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On the law of killed exponential functionals
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Abstract

For two independent Lévy processes £ and n and an exponentially distributed random
variable 7 with parameter ¢ > 0 that is independent of £ and 7, the killed exponential
functional is given by V, ¢, := [, e”**~ dn,. With the killed exponential functional
arising as the stationary distribution of a Markov process, we calculate the infinitesi-
mal generator of the process and use it to derive different distributional equations
describing the law of V, ¢ ,,, as well as functional equations for its Lebesgue density in
the absolutely continuous case. Various special cases and examples are considered,
yielding more explicit information on the law of the killed exponential functional and
illustrating the applications of the equations obtained. Interpreting the case ¢ = 0
as 7 = oo leads to the classical exponential functional f0°° e~%s- dn,, allowing to extend
many previous results to include killing.
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1 Introduction

For two independent real-valued Lévy processes ¢ and 7, the generalised Ornstein—
Uhlenbeck process (X;):>o driven by & and 7 is defined by

t
Xt:e-ft(/ egb'*dns—kXo), t>0, (1.1)
0

where X is a starting random variable, independent of £ and 1. The generalised
Ornstein-Uhlenbeck process can equivalently be defined as the unique solution of the
stochastic differential equation

dXt = th dUt + d??t, t 2 0,
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On the law of killed exponential functionals

with starting value X, where U is another Lévy process, independent of 1, and defined
by the property that
EWU),=e"%, t>0, (1.2)

where £(U) denotes the Doléans-Dade stochastic exponential of U, cf. [19, p. 428]. Note
that (1.2) implicitly assumes U not to have jumps of size less or equal to —1 due to
the exponential function on the right-hand side being strictly positive. The generalised
Ornstein-Uhlenbeck process is a Markov process, and it is known (cf. [18, Thm. 2.1]) that,
provided ¢ and n are not both deterministic, it has an invariant probability distribution if
and only if the stochastic integral fg e~%- dn, converges almost surely to a finite limit
as t — oo (see, e.g., [14] for necessary and sufficient conditions), in which case the limit
random variable - .
Vo,en == / e S dns := lim e S dns
0

t—o0 0

is called the exponential functional of (£,n). Due to this connection, the law of Vj ¢ ,,
is well-studied in the literature see, e.g., [10], [12], the survey by Bertoin and Yor [9],
or [4], [5], [8], [16], [21] for some more recent results.

Introducing jumps of size —1 to the process U by adding an atom with mass ¢ > 0
to the Lévy measure of U, or equivalently considering U =U — N, where N denotes
an independent Poisson process with parameter ¢ > 0, Equation (1.2) yields a Lévy
process £ that is killed upon the first jump of NV, i.e., after an exponential time. The
stochastic differential equation

dX; = X,_dU, +dn,, t>0, (1.3)

also has a solution that is unique in law and a Markov process (see [3] and [7]). However,
the stationary distribution of the process is now given by the killed exponential functional
of (¢,m) with parameter q

Va.em ¢=/0 e % dn,, (1.4)

(cf. [7]) where £ and 7 are the two independent Lévy processes defined above, and
7 denotes an exponentially distributed random variable with parameter ¢ > 0 that is
independent of ¢ and 5. Equivalently, 7 is the time of the first jump of N, i.e., the first
time U jumps by —1. Interpreting the case where the parameter ¢ is equal to zero
as 7 = oo, we recover the exponential functional Vg ¢, = f0°° e~%-dn, such that V, ¢, can
be seen as a natural generalisation of the classical case. Unless the killing is explicitly
specified, we always use the term “exponential functional” to refer to the improper
integral. However, we may emphasize the difference by writing “exponential functional
without Killing” for Vj ¢ ,,.

Killed exponential functionals have been studied in [21] and [22] among others, how-
ever, most results only cover the case n; = t. In a recent paper [7], we have characterised
the support of V, ¢ , and established continuity properties of the law of V, ¢ , for general
Lévy processes ¢ and 7. With this approach, various sufficient conditions for absolute
continuity were obtained, also yielding new results for the exponential functional without
killing. In this paper, we aim to derive different distributional equations for the law of
the killed exponential functional, as well as functional equations for its density, and thus
study the law of V, ¢, directly. Although it is rarely possible to give the distribution
explicitly, one can do so in the following special cases.

Example 1.1 ([27, Thm. 2]). Let g > 0, n: =t and & = 2B; + bt, t > 0, for some standard
Brownian motion (B,);>0 and b € R, then
d Big
V. = =
q,§,m QG()( ’
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where B g ~ Beta(l, 8) and G, ~ I'(¢, 1) are independent, and
+b -b
a = 7775: ’YTKY: V2q + b2
Example 1.2 ([20, Sect. 2]). Fix a € (0,1), set g =T'(1 —a)™!, n, =t, and let &, t > 0,
be a drift-free subordinator with Lévy measure

1 efx/a

Vf<dx) = F(l _ a) (1 _ e—x/a)a-‘rl

Then V, ¢, has a Mittag-Leffler distribution with parameter o, i.e., its Laplace transform
is a Mittag-Leffler function

Ele~Vaotn] = By (—t) = Z G
“ = T+ ak)’

and the distribution of V, ¢ ,, has a Lebesgue density fy/1, given by

Farn(s) = N 3 ﬂp(ak + 1)s" Lsin(rak), s>0
ME ™ o = k! e '

In [3], different distributional equations were derived through methods such as
Laplace inversion to study both the law and the density of the exponential functional in
the case where ¢ = 0 and 7 is a subordinator. In [21], similar equations were derived in
the case where ¢ > 0, n; = t and ¢ is a subordinator, also establishing properties of the
density such as the limiting behavior at ¢t = 0. The case 7 = ¢, in particular the density
of a (possibly killed) exponential functional, has also been studied in [22]. Another
approach to derive a distributional equation in the case ¢ = 0 has been developed in [16].
Here, the main tools used are a moment condition and results from Schwartz theory
of distributions, with the latter being applicable since the domain of the infinitesimal
generator of the underlying Markov process includes the test functions. While studying
the method, however, we found that there has been an oversight in the proof of [16,
Thm. 2.3] such that the result is not applicable in all of the mentioned cases (see
Remark 5.10).

After establishing some preliminaries in Section 2, we recall the connection between
the killed exponential functional and the solution of (1.3) from [7] in Section 3. From
this, we calculate the infinitesimal generator of the process, which is the starting point
of the analysis. An integro-differential equation for the characteristic function of the
killed exponential functional is then derived in Section 4 using the methods from [3]
and [4]. Section 5 is concerned with deriving a general equation for the law of V, ¢ ,,
through Schwartz theory of distributions using a similar approach to [16], also discussing
applications and special cases such as the case without killing. The proofs for the results
in this section are given in Section 6. In the final section, we collect several more
examples to derive explicit results for the law of the killed exponential functional, also
showing that the previously derived equations can be solved explicitly in special cases.

2 Preliminaries

A real-valued Lévy process L = (L;):>o is a stochastic process having stationary and
independent increments that starts in 0 and has almost surely cadlag paths, i.e., paths
that are right-continuous with finite left-limits. By the Lévy-Khintchine formula (see,
e.d., [24, Thm. 8.1]), its characteristic function is given by

vr,(z) = Eel#lt = exp(tr(z)), ze€R,
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where 17, denotes the characteristic exponent satisfying

Yr(2) =iypz — 0222 /2 + / (e — 1 —izaly,<iy)vr(dz), z€R.
R

Here, O’% > 0 is the Gaussian variance, vy, is the Lévy measure and ~; the location

parameter of L. The characteristic triplet of L is denoted by (0%,vy,~.). Whenever
the Lévy measure satisfies the condition f lz|<1 |z|vr(dz) < oo, we can also use the
Lévy-Khintchine formula in the form

Yr(u) = iydu — oru? /2 + / (e — 1)y (dz), weER,
R
and call 7Y the drift of L. See, e.g., [24] for any further information on Lévy processes.

For any cadlag process X, we denote by X, _ the left-hand limit of X at time s € (0, 00)
and by AX,; = X, — X,_ its jumps. The law of a random variable Y is denoted by £(Y).
Further, we write < for equality in distribution. If the random variable Y is exponentially
distributed with parameter ¢ > 0, we set YiExp(q) with the case ¢ = 0 being interpreted
as Y = oo almost surely. The (one-dimensional) Lebesgue measure is denoted by A and
absolute continuity, as well as densities, are always assumed to be with respect to A
unless stated otherwise. The Dirac measure at = € R is denoted by ¢, and 1 4 denotes
the indicator function of the set A C R. We further write “a.s.” and “a.e.” to abbreviate
“almost surely” and “almost every(where)”, respectively. The image measure of a general
measure m under a mapping g is denoted by g(m). When given two measures my,ma,
their convolution is denoted by m; * mo. We use the same notation for the convolution
of a measure m with an integrable function g, by which we mean the function with
value (m * g)(z) = [ g(z —y)m(dy) at = € R.

When con51der1ng integrals, we assume the integral bounds to be included when using
the notation f for a b € R with a < b and indicate that the left or right bound is excluded
by writing f . or f , respectively. The notatlon f for a > bis to be interpreted as — [, L
such that mappings of the form = — [;, h o, h(s)m (ds) are cadlag functions. Integrals
like fo e~%- dn, are interpreted as integrals with respect to semimartingales as, e.g.,
in [23]. Given a Lévy process L = (L;);>o (or more generally, a semimartingale), its
stochastic exponential £(L) = (£(L)¢):>o0 is the unique semimartingale Z = (Z,);>¢ that
satisfies the stochastic differential equation dZ; = Z,_ dL; with £(L)o = 1, i.e., which
satisfies Z; = 1+ j;f Z,_dL; for all t > 0. By the Doleans-Dade formula ([23, Thm. 11.37]),
it is given by

E(L) =el=9i/2 T (1+ ALye 2, t>0. 2.1)

0<s<t

It follows that £(L) is a.s. strictly positive for all times if and only if (1 + AL,) > 0 for all
times, i.e., if v, ((—o0, —1]) = 0. Now let £ be a Lévy process on R. Then it is easy to see
that U = (Uy)s>0, defined by

Up=—&+t07/2+ Y (725 =14 Ag,) (2.2)

0<s<t

is also a Lévy process, and using (2.1) it is readily checked that £(U); = e~%t. Taking the
logarithm in (2.1) recovers £ from U via

& =-U+to/2— Y (In(1+AU,) - AU,), t>0. (2.3)

0<s<t

It follows that (2.2) defines a bijection from the class of all Lévy processes £ to the class
of Lévy processes U with vy ((—oo, —1]) = 0, with inverse given by (2.3), and the relation
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is described by £(U) = e~¢. The characteristic triplet of ¢ in terms of that of U has been
derived in [6, Lemma 3.4] and is given by

of =0, ve=g(w),

Ye = —YU + 0'12]/2 +/ (‘Tll{hlgl} — (111(1 -+ z))]l{me[eflfl,efl}}> I/U(dz)7

—1,00)

where g : (—1,00) — R is defined by g(x) = —In(1 + ). From this it is readily seen that
the characteristic triplet of U in terms of £ is expressed by

ofy = 0%, vu=h(ve), W=7 —0¢/2 +/ [(e7" = 1) + 2l <1y] ve(da),
[~ In(2),00)

where h : R — (—1,00) is given by hA(z) = e* — 1. We also see from (2.2) and (2.3) that U
is of finite variation if and only if £ is, in which case the drifts are related by 'yg = —72-

Throughout the analysis, we denote the space of continuous functions R — R by C(R).
The subspaces of bounded functions, functions vanishing at infinity and compactly
supported functions are referred to as Cy(R), Co(R) and C.(R), respectively. For a
number n € IN, we denote by C"(R) the space of functions R — R that are n times
continuously differentiable with C*°(RR) denoting that the property holds for every n.
Functions in the subspaces CJ}(R) are n times continuously differentiable with the
function itself, as well as the first n derivatives vanishing at infinity. The spaces C7(R)
are defined analogously and CS°(R) is also referred to as the space of test functions. The
domain of a linear operator A is denoted by D(.A).

3 Killed exponential functionals as invariant distributions of
Markov processes

It was shown in [7] that the law of the killed exponential functional describes the
stationary distribution of a Markov process. In this section, we aim to build on this result
by explicitly calculating the infinitesimal generator of this Markov process. First, we
recall the corresponding result of [7] for the reader’s convenience. Note that the case
q = 0 was already shown in [6, Thm. 2.1].

Proposition 3.1. Let £ and 7 be two independent Lévy processes and q € [0, 00). Define
the Lévy process U by (2.2) such that £(U) = e~¢ and let N either be a Poisson process
with parameter q > 0 that is independent of U and n, or set N = 0 if ¢ = 0. Define

U:=U— N.

Then U is a Lévy process with characteristic triplet (0%, vy + ¢d_1,7v — q). Further,

Vq.,s,ni/o E(U),— dn, (3.1)

whenever the right-hand side converges almost surely. In this case L(V, ¢ ,,) is the unique
invariant probability measure of the Markov process V= (‘71‘,)1620 satisfying the stochastic
differential equation L B

dV; =V, dU, +dn,, t>0, (3.2)

with starting random variable 170 independent of U and n.
The infinitesimal generator A" of (‘Z)tzo is the linear operator defined by
- E=[ £(V=)] —
Avf(af) = lim [f( tt)] f(l‘)7 I’ER7

t—0
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on the set of functions f € C,(R) for which this limit exists uniformly in z. Here, ‘7,95
denotes the solution of (3.2) with initial value 170”’ =z and [E* denotes the corresponding
expectation. As a starting point of the analysis, consider the generalised Ornstein-
Uhlenbeck process, i.e., the Markov process given by

t
Vf':x—i—/ VE AU, + 1,
0

which is the solution of the differential equation dV; = V;_ dU; + dn; with starting random
variable V¥ = z. As shown in [4, Thm. 3.1, Cor. 3.2, Cor. 3.3], (V;*);>¢ is a (rich) Feller
process and the domain of its infinitesimal generator A" contains the space

Cg,pl(]R) = {f € Cg(IR) : \:clliinoo (|33f/(gc)| + |$2f”(x)|) _ 0} ’

where the added subscript pl refers to the power law decay of the derivatives. On this
space A" acts by

AV () = A5 (@) — /(@) + 5 (7" (@)a® + [ ()e)o?

4 /R (Flae™) — f(2) + F(@)aylqy<1y) ve(dy)
= Af(@) + 2f (w5 ()oh
4 /R (Fla+y) — £(2) — oy (@) gyeny)vo ([dy), (3.3)

where A" denotes the infinitesimal generator of the Lévy process 7 given by

A1) = 3, @)+ 330" @) + [ (F@ ) = @) = S @ytyie) ()

for f € C&pl(R). From this we can derive the generator of V as follows.

Theorem 3.2. Let g € [0,00) and (Vi)i>0 as defined in (3.2). Then the set Cg i (R) is
contained in D(A"), and for f € C§ ,(R) we have

AV f(x) = A f(x) + 4 (£(0) — f(2)),
with AV as given in (3.3).

Proof. The case ¢ = 0 was shown in [4]. Let ¢ > 0 and f € C’apl(]R). Then for each t > 0,

E*[f (V)] = f(z) _ E7[f(VF)|Ne = 0]P(N, = 0) — f()
t t

+E[F (V)N = 1]

(3.4)

P(N, > 2)

e (G

Since f is bounded and P(N; > 2) = o(t) as ¢ — 0, the last term tends to 0, uniformly
inz € R, as t — 0. Denote the time of the last jump of N before ¢ by T'(¢). Then

t
V, = e*ft <I’ +/ efs— dns) ]l{N(t):O} + e*(ft*fT(t)) / efs*ﬁT(t) d")s ]l{N(t)>1}
0 (T(t),t] B

by [6, Prop. 3.2]. Since P(NV; = 1) = gte™4¢, we conclude from this that

lim B*[f (V)| Ny = 1]% = f(0)q,

t—0

EJP 26 (2021), paper 60. https://www.imstat.org/ejp
Page 6/35


https://doi.org/10.1214/21-EJP616
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On the law of killed exponential functionals

uniformly in x. Finally, since P(N; = 0) = e~ 9" we can write

E°[f (V[N = O)P(N; = 0) = f(2) _ E[f(V")] = fw) e -1

t - t + SRR

The first of these terms converges uniformly in = to AY f(x) as t — 0, and the second
uniformly to —qf(z) since E*[f(V;*)] converges uniformly to f(z) since (V;*);>o is a Feller
process ([4, Thm. 3.1]). Together with (3.4) this gives the claim. O

Remark 3.3. (i) Alternatively, the above theorem could be shown following the proof of
Theorem 3.1 and Corollary 3.2 in [4] and replacing U by U to allow for jumps of size —1.
Observing that the characteristics vy and g differ by ¢ = — /, (-1} yvg(dy) then leads to
the same result. B

(ii) Aside from the expression in Theorem 3.2, the operator AV can also be given in
terms of the characteristics of U. As vi({—1}) = g we have for f € Capl(]R) that

AT f(a) = AVf () + 2 (e + 52 ()0}

+ /]R (flx+ay) — f(z) — 2y f (2) 11, (y)) vz (dy) (3.5)

which is (3.3) with U replaced by U.

The key to deriving the equations describing £(V; ¢ ,) in the following sections lies in
the fact that the law of the killed exponential functional (assuming that V; ¢, converges
almost surely to a finite random variable whenever ¢ = 0 is considered) is the unique
invariant probability law of the Markov process in (3.2) and thus the equation

/}R AV (2) £(Vye ) (da) = 0 (3.6)

holds for every function f in the domain of the operator A" (see, e.g., [17, Thm. 3.37];
although the proof is given for Feller processes only, one can see from the argument
given that this must hold true also for invariant probability measures of general Markov
processes). In view of Theorem 3.2, this is in particular satisfied for f € ngpl(IR). We
also note the following special case as a key tool for Section 5.

Corollary 3.4. The space C°(R) is a subset of D(Af/) and (3.6) holds for every test
function f.

4 Distributional equations derived by Fourier and Laplace
methods

In this section, we use the infinitesimal generator obtained in Theorem 3.2 to derive
distributional equations for the law of the killed exponential functional, as well as
a functional equation to describe its density, using the method developed in [4] for
the case without killing. Throughout the analysis, we set £L(V,¢,) = 1 and denote
its characteristic function by ¢, ¢ ,. The following conclusion now follows in complete
analogy to Theorem 4.1 and Corollary 4.3 in [4], using Lemma 4.2 of [4]. For convenience,
the following corollary is given in the characteristics of the original Lévy process &, as
well as in the characteristics of U with v({—1}) = q.

Corollary 4.1. Let ¢ > 0 and assume that the exponential functional converges a.s.
whenever q = 0 is considered. Further, let h € C°(R) such that h(x) = 1 for |z| <1
and h(z) = 0 for |z| > 2. Set h,,(x) := h(z/n) and f, ,(x) = e**h,(z) foru € R, n € N,
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and x € R. Then
Un(Wev, .., (1) = alpv, ., (u) —1)
+ lim @/ @) ) = 5 [ (@10 (0) + 2 0) )

[ [ oo = funa >+:cyf;,n<x>1{.y<1}>ug<dy>u<dx>)
o2
= — lim (%7/R$ o (T) u(dI)Jr?U/Rfo;’,n(x)u(dx) (4.1)

" /]R /[1,00)““’"(5“ +ay) = fun(@) =2y fin(@)Ly<y) vy (dy) u(da:)>

for all u € R. If additionally IEV2£ y < 00, then, forallu € R,

Un(Wpv, e, (W) = alpv, e, (W) = 1) +rcugh, , (u) - ”; (w260, ., (w) + it . ()
= [ (e ) = 0 el L 11) ()

2
= —ygupy, .  (u) — 7Uu2<ﬁ’é , ()

_ \/[1 o (@Vq,&m (U + Uy) — PVienm (U) - uycplvq@n (u)]l{|y\§1}) Vf](dy)

—E [e"Voepz (uVye )] - (4.2)

Remark 4.2. Observe that the integral with respect to v does not vanish even if £ (and
hence U) is a Brownian motion with drift due to the added point mass at —1.

Equation (4.2) can be solved in special cases, some of which are discussed in Section 7.
Note that it has been shown in [2, Thm. 3.1], that the precondition IEV2E p < 00 is
fulfilled if

E[U?] < 00, E[n?] < oo, 2E[Ui]+ Var(U,) < q, (4.3)
and lim;_, 5([7 )¢ = 0 a.s., the latter obviously being satisfied whenever ¢ > 0. If pis a
subordinator, an equation similar to (4.2) also holds for the Laplace transforms without

any moment condition. Let Ly (u) denote the Laplace transform of the law of a random
variable Y, e.g., Ly, ., (u) = E[e"*Y2¢2], u > 0. Similar to Remark 4.5 in [4] we obtain

(InLy, (u))Ly, ., (v)
(ILV £, n( ) 1) — ’YgUE[Vq’gme*“VmE,n]
O'
_ ?g (UQE[Vq%g)ne—qu,s,n} — UE[VII,g,nE_qu’E*"])
- /R (Lv, ., (ue™) = Ly, ., (u) = uyE[Vy.e e <]y <1) ve(dy),

for u > 0, rearranging which yields

InL,, (u Ly, (u)—1 o? 2
Dbty o =gee 0 Gy - T, ) @
Ly, .., (ue y) Ly, (u)
- " " L 1 dy).
/]R/< U U Ty Q£r1( u)lyy <1 | ve(dy)
EJP 26 (2021), paper 60. https://www.imstat.org/ejp
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Restricting the jump part of £ to be of finite variation, (4.4) reduces to

InTL,, (u) Ly, (u)—1 o? o?
. ]qu,&n (u) =4 - u * (72 o 75)]14/‘1-,5177 (u) - éum&ki,n(u)
Ly, ., (ue™) Ly, (u)
_/ ( . ~ aenW ) (dy)
R u u

and we can derive a functional equation for the density of V; ., in the absolutely
continuous case by Laplace inversion. The proof is in complete analogy to the proof for
the case ¢ = 0 given in Theorem 2.1 in [3] and hence omitted. For ¢ > 0 we obtain the
following result.

Proposition 4.3. Assume that the jump part of ¢ is of finite variation and 7 is a sub-
ordinator; ie., InL,, (u) = —yHu — f(o)w)(l —e ")y, (dy) for u > 0. Further assume
that L(V,¢) = p is absolutely continuous with density f, and, whenever o # 0, the
function z — 2%f,(z) is absolutely continuous on |0, z] for all z > 0. Then f,(z) fulfills
for A-a.e. z >0

3

2 o2 oo
i) = (4 5 )2 = S0 —a [ hlas @.5)
= [ veln 2.00) s = [ (ve((=o0.10£) 4 04 ((z = s.00) (o)

Various sufficient conditions for absolute continuity of u are given in [7]. Nevertheless,
there are cases where Proposition 4.3 is not applicable, e.g., if n is not a subordinator,
if f_ll |z|ve(dz) = oo, or if u is not absolutely continuous. In the next section, we
derive a general equation for the law of V, ¢ ,, without a priori assumptions from which
Proposition 4.3 is reobtained as a special case (see Remark 5.9). The proof given in this
section, however, is comparably shorter and less technical.

Remark 4.4. Observe that we obtain the functional equation given in (2.3) of [21] in the
special case of 7, = t and & being a subordinator, as V, ¢ ; is always absolutely continuous
by [22].

5 Distributional equations derived by Schwartz theory of
distributions

In this section, we give distributional equations for the law of the killed exponential
functional using Schwartz theory of distributions, where we follow a similar approach
as used in [16, Thm. 2.2] for the exponential functional without killing. While studying
the method, we found a small oversight in the proof of said theorem which results in the
distributional equation not being applicable in all claimed cases. This is discussed in
Remark 5.10. However, we also found that the method works when killing is included
and that the moment condition E|¢|,E|n;| < oo of [16] is not needed to arrive at the
desired conclusion in both cases. Compared to Section 4, we now rely more on technical
auxiliary results. As a consequence, many a priori assumptions needed in the previous
section can be dropped. The main result of this section is Theorem 5.3, which establishes
a connection between the characteristic triplets of the processes n and U, and the law of
the corresponding killed exponential functional V, ¢ ,. From this, we directly obtain a
functional equation for the density in the absolutely continuous case as well as, similar
to [16, Cor. 2.3], a criterion for absolute continuity and continuity or smoothness of the
density that extends the one given in [7] for the exponential functional without killing
to the case ¢ > 0. Further, we discuss different special cases. Recall that the process
U is constructed from ¢ via e=¢ = £(U) and that U is obtained from adding a point
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mass of ¢ > 0 at —1 to the Lévy measure of U. To alleviate some of the notation, we
characterise the functions involved in Theorem 5.3 in the following lemma. Recall that A
denotes the one-dimensional Lebesgue measure.

Lemma 5.1. Let &, be two independent Lévy processes such that n is not the zero
process and q > 0. Further, define the functions B,, By, Sy, S by

—vp(—o0, min{z, —1}), ifz <0,

B):R—R, By(z)=40, ifz=0, (5.1)
vp((max{z, 1}, 00)), ifz >0,
ifz=1

By:[Loo) > [0o0), By(z) =1 e 6.2
vg((max{z —1,1},00)), ifz>1,

ffoo(z —Yyl-1,y(dy), ifz <0,
Sy iR —[0,00), Sy(z) =10, ifz=0, (5.3)
f:o(y — 2)Upli—11(dy),  ifz >0,
fj 1(Z -1- )Vﬁh,l}l](dy)v ifz e [07 1)7
Sg +[0,00) = [0,00), Sg(2) =10, ifz=1, (5.4)
Ojl y—=z Vi _11 Y), ifz .
S +1) ’[ , }(d ) fz>1

z

Then both By and B,, are bounded and hence locally integrable with respect to A and
both S, and z — Si(z+ 1), z € R, are integrable with respect to \. In particular, the
convolution B, *u is defined everywhere and bounded and the convolution S, * . is defined
everywhere, is A-a.e. finite and integrable. Further, the functions z — f0+ (By * p)(x)dx
and z — [;, f0+ B (L)u(dz)dt are locally integrable with respect to \.

Proof. First, note that [B,(z)] < v,(R\ [~1,1]) < oo and |By(z)| < vg([1,00)) < o0

implies that B;, and B are bounded, respectively. For S,, an application of Fubini’s
theorem yields for z > 0 that

/ |dt</ / ly — z|vylj=1,1)(dy) dz-/ / ly — z|dzvy|(—1,11(dy)
0+

y
= [ Bl <
0+

and similarly for z < 0, showing that ), is indeed integrable. The same argument applies
to z = Si(z + 1). The remaining assertions now follow from standard results on the
convolution of bounded or measurable functions and finite measures. O

The term involving Sﬁ in the distributional equation (5.5) below is considered in the
following lemma.

Lemma 5.2. Let ¢ > 0 and Sﬁ as defined in (5.4). Then

009 = (10 [ w1y [ lelsp(ucan)a:

defines a locally finite measure on B(R).

Proof. Let B C R be compact. We first consider B € [0, 00), i.e., B C [0, R] for sufficiently
large R € R. As Sj; is nonnegative by definition, we obtain

/ (d2) // dxder//o:S dr)dz
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in which we can insert the cases given in (5.4). Applying Fubini’s theorem now yields

/0+/ p(dz) dz</ / /sz (vy — 2z + 2)dzp(de)vg|—1,1y(dy)

RZ
< > vy (dy) < o0

for the first term. For the second term, write

R (oo 0— min{z,R}
/ / S5 (Z2)u(dr)dz = / / / (z =z — xy)dzp(dzr)vy (dy).
0+ Jz+ min{z(1+y),R}

Whenever y is bounded away from zero e.g., considering y € [-1,—1/2], the inner in-
tergral can again be estimated by fo 2dz = R?/2, thus yielding finiteness of the triple
integral as before. For y € (—1/2,0), observe that the inner integral vanishes when-
ever r > 2R, and if x < 2R, it can be bounded byf (14 (2 — 7 —2y)de = x2y? /2 < 2y%R2.
Thus, the triple integral is also finite in the last case. Smce the same arguments apply
for B C (—o0,0], it follows that p is locally finite. O

The following theorem is the main result of this section. As before, set L(V,¢,,) = p.

Theorem 5.3. Let £, n be two independent Lévy processes such that 7 is not the zero
process and q > 0 such that Vy ¢ ,, converges a.s. whenever g = 0 is considered. Further,
let the functions By, By, Sy, S be as in Lemma 5.1. Then there exists a constant K € R
such that

Kdz = (;Un—l- 2,2 % ) (dz) + (Sy * p)(2)dz

(1 [ a8 + ey [ lelsp(En <dw>)dz 6.5)

~ [ (ot g Jutanas = [ 8, miontads— [ [ sp(taatas
0+ 0+

The proof of Theorem 5.3 is based on the proof of Theorem 2.2 in [16] and the
individual steps are carried out in Section 6 below. We sketch the argument briefly. First,
taking f € C2°(R), the explicit form of AY f(x) is inserted into (3.6), allowing to rewrite
the left-hand side to the form

\7x ) = //le /222’
/RAf()u(d) /Rf()G(d)Jr/Rf()G(d)

for suitable G; and GG5. We can then use partial integration to rewrite the above integrals
to all include the same function, namely f”, yielding the form

/R 1(2)G1(d2) + /}R F(:)Ga(dz) = /}R F"(2)G(dz)

where G can be identified with a distribution in the sense of Schwartz. Using (3.6) and the
definition of the distributional derivative, it follows that this distribution satisfies G’ = 0.
By solving this ordinary differential equation (ODE) over the distribution space, one can
find an equivalent expression for . Identifying the remaining constants then yields the
desired equation.

Whenever p is absolutely continuous with respect to the Lebesgue measure, (5.5)
directly yields a functional equation for the density. Various sufficient conditions for
absolute continuity are given in [7]. Note in particular that whenever u is continuous,
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the existence of a density is equivalent to the existence of a density of j[g\ {0}. If 77 is not
the zero process, u is continuous if and only if ¢ > 0 and 7 is not a compound Poisson
process (cf. [7]), or if ¢ = 0 and £ and 7 are not simultanously deterministic (cf. [8, Thm.
2.2]). In the case that ¢ > 0 and 7 is a compound Poisson process, it is x({0}) > 0 such
that the measure cannot be absolutely continuous, however, it is still possible for ,U|]R\{0}
to have a density (see Corollary 5.5 below). We thus formulate the following result in
the slightly more general setting that only y|g\ o} has a density. The proof is immediate
from Theorem 5.3 and is, therefore, omitted.

Corollary 5.4. Under the conditions of Theorem 5.3, assume that 1|\ 10} has a density f,
with respect to the Lebesue measure. Then there exists a constant K € R such that

(3024 52°02) Ful2) + (Sy % £)(2) + Syl {0))
oo 0
o | aSpEhEA+ Loy [ lolSpE)fula)da

— K+ / (%7 + x’Yff)fu(x)dx — Lizcoymu({0})
/ (By * fu)(x)dx +/ / x)dzdt (5.6)
for \-a.e. z € R.

It was shown in [16, Cor. 2.5] that the law of the exponential functional V¢, admits a
continuous density on R\ {0} if o7 + 07 > 0, as well as E|¢;| < oo, E[n:| < oo, and E¢; < 0.

The following corollary generalises this to ¢ > 0. As in Theorem 5.3, we do not require a

moment condition. The proof is given in Section 6. Observe that 0’(27 = J%.

Corollary 5.5. In addition to the assumptions of Theorem 5.3, assume that 0[72 + 0727 > 0.

(i) Ifa% > 0, then p has a continuous density f,, on R.
(ii) Ifo?7 > 0, then plgr\ 0} has a continuous density f,, on R\ {0}.
(iii) In both cases, there exist constants My, My > 0 such that

(o + 20 5) fu(2) < My + Molz|

for all z # 0.

Note that the above results, in particular (5.5) and (5.6), are derived under very weak
assumptions. Thus, the equations can be simplified further whenever more properties
of the processes ¢ and 7 are known. We discuss some special cases in the following
corollaries, the proofs of which are also given in Section 6.

Corollary 5.6 (Finite Fi~rst Moments). Under the assumptions of Thegrem 5.3 let fur-
ther E[n:| < oo and E|U;| < co. Denote the expectation of n and Uy by v, and v,
respectively, and define the functions
I . y)vy(dy), ifz <0,
FM . FM (. \ _ e
Sy iR = [0,00), S (2) =10, if 2 =0,
[y —2)vy(dy), ifz>0,
f Zﬁlfy) (dy)a IfZE [071)3
0, ifz=1,
[ =2+ Dvg(dy), ifz>1.

SFM [0,00) — [0, 00), SgM(z) =

Then the following hold true:
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(i) There exists a constant K € R such that

1 1
Kdz = (20n+ 22 o ) (dz) + (Sf?M * u)(z)dz
0

+ (o [ aSEY o) + Loy [ lalSEM(S)ute)) s

_/ (’)/717—|—;1c'y[—1j),u(d3;)dz7 (5.7)
0+

where the right-hand side of the equation defines a locally finite measure on B(R).
(ii) If additionally E|E(U)1| < e or, equivalently, 7[17 < 0, then E|V, ¢ »| < oo, and the
constant K in (5.7) takes the form

oo 0

K= —/ (7% + xvll]),u(dz) = / ('y% + Jc'y[l])u(dx).
0+ —00

Moreover, if additionally o} + 025 > 0, then the density f,, of j|g\ (0} is bounded.

Coro~llary 5.7 (Finite Variation). Under the assumptions of Theorem 5.3 let further n

and U be of finite variation, i.e., oy = 0% =0 and [|_, ;) [z|vy(de), [, |zlvr(de) < cc.

Denote by 72 and ’y% the drifts of n and U, respectively, and define the functions

—p((—00,2)), ifz<0,

BV :R—=R, BV(z)=10, ifz=0, (5.8)
vn((2,00)), ifz >0,
—vg((—00,2 = 1)), ifz€(0,1),
BEY :[0,00) = R, BEY(2) =10, ifz=1, (5.9)
vg((z —1,00)), ifz>1.

Then the equation
0= (7 +298) (d2) + (BEY + )(2)dz
) 0
+(]1{z>0}/ B§V(§)u(dx)—ll{z<0}/ BEV(2)u (dx))dz (5.10)
0 —00

holds and the quantities on the right-hand side define a locally finite measure.

Assuming finite variation only of the jump parts of the processes n and U, Corollary 5.5
can be extended to differentiability.
Corollary 5.8 (Differentiable Density). Under the assumptions of Theorem 5.3, let the
jump parts of U and n be of finite variation. Further, let o7 + 0[27 > 0 and 7Y, ’y[%, BV
and Bgv as in Corollary 5.7.

) Ifa% > 0, then the density f, of u is continuously differentiable on R \ {0}.
(ii) If 0127 > 0= 03 and q = 0, or 7 is not a compound Poisson process, then i has a
density f,, on R which is continuously differentiable on R \ {0}.
(iii) The density f,, satisfies the equation

(503 + 57202 ) fule) + 202 () (72+27%)fu(Z)—BFV(Z)M({O}) (5.11)
= (B 1)) by [ BE G ey [ BE G

which under the conditions (i) and (ii) is valid for all z € R\ {0} and still holds \-a.e.
whenever 02[7 >0= 0727, but the additional assumptions of (ii) are not satisfied. In
the latter case, f,, is A-a.e. differentiable.
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Observe that x({0}) = 0 when o >0, or o7 + 02 >0and ¢ =0, 0rq >0, 0% >0
and 7 is neither a compound Poisson process nor the zero process.

Remark 5.9. Using the relation between the characteristic triplets of ¢, U, and U es-
tablished in Section 2 and Proposition 3.1, as well as the fact that 7% =7y = -2+ 508
whenever f[—l,l] ly|ve(dy) < oo, one finds that Proposition 4.3 is a special case of Corol-
laries 5.7 and 5.8. In particular, Equation (4.5) is reobtained from (5.10) and (5.11)
for z > 0. If n is a subordinator, similar formulas are obtained from (5.10) and (5.11)
for z < 0, which are readily seen to be satisfied by f,(z) = 0 for z < 0. Note, however,
that neither of the corollaries requires ¢ or 7 to be a subordinator.

Remark 5.10. While studying the method, we found that the distributional equation
given in (2.3) of [16] for the case ¢ = 0 and E|& |, E|n| < oo does not hold in general.
The cause of this lies in equation (2.6) of the paper, where it is stated that for func-
tions f € C2°((0,00)) the left-hand side of the equation [ A f(x)u(dz) = 0 simplifies
to an integral over the positive real line, i.e., [;~ AY f(z)u(dz) = 0. Evaluating the
generator for such a function f leads to

[ A f@ntan) = [ AV p@utan)
R 0

[ (3@ on =m0 @)+ FEE ) +f @) )ade)
0 0

+/_ /_ (f@+y) = f(@) = yf (@) Ly <1y vy (dy)pu(da)
0 o

+/_ /0 (f@+y) = f(@) = yf (@)L gy <1y vn(dy)p(de)

0
i [m /]R (f(ze™) = f(a) + [/ (@)ayLyy <iy)ve(dy)u(dz).  (5.12)

Observe that the second, third and last term are zero as f(z) = 0 for < 0. However,
the fourth term may not, e.g., in the case & = t and 7 being a pure-jump process
with Lévy measure v,, = d2 + d_». For this example, one can construct a nonnegative
test function supported on the interval [%, %] for which the term in question is nonzero.
Nevertheless, whenever 7 is a subordinator, and thus Vp¢, > 0 a.s., or n does not
have any positive jumps, the fourth term of (5.12) vanishes such that all conclusions
drawn from equation (2.6) in [16], in particular the distributional equation (2.3), remain
valid. Otherwise, the equation does not necessarily hold, as can be seen from the
following example. Let & =t and n be a pure-jump process with the Lévy measure
given by v, (dz) = e~1#ldz. We can derive the distribution of Vo,¢,, explicitly from [15,
Thm. 2.1(f)], yielding that the exponential functional has the same distribution as the
difference of two independent Exp(1)-distributed random variables, i.e., a Laplace
distribution with parameters 0 and 1. As p is known, one can readily check that
Equation (2.3) of [16] does not hold for this example. The tail function and the integrated
tails for z > 0 are given by

Vn((x,oo))—/:oetdt—ez, M, (x) = /:oz/n((t,oo))dt_ez,

and similarly
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Therefore, Equation (2.3) in [16] reads

- /UOO w(dz)dv + (% /OU e_(”_l)ﬂ(dx)>dv + (% /UOO e_(”_”)ﬂ(dx)>dv

o0 1 w o0
- / — (/ e~ (W= y(da) +/ e*@*w)u(dx))dwdv =0, v>0 (5.13)
v w 0 w

for this specific example. Note that due to the choice of the processes the emaln(m)g pa-
rameters (in the notatlon of [16]) are given by b = —1, O'E = a =0 and HE =1, =0.

Inserting p(dx) = 5 ~lzldz into the left-hand side of (5.13), we obtain

e v e Y 1 2w e Y X ew
5 S-dv+ 4Udv—1</v dw + / wa)du
1 [Fe¥
(-7 S-dw)a,
( 4 /v w vy
which is not the zero measure, contradicting (5.13). However, one can check that the
equation given in (5.10) is satisfied for this example. Observing that U, = Ut —t here

and verifying that n and U are of finite variation, Corollary 5.7 is applicable. Hence, it
holds

0= —zu(dz) + (B)Y % p)(2)dz, (5.14)
by (5.10), where Bff V' can be calculated explicitly as
-z >0
BFV(x) =1 "% = sien(z)e " #l.
) {_ez’zd e

Therefore, (5.14) now reads

i) = ([ etontan) - [T e o)

— 00

and it is readily checked that the equation indeed holds for u(dz) = %e"’”‘dx.
Instead of using the results from [15], one could also solve (5.14) directly. As
is integrable, so is zu(dz) by (5.14), such that taking Fourier transforms leads to

va*p

2z

m@vo,g,n (2).

—ipy, ., (T) = —

This yields ¢y, ., (z) = (z* +1)~!, from which the exact distribution of V; ¢ , is readily
obtained by Fourier inversion. Alternatively, one could also observe that ]EV2 ey < 00
by (4.3) and find the distribution of V¢, from solving (4.2), or equivalently (4. 8) in [4],
for the given characteristics and performing a Fourier inversion of the solution.

6 Proofs for Section 5

The proof of Theorem 5.3 consists of several steps which are shown as separate
lemmas. First, the left-hand side of (3.6) is rewritten to a suitable form.

Lemma 6.1. Under the assumptions of Theorem 5.3 we have for every f € C2°(R) that

/ AV f()u(da) / £7(2)Gh (dz) + /R 1(2)Ga(d2),
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where the individual contributions are given by

G1(dz) = (;Jn + 22202> (dz) + (Sy * p)(2)dz
0

(1o | @S5G + Licoy [ lalSp(utde))d

z

Go(dz) = (v + 2vg) u(d2) + (By * p)(2)dz + | Bg(Z)u(dz)dz,
0+
with the functions B,,, By, Sy, and Sﬁ given as in Equations (5.1) to (5.4).
Proof. By linearity, we can split AV f(x) according to (3.5) and rewrite the corresponding

integrals separately. Firstly, for the terms originating from the Gaussian and drift
components it follows that

/ (%0,2, "(x) + %f’(a:) + %wgf”(w)ol% - xf’(w)%j)u(dx)
/f” 0 + ata wu(dz) /f vn+mg)u(dx)

such that their contributions to G; and G2 are readily identified. For the terms cor-
responding to the jump parts of the processes, the integrals with respect to the Lévy
measure are split according to the value of the indicator function in the integrand.
Starting with the contribution of the big jumps of n, we find for y > 1 that

/]R/:(f(wy)—f( @) vy (dy) p(de) // / (t)dtv, (dy)u(dz)

= / f’(t)/ vy ((max{t — z, 1}, 00)) p(dz)dt,
R —00

where interchanging the order of integration is allowed due to the compact support of f’
and the involved measures being finite. A similar calculation applies if y < —1. Using
the function B, defined in (5.1), the term reads as

The big jumps of U are treated in the same way, although the result cannot be interpreted
as a linear convolution here. For z > 0 it follows that

L e = s @nntan = [T [ rp(maxts - 11).00)utdo)ar,

and the calculation for z < 0 is again similar. Using the function By introduced in (5.2)
now yields the desired form as

[ e - sopptanutan = [ 70 [ Bp¢utanar

Note that the argument of By is always greater or equal to one due to ¢ and x being of
the same sign with |z| < |¢|. The approach to the terms corresponding to the small jumps
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of n and [7 respectively, is similar. However, we obtain a contribution to G instead of G,
here. For 7, using the Taylor formula, this leads to

/]R/[ 1,1] (f(z+y) = f(x) = yf'(x)vy(dy)u(dz)

-] " 0@+ y - i, (dy)p(da).

A direct computation similar to Lemma 5.1 shows, since |f”| is compactly supported and
thus bounded by a constant, that

‘/ ¢ m—i—y—t\dt‘

Thus, Fubini’s theorem is applicable and we find for y > 0 that

2

/111/(0 . (fz+y)— f(z) —yf (x))vy(dy)pu(dz)

= [11® /; | =0l @ntanr

with a similar calculation holding for y < 0. Adding both terms, one obtains
L, G sn =@ - ur @) = [ 70, «moa.
—1,1

where the function S, is taken from (5.3). For the last term involving the small jumps
of U, it follows 51m11ar1y that

/ / (F(@+ ) — f(z) — 2y (2))vp (dy)u(dz)
R J[-1,1]

[ T )+ g — )ty (Ag(d).

As f has compact support, there is some R > 0 such that supp(f) C [-R, R]. Let
now z,y > 0 and denote the set supp(f) N [z,z+ 2y by M = M, ,. As M =0 ifz > R
and |f”] is bounded by some constant C, it follows that

T+:cy // CR2 9
x +xy — t)|dtp(dr)vg (dy) < 2 Jou yrg(dy) < oo

s

with a similar calculation as in Lemma 5.2. When considering x < 0, R is replaced
by —R. If y < 0 and = > 0, we can split the interval [—1,0) at some intermediate point yo,
say yp = %, and estimate the respective integrals separately. For y € (—%7 0), observe
that M = supp(f) N[z +zy,x] = 0 if x > 2R as x + xy > £ for the given values of y. Thus,
we can use similar estimates as for y > 0. For y € [~1, —3], note that M C [0, R] and that,
therefore, 2(1 +y) € M only if (1 + y) < R. This yields

of, ., [ [ = mpattanig an) < Sovp(-1-3) <o

due to [-1, —%] being bounded away from zero. Again, similar arguments are applicable
for negative values of z, i.e., when y < 0 and x < 0 yielding integrability in the last case.
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Interchanging the order of integration and rewriting the term to include S as defined
in (5.4) now leads to

/000 Al /;wy F(#) (@ + zy — t)dtvg (dy)p(dz)
o / /+ PO~ o - endtvgannian) = [ 50 [ asp(Dulaoar

As the remaining two terms yield a similar result with the opposite sign, the complete
term can be rewritten as

/]R/[ L] (f(z +zy) — f(z) — 2y f'(z))vy(dy)p(ds)

o0 0
= [ O(twn [ aSputn) 1w [ aSp(Duda)dr
Summing up the individual contributions now yields GG; and G5 as claimed. O

Lemma 6.2. Under the assumptions of Theorem 5.3 we have for all f € C2°(R) that

/}R 1(2)G1 (d2) + /R F(:)Ga(dz) = /R 1"(2)G(dz)

where G can be identified with a distribution in the sense of Schwartz and is given by

G(dz) = (;an + %z o ) (dz) + (Sp * p)(2)dz

(1 [ a1y [ lalsp(u (dx))dz
—/OZ (%,—|—m'y(7)u(dm)dz—/ (B * p)( dxdz—/ / By (%) p(dr)dtde,

+ 0+

with the functions S, Sﬁ, B, and By as defined in Equations (5.1) to (5.4).

Proof. The term involving G;(dz) in Lemma 6.1 is already of the desired form, and, by
Lemmas 5.1 and 5.2, it follows that G;(dz) yields finite values when evaluated over
compact subsets of R. For the terms included in G5, observe that z +— foi Go(dw) is
cadlag on R and locally of bounded variation. Partial integration then shows

/f )Ga(d2) /f” / Go(dw)d
—— [ / (1o + 275 )ldlz) + /Oiwn*u)(a:)dx

/ / By (4)p(da) dtdz)dz

This contribution to G also yields finite values when evaluated over compact subsets
of R by Lemma 5.1. Summing up the terms, we find that G is of the claimed form and
locally finite, which allows to interpret the measure as a distribution in the sense of
Schwartz. O

The following lemma now allows to identify the distribution G through solving an
ordinary differential equation.

Lemma 6.3. The distribution G(dz) in Lemma 6.2 is of the form Czdz + Cydz for some
constants C'1,C5 € R.
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Proof. By Equation (3.6) and Lemma 6.2 it holds for all f € C2°(R) that
/ AVf dI / f/l <f// G> _ 0

where (-,-) denotes dual pairing. From the definition of the distributional derivative it
now follows that

(f".G)=={f.¢")=(£.G") =0

As the above holds for all test functions f and R is an open set, we can conclude that G”
must be the zero distribution. Using results on the antiderivative of distributions, e.qg.,
from [13, Thm. 4.3], we find that the solution is given by G(dz) = C;zdz + Cadz and is
unique up to the choice of constants. O

Lastly, we note the following lemma to identify one of the constants.

Lemma 6.4. The distribution G(dz) in Lemma 6.2 satisfies

1 t

Proof. Using linearity, we can once more treat every summand of G separately. First,
we find for the contribution of the Gaussian parts of n and U that

ﬁ/l (;2; 12;+ ;JU)M(dz) < hit) (; o, + ;JU)M([l,t]) — 0, t = o0,

yielding the desired value of the limit as p is a finite measure. For the contribution of
the drift first observe that

z

1
lim — [ zp(dz) =0,

z—=00 2z Jq

i.e., for every ¢ > 0 we can find a value R. such that % [~ 2u(dz) < € if 2 > R.. This

yields
tl z REl z tl
| yaud d‘< _ - dz)d 2d
‘/122/07Uxu(w)27|%]|(/1 ZQ/Oxuw)zw/REZz)

which implies that

t—o0

] 1 t 1 4
Oghmsup‘m/l ;/0 ('yn+mg)u(d$)’ < Iygle.

Since the above statement holds for every € > 0, we can conclude that the limit is zero.
For the contribution of the small jumps of n, recall that S, * u is integrable with respect
to A by Lemma 5.1. Therefore, we find that

.1t 1
0 < lim 15)/1 —(Sy * p)(2)dz < lim —/}R(Sn*u)(z)dZ:O.

t—00 1n( t—00 ]n( )

For the summand involving S, splitting up the inner integral leads to

i 1 0o : t 1 2z . + 1 00 .
/1 ;/0 mSg(g)M(dx)dz—/l 22/3 :vSE,(;)u(dx)dz—i—/l ;/ZZ 2S5 (2)p(da)dz
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as r

< 3 implies that Z — 1 > 1 and, therefore, we have S;(Z) = 0 in this case.
Since S5

%) is nonnegative by (5.4), a direct calculation leads to

/zz pde) /2 /1 (= = 2y + 1) vg(dy)u(de)

/ /gw z—a(y + 1)) u(da)vg (dy)

< /_1 (z—22(y+1)) /2m p(dz)vg (dy)

S Z’[L([2Z7OO))V[~]([71, 7%})7

which, since u([2z,00)) — 0 as z — oo, implies that the term is of order o(z). We can thus
apply the same reasoning as for the contribution of the drift terms and conclude that

R A B B
tlggom/l ?/Qz xSz (Z)u(dr)dz = 0.

If /2 < x < 2z, consider

/t 2215[]( =), (dx)dz—/2t /min{t g = (2)dzp(dz)

2 2
1 J3 z max{%,1} z

2t px(l—e) 2t px(l+e) T
/ / Gazn(a) + [ ] (et

2

2t
dz dx
/ / (140) 22 p(da)

for some ¢ € (0,1/2). In the case that the values of z are bounded away from z = z, we
can use (5.4) to estimate S;(Z) by a constant C. > 0, implying that

2z
/ dz < C. / dz = (# — i)
(1+s) 22 (14¢) 22 x(l1+e) 2z

with a similar estimate also holding for z € [2/2,z(1 — ¢)]. If the values of z are close to
the singularity at z = x, we find that

z(1+¢) 1 1 T ; 1 z(1+e) :
/ ZQSU( )dz < 72(1—6)2 / Sﬁ(g)dz—i_?‘/l Sﬁ(;)dz

z(1—¢) z(l—¢)

2(

1 0 1/
= a2 ) Sg(t+1)dt + 5/0 Sg(t+1)dt (6.2)

by a suitable substitution. Note that both integrals are finite by the definition of v,
since

/ St 1)t = / y 'y~ tuy(dy)dt = / 1 / M Dt (dy) < / ()

(6.3)

and a similar estimate holds for ¢ € [—¢,0). Therefore, one obtains an estimate in terms
of X in all cases, implying

2z 1 t 5«
< _ -
t_wo @) /1 22/ S5(Z)p(dr)dz < tl_l)rgo n( )/% ;vxu(dx)
(1L -
= C Jim 1n(t)“([2’t]) 0
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with a suitable constant C. For the term corresponding to the big jumps of 7, observe
that the function B, is bounded and satisfies lim|.|_.o B,(z) = 0 by (5.1). This implies
that also (B, * t)(z) — 0, as can be seen by partitioning the domain of integration of the
convolution with respect to the values of the function B,,. Thus, we also find that

z

lim 1/ (B * p)(x)dz =0,
|z] =0 2 Jo

i.e., the corresponding summand in G is of order o(z), which, in combination with the

above arguments is enough to conclude that this term also does not contribute to the limit

in (6.1). Similarly, we observe that also By is bounded and satisfies lim;_, B (t) =0

as v ((1,00)) < oo, which, together with i being a finite measure implies that

z
Jim ; By(Z)u(dz) =

by dominated convergence. Therefore, the corresponding antiderivative appearing in G
is of order o(z) as desired. O

Using the above lemmas, we can now prove Theorem 5.3.

Proof of Theorem 5.3. Starting from (3.6), we first rewrite the left-hand side according
to Lemmas 6.1 and 6.2 to arrive at

/R AT f(@)u(da) = /R J(2)G(dz) =

Recall that this equation holds for every f € C2>°(R) by Corollary 3.4. Using the results
from Lemma 6.3, we find that G” equals the zero distribution and thus G = Czdz + Cbdz
for some constants C7,C5 € R. Identifying the equivalent expressions for G from
Lemmas 6.2 and 6.3 now yields

1 1
Chzdz + Cadz —(2077 + 52202) (dz) + (Sy * p)(2)dz
0

+ (s [ aSp(uido) + Loy [ lalSp(utan))as

z

- /Z (v + 275 p(da)dz — /0+(Bn * ) (x)dedz

/ / w(dz)dtdz. (6.4)
0+

In order to arrive at (5.5), the values of C; and C5 have to be identified. To determine (1,
observe that

In(t)

such that we can give its value by applying the above transformations to both sides
of (6.4) and letting ¢t — oco. From Lemma 6.4, this limit is equal to zero. Renaming K = Cs,
we arrive at (5.5). O

1
t

A
)/ 27(012+02)d2201+02 —)Cl, t—)OO,
1

In(t

Proof of Corollary 5.5. (i) and (ii), Existence: From the form of (5.5), we see that

Lo 1s,
(20n+220) (dz) = H(z)d=z
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for some locally integrable function H. It follows that p has a density f, on R when-
ever o} > 0 and that yi|r\ (o) has a density f, on R\ {0} whenever ¢Z > 0 = o7. In both
cases, Corollary 5.4 implies that f, must satisfy (5.6) for M-a.e. z € R.

(iii) Since S, > 0 and S > 0, the term ( 0’ + 1220%)]‘# can be bounded by the right-
hand side of (5.6). Observe that all quantltles in this bound apart from ]l{z<0}7,7u({0})
if v,1({0}) # 0, are continuous functions in z. In particular, the right-hand side of (5.6)
is locally bounded in z € R, continuous on R \ {0} and, whenever ;({0}) = 0 (which is in
particular satisfied if o} > 0), also continuous on R. Observing further that B, * f, is
integrable and Bﬁ is bounded by definition (cf. Lemma 5.1), we see that the right-hand
side of (5.6) can be bounded by M; + Ms|z| for z € R and suitable constants My, My > 0,
yielding the desired bound

1 1
(503 + 32%0% ) ful2) < My + MaJa], ¥z £0.

(i), Continuity: Let 0127 > (0 and U% > 0. Since the right-hand side of (5.6) is
continuous on ]R\ {0}, it suffices to show that Sn, Sy * fu, as well as the mappings
2 1m0y [o° S5(2) fu(z)dz  and zH]l{Ko}f |a:|S (2)fu(x)dz are continuous

on R\ {0}. Wr1te
S0 = [ 0= ey @11 (d0)

for z > £ > 0, and observe that the function z — (y — 2)1}, o (y) is continuous at zy > ¢
for all values of y. Thus, an application of Lebesgue’s dominated convergence theorem
yields that ), is continuous at zy > ¢. Since € > 0 was arbitrary and we can apply
a similar argument for z, < 0, it follows that S, is continuous on R \ {0}. To show
that S, * f,, is continuous at zy > 0, let ¢ € (0, 29) as well as 6 € (0,1) and decompose

Sp(z) = S,‘;’l(z) + Sf]’z(z), (6.5)

where the functions on the right-hand side are defined similarly to (5.3) with v, |_; y
replaced by vy|(_ss OF vplj_1,1)\[=s,6) for o' or 552, respectively. Then S3' and S5
are continuous on R\ {0} and 5?2 is bounded by v,([—1,1] \ [-4,4]) < oo by definition.
The latter implies that 52’2 * f,, is continuous on R for every ¢ € (0,1) (see, e.g., [25,
Thm. 14.8]). For the treatment of Sg’l * fu, recall from Lemma 5.1 that S, is integrable
with respect to A. Since Sf;1 converges (point-wise) to zero as § | 0 and Sf;l <5, it
follows that -

. P! _

161%1/_240 Sy (2)dz =0
by dominated convergence. By part (iii) of the corollary, we can bound f, by a con-
stant M3 > 0 on [z9/4,7z/4]. For z € (20/2,320/2) and 0 < § < z/4 we have S}>' = 0
for |y| > z¢/4 and hence

(,5'51 * fu) (2 / fulz — ) S‘S1 )da < Mg/ Sg’l(x)dx

Choosing § small enough, the above estimate on the right-hand side becomes arbitrarily
small. Together with the previously established continuity of 5272 and (6.5), this shows
continuity of S, * f,, in zp > 0. Applying a similar argument for z; < 0, we can conclude
that S, * f, is continuous on R \ {0}.

It remains to consider the terms involving S;. First, we establish continuity of the
mapping z — [, 2S5 (2) fu(z)dz in 29 > 0. As for (6.5), let 6 € (0,1) and decompose

Sg(2) = S5 (2) + S22 (2), (6.6)
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where the quantities Sg’ and S?f are defined similar to (5.4) with I/U| —1,1] replaced
by vzl—s,6] OF Vg|[(—1,1)\[-s,5], TesPectively. As in the treatment of 5,, a bound for S~
readily obtained from the definition since

532E < [ G=1- gl @) < =11 -6,6)

-1

for z € [0,1] and, setting Mg = v5([—1,1] \ [-4,4]),

1
S22(2) 5/0 Y- o0 (dy) < MY

for z > 1. Further, S22 is continuous on [0,00) \ {1}, as can be seen from applying a
similar argument as for 5;5772_ Writing

o0

| asP@ @ = [ at0a@SPE e+ [ o @S5 ) )

0

the integrand can be bounded by (21 (g .)(x)MJ + 21, o) (x) M) fu(z) such that the
continuity of the mapping z — [~ z8% 2( ) fu(x)dz in zy > 0 follows by dominated con-
vergence. Since we can apply a 51m11ar argument for the continuity in zy < 0 of the
corresponding function on the negative real numbers, and we have for zp = 0 that

. > 8,2 2 _ - 9,2 —
lzl?ol/o xSg (2) fu(z)d 7/0 zSE (0)fu(z)dz =0,

it follows that the mapping

o 0
ol [ aSPE @ + L [ ISP @)

is continuous on R. Therefore, it only remalns to consider the term involving S21 In
order to do so, observe that the support of S >" is contained in the interval [1 — §,1 + §],
that Sgl < S5 by definition and that, as a consequence of the integrability of S5 (cf.
Lemma 5.1) we have that

1+0

0 < lim 551( )dz < lim Sz (x)dx

=0.
510 510 15 U )

Using the substitution v = z/z for z > 0, it follows that

- = 1+6 2
| asy @@= [T esi i@ = [ s G

z

146

Since f, is locally bounded on R \ {0} by part (iii) of the corollary, the above quantity
becomes arbitrarily small for sufficiently small § > 0 when z € (z/2,32¢/2) for zo > 0.
Together with (6.6) and the already established continuity of the terms involving 5272, it
follows that the mapping

0o 0
2o [ aSpEI@de + Licoy [ lalSp()fua)de
is continuous on R\ {0}. The desired continuity of f, on R\ {0} hence follows from (5.6).
(i), Continuity: Now assume that 0727 > 0. As p has a density on R, it follows
that x({0}) = 0 and using the same argument as in the proof of part (ii), it is sufficient to

show that the mappings z — (S, * f.)(2) and

e’} 0
Z— ]1{z>0} /O xsﬁ(i)f“(x)dx + ﬂ{z<0}/ |I|Sﬁ(§)fu($)dﬂj
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are continuous at z = 0. Observe that by (iii), f, is not only locally bounded on R \ {0},
but on R whenever 0727 > 0, such that we can use the methods from part (ii) also for z =0
in this case. Note that f, is in particular bounded on [—-1, 1], and that

lim S‘”( )dZ*hm/ 5%1(2)dz = 0.
510

The terms including S~ and 55 I thus become arbitrarily small in a neighborhood of
zero. Since the terms 1nv01v1ng 522 and 55 % are again continuous, we find that f,, is also
continuous at z = 0. This finishes the proof O

Remark 6.5. It seems tempting to iterate the proof of Corollary 5.5 to obtain further
smoothness properties of f,. Such an argument would require being able to show
that f, € C(R) implies S, * f, € C'(R) or at least S, * f, € C'(R\ {0}), as well as
similar statements for the other quantities on the right-hand side of (5.6). This claim is,
however, not true in general. A counterexample is given by v, (dz) = z7%/%1 g 1)(z)dx
and f € C.(R) being a density that satisfies f(z) = c((z — 2)Y/3 + 2) for z € [2,3]
and f(x) = ¢(2 — (2 — x)/3) for = € [1,2], where ¢ > 0 is a suitable norming constant.
Since S, (z) ~ 4/3z71/? as z | 0 and f'(z) = £|x — 2|7?/3 for x € [1, 3], an application of
Fatou’s lemma shows that

foe o )@) = (Sy = (@) _

zl2 xr—2

such that S, * f is not differentiable in = 2. Hence, an easy iterative argument seems not
to be possible in the general case considered in Theorem 5.3 and Corollary 5.5. Observe,
however, that Corollary 5.8 gives conditions for f, € C'(R\ {0}) and Example 7.1 below
gives a concrete example when o > 0 and f, € C'(R\ {0}) \ C*(R). Furthermore, note
that restricting the characteristics of the Lévy processes involved may yield much
stronger smoothness properties than the general case, e.qg., if n, = ¢, where the density
of the law of the killed exponential functional with ¢ > 0 is infinitely often differentiable
on R\ {0} for most choices of ¢ (see [22, Thm. 2.4(3)]).

Proof of Corollary 5.6. (i) Observe first that Sb SFM — S, and Sb 551” Sg are
bounded functions vanishing at infinity and that S;’J =0 for z < 1 Thus, the convo-
lution Sf]’ M 4 1 can be written as a sum of an integrable and a bounded function and
hence is locally integrable with respect to A\. The analogue of Lemma 5.2 involves the
measure o™, which takes the form

0
"M (dz) = o(dz) + ]l{z>0} / Sg( —licoy / xsﬁ(i)u(dw))da
from which it is visible that the right-hand side of (5.7) defines a locally finite measure.

As the moment condition implies that both flR\[fl 1%y (dy) and f(1 ~0) |7l (dy) are
finite, it follows that

/}R (f(z+y) — f(@) —uf @)Ly <1 (y)) vy (dy) +n f'(2)
- /}R (F@+y) — F@) -y (@))va(dy) + 731" (x) (6.7)

with a similar relation also holding true for U. One now follows the proofs of Lemmas 6.1
and 6.2, i.e., considers the integral with respect to u, shows that Fubini’s Theorem
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is applicable for the terms involving multiple integrals and thus recovers a similar
distribution G¥'*(dz). To show, e.g., that

[ [ 06 - oo @) <

for f € C°(R) with supp(f) C [—R, R], observe that the inner integral can be estimated
by RC(z + zy) < R2C(1 + y) for a suitable constant C' > 0 such that |f”(t)] < C
for t € [- R, R]. Together with the moment condition, this yields that the triple integral,
too, is finite. Following the remaining steps of the proof of Theorem 5.3, we also obtain

tlggo @ /12 ;12(52(2’) + /OZ xS%(ﬁ)u(dx))dz =0,

which yields Equation (5.7) as claimed.

(i) Since E[£(U)1| = EE(U): = " (see [2, Prop. 3.1]) and 7} = EU, = EU; — q by
definition, the condition E|E(U);| < e? is equivalent to 7(17 < 0. Further, E[E(U),| < e?
implies [;, [#]p(dz) < oo, as is shown in [2, Thm. 3.1]. Let G**(dz) denote the right-hand
side of (5.7). To determine the value of the constant, we use a similar approach as in
Lemma 6.4, showing that

. oo 1 (oo}
lim t/t ;GFM(dz) = —/0 (’y% + xvllj),u(dat). (6.8)

t—o0 +

To see that (6.8) holds, observe first that lim; . tu((t,00)) = 0 as a consequence
of tpu((t,00)) < [, ooy [zlp(dz) < oo. This implies

o, 52 o2
- %0 _
tliglot/t (222 T )“(dz) 0.

Further, note that Sff Moy =8,*u+ Sf; * u. Here, S, * 11 is integrable with respect to A,
from which we obtain

lim t/ % (Sy * p)(2)dz < lim (S x p)(2)dz =0,
t Z

t—o0 t

and S} « . is bounded with lim. _,, S} * u(z) = 0. Hence, the integral involving S} also
vanishes. Next, observe that S is bounded on [0, 00) \ [1/2,2] and that lim, ., Sz(2) = 0.
Since [ |z|u(dz) < oo, an application of Lebesgue’s dominated convergence theorem
yields that

lim wSEM (2)p(dz) = 0

2720 J(0,2)U(22,00)

and hence o 1
lim t/ —/ zSEM (2 (dx)dz = 0.
t=oe i 22 Jozu@ece) U "

For z/2 < z < z we find, similar to (6.2) and (6.3), that for some constant C' > 0
o] 1 2z s o) 0o 1 o 0 C
t/t Z—Q/Z S5 (Z)(de)dz < t[ x/T 2—255 (£)dzp(dr) < t/t xgu(dx),
2 2 2 2

where the right-hand side converges to zero as t — co. Lastly, observe that

. oo 1 z o0
lim t/ - / ('y}] + x’yé)u(dx)dz = / (7% + x'yll]),u(d:z:),
t 27 Jot 0+

t—o0
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which yields the value of K and thus finishes the proof of (6.8). That the constant
can also be written as f (75 + 275 ) u(dz) follows by a similar argument considering
|t|f 272GFM(dz) for t — —o0, or alternatlvely from E(Vy¢,,)E(U1) = —E(m) (cf. [2,
Thm 3.3a]). Now assume that Un + 025 > 0. By Corollary 5.5, u|r\{o} has a density
fu- Note, however, that rearranging the terms in (5.7) and using the positivity of S}
and SE M as in the proof of Corollary 5.5 leads to

1 1 #
(502 + 52208 ) ful2) < K+/0+ (7 + 7)) < K|+ |’V$I+|7};|/R|:vlu(dx) <o

here due to the moment condition. Thus, f, is bounded. O

Proof of Corollary 5.7. Observe first that B] = BV — B, and Bé = Bgv — By are inte-
grable with respect to A due to the finite variation condition. In particular, we have
that Bf Visp=Byxpu+ B,I7 * 1 is the sum of a bounded and an integrable function
and hence locally integrable. In order to obtain the analogue of Lemma 5.1 in the
finite variation case, one needs to show that the mapping z > [, + Bz (Z)u(dz) is locally
integrable with respect to A. Since By is bounded, it is sufficient to consider B[IJ for
which we find

/: /0 B (2)n(dw)dz = /: /: /:1 v (dy)dzp(dz)

/(H/ /x+1y dzvg (dy)p(dz) < Ru([0, R])/ v (dy),

showing that the triple integral is finite due to the finite variation condition. The other
quantities can be estimated similarly. Thus, the right-hand side of (5.10) defines a locally
finite measure, which we denote by G*V(dz). With the jump part of U and 7 being of
finite variation, it follows that f[71,1] ly|vy (dy) and f[fl«,l] |ylvg(dy) are finite, in particular

/R (f(x+y) = f(@) = yf (@) L1y <1 (y)) vy (dy) + 7 f'(2)
- /R (F(@+ ) — (@) v(dy) +70f () (6.9)

with a similar relation also holding true for U. As in the proof of Corollary 5.6, there
is no need to split the integrals with respect to Lévy measures when rewriting as in
Lemma 6.1 such that the jumps of  and U, respectively, only yield a single term. Since
also arf, = 0127 = 0 by assumption, all terms can be rewritten to only include f’ and there is
no need to consider antiderivatives when following the argument of Lemma 6.2. This im-
plies that the distribution G*'" obtained satisfies [, f'(z)G"Y (dz) = 0 for all f € C°(R),
hence (GFV)" =0, giving the form G¥V (dz) = Cdz for a smgle real constant C. We have
thus obtained an equivalent to (5.5) in the finite variation case. In order for the constant
to vanish, we need, similar to (6.1), that
1 ‘1 FV
C = lim / —-G"V (dz) =0. (6.10)
t=oo In(t) Ji 2

Using the results obtained in the proof of Lemma 6.4, one can directly conclude that
the drift term, as well as the terms involving B, and B as defined in (5.1) and (5.2),
respectively, satisfy the desired asymptotics, leaving only Bé and BILJ to be considered.
Since Bé * 14 is integrable with respect to A, it readily follows that

t—oo In t—oo In

L ‘1 * z 1mL 001 Iy z)dz =
0 < lim ()/1Z(B 1) (z)dz < li ()/1 Z(B77 1) (z)dz = 0.
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Further, treating Bé similar to Sﬁ in Lemma 6.4, we find for x > 2z that

22 wlde) /2z/ gldyu(de) / /QZ w
< g ([=1,—3])n([22,00)),

which converges to zero as z — oo, and for x < 2z that

tq 2z ; 2t pmin{t, 21} ;
/1 2 L. By (Z)pu(dz dz—/ / fB 5 (2)dzp(dw).

z max{Z,1} %

Here, note that B§V can be estimated by a constant if the argument is bounded away
from the singularity at z = = and that a suitable substitution implies

/(f))i BL(2)dz < (115/_0 Vﬁ([—l’s))ds+/osyﬁ((s’00)>d8);

€

As U is of finite variation by assumption, it follows that the above term is finite and thus

: 1 tl > Iz
thjgom/l ;/o B (%)p(dz)dz =0,

yielding (6.10) as claimed. O

Proof of Corollary 5.8. With the jump parts of the processes n and U being of finite
variation, we can follow the proof of Corollary 5.7 and rewrite their contribution to the
distribution G in terms of Bf V and Bgv. However, as 072,+0% > 0, an argument similar to
Lemmas 6.2 to 6.4 is needed to find the equivalent to (5.5) for the case considered. Note
in particular that the desired asymptotics for Bf77 V and BZV follow directly from (6.10)
in the proof of Corollary 5.7. Since p has density f, on R \ {0} by Corollary 5.5, we also
find an equivalent to Equation (5.6) which is given for a suitable constant K € R by

( [op +1ZU )fu()
=-K +/ (v + 272) fu(@)de + 1 copypu({0})
0+

CREV ©pEv
—l—/0+(Bn *fu)(l‘)dl‘+/o+ B, (x)dzpu({0}) (6.11)

z [e%s} 0
o (o [ BEY O @ -ty [ BE ()

Here, the terms involving -, 7%, BEFY and Bgv are locally integrable with respect to the
Lebesgue measure as a result of calculations similar to Lemma 5.1. This implies that the
respective integrals are differentiable A-a.e. (see, e.g., [11, Thm. 6.3.6]) such that the
right-hand side of (6.11) and thus (302 + 32202 2)fu(2) is differentiable \-a.e., implying
that this must hold for f,, as well. Equat1on (5. 11) now follows by differentiation.
Further, observe that f,, € C°(R \ {0}) by Corollary 5.5. Hence, differentiability of f,,
follows by showing that the terms on the right-hand side of (6.11) are in C'(R \ {0}),
or equivalently, by the fundamental theorem of calculus, that the functions that are
integrated over (0, z] are continuous on R \ {0}. As this is trivially satisfied for the map-
ping = — () + ny)f#( x) and the assumptions of both (i) and (ii) imply that x({0}) =0
(see [7]), it remains to consider the terms involving BF V and 35V Similar to the treat-
ment of S, in Corollary 5.5, let zy > 0, choose 0 < € < x0/2 and define B; by replacing v,
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by vy|r\[-¢,e] in (5.8). Then B; is bounded and continuous at all but countably many
points such that z — (B; * f.)(z) = [ By t) fu(t)dt is continuous at x¢ by dominated
convergence. Next, observe that the remamder B,f v By is only supported on a subset
of [—¢, ¢] and integrable due to the finite variation condition. Therefore, the mapping

€

x> ((va - B;) * fu)(x) = 3 fulz —1t) (va - B;)(t)dt

is continuous by another application of Lebesgue’s dominated convergence theorem
as f,(x —t) is uniformly bounded in = € [zg — €, 29 + €] and ¢ € [—¢, ¢]. Applying a similar
argument for o < 0, it follows that z — (B[  f,)(z) is continuous on R\ {0} as desired.

The terms involving Bgv can be treated similarly to the ones involving S in Corol-
lary 5.5. First, decompose

BEV(L) fu(x)de = BEV(L)f,(z)dz itBFV L(r)dr  (6.12)
IO A I ACT AT R A A CTAEE

and fix t; > 0. Observe that BFV is bounded on R\ [2/3,2] and that the mapping
t > Lo 1yu(at00) (@)BEY (3) is continuous at to for all but countably many = > 0. There-
fore, contlnulty of the mapping ¢ — f]R]l(o U2 t00) (T )BFV( ) fu(x)dz in ty > 0 follows
by dominated convergence. Further, the second term on the right-hand side of (6.12)
can be rewritten using a suitable substitution, yielding

/j Bgv(x)f“( )dm_/1 VU(( 00)) fu(z)dz /t§ I/ﬁ((_ooaé_l))f#(x)dx
1 ; t
- / vir (0,000 ) [y e

0
t
- [ ot g
where choosing 0 < ¢ < tp/2 implies that f,(¢t/(w + 1)) can be uniformly bounded
int € [to—e,to+¢] and w € [-1/3,1]. Since

/Olva<<w,oo>>m+11)2dw+/_°

the right-hand side of (6.12) is continuous at ¢y > 0 by dominated convergence. Since a
similar argument can be applied for ¢y < 0, the term is continuous on R \ {0}. Therefore,
the right-hand side of (6.11) and hence the left-hand side of (6.11) are in C*(R \ {0}),
which shows that f,, € C'(R \ {0}). In particular, Equation (5.11) holds for all z € R\ {0}
if the assumptions of part (i) or (ii) of the corollary are satisfied. O

1
vg((—o0, w))mdw < 00,

ol

7 Applications and examples

In this section, we consider various applications of the equations in Sections 4 and 5,
respectively, deriving explicit information on the law of the killed exponential functional
in special cases. The first example is concerned with the special case £ = 0, which is the
Lévy process 7 subordinated by a gamma process with parameters 1 and ¢ > 0, evaluated
at time 1. The law of V, o ,, is ¢ times the potential measure of ), cf. [24, Def. 30.9].

Example 7.1. Let ¢ > 0and £ =0, i.e., V0, = n,. Since o¢ = ¢ = 0 and v is the zero
measure, the limit term in (4.1) vanishes, yielding

Yo (Wev, ., (u) = q(pv, ., (u) = 1),
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such that we recover the known formula for the characteristic function of the potential
measure from [24, Prop. 37.4]. One can also use the results in Section 5 to give a
distributional equation for p = £(7;,), and hence for the potential measure, by observing
that the characteristics of U are given by (0,¢d_1, —q) whenever £ = 0. For example, if 5
is of finite variation, one obtains from (5.10) that

'yg,u(dz) + (va 1) (2)dz + q(Lacoypu((—00, 2]) = Lzsopp([z, 00)))dz = 0,

and if 0727 > 0, but the jump part of 7 is still of finite variation, it follows from Corollar-
ies 5.5 and 5.8 that x has a density f, € C°(R) N C*(R\ {0}) that satisfies

3T =280, = (BY s 1)) 4 a(eco [ e~y [ fula)is).

In the special case of n being a standard Brownian motion, we have Jf] =1, 72 =0
and B,f V' = 0 and one readily checks that the solution of the differential equation is

given by
—V2qlz] _ e~ V24lz|
Julz \[ q m )

which is ¢ times the potential density given in [24, Ex. 30.11].

The following example collects some cases in which the solution of Equation (4.2)
can be given explicitly.

Example 7.2. (i) Assume that ¢ > 0 and that (&):>0 is deterministic and not the zero
process, i.e., & = ¢t with v¢ # 0. We need to assure —2v¢ < ¢ and En? < oo in order to
have (4.3). Under this assumption, setting ¢ := ¢y, . ., Equation (4.2) reduces to

Yeusp' (u) + (q — by (uw))p(u) = g.

For any v > ¢ > 0 the solution to this inhomogeneous first-order ordinary differential
equation (ODE) is given by

) = exp / (s qu)[ ()Jr/ —exp /%; qu)dt] (7.1)

(&

Now assume that v¢ > 0 and that v,,(s) ~ as” near zero for some o € C\ {0} and 3 > 0.
Then fu 1/175 ds exists and letting ¢ N\, 0 in (7.1) leads to

u u t
@(u) = exp ( 1/}777(8)(18>u—Q/"/£ / th/’Ys—l exp ( _ Mds)dt, u > 0. (7‘2)
o ¢S 0o e 0 s

In the trivial case of ¢, (u) = iu, where
" —7et 1 —VeT
Voen= [ e 7¢dt=—(1—-e), (7.3)
0 Ve
Equation (7.2) simplifies to

) ” "
o(u) = exp (iu)u*q/% / 4 ja/ve-1 exp ( — Z—)dt
e o ¢ e

for v > 0, which in the special case ¢ = 7, can be further simplified to
o(u) = g(l —exp (Ei>), u >0,
u q
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as characteristic function of (7.3) with 7¢ = g. Observe from the explicit form of ¢ that
the characteristic function has zeros such that the law of the killed exponential functional
cannot be infinitely divisible in this case.

If we assume 7 to be a Brownian motion without drift instead, i.e., z/;n(u) = —2y°,
then (4.3) holds, and whenever ~, > 0, Equation (7.2) reduces to

2 u 2

g (o

p(u) = exp ( - —77ug>zfq/7g / 2 ga/ve-1 exp (—ntz)dt.
e o ¢ Ye

This can be further simplified for various values of ¢/, e.g., if ¢ = 2v¢, we have

202>
go(u):%uﬂ(l—exp(— u )), u >0,
2077 q

and if ¢ = 4¢ we have

2 402> 4ulo?
u) =u 1) +exp , u>0,

as characteristic function of the killed exponential functional.
Finally, if we assume 7 to be a compound Poisson process with intensity £ and

exponentially distributed jumps with parameter a > 0 such that v, (u) = kazju then we
derive from (7.2) for u > 0 that
o(u) = (u+ ia)~F/ ey~ 7 / itq/va—l(t + ia)*/vedt
0o ¢
0\ R/ e :
a—1iu k
= ( ) 2F1(i,**§1+i§ﬂ),
a Te o e Ve a
where o Fi(+,;+;-) denotes the hypergeometric function (see, e.g., Formulas 15.3.1

and 15.1.1 in [1]) and z7*/7% for » € C is interpreted as exp(—f—’glog(z)) with log de-
noting the principal branch of the complex logarithm. Setting formally ¢ = 0 in the
above expression, we obtain ¢(u) = (9=)~*/7¢, which is the characteristic function of
the Gamma(k/v¢, a)-distribution. Indeed, Vj ¢, is Gamma(k/v¢, a)-distributed, cf. [15,
Thm. 2.1(f)]. Note that we can also obtain this fact from setting ¢ = 0 and consider-
ing ¢ \(0in (7.1).

(ii) Let (&;)¢>0 be a Brownian motion with drift v¢. In order to have (4.3), we need to
assume that 2(0? — 'yg) < qand ]En% < 00. Under this assumption, Equation (4.2) leads to

the following inhomogeneous second-order ODE (again setting ¢ := vy, . )

U—;UZ@"(U) + (% - ’Yg)wpl(u) + (Y (u) — @)p(u) = —q,

2
which for v, = 02—5 < 4 reduces to

%“%”(M + (Wn(u) — q)p(u) = —¢.

In particular, assuming (7;);>0 to be a Brownian motion without drift, the resulting ODE

o2 2 2
u250”(u) - (—Zuz + —Z)cp(u) = ——g, (7.4)
T¢ T¢ O¢

is a Bessel-type equation. Using the substitution ¢pnem(¢) = v/t ghom (%u) for u > 0,

it is easily checked that a function ¢y, satisfies the homogeneous equation corre-
sponding to (7.4) on (0,00) if and only if gp.. satisfies the homogeneous modified
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Bessel equation v?g”(v) + vg'(v) — (v* + 2¢/0f + 1/4)g(v) = 0 for v € (0,00). Denot-
ing o 1= 2q/a§ +1/4 > 0, two linear independent solutions of this modified Bessel
equation are given by the modified Bessel functions I, and K, of first and second
kind, respectively (cf. [26, pp. 77-78]), hence the general solution of the homogeneous
equation corresponding to (7.4) is given by

Phom (1) = c1v/ul, (ﬁu> + czﬁKa(ﬁu), u>0
¢

O¢
with complex constants c¢1, co. Whenever 30? = ¢, one easily verifies that a particular

solution of (7.4) is given by

g o OE
$part(u) =2—Zu"" =6—u"",
o2 o2

and hence in this case

2
o
o(u) = 6—§u_2 + cl\/ﬂlg,/g(ﬁu) + 02\/HK5/2(ﬁu), u > 0.
O’,7 (75 0’5

[T _, 3 3
K5/2(Z): Ze <1+Z+22)

and that I5/5(z) ~ e*/v2mz as z — oo (cf. [26, p. 80, Egs. (10), (12)]). Since ¢ is
bounded as a characteristic function, we obtain ¢; = 0 when letting ©v — oo, and using

lim, 0 ¢(u) = 1 we obtain ¢y = —/80,/(7o¢). Altogether we obtain

o 302
o(u) = 6—Su~2 — 20~/ (1 + 39¢ + = >

Observe that

opu - olu?
for v > 0 whenever ¢ = ag /2 =¢q/6 > 0 and 7 is a Brownian motion without drift and
with variance 0727. Replacing « by |u| in the right-hand side the above formula also holds
for u € R\ {0} by symmetry of ¢.

The next example illustrates some of the results of Section 5.

Example 7.3. Let ¢ > 0 and assume that both ¢ and n are Brownian motions with or
without drift, i.e., 7: = 0, B; + vt and & = oW, + 72t, where (B;):>o and (W;);>0 denote
two independent standard Brownian motions, 72 , 72 €eR, 072, + O'g > 0 and 7 is not the
zero process. It follows from Corollaries 5.5 and 5.8 that the law of the killed exponential
functional is absolutely continuous and that the density f, is continously differentiable
on R\ {0}. Observing that the characteristics of the process U are given by (ag7 q0-1,75)
with drift fy% = f'yg + 02/2, we find from (5.11) that f,, satisfies

(02 + £%02)

) 2) = (v 4+ 2(08 — 02)) ful2) (7.5)

o z
L / fu(@)de — gl oy / fu()dz =0
z — 00

N

for z # 0. Note that the integral terms vanish whenever ¢ = 0 such that (7.5) reduces to
an ODE. In this case, we obtain

fi(z) At (g — o)z
fu(2) %U% + %0(2722
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for z # 0, from Which the explicit solution can be derived by logarithmic integration.
Assuming that a og # 0, it follows that

0
o
1 arctan (—Uz>)
77 a.

—1+42 /o2 2
ful2) = C(03 + 2202) 0/ e (I
In9G n

where C' > 0 is a norming constant. Note that even though the equation is solved
for = > 0 and 2z < 0 separately, the continuity of f,, implies that the same norming
constant can be used on both sides. In particular, the result obtained for f,, above
coincides with the density of the exponential functional given in [15, Thm. 2.1(d)]. Let
now ¢ # 0. In this case, the integro-differential equation (7.5) yields an ODE for the

distribution function F),( f fu(z)dz of the killed exponential functional, which is
given by

1

5 (00 +2205) Fl(2) = (W + 2(0g — 08)) Fu(2) — aFu(2) = =g, 2 >0,

1

5(0 +2202)F(2) = (v +2(7% — 02)) F(2) — qFu(z) =0, 2 <0.

Exemplarily, we choose ¢ = 2, 0 = 4,7y = 1 and 0, = 7 = 0. In this case it is V; ¢, > 0
a.s. due to n being a deterministic subordinator. Hence, (7.5) reduces to

222 f],(2) + (22 — 1) fu(z) + 2/00 fu(z)dz =0, z>0,

and we find that the tail function 7,(z) = 1 — F,(z) satisfies
22°T))(2) + (22 — 1)T},(2) — 2T, (2) =0, =z > 0. (7.6)
The general solution of (7.6) is given by
Tu(2) = 12672 £ ey(22 — 1) = 2(c167 ) 1 2¢5) — ¢y

and it is readily checked that the constants must be ¢; = 2 and ¢ = —1 in order to
obtain a tail function that satisﬁes lim, o7, (z) =1 and lim,_,, T,,(z) = 0. Differentiating
Tu(z) =1—22(1 —exp(—35 )) it follows that the density is given by

Julz) = _TAIL(Z) =2- (% +2) exp(_ 21;)

for z > 0. Observe in particular that V, ¢ , Lz /2Z,, where Z; is uniformly distributed
on [0,1] and Z, < Exp(1) is independent of Z;. This coincides with the results from [27,
Thm. 2] given in Example 1.1 of the Introduction.

Observe that, so far, both processes ¢ and n were assumed to be continuous in the

examples considered. We conclude this section by discussing two examples in which ¢,
and hence U, is a pure-jump process.
Example 7.4. Let { be a Poisson process with intensity ¢ > 0 and n; = 0, B;, where
0727 > 0 and (B¢)¢>0 is a standard Brownian motion. Using the connection between ¢ and
U established in Section 2, it is readily checked that 025 =0, v = cde-1_1 +¢d_1, as well
as 72 = —7¢ = 0, and it follows that

—q, if z € (0, %],
FVv .
By =q—(c+q), ifze(g,1),
0, ifz>1orz=0,
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for the function Bgv as defined in Corollary 5.7. By Corollaries 5.5 and 5.8, u has a
density f, € CO°(R) N CY(R\ {0}) that satisfies

D50 = Aa (o [ h@arse [ )
+1(acoy (q /_oo fulz)dz + c/ fu(:v)dac) 7.7)

for z # 0. Observe that in particular u({0}) = 0 as a consequence of o7 > 0. Since
the right-hand side of (7.7) is differentiable, so is the left-hand side, such that we
obtain f, € C*(R\ {0}), as well as

T = afu(2) + e(ful2) = Fule)

for z # 0 by differentiating (7.7).

Example 7.5. Assume that ¢ is a compound Poisson process with Lévy measure v¢(dz) =
e "1(o,0c)dz, n¢ = 0y By + y,t, where 072, > 0 and (B,);>0 again denotes a standard
Brownian motion, as well as ¢ > 0. As in Example 7.4, it follows from Corollaries 5.5
and 5.8 that  is absolutely continuous with density f, € C°(R) N C*(R\ {0}). Using the

relation between v¢ and v/, we can give the function BL" as

0, z>1,
BEV(2) =
—(z+¢q), z€[0,1),

such that Equation (5.11) reads

z

1 * rz
50% //J,(Z) = ’Ynfu(z) - ]l{z>0} /Z (; + Q)fu(x)dx + ]1{z<0}/

— 00

(% + q) fulz)da.

Since f, € C°(R) N C*(R \ {0}), the integral terms are differentiable in z # 0 and it
follows that f/, € C*(R \ {0}). Thus, f, € C*(R\ {0}) and differentiating the equation
leads to

1 <1
57 = D)~ Loy ([ Fhuade = 1+ 0£,(2)
tpeo ([ 0@+ 1+ 05,(2)
for z # 0. This shows that f// € C'(R \ {0}) and hence f,, € C*(R \ {0}). Differentiating

the equation once more finally eliminates the integrals and leads to the third-order
linear ODE

L) =)+ (L4 D f) + Ao

which is satisfied for all z # 0.
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