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Abstract

Given a representation of a compact Lie group and a state we define a probability
measure on the coadjoint orbits of the dominant weights by considering the decompo-
sition into irreducible components. For large tensor powers and independent copies
of the state we show that the induced probability distributions converge to the value
of the moment map. For faithful states we prove that the measures satisfy the large
deviation principle with an explicitly given rate function.
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1 Introduction

This paper is concerned with probability distributions related to decompositions of
tensor power representations into irreducibles. More precisely, given a representation 7
of a compact Lie group K on a finite dimensional Hilbert space H as well as a positive
operator p on H with unit trace (a state), for every n the values Tr Pyp®" determine a
probability distribution on the set of dominant weights X of K.
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LDP for moment map estimation

The asymptotic behaviour of such distributions has been studied by many authors with
different motivations. In the context of random walks, it was shown in [13] that counting
the multiplicities of irreducible representations in certain tensor power representations is
equivalent to enumerating the number of walks for “reflectable” walk types, conditioned
on staying within a Weyl chamber. This class of random walks was introduced by Gessel
and Zeilberger in [12] as a generalisation of the classical ballot problem [2, 25] to finite
reflection groups. In [23], Tate and Zelditch analysed the multiplicities in high tensor
powers and proved a central limit theorem as well as large deviation results by relating
them to the (much simpler) weight multiplicity asymptotics. Moving away from the
tracial state to positive operators arising from the representation of the complexified
group, Postnova and Reshetikhin [20] generalised these asymptotic formulas to character
distributions.

A different viewpoint is provided by interpreting these processes as restrictions of
a random walk on a noncommutative space, the dual of the compact Lie group K, to a
classical subalgebra [3, 19]. More precisely, given a state on the group von Neumann
algebra vN(K) one constructs a quantum Markov chain on the infinite tensor product
vN(K)®, and the probability distributions in question are obtained by restriction to the
center Z(vN(K)), which can be identified with the ¢°° space on the set of isomorphism
classes of irreducible representations of K (see also [4]).

In the context of statistical mechanics, Cegta, Lewis and Raggio investigated the mul-
tiplicities arising from the isotypic decomposition of tensor products of representations
of the group SU(2), and proved a large deviation principle [7]. Duffield [9] extended their
result to an arbitrary compact semisimple Lie group using the Gartner-Ellis theorem
[10, Theorem II.6.1.].

In quantum statistics, Alicki, Rudicki and Sadowski [1], and later Keyl and Werner
[15] proposed an estimator for the spectrum of the density operator, which is based on
the decomposition of the tensor powers of the defining representation of SU(d) (or U(d)).
Based on Duffield’s result, Keyl and Werner found the rate function for the exponential
decay to be the relative entropy between the normalised Young diagram labelling the
irreducible representation and the nonincreasingly ordered spectrum of the state. In
[14] Keyl refined the estimator to a continuous positive operator valued measure (POVM)
estimating both the spectrum and the eigenvectors of an unknown state and proved a
large deviation principle in that setting. The appearance of the relative entropy in the
result of Keyl and Werner suggests that similar large deviation rate functions should be
viewed as information quantities. In [24] a family of entanglement measures have been
constructed based on the rate function corresponding to the standard representation
of products of unitary groups. While studying a tripartite extension of the Matsumoto-
Hayashi universal distortion-free entanglement concentration protocol [18], Botero and
Mejia [5] found formulas for the probabilities induced by the isotypic decomposition or
tensor powers of the U(2)"-representation C2®" when the state is in the W class.

We consider the following common generalisation of these problems, including Keyl’s
refinement [14]. Let K be a compact connected Lie group and 7= : K — U(H) a
finite dimensional unitary representation. Then 5-.J : S(H) — £ where (J(p),&) =
Tr(p(T.m)(€)) can be regarded as an equivariant moment map (7.7 is the derivative of =
at the identity). We wish to construct a measurement on H®™ with outcomes in i¢* that
estimates J(p) when applied to m independent copies of a state p. The tensor powers of
‘H can be decomposed into isotypic components as

H®m2@HA®HomK(H,\,H®m), (1.1)
A

where the sum is over dominant integral weights A, #, is an irreducible representation
of K with highest weight A and Homg (H, H®™) is the multiplicity space. Let |v,) be
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a highest weight vector of norm 1. Then K - |v))v,| can be identified (via the moment
map) with the orbit of A in i£* under the (complexified) coadjoint action. Weighted with
the suitably normalised invariant measure on the orbit and tensored with the identity
operator on the multiplicity space, these projections give rise to a POVM Ey e from
the Borel o-algebra of it* to B(H®™). In the special case K = U(d) and « the standard
representation, this measure is the same as the one proposed in [14].

If p is a state on A then we can form the sequence of probability measures ., (A) =
Tr p®™ Ey0m (mA). These measures are interpreted as the probability distribution of
the (rescaled) random classical outcome of the measurements that are described by
the POVM Ejye~. We find that the measures p,,, converge weakly to the Dirac measure
concentrated at J(p) and the convergence is exponentially fast.

To formulate a more precise statement, choose a Borel subgroup B in the complex-
ification of K, let N be its maximal unipotent subgroup, let a = it where t is the Lie
algebra of the maximal torus T'= K N B, and let it} C it* be the closure of the positive
Weyl chamber. Then every element = € t* can be written as x = h - ¢y with a unique
xo € 7t} and a non-unique h € K. Let

I,(h-z0) = Slép max (xo, ) —InTra(n)*w(expa/2)m(h)*pr(h)m(expa/2)w(n).  (1.2)

aca
We will show in Section 3.3 that I, is well defined and is a good rate function (i.e. has
compact sub-level sets).

Theorem 1.1 (Large deviation principle). Let H be a finite dimensional Hilbert space, K
a compact connected group, 7 : K — U(#) and pu,, as above.

(i) For every state p and closed subset C' C it* we have

limsupilnum(C) < —inf I,(x). (1.3)

m—oo TN zeC

(ii) For every faithful state p and open subset O C ¥* we have

1
lmiglof — In g, (O) > — Ilg(f) I,(x). (1.4)
For faithful states the theorem says that the measures p,, satisfy the large deviation
principle with rate function I,. For general states we can only prove a weaker version
of (1.4), replacing O on the right hand side with O N M, where M, is a dense subset
of dom I,. In the examples below I, is continuous on its domain, therefore the stronger
conclusion (1.4) still holds even if p is not invertible.
In addition, we show that I, only vanishes at .J(p), which identifies the weak limit as
a Dirac measure:

Theorem 1.2 (Law of large numbers). For every state p and open set O C it* such that
J(p) € O we have

lim p,,(0) = 1. (1.5)
—00

m

If one is only interested in the way p®™ distributes the probabilty among the isotypic
components, then it is possible to extract this coarse-grained information by taking the
pushforward of the measure p,, along the continuous function that sends = € #* to the
unique element x5 € (K - x) N4t} . According to the contraction principle, for invertible
states these measures also satisfy the large deviation principle with rate function

I,(x0) = inf I,(h-xo)

heK
(1.6)
= inf supmax (zg, ) — In Trw(n)*w(exp a/2)w(h)* pr(h)mw(exp a/2)mw(n).
heK aca nEN
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Our result reduces to the formula of Cegta, Lewis and Raggio [7] and to [9, Theorem
2.1.] and [23, Corollary 4.] when p = ﬁ and to Keyl’s rate function [14, Theorem 3.2]
when K = U(d), H = C¢ and 7 is the standard representation. From the latter the result
of Keyl-Werner [15] follows by the contraction principle. Setting K = U(1)¢ we also
recover Cramér’s large deviation theorem [8] in the special case of finitely supported
integer-valued random variables.

The key element of our proof can be viewed as a noncommutative generalisation of
the exponential tilting method, applied directly to the quantum states before projecting
onto the classical subalgebra (or pairing with the POVM). More precisely, we replace
the state p®" with the transformed state (7(g)*pn(g))®", where g is an element of the
complexification of K. Consequently, the transformed measures are not obtained by
multiplication with a suitable function and must be related to the original one more
carefully, also taking into account the (complexified) coadjoint action of K. A substantial
part of our work is the development of these techniques in Section 3.2.

The paper is organised as follows. In Section 2 we fix the notation and collect some
facts related to the representations and structure of compact Lie groups and their
complexifications, and to positive operator valued measures. Section 3 contains the
proof of our main results: in Section 3.1 we define the POVM used in the estimation
scheme, in Section 3.2 we introduce an action of the complexification of K on t*, in
Section 3.3 we give several formulas for the rate function and prove some of its key
properties, in Section 3.4 we prove the large deviation upper bound, in Section 3.5 we
prove weak convergence to the value of the moment map and in Section 3.6 we address
the large deviation lower bound.

Related work. Closely related work has been done independently by Cole Franks and
Michael Walter [11].

2 Preliminaries

Throughout Hilbert spaces are assumed to be finite dimensional and the inner product
(-,-) is linear in the second argument. U(?) denotes the group of unitary operators on H.
We denote by S(H) the set of positive semidefinite operators on H with trace equal to
1 (states). Every state p € S(#) admits a purification, i.e. p = Trga [¢)(¢)| for some unit
vector 1) € H ® C?, where Trea is the partial trace and [t/ )1)| is the orthogonal projection
onto the subspace spanned by v. Below we will collect the necessary standard results
on compact Lie groups and their complexifications. More details can be found in many
textbooks, e.g. [17].

2.1 Complexification

Let K be a compact connected Lie group, ¢ = T.K its Lie algebra (7, stands for
the tangent space at the identity when applied to a Lie group and the derivative at the
identity when applied to homomorphisms). The complexification G = K¢ is a complex
Lie group together with an inclusion K — G, defined by the property that every smooth
homomorphism from K to a complex Lie group extends uniquely to a holomorphic
homomorphism from G. G is a reductive group and its Lie algebra is g = C ®p t. We
identify £* with the subspace of g* that consists of functionals that are real on £. We use
angle brackets (-, -) for the pairing between a vector space and its dual.

The group multiplication gives a diffeomorphism K x P — G where P = exp(it). The
(global) Cartan involution is a group homomorphism © : G — G that fixes K and acts on
p € P as O(p) = p~ L. K is the fixed point set of ©. For g € G we define g* = ©(g)~!. The
exponential map provides a diffeomorphism between ¢ and P.
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A finite dimensional unitary representation = : K — U(H) extends uniquely to a
homomorphism G — GL(#) as complex Lie groups. The extension, denoted with the
same symbol, satisfies w(g*) = 7(g)*.

Example 2.1. Let K = U(1)¢ be a torus. Then ¢t can be identified with iR?, G = (C*)4
and g is the Lie algebra C¢. it ~ R? and P ~ R%,. © sends a d-tuple g = (g1,...,94) € G
o(grt,...,9a ') and g* is the (componentwise) conjugate of g.
Example 2.2. Let K = U(d) be the group of d x d unitary matrices. Then ¢ consists
of skew-hermitian matrices, G = GL(d, C) and g is the Lie algebra of all d x d complex
matrices. We identify g* with g via the pairing (z, &) — Tr(x€). Under this identification
£* corresponds to the space of skew-hermitian matrices.

it is the space of hermitian matrices and P is the set of positive definite matrices.
O sends a matrix to the conjugate transpose of its inverse, and ¢* is the conjugate
transpose of g.

2.2 Moment map

Let 7 : K — U(H) be a representation on a finite dimensional Hilbert space. We
consider the map J : S(H) — ¢* defined as

(J(p),&) = Tr (Tem(€)p) - (2.1)

We identify the projective space PH with the set of rank one orthogonal projections.
For v € H \ {0} we denote the corresponding projection (or equivalence class) by [v]. In
particular, the restriction of J to PH is

(v, Tem(§)v)
lol*

PH is a symplectic manifold with the Fubini-Study symplectic form and the action of K
is Hamiltonian with %J as a moment map [16, 2.7].

In the special case when 7w : K — U(H,) is an irreducible representation with highest
weight A we will use the notation .J) for the above map. Its value on the ray through a
highest weight vector vy is Jx([vx]) = A. The restriction of J to K - [v,] is injective.

Remark 2.3. Let p € S(H) and ¢y € H ® C? be any purification of p. Consider the
representation K — U(H ® C?) given by k +— 7(k) ® I. Then

(J([v]), &) = (2.2)

(Juac (W), §) = (¥, (Tem(§) @ I) ) = Tr (Tew(§)p) = (J(p), §)- (2.3)

Thus in general ﬁj o Trea is @ moment map for K acting on the larger projective space.
K acts on S(H) as k- p := n(k)pm(k)*. For k € K we have

(J(k-p), &) = Tr (Tem(§)m(k)pm(K)")
= Tr (r(k~)Tem ()7 (k)p)
=Tr (T.r(k™" - €)p) (2.4)
= (J(p), k™" -€)
= (k- J(p):€),

i.e. J is equivariant with respect to the coadjoint action of K on ¢*.

Remark 2.4. PH is connected, therefore any two moment maps differ by a constant,
and for any two equivariant moment maps the difference is fixed by the coadjoint action.
Thus when K is semisimple, %J is the unique equivariant moment map.
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Example 2.5. Let K = U(1)¢. Irreducible representations are one dimensional and
are of the form m,(g1,...,g94)v = g7'¢5% - gj%v for n = (ni1,...,nq) € Z% Let 7 :
K — U(H) be an arbitrary representation and decompose H into isotypic subspaces
asH =D, cpe Hn @ C? (d, is nonzero for only finitely many terms). If P, denotes the

orthogonal projection onto these subspaces, then J(p) is determined by the numbers
d
rn=Tr Popas (J(p),&) =X czaTn Doy mili for £ = (&1,...,&) € €~ g.

Example 2.6. Let K = U(d) and 7 the standard representation on C?. Under the
identification of i¢* with the space of hermitian matrices (see Example 2.2) J maps every
state p to itself.

2.3 Borel subgroups

A Borel subgroup B < (G is a maximal solvable subgroup. Any two such subgroups
are conjugate by an element of K. From now on we fix a Borel subgroup B and use the
following notations: T= BN K, t=T.T,a =it C g, A=expa, N =[B,B], b =T.B,
n="T,N. T is a maximal torus in K, exp : a — A is a diffeomorphism, N is the maximal
unipotent subgroup of B and T normalises N. For any element g € G we have the
Iwasawa decomposition g = kan with uniquely determined elements k& € K, a € A and
n € N. For g € G we write «a(g) for the element of a that exponentiates to a. The map
a : G — ais smooth. In a similar way we write k(g) for the K-component of g in the
Iwasawa decomposition.

Example 2.7.Let K = U(1)2. Then B=G, T = K, A= P and N = {e}. The Iwasawa
decomposition is the same as the componentwise polar decomposition, more precisely

g="(91,---,94) = (91/l91|,-- -, 94/l9al) - (g1|,---,|94l) - €.

Example 2.8. Let K = U(d). Then one choice for B is the subgroup of upper triangular
matrices, 7' is the group of diagonal unitaries, A is the group of positive definite diagonal
matrices, N consists of upper triangular matrices with 1 on the main diagonal. The
Iwasawa decomposition is essentially the QR decomposition, but with the triangular part
decomposed into its diagonal and another upper triangular matrix with 1 entries on the
main diagonal.

If 7 : K — U(H) is a representation, then v € H \ {0} is a highest weight vector for
B if [v] = [w(b)v] for every b € B or equivalently, v = m(n)v for every n € N and v is
an eigenvector of A. Let g € G and let ¢ = kan be its Iwasawa decomposition. Then
[7(g)v] = [r(k)m(an)v] = [w(k)v], therefore ¢ is in the stabiliser of [v] iff k = k(g) is in the
stabiliser.

Let it} C it* be the closure of the dominant Weyl chamber, using an Ad-equivariant
inner product to identify it* with a subspace of i¢*. Then every coadjoint orbit in £*
intersects it in a unique point. For z € it* let K, < K be the stabiliser subgroup with
respect to the coadjoint action. Writing z = h - zg with zo € it and h € K, the subgroup
of G generated by K, and hBh~! is a parabolic subgroup and its intersection with K
is K.

2.4 Positive operator valued measures

Let (X, X) be a measurable space and H a Hilbert space. A positive operator valued
measure is a c-additive map EF : X — B(H) such that E(A) > 0 for every A € X,
E(X) =1

We will construct positive operator valued measures in the following way. Let po be a
measure on (X, X) and let f : X — B(#) be a function that is measurable, its values are
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(up-almost everywhere) positive operators and

/ Fduo =1. (2.5)
X

Then
mmz/fwo (2.6)
A

defines a positive operator valued measure, which will be denoted f .

Given a state p € S(H) and a positive operator valued measure E : X — B(H) we
can form a probability measure p: X — [0,1] as u(A) = Tr E(A)p. In particular, when
E = fuo with o and f as above, then

u(A) = [ Te(7(2)o) dnoo) @.7)

3 Moment map estimation

In this section we define precisely our estimation scheme (Section 3.1) and prove
our main results, a large deviation principle and a law of large numbers for the induced
measures. The proofs are divided into separate sections: in Section 3.2 we introduce
an action of G on i¢* as well as a function (Definitions 3.2 and 3.5) which encode the
G-actions on the highest weight orbits of irreducible K-representations and extend them
in a continuous and scale-equivariant way; in Section 3.3 we present various expressions
for the rate function and prove that it is a good rate function; Proposition 3.24 in
Section 3.4 proves part i of Theorem 1.1; Section 3.5 contains the proof of Theorem 1.2;
part ii of Theorem 1.1 is proved in Section 3.6.

From now on K will be an arbitrary but fixed compact connected Lie group, B a Borel
subgroup of its complexification G, 7 : K — U(H) a finite dimensional representation
and p € S(H). In this generality we can prove a large deviation upper bound and a law
of large numbers, whereas for the matching lower bound we will make the additional
assumption supp p = H.

3.1 The measurements

Let H), be an irreducible representation of K with highest weight A\. The orbit of
the highest weight ray in PH ) has a unique K-invariant probability measure v,. Every
representation X — U(K) can be decomposed as

K = @ Ha ® Homg (Ha, K), (3.1)
A

where the sum is over the integral weights in it} . We define pyx : PHy — B(H\ ®
Hompg (H, K)) C B(K) to be the function which sends the equivalence class of the unit
vector v to [v)v| ® idgom . (3, k). With the notation of Section 2.4, we take X to be the
orbit of the highest weight ray with its Borel o-algebra as X, the probability measure v,
plays the role of uo and (dim H)pa x is the measurable function f. Thus (dim H)px k¥
is a B(H ® Homg (#Ha, K))-valued POVM.

Next we glue these together into a POVM on ¢* by taking the pushforward and
summing over the isomorphism classes of irreducible representations. Let Jy : PH) —
1¥* be the map as in Section 2.2. We define the positive operator valued measure

Ex = Z(JA)*((dim/H)\)p/\JCV)\). (3.2)
A
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For every m € IN, E3 s corresponds to a measurement that can be performed on m
copies of the state p, with values in it*. As we will see, the typical values behave in an
extensive way. For this reason we will include a % rescaling in the probability measures.
Explicitly, for Borel sets A C it* we define

i (A) = Tr p®™ Eyyem (mA)

= S am(rt) [ e (o) s (o).

T (mA)

(3.3)

3.2 Extension of the coadjoint action

The aim of this section is to define a continuous action of G on i£* such that the
restriction of J, to the highest weight orbit is G-equivariant for every dominant weight
A, and the action commutes with scaling by nonnegative real numbers.

Consider an irreducible representation 7, : K — U(#,) and let v, be a highest
weight vector of norm 1. The K-orbit of [v,] is G-invariant (since B fixes [v,]). While the
action of K keeps the norm fixed, elements of G will change the norm. For ¢ € G and an
element |h - vy)h - v,| in the orbit, let us write gh = kan for the Iwasawa decomposition.
We have

7a(gh) [ox)(val ma(gh)”

ma(kan) |oa)va| A (kan)*

ma(ka) [uaXvx| ma(ka)” (3.4)
R NOIIVONEN O

= 2N |k (gh) - vAXk(gh) - vl

in the last line emphasizing the dependence k = k(gh).

The restriction of Jy to K - [v,] is injective and K-equivariant, therefore we can use it
to define a G-action on K - A = J,(K - [v)]) and the constant factor in eq. (3.4) gives rise
to a function (g, h - A) — 2(\,a(gh)) on K - \.

For different representations these actions and functions are additive in the sense
that k(gh) - (A1 + X2) = k(gh)- A1 + k(gh) - A2 and 2(A\; + Xa, a(gh)) = 2(A\1,a(gh)) +
2(X2,a(gh)). This is a consequence of the fact that 7, ® ), has an irreducible sub-
representation isomorphic to my, 4, and vy, ® vy, is a highest weight vector for this
subrepresentation.

In what follows we extend both the G-actions and the functions giving the constant
factor to ¢¢* in a continuous way. The extensions will still be additive in the above sense
(i.e. on h-it! for every h € K) as well as positively homogeneous of degree 1. Note
that there is at most one such extension since the positive Weyl chamber is the cone
generated by the dominant weights. For the action, the only possibility is that ¢ maps
h-xo to k(gh) - zo when h € K and z( € it} . The next proposition shows that this is
indeed well defined and determines an action of G on £*

mA(g) [l - va)h - vl mA(g)*

Proposition 3.1.
(i) Letx = hy-xg = hse -2 and g € G. Then k(gh,) - ©o = k(ghs) - xo.
(ii) Let g1,92 € G, h € K. Then k(g2g1h) = k(g2k(g1h))
Proof.
(i) Let kya1n1 = ghy and ksasne = gho be the Iwasawa decompositions. Then
kytky = (ghony taz )~ tghang tart
= agnghglgflghlnl_lal_l (3.5)

= agnohy "hani tart.
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Since hy thy € K,,, the product is in the subgroup generated by B and K. This is
a parabolic subgroup whose intersection with K is K, therefore k; 'k; € K, i.e.
k1~$0 :k2~(130.

(ii) Let g1h = k1ainy and gak1 = koasng be the Iwasawa decompositions (so k1 = k(g1h)
and kg = k‘(gzkl) = k(ggk‘(glh))) Then

9291h = k2a2n2k;1k1a1n1 = k:gagal(aflngal)nl. (36)
The last two factors are in N since A normalises N, therefore ks = k(g291h). O

This proposition justifies the following definition and also shows that it defines an
action of GG on it*. Notice that we use the same notation for the newly introduced map
as for the (complexified) coadjoint action of K. This will not lead to a confusion as the
two agree on K.

Definition 3.2. We define a map G x it* — it*, (g,x) — ¢ -« as follows. Letx = h - xg
with zq € it} and h € K (coadjoint action). Then we set g - x := k(gh) - xo.

By construction, the restriction of J, to the highest weight orbit is G-equivariant for
every dominant weight .

For x € it* we will denote by G, the stabiliser subgroup with respect to this action.
If v = h-xo with zp € it} and h € K then G, is the (parabolic) subgroup generated by
K, and hBh~! and satisfies G, N K = K.

Since the G-action is defined in terms of the K-action, the G-orbits and the K-orbits
are clearly the same. On the other hand, for general z,z’ € it* the orbits K, - 2’ and
G, - 2’ are not the same. We will need the following condition for equality.

/

Lemma 3.3. Suppose that z,2’ € h-it} for some h € K. Then K, -2’ = G,-2'. In
particular, for every x € h - it} there is a neighbourhood in I - it* where the orbits under
K, and G, agree.

Proof. 1t is clear that K, -2’ C G, -2’ since K, < G,. For the other direction, let
zog=h"'-zand zj = h~' 2’ (so xo,x(, € it}) and let g € G,. We have

g2 =k(gh) -z = hk(h"'gh)h™'h -z, = hk(h"'gh)h~" - 2. (3.7)

We have h='gh € G,,, therefore k(h~'gh) € K,, (since B fixes z(). This implies
hk(h=tgh)h ' € K,,s0g -2’ € K, - 2'.

The second statement follows from the fact that a sufficiently small neighbourhood of
x in h - it* only intersects those Weyl chambers whose closure contains z, and these can
be moved into A - it} with an element of K. O

We turn to the constant factor in (3.4). Again, there is at most one extension, which
should map (g, h - zg) to e?(w0.2(9h)) and our next goal is to verify that this is well defined.

Lemma 3.4. Let z € it}, g € G and u € K,,,. Then (zg,a(g)) = (xo, a(gu)).
In particular, if hy,hy € K such that © = hy-x9 = hg-xo then (zg,a(ghy)) =
<$0,Oé(gh2)>.

Proof. K, is generated by 7" and the infinitesimal generators £N (g, +g—.,) where w € it*
are those simple roots which are orthogonal to xy (with respect to any Ad-invariant inner
product) and g, is the corresponding root space.

Let u € T. T normalises N and commutes with A, therefore if ¢ = kan is the Iwasawa
decomposition of g, then gu = kua(u~'nu) is the Iwasawa decomposition of gu, so

a(gu) = a(g).

EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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Let n € g,. We wish to know how the a-component of g changes under right
multiplication in the direction of . The Iwasawa decomposition gives a diffeomorphism
between K x A x N and G, therefore there exist uniquely £ € ¢, 8 € a and v € n such that

ik exp(a)nexp(sn) = ik exp(s€) exp(a + sfB)nexp(sv) , (3.8)
ds o ds $—0

where g = kexp(a)n. Let Ly : G — G be the left translation by ¢g and T, L, its derivative
at the identity. We calculate both sides of the above equation as

(TeLg)n = (TeLg) [Adp-1 exp(—a) & + Ady—1 B+ 1] (3.9)

From this we read off Adcxp(ayn 1 = & + Adexp(a) B + Adexp(a)n ¥ = & + B 4+ Adexp(ayn ¥
since A acts trivially on a. This is the Iwasawa decomposition (on the Lie-algebra level),
since Adexp(a)n ¥ € 1 (We use that A normalises V), therefore 3 = %a(g exp(sn))|S:O is
the a-component of the Iwasawa decomposition of Adeyp(a)n 7. We have

Adexp(arn 1 € 90 ® 85, 00] € 00 & D g5+ (3.10)
5 é

where the sum is over the positive roots. If w is positive then the a-component vanishes,
whereas if —w is a simple positive root then the a-component is in [g_.,, g.]. But this
subspace is annihilated by x if w is orthogonal to xg.
For the second statement, note that the condition h; - £ = hs - ¢ is equivalent to
To = hl_th - g, i.e. hl_th € K,,. Using the first part with gh; and v = hl_lhg we get
(z0,(gh1)) = (zo,a(ghih] ha)) = (0, a(ghs)) as claimed. O
This justifies the following definition.

Definition 3.5. For = € it* we define the map x, : G — (0,00) as follows. If t = h -z
(with h € K and x¢ € it} ) and g € G then we set

xz(g) = e2{mo,a(gh)) (3.11)
In terms of this map we may rewrite (3.4) as

mA(g) b - va)h - oAl TA(9)" = xa(g) [k(gh) - va)k(gh) - val . (3.12)

Proposition 3.6. The map x is multiplicative in the following sense. If x € it* and
g1, 92 € G, then
Xz(9291) = Xg1-2(92) Xz (91)- (3.13)

Proof. Write x = h - xg with g € i¢* and h € K. In the same way as in the proof of ii in
Proposition 3.1, if g1h = k1a1n; and g2k(g1h) = g2k1 = kaaans then the A-component of
g2g1h is asa,, therefore

a(g291h) = a(g2k(g1h)) + a(g1h). (3.14)

Using this we compute

Xz(9291) = e2(mo,a(g291h))
— 2(wo,a(g2k(g1h))+a(g1h)) (3.15)
— 2(T0,2(g2k(g1h))) ,2(z0,(g1h))

= Xg,-2(92) Xz (g1)- O

In particular, the restriction of y, to G, is a one dimensional character. From
xz(e) = 1 and multiplicativity it follows that x,(¢™") = x,-1..(9) "

EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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Proposition 3.7. Let K act on the space it* x G as k- (v,9) = (k-x,9k™'). Then
X : i x G — R is continuous and invariant.

Proof. Consider the closed set it} x G Cit* x (G. On this set the function simplifies to
(x,g) = 2(x,a(g)) =: ¢(x,g), which is continuous. If (zg,g) € it} x G and k € K such
that k - (zo,9) € it} x G, then 29 = k - 29, i.e. k € K,,, therefore by Lemma 3.4 we have

ok (w0, 9)) = (o, gk™") = 2(x0, a(gk™")) = 2(x0, a(g)) = ¥(x0, 9). (3.16)

Since K - (it} x G)) = it* x G, there is a unique K-invariant extension, continuous by [6,
3.3. Theorem in Chapter I]. To see that this extension is y we need to verify that y is
K-invariant. Let g € it* , k,h € K, t = h-zp and g € G. Then

Xk~x(gk71) = Xkh-zo (gkil) _ 62<1?o,a(gk_1kh)> _ eQ(l‘g,a(gh)> _ Xa:(g)~ (3.17)
O

We conclude this section with a closely related real valued map on i£* x ¢¢ that can be
viewed as a non-bilinear modification of the duality pairing, and reduces to it when K is
abelian. This map will appear in one of the equivalent expressions for the rate function
below.

Definition 3.8. We define a map (-, )i : it* x it — R as follows. Let z € it* and £ € it.
Write x = h - xg where h € K and x( € it’_, and set

(z,8)k = —Inxa(exp(—£/2)) = —2(zo, a (exp (=n~! -£/2))). (3.18)

Example 3.9. Let K = SU(2). Then isu(2) and its dual can be identified with the space
of traceless hermitian 2 x 2 matrices. Let z and £ be such matrices. Then

Trxé

(@,8)k = =2|[x[l o In |cosh [|¢]l o — S
2zl 1€l

sinh [[£]| .| - (3.19)
3.3 Rate function and some properties

We now give the definition of the rate function appearing in Theorem 1.1, then we
prove its equivalence with several other expressions.

Definition 3.10. For p > 0 (not necessarily normalised), we define the function I, :
it* — (—o0, 0] as
I,(z) = sug —Inx.(g7) —InTrm(g)*pr(g). (3.20)
ge

Proposition 3.11. Let x = h - o with xo € it} and h € K. Then

I,(z) = sué) Inx.(9) —InTrn(g)*pr(g) (3.21a)
ge x
= sup Inx.(b) —InTrx(b)*pn(b) (3.21b)
behBh—1
= sup sup (xg, @) — In Trw(n)*m(exp a/2)m(h)* pr(h)m(exp a/2)m(n) (3.21c)
acaneN
= sup sup (xg, @) — InTrw(exp a/2)w(n)*w(h)*pr(h)7(n)m(exp o /2) (3.21d)
acaneN
=sup (z,§{)x —InZ,(¢) (3.21e)
¢cie
where
Z,(&) = Trpr(expé). (3.22)
EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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Proof. y, is multiplicative on G,, therefore —Inx,(¢~!) = Inx,(g) for g € G,. From
this equality and G > G, > hBh™! = hANhR 'hTh™' = hNAh~'hTh~! we obtain the
inequalitites

Ip(x) > sup In xz(g9) — InTrm(g)" pm(g)
9€G,
> sup Iny,(b) —InTrxw(b)*pr(d)
behBh—1

= ilé}i Tsltelg (xo, ) — InTrnw(n)*m(exp a/2)w(h)* pr(h)m(exp a/2)mw(n)

= ilé[; SEJI\)I (xg,a) — InTrm(exp a/2)mw(n)*w(h)* pr(h)m(n)m(exp a/2).

(3.23)

For ¢ € itlet exp(—h~1 - £/2) = koagno be the Iwasawa decomposition. Let « € a such
that exp(—a/2) = ap and n = ny '. Then

(xo, ) — InTrm(exp a/2)m(n)*w(h)* pr(h)m(n)m(exp a/2)

= —~2(wo, a(exp(=h~" - £/2))) —InTra(ag )r(ng ') m(h)*pr(h)m(ng ' )m(ag )

= (2,&)x —InTr pr(h)m(ng ) (ag (kg (kg ) m(ag m(ng ') (k)
= (z,6)x — lnTrpﬂ(h)w(koaono) m(koagno)~ w(h)* (3.24)
= (x,&)xk —InTr pr(h) exp “&)m(h)*

(z,&)k — InTr pr(exp(¢ ))

(z,8)xk —InZ,(§),

where we used that (kgagng)* = koagno. Therefore

sup sup (zg, @) — InTra(exp a/2)w(n)* 7 (h)* pr(h)m(n)m(exp a/2)

acaneN

> sup (2,8 x —InZ,(£). (3.25)
geit

For g € G we have gg* € P, therefore there is a unique £ € it such that gg* = exp&.
Let g = pu be the polar decomposition with p = exp(£/2) and v € K. Then

(2, 8K — anp(é“) = —Inxz(exp(—¢/2)) — InTr pr(exp(§))
—Inx.(p~") —InTrm(g)*pr(g)
—Inx,(ug™") —InTrn(g)*pr(g)
—Inx.(9") —InTrm(g)*pr(g),

in the last step using that x. is invariant under left multiplication with elements of K (as
u only contributes to the K-component). Therefore

(3.26)

/\/\/\/\

sup (7,&) g —In Z,(&) > sup —Inx. (97 ") —InTrw(g)*pr(g) = I,(x). (3.27)
feit geG 0

Remark 3.12. When K = U(1)4, then (3.22) reduces to the moment generating function
and (-,-)x becomes the usual pairing between a vector space and its dual. There-
fore (3.21e) can be viewed as a nonabelian generalisation of the Legendre-Fenchel
transform of the logarithmic moment generating function.

The following lemma shows that the supremum over NV in (3.21c) and (3.21d) can be
replaced with a maximum as long as we first optimise over N and then over a.

Lemma 3.13. Let N be a unipotent algebraic group, = : N — GL(#) a representation
on a finite dimensional Hilbert space and p € S(H). Then the function n +— Trw(n)*pr(n)
has a minimum.

EJP 26 (2021), paper 79. https://www.imstat.org/ejp
Page 12/23


https://doi.org/10.1214/21-EJP636
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

LDP for moment map estimation

Proof. N := 7(N)* is also a unipotent algebraic group. Let 1) € H ® C¢ be a purification
of p and consider the representation n +— n ® I of N. By [22, Proposition of 2.5] the orbit
of ¢ under this action is closed. Therefore there is a vector in the orbit of minimal length.
The claim follows since Trfipin* = ||(7 @ )| O

Example 3.14 (Duffield, [9, Theorem 2.1.]). Let K be arbitrary compact connected,
7 : K — U(H) irreducible and p = ... Then

dm#H"
Ip(h- o) = (0, ) = In'Te w(n)*m(exp /2) ()" ——r(h)(exp a/2)(n)
o+ w0) = supmax (z9, @) —InTrm(n)"m(exp a/2)m(h)" oy m(h)m(exp a/2)m(n
- Trw(n)*m(exp a)m(n)
ComnE e =T
(3.28)

The maximum over n is attained at n = e, as can be seen by computing the trace in a
basis where T.7(«) is diagonal and 7 (N) consists of upper triangular matrices with 1 on
their diagonals. The formula is K-invariant, therefore the infimum over K in (1.6) can
be omitted, leading to the formula

- Tr m(exp @)

I,(z0) = I,(h-xo) =sup (zg,a) —In

3.29
aca dlIl’lH ( )

The character Tr«(-) is K-invariant and (z¢, «) is maximal within the K-orbit of a when
« is in the image of the dominant Weyl chamber under the identification of it with it* via
an invariant inner product. Therefore the supremum can be restricted to this subset of a.

For a more precise asymptotic formula for the multiplicities see [23, Theorem 9.].
Example 3.15 (Cegta-Lewis-Raggio, [7]). Let K = SU(2), = : K — U(C¥*!) a spin-j
irreducible representation and p = T{‘rl In this case it} ~ [0,00) and a ~ R. Specializ-
ing (3.29) to this case we get 4

I,(z9) =1n(2j + 1) + sup (zg, o) — InTrw(exp a)

aca
J
=In(2j + 1) + sup ror — In ZZ_ exp(la) (3.30)
- =—J
sinh ZFHe
=1In(2j + 1) + sup zoor — In ——2—
a>0 sinh S

Example 3.16 (Cramér, [8]). Let K = U(1)? and 7 : K — U(H) a finite dimensional
unitary representation. Let p be arbitrary and write r, = Tr P,p where P, is the
orthogonal projection corresponding to the irreducible representation labelled by n €
7% (see Example 2.5). If X, Xs,...,X,, are independent and identically distributed
discrete vector random variables that take the value n with probability r,,, then u,, is
the distribution of i(Xl +Xo+ -+ X))

To compute the rate function we use m(expa) = . el P,

I,(z) = sup (z,a) —In Z el (3.31)
a€Rd nezd

which is the Legendre-Fenchel transform of the logarithm of the moment generating
function of X;.

Example 3.17 (Keyl, [14, Theorem 3.2]). Let K = U(d), 7 the identity map (the standard
representation on C?) and p an arbitrary state. Let us first minimise Tr 7(n)*on(n) over
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n € N. With N the set of upper triangular unipotent matrices (see Example 2.8), it is
possible to choose n in such a way that 7(n)*on(n) is diagonal. As in Example 3.14, this
is where the minimum is attained. To find the diagonal entries, note that the principal
minors are invariant under this action of N. If pm;(c) denotes the determinant of the
upper left j x j submatrix of ¢ (with the convention pm,(c) = 1), then the resulting
diagonal matrix is

pm; (o) .
pmg(e) U 0
0 pm, (o) .
pm, (o) (332)
. . 0
0 0 sm@
Let ay,...,0¢ € R and z,1,...,%0,4 € R be the diagonal entries of o € a ~ R% and

xo € it With o = m(exp(a/2))m(h)*pm(h)m(exp(a/2)) the rate function formula (3.21c)
becomes

a; Py (m(h)"pm(h))
bt = g () =3 e TR 439

The supremum can be found by differentiation, which gives

zd: Toilnzg; —xo; (In pmy, (7 (h)*pm(h)) ifrgr+--+x94q=1
Ip(h- o) = § = O pm;_ (m(h)*pm(h)) and Vi : zo,; > 0
00 otherwise.

(3.34)
Using the contraction principle one recovers the result of Keyl and Werner [15] by
the same reasoning as in [14, Proof of Lemma 4.15].

Example 3.18. Let K = U(d;) x U(dy), 7 : K — U(C% ® C%) the tensor product of the
standard representations and let p = |¢))(¢)| be a pure state. We identify ¢ with a d; X da
matrix. Under this identification, the action of K becomes left multiplication with the
first unitary and right multiplication with the transpose of the second one. Similarly
as before, we choose N to be group of pairs of upper triangular unipotent matrices.
Let 710,01 € R%, 29, a2 € R%, identified with diagonal matrices of sizes d; x d; and
dy x dy and with 1 ¢ and 2 ¢ nonincreasing. For (hi, he) € K, the pair (k1 - z1,0, ho - 2,0)
can be viewed as an element of i¢. As in Example 3.17, the supremum over (ny,ns) € N
in (3.21c) is attained when n? exp(a; /2)hihs exp(az/2)7s is diagonal, and the diagonal
form can be determined using the invariance of the principal minors under the N-action.
The rate function is therefore

Ly (h1 - 210, h - T20) = sup (21,0, 1) + (2,0, @2)

ale]Rdl
a2€]Rd2
mil’l{dl,dz} -
i(hivh
o Y eoiten _pmy(hivha) |3 35
i=1 pmifl(h’lu)ha)

The supremum is infinite if 21 o differs from x5 o up to trailing zeros, or any of the entires
is negative, or if the vectors do not sum to one. Otherwise it evaluates to

min{dy,d2}

m, (h{Yhs
Iw)xw‘ (hl + X, hQ . I’o) = Z Z0,i lnxg,i — Z0,i In l<—1*7) (336)
P pm;_ (hivhs)
Next we prove some properties of I,.
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Proposition 3.19. [,(x) is lower semicontinuous.

Proof. I,(z) is the supremum of the family of continuous functions z — —Iny, (¢ ') —
In Tr 7(g)*pm(g), hence lower semicontinuous. O

Proposition 3.20. Let p € S(H). I,(x) > 0 for every « € it* and if  # J(p) then
I,(z) > 0.

Proof. Since e € G,

I,(x) = sup Inx.(g) —InTrn(g)"pr(g)

9€Gy
> Iny,(e) —InTrm(e)*pr(e) (3.37)
=—InTrp=0.

G is a smooth manifold, the expression In x,(¢) —InTr 7(g)*p7(g) is a smooth function
of g € G, and is zero for g = e. It follows that if e is not a critical point then the supremum
is strictly positive. The tangent space decomposes as 1T.G, = T.K, ® (h-a) ® (h-n)
where h € K is any element such that x = h - zg, 79 € it].

Let § € h-a. Then

4 In x,(exp s8) — In Tr w(exp sB)* pm(exp s8)

ds <=0
N TTTE’TW)TT; PTmB) o0 8)— 200(0), ). (3.38)
Let v € h-n. Then
d
T In x . (exp sv) — In Tr 7(exp sv)* pr(exp sv) .
TrTer(v)p + pTem(v)

- T = —2(J(p),v). (3.39)

If e is a critical point then both derivatives vanish for every 8 and v, thus J(p) and =
agree on h - b. Since they both vanish on ¢, this means x = J(p). O

Recall that the domain of an extended real valued function f : X — (—o0, o] is the
set dom f = {z € X|f(x) < co}. We now show that the domain of the rate function is
precompact.

Proposition 3.21. Let A C it* be the convex hull of the set of weights appearing in the
decomposition of H with respect to the action of T. Then for every x ¢ K - A we have
I,(x) = occ.

Proof. Suppose that z ¢ K - A and write x = h-xo with 2o € it}, h € K. Since A is
compact and convex, there is a hyperplane in it* separating A and z(, so there is an
element § € t such that (z¢, 8) > max,ea (2, 5).
We use (3.21a) and that G, contains hAh~!, therefore for any s € R we have
I,(x) > Inx,(hexp(sB)h™") — InTrw(hexp(sB)h ) *pr(hexp(sB)h ")
= 2(x0,s8) — InTrw(h)* pr(h)m(exp(2s0))
> 2(wo, 58) — max (z',2s0) (3.40)

FESYAN

= 2s ((xo,m — max @;’,,8)) )

The coefficient of s is strictly positive, therefore letting s — oo shows that I,(x) = co. O
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Proposition 3.22. et p,0 > 0 and p > 0 such that p < po. For every x € it* we have
I,(z) > I,(x) — Inp. (3.41)

In particular, if supp p < supp o then dom I, C dom /.

Proof.
Iy(2) = sup —Inx,(¢~") —InTrr(g)*pm(g)
geG
> sug—ln Xz(97") — InTrm(g) pon(g) (3.42)
ge
> sup —Inx,(¢7") —InTrn(g)*on(g) —Inp = I,(x) — Inp.
geG

The second statement follows since supp p < supp o iff p < po for some p > 0 (this uses
dimH < o0). O

Proposition 3.23. Suppose that p € S(#) is an invertible state. Then dom I, = dom I;
(the rate function for the identity operator I) is K -invariant and the restriction of I, to
K - relint (it} Ndom I,) is continuous.

Proof. The statement on the domain is an immediate consequence of Proposition 3.22
and supp p = H = supp [, invariance of I and thus of I;.

We prove continuity. Let f : K x relint(it}. NdomI,) — R be defined as f(h,zo) =
I,(h-x0) = Ix(h)*pr(n)(20). For every fixed h the function f(h,-) is convex, as it is the
supremum of a family of affine functions (see e.g. (3.21c)).

Let n € t and p, = w(expsn)*pr(expsn), and for & € it let Fe(s) = InZ, (§) =
InTr psm(exp ). Then

Tr[ps7 Teﬂ(ﬂ)]ﬂ(exp £) )

Fi(s) = 3.43
)= T pen(exp ) 649
From
o Plpes Tr(mor 2 < o7 2lpes ()] V2| 1
= |o¥emen e 2 = o2 Ter (ol
< (344)

<2

o 2| Tl

=202 |o7¥| _Imer )l
we infer [p, Tem(n)] < 2||p*2|| _ [|p7"/?|| . 1Tem(n)]| o ps- Since m(exp&) > 0, we have

In Zfr(n)*,mr(n) (5) —1In Zp(f) = Ff(l) - Fﬁ(())

1
:/ F{(s)ds
0
3.45
_ / Trelps, Tor(n)r(expé) (5:45)
0 Tr psm(exp§)
<202 (o7 1Tl
oo [oe]
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Using this we get

f(exp(n), 2o) = Ln(exp(n))* pr(exp(n)) (To)
= sup (z0,§)x —In Zr(n)* pre(n) (&)
ceit

< sup (0,&) ik —InZ,(€) + 2 HpmHm Hp71/2HOO I Ter () o .

- steo 2],

= fle.wo) + 22| _|[o72|_ITAtml.

The same reasoning applies to 7(h)*pr(h) instead of p as well, with the same constant,
therefore f(-, xo) is continuous on K for every .

By [21, Theorem 10.7], f is jointly continuous. Let H denote the common stabiliser
subgroup of the points of relint(it} N domI,), and consider the right action of H on
K by translations. f is invariant with respect to this action, therefore descends to a
continuous function f on K x g relint(it} N dom I,), which is homeomorphically mapped
to K -relint(it} Ndom/,). Under this homeomorphism f corresponds to the restriction
of I, to K - relint(it} N dom I,), which is therefore continuous. O

3.4 Upper bound

We are in a position to prove the upper bound part of the large deviation principle.
We prove a stronger statement involving any measurable set instead of only closed ones.

Proposition 3.24 (Large deviation upper bound). Let F' C ik* be a measurable set and

m € IN. Then
Um(F) < (m+ 1>dim’H(dimH+1)/2e—minfwep Ip(m), (3.47)
therefore )
h;njgopa In i, (F) < —;161% I,(x). (3.48)

Proof. Recall that (3.3) expresses pu,,(F') as a sum of integrals:

pn(F) =S dim(i) [ T (o) din(e). (349)
\ J

;l(mF)
For any z = %JA([’U)\D = h -z and g € G we can estimate the integrand using (3.12) as

Tr p®"py mom ([UA]) = Tea®™ (g)* p& 7™ (9)m®™ (g7 s mom (A7 ™ (g7 1)
= Tr 7€ (g)* p&™ 7™ (9) Xoma (9™ )Pamem ([E(g71R) - v)))
< Xma(g™") Tea®™(g)* p=" 7™ (g) (3.50)

= (Xalg™") Trm(g9)*p(9))"
— o= Inxa(g™")=InTrm(9)"pm(9))

We take the infimum over g and then bound from above by the supremum over z € F:
Trp®mp,\7w®m([v>\]) < e—mlp(;c) < e—minfzep Ip(y;). (3.51)

Since v), is a probability measure, this value is also an upper bound on each integral.
For the highest weights \ appearing in the decomposition of H®™ we can estimate
the dimension as dim Hy < (m+ 1)dm#(dim*—1)/2 This can be seen by first decomposing
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into U(H)-isotypic components (which are also K-invariant subspaces) and then into K-
isotypic ones and using the dimension formula for U(#)-representations corresponding
to partitions of m into at most dim H parts.

It remains to bound the number of isomorphism classes of K-representations ap-
pearing in H®™. These are distinguished by their highest weights, so we get an upper
bound by counting the total number of different weights. The weights of H®™ are sums
of m weights from #H (with multiplicity), therefore their number is upper bounded by
(m + 1)dimH,

Combining these estimates we get

pm (F) < Zdim(’HA)/ . e~ mfzer 1o(®) qy, ([v,])
X I (mF)

< Z(m + 1)dim H(dim ’H—l)/Ze— infeer Ip(x)

S (3.52)
< (m+ l)dim’H(m + 1)dimH(dimH71)/2ef infyep I,(z)
_ (m + l)dim’H(dimHJrl)/Zef infaer Ip(z)'
as claimed. O

In particular, Proposition 3.24 implies part i of Theorem 1.1.

3.5 Law of large numbers

As an application of the upper bound (Proposition 3.24) we now show that the
measures ., converge weakly to the Dirac measure located at the value of the moment
map.

Proposition 3.25. Let ' C it* closed. Then I, has a minimum on C.

Proof. I, is lower semicontinuous by Corollary 3.19 and infinite outside a compact set
by Proposition 3.21, therefore it has a minimum on C. O

Corollary 3.26. I,(J(p)) =0.

Proof. Apply Proposition 3.24 to the closed set C' = i£*, using that the infimum is attained
(Proposition 3.25):

1
0=1li —1 £*) < —min [l .
imsup - n u(it*) < min o), (3.53)

therefore I, vanishes in at least one point. By Proposition 3.20 this is only possible for
x = J(p). O

Proof of Theorem 1.2. By Proposition 3.25, I, has a minimum on the closed set it* \ O,
say at z. The condition J(p) € O implies x # J(p), so I,(x) > 0 by Proposition 3.20. From
the upper bound (3.47) we get

lim inf p1,,, (O) = liminf (1 — p,,, (€ \ O)) (3.54)
m—roo m—roo
>1-— limsup(m + 1)dimH(dimH+1)/267mIp(x) -1 0
m—0o0
EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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3.6 Lower bound

For the lower bound we employ a variant of the “change of measure” or “exponential
tilting” technique [8]. However, instead of multiplying the measures ., by a suitable
function, we replace p with (the normalised version of) an element in its G-orbit so that
we retain the form (3.3) and thus we can use Theorem 1.2.

The following lemma translates the rate of exponential decay of the probability
of an open set to the decay of the probability density on the rescaled integral orbits.
This equivalent characterisation will ease the comparison of the original and the tilted
measures.

Lemma 3.27. Let O C it* open. Then the limit lim,,, _, o, % In p1,,, (O) exists and is equal
to

1
L= sup — 1nT&“p®mp>\77rm(h - ua)), (3.55)
m,\h
h-2 €O

m

where m € N+, A\ can be any dominant integral weight, h € K, and [v,] denotes the
highest weight ray in PH .

Proof. As in the proof of Proposition 3.24 we have j,,(0) < (m + 1)dimH(dimH+1)/2 7

which implies
1
lim sup — p4,,(O) < L. (3.56)
m

m—r oo

For the other direction, let ¢ > 0, my € N+, h € K, and )\g a dominant integral
weight such that %Jxo(lr [Ua]) € O and % InTr p®™py, amo (b - [n]) > L — ¢, ie.

Tr p®m°pA0,ﬂmo (h-[va]) = emo(L—e) (3.57)

By continuity, there is an open neighbourhood U C K of h such that for every b’ € U the
inequality Tr p®™0py, xmo (h' - [vy,]) > €™ (L2 holds and such that

S

I (U - [0a,]) € O. (3.58)
mo

Let A\; be a dominant integral weight such that p has nonzero overlap with the corre-
sponding isotypic projection of 7. The map h — Tr ppx, (k- [va,]) (K — R) is analytic
and not identically zero, therefore it is nonzero on a dense open set. Let U’ C U open
such that Tr ppyx, (k- [vx,]) >0 >0forall h e U’.

For m € N let ¢ = Lmﬂoj and r = m — gmy. The tensor product of highest weight
vectors is also a highest weight vector for the product representation and the weights
are added. For h € U’ and large m we have h - (¢\g + 7)) € mO, therefore

i (0) > dim(Hgrg+ra,) / Tr p®mpq>\o+r>\1,ﬂ®’" (h- [U%Oq ® U%T]) dv(h)

’

> // (Trl)@mopAo,ﬂ@mo(h' [UAoD)q (Tr ppg,x (- [oa, )" dv(h) (3.59)
> eqmg(L—Qe)(sry(U/)

> em(L72e)51ﬂol/(Uv/)7

where v is the Haar probability measure on K. This implies

1 1
lim inf — In 1, (O) > liminf — (m(L — 2¢) + moInd +Inv(U’)) = L — 2e. (3.60)
m—oo M m—oo M
This is true for every € > 0, therefore L is also a lower bound. O
EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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The next proposition introduces the tilted measures and compares them with the
original one on open sets. We remark that, by the symmetry between p and p/, a similar
inequality holds in the reverse direction.

Proposition 3.28. Let g€ G, p' = % and O’ C it open. Consider the measures
ph, A Tr(p )2 Eqyem (mA) (i.e. constructed as in (3.3) but with p' instead of p). We

have the inequality

1 1
lim —Inp,(0") > lim —Inp, (¢~ -0) = sup [Inx,(g) —InTra(g) pr(g)]

m—o0 M, m—o0 M, yeg—l‘ol
(3.61)
Proof. We use Lemma 3.27 for both p,, and ,:
lim i1nu’ (g7'-0)= sup e InTr /™ py pem (b - [v2])
m—00 1M " m,\,h m A
h-2eg™t.0’
1 7(9)"p7(9) >®m
= sup — InTr ( Darem (B - [uy
o M  Ten(gron(gy) P
h-2eg™ 1.0’

1 *

= sup  — InTrp®"w(g)®"pyom (h - [vA])7w(g")E™
m,\h m

h-2eg™t.0’

—InTrm(g)"pm(g)

1
= sup  —InTrp®"py rem(k(gh) - [vA])
m,\h m
h-2eg™ 1.0’

+1Inx.a (gh) —InTr7(g)"pr(g)

1
= sup  — InTrp®"p, rom (k(gh) - [va])
m,\,h m
h-2eg™t.0’

+1Inx;.a (9) —InTrm(g)*pr(g)

1
< sup —InTrp®"py cem(k(gh) - [vA])
m,\h m
h-2eg™ 1.0’

+ o swp o Inxga(g) = InTra(g)”pm(g)

—1
h-2eg™t.0’

1
= lim —Inp,(O)+ sup Iny,(9) —InTrr(g) pr(g).
m—oo M ngil'O’

(3.62)

The fourth equality uses (3.12), while the last step uses that h - % € g~ - O’ if and only
if k(gh) - 2 € O O

Proposition 3.29.let g € G andx = g-J (%). Then for every open set
O C it* such that x € O the inequality

1
. 1L S _ ‘
77}51100 — In 1, (0) > —1I,(x) (3.63)
holds. In addition,
I(x) = —Inx,(¢7") —InTr7(g)*pr(g) < oo. (3.64)
EJP 26 (2021), paper 79. https://www.imstat.org/ejp
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Proof. Let p' = % and 2z’ = J(p'), and consider the measures (., as in Proposi-

tion 3.28. For any open set O’ such that x = g -2’ € O’ C O we have

1 1
lim —1Inu,(0) > lim — In p,,(0")

m—o0 M, m—0o0 M

. 1 _ *
> lim —Inpy,(¢7"-0) = sup [Inxy(g) —InTra(g) pr(g)]
m—0o0 M yeg—1-0’

=— sup [lnxy(g) —InTrn(g)"pm(g)]
yeg—l,o/

(3.65)

The first inequality follows from O’ C O, the second inequality uses Proposition 3.28, and
the equality is true by the law of large numbers (Theorem 1.2) using that 2’ = J(p') €
¢~ ' -0O'. Since G acts on i¢* by homeomorphisms, ¢g~! - O’ can be made arbitrarily small
by choosing O’ small. y — x,(g) is continuous, therefore

) 1 *
Jim —1n pim (0) > — [Inxo (g) — InTr7(g)* pr(g)] (3.66)

= —[~Inx.(¢7") —InTrm(g)*p(g)] .
Apply this bound to the open ball Bs(x) instead of O and let § — 0:

i
(@) < lim ok 1,(0)

. . 1
< lim — h;n:;lop — I pun (Bs(2)) (3.67)

< —Inx.(g7") —InTrx(g)*pm(g)
< I,(z).

Here the first inequality is lower semicontinuity (Corollary 3.19), the second inequal-
ity is the large deviation upper bound (Proposition 3.24), the third inequality follows
from (3.66) and the last inequality holds by definition (Definition 3.10). This means that
we have equality everywhere. O

Mp:{g-J<,m>‘geG}. (3.68)

The statements of Proposition 3.29 can be rephrased as follows: for any open subset
O C it* the lower bound

Consider the set

1
lim —Inpw,(0)>— inf I,(z) (3.69)

m—oo 1M zeONM,

holds and M, C dom I,. We now show that M, is a dense subset of dom I,,.
Proposition 3.30. Let x € dom I,,. Then there is a sequence g1, g2, ... € G such that

: m(g;)*pr(g5) >
lim g;-J ( =z (3.70)
i=oo™l "\ Trm(gs)*pm(g;)
Proof. Choose a sequence g1, g2, ... € G, such that
lim In x,(g;) —InTra(g;)*pr(g;) = 1,(x), (3.71)
Jj—oo

which is possible by Proposition 3.11. Let x = h-xo with h € K and zo € it}. By
Lemma 3.13 we can assume that Tr7(g;)*pn(g;) < Trm(g;n)*pr(g;n) for every j € IN and
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n € hNh~! (otherwise replace g; with a minimiser: this increases the sequence but the
limit cannot increase since it was already equal to the supremum). This means that for
v € h-nwe have

d
0= — Trn(g; expsv)*pm(gj exp sv)
ds ' s=0

=TrTen(v)*n(g;)* pr(g;) + m(g;)" pr(g;)Tem(v)
=2RTr7(g;)"pr(g;)Tem(v),

(3.72)

and therefore J(%) € h-it*.

Let p; = %. By compactness of S(H) we may assume (after passing to a
subsequence) that the sequence py, p2, ... converges to some state p... For every g € G,
we have

I,(z) > limsupIn x.(g;9) — InTrn(g;9)" pr(g;9)

j*)OC
= limsupIn x2(g;) + Inx2(9) — InTrw(g)"p;m(9) — InTrm(g;)"pm(g;)

j—o0 (3.73)
= I,(2) +limsupInx,(g9) — InTr7(g)"p;m(g)

J—0o0

= Ip(x) +Inx4(9) — InTr7(9)" poor(g),

therefore
0>Inx.(9) —InTrw(g)*poom(g)- (3.74)

Taking the supremum over g € G, we obtain 0 > I, (x) which, by Proposition 3.20
implies z = J(poo)-

The sequence z; = J(p;) converges to = and satisfies x; € h - it, therefore for large
j we have g; - z; € K, - x; by Lemma 3.3. K, acts by isometries (for any Ad-invariant
inner product) and fixes z, therefore g; - x; — . O

When I, is continuous on its domain, Propositions 3.29 and 3.30 imply (1.4) for every
open set. In general we have not been able to prove continuity, although we conjecture
that it is indeed true. However, for states with full support Proposition 3.23 is sufficiently
strong to finish the proof as follows.

Proof of part ii of Theorem 1.1. Let x € O Ndom I, and write x = h - o with h € K and
xg € it}. Let y € relint((h-it}) N domI,) be arbitrary. Then for s € [0,1) we have
sz + (1 — s)y € relint((h - it} ) Ndom I,,), so by Proposition 3.23 I, is continuous at these
points. From Propositions 3.29 and 3.30 we conclude that

1
i — > — — . .
mlgnOC - In 1, (0) > —I,(sz 4+ (1 = s)y) (3.75)
We take the limit s — 1 and note that the function s — I,(sz + (1 — s)y) is finite, convex
and lower semicontinuous on [0, 1], therefore also continuous. Thus —I,(x) is a lower
bound. O
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