0,m]z. Let (My,& @) = (M,e,&) and (M;,&;,&;) =
Peel(M;_1,€;_1,w;—1) for i € [1,m|z. Fori € [0,m — 1]z, 7(i + 1) > 7(i) + 1 if and
only if I\N/Il —&; has two 2-connected components and € € 5(I\7Ii+1). In this case, define
(I?/IQ’,E;’,&;’) as (M”,e” w") in Definition 2.3 with (I\~/Ii,6i,c~ui) in place of (M,e,w). Then

Zlir (i) +1,7(641)]z = (MY, &, ).

17

Proof. We will use induction on N. The result is immediate for N = 1 since € = €. Assume
Lemma 2.9 is true for maps with less than N edges. When N > 1 and v(M, e) ¢ V(OM),
then 7(1) = 7(0) + 1 is the first ancestor-free time for Z relative to 7 after 0. Moreover
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X(l) = A(1). Now Lemma 2.9 follows by applying the induction hypothesis and (2.7) to
(M) ¢/, w’).

Now suppose N > 1 and v(M,e) € V(OM). If e € £(M’) and T is as define in
Definition 2.4, we have T < 7. By Lemma 2.4, we see that 7(1) =T > 1l and A(1) = (1) =
¢'. Moreover, we have {7(2),---,7(m)} C [T + 1, N]z. Since (ML &, &) = (M7 e, W),
we have Z Iz = <I>(M0,?€6’ ,&(’)’ ). Now Lemma 2.9 follows by applying the induction
hypothesis and (2.6) to (M’,&’,w’).

We are left with the case N > 1, v(M,e) € V(OM), and € ¢ £(M’). In this case,
e € £(M”) and T > 7. By the definition of T, we see that 1 is ancestor-free for Z relative
to T — 1, hence also relative to 7. Therefore 7(1) = 1. Since € ¢ £(My), in this case M| is
not defined. Now Lemma 2.9 follows by applying the induction hypothesis and (2.6) to
(MN,(BH,LUH). 0

Remark 2.8. By Lemma 2.5 the order in which edges are visited for A and \ are
consistent. The same statement holds for A and \ in the setting of Lemma 2.9. This
geometric observation is fundamental to the construction in Section 2.3.

Lemma 2.9 gives the random walk encoding of the 2-connected components of M — hy
that are visited by A before €. Suppose € # €. Seti = 7 + 1 in Lemma 2.7 and recall the
notations there, including {¢;}¢[0,x), and ™M jel1,k)z- Then the 2-connected components
visited after € are exactly {W }jen,k).- Moreover, we can identify the time relative to A

when these 2-connected components are disconnected from € when exploring along A
using the following lemma.

Lemma 2.10. In the setting of the above paragraph for j € [1,k]z, let o; be such that
AZ(, is the unique matching step of the c-step AZ&] .» whose existence is ensured by

Lemma 2.8. Then both )\(aj —1) and )\(oj) are on the interface \. Moreover, the map M’
is the 2-connected component disconnected from € when the edge A\(c; — 1) is peeled by
A (recall Definition 2.7).

Proof. Let m' be the largest nonnegative integer such that € and € are in the same
2-connected component of M — A([0,m']z). By definition, we have A|j v, = Aljo,m
and T(m') < 7 < T(m' + 1), where T(-) is as defined in Lemma 2.5. For any ¢’
[T(m'), T(m' + 1)z, we see that My(,,,11) is the last 2-connected component of M

/]Z

visited by A. Therefore Mf = M7 (41 and &1 = T(m’ + 1). By the definition of o, we
have o;, = T(m’) + 1. By the definition of m’, we see that A(o, — 1) = A(m/) = A(m) is
the last common edge of A and by Moreover, the map M is the 2-connected component
disconnected from € when the edge )\( ") is peeled by )\ This gives the desired result
for j = k. The j < k case follows by considering (M”,, e, w!,) (see Lemma 2.6 for

5 s Wiy

definition) via induction. O

2.3 A nested percolation interface exploration

Let (M, e) be a triangulation with simple boundary and let w be a site percolation on
(M, e) with monochromatic boundary condition. We identify (M, e,w) with an element
of P™ as in Remark 2.1 and let A be its space-filling exploration. In this section, we
represent \ as a nested percolation exploration which will be convenient when we take
the scaling limit in Section 4. We refer to Figure 6 for an illustration.

Definition 2.11. A multi-index is an element of k € | J,-_, N™ (where here N = {(}). For
a multi-index k = (ky,...,k,,) € N™, we define its parent k= := (ky,...,ky,_1) € N™7L,
By convention, we write N° = {(}} so that k= = () for k € N. We write k™" for the rth
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1 o0 oo
(1,3) (1,4 ﬁ“’])

Figure 6: Top left: A map (Mg, ep,wy) € P(16,17) with the percolation interface shown
in purple. Top right: The 2-connected components of My — \y. For k1 =1,...,11 we
have written k; next to the map (My,,ex,,wg, ). To simplify the drawing, we did not

add numbers next to the maps (Mg, , ek, ,ws, ) for k; = 11,...,29, which consist of only
one edge. The edges e, are marked in orange and we have type;, = mono for all ;.
Bottom: The maps (M1 i,), €(1,ks)s W(1,k,)) fOT k2 = 1,...,7. We have type, = mono for

k = (1,1),(1,3), (1,4) and type, = di for k = (1,2), (1,5), (1,6), (1, 7).

parent of k, i.e., the rth iterate of the parent function applied to k. We define the set of
children of k by
Cx = {|]<’ e Nt kT = |]<}.

For each n € N, we iteratively define for each multi-index k € Ui?:o N™ an element
(Mg, ek, wk) in P U {@}. We also assign a type in {mono,di} to this element, denoted
by typey. As we will explain in Remark 2.9, the strings mono and di typically indicate
whether the associated element has monochromatic or dichromatic boundary condition,
but there are some exceptions, and the precise definition of type, is as given below.

For each multi-index k = (k™ k), the map (M, ek, wk) will be defined as a particular
percolated submap of (My-,ex-,wk-) (modulo minor modifications to the boundary
condition of wk). The idea of the iteration is to consider a percolation interface for
(My-, ex—,wk-), and let (Mg, ek, wk) be the k-th largest complementary component of
the percolation interface. If type,- = di, then the percolation interface is the natural
percolation interface between blue and red as defined right after Remark 2.1, while if
type- = mono then the percolation interface is obtained by considering a percolation
exploration towards the boundary edge which is directly opposite ex-.

We will now give the precise definition of the maps (M, ek, wx) and typey. First
consider the case m = 0 and the empty multi-index @. Let (Mg, ey) = (M, e) and let ¢y
be the boundary length of M. Let wy be the site percolation on My such that wy and w
agree on V(My) \ V(OMy) and (Mg, ep,wp) € B([£] —1,[5] —1). Let Ay be the percolation
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interface of (My, ey, wy) and let €y be the target edge of wy. We let typey = mono.

Now suppose m = 1 and k € Cyp. Then k = k; for some k; € N. Let My be the 2-
connected component of My — Ay with the £;-th largest boundary length, with ties broken
in some arbitrary manner; or let My = {) if there are fewer than k; such components. Let
typex = mono (resp. typey = di) if My is a 2-connected component of M — )y visited by A
before (resp. after) gy. If My # (), let ek be the first edge in £(My) visited by A and let /4
be the boundary length of M.

We will now define wy. If type, = mono, let wk be such that

Ian

(M, €, wi) € m({%“J —1, [5] - 1) and  wx=won V(M) \ V(OMy).  (2.9)

For the case type, = di, let i = 5\’1(@@) + 1 and recall the notations of Lemma 2.7,
including M;, k and (M, ¢

that (M, ex) = (M7, e/). We let wx = w? for this choice of j. By Lemma 2.7, the space-
filling exploration of (My, ex, wk) visits edges of £(My) in the same order as A.

For My # 0, let Ak be the percolation interface of (M, ek, wk) and let € be the target
edge. This concludes our construction for k € Cy.

Now we assume k € N2, If M~ = (), set M = (). Otherwise, if type,- = di, we
still let My be defined from (My-,ex-,wx-) in the same way as M is defined from
(Mg, eg,wg). However, in this case, if My # (), then M is visited by A before &- and
Wi~ |v(my) is monochromatic. In light of this we assign typey = mono for all k such
that Mg # ). Still let ex be the first edge in My visited by A. Let ., Wk, Ak, € be
defined from (Mg, ek, w|ym,)\v(omy)) in the same way as £y, wy, Ag, € are defined from
(Mg, eg, wlyvmy)\viom,)) described above.

Now let m > 1 and consider a multi-index k = (ky,- - - , k,,,). Inductively, suppose our
construction has been done for all multi-indices in U™} N". If typey,, = mono, let k = k;
and K = (k2, -+, k). If m > 2, type,, = di, and type, j,) = mono, let k = (ki, ko)
and k' = (ks,--- ,kn). In both cases, let (M, ek, wk), typex, Yk, Ak, & be defined from
(Mg, e, wlymp)\v(amy)) in the same way as (Mw, e, wkr ), typey,, l, Ak, € are defined
from (Mg, ep,w|y(m,)\v(om,))- Besides these two cases, we must have My = () and we set
My = 0.

For each multi-index k, the iterative construction allows us define My to be ) or
(Mg, e,wk) € P with type, € {mono,di} and ¢, A\, ex being the boundary length, perco-
lation interface, and the target edge of (My, e,wx), respectively. If My # ), we call My
the bubble of index k associated with (M, e,w). We make some basic observations about
these bubbles:

W'ij)je[l,k]z~ By Lemma 2.10, there must be j € [1, k]z such

(1) X visits Mk(Np) in the same order as Ag;

(2) typex = mono if and only if k = () or M is visited by A before €k-, in which case
(M, ek, wk) € ‘B(L%J -1, [%‘] —1) and wx = w on V(M) \ V(OMk);

(3) typey = di if and only if My is visited by \ after k-, in which case the space-filling
exploration of (Mg, ek, wk) visits edges in £(My) in the same order as A.

Remark 2.9. When (M, e, w) is sampled from PBT"(¢), for large ¢, the types mono and di
typically indicate whether the maps My (with coloring as induced from M) are monochro-
matic or dichromatic. When type, = mono, we always have that wy- is monochromatic on
V(OMy). However, when k™ = () and type, = di, the percolation configuration wy- could
still be monochromatic on V(OM). For example, it is possible that V(OMy) C V(OM-),
in which case w|y(sm,) is monochromatic. As we will see later, as ¢ — oo, with probability
1 —o0¢(1) typey honestly indicates whether w has monochromatic or dichromatic boundary
condition on M.
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For each My # 0, let Sk, Tk € Ng be such that X([Sk,Tk]z) = S(Mk)Aand let T\k =

X‘l(@k) € [Sk, Tk]z. Lemmas 2.8, 2.7, and 2.9 give the description of Sk, Tk, Tk in terms
of Z=(£,R).

(1) If typey, = mono and wly(gmy) is red, then IA“k = inf{t > S Ly — ﬁgk = [%“1 - 1} —1;

If typey, = mono and w|y(sm,) is blue, then fk = inf{t > Sk Ry — 7ésk = L%J — 1} —
1.
If typey = di, then fk = Tk. (See Lemma 2.8.)

(2) Fort € [0,#&E(M)]z, let anfr(t) be the set of ancestor-free times for Z’ relative to
t. For each My # 0, the set of intervals {[Sk/,Tk/]z : k' € Ck and type,, = mono}
equals the set of connected components of [Sk, Tk]z \ anfr(7k). (See Lemma 2.9.)

(3) If type, = mono, the set of intervals {[Sk, Tk’|z : kK € Ck and type,, = di} forms a
disjoint union of [Tk + 1,7k]z. Moreover, t € {Ti : k' € Cx and type,, = di} if and
onlyift +1 € {£ € [Sk,Tk]z : € <z 1+ Tk}. (See Lemma 2.7.)

Let Zx = (L, Rk) be the boundary length process for \¢. By iteratively applying
Lemma 2.1, we have the following Markov property.

Lemma 2.12. Suppose (M,e,w) has law of PBT"(¢) for some { € Ny. For m € Np,
conditioned on { 2 : k € |J;~, N}, the conditional law of {(My/, ek, wk) : k' € N™ T My, #
(0} is that of a collection of independent critical site-percolated Boltzmann triangulations
with given boundary condition.

3 Precise scaling limit statement and continuum background

In this section we describe the scaling, topology and continuum limit in Theorem 1.1
precisely. To do this, we will need to review a number of existing results from the
literature. Our exposition will be far from self-contained, but we aim to provide all of the
background needed to understand the present paper.

3.1 The Gromov-Hausdorff-Prokhorov-uniform metric

We first review the definition of the Gromov-Hausdorff-Prokhorov-uniform (GHPU)
metric from [GM17c], the natural generalization of the Gromov-Hausdorff topology to
curve-decorated metric measure spaces. We will need the case of spaces decorated by
multiple curves, rather than just a single curve. In this setting, which is also explained
in [GM17b, Section 2.2], all of the statements and proofs are the same as in the one-curve
case treated in [GM17c]. We follow closely the exposition of [GM17b, Section 2.2].

Hausdorff, Prokhorov, and uniform distances

We first need some basic definitions for metric spaces. For a metric space (X,d),
A C X, and =z € X, we write d(z, A) = sup{d(z,y) : y € A}. For r > 0, we let
B,(A;d) ={zr € X : d(z,A) < r}. If A= {y} is a singleton, we write B, (y;d) instead of
B, ({y};d).

For two closed sets F1, F5 C X, their Hausdorff distance is given by

dY(E1, Ey) := inf{r > 0: E; C B.(Ey;d) and E; C B,(E;;d)}.
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Let B(X) be the Borel sigma algebra of (X, d). For two finite Borel measures y1, 2 on
X, their Prokhorov distance is given by

ddp(ul,m) =
inf{e > 0: pu1(A) < po(B(A;d)) + € and p2(A) < p1(Be(A4;d)) +eforall A € B(X)}.

Let f1 : I; — X and f5 : I, — X be two functions where I, I C R are intervals. Their
d-Skorokhod distance is given by

G £2) = nf sup(a(i 0). (2 0)(0) + d(6(0).0) |
1

where ¢ ranges over all strictly increasing, continuous bijections from [aq, b1] to [az, bs].

If I = I, = R, then the uniform distance between f1, f> is given by

dy (f1, f2) = ilellR)d(fl(t%ﬁ(t))-

Let Cy(R, X) be the space of continuous curves 7 : R — X which extend continuously
to the extended real line [—oc0, o], i.e., the limits of 7(¢) as t — oo or t — —oo exist. For
a finite interval [a, b], we can view a curve 7 : [a,b] — X as an element of Cy(R, X) by
defining 7(t) = n(a) for t < a and n(t) = n(b) for t > b. It is easy to see that d5¥ and dY
induce the same topology on Cy(R; X). On the other hand, we will also use Skorokhod
topology for certain discontinuous functions later in the paper; see e.g. Theorem 3.5.

Definition of the GHPU metric

For k € N, let M{HPU be the set of 3 + k-tuples X = (X, d, 1,1, . ..,7;) where (X, d) is a
compact metric space, y is a finite Borel measure on X, and 71,...,n; € Co(R, X). If we
are given elements X! = (X!, d%, put,nt, ..., n}) and X2 = (X2, d%, 2, n?,...,n?) of MGHPU
and isometric embeddings :! : (X!,d') — (W, D) and % : (X2, D?) — (W, D) for some
metric space (W, D), we define the GHPU distortion of (i, .?) by

Disg’ggg (VV, D, .t L2) =
k
i (LX), 2(X2)) + b (et (12)ep®)) +D_dp(thomj, P om?),  (3.1)
j=1

The Gromov-Hausdorff-Prokhorov-Uniform distance between ¥! and X2 is given by

dHPU (1, x?) (Wyli)r)l’fmzDisg}fgy(W,D,Ll,ﬂ), (3.2)
where the infimum is over all compact metric spaces (W, D) and isometric embeddings
! X1 - W and «? : X? - W. Using the same argument in [GM17c], we have that
d“MPU is a complete separable metric on M{HPY provided we identify any two elements
of MEHPU which differ by a measure- and curve-preserving isometry.

Convergence with respect to d“"FU can be rephrased in terms of convergence of
subsets, measures, and curves embedded in a common metric measure space, as we
now explain.

Definition 3.1 (HPU convergence). Let (W, D) be a metric space. Fix k € N. Let
X = (X" d" pm oy, ..., nR) forn € Nand X = (X, d, y, 71, - - ., ni) be elements of MFHPUY
such that X and each X" is a subset of W satisfying D|x = d and D|x~» = d"”. We
say that X — X in the D-Hausdorff-Prokhorov-uniform (HPU) sense if X™ — X in the
D-Hausdorff metric, 4" — p in the D-Prokhorov metric, and for each j € [1, k]z, n} — n;
in the D-uniform metric.
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The following result is the k-curve variant of [GM17c, Proposition 1.9] and is identical
to [GM17c, Proposition 2.2].

Proposition 3.2. Let X" = (X", d",u",n?,...,np) forn € Nand X = (X,d, pt,m1, ..., k)
be elements of M{HPY. Then X" — X in the GHPU topology if and only if there exists a
compact metric space (W, D) and isometric embeddings X™ — W forn € Nand X — W
such that the following is true. If we identify X™ and X with their embeddings into W,
then X" — X in the D-HPU sense.

Graphs as curve-decorated metric measure spaces

Given a graph G, let dg be the graph distance on V(G) and let p¢ be the measure
on V(G) where the mass of each vertex equals half of its degree. In order to study
continuous curves on G, we identify each edge of G with a copy of the unit interval
[0,1] and extend d¢ and p¢ by requiring that this identification is an isometric measure-
preserving embedding from [0, 1] to (G, dg, 1 ). For a discrete interval [a, b]z, a function
p:la,blz — E(G) is called an edge path if p(i) and p(i + 1) share an endpoint for each
i € [a,b— 1]z. We can extend an edge path p from [a, b]z to [a — 1,b] in such a way that
p is continuous and p([i — 1,1]) lies on the edge p(i). Note that there are multiple ways
to extend p, but any two different extensions result in curves with uniform distance at
most 1. If G is a finite graph with edge paths p, ..., px, then (G,dg, pc, p1,- - -, pr) is an
element of MEHPU under the extensions above. As an example, given (M, e, w) € P™ such
that M has boundary length /, let Awm be the space-filling exploration of M based on w, as in
Section 2.2, and let Oy : [0, 4]z — £(OM) be defined by tracing OM counterclockwise with
3(0) = B(¢) = e. Then both A and j3 are edge paths of M and therefore (M, d, fim, v, Am)
can be viewed as an element in M§HPU,

Space associated with site percolation on a triangulation

We now give the precise definition of the curve-decorated metric measure space oM™ in
Theorem 1.1, including the precise scaling for distances, areas, and boundary lengths.
Throughout the rest of this paper, we define the scaling constants

o= (2/3)Y%, b=3, c=(3/2)"2% (3.3)

Recall the setting in Theorem 1.1 including [ > 0 and the sequence {{"},cn. In
our new terminology, (M",e",w") has the law of PBT"(¢"), where w"|yomn) can be
thought of as monochromatic red in the sense of Remark 2.1. Let d” = o~ 'n~"4dyn
and p" = b~ 'n"lumn. Let £(s) := Bun(en'/?s) for s € [0,c n"1/2¢"]. Let 71" be a
reparametrization of A" such that in each unit of time 7" (t) traverses one unit of yu"-mass
of M™. Then the precise definition of 9" in Theorem 1.1 is given by

Djftn — (Mn,dn”un’§n7ﬁn) c Mé}HPU. (3.4)

3.2 Background on Brownian disk, /8/3-LQG and chordal SLE;

We retain the notation 9" given in (3.4). Fix [;,[gr > 0 such that [}, + [ = [and a
sequence of pairs of positive integers { (¢}, () }nen such that ¢~ 'n=Y2(0} 03%) — (I, [R)
and ¢} 4+ % + 2 = {". Let A" be the percolation interface of (M",e",w™) with (¢}, ¢%)-
boundary condition (recall Lemma 2.9). Then A" is an edge path on M™ that can be
extended to a curve as in the preceding subsection.? Set s = 6¢3/2. For t > 0 let

5 Although the edges of A™ may not be oriented in a consistent manner if we view \™ as an edge path, they
can be oriented in a consistent manner if we instead think of A™ as a path on the dual map M*.
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n™(t) := \"(sn%/*t). Define
M = (M'n,dn’un’fn’nn) c Mé}HPU. (35)

Note that 9" differs from 90" in that it is decorated by only a single interface, instead
of the whole space-filling exploration.

It is proved in [AHS20] that (M™,d"™, u™, &™) converges in the GHPU topology to a
random curve-decorated metric measure space BD; := (H,d, i, &) € MFHPU called the
Brownian disk with boundary length I, which was introduced in [BM17]. The space (H,d)
is homeomorphic to a closed disk [Bet15] and the curve ¢ parametrizes its boundary
OH according to its natural length measure. For concreteness, we will orient 0H by
requiring that £ traces OH in the counterclockwise direction. The construction of BD;
given in [BM17] is based on a standard linear Brownian motion stopped upon reaching
—[ and a Brownian snake on top of it. We refer to [BM17] for more details, which are not
required to understand our paper. We will need the following basic scaling relation for
Brownian disks (see [BM17, Section 2.31): if (H,d, i1, £) is a Brownian disk of boundary
length [, then

(H, 724,172, £(1)) £ BD,. (3.6)

We will now describe the scaling limit of the rescaled interface n™, as obtained
in [GM17b]. Given a simply connected domain D C C whose boundary is a continuous
curve and two distinct points a,b € 9D, the chordal SLEs on (D,a,b) is a random
non-simple curve from a to b whose law modulo parametrization is singled out by the
so-called conformal invariance, domain Markov property, and target invariance [Sch00].
We refer to [Law05] for more on SLEg and its basic properties. Following Smirnov’s
breakthrough [SmiO1], it has been proven that under various topologies, percolation
interfaces for critical site percolation on the regular triangular lattice converge to
chordal SLEg [CN06, GPS13, HLS18].

In light of the scaling limit of percolation interface on the triangular lattice, it
is reasonable to expect that 9" defined above converge in law to the “SLEg on the
Brownian disk”. A priori, the Brownian disk is only defined as a curve-decorated metric
measure space, without an embedding into the unit disk D, so it is not a priori clear how
to define an SLEg on it. However, it was shown in [MS20, MS16a, MS16b] that there is
a canonical way of embedding the Brownian disk into D, i.e., there is a natural way to
define a random metric and a random measure on D and a random parametrization of D
in such a way that the resulting curve-decorated metric measure space agrees in law with
BD,. This in particular allows us to define SLEg on the Brownian disk (Definition 3.1).

The embedding of the Brownian disk is constructed using the theory of Liouville
quantum gravity, which we now briefly review. Our presentation is by no means self-
contained. But once Definition 3.1 is assumed, detailed knowledge of LQG and SLE is
not required to understand the rest of the paper.

Consider a pair (D,h), where D C C is a domain and h is some variant of the
Gaussian free field (GFF) on D (see [She07, SS13, Shel6a, MS16c] for background
on the GFF). For v € (0,2), the random measures y;, = ¢""d?z (resp. v, = e"dz)
supported on D (resp. 0D) are constructed in[DS11] via a regularization procedure.
In this paper, we will only need the special case when v = \/8/73 In this case, given
two distinct points a,b € 9D and a chordal SLEg curve n on (D,a,b) independent
of h, the field h determines a parametrization of n called the quantum natural time
[DMS14, Definition 6.23]. Roughly speaking, parametrizing by quantum natural time
is equivalent to parametrizing by “quantum Minkowski content”, analogously to the
Euclidean Minkowski content parametrization studied in [LS11, L.Z13, LR15]. Hereafter
we always assume that SLEg is given this parametrization. In [MS20, MS16a, MS16b], a
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metric 05, on D depending on h was constructed via a growth process called the quantum
Loewner evolution [MS16f]. We will not need the precise definition of this metric here.

It is shown in [MS20, Corollary 1.4] that there exists a variant h of the GFF on D
(corresponding to the so-called quantum disk with boundary length [) with v, (0D) = [ and
two universal constants cq, ¢, > 0 such that if §; denotes the curve which parametrizes
0D according to its vy length, then

(D, €40y, Cm fbp, fh) 4 BDy as random variables in M?HPU. (3.7)

See [DMS14, Section 4.5] for a precise definition of the quantum disk (which will not
be needed in this paper). The values of ¢4 and ¢, are currently unknown. It is shown
in [MS16b], that the Brownian disk (D, cqdy, cmpy, &) (Viewed as a curve-decorated
metric measure space) a.s. determines the field , and hence its parametrization by D.

The equality in law (3.7) allows us to define chordal SLEg on the Brownian disk H
between two marked points in 0H as follows.

Definition 3.1 (SLEg on the Brownian disk). For [1, [z > 0, let BDy, 11, = (H,d, ;1,§) be a
Brownian disk with boundary length [, + [r. Using (3.7), we can identify BDy, ;(,, with a
quantum disk and thereby parametrize our Brownian disk by D, i.e., we can take H = D.
Let n;, be a random curve such that conditioned on BDy, 4,, the conditional law of ny,
is a chordal SLEg on (D, £,(0),&,(Ig)) parametrized by the quantum natural time with
respect to h. Then (D, cqdy, cmpty, &y, M) can be viewed as a random variable in M$HPY,
which we call the SLEg-decorated Brownian disk with ([, [g)-boundary condition.

Assuming the GHPU convergence (M",d", u™, ™) — BD; (which is proven in [AHS20]),
it is proved in [GM17b, Theorem 8.3] that 9" converges in law in the space MSHPV to
an SLEg-decorated Brownian disk with (I, [z)-boundary condition. Indeed, the proce-
dure Peel in Section 2.1 is precisely the so-called percolation peeling process for site
percolation on triangulations which is studied in detail in [GM17b] in the setting of
face percolation on a quadrangulation. In fact, [GM17b] obtains a slightly stronger
result which also gives convergence of the boundary length process for the percolation
interface (as described in Section 2.1); see Theorem 3.5 below.

3.3 Continuum boundary length process, Markov property, and single inter-
face scaling limit

We now review the the definition of the boundary length process for SLEgz on the
Brownian disk as well as a continuum domain Markov property analogous to Lemma 2.1,
which is a consequence of results in [DMS14, GM18] and the equivalence between the
Brownian disk and the /8/3-LQG disk. Let us first recall the notion of internal metric.
Let (X, dx) be a metric space. For a curve v : [a,b] — X, the dx-length of v is defined by

#P

len(y;dx) := Sl}leZ dx (y(t:),¥(ti-1))
i=1

where the supremum is over all partitions P:a =1ty < --- < tgp = b of [a,]]. Note that
the dx-length of a curve may be infinite. For Y C X, the internal metric dy ofdx onY
is defined by

dy (z,y) = ng{/ len(y;dx), Vr,yeY (3.8)

where the infimum is over all curves in Y from z to y. The function dy satisfies all of the
properties of a metric on Y except that it may take infinite values.

Now let $§ = (H,d, i, &, n) be the SLEg-decorated Brownian disk with ([, [g)-boundary
condition as in Definition 3.1. Given ¢ > 0, let B be a connected component of H \ 1[0, ],
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let x be the first point on 0B visited by 7, and let dg be the interval metric of d on B.
A boundary length measure can be defined on 9B by first identifying (H, d, i1, £) with a
quantum disk (D, b, 1) and then considering the /873-LQG measure on 0B (this is made
sense of in [Shel6a]). An equivalent but more intrinsic construction of this boundary
length measure is given in [LG19] by taking limit of the suitably normalized p-measure
on a small tubular neighborhood of 5.

Figure 7: Illustration of the definition of the left/right boundary length process Z =
(L, R) for SLEg on the Brownian disk. The red (resp. blue) curve has length L(¢) (resp.
R(t)). Note that Z(0) = (I1,Ig) and Z(0) = (0,0). This is the continuum analog of
Figure 2, right.

Let o be the first time when 7 reaches the target point 7(oc) of 7. (Recall that 7 is
viewed as an element of Cy(R, H).) For t < o, let H, be the connected component of
H \ n([0,t]) containing 7(cc) on its boundary. Let L(t) and R(¢) be the boundary lengths
of the clockwise and counterclockwise arcs on 0H,; from 7(t) to n(co) respectively, we
call Z := (L, R) the boundary length process of §). To describe the law of Z, let L>°, R*>
be two independent standard 3/2-stable processes starting from 0 with no positive jumps,
i.e., the Lévy process with Lévy measure ﬁ\xrf’ﬂlm@dx. Let Z* := (L*°, R®). The
following lemma is [GM18, Theorem 1.21.8

Lemma 3.3 ([GM18]). Leto™ = inf{t > 0: L>°(t) < 0 or R*(t) < 0}. Foreacht > 0, the
law of Z|jo4) - 1i1<+ is absolutely continuous with respect to (Z>° + (Ir, [r))|j0.4] - lt<oo With
Radon-Nikodym derivative given by (L°(t) + R>(t))°/?1;.,~. Moreover, lim Z(t) =
(0,0) almost surely.

As in the discrete setting, the downward jumps of Z|j, 4 give the boundary length of
the complementary connected components of 7([0, t]). The following lemma, which is a
restatement of [GM18, Theorem 1.1], is the continuum analog of Lemma 2.1.

Lemma 3.4 ((GM18]). Fort > 0, the connected components of H \ ([0, t]) lying to the
left (resp. right) of n are in one-to-one correspondence with the downward jumps of L
(resp. R) up to time t. Ift > 0 and we condition on Z|[0,t], then the conditional law of the

51n fact, the quantum natural time is defined only up to a multiplicative constant. There is a unique constant
such that Lemma 3.3 holds. This is the way we fix the multiplicative constant.
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connected components of H \ 1([0,t]), each equipped with the internal metric of d, the
restriction of i, and the path which parametrizes its boundary according to the natural
length measure, are Brownian disks with given boundary lengths. Moreover, Z together
with this collection of Brownian disks for t = o determines ) a.s.

Proof. The first two statements from [GM18, Theorem 1.1] and the equivalence of Brow-
nian disk and \/8/73-LQG disks [MS16a, Corollary 1.4]. The second statement follows
from [DMS14, Theorem 1.16] and local absolute continuity (see the proof of [GM18,
Lemma 3.8] for a similar argument). O

Remark 3.2. It is shown in [GM17a, Theorem 7.12] that SLEg on the Brownian disk is
uniquely characterized by the Markov property of Lemma 3.4 together with the topology
of the curve. This statement is a key input in the proof of the scaling limit result for a
single interface in [GM17b].

Recall the triangulation decorated by a percolation interface IM™ = (M™,d", u™,£",n"™)
from the beginning of Section 3.2. Let Z" = (L™, R"™) be the boundary length process of
the percolation interface A" as defined in Section 2.1. Let

Z™M(t) == (L™(t), R"(t)) := ¢~ 'n~Y22"(|stn®/*])  forallt >0, (3.9)

where s = 6¢3/2.7 The starting point of the proof of Theorem 1.1 is the following theorem,
which follows from results in [GM17b, AHS20].

Theorem 3.5. The pair (9", Z™) converges in law to the SLEs decorated quantum disk
) together with its boundary length process Z with respect to the GHPU topology on
the first coordinate and the Skorokhod topology for cadlag processes on the second
coordinate.

Theorem 3.5 is proved as [GM17b, Theorem 8.3] conditioned on the assumption that
(M™ d™, ™, &™) converge to (H,d, i, &) in the GPHU topology. This convergence is proved
in [AHS20].

3.4 Nested exploration, space-filling SLE;, and Brownian motion

In this section, we describe the continuum limit of A" in Theorem 1.1, which is the
space-filling SLEg on the Brownian disk. This will allow us to give a precise statement of
our main theorem (Theorem 3.10).

The space-filling SLE¢ is a conformally invariant random space-filling curve whose
precise definition relies on the full strength of imaginary geometry developed in [MS16c,
MS17]. In Theorem 3.7 we give an alternative construction based on the continuum
analog of the nested exploration procedure in Section 2.3, and we use the imaginary
geometry construction as a black box in the proof of the theorem to argue existence of
the curve. The construction in Theorem 3.7 provides all information about space-filling
SLEg which is needed for Theorem 1.1.

Start with a sample (H,d, i, ) of the Brownian disk BD;. We will iteratively define
for each multi-index k € [ J;°_, N a Brownian disk decorated by an independent chordal
SLEg curve Hx = (Hy, dx, pk, &k, k) in @ manner analogous to the discrete construction
in Section 2.3. See Figure 8 for an illustration.

Let Hy=H, dy =d, ug = u, § = &, and xg = £3(0). Let £y be the total length of 0Hy
and Zy = &y(£y/2). Let ny be a chordal SLEg on (H,xy,Ty). Set Hy = (Hy, dp, 1o, s, M0)
so that $, satisfies (¢/2,¢/2)-boundary condition (Definition 3.1). For convenience, we

"The constant s is not explicitly given in [GM17a]. With our choice of normalizations, it follows from [AC15,
Page 23] that s = 6¢3/2.
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Figure 8: Left (three figures): The main Brownian disk H (shown as the unit disk)
with several stages of the nested chordal SLEg process which we use to construct the
space-filling SLEg n’. The stage-0 curve 7 is shown in purple in the first figure. Four
stage-1 domains Hy for k € N are shown in light blue in the second figure, and their
associated curves 7 are shown in orange. Two stage-2 domains Hy for k € N? are
shown in light green in the third figure, and their associated chordal SLEg curves nx are
shown in dark green. The coloring of the boundary of each of the domains, as defined in
Section 3.4, is also shown. The initial and target points zx and Ty for the curves rnx are
shown as black and gray dots, respectively; note that these are necessarily the points
separating the red and blue arcs for domains with dichromatic boundary. Right: The
Brownian disk H and the curve 7 (still in purple) with points colored based on the order
in which they are hit by ': first 7 traces 7y in order and fills in each of the bubbles in
the pink region (which are monochromatic) immediately after tracing the segment of 7y
which cuts it off. Then, 7’ fills in the dichromatic bubbles (yellow region) in order as it
travels from Zy to xg.

call the counterclockwise arc of 9H from xy to Ty — i.e., the set ([0, £/2]) — the right
boundary arc of H and its complementary arc the left boundary arc of H.

Inductively, suppose m € N and H = (Hy, dw, i, Ekr, M ), Cr» Twr, and Ty have been
defined for each k' € N~ ! in such a way that xx = & (0) = 9k (0), Tw = 1(00), and f
is the boundary length of Hy . Let k = (k1,...,kn) € N™ and let k= := (ky,...,kmn_1) €
N1 be its ancestor. Let Hy be the closure of the (almost surely unique) connected
component of Hy- \ n- with the k,,-th largest boundary length. We call Hy the bubble
of index k.

Let dk be the internal metric of dx- on Hy, let uk := uk-|m,., and let & be the path
which traverses 0 Hi according to its natural boundary length measure as in Section 3.3,
started from the point zx = £(0) where ny- finishes tracing 9Hy and oriented in the
counterclockwise (resp. clockwise) direction if Hy is to the left (resp. right) of nx. We
know from Lemma 3.4 that (Hg, dk, pk, k) is @ Brownian disk conditional on its boundary
length. Let ¢k be this boundary length.

In order to choose the target point for the chordal SLEg curve 7y, we need to specify
a notion of “color” for the boundaries of the bubbles Hy analogous to the coloring of
the boundaries of the bubbles in Section 2.3. We say that the Hy is monochromatic red.
Moreover, by induction we assume that the color of Hy is defined for each k' € N™~ L,

(1) If either Hx N OHy- = () or 0Hy N OHy- is traced in the same order by & and &,
we say that OHy is monochromatic. We say that it is monochromatic red (resp.
monochromatic blue) if Hy lies to the left (resp. right) side of -, equivalently if
&k travels in the counterclockwise (resp. clockwise) direction. In this case, we let

Tk = &l /2).
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(2) If Hc N OHy- # () and OH, N OH,- is traced in the opposite order by & and &, we
say that 0Hy is dichromatic. In this case, we let Zx be the common endpoint of
OH N OHy- and OHy \ OHy- other than zy.

With these definitions, we have that Hy is monochromatic whenever H,- is dichromatic.
If Hi- is monochromatic red (resp. blue), then Hy is dichromatic if and only if Hy
intersects the right (resp. left) boundary of H,-. We now let 7 be a chordal SLEg on
the Brownian disk Hy from xyk to Tk (using Definition 3.1). This completes the inductive
construction of our SLEg-decorated Brownian disks $k = (H, dk, fik, Ek; k)

For each multi-index k, let Zx = (L, Rk) be the boundary length process associated
with $Hk as in Section 3.3. Then one has the following domain Markov property by
iteratively applying Lemma 3.4.

Lemma 3.6. Let m € Ny. Conditioned on {Zx}kenm, the conditional law of {Hi: }rrenm+1
is that of a collection of independent SLEg-decorated Brownian disks with specified
left/right boundary condition.

Now we move to construct the space-filling SLEg on the Brownian disk following the
discrete intuition in Section 2. For each multi-index k and child multi-indices kq, ko € Cy,
if Hy, is monochromatic and Hy, is dichromatic, then we write Hy, <k Hy,. If both
Hy, and Hy, are monochromatic (resp. dichromatic) and the time at which nx finishes
tracing 0Hy, is smaller than that for 0Hy,, then we write Hy, <k Hk, (resp. Hx, <k Hk,).
By the color convention for bubbles, this uniquely defines <k as a total ordering <k on
{Hy }wecy-

The following theorem is essentially proven in [MS17, Section 4.3].

Theorem 3.7. In the above setting, with probability 1, there exists a unique continuous
curve n)’ : [0, u(H)] — H with the following properties:

(1) 7'(0) = xp, ([0, u(H)]) = H, and p(n'([0,s])) = s for each s € [0, u(H)];

(2) For each multi-index k, given any kq, ks € Cx and times sy, s2 such that 7/'(s;) is in
the interior of Hy, fori = 1,2, we have Hy, < Hy, if and only if s; < so.

As a random variable in M$TPY | the tuple $' := (H, d, j1,&,n') is called the the space-filling
SLEg-decorated Brownian disk with boundary length I.

In words, 7’ is the unique curve that visits { Hx }krcc, in the order of <y for each
multi-index k and is parametrized by p-mass. Note that the definition of our ordering
implies that n'(0) = n'(u(H)) = zy. We first record a lemma which is useful for the
uniqueness part of Theorem 3.7.

Lemma 3.8. Let z be a point sampled according to . For m € N, let k,,, be the index of
the m-th largest bubble containing z. Then lim,, ., u(Hx,,) =0 a.s.

Proof. Let (H,d, u,&) be embedded in (D, 1) so that z is mapped to 0. By the target
invariance of SLEg, the concatenation of 7y, from zk,, to zk,,,, for all m € N gives the
so-called radial SLEg on D starting from 1 and targeting at 0. In particular, the Euclidean
diameter of Hy,, a.s. shrinks to 0. Since p is a.s. non-atomic, this concludes the proof. O

Proof of Theorem 3.7. Conditional on (H,d, u,§), suppose z, 2z’ € H are two points sam-
pled independently from p (normalized to be a probability measure). Let {Hy,, }men
be the sequence of bubbles containing 2 in decreasing order. Then Lemma 3.8 implies
that lim,, o, P[2’ € Hg, ] = 0. Therefore z and 2’ are almost surely contained in two
disjoint bubbles with a common ancestor. Now let {z, },en be a sequence of points in H
sampled independently according to p. Then almost surely any two points in {z, }nen are
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contained in two disjoint bubbles with a common ancestor. Therefore two space-filling
curves satisfying Condition (2) must visit {z, },en in the same order. Since {z,}nen is
almost surely dense in H, these two curves must agree if they both satisfy Condition (1).
This gives the uniqueness part of Theorem 3.7.

For the existence part, it suffices to show that the ordering of {z,},cn above can be
extended to a continuous curve. As explained in [MS17, Section 4.3], this ordering is
the same as the one coming from the definition in the introduction of [MS17] based on
the flow lines of the GFF. In light of this, the desired continuous extension is achieved in
[MS17, Theorem 1.16]. O

For k € |J,-_,N™, there exists a unique interval [sy, tx] such that Hy = 1/[sk, tk]. We
also write i € [sk,tk] for the a.s. unique time in this interval such that 7’ (tAk) = Tk.
Note that tAk = tk for dichromatic bubbles. Then 7k can be obtained from »’ |[8k,tk] by
skipping the times during which it is filling in bubbles disconnected from zx and then
parameterizing by quantum natural time. By the definition of the ordering of bubbles
above, the curve 7/ |[Sk_’gk] fills in each monochromatic bubble cut out by nx immediately
after it finishes tracing its boundary, but does not fill in the dichromatic bubbles cut out
by 7« until the time interval [t, #x]. In particular, 7' (u(H)) = 1'(0) = £(0). This means
that 7’ is a space-filling loop based at £(0).

If we view (H,d, 1, €) as being embedded into D via (3.7), then the curve ' modulo
parametrization is determined by the trace of chordal SLEg curves {n : k € |J,-_, N™},
so is independent from the field § which describes the associated quantum disk and
hence also from (H,d, i, ). This puts the space-filling SLEg decorated Brownian disk
$' = (H,d,u,&,n') into the mating-of-trees framework developed in [DMS14] and gives
the continuum analog of the random walk encoding in Section 2.2.

To be more precise, by identifying (H,d, 1) with a quantum disk as in (3.7), we
can (using [Shel6a]) define for each ¢t > 0 the quantum lengths of the clockwise and
counterclockwise arcs of 7'[t,00] = H \ ’[0, t] from n/(t) to n(u(H)) = xy. Denote these
lengths by L} and Rj, respectively. We call Z’ := (L', R') the boundary length process of
$’. Note that 9H counts as part of the left boundary. The following fundamental result is
immediate from [MS19, Theorem 2.1] and the equivalence of the \/%-quantum disk
and the Brownian disk.

Theorem 3.9 ([MS19]). There is a deterministic constant ¢ > 0 such that the law of
Z' can be described as follows. Let (Xy,Y;):>0 be a pair of correlated linear Brownian
motions with

2 1
Var(X;) = Var(Y;) = §t and Cov(X:,Y:) = gt, vt > 0,

started from (X, Yy) = (I,0). Fore >0, let 7. = inf{t > 0: X; = —e orY; = —€}. The
conditional law of (X, Y}:)(0,-.) given that X; < e andY,, < e converges to the law of
(Zé)[O,H(H)] ase — 0.

Moreover, Z' and $) are measurable with respect to each other.

The process Z’ is illustrated in Figure 9.

Remark 3.3 (A comment on constants). In [DMS14, MS19], the variance of the Brown-
ian motion encoding a space-filling SLEg-decorated quantum disk is unknown; only the
correlation is specified. However, in our setting the variance has the explicit value % be-
cause y(H) is known to have density —2— exp{—4; }1¢>0dt when [ = 1 [BM17]. Recently

V2mtd
it has been shown in [ARS21, Theorem 1753] that the Brownian motion in [DMS14, MS19]
has variance %. Therefore the area constant ¢, in (3.7) satisfies % = % hence ¢, = ?.

We conclude this section with a precise statement of Theorem 1.1.
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Figure 9: Left: The process Z' = (L', R') gives the left (red) and right (blue) boundary
lengths of H \ 7/([0,t]) for each ¢ > 0. Right: By Theorem 3.9, the law of Z’ is that of a
planar Brownian motion with correlation 1/2, started from (I,0), and conditioned to first
exit [0,00)? at (0,0). This conditioning is made sense of via a limiting procedure.

Theorem 3.10. Given [ > 0, let M € MSHPY for n € N be the site-percolated triangula-
tions as in (3.4). Let Z"™ = &(M™,e"™,w") be the encoding walk as in Theorem 2.2 and
let

ZM(t) == (L™(t), R"(t)) = ¢ *n"Y2Z"(|bnt])  forallt e [0, u"(M™)]. (3.10)

Let 8, 7' be the space-filling SLEg-decorated Brownian disk and its associated boundary
length process as above. Then the joint law of (im", Z”) converges the that of (), 7")
with respect to the GHPU topology on the first coordinate and the uniform topology on
the second coordinate.

3.5 The conformal loop ensemble associated with 7’

The space-filling SLEg curve 1’ traces the loops of a conformal loop ensemble
(CLEg; [She09]) on H, as we now explain. Given k € UmeN0 N™, if Hy is dichromatic, we
define a loop "k as follows. Let 6 and 7k be the almost surely unique times when the
chordal SLE¢ curve ny- visits the points 7(tx) and 7’ (sk), respectively, where 7’ starts and
finishes filling in Hy. Let 1 (t) = nx- (t + ok) for ¢ € [0, 7k — ok] and v (t) = nk(t + ok — T«)
for t > 7x — ok. In words,  is the parametrized loop obtained by concatenating 7 |(5,,7]
and nk. See Figure 10 for an illustration.

Definition 3.4. The collection of loops T := {7k : k € U, ,cn, N™ and Hy is dichromatic}
is called CLEg on the Brownian disk H under its natural parametrization.

Definition 3.4 is equivalent to the construction of CLEg on D given in [CN06, Section
3] once (H,d,u,&) is viewed as being embedded into D via (3.7) and T is viewed a
collection of unrooted, oriented, unparametrized loops on D, which in turn is equivalent
to the one defined in [She09].

4 Scaling limit of the nested exploration

We retain the notations in Theorem 1.1, which was just made precise by Theorem 3.10.
In this section we carry out the first main step of the proof of Theorem 3.10 by showing
that the joint law of the rescaled map (M™,d"™, u™, ™) and the rescaled boundary length
process Z™ associated with the space-filling exploration of (M™, e",w™) converges to the
joint law of the Brownian disk (H,d, i, £) and the boundary length process Z’ associated
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Figure 10: Shown are two nested bubbles Hi- (the whole disk) and Hy (light green)
with Hy dichromatic. The CLEg loop "k is the concatenation of the orange curve and the
green curve. The collection of all such loops, as k ranges over all dichromatic bubbles, is
a CLEg.

with a space-filling SLEg on H. The uniform convergence of the associated space-filling
curves will be established in the next section.

To prove the above joint convergence, we will start in Section 4.1 by showing that
the joint law of all of the triangulations My for k € |J°_,N™ decorated by percola-
tion interfaces A; along with their boundary length processes Z;, as constructed in
Section 2.3, converges to the joint law of the analogous continuum processes from
Section 3.4. We will then show in Section 4.2 that one also has the convergence A
by “concatenating” the boundary length processes associated with the nested SLEg
curves.

Identify (M",e",w™) with an element of g™ as in Remark 2.1. For k € (J°_,N™, let
MZ, e, wi, &, £, A\ be defined in the same way as My, ek, wk, &, fk, Ak with (M™,e™, w™)
in place of (M,e,w) in the nested exploration of Section 2.3. Let df = o~ 'n~"/4dyn
and g = b~ 'n"'pyp. For s € [0,c7'n1/20") let &2(s) := Bup (en'/?s). Fort > 0 let
ne(t) == A (sn®/%t). Let MY = (MZ,d2, u, &2, ni). Let Z7 = (LE, RY) be the boundary
length process of A\]! renormalized as in (3.9), with 7 in place of n" there.

Recall the Brownian disk (H,d, y1,£) and the nested exploration {$) : k € [J,-_, N™}
from Section 3.4. Also recall the boundary length processes {Z : k € |J;°_,N™} and
7' = (L', R') from the same section.

4.1 Joint convergence of nested explorations

In this subsection we will prove that (9}, Z?) converges jointly in law to ($k, Zk) by
iteratively applying Theorem 3.5. We will use this to derive the joint convergence of the
nested exploration and Z™ in Section 4.2.

Proposition 4.1. One has the following convergence in law as n — co:
{(SUI’,;,Z,?):Ike U Nm}e{(ﬁk,Zk):ke U Nm}, (4.1)
m=0 m=0

where for each k, the first coordinate is given the GHPU topology and the second
coordinate is given the Skorokhod topology.
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Proposition 4.1 will be a consequence of the convergence results for a single interface
proven in [GM17b] (Theorem 3.5) together with the iterative constructions of the pairs
(M, Z) and (Hk, Zk) from Sections 2.3 and 3.4, respectively. Before we give the proof,
let us discuss what we need from [GM17b]. Theorem 3.5 immediately implies that
(MG, Zg) — (99, Zp) in law as n — oco. In fact, the proof of Theorem 3.5 from [GM17b]
(in the case of site percolation on a loopless triangulation) yields the following slightly
stronger statement.

Lemma 4.2. One has the convergence of laws

( 37Z(;)la{( Za ZnuZagl?(O))}keN) — (‘6@7Z®7{(Hkadka,ukagn(o))}keN)a (42)

where the first coordinate is given the GHPU topology, the second coordinate is given
the Skorokhod topology, and the third coordinate is given the countable product of the
pointed Gromov-Hausdorff-Prokhorov topology (i.e., the GHPU topology but restricted
to spaces where the curve is constant).

Recall that {(Hy, dg, i, §x(0)) }cn 1S the set of connected components of Hy \ 7y,
each equipped with the internal metric of dy, the restriction of 1y, and the last point
on its boundary hit by ny. In particular, these pointed metric measure spaces are a.s.
determined by ). The pointed metric measure spaces (M7, d}, n7, £1(0)) are determined
by M and 7y in an analogous manner.

We briefly explain why the proof in [GM17b] yields Lemma 4.2. In our notation, the
proof of Theorem 3.5 in [GM17b, Section 7] starts out with a subsequence along which
the left side of (4.2) converge in law, then shows that the subsequential limit coincides
with the right side of (4.2). In particular, it was shown in [GM17b, Section 7.2] that
the subsequential limits of the (M}, d}, uy, £7(0))’s coincide with the (Hy, dg, p, £7(0))’s
(although at that point in the proof in [GM17b], the subsequential limit of (9, Z) had
not yet been shown to agree in law with ($p, Zy) — this was not established until the
very end of [GM17b, Section 7]).

Proof of Proposition 4.1. If we couple so that Z; — Zj a.s. in the Skorokhod sense
(which we can do by Theorem 3.5), then for £ € N, the magnitude of the kth largest jump
of Zjy converges a.s. to the magnitude of the kth largest jump of Zy. In other words,

cInTYV24MY — v(OH,).

By the discrete and continuum Markov properties (Lemmas 2.12 and 3.6) and The-
orem 3.5 (the latter applied once for each k£ € N), a.s. the joint conditional law of
{7, Z)} pen given Zj converge a.s. to the joint conditional law of {($x, Zx)},cn given
Zy. This yields the convergence of joint laws

(Zéla{( Z’Z;L)}keN) — (ZV)’{(ﬁk’Zk)}keN)' (4.3)
We will now deduce from Lemma 4.2 and (4.3) the convergence in law
(MG, Zg s {3, 30) been) = (90, Zo, {(Dk, Zi) }ren) (4.4)

which is the special case of (4.1) when we restrict to m € {0, 1}. Indeed, by Lemma 4.2,
(4.3), and the Prokhorov theorem for any sequence of n’s tending to oo there is a coupling

of (Zy, $Hp) with a collection of pairs {(ﬁk, Zk)}
along which

LN L {5, Z1)}ren @nd a subsequence
1S

(% A )+ (050 {02, ) nlaw. @9
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As explained after the statement of Lemma 4.2, we have that {(H}, dg, fix, £x(0)) }ren
is a.s. determined by $)3. By Lemma 4.2, if we write 5%k = (I;Tk,cik,ﬁk,fok,ﬁk) then
(ﬁIk, jk, [k, 5(0)) = (Hg, dg, 1k, £(0)) as metric measure spaces for each k € N. The metric
and area measure on the Brownian disk a.s. determine its boundary length measure (see,
e.g., [LG19, Proposition 20. ThlS boundary length measure together with the marked
boundary point 5( ) determines f so we get that a.s.

(Hy, d, fi, €) = (Hy, di, ji, k), Yk € N, (4.6)

where here we mean equality as curve-decorated metric measure spaces. We henceforth
identify the curve decorated metric measure spaces appearing in (4.6).

By (4.3), if we condition on Zj then the curve-decorated metric measure spaces .6 k
are conditionally independent SLEg-decorated Brownian disks with boundary lengths
specified by the downward jumps of Zj. In particular, under the conditional law given Zj
and {(Hg, dg, 4k, £k) }ken, each of the curves 7 is an SLEg on Hy, going from x; = £, (0)
to the marked boundary point Zj, which is determined by Zy and {(Hx, di, ik, &k) Feen-
That is, the conditional laws of {S%k}keN and {9 }ren given Zy and {(Hy, d, ftk, k) b een
agree. The measurability statement in Lemma 3.4 implies Zy and {(Hy, dx, px, &k) b ren
a.s. determine )y, so we get that the conditional laws of {5%k}keN and {9y }ren given
(Zy, $Hp) agree. Since H; a.s. determines Z;, and ($, Zx) 4 (9, Zi), we infer that the
right sides of (4.4) and (4.5) have the same law. Since our initial choice of subsequence
was arbitrary, this implies (4.4).

Due to the iterative constructions of the Hk’s and the IM}’s, we may now iterate the
above argument to obtain (4.1). In particular, we prove by induction on m that

{( MUW} {sak,zk IkeUN’“} 4.7)

r=0

in law. The base case m = 1 is (4.4). Now assume that (4.7) holds for some m € N. Then
the same reasoning leading to (4.3) together with (4.7) applied once inside each of the
bubbles of My yields

(28 A ZDheemine ) = (Z0 {5k 2 e e ) (4.8)

One can then combine Lemma 4.2 and (4.8) via exactly the same argument used to
prove (4.4) to get (4.7) with m+1 in place of m. This completes the induction, hence (4.1)
holds. -

4.2 Joint convergence with the random walk encoding
By standard facts on lattice walks in the first quadrant (see e.g. [DW15, Theorem 4]),

we have that Z" — Z’ in law with respect to the uniform topology. The main result in
this section is the following.

Proposition 4.3. The convergence of Z"™ to Z' holds jointly with the one in Proposi-
tion 4.1.

By the Skorokhod representation theorem, for each subsequence of N there exists a
further subsequence A and a coupling of {($, Zk) : k € ,._, N™} and {91"},,cxr such
that almost surely

1. imarsn—eo (M, Z2) = (9K, Zk) for each k € [J;°_, N™ with respect to the topology

in Proposition 4.1,
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2. Z™ converges to a stochastic process Z’ in Cy(R, R?) with the same law as Z’.

Throughout this section we work under such a coupling and assume n € N. Then
Proposition 4.3 is an immediate consequence of the following result concerning the
coupling.

Proposition 4.4. 7' = Z' almost surely.

We devote the rest of this subsection to the proof of Proposition 4.4.

For each multi-index k € Cp, recall the times sy, tk,tAk in Section 3.4 for the bubble
Hy, which are defined so that 7/ ([s, tk]) = Hk and 7/(t) = Zk. If M # 0, we will also
need the discrete analog of these times in the setting of Section 2.3. Let Si,T)¢' € Ng be
such that A" ([SP, T)?)z) = £(M?) and let 7" € [SP', T{)z be such that A"(T7") = &]. The
rescaled version of these times are given by

spi=b 'SP, fi=b 'n TP, and tf:=b 'n 'Ty. (4.9)

Recall the description of Si, ﬁ?, T} in terms of Z™ at the end of Section 2.3, namely,
Facts (1)-(3) above Lemma 2.12. We now give the continuum analog of these facts and
the convergence of these discrete quantities to their continuum counterparts. Fix s,t €
[0, n(H)] such that s < ¢t. Given a sample of Z’, we say that ¢ is an ancestor of s if L), > L
and R), > R, for all s < u < t. We call s an ancestor-free time relative to t if there are no
ancestors of s in (s,t). Let AnFr(¢) be the set of ancestor-free times relative to ¢, which
is known to be a closed set with Hausdorff dimension 3/4 [DMS14, Section 10.2] (see
also [GHM20, Example 2.3]). Let Cut(s) = {t' € (s,u(H)) : ' is an ancestor of s}. The
set Cut(s) is the same as the set of so-called 7/2-cone times® for Z’ whose corresponding
m/2-cone intervals contain s. Therefore Cut(s) is a closed set of Hausdorff dimension 1/4
by the main result of [Eva85] (see also the proof of [DMS14, Lemma 8.5]).

Proposition 4.5. For each multi-index k € |J N™, the following hold.

mENg
(1) If Hy is monochromatic red, then tx = inf{t > sy : L, — L; = b/2}. If Hy is

monochromatic blue, then ty = inf{t > sy : Rl — Ri = /2}. If Hy is dichromatic,
then i‘\k = tk.

(2) If Hy is monochromatic, then the set of open intervals
{(sk,tk) : K € Cx and Hy is dichromatic}
equals the set of connected components of (tx, ti) \ Cut(tx).

(3) The set of open intervals {(sk,tx ) : K € Cx and Hy is monochromatic} equals the
set of connected components of (s, tk) \ AnFr(tx).

4) (Z”, s{},t[j,tAﬁ) converges in law to (Z', sy, ti, tk).

Proof. We will first argue that (1)-(3) hold for k = () and k € Cy, then we argue that (4)
holds for k = ) and k € Cy, and then we argue that (1)-(4) hold for k € N2 with Hy-
dichromatic. This will allow us to conclude by iteration.

The statements concerning tA@ and {s, tk}keC@ in Assertions (1)-(3) are consequences
of Theorem 3.9, which are explained in detail in [BHS18, Section 6.9], based on Sec-
tions 6.1-6.8 there.

8A time ¢ is a 7/2-cone time for Z’ = (L', R’) is there exists a u < ¢ such that L/, > L} and R/, > Rj, for
all u’ € (u,t). Note that this definition of a cone time corresponds to a cone time for the time reversal of Z’ in
some other literature.
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Assertion (4) for tAg and {sy,t} }kec, follows from [BHS18, Lemma 9.25]: indeed,
the convergence of tAg follows from [BHS18, Lemma 9.25, (i)] and Fact (1) above
Lemma 2.12. The convergence of {s},t; : k € Cy, Hx is monochromatic} follows from
[BHS18, Lemma 9.25, (i)] and Fact (2) above Lemma 2.12. The convergence of {sﬁ, -
k € Cp, Hk is dichromatic} follows from [BHS18, Lemma 9.25, (ii)] and Fact (3) above
Lemma 2.12. Here Facts (1)-(3) give the Z”-description of special points corresponding
to the percolation interface \j. Section 6.9 in [BHS18] describes the same quantities
in the continuum in terms of Z’ and [BHS18, Lemma 9.25] show that the random walk
quantities converge to their Brownian motion counterparts.

For k € Cp such that Hy is monochromatic, since (Z", sp,tp) converges in law to
(Z’, sk, tk), we may repeat the argument for tAg to conclude that (2", ) converges in law
to (Z' ,tAk).

Now for k € N2 with H,- being dichromatic, since = - converges to fk_ = ty-,
Assertions (1)-(3) for sk, tk follows from [BHS18, Section 6.9]. Moreover, Assertion (4)
for si, tg follows from [BHS18, Lemma 9.25 (i)] and Fact (2) above Lemma 2.12.

Since we have proved Proposition 4.5 for multi-indices in

Cinitial := {0} UNU {k € N* : H, is dichromatic} (4.10)
the remaining cases follow from iteration. O

Remark 4.1. In the proof of Proposition 4.5 and other arguments in this section where
the iteration is used, it is important to consider the cases indexed by Ci,itia1 instead of just
Cp. Otherwise it would only cover the cases where the parent bubble is monochromatic.
As seen in the proof of Proposition 4.5, when the parent bubble is dichromatic, it requires
a separate argument.

Lemma 4.6. For allk € UmeN[J N,,, we have (ZD’,sk,tk,fk) 4 (Z’,sk,tk,tAk). Moreover,
(s, Q,tAﬁ) — (sk, tk, tk) in probability as n tends to co.

Proof. For each multi-index k, let $, fx be such that (Zo’, Sk, fk) 4 (Z', sk, tk). By Asser-
tion (4) of Proposition 4.5, we see that (Z", sp, t) converges in probability to (ZO’, Sk, fk).g
To show (ZQ’, Sk, tk) 4 (Z', sk, tk) and (si,ti) — (sk,tk) in probability, it suffices to show
that $§x = sk and ik = #x a.s.

We first consider the case when k € Ciyitia1. Since 7’ is parametrized by py-mass and
w(nk) = 0 for all multi-indices k, we have

Sk — Sk— = Z w(Hy) for each multi-index k, (4.11)
K=, -k

where here the sum ranges over all k' € Cg- such that kK <y - k (recall <,- from
Section 3.4).

Suppose k € Cy and Hy is monochromatic. For any k' <y k, by Proposition 4.1, for
large enough n, the bubble M}, is contained in 7"([0, s¢]). By letting n — oo, we have
Zk,jwku(Hk/) < §k a.s. Since sk 4 Sk, we must have s = sk a.s.

Suppose k € Cy and Hy is dichromatic. Then pu(Hp) — tk = > <, #(Hi), where the
sum ranges over all k' € Cy such that k <y k’. Similarly as in the monochromatic case we
have p(Hp) — tx < u(Hp) — ik a.s. and hence f = ti a.s.

9Here and in several places below, we use the general fact that if f is a measurable function and {Xn}tnen
and X are random variables such that (X, f(X»)) — (X, f(X)) in law and X,, — X a.s, then f(X,) — f(X)
in probability.
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For each multi-index k, we have tx — sk = p(Hyk) and ¢ — s = p*(M™). By letting
n — oo and using Proposition 4.1 and the two preceding paragraphs, we get that sk = sk
and tx = t a.s. for all k € Cyp.

We have u(H) — ty = 3., u(Hx) where k ranges over all k € Cy such that Hy is

dichromatic. A similar argument as above then shows that (Z/, %) L (Z',ty) and tAZ.} — 1y

in probability. For k € Cy such that Hy is monochromatic, since (2’, Sk k) 4 (Z, sk, tk)
and (s, ') — (sk, tk) in probability, we may repeat the argument for 7y to conclude that
(Z', %) L (Z', 1) and 1} — 1y in probability.

Now suppose k € N? and H,- is dichromatic. Since s, converges to s, in probability,
we can use (4.11) and the same argument as in the case where k € Cp and H is
monochromatic to conclude. This proves Lemma 4.6 for k € Cipitial-

Lemma 4.6 for general multi-indices now follows by iterating the argument above. O

For each k € (J;-_,N™, let ¢} and ¢} be the boundary lengths of the clockwise and
counterclockwise arc on dHy from zk to Tk, respectively. Equivalently, (¢}, ) = Zk(0).
In particular, with probability 1, (¢, f) = ({k/2, fx/2) if and only if Hy is monochromatic.

Lemma 4.7. (ZD’,K}(,Ef() £ (Z', 4, t) and Z'(t) — Z'(si) = Z'(t) — Z'(sk) for eachk € Cy.

Proof. Let £;" and /" be such that ( ko &k, wi) € P(en'/2¢.", en'/?4;"). By Proposi-
tion 4.5 and Lemma 4.6, we have that (2", £,", (™) converges to (Z/, L, () in law. On
the other hand, in our coupling (Z", EL’”, ¢.") converge to (Z', (), ¢t) in probability. This
gives (2,0, 6;) = (2", 6}, ).

If Hy is monochromatic, then Z'(tx) — Z'(sk) = (—¥k,0) or (0, —¢) depending on
whether the the color is red or blue. If Hy is dichromatic, then Z’(tx) — Z'(sk) = — (€%, k).
In both cases since (Z/, (L, (1) £ (7', 0%, (%), we have Z'(ty) — Z'(sk) = Z'(t) — Z'(sk)
almost surely. O

The next two lemmas are the main steps towards the proof of Proposition 4.4.
Lemma 4.8. (Z',Zy) < (7', Zy).

Proof. Recall the pair of independent %-stable Lévy processes Z>° = (L*°,R*) in
Lemma 3.3. It is well known that for each ¢ > 0 the process L°°\[07t] is almost surely
determined by the ordered downward jumps, i.e., the lengths of these jumps as well as
the order in which the jumps appear. By Lemma 3.3, the same almost sure statement
holds for Z;. Let Zy be such that (Z/, Zy) 4 (Z', Zy). 1t is clear from Lemma 4.7 that Z,
and ZO@ have the same set of jumps. (Note that a.s. there are no two jumps for Zj of the
same size, and similarly for Zoq)). Therefore we are left to show that the order in which
the jumps appear also agree.

Suppose k, k' € Cy. We need to show that the jumps of Z; and ZDQ) of size /x and /-
corresponding to the bubbles Hy and Hys occur in the same order. If Hx and Hy are
both monochromatic (resp. both dichromatic), then since the order in which »’ fills in the
monochromatic (resp. dichromatic) bubbles cut out by 7y is the same (resp. the opposite)
as the order in which 7y cuts these bubbles off, the jump of length /x comes before the
jump of length ¢/ if and only if sk < sk (resp. sk > sk/). By Lemma 4.6, the same holds
for Z@.

Now suppose H is dichromatic and Hy/ is monochromatic. Let

ok =sup{t < s : Ry < R, }.
Then oy is a.s. the first time such that 7’ visits zy; equivalently, oy is the time that the

bubble Hy is enclosed, i.e., separated from 7y by 1’ (recall that Hy is monochromatic
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Figure 11: Left: Illustration of the proof of Lemma 4.8 in the case where Hy is dichro-
matic and Hy is monochromatic. Middle: Illustration of the proof of Lemma 4.9 in the
case where Hy is dichromatic. Right: Illustration of the proof of Lemma 4.9 in the case
where Hy is monochromatic. In both of the middle and right figures, the red (resp. blue)
curve indicates the left (resp. right) boundary at time tx. The green curve on the right
figure has length ay.

red, so Hy is a bubble cut out by 7y which intersects the right boundary of Hy). See the
left part of Figure 11. Recall the definition of the ordering < on bubbles cut out by 7y
from Section 3.4. The jump of length ¢y for Z; comes before the jump of length ¢ if
and only if H C n'([ok, sk]), which is further equivalent to ok < sk.. Let 6k be such that
(Z,6) £ (Z',00).

In the discrete setting, suppose My (resp. M}},) is visited by A" after (resp. befo;e)
ep- Equivalently, type, = di and type,, = mono. By Lemma 2.10, we have that AZgLﬁ

is a c-step, corresponding to the last edge on M} visited by A", Let oy, be such that
AZf, 5 is the matching b-step of AZg,.. Then by Lemma 2.10, we have that M comes
k/

before My, in the peeling process of Aj if and only if o, < sﬁ. Then as in the proof of
Lemma 4.6, we have that lim,_, 0}, = dk in probability. Therefore Hy is disconnected
by ng from Zy before Hy: (equivalently, the jump ¢k comes before the jump ¢y/) if and only
if 6k < skw. Combined with the previous paragraph, we see that ok < sk if and only if
ok < sk . Since there exists a sequence {k,,} in Cy such that sk, | o, we have 6 = o
almost surely. Therefore if Hy is dichromatic and Hys is monochromatic, the jump of
length ¢ comes before the jump of length ¢y for Zj if and only if the same holds for ZDVJ,
since this event occurs exactly when oy < sk (equivalently, when oy < sk/). This gives

(2, Zy) £ (2", Zy). 0

Lemma 4.9. Z'(sy) = Z'(sk) and Z'(tx) = Z'(t) almost surely for all k € Cy.

Proof. Suppose Hy is dichromatic. Since the right boundary of the unexplored region at
time tk is the union of the right boundaries of the dichromatic bubbles which come after
Hy, we have R'(tk) = > <,k liv Where here the sum ranges over all k' € Cy such that
k <p K. Note that the ordering <y on Cy is determined by {sy, tk’,?k/}k’ecm- Moreover,
both {sk, tkf,tAk/}kfecw and {érk,,é}(,}krecm are determined by Z’. By Lemmas 4.6 and 4.7,
{sk, tk/,tAk/}k/ecw and {{, E}(,}k/ec@ are also determined by 7' via the same measurable
functions. Therefore

R(t) =Y b =R(t). (4.12)

K=ok’
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See the middle part of Figure 11. The same statement holds for L/ (#) and L' () with
&, replaced by /},. Therefore Z'(t) = Z'(t). By the second equality in Lemma 4.7, we
conclude the proof in the dichromatic case.

Suppose Hy is monochromatic. Let u be the last time such that 7y(u) = zx and let
H*" be the connected component of H \ 7y([0, u]) containing Zy on its boundary. See the
right part of Figure 11. Then both L'(t¢) and L/ (t) are equal to Lg(u) + ¢ Therefore
L/(tx) = L'(t«). Let ak be the boundary length of the intersection of H* and the right
arc on (Hy,zg, Tp). Then £} — e = 3, £}, where K’ ranges over k' € Cy such that Hy is
dichromatic and the jump of length ¢k, comes before ¢ in Z;. By Lemmas 4.7 and 4.8, we
have (Z’, ay) < (Z',ax). Note that R’ (tx) = Ry(u) — on + >« Ui- By a similar argument
as for (4.12), Lemmas 4.7 and 4.8 yield R’ (tx) = Ry(u) — ax + >« ¢ where K’ ranges
over k' € Cp such that Hys is dichromatic and the jump of length ¢, comes before the
jump of length ¢ for Z,. Therefore R'(t) = R'(tx) hence Z'(t) = Z'(t). Now the
second equality in Lemma 4.7 concludes the proof. O

Proof of Proposition 4.4. When k € Cy and Hy is monochromatic, having established

Lemma 4.9, the argument in Lemma 4.8 gives that (Z’, Zx) 4 (Z',Z). When k € Cy
and Hy is dichromatic, we have the same statement with an even simpler argument. In
this case the order of jumps for Zy is given by the ordering <k, which is determined by
{sw }kec.. Therefore by Lemma 4.6, we have that (Z', Zx) 4 (Z', Z). Now the argument
in Lemma 4.9 gives that Lemma 4.9 still holds with Cy replaced by Cy.

By iteration, both Lemmas 4.8 and 4.9 hold for all multi-indices. Since {sk,tk : k €
U,-_o N™} is dense in [0, u(Hp)], we must have Z' = Z' as. O

5 Scaling limit of the space-filling exploration

Throughout this section we work in the setting of Theorem 3.10 and Proposition 4.1.
By Proposition 4.3 and the Skorokhod representation theorem, we can work under a
coupling of {M"},en and {(Hk, Zk) : k € [J_, N"} where almost surely the convergence
in Proposition 4.1 holds and Zn — 7', Henceforth fix such a coupling.

By Proposition 3.2, for each k € UfnC:O N™ there a.s. exists a compact metric space
(Wk, Dk) and isometric embeddings

tk: He — Wi and o : Mg — Wy, Vn € N (5.1)

such that (M) — w(Hk) a.s. in the Di-HPU sense (Definition 3.1). Write ¢ = ¢,
" =1, and (W, D) := (Wy, Dy). We henceforth identify ' and oM™ with their images
under ¢ and /", respectively. Note that this has the effect of identifying $x and 9
for n € N with their images under ¢ and ", respectively, so that every Hy and My is a
subset of W. The goal of this section is to prove the following proposition, which implies
Theorem 3.10.

Proposition 5.1. In the above setting, a.s. lim,_,., /7" = 1 in the D-uniform topology.

To prove Proposition 5.1, we will define for M, K € N a curve 7)5\4,1( by concate-
nating, in a certain manner, the (finite) collection of SLEg curves nx corresponding
to k € U%:O[LK]QL, parametrized by disconnected area (see Section 5.2 for this
parametrization). We also define analogous discrete curves 7y, . We will show that if
M and K are chosen sufficiently large, independently of n, then all of the connected
components of H \ 7, r and M"™ \ 7j}i; - for n € N are uniformly close. This will imply
that 77}, ;- (resp. 1} i) is uniformly close to 7’ (resp. 7). We can also deduce from the
results of Section 5.2 that 7}, x is close to 7}, , when n is large, which will give the
desired GHPU convergence. Before proceeding to this argument we first record some
basic facts about the above-defined embeddings in Section 5.1.
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5.1 Basic properties of the embeddings
Recall (5.1). For each multi-index k # ), let

Sk = (Hicdis ik G i) = (i) and - 90 = (M, di, i 6 ) = e (0) - (5.2)

so that a.s. lim,,_, 537? = 5k in the Di-HPU sense. Then the curves §~|’} and 7} converge
to & and 7, respectively, in the space (Wi, Dx). In this section we show that the
analogous convergence holds for the curves which are all embedded into the same space
(W.D).

Lemma 5.2. & — & and o — nk a.s. as n — oo in D-uniform distance for each
ke Up_oN™.

To prove Lemma 5.2, for n € N let fi := ¢, ' : Hy — W and fe= )t I\N/I[(L - W,
which take us from the embedding of Hy (resp. M) into Wk to its embedding into W.
Let gy (resp. gi) be the identity map on H (resp. M") and for k # (), let

gk := Lg- © lel cHy — Wi and g =~ o (i)™ Mt — Wy

where (- (resp. ¢;_) is considered as a map from Hy (resp. M) to Wy under the natural
inclusion Hx — Hy- (resp. Mg — M{_). Then fi (resp. gk) is 1-Lipschitz from (ﬁk,glvk) to
(W, D) (resp. (Wy-, Dx-) and its image is Hk (resp. tx- (Hk)). Furthermore, fx pushes
forward [k to u, Ek to &, and 7k to n; and

Jk = 90 © Gk—(m-1) 0+ 0 g~ O Gk- (5.3)

Analogous statements hold for f7 and g;;. We start by proving a limit result for f and
9k -

Lemma 5.3. Almost surely, for each subsequence of N' of N there is a further subse-
quence N’ such that for each k ¢ Ufnozl N™ the maps fy converge to fx and the maps
gp converge to g in the following sense as N’ 5 n — oo. For each subsequence N’ of
N' and each sequence of points x™ € I\~/I’,Z forn € N’ such that 2" — = € Hy, one has
D(f2(z™), fu(z)) — 0 and Dy~ (g2 (™), gx(x)) — 0 as N 3 n — oc.

Proof. By [GM17c, Lemma 2.1] and a diagonalization argument, it is a.s. the case that
for each subsequence of N there exists a further subsequence N’ and maps fk : f[k - W
and g : Hy — Wy~ for each k € |J,°_, N such that f — fk and g — gk in the sense
described in the statement of the lemma as N/ 5 n — oc.

Repeating verbatim the proof of [GM17b, Lemma 7.5, assertions 2 and 3] shows that
each gy is an isometry from (fIk \ afﬂo dy) to ék(ﬁfk \ 8ﬁIk), equipped with the internal
metric of cfika; and pushes forward ik to fix- | .- Repeating verbatim the proof of [GM 17D,
Lemma 7.6, assertion 1] shows that in fact j?k(ﬁk \ 8ﬁk) is a connected component of
Hy- \ 7, so must be equal to ¢ (Hy). From this and the uniqueness statement [GM17a,
Proposition 7.3] for isometries of Brownian surfaces, we infer that gx = gx. By (5.3), the
analogous relation for f¢' and g;, and the convergence statement for the g;’s, we find
that also f = f«. O

Proof of Lemma 5.2. Fix k € U;ozo N™. By our choice of coupling and isometric embed-
dings, one has 5{; — Ek and 7 — 7k uniformly with respect to the metric Dy. The maps
f o (M2, dp) — (W, D) are 1-Lipschitz, so the curves & = f o & and i = f{ o 7" are
equicontinuous in (W, D). By the Arzéla-Ascoli theorem, it is a.s. the case that for every
subsequence of N, there exists a further subsequence N, a curve & .. : [0, v(0Hk)] — H,
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and a curve 7. : [0,00) — H which is constant at oo such that {g — &k . and g — ni,
in the D-uniform distance as NV, > n — co. By Lemma 5.3, after possibly passing to a
further subsequence we can arrange that the maps f converge to fx in the sense of
Lemma 5.3 along the subsequence N,. This implies in particular that for each s € R,

&R (s) = fR(E(5)) = S (Ex(s) = &(s)

along N,, and similarly for each u > 0 one has n¢(u) — m(u). Hence & . = & and
Mk« = Nk- O

5.2 Parameterizing by disconnected area

In this brief subsection we prove variants of the scaling limit results of the previous
subsections where we parametrize the paths 7 and 7k by the accumulated areas of the
monochromatic bubbles which they disconnect from the target point (so that the curves
are constant on some intervals of time) instead of by quantum natural time. The reason
for considering this choice of parametrization is that it is more closely connected to the
peano curves /™ and 7’.

For k € |J,._,N™, recall from Section 3.4 that [s, tx] is the interval of times during
which 7’ is filling in Hyx and 1k is the time such that 7 (tAk) = Z«. Note that #x = # if and
only if Hy is dichromatic. For t € [sk, tk], if 7/ (t) € 7k (R), let ux(t) = sup{u : mk(u) = 7/ (t)}.
If ' (t) ¢ nk(R), then () must belong to a monochromatic bubble Hy: for some k' € Cx.
Let uk(t) = uk(sk ). Let ni : [sk, 7] — Hx be defined by

() := mk(uk(t))- (5.4)

Recall that the set of ancestor-free times AnFr(fk) is the same as the set of times ¢ for
which 7/ (t) € nk, equivalently the times when 7’ is not filling in a connected component of
Hy \ nk (see (3) in Proposition 4.5). Therefore, uk is a nondecreasing continuous function
on [sk, tx], which stays constant on each connected component of (s, tx) \ AnFr(Z).

In the discrete setting, for n € N and k € Uﬁ:o N, recall the (unscaled) time S}/, ﬁf’
and T} in Section 4.2. For i € [S{(L,fﬁ], let j(i) = inf{j : A2(j) € A"([i,00)z)} and let
A (@) == AL (i (i)). Note that

M) = An(i), Vi€ [Sp, Tz with A" (i) € AL,
Extend the curve X" from Sy, Tyt]z to [Si¢, Ti!] as in Section 3.1. For t € [sf, 7], let

M () = A" (ont)  and  ug(t) = s 0T (bnt),

a,n

where here we extend ji to [Si, 7}!] in such a way that 7" = 9 o uj.
Lemma 5.4. For each k € |J°_ N, we have that n" — nZ uniformly in (W, D) in
probability.

Proof. By [BHS18, Lemma 9.25], we have that (Z",u) converges in law to (Z, u).
Therefore uy — uk in probability in our coupling. Now Lemma 5.4 follows from
Lemma 5.2 and (5.4). O

5.3 Proof of Theorem 3.10

Now we carry out the strategy outlined at the beginning of Section 5. Fix M, K € N.
We will define curves 7, and 73 ; for M, K € N in terms of the chordal curves n
EL [Sk, fk} .
For each ¢ € I g, let k' be such that [sk/,tAk/] is the shortest interval containing ¢ in

and 7", respectively. Let us start by defining 7}, r-. Let Iy x = U'r]\;[:() Ukep, x]
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{[sk,tAk}}ke[LK]? and set 7}, i (t) := ni (t). For each t € [0, u(H)]\ Inr, i, set ny () =
N,k (1), where 7 is the next time after ¢ which belongs to ) k. Roughly speaking, 7 x
is obtained by concatenating finitely many of the chordal curves 7.

The curve ﬁ"M,K is defined similarly: let I}, , = U%:o Uke[LK]? [sﬁ,tAﬁ]. For eacht ¢
I3 i let K’ be such that [si, #] is the shortest interval containing ¢ in {[s{., £ ] bke[i, K]z
and set 7j}i; x (t) := 1" (t). For each t € [0, u"(H)] \ I} g, set 1y x (t) := 14 i (t), where
t is the next time after ¢ which belongs to I}, ..

We note that 7}, x is left continuous with right limits, but not right continuous.
Indeed, for k € [1, K|%" such that m € [0, M]z and Hy is monochromatic, the curve
77M,K‘[?k.,tk] will “jump” across strings of dichromatic bubbles Hy: for k' € C \ [1, K]g‘Jrl
which are traced in order by . Note that this discontinuity always occurs at one of the
times ?y for k € U%IO[L K]7. However, as we will eventually show in Lemma 5.9, these
discontinuities are typically small when M and K are large.

We introduce the following notations for the next lemma. Given a metric space (X, d)
and a subset A C X, the d-diameter of A is defined by diam(A;d) := inf{d(z,y) : 2,y €
A}. Suppose (X,d) = (M™,d") for some n € N. If A is a subgraph of M", we write
diam(V(A); d) as diam(A;d). If A C £(M™), then we write diam(B; d) as diam(A; d) where
B is the set of vertices which are endpoints of edges in B. We write M" — E as M" — 7 ;-
where E'is the collection of edges that are contained in the range of 7jj; x.

Lemma 5.5. Almost surely, for each ¢ > 0 there exists M, K € N only depending on €
such that

diam(U;d) <'e, V connected component U of H \ 1)y ¢ (5.5)
diam(U";d") <, V 2-connected componentU" of M" — 1y , for alln € N.  (5.6)

Lemma 5.5 together with Lemma 5.9 below will allow us to show that when M and K
are large, we have that 7}, - is close to 7" and 7} ; is close to 7" uniformly in n. The
bound (5.5) is an immediate consequence of the following lemma.

Lemma 5.6. Almost surely, for each € > 0 there exists random M, K € N such that each
connected component of H \ 1, x has y-mass at most eju(H).

Proof. For ¢ € (0,1), let E(e) be the event that for each M, K € N, there exists a
connected component of H\17}, x with u-mass larger than ex(H). By way of contradiction,
we assume that there exists an e with P[E(¢)] > 0. Fix M € N. For each m € [0, M]z and
lk € N™ such that u(Hyx) > eu(H), let Kk € N be such that 377 . pu(Hk j)) < M~ 'epu(Hy)
(such a Ky can be found since the union of the bubbles H\ for k' € Cy is all of Hyx up
to a set of y-mass zero). Let K jw be the maximum over all such Ky’s, which is finite
since there are only finitely many k € U%Zl N™ with p(Hyk) > eu(H). On the event
E(e), there exists a connected component U of H \ 17} g such that u(U) > eu(H). The
component U must be a bubble Hy,, for certain multi-index k,,;. By our choice of K},
we must have ky; € J,,-,, N™. Let z € H be a point sampled according to x. Then
liminfy o Plz € Hy,,] > €P[E(e)] > 0. This contradicts Lemma 3.8. O

Proof of (5.5) in Lemma 5.5. Since 7’ is continuous, almost surely there exists § = §(e) >
0 such that d(n'(t1),n'(t2)) < € for each ¢1,t2 € [0, u(H)] with |t; — t2| < §. By Lemma 5.6,
there a.s. exists M, K € N such that each connected component of H \ 7}, ; has y-mass
at most §. Thus each such connected component can be filled in by 7’ in a single interval
of length at most § Therefore (5.5) holds for our choices of M, K. O

The bound (5.6) does not directly follows from (5.5) and the scaling limit results

that we have already established, since we only have convergence of each M} to Hy
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individually, not uniformly over all k € Ufr(;:o N™, and there are infinitely many connected

components of H \ 7734, x- To prove (5.6), we first record a simple lemma reducing
estimates for the diameter of the set itself to estimates for the diameter of its boundary,
which is more amenable to analysis via the boundary length process (see Lemma 5.8).

Lemma 5.7. Given a subgraph S of M™, let S be the graph such that V(95) is the union
of V(S)NV(OM™) and {v € V(95) : v is adjacent to a vertex in V(M™) \ V(S)},; and £(0S)
is the set of edges in £(S) with both endpoints in V(0S). Almost surely, for each e € (0,1)
there exists a random ¢ > 0 such that for each n € N and each subgraph S of M™ with
diam(9S;d™) < 6, we have diam(S;d") <e.

Proof. The proof is essentially the same as that of [GM17b, Lemma 5.7], but we give the
details since the statement in our setting is slightly different.

Suppose by way of contradiction that the statement of the lemma is false. It is clear
that for each ¢ > 0, we can find a § > 0 which works for any fixed finite collection of
n € N, so there must exist ¢ > 0 and a subsequence {n,},en C N such that for each g € N,
there exists a subgraph S« C M™ with diam(S™,d") > € and diam(95™s,d"™) < 1/q.

For g € N, choose y"¢ € 0S5™. It is clear that a.s. liminf,_, ., diam(OM"<;d"¢) > 0, so
there exists ¢ > 0 such that for large enough ¢ € N, the d"<-diameter of M"s \ S™ is at
least (.

For ¢ € (0, (e A ¢)/100), define

Vi = 8"\ Bys(y"e;d™) and  Uj? := M" \ (S™ U Bys(y™;d")).

For large enough ¢q € N, the set 1/5"‘Z (resp. U;q) has d"s-diameter at least €/2 (resp. (/2).
Furthermore, since diam(95™e,d") < 1/k, it follows that for large enough ¢ € N the
sets 9S™ C Bos(y"e;d") so the sets V5" and U lie at d"+-distance at least § from each
other.

By possibly passing to a further subsequence, we can find y € H closed sets Us, Vs C
H for each rational § € (0, (e A ¢)/100) such that as ¢ — oo, a.s. y"* — y and U;* — Us
and V[;"“ — V5 in the D-Hausdorff metric. Then Us and Vj lie at d-distance at least ¢ from
each other and have d-diameters at least ¢/2 and (/2, respectively. Furthermore, we
have H = Us UV5U Bys(y; d). Sending 6 — 0, we see that removing y from H disconnects
H into two components. But, H a.s. has the topology of a disk [Bet15], so we obtain a
contradiction. O

The following lemma together with the equicontinuity of the curves 7y for k &
Ufgzo[l, K7 will allow us to bound the diameters of the boundaries (with respect to
the d"-metric on M") of all but finitely many 2-connected components of M" — 7y,
simultaneously.

Lemma 5.8. Almost surely, for each M, K € N and each § > 0 there exists a random
r=r(M,K,§) € (0,6) such that the following is true. Forn € N and k € UZ\,{:O[I,K}Q”,
if U is a 2-connected component of Mj! — A\ with boundary length at most crv/n, then
there exist no times u7, uf, u} such that A\ (bnu}) has an endpoint on V(U) fori =1,2,3
and uf <uy — 40 <uj — 26.

Proof. To simply the notion, we only prove the case when k = () so that (M, A\, n) =
(M™, \™ n™). For other k, since M, K are finite, we can iterate the argument for k = ()
to conclude. The idea of the proof is that if the statements of the lemma were false,
then 7™ would have to have an “approximate triple point”, but we know the limiting
SLEg curve n has no triple points by [MW17, Remark 5.4]. However, we work with
boundary length processes instead of curves since we do not know a priori that n™ does
not have any complementary 2-connected components with small boundary length but
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large diameter. To be more precise, let o be the time when 7 hits its target point zZ. We
know from [GM17b, Lemma 7.8] that there a.s. do not exist times u; < us < usz < o for
which the left boundary length process satisfies

L(uy) = L(ug) = L(uz) = ue[il?lfug)] L(u) or R(u1)= R(uz) = R(u3z) = uE[iﬂI,llfug] R(u)
(5.7)

Assume by way of contradiction that the statement of the lemma is false. Then we can
find 6 > 0 such that for each ¢ € N there exists n, € N and a 2-connected component U™«
of M™s — "« with boundary length at most ¢/n/q and u}*, u5?, u3* such that A" (bnw;*)
has an endpoint on V(U) fori = 1,2,3 and u;* < uy® — § < uy? — 2J. Define the time set
I 3" as in (2.2) but with A" in place of A. Without loss of generality, we may assume that
bnuy? = min I;;* and bnus? = max I;;*. By left/right symmetry, after possibly passing to
a further subsequence we can assume without loss of generality that each U™« lies to
the left of ™. By (2.3) and since |L"(s) — L (t)| < ¢~ 'n~Y/24E(QU™) < 1/q for each
s, t € UM,

LM (uy®) = min{L"(t) : t € [uf”,uf"' ]} > max{L" (u}"), L"(uy*)} — 1/q. (5.8)

By compactness and (5.8), we can possibly passing along a further subsequence and
assume that there exits times uy, ug, uz € [0, 0] with us € [uy + d,us — ¢] and a number
¢ € R such that as ¢ — oo,

ul* —u; and LM (u)) — 0, Vie{1,2,3}.

By the Skorokhod convergence L™ — L, a.s. forany t € (u;,u3) there exist t" € (u}”, uy*)
such that L™(t"¢) — L(t). Now (5.8) implies ¢ < L(t), for all such ¢. Hence ¢ = inf{L(¢) :
t € [u1,us]}, which contradicts (5.7). O

Proof of (5.6) of Lemma 5.5. Fix e > 0. By Lemma 5.7, there a.s. exists dy = dg(€) € (0,¢)
such that for each n € N and each subgraph S of M™ with diam(95;d") < dy, it holds that
diam(S;d") < e. As we proved earlier, there a.s. exist M, K such that (5.5) holds with
dp/2 in place of e.

By Lemma 5.2, the paths & and 7y for fixed k € |J°_,N™ are equicontinuous as

an n-indexed sequence. Hence we can a.s. find d; = 62(dp, M, K) > 0 such that for
each n € N and each k € Ui‘r/f:o[l, K7, it holds for each s, s’ € R with |s — §'| < d2 that
dp (&R (s), &R (s")) < 6o/3 and di (ne(s), e (s')) < do/3. Set ¢ in Lemma 5.8 to be ¢, and let
r=r(M, K,d2) € (0,d2) be as in that lemma.
Each 2-connected component of M™ — 73, - equals M, for some k' € U, Ukeqr xym Cx-
Suppose U is such a component with boundary length at most ¢ry/n and choose k €
Uf,vfzo[l, K2 such that U = M}, for k’ € Cx. By our choice of r from Lemma 5.8, V(9U) is
contained in the union of the endpoints of the edges in A} ([af, aff + d2]) U™ ([bF — 62, b¢]),
where a}! (resp. b)) is the first (resp. last) time that A} hits U, and an arc of 0M™ with
at most cry/n < ¢da4/n edges. By our choice of §; and the triangle inequality, we have
that diam(0U; dy) < d§y. By our choice of Jy, this implies that diam(U;d") < e.

By the Skorokhod convergence Z;! — Zi and since the components My, are ordered
in decreasing order by their boundary lengths, we can a.s. find k. € N such that for each
k e Un]\fzo[l, K]% and each k' € Cx whose last coordinate is at least k., the boundary
length of M}, is at most cry/n. By the preceding paragraph, it is a.s. the case that for
large enough n € N, each such M}, has d"*-diameter at most ¢.

It remains to consider the finitely many 2-connected components of the form M},
for K e U:\f:o Uke[l,K]’z’" Cx with the last coordinate of k' less than or equal to k.. Let
K be the set of such multi-indices k’. For each k' € K, the rescaled boundary path &,
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converges D-uniformly to &k, which is the boundary path of a connected component of
H \ mys i, 50 has d-diameter at most do/2. Therefore, for large enough n € N it holds that

diam(OMy,;d") < &y, VK € K. (5.9)
By our choice of §y, we see that (5.9) implies (5.6). O

Lemma 5.5 is not quite good enough for our purposes since the curves r’ (resp. 17")
can trace arbitrarily long strings of small dichromatic bubbles without interacting with
M.k (resp. Miy ). See Figure 8, right. So, we need to bound the maximal diameter of a
string of dichromatic bubbles which do not intersect our approximating curves.

Lemma 5.9. Almost surely, for each ¢ > 0 there exists a random M, € N such that
for each M > M, there exist random K, N € N (allowed to depend on M ) satisfying
the following conditions. For m € [0, M|z and k € [1, K%', if Hy is monochromatic, and
I is a connected component of [ty, ti] \ (Uk/G[LK];nJrl[Sk/,tk/]), then diam(n/(I);d) < e.

Furthermore, for m € [0, M|z and k € [1, K|%, if M} is visited by A" before &, and I" is
a connected component of [f]f, T2z \ (Uk/e[l,K]Tznﬂ (S, T3 ]z), then diam(A™(I™); d") < e
forn > N. (Here for a subset A of Z, the connected component of A is with respect the
adjacency relation i ~ j if and only if |i — j| = 1.)

Proof. The idea of the proof is that each connected component #'(I) (resp. #™(I")) as in
the statement of the lemma is close to the arc of 0Hy (resp. M) which it intersects.
The length of this boundary arc is small if K is large, and its diameter can be bounded
using equicontinuity of the boundary paths.

Fix e > 0. It is clear that increasing M or K cannot increase the maximal diameter
of connected components of H \ 7} x; and the analogous statement holds for 7}, . By
Lemma 5.5, we can a.s. find My, Ky, Ng € N such that as long as M > My, K > Ky and
n > Ny, we have

diam(U;d) < —, V connected component U of H \ 1y, r; and (5.10)

NG

diam(U™;d") < 2, V 2-connected component U™ of M" — 1}, f. (5.11)

We will now fix M > M, and find K satisfying the conditions in Lemma 5.9.

By Lemma 5.2, there a.s. exists § > 0 such that for each k ¢ U%zo[l,Ko]’Z” and
each s1, s9 € R with |s; — s3] < §, the boundary paths satisfy d(&k(s1),&k(s2)) < €/4 and
d™ (&R (s1), &R (s2)) < ¢/2 for each n € N.

Every non-trivial arc of each 0Hy shares a non-trivial boundary arc with a connected
component of Hy \nk. Hence we can a.s. find K > K, such that for each k € Uﬁf"zo[l, Ko7
and each arc J of 0Hy with boundary length at least §/2, there exists k' € Cx N [1, K]z
such that Hy. shares a non-trivial arc with J.

From the Skorokhod convergence Z; — Zx and the encoding of boundary intersec-
tions of 7k (resp. 7y¢) in terms of the running infima of the coordinates of Zy (resp. Z}) —
see Lemma 2.8 — we find that for large enough n € N, it holds for each k & Uffo:o[l, G
and each arc J" of oM} with rescaled boundary length at least § that there exists
K € CkN[1, K]z such that M, shares a non-trivial arc with J".

If I is a connected component of [y, tx] \ (Uk,e[LK]QH [sk, twr]) for k € U%ZO[I, K17,
then »'(I) N OH is a connected arc of 9 Hy which does not share a non-trivial arc with
OH\ for any k' € Cx N [1, K]z, so has boundary length at most ¢ by our choice of K. By
our choice of J, the arc n/(I) N 0H has d-diameter at most ¢/4. The set 1/(I) is the union
of closures of connected components of Hk \ 7}, x whose boundaries intersect n'(1) N9 Hk.
By (5.10), each such component has d-diameter at most €/4, so diam(n’(I)) < e. This
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gives the continuum part of the lemma. The discrete part statement is obtained similarly,
using (5.11) and the last sentence of the preceding paragraph. O

Proof of Proposition 5.1. Fix € > 0 and choose M, K € N for which the conclusions of
Lemmas 5.5 and 5.9 are both satisfied. We will now show that 7}, , (resp. 7} ;) is a good
approximation for 7’ (resp. 7). By the definition of 7, ., we have 7 ;(t) = 7/'(t) for each
t such that 7/ (t) € 1), . For each time ¢ such that ), ,(t) does not lie in 7}, x, either
7'(t) is contained in a connected component of H \ 7}, x With 7} ,(¢) on its boundary;
or ¢ is contained in a connected component of [f, i \ (Ukle[l’K]?Jrl[Sk/,tk/]), where
m € [0, M]z, k € [1, K]§, and Hk is monochromatic. In both cases, d(n), x(t),7(t)) <e.
To sum up, d, (7} i, 7') < €. Similarly, there exists N € N such that d} (15 x,7") < € for
n > N.

We claim that limsup,, . 875 (1 x» 137 ) < 2¢, where d7 denotes the D-Skorokhod
distance. Combined with the previous paragraph, we have limsup,,_, ., d3¥(n/,7") < 4e.
Since € > 0 can be made arbitrarily small, we see that d7y (1", 7') — 0. Since 7" and 7’
are continuous, we will have d% (", 7') — 0, as desired.

Since the interval endpoints satisfy s — sk and tA{(L — tAk (Lemma 4.6) and the
sk’s and fx’s for k € Um oll, K|3 are distinct, we can find for n € N an increasing
homeomorphism ¢™ : [0, u(H)] — [0, x™(M™)] which satisfies ¢ (sx) = si and ¢™(tx) =t}
for k € U%ZO[L K]7" and which converges uniformly to the identity map [0, u(H)] —
[0,u(H)] as n — oo. By Lemma 5.4, we have 70" o ¢" — ni uniformly on [s, fk] for
each k € UTA;[:O[LK]QL. From this and the definitions of 7}, ;- and 7}, ;, we see that
Nk © 9" — 1 i uniformly on the set l

~U U e

m=0ke[1,K]|3"

For each t € [0, u(H)] \ A, we have ), - (t) = )y g (1 ) where ¢ is the rightmost point
of AN[0,t]. By Lemma 5.9, D(my g (1), s 5 ( )) < ¢. Similar considerations hold for
1y i © ¢™ off of A. We thus obtain limsup,, ., o (7 ki k) < 2€. O

Remark 5.1. At a first glance, it might appear possible to prove Theorem 1.1 more
directly in the following manner. If one can establish tightness of M" with respect to the
GHPU topology, then by the Prokhorov theorem (iﬁ?", Z ™) admits subsequential limits.
Each such subsequential limit (§’, Z') is a Brownian disk decorated by a space-filling
curve together with a correlated two-dimensional Brownian motion which describes (in
some sense) the evolution of the left and right boundary lengths of the curve. One can
then try to argue that this space-filling curve has to be space-filling SLEg.

This does not follow from [DMS14, Theorem 1.11], which implies that the space-filling
SLEg-decorated Brownian disk §) is a.s. determined by its left/right boundary length
process Z'. The reason is that [DMS14, Theorem 1.11] only shows that §’ is given by
a non-explicit measurable function of Z’, not that any curve-decorated Brownian disk
whose left/right boundary length process agrees with Z’ has to be equal to §’.

The paper [GM17a] gives conditions under which a curve on a Brownian surface with
known left/right boundary length process is in fact a form of SLEg. One of the results
of [GM17a] is used to identify a subsequential limit of random planar maps decorated
by a single percolation interface in [GM17b]. It is likely possible to prove Theorem 1.1
by first establishing tightness of oM™, then checking the hypotheses of the space-filling
SLEg version of the result of [GM17a] (see [GM17a, Theorem 7.1]). However, it appears
that deducing Theorem 1.1 from the case of a single interface, as we do here, is easier.
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6 Consequences of the main result

In this section we prove some consequences of Theorem 3.10 mentioned in Section 1.3.
In Sections 6.1 and 6.2 we provide the precise statement and the proof of Theorem 1.2.
In Section 6.4 we prove results on the scaling limit of pivotal points.

6.1 The GHPUL topology

Given a metric space (X, d), an unrooted oriented loop on X is a continuous map
from the circle to X identified up to reparametrization by orientation-preserving homeo-
morphisms of the circle. Define the pseudo-distance between two continuous maps from
the circle R/Z to X by

dy(6,0'") = inf sup d(€(t), ¢ (¢(t)), (6.1)
Y ter/Z
where the infimum is taken over all orientation-preserving homeomorphisms ¢ : R/Z —
R/Z.

A closed set of unrooted oriented loops on X with respect to the djj-metric is called a
loop ensemble on X. We let £(X) be the space of loop ensembles on X and consider the
function

o~

di(c,d) =inf{e >0:Vl € ¢, € ¢ such that d}((,¢') < e} Ve, € L(X).
Then dY defined by
d(c, ) = max{d5(c,c),d5(c, )}, Ve d € L(X) (6.2)

is a metric on £(X). Let MSHPUL he the set of 5-tuples X = (X, d, 1,7, ¢), where (X, d) is
a compact metric space, p is a finite Borel measure on X, n € Cy(R, X), and ¢ € L(X).
If we are given elements X! = (X' d', u!,n', c') and X% = (X?2,d?, u%,1?, c?) of MGHPUL
and isometric embeddings (' : (X',d') — (W, D) and «? : (X2,d?*) — (W, D) for some
metric space (W, D), we define the GHPU-Loop (GHPUL) distortion of (1}, %) by

Dis%q,;yL (W, D, !, 0?) = Disgﬁgy (W, D,', %) +dp (1 (ch), 2 (c?)),

where Dis§i'y> (-) is the GHPU distortion as defined in (3.1). The GHPU-Loop (GHPUL)
distance between X! and X2 is given by

(GHPUL (361,362) _ (ijr)lil,bz Disggl;gL (W, D, ., L2)7
where the infimum is over all compact metric spaces (W, D) and isometric embeddings
' 0 X' - W and 2 : X2 — W. It can be proved following the argument of [GM17c,
Proposition 1.3 and Section 2.2] that (MSHPUL gGHPUL) 5 5 complete separable metric
space.

Let (H,d, i, €) be a Brownian disk as in Theorem 3.10 and let I" be a CLEg on (H, d, p, &)
as in Definition 3.4, where each loop is viewed as an unrooted oriented loop by forgetting
the parametrization. The closure of I' under the djj-metric is given by I' together with all
points in D identified as trivial loops (see the the last paragraph in [CNO6, Section 3]).
In this sense, we view I" as an random variable in £(H) throughout this section.

6.2 The scaling limit of the loop ensemble

Suppose (M, e) is a triangulation with simple boundary and w is a site percolation on
(M, e) with monochromatic boundary condition. Let C be a non-boundary cluster of w, as
defined in Section 1.3. Let —C be the connected component of V(M) \ V(C) containing
OM. The filled cluster C of C is the largest subgraph of M such that v € V(C) if and only if
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v ¢ —C. See Figure 12. The outer boundary 9C of C is the largest subgraph of C such that
v € V(9C) if and only if v is adjacent to a vertex on —C. The loop v = v(C) surrounding
C is defined!? to be the collection of edges with one endpoint in C and the other in —C.
Order the edges in « in the order of visits by the space-filling exploration A of (M, e,w).
As shown in [BHS18, Lemma 5.11], v is an edge path in the sense of Section 3.1 under
this order. Let I'(M, e, w) be the collection of all the loops on (M, e) defined as above.

Recall the setting in Theorem 1.2. Let ' = T'(M™,e",w™). If we identify each 4" € '™
with an edge path on M™ and extend it to a continuous curve as in Section 3.1, then 4"
can be viewed as an unrooted oriented loop on (M",d™). Hence I'" is a loop ensemble on
M™ in the sense of Section 6.1. Now (M",d", u" ™ T™) can be identified as an element
in MGHPUL Now we are ready to state the precise version of Theorem 1.2.

Theorem 6.1. (M" d", u™ ", ™) converges in law to (H,d, i, &,T") with respect to the
GHPUL topology. Moreover, this convergence occurs jointly with the convergence of
Theorem 3.10.

In the rest of this section, we will work in the setting of Proposition 5.1, so that
{Sﬁ"}neN is a sequence of percolated triangulations each equipped with its space-filling
exploration path and $’ is a Brownian disk decorated by a space-filling SLEg. By
the Skorokhod representation theorem, we can couple {i)jt"}neN and $’ such that the
convergence in Theorem 3.10 and Proposition 4.1 holds almost surely. Moreover, we use
Proposition 3.2 to isometrically embed {9"},cn and §' into a metric space (W, D) so
that 9" — §’ in the D-HPU sense.

Proof of Theorem 6.1. For ¢ > 0, let I'. be the set of loops in I with D-diameter larger
than e. Define I'? for n € N similarly. Note that DY, (I \ I'",I"\ I'¢) < 2¢ + 0,,(1) for each
n € N. It suffices to show that in our coupling lim,, ., d%(I'?,T.) = 0 almost surely for
each fixed ¢ > 0. Recall the bubbles Hyx C H for k € Ui:o N from Section 3.4. For
ke U, _,N™, define

I'(k) := {y € I': Hy is the smallest bubble containing v} and T (k):=T(k)NT..

(6.3)
Here we emphasize that Hy is closed, and that a loop v € I'(k) may intersect 9 Hy. Define
I'?(k) c I'(k) c I'™ similarly with I replaced by I' and H replaced by the triangulation
M} of Section 2.3. We claim that I'(k) # 0 if and only if Hy is monochromatic and,
furthermore, that v € T'(k) if and only if v = v for some k' € Cx where Hy is dichromatic
(recall that ks is defined in Section 3.5). Indeed, if all the ~«/’s are removed from Hy, we
are left with monochromatic bubbles smaller than Hy. Other loops in Hi must be inside
these smaller bubbles.

Let Ke = {k € U, _yN™ : diam(Hy; D) > e}. Then by Lemma 5.5, we have that
#K. < oo almost surely. Moreover, for n large enough, we have that diam(MJ; D) > ¢ if
and only if k € Ke. Since I'e(k) C Ui, T'e(K') and I'¢ (k) C Uprek, I'e(K') almost surely
for large enough n, Theorem 6.1 will follow from the following assertion: for each k € K.,
almost surely

lim #I7¢ (k) = #T(k); (6.4)
n—oo
lim d% (17 (k),Tc(k)) = 0 if T'(k) # §, namely, Hy is monochromatic. (6.5)
n—oo

We first prove (6.4)-(6.5) for k = (), which constitutes the main body of our proof.

101n [BHS18] ~ was called the outside-cycle of C.
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In the continuum, let m := inf{t € R: ny(¢) = Zy}. For each K € N, let
T5(0) := {v : k € [1, K]z, Hy is dichromatic}.
M o={tefo,ml:mt)¢ |J )

yEI K (0)

By the definition of T'(Q) in (6.3), we see that I'(()) is the set of loops that have a nontrivial
segment traced by 7. By the construction in Section 3.5, we have that I'(#) = UgenI 5 (0)
and (N, cnZ¥ is the set of times where 4 visits the right boundary of (H, zy,Tp). If u
is uniform in (0, 1) independent of everything else, then almost surely vy (um) is not on
the boundary of H. Therefore the Lebesgue measure of [,y TX is zero a.s., hence
the Lebesgue measure of ZX tends to 0 as K — co. By the continuity of 7; and since
H \ ng has only finitely many connected components with diameter > ¢ for each ¢ > 0
(this follows from the continuity of 77/ — see the proof of Lemma 5.5), we may choose K
large enough such that

(1) for each connected component of Z¥, the D-diameter of n(I) is smaller than ¢/2;
(2) if k > K and Hj, dichromatic, then diam(Hy; D) < €/2.

For this choice of K, each loop in T'()) \ T'¥(()) has D-diameter less than ¢, hence
L.(0) c TE(D).

Now we turn our attention to the discrete. In the rest of the proof, the colors on
V(M™) are with respect to w™ unless otherwise stated. We identify a loop in I'* with the
cluster it surrounds. We assume n to be so large that for each k with v, € I'5 (), we
have type, = di and w™ is dichromatic on (M}, e}}). For each such k, let C’ be the cluster
containing the blue vertices on OM?. Let I'»¥ (()) be the collection of such clusters, which
is viewed as a subset of I'"*(().

We will now argue that loops in I'¥({)) admit an analogous description to loops in
I'%(0), and use this to show that they converge to the loops in I'()). We recall the
setting of Section 2.3. For each k such that (! € K (()), let A2 be the percolation
interface of (M}, e",w"|y(ur)) and €, be the target of A™2. For e = e, or &, let tri(e) be
the unique triangle containing e that is visited by A\j. There are exactly two edges on
tri(e) visited by Aj. Let e, and e;, be the second edge on tri()) and the first edge on
tri(ey) visited by A7}, respectively. Let /\Z’1 be the segment of \jj from € to ex. Let 7} be
the loop surrounding C;’. Then ;' is the concatenation of )\g’l and /\3’2. See Figure 12.

By Lemma 2.1 and Proposition 4.1, we have that A\™? converges to 7, in the d},-metric,
as defined in (6.1). Note that the target edge of A2 and AL as defined in Section 2.3 are
different, but that the two target edges share a vertex. Therefore, the two interfaces have
the same scaling limit. Recall 5, = inf{s : ny(s) € OH)} and 7, = sup{s : ny(s) € OHy}
defined in Section 3.5. Let 5}' and 7} be such that A (sn®/16}) = €, and Aj (sn®/47]") = ey.
Since 7 (o)) — ne(or), N (7)) — np(7x), and both 17y(%) and 7y(7x) are visited by 7y
once, we have (5}, 7') = (6x,7x) almost surely. Therefore A\™»! converges to 7|5, . in
the d},-metric. By Definition 3.4, we have

db (v, k) — 0 almost surely. (6.6)

Let m™ = inf{i € Nog : A"(¢) =€"} and

7K = {i € [0,m"]z : \j (i) ¢ U A}
Aer™ K (Q)

Then by the previous paragraph the endpoints of the connected components of 7%

rescaled by sn3/* converge to the endpoints of the connected components of ZX. Choose
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o)

M™
(& (&

Figure 12: Left: Let C be the cluster consisting of seven blue vertices. Then the filled
cluster C is the map with bold edges. Right: Illustration of objects in the proof of
Theorem 6.1. The map M} is shown in gray, while tri(e;) (upper) and tri(g},) (lower) are
shown in blue. The percolation cycle 7} is the concatenation of /\8’1 (orange) and /\8’2
(purple), while the percolation interface \j is the concatenation of the yellow paths and

the orange path.

d such that Lemma 5.7 holds with e replaced by ¢/2. Using the equicontinuity of 7
for large enough n, by possibly increasing K, we can require that for each connected
component I of Z»¥, the following hold:

(1) The D-diameter of \jj([) is less than /2.

(2) Let a,b be the endpoints of I. Let v, and v, be the endpoints of \j(a) and A\jj(b) on
OM™ respectively. Then the D-diameter of the arc on IM” between v, and v, is less
than 6/2.

We claim that I'(()) ¢ T"™¥(() for such choice of K. For each C C I'*()), by definition
the set J(C) := {j € [0,m"]z : A\j(j) has an endpoint on C} is nonempty. Moreover,
for each j € J(C) the endpoint of )\jj(j) on C must be blue since the red endpoint
is on the boundary cluster. If C is surrounded by v, for some ~;, € I'™¥(()), then
J(C) ={j € [0,m"]z : \j(j) € 7} Therefore, if C ¢ I"™¥((), then J(C) C Z™*. Consider
a j € J(C) and the connected component I of Z¥ containing j. Let v,, v, be defined as
in (2) above. Since edges in {\}j(i)}:cr and boundary edges between v, and v, are not
in C, it must be the case that C is in the region bounded by these edges. By our choice
of K, we have diam(C; D) < ¢/2. Hence diam(y"; D) < e if a='n~1/* < ¢/2. This gives
(%) c T¥((). By (6.6), we obtain (6.4)-(6.5) for k = ().

As a byproduct of the argument above, for n large enough, each blue cluster on I'"(()
with a vertex adjacent to the right endpoint of e has diameter smaller than . Now given
k € N such that Hy, is dichromatic, choose n so large that type, = di. Recall that w™ and
wy only differ at a single vertex v, which is an endpoint of €. Therefore each cluster
in I'"(k) must have a vertex adjacent to v. Therefore the same argument as for the
aforementioned byproduct implies that the diameters of these clusters are smaller than
e for large enough n. Since I'(k) = (), this proves (6.4) for k = k.

By iterating the argument above for each multi-index in K. N (NUN?) that corresponds
to a monochromatic bubble, we obtain (6.4)-(6.5) for all k € K.. O
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6.3 The embedding from the mating-of-trees bijection

Suppose {thn}neN and §’ are coupled such that Z" — Z’ almost surely, which is
satisfied in our coupling. In [BHS18, Section 7.2], a sequence of mappings ¢" from
V(M™) U E(M™) to the unit disk D are considered. Identifying D with the Brownian disk
H (via (3.7)), we obtain an embedding of V(M™) U £(M™) into H, which we still denote
by ¢". Under {¢"}, several important percolation observables are proved to converge to
their continuous counterpart, including the loop ensemble, the exploration tree, and the
counting measure on pivotal points. The precise definition of ¢™ relies on more detailed
information of the bijection in Section 2, which we will not review here. Here we list two
properties of {¢™} which follow from the definition and [BHS18, Lemma 9.20], which
specify ¢™ up to an o, (1) error:

(1) For each e € £(M™), let ¢, be such that A"(bnt,) = e. Then almost surely

lim  sup d(¢"(e),7'(tc)) = 0.

N0 g (Mn)

(2) lim, o0 sup,, d(¢™(v),¢"(e)) = 0 where e, v in the sup range over edges and ver-
tices on M™ such that v is an endpoint of e.

The following lemma is an immediate consequence of these two properties of ¢ and
the almost sure convergence of the space-filling exploration #" to ' in D-uniform metric.

Lemma 6.2. In the coupling above, almost surely

lim sup D(¢"(e),e)+ sup D(¢"(v),v)=0.
n=0 ocg(Mn) veEV(M™)

Lemma 6.2 allows us to transfer all the convergence results in [BHS18, Theorem 7.2]
to convergence in the D-metric in our coupling. Let us illustrate this in the setting of
loop ensembles. For each v € I'", let reg(y) = C where C is the cluster of w" surround
by 7 and C is the filled cluster defined in Section 6.2. Let area(y) = u"(reg(v)). For each
~v € T, let =y be the connected component of H \ v containing 0H. Let reg(v) be the
closure of the union of all connected components of H \ 7 other than —y where ~ visits
the boundary in the same orientation as visiting d(—y). Let area(y) = u(reg(y)). For
J € N, let 77" (resp. 7;) be the loop in I'" (reps. I') with the j-th largest area. Then by
[BHS18, Theorem 7.2], lim,,_,o d}},(¢™ © 7}7,%—) = 0, with d}, as in (6.1). By Lemma 6.2,
we have that lim,,_,o d,(¢™ o v, yj") = 0 hence lim,,_, @I“D(V;L, ~v;) = 0. In fact, [BHS18,
Theorem 7.2] gives the convergence 7' — +; in the D-uniform metric under the following
parametrizations: 7' is parametrized starting from the first edge visited by A" and
rescaled as 1", while v; is as in Definition 3.4. Although this convergence is stronger
than the d},-convergence for individual loops, [BHS18, Theorem 7.2] does not imply
Theorem 6.1 because it does not rule out the existence of sequence 7" € I'" such that
~™ encloses o, (1) units of p"-area but diam(y"; D) is uniformly larger than a positive
constant. Our proof of Theorem 6.1 rules this out by the equicontinuity of 7.

6.4 Pivotal measure and the color flipping at a pivotal point

In this subsection, we will explain why our results imply that the so-called pivotal
measures associated with (M™ e, w™) converge to their continuum analogues under the
coupling described just after Theorem 6.1. This result will play an important role in the
proof of the convergence of the Cardy embedding in [HS19]; see Remark 6.1.

For v € V(M™) \ V(OM"), let ' be the loop ensemble associated with the percolation
obtained from w" by flipping the color of v, and let £} be the symmetric difference of
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I'™ and I'’. For ¢ > 0, we say that v is an e-pivotal point of (M™, e™,w™) if there are at
least three loops in £} with area (see the definition at the end of Section 6.2) at least .
Morally speaking, v is an e-pivotal point if flipping the color of v results in some splitting
or merging of clusters of “size” at least e.

A point v € D is called a pivotal point of I if it is a point of intersection of at least two
loops of T or if it is visited at least twice by a loop in I'. As shown in [CN06, Theorem
2], with probability 1, we have that v € D is a pivotal point of I if and only if one of the
following two occurs:

(1) there exist exactly two loops 7,7 € I such that v € vy N+’ and both v and ~/ visit v
once;

(2) there exists a unique loop v € I that visits v and « visits v exactly twice.

By flipping the color at v, we mean merging ,~’ into a single loop in Case (1) and
splitting ~ into two loops in Case (2). See Figure 13. If a loop does not visit v, flipping the
color at v keeps the loop unchanged. Let I', be the set of loops obtained after flipping
the color at v. Then it is easy to see that the orientation of I' induces an orientation
on each loop in I';,, making it an ensemble of unrooted oriented loops. Moreover, the
symmetric difference £, of I and I',, always contains exactly three loops. We say that v
is an e-pivotal point of T if each loop in £, has area at least e.

Figure 13: Left: Illustration of the operation of flipping the color at v € D. Each loop is
drawn with a different color. In Case (1) we go from left to right when we merge the
two loops, while in Case (2) we go from right to left when we split the single loop. The
top (resp. bottom) row illustrates the case of non-nested (resp. nested) loops. Right:
Hlustration of the event E"(eq, e1; e2,v) considered in Section 6.5.

Let v™ be the measure on V(M") where each vertex is assigned mass n~'/%. For

each € > 0, let v be the restriction of v" to the e-pivotal points of I'". By [BHS18,
Theorem 7.2], there exists a random finite Borel measure v, supported on the set of ¢-
pivotal points of I" such that (¢™).v", which is the pushforward of »* under ¢", converges
to v, in probability.

Proposition 6.3. In our coupling v]' converges to v, in probability with respect to the
D-Prokhorov metric. Moreover, 1,»—q converges to 1,,—¢ in probability.

Proof. Conditional on everything else, on the event that v/* # 0, let piv” be a uniformly
sampled e-pivotal point of I'". Moreover, on the event that v. # 0, let piv be a point
sampled according to v.(-)/v.(H). By [BHS18, Theorem 7.2], we may extend our coupling
such that almost surely 1,n—0 converges to 1, —o, and, moreover,

lim d(¢"(piv"™),piv) =0  and lim v2(V(M™)) = v.(H).

n—oo

n—roo
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By Lemma 6.2, we have lim,,_,, D(piv",piv) = 0 almost surely. This concludes the
proof. O

We will now prove the convergence of the loop ensemble obtained by flipping the color
of a single pivotal point. Let piv" and piv be defined as in the proof of Proposition 6.3.
Suppose we are under the extended coupling considered there, where D(piv", piv) — 0.
Let ngvn (resp., I'piv) be the loop ensemble obtained by flipping the color of piv"
(resp., piv). Let 7" be the restriction of v to the e-pivotal points of ngvn. By [BHS18,
Proposition 7.9], there exists a random finite Borel measure 7, supported on the set of
e-pivotal points of T such that (¢™).V™ converges to 7. in probability. By Lemma 6.2, we

have the following.

Proposition 6.4. In the coupling above, we have that V" — 7. and ngvn, — I'piv In
probability with respect to the D-Prokhorov topology and the topology on loop ensembles
on (W, D), respectively.

Proof. The proof of the first result is identical to Proposition 6.3. The second convergence
follows from Theorem 6.1, Lemma 6.2, and [BHS18, Proposition 7.11 ], where it is shown
that for each ¢ > 0, loops in I'Diy» With area larger than ¢ under the pushforward of ¢"
converge to loops in I'p;y, With area larger than ¢ in a topology stronger than dlfj. O

Remark 6.1. The dynamical percolation on M™ is the following Markov process: starting
with a sample of w”, flip the colors on V(M™) according to the Poisson point process with
intensity v" ® dt, where dt is the Lebesgue measure on (0, c0). As a consequence of Propo-
sitions 6.3 and 6.4, it will be shown in [HS19] that the variant of dynamical percolation
on M”™ where only e-pivotal points are allowed to flip converges to its continuum analog.
As € — 0, this e-dependent limiting dynamic further converges to an ergodic Markov
process called the Liouville dynamical percolation introduced in [GHSS19]. It will also be
shown that v, and 7, can be defined equivalently as the “ \/%-LQG Minkowski content”
of the set of pivotal points of I' and I'y;y, respectively,.

6.5 Re-rooting invariance and crossing events

If e" is another choice of root edge for M™, then the order in which points are traced
by the space-filling explorations of (M™,e",w™) and (M™,€",w™) are different, and hence
these processes give rise to different left/right boundary length processes. Here we will
describe the joint scaling limit of these processes for any finite number of different root
vertices. This allows us to show that certain “crossing events” for site percolation on M"
converge to their continuum analogs, which in turn will be a key input in [HS19] (see
Remark 6.2).

Suppose w is a site percolation on (M, e) with monochromatic boundary condition and
let I'(M, e, w) be its loop ensemble as defined in the first paragraph of Section 6.2. Our
definition of I'(M, e, w) there depends on e because it uses the space-filling exploration A
of (M, e,w). However, it is well known that for each v € T the collection of dual edges on
~v forms a simple cycle on the dual map of M. Moreover, if each dual edge is oriented
such that the red (resp. blue) vertex is on the left (resp. right), then the simple cycle
is itself oriented. This gives an ordering of edges on v up to cyclic permutations, thus
making v an unrooted oriented loop. Since this definition of v agrees with the one in
Section 6.2 based on A, we see that I'(M, e,w) only depends on (M, w) but not on e.

Lemma 6.5. In the setting of Theorem 6.1, we further assume that we have chosen
our coupling so that (M™,d", u™,£",I'™) converges to (H,d,u,&,T') almost surely with
respect to the GHPUL topology. Let k € N and let 0 < u; < -+ < ux < 1. For
i € [1,k]z, letel = 8™([u;l™]) where " and ¢{™ are the boundary curve and boundary
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length of (M",e"), respectively. Fori € [1, k|7, let 5\? be the space-filling exploration of
(M™ e, w™) and let 1j" and Z!' be the corresponding rescaled space-filling exploration

and random walk, respectively. Let n, be such that (H,n’) 4 (H,n;), nt(0) = &(u;) and
the CLEg corresponding to 7, agrees with I' as an element in L(H). Let Z! be the
boundary length process of ;. Then (M™,d", u™, &, 9", 1j¢,-- - , 1) and (Z’f)ie[Lk]Z Jjointly
converge in probability to (H,d, u,&,n',ny,- - ,n,) and (Z;)ie[1,x), in the product topology
of MFHETY x Co(R; R¥).

Proof. In Definition 3.4, T as an element in £(H) and n’ modulo monotone reparametriza-
tion determine each other. From our construction of T, it is clear to ' determines I'
a.s. On the other hand, I" determines 7’ a.s. since it determines the nested exploration.
Therefore (H,d, 1, &, I") determines (1, Z’) and (n;, Z;)ic[1,k), @.s. By Theorem 3.10 and
Footnote 9 we conclude the proof. O

Although the definition of the k walks (Zf)ie[1, k]» iS quite elementary, their coupling
is not straightforward to understand without using the loop ensemble. This was the
obstruction in [BHS18] to proving the joint convergence of certain crossing events
which we can prove here. In the setting of Theorem 6.1, suppose ey, e1,es are three
distinct edges on OM™ ordered clockwise. For i, j € [0, 2]z, we denote by (e;, e;) the set
of boundary vertices of M" situated between e; and e; in clockwise order (including
one endpoint of ¢; and one endpoint of e;). For a vertex v € V(M"), we denote by
E™(ep, e1;e2,v) the event that there exists a simple path (i.e., a sequence of distinct
vertices on M™ where any two consecutive vertices are adjacent) P on M™ such that

(a) P contains one endpoint in (e1,e2) and one endpoint in (eg,eq), while all other
vertices of P are inner blue vertices;

(b) either v € P or v is on the same side of P as the edge es.

See Figure 13.

In the setting of Lemma 6.5, let £k = 3. Write e" as ej and set uyp = 0. Let
x; = &(u;) for ¢ € [0,3]z. Let u™ be a uniform integer from [1,#&(M™)]z. We fur-
ther assume that {u"}, € N is independent of everything else and u"/#&(M™) converge
almost surely to a uniform variable v on (0,1). Let v = n(u). Conditioning on u",
let v" be a uniformly chosen endpoints of A" (u"). Then v" € V(M™") is sampled from
p()/p"(M™) and v € D is sampled from pu(-)/p(H). It is proved in [BHS18, Theo-
rem 7.6]'! that in such a coupling, where Z" — 7' and v" — v almost surely, the
events E" (e, et; el e?) and E™ (e, el;el, v) converge in probability to some events
E(x1,x9;x3,v) and E(x1,xz2;23,24). These two events are defined in terms of (7', u)
in [BHS18, Section 6.9]. By rotating the role of these boundary edges, we have the
following.

Proposition 6.6. Under the convention that 4 = 1 and 5 = 2, the convergence in
Lemma 6.5 is joint with convergence of the indicators of events E"(ey,el;eh,es),
E"(e},ey;e5,eq), and {E" (e}, e}y 15 €9, v) Fie[1,3]z-

The joint convergence of the crossing events in Proposition 6.6 is far from obvious
using the techniques in [BHS18].

Remark 6.2 (Cardy embedding). Under the convention that 4 =1 and 5 = 2, let

PP (v) = P[E™(e}l, ey ely0,v)|(M™e")]  fori=1,2,3and v € V(M"). (6.7)

111n [BHS18] the measure p" is defined such that each vertex on M™ has mass n~1 instead. However, it
is easy to see that the d”-Prokhorov distance between these two measures tends to 0 in probability, say, by
Lemma 6.2 and the proof of [BHS18, Lemma 9.22].
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Then the function Cardy” : V(M") — A := {(z1,72,73) € (0,00)® : z1 + 22 + 23 = 1}
defined by Cardy™ = (p" + pb + p%)~*(p, p, p4) is the so called Cardy embedding. When
M™ is replaced by the the intersection of the regular triangular lattice with a Jordan
domain €2 with three boundary marked points, the result of Smirnov [Smi0O1] is equivalent
to the statement that the Cardy embedding converges to the Riemann mapping from (2
to A, where the three marked points are mapped to the three vertices of A. In [HS19],
based on results mentioned in Remark 6.1, the second and third author will show that
Cardy™ converges to the conformal embedding from (H, zp, z1,x3) to A.

Acknowledgments. We thank an anonymous referee for helpful comments on the draft.
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