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Intermediate disorder limits for multi-layer
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Abstract

We show that the partition function of the multi-layer semi-discrete directed polymer
converges in the intermediate disorder regime to the partition function for the multi-
layer continuum polymer introduced by O’Connell and Warren in [24]. This verifies,
modulo a previously hidden constant, an outstanding conjecture proposed by Corwin
and Hammond [5]. A consequence is the identification of the KPZ line ensemble as
logarithms of ratios of consecutive layers of the continuum partition function. Other
properties of the continuum partition function, such as continuity, strict positivity and
contour integral formulas to compute mixed moments, are also identified from this
convergence result.
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1 Introduction

1.1 Background and main results

Letd e N = {1,2,3...}, 8 > 0, t* > 0 and z* € R. In this work, we will use the
superscript « to denote quantities related to the endpoint of bridges; for example (t*, z*)
will denote the endpoint of d non-intersecting Brownian bridges. O’Connell and Warren
[24] define a continuum partition function which is given by the following white noise
chaos series:

zhe ) 2o S8 [ [l (). () )6t o) -l d),
k=0 A, (0,t+)R¥
(1.1)
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Limits of semi-discrete directed polymers

where £(t, z) is 1+1 dimensional Gaussian white noise, Aj(a, b) denotes the set of ordered
k-tuples of time coordinates, p(¢, z) is the heat kernel:

Ag(a,b) ={a<t; <...<t <b}, (1.2)
p(t,z) = (2mt) /2 exp(—27/2t),

and 1/),(:*’2*) is the k-point correlation function for d non-intersecting Brownian bridges,
each of which starts at 0 at time 0 and ends at z* at time ¢* (see Definition 2.2 for a
precise definition).

In the case d =1, Zlﬁ is a solution to the stochastic heat equation with multiplicative
white noise

1
020 = 5%25 + BeZY,

with delta initial data [1]. Moreover, Zlﬁ was shown to be the universal scaling limit
of the partition function for discrete directed polymers in the intermediate disorder
regime introduced by Alberts, Khanin and Quastel [1]. In this scaling limit the strength
of the random environment is scaled to zero in a critical way as the size of the discrete
system grows to infinity. Similarly, when d > 1, Zg was shown to be the universal
limit in the intermediate disorder regime for discrete directed polymers consisting of d
non-intersecting simple symmetric random walks in [6].

Another random polymer model that has received recent attention is the O’Connell-Yor
semi-discrete directed polymer introduced in [25], where the polymers are in continuous
time but in discrete space. It was shown in [23] that the multi-layer version of this,
which involves several non-intersecting polymer paths, has an algebraic structure related
to Whittaker functions and the quantum Toda lattice. This multi-layer semi-discrete
partition function is the main object of study in this paper and is defined precisely below.

Definition 1.1. An up/right path in R x IN is an increasing path which either proceeds
to the right or jumps up by exactly one unit. For any 7* > 0 and any z* € N, each
sequence 0 < 71 < ... < T« < 7" is associated to an up/right path X(T*’I*)(-) which
travels from the lattice point (0,1) to (7*,2* + 1), and which jumps between the points
(7i,1) and (74,4 + 1) for 1 < ¢ < z* and otherwise always travels to the right. The list
7€ Ap+(0,7%) C R*" can be thought of as the “jump times” of the up/right path; the list
of jump times is in bijection with the up/right path X (T*’x*)() and we therefore conflate
the two notions with the convention that the paths are cadlag.

Let {B;(:)};=, be an infinite family of independent standard Brownian motions on a
probability space (Q, F, P). Define the energy of the up/right path X(7"»*")(.) to be the
following random variable on the probability space 2:

H(XT) 2 Bi(n) + (Ba(r) = Bo(m) 4+ 4 (Booia () = Bovia (7))

* *

1:* 1 T T
=) /1{j :X(T*’I*)(s)}dBj(s) :/dew,m(s)(s). (1.3)
=17 0

We can think of X(7"#")(.) as a random up/right path in a natural way by taking the
probability measure on the set of jump times 7 € A,+(0,7%) C R*" which is proportional
to the Lebesgue measure on R*". If we denote by E the expectation with respect to this
measure, we define for any 8 > 0, the directed polymer partition function Zf (r*, %),
which is a random variable on the probability space 2, by

ZP(r* a2 E {exp (6H(X(T**'T*))>} .
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Figure 1: d non-intersecting up/right paths X("2") started from X;(0) =i and ended at
Xi(7*) = a* + i for 1 <i<d. In this example d = 3.

We generalize this for d > 1 by taking multiple up/right paths as follows. Let
X2 () = (XY RO ¢ )(-)> be a collection of d up/right paths with initial

points X7 **)(0) = i and final points X" " )(7*) = 2* 4+ i for 1 < i < d which are
non-intersecting. More specifically, the non-intersecting condition that we require is that
X () < XJ(-T ™)(7) for all i < j and for all times 7 € (0, 7).

Notice now that all the jump times for the d up/right paths taken together can be
thought of as a vector in R%". We can think of X(T*’w*)(-) as a random process by
taking the probability measure on this list of jump times proportional to the Lebesgue
measure on the subset of R%" of allowed configuration. (The process X2 defined in
this way also has a natural interpretation as certain Poisson walkers conditioned to be
non-intersecting: see Remark 2.6). Figure 1 shows a typical realization of these paths.
Denoting by IE the expectation with respect to this measure, we define the partition

function: .
exp <BZH (Xi(T*,x*))>] .
i=1

In the case d = 1, it is shown in [11] that the semi-discrete partition function Zlﬁ
converges to Zlﬁ from equation (1.1) in the intermediate disorder regime. An expository
presentation of this proof is given in [4]. The main result of this article, Theorem 1.2, is
to extend this to d > 1: a convergence result for semi-discrete polymers consisting of d
non-intersecting up/right paths that start and end grouped together.

Z5 (*,2*) 2 E

Theorem 1.2. Fixd € IN, t* > 0, z* € R, and 8 > 0. Recall for any 7* > 0,2* € N, that
Z 5 (7*,2*) denotes the semi-discrete partition function for d non-intersecting up/right
paths as in Definition 1.1. For any sequence [y with NiﬁN — B as N — oo, we have the
following convergence in distribution as N — oo:

d Z8 (%, 2
Z8w (t*N, V*N + Z*\/ND exp <_2t*Nﬁ]2\,) N M. (1.4)

Moreover; it is possible to find a coupling of the probability space on which Zg N is
defined to the probability space on which Zg is defined, so that the convergence is in LP
foranyp > 1.

Finally, if one treats the LHS and RHS of equation (1.4) as stochastic processes
indexed by d € IN,t* € (0,00),2* € R, then the convergence also holds for the finite
dimensional distributions of these processes.
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Remark 1.3. The expected value of Zg(T*, x*) is always exp(%T*BQ) irrespective of z*
(see Lemma 2.13). This explains the scaling on the LHS of equation (1.4), which is
exactly needed to normalize to unit expectation.

Remark 1.4. A similar convergence result for non-intersecting ensembles of simple
symmetric random walks in discrete time and discrete space was proven in [6]. The
interest behind the result for discrete random walks was that the convergence did
not depend on the “disordered environment” used to define the partition function: the
convergence was universal in this sense.

The interest in the semi-discrete result is different. Instead of a universality-type
result, Theorem 1.2 is only about convergence of the specific model in Definition 1.1
where the environment is given by independent Brownian motions. The reason Theorem
1.2 is useful is that many properties of the model in Definition 1.1 are already known,
and these properties can be carried over in the limit. Therefore, Theorem 1.2 gives a
way to extract information about the limiting partition function Zg . In particular, this
can be used to prove a connection between Zg and the KPZ line ensemble defined in [5],
which was the original motivation for the convergence result. Section 1.2 details some
of these applications of Theorem 1.2.

The main technical tool in the proof of Theorem 1.2 is the L? convergence of the
k-point correlation functions of the non-intersecting up/right paths to those of the non-
intersecting Brownian bridges under the diffusive scaling (7, z) ~ (Nt, Nt + VN z). This
is encapsulated in the following convergence result:

Theorem 1.5. Foranyt >0,z € R, and k € IN, let z/J,gN)’(t’z) : AR(0,t) x R* — R be the
k-point correlation functions for d non-intersecting up/right paths which start and end
grouped together and are rescaled diffusivly in space and time; see Definition 2.16 for a
precise definition. Let 1/1,?’2) : AL(0,t) x R¥ — R be the k-point correlation function for d
non-intersecting Brownian bridges given in Definition 2.2. Then we have the following
convergence as N — oo:

=0. (1.5)

1' H (N)v(t1z) _ (t,Z)
9w ¥ L2(A(0,) xRF)

N—00

The argument which shows that Theorem 1.5 implies Theorem 1.2 is carried out
in Section 2 and uses the theory of Gaussian Hilbert spaces to directly connect the
semi-discrete polymer and the continuum polymer. This is different than the method of
polynomial chaos series developed in [3] which was used as an intermediate step for the
convergence of discrete non-intersecting random walks established in [6].

The proof of Theorem 1.5 is carried out in Section 2.7, with technical lemmas deferred
to later sections. The proof goes by extending the methods introduced in [6] which
were used to prove a similar L? convergence result for discrete non-intersecting random
walks. An additional complication that must be handled here is due to the exponentially
rare event that a continuous-time random process takes many steps in a short amount
of time. We extend the method of exponential moment control used in [6] in order to
handle this type of rare event. Another complication is that the discrete Tanaka formula
used in [6] does not apply to the continuous-time random processes studied here. To
handle this, it is necessary to first “de-Poissonize” the processes before proving certain
bounds, and then “re-Poissonize” to get back to the original model; this is carried out in
Section 4.4.

1.2 Applications of Theorem 1.2

We connect the notation from Definition 1.1 to other work in the literature and present
some applications of Theorem 1.2 in the corollaries below. Many of these corollaries were
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conjectured in Sections 2.3.3 and 2.3.4 of [5]. (Note that the numbering of equations in
[5] refers to the published version and may differ from the latest arXiv version of that
paper.)

Definition 1.6 (Following Definitions 3.1 and 3.5 of [5]). For each M > 0,t > 0 define

ViM
R

C(M,t,z)iexp{ ztéMé}(t;Mé)M.

Let D((iM)(t) C R¥M-d) denote the set of jump times for d-tuples of non-intersecting
up/right paths with initial points §(0) = (0,1),...,(0,d) and endpoints (¢, M — d +
1),...(t, M). Identifying up/right paths with their jump times as we did in Definition
1.1, define ZU(ZM)(t) as the integral (w.r.t Lebesgue measure) over all such d-tuples of
non-intersecting up/right paths:

ZM (1) 2 / eZis HO0dg, . dgg.

D((lJVI) (t)
Note that Z(gM)(t) is proportional to Zg(T*,x*) from Definition 1.1 when 8 =1, 7* = ¢
and x* = M — d; indeed they are related by the Lebesgue measure of the set DéM)(t):
Z0 (1) = c(py%)) Z3(t, M — d). (1.6)

The Lebesgue measure of this set is explicitly calculated in Lemma 2.20. For M € N,
d €N, z € R so that z > —/tM define Z;"(2) by:

s Z8 (VM + 2)

t,M
2B = = E0r g 2

Corollary 1.7 (Conjecture 2.18 of [5] modulo the constant c4¢). Foranyd € IN, ¢t > 0,

define the constant c, by
d—1

cgp =t Tt (1.7)
i=0
For any fixed t > 0 and z € R, we have the convergence as M — oc:

ZyM(2) = g} 24t 2). (1.8)

Moreover, thinking of the LHS and RHS of equation (1.8) as stochastic process indexed
by d € N, and z € R, the convergence holds for finite dimensional distributions of these
processes and the convergence holds for the p-th moment of these processes for any
p=> 1

Corollary 1.7 follows from Theorem 1.2 after recognizing Z;’M in terms of Z g Y asin
equation (1.6) and applying Stirling’s formula to estimate the Lebesgue measure of the
set DfiM) (s). These calculations are deferred to Section 2.6.

Remark 1.8. Note that in the original Conjecture 2.18 of [5], the constant cg; on the
RHS of equation (1.8) was absent. This constant is nontrivial only for d > 1, and arises
due to the “squeezing” together of the start and end points of the polymer in the diffusive
scaling limit. c;% can be related to the constant that appears due to this same squeezing

in equation (12) of [19]. The normalization c;ZZ’M (t, 2) is also the correct normalization
so that the time evolution of this object is related to the 2D Toda equations, see [20].
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Note that the omission of this constant in Conjecture 2.18 of [5] does not effect any
of the analysis of the KPZ equation carried out there, since these applications are based
on studying #!, defined below in Corollary 1.9, for which the constant ¢; ; = 1 has no
effect.

Corollary 1.9. Foreacht >0,ne€ N, z € R, set

—1 =1
Cn,th(ta Z)
—)) (1.9)

HE(2) = ln(
(2) C;il,tzvlzq(tv Z
where we take the convention Z& = 1 and the constant c,; is as in equation (1.7).
Then the line ensemble {#},(z)}, c .cr Satisfies the requirements of being a KPZ; line
ensemble as defined in Theorem 2.15 in [5].

Proof. In [5], the KPZ line ensemble was constructed by showing tightness and then
extracting a subsequential limit from rescaled versions of the process Z ;,J\l (see Theorem
3.9 and Lemma 5.1 in [5]). Corollary 1.7 identifies the finite dimensional distributions
of this process, thereby showing that all the subsequential limits are the same, and
identifying this unique limit. Following the construction of the KPZ line ensemble in
Section 5 of [5] gives ’Hﬁl as in equation (1.9). O

Remark 1.10. The main result, Theorem 2.15, of [5] was to show the existence of a line
ensemble which satisfies the requirements of being a KPZ line ensemble. Corollary 1.9
gives an explicit formula for the line ensemble constructed in [5] in terms of the partition
functions from [24] by the definition in equation (1.9). It is reasonable to believe that
this line ensemble is the unique line ensemble which satisfies the required properties of
being a KPZ line ensemble, but this is currently unproven.

Corollary 1.11. For fixed t > 0 and d € IN, the continuum partition function Z}(t, z) is
almost surely positive and continuous as function of z € R

Proof. This follows from Corollary 1.9 since the KPZ line ensemble #! from [5] is
continuous. O

Remark 1.12. The strict positivity and continuity of Zj was first proven in [19] by
different methods. Note that the result in [19] is more powerful since it also proves
continuity as ¢ varies.

Corollary 1.13. Let ”Hfi(z) be the ensemble from equation (1.9). (which satisfies the

requirements of being a KPZ; line ensemble as in Theorem 2.15 of [5]). Then, for fixed
2

d € IN,t > 0, the stochastic process H!,(z) + 5; indexed by z € R is stationary.

Proof. This follows by combining the identification from Corollary 1.9 with the fact that
for fixed t, p~(t, z)Zfl’M (t,z) indexed by z € R is stationary jointly over d € IN. The latter
process is stationary because of the invariance of the white noise environment under the
affine shift of coordinates (t,z) — (¢,z — 2* ) and because, for all d € IN, this shift maps
the non-intersecting Brownian bridges with endpoint (¢*, z*) to the non-intersecting
Brownian bridges with endpoint (¢*,0) in a measure-preserving way. O

Remark 1.14. Conjecture 2.17 of [5] is that the rescaled KPZ line ensemble plus a
parabola converges as t — oo to the Airy line ensemble. Corollary 1.13 supports this
conjecture since the Airy line ensemble is known to be stationary. In fact, a possible
avenue of proof of this conjecture goes by showing that the Airy line ensemble is the
unique line ensemble that is stationary and possesses a non-intersecting Brownian Gibbs
property. The result Corollary 1.13 is a required first step for this method; see Section
2.3.3 of [5] for a full outline of this argument.
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Corollary 1.15. For anyt > 0, k € IN and a list of indices r, € N, 1 < a < k and list
of coordinates x1 < ... < xy, the joint moments of the continuum random polymer are
given by the following explicit contour integrals:

T N

1<a<p<k \i=1j=1
k To “
X H <<I_I(ZOM — Zu,j)) <H e%tzi,jJrzazQ,j dza7j)>, (1.10)
a=1 i#£j Jj=1

where the constants c,, ; are as in equation (1.7), and the z, j-contour is along C, + 1R
for any constants C; > Cy+1>Cs5+2>...>Cr+ (k—1) forallj € {1,...,r,} and
£ denotes expectation with respect to the random environment. (Note that because
of the ordering of the contours, this formula only holds when x; < ... < x as in the
hypothesis.)

Proof. Proposition 5.4.6. in [2] explicitly calculates the contour integral on the RHS of
1.10 as the M — oo limit for the joint moments for the process ZZ’M defined in Corollary
1.7. Since the convergence in Definition 1.6 holds for finite dimensional distributions
and moments, this establishes equation (1.10). O

Remark 1.16. The result of Corollary 1.15 was originally conjectured in Remark 5.4.7 of
[2]. Note that the constants c,. xl,t are absent in the original formulas from Remark 5.4.7
of [2] because, just as in Remark 1.8, these constants were not known to appear in the
convergence at the time. Corollary 1.15 also validates the use of these moment formulas
in the physics literature, see [7]. (Only the r, = 1 formulas were used here, for which
the missing constant has no effect since ¢; ; = 1.)

1.3 Outline

Subsections 2.1 and 2.2 contain the precise definitions of the stochastic processes
used throughout the paper. Subsections 2.3 and 2.4 contain still more definitions and
lemmas that reduce the proof of Theorem 1.2 to the convergence of certain chaos series;
this proof is given in Subsection 2.5. Subsection 2.7 contains the proof of the main
technical result, Theorem 1.5, with important estimates, Propositions 2.24, 2.25, 2.26
and 2.27, deferred to later sections. Subsection 2.6 contains the asymptotic analysis
needed to prove Corollary 1.7. Propositions 2.24 and 2.25 are proven in Section 3 using
methods involving orthogonal polynomials. Propositions 2.26 and 2.27 are proven in
Section 5 using the machinery of overlap times and weak exponential moment control
developed in Section 4.

1.4 Notation

Let N = {1,2,...}. We use the letters ¢t € (0,00), z € R to denote space-time
coordinates for Brownian motions and the letters 7 € (0,00), € IN to denote space-time
for discrete processes in continuous time.

We will use the superscript x to denote quantities related to the endpoints of polymers;
for example (t*,z*) denotes the endpoint of non-intersecting Brownian bridges, 7*
denotes the final time for non-intersecting up/right paths, and z* denotes the vertical
displacement of each up/right path.

For convenience of notation, we will conflate k-tuples of space-time coordinates with
their list of time and space coordinates, i.e. {(t1,21),..., (tx, 2x)} with (£, Z). In the same
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spirit, we use the following shorthand for integrals:

//f Fzé/ / (t1,21), (tk,zk))dzl.-.dzkdtl-..dtk

€Ay (a,b) Ay (a,b) (c,d)k
ze(e,d)*

We also use a similar shorthand for k-fold stochastic integrals against a 1 + 1 dimensional
white noise environment £(¢, z), namely

/ff )EBk (df, d7) 2 / /f((tl,zl),...,(tk,zk))g(dtl,dzl)---f(dtk,dzk).

teAy(a,b) Ax(a,b) (c,d)*
ze(e,d)*

For the semi-discrete coordinates that appear (where time is continuous but space is
discrete) we use the following notation:

i f(7,7)d7 = / Z f((Tl,xl),~-~ ,(Tk,l‘k))dTl--'di.

TEAL (a,b) Ag(a,b) ze{c,...,d}*

For stochastic integrals with respect to i.i.d. Brownian motions { B (¢), B2(t), ...} we use
the notation

f(7,2)dBy, (1) - - - dBu, (7k)

TEA(a,b)
zede,...,d}*

2 / Z 'f((ﬁ,.fﬂl)’... ’(Tk’wk))dBM(Tl)'"dek(Tk).

We use the notation P,IE to refer to the probability measure and its expectation
on non-intersecting random walks defined precisely in Definitions 2.4 and 2.5. In
contrast, we will use the probability space ({2, F,P) for the disordered environment that
our random walks go through and £ for the expectation with respect to this random
environment. The L? (P) norm for mean-zero random variables on this probability space
is

1Z|l 2 (p) = € (74"

We use d € IN to denote the number of Brownian motions or up-right paths in the
non-intersecting ensembles.

2 Definitions and proof of main results

2.1 Non-intersecting Brownian motions and bridges

Definition 2.1 (Non- intersecting Brownian motions). Define the d-dimensional Weyl
chamber Wé = {Z€ R?: 2, <... < z5}. Let D(t) € W¢, ¢ € (0, 00) denote an ensemble
of d non-intersecting Brownlan motions and let [Ezo [-], denote the expectation of this
process started from D(0) = z°. More specifically, D(t) is the Markov process which
is obtained from d independent Brownian motions by a Doob h-transform using the
Vandermonde determinant
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(See Section 3 of [29] for details on this h-transform.) We will use the following fact
about this process: for any continuous function f : W¢ — R and any z7° € (W%)° we have
that

1

Ezo [f(ﬁa))} 2 WE[f(é(t)+50)hd(é(t)+20)1{750>t}}

inf{t>0:§(t)+50¢wd},

Tz0

where é(t) are d independent standard Brownian motions.

Definition 2.2 (Non-intersecting Brownian bridges). Fix t* > 0 and z* € R. Let
D=")(t) € W, ¢ € [0,4*] denote an ensemble of d non-intersecting Brownian bridges,
where each bridge starts at D\' **(0) = 0 and ends at D\ *")(#*) = z*, 1 < i < d. The
process D@ =") is constructed by starting with the process ﬁ(t) € W4 from Definition
2.1 and applying the Markovian construction of a bridge process. (See Proposition 1 of
[10] and Section 2 of [24] for more details.)

- k
Let w,(f =) ((tl, 21)y -y (ths zk.)) € ((O, t*) x lR) — R denote the k-point correlation
functions for this process. This is defined by:

je{1,...,d}*

where pj, j,..i((t1,21),. .., (tx, 2c)) is the probability density of the random vector

Dx*’z*) (t1), .. D](f:’z*) (t) with respect to Lebesgue measure on R* evaluated at the point

(z1,...,2,) € RF.

Proposition 2.§. *(Lemma 4.1 and Proposition 4.2 of [24]) For any z* € R,t* > 0,k € IN,
the function z/),(f =) e 2 (Ar(0,t*) x R¥). Moreover for any 3 > 0, the following series
is absolutely convergent

1Y Bt
k=1

2

L2(Ag(0,t*)xRF)

2.2 Non-intersecting Poisson processes and non-intersecting Poisson bridges

Definition 2.4 (Non-intersecting Poisson processes). We denote by X(’T) e Nd, 1 e
(0,00) an ensemble of d non-intersecting Poisson processes and use Ezo [-] to denote
the expectation over this ensemble started from the initial condition X (0) = 7°. This is
the Markov process obtained by conditioning d independent rate one Poisson processes
not to intersect by applying a Doob h-transform with the Vandermonde determinant
ha(Z) = T1, <i<j<a (i — x;). The transition probabilities are therefore given by

P(X() =7

X(T) = f) é qr'—1 (fv f,)

where ¢, (Z, ¥) is the probability for d iid Poisson processes to go from Z to ¥ in time 7
without intersections. By the Karlin-MacGregor theorem, introduced in [15], this is given
by

7..7)

S d -
%’(xvxl) = det [M (7-7 J}; - xj)]i7j=1 ) M(T7 .’I}) = € Tg]-mZO-
Definition 2.5 (Non-intersecting Poisson bridges). Fix z* € IN and 7* € R. For z €
IN U {0}, define d4(z) = (z + 1,2+ 2,...,2 + d) € IN*. We denote by X(7*")(1) ¢
INY " W9, 7 € (0,7*) the ensemble of d non-intersecting Poisson bridges that start at
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X7 (0) = §,4(0) and end at X(7#)(7*) = §,(z*). The measure on these processes
is the conditional measure one gets by starting d independent Poisson processes from
b (0) and then conditioning on the positive probability event that there have been no
intersections between them for all 7 € (0,7*) and that they end exactly at &, (2*) at
time 7*. By the Karlin-MacGregor theorem, the transition probabilities for this Markov
process are given explicitly by

S0k x| Py Qr—7 (T, 7") Gre 7 (5/76(1(.7;‘*)) ,
IP(X(T@)(T):f X(T@)(T):f>: — vr <7,
Qr*—r (f, 5d($*)>

where ¢,(Z,%) is as in Definition 2.4. Comparing this to Definition 2.4, we see that
X("=") is absolutely continuous with respect X(7) started from X(0) = §4(0) with
Radon-Nikodym derivative given by

P (X0 () = 7) e (7.da()) h ( 4(0)
P(X(r)=7)  gr (5a(0),0a(z))  Pal®)

Remark 2.6. Due to Poisson processes conditioned on their final position taking the
uniform measure, the measure on Poisson bridges X (7*7’”*)( -) in Definition 2.5 is exactly
the same as the measure proportional to the Lebesgue measure over non-intersecting
up/right paths described in Definition 1.1. It is more convenient to think of this process
as a Poisson bridge because the relationship to the non-intersecting Poisson process X )
from Definition 2.4 is used as an intermediate step in the proof of our results.

2.3 Iterated stochastic integrals

In this section we will show how the partition function Z 5 (7*,x*) can be identified as
a chaos series of iterated stochastic integrals against Brownian motions.

Definition 2.7. Consider an infinite family {B;(-)};~, of independent standard Brownian
motions on the probability space (2, 7,P). For 7* > 0 and z* € IN and any ensemble of
up/right paths X () € {1,...,2* + d}d7 7 € [0,7*] define the k-fold stochastic integral
I lf by:

k
I ()Z') (r) 2 ;ﬁ [ {x e X(n } dB,, (1) ...dBy, (1),
FeAL(0,r) =L
ze{l,...,z* +d}*
where we recall the notation for semi-discrete sums from Section 1.4. Let IP denote the
probability w.r.t. non-intersecting Poisson bridges X (7",2") described in Definition 2.5.
Define the k-fold stochastic integral ET ,57 =) by

k k
BIC ) (r) 2 ;f 1P (ﬂ {wie X’Wr*)(n)}) dB,, (1) ...dBy, (7).
- =1 =1
TEAL(0,7)

Ze{l,...,0* +d}*

Remark 2.8. Note that from the theory of iterated stochastic integrals (see e.g. Chapter
7 of [12]), we have the following Itd isometry between L?(P) and L? (A (0,t*) x IN*) for
these stochastic integrals (see e.g. Theorem 7.6 in [12]):

k 2
e n@OEOL@ @] =6 T[1{me X} an...an, 2.1)

FeAR(0,7) T
ze{l,...,a* +d}*
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k 2
e [B1 L )] =6 Y ]P(ﬂ{xie)?“*’m*)(n)}> dr, ....dr.

Fean(0,r) V=L

Lemma 2.9. For any 7* > 0 and 2* € IN we have that
| (Z) )

Proof. This holds since Y"1 {a: € )?(T*"”*)(T)} = d a.s for every fixed T and by an
application of the It6 isometry from equation (2.1). O

2 _ @)
r2p)y kU

Lemma 2.10. For any 7* > 0, 2* € IN and 3 > 0 we have that
c- (T%,2%) 2
S | @)| < expasr).
P L2(P)

Proof. By using the It6 isometry from equation (2.1), and the inequality from Corollary
5.3, we can now bound the L?(P) norm by the k-th moment of the overlap time random
variable which is specified in Definition 4.1:

Zﬁk HEI(T @) ’Lz < Z " [( )0, T])k} B {exp (50(7*’””*)[0,7])} |

The change of order of sum and expectation is justified by the monotone convergence
theorem since the overlap time is always non-negative. The result then follows by the
simple bound that O(""*")[0, 7] < dr which is immediate from Definition 4.1. O

Lemma 2.11. Let E denote the expectation over non-intersecting Poisson bridges
X("2") described in Definition 2.5. Recall the definition of I}, and EI;, from Definition
2.7. We have the following equality (as random variables in L*(P)):

E | (X00) (n)] = BIT ().

Proof. The result amounts to an interchange of the order of the stochastic integration
and the expectation IE. This is justified by a stochastic Fubini theorem for multiple
stochastic integrals: see Theorem 5.13.1 in [26]. The required integrability condition is

clear in this case since the integrand, Hle 1 {a:l eX (Ti)}, is non-negative and bounded
above by 1. O

Lemma 2.12. We have the following equality (as random variables in L*(P)):

Zﬁ’“lk(X“ ) (r 1 Zﬂ’“El(”” (7). 2.2)

k=0

Proof. First notice that the infinite series from (2.2) is guaranteed to converge by the es-
timate from Lemma 2.10. To see the equality, we will show that given any e > 0, the differ-
ence between the LHS and the RHS of equation (2.2) has an L?(P) norm less than . Given

such an € > 0, we first find an M € IN so that H]E {Z,;";M BE I, ()?Wv‘“*)) (7)} ‘

L2(P)
and HZZO:M ﬁkEI,iT*’x*)(T)HLz(P) < e. This can be achieved since we have
S B (X(T*,w*)) (T)] <> E [5 {(5% (X’w,z*)) (7’)) ” :
k=M L2(P) k=M
EJP 26 (2021), paper 62. https://www.imstat.org/ejp
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by an application of Jensen’s inequality, Tonelli’s theorem, and the fact that the individual
terms [;, are orthogonal in L?(€). Thus we can find such an M € IN to bound this
above by ¢, since we recognize this is as the tail of an absolutely convergent series

(r"2%)

by an application of Lemma 2.9. A similar result holds for HZ;‘;M BrEI, (T)’

L3(P)
since the stochastic integrals {EI ,ET " )}k Lare orthogonal in L?(P), and since the sum
€

NN
e B HEIIgT @ )HLz(P) also is convergent by Lemma 2.10. Once such an M is chosen,

we have by the triangle inequality and Lemma 2.11 applied to the first M terms that

B340 (X00) <T>] S BB <0+ete
k=0 k=0 L2(P)
Since this holds for any ¢ > 0, this completes the proof. O

Lemma 2.13. Recall the semi-discrete polymer partition function Z g from Definition
1.1. It is possible to realize the partition functions Zg as the following infinite chaos
series:

d > S
Zg (7%, 2%) exp (—2T*ﬂ2> = ZB’“EI,E =),
k=0

Proof. Recall the definition of the energy of the i-th line H (Xi(T*"m*)) from equation

(1.3). For any fixed path X;, we notice by the Itd isometry that H (Xi(T*’I*)) is a
Gaussian random variable of mean 0 and variance 7*. Moreover, by the non-intersecting
condition, the energies H (Xi(T * )) and H (X](T - )> are independent when i # j, so

%

the sum 337, H X(T*’x*) is a Gaussian with mean 0 and variance d3?7*. We now

apply the relationship between exponential of Gaussians and the Wick exponential,
. e 1= efe~El?/2] (see Theorem 3.3 and the definition of the Wick exponential in [12]).
This gives

E

d
exp (BZH (Xi(T*,x*))>1 exp (;1527—*) =F

i=1

e p.(ﬂ;H(Xl ) .

Since each H (XZ-(T*"'”*) is a single stochastic integral, the Wick exponential is given by
the chaos series (see Theorem 7.3 from [12]):

(oo}

o d () ) _ (e
exp : <BX_;H<X ) 3 Bt (X )(7).

The desired result then follows by application of the interchange of infinite sum and
expectation from Lemma 2.12. O

2.4 1+1 dimensional white noise

In this section we will couple the semi-discrete partition function Z 5 to the continuum
polymer 25 . This is achieved by constructing the Brownian motions that define Z 5 from
integrals of the white noise environment (see [12] for the background on these integrals).
This coupling approach is also used in [4] in the proof of convergence of the single-line
(i.e. d = 1) semi-discrete polymer to the continuum random polymer.
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v+ 3
v+ 2
r* 4+ 1
r*
sO(N)
— >

i z
3
2
1

Figure 2: The map ) sends non-intersecting paths X("2") to their rescaled and
compensated version X ™):(t":2") when 7* = Nt* and z* = {Nt* + \/NZ*J. The vertical

spacing between lines in the image is IV -3,

Definition 2.14. Define the map ™) : (0,00) x IN — (0,00) x R by:

N (7 é(T z—7
SD (7> N7\/ﬁ

and denote by $(V) the image of (0,00) x IN through this map:

N—

SV 2 (V) ((0,00) x IN) € (0,00) x R.

See Figure 2 for an illustration of this map. Also define the intervals

1
IMN(t,2) =t x [z 24+ —=.
) ) \/N

Any function f : (S(N))k — R can be extended to a function f : ((0,00) x R)* — R by
declaring that f is constant on cells of the form V) (t1,21) x ... x I™V)(t, ) for every

((ti, zi)y - (tg, zk)) € SV). Note that, since f is constant on these cells, we have

//f(ﬁ?)dde:N_% i f((?\}fi]#ﬂ (E xk_Tk))d?. 2.3)

N’ /N
€A (a,b) FEAL(Na,Nb)
FeRF FeN”

Lemma 2.15. Let &(t,z) be a 1+1 dimensional white noise field. For each N € N, we

may couple an infinite family of iid standard Brownian motions {BQ(CN)} N to the white
re

noise field ¢ by the prescription that:

BN (7) & N3/ // £(dt, dz). (2.4)
V) ((O,T) X [z,z+1))

Proof. By the Itd isometry, since the area of the region ™ ((r,7) x [z,2 + 1)) is
N—3/2(1' — 1), we can make the following variance computation:

Var (BN () - BV(7)) = (N3/4)2 N3 —7) =7 - 7.

By properties of the 1+1 dimensional white noise, we also observe that the integral on the
RHS of equation (2.4) defines a Gaussian random variable, that the increments for disjoint
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time intervals are independent, and that the process BJ(CN)(~) admits a modification which
has almost surely continuous sample paths. Hence it must be that BiN) is a Brownian

motion, as desired. The fact that BJ(EN) is independent of Bi{\[) for x # 2’ is clear because

the regions o™ ((0,7) x [z, + 1)) and ™) ((0,7) x [2/,2’ + 1)), define disjoint regions
in the integration. O

Definition 2.16. For t* > 0 and z* € R, we will define the rescaled (and compensated)
non-intersecting Poisson processes by:

X(N),(t*,z*)(t) A \/% (X(Nt*,LNt*Jr\/ﬁz*J) (Nt) — Nt) .

See Figure 2 for an illustration of these processes. Define the rescaled k-point correlation
function for w,(cN)’(t =) (S?a(N))]C — R by defining for k-tuples ((thzl), . (tk,zk)) €

(s ))k where all the entries (t;, z;) are distinct:

k
SO g 8 U S P <m {Z = X;jV),(t*,zw(ti)}) (2.5)

VNP (ﬁ Le xw»av*xti)}) ,

=1

and declaring that w,(éN)’(t*’z*) 20if any of the space time coordinates are duplicated
(ti, z;) = (t;,2;) for i # j. We extend the domain of w,(cN)’(t ") to all of ((0,¢*) x R)" as in
Definition 2.14 by declaring it to be constant on the cells I™) (¢, 21) x ... x TMN)(ty, z;,)

for every ((ti,z:),...,(tx,2)) € SN). Notice that because w,iN)’(t*’Z*)
7(t*,z*)

is constant on

these cells, any integral of w,(cN)
equation (2.3).

can be decomposed into a semi-discrete sum as in

Lemma 2.17. Fixt* > 0 and z* > 0. Let£ be a 1+1 dimensional white noise environment.
Recall that for each N € IN, we may couple an infinite collection of iid Brownian motions

BéN) to this probability space by the prescription from Lemma 2.15. If we use the

i . . L Nt*,| Nt*++/Nz*
Brownian motions chN) to define the iterated stochastic integral E'1 ,i [N +v/N J)from

Definition 2.7, then we have

BN YR D N%k//%@’(t*vz*) (F,2) €% (dF, d) .
T€AL(0,t)
ZeRF
Proof. The identity is immediate from Definition 2.7 and Definition 2.16 using the fact
that w,(CN)’(t ") is constant on intervals of the form 1) (t,2). O

Remark 2.18. Note that the power of N 1% arises from multiplying the N 1 from the

definition of the Brownian motion in the coupling Lemma 2.15, and the N ~2 in the
rescaling of w,gf ") in Definition 2.16.

2.5 Convergence of chaos series - Proof of Theorem 1.2

In addition to the L? convergence result of Theorem 1.5, and the set up of the coupling
from the previous subsection, we will need the following proposition:
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Proposition 2.19. For any ~ > 0, we have

o0

N), (2

sup Zv’“”%ﬁ M
NeN{—

Moreover, for any v > 0 and any € > 0, there exists N, . so that we have that

2

L2(Ag(0,t*)xRF)

e o ]2
limsup sup ka Hz/},iN)’(t 2*)

=00 N>N, . Py,

L2(Ag(0,t*)xRF)

The proof of Proposition 2.19 is deferred to Section 5, where it is proven using tools
developed in Section 4.

Proof. (Of Theorem 1.2) We will explicitly construct the coupling for which the conver-
gence happens in L? (P); the convergence in distribution is an immediate consequence,
and we will separately argue the convergence in L?(P) for p # 2 afterwards. We present
the proof only for fixed d € W, t* € (0,00), z* € R, but the method of proof easily
extends to finite dimensional distributions of the process by considering finite linear
combinations and using the Cramer-Wold device.

Couple the random variables Zg and Z f; ~ by taking the Brownian motions {B:(EN)} .
EAS

(which define Z 5 ") to be as defined as in the coupling from Lemma 2.15, and define for
each k£ € IN the k-fold stochastic integrals:

g 2 //wl(CN)»(t*,z*) (F2) €2* (i d2), Jp2 //1/’;(5*72*) (F, ) €2 (dF, d2)
TEAL(0,t*) €A (0,t*)

ZERF ZeR*

With this setup, by combining Lemma 2.13 and Lemma 2.17, and by equation (1.1), we
recognize the quantities of interest as the following infinite series:

zpy (Ve N VN ) = By S
AN SO A LA kT (2.6)
exp (%dNt*BIQV) kz::O( /BN) k p(t*72*)d kZ:OB k

The desired result is hence reduced to the convergence as N — oo of the chaos series in
equation (2.6). It suffices to show the convergence in the simpler case when NV %B N =0,
since the hypothesis Sy N 1 [ and Proposition 2.19 guarantee the error made by this
replacement can be made arbitrarily small.

Notice by the It6 isometry for 1+1 dimensional white noise that these stocha*sti*c
integrals are naturally related to the L? (A (0,¢*) x R*) norm of the functions 1[;,(: =7)

and z/z,gN)’(t*’Z*), namely:

o]

N),(t*,z* t*, 2"
):H%(C URSINCES

. 2.7
L2(A(0,t%) X RK) 2.7)

L2(P
It is clear then for each fixed k € IN, that J,EN) — Ji in L?(P) by the convergence result
from Theorem 1.5. It remains only to justify why the convergence of each individual
term in the series in equation (2.6) gives convergence of the full series.

To see this, take any € > 0, and use the convergence results of Propositions 2.19 and
Proposition 2.3 along with the It6 isometry to find Ng . € IN and /3 € IN so large so that

sup Z HﬁkJéN)‘
k=lg ..

]\/v>]\/vg’E _

0 2

= sup » p* H%(CN)’“ =)

2
L2(P)  N>Ns. 2

L2(Ag(0,t%)xRK)
lp.c
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Z 1% 7l 2y = Z Ch Hw(t* ) )’

k=Lg,c k=lg .

<€
L2 (A (0,t7) X R*)

With this choice, we have finally by the triangle inequality in L?(P), and the termwise
convergence observed in equation (2.7), that

. N ~ N
11]1Vnsup ZﬁkJ,g )—Zﬁka Shj{fnsup Z BkJ,E, ) Z B* T
—oo {150 P £2(P) T ||k=ts.c k=ts.c L2(P)
oo o0
< sup Z ﬂkJIEN) + Z ﬂka
N>Ng . k=Lg . L2 k=3, 2
) L)
<2e.

Since this holds for any € > 0, we have the desired convergence in L%(P).

The L%(P) convergence proven directly implies LP(P) convergence for 1 < p < 2. To
see the convergence in LP(P) for p > 2, we first use the hypercontractive property of
a fixed Wiener chaos to see that there is a constant ¢, so that stochastic integrals J,EN)
and J; have!:

|

<d H¢<N> (7.2

A A

L2(Ak(0,t*)xRF)
(2.8)

Hence, the infinite series 77 ¥ J; is seen to have finite L?(P) norm by Proposition 2.3,
and by Proposition 2.19, we can find N, g € IN large enough so that the infinite series
from equation (2.6) has L? norm which is uniformly bounded:

[oe]
ZBkJIEN)

k=0

L2(Ay(0,6%) X RF)

2

<oo. (2.9)

sup
L2(A(0,t*)xRF)

N>Ny 3

< sup Zﬁ% "wéw),<t*,z*>’

Lr(P) N>Np.s o

Since these norms are finite for any p, we now apply the Holder inequality in the form

0o 0o 00 1/p o) o) (p—1)/p
DL P E A I DDA P :
k=0 k=0 Lp k=0 L2 k=0 k=0 L2(p—1)

from which the LP(P) convergence follows from the L?(P) convergence and the uniform
bound on the L2*~1) norm in equation (2.9). O

2.6 Proof of Corollary 1.7

Lemma 2.20. Recall from Definition 1.6 that D' (t) ¢ R -9 denotes the set of
jump times for d non-intersecting up/right paths that start at X;(0) = ¢ and end at
X;(t) =M —d+ifor1 <i<d. The Lebesgue measure of this set is:

d—1 .
(M) () _ (M—dyd it
L(Dd (t)) t ]}J (T EE (2.10)

Proof. The jump times of such a non-intersecting ensemble are in bijection with pairs
(S,t), where t € A(pr—g)a(0, ) is the ordered list of all the jump times for the ensemble,
and S is a standard Young tableau of rectangular shape d by M — d that indicates

1The same idea is used in a similar setting in Lemma 2.3 in [19] and can be proven by applying the
Burkholder-Davis-Gundy inequality & times. See also Theorem 5.10 in [12].
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which jump times correspond to which path (i.e. the first row of S indicates the jump
times of the top most up/right path and so on; see Section 2 of [22] for more details on
this bijection). The Lebesgue measure of A (y/_q)4(0,t) is tM=D4(d(M — d)!)~! and the
number of standard tableaux of this shape is (d(M — d))! H’it(} (Mfig'zﬂ)r (this is a direct
application of the hook-length formula: see Corollary 7.2.14 in [28] or [27]). Combining
these gives the desired result. O

Lemma 2.21. Fixanyd € N, t > 0, and z € R. Let C(M,t,z), c;; and z!M pe as in
Corollary 1.7. Then:
lim & (Z;’M> =c,ip(t, 2)" (2.11)

M—o00

Proof. Let ~ denote asymptotic equality as M — oo, i.e. f(M) ~ g(M) if and only if
f(M) =g(M)(14+0(1)) as M — oo. By using the connection from equation (1.6) between
z!M and Z%(r*,2*) when 8 = 1, 7% = V/IM + z and z* = M — d we have then:

& (Z;’M) =L (Déw(\/er z)) - exp (g(WwL z)> C(M,t,2)~?

Md
(M-dya il VM (VM
= (VM + z) " exp | —am — @Y ) [ X ,
( ££m4—d+n! P N AN
where the factor of exp(g(\/ tM + z)) is canceled due to contributions from C(M,t,z)~%.

(M—d)d _ d
We now use (\/tM + z) ~ 4/ tM(M e exp (dz‘/%) exp (—;—i) to further simplify:

B oy dd—1 4 7\ Md
& (ZZ’M) ~ \/tM(M D exp <_Z) H ar—dr o v ; exp (—dM) <M>
i=0 ’

ot M—d+i) NG
= ! (VQ?TMMMeXp(—M))deXp (—'ﬁ)d(ﬁi!
3 priaa+), /ot 2t) Lo (M —d+i)l

We now use Stirling’s formula v2rM M™ exp (—M) ~ M! to get:

1 2\ M
() - oo (-2) Tl 2
d (a2 prid+1), for? P\ 72 g (M —d+1)!

Since M!((M — j)!)~! ~ M7, we see that the powers of M vanish, and we remain with
the desired result of equation (2.11). O

Proof. (Of Corollary 1.7) Define the scaling parameter N, and the parameter Sy by

M
N2 2 UM

t 32
t

2 J—
ﬁN M

1>

With this definition, the limit N — oo is the same as the limit M — oco. Notice also
that limy_ oo NV %51\, = 1 by this definition. Define also the shorthands 7* 2 VM + z,
2* 2 M —dand Y = ’#T]f/N Observe the following limit as M — oc:

M —d—tN —d+ VM
lim y= lim — —— " = lim ——Yt  — (2.12)
M —o00 M —o00 v N M —o00 ¥+t3,z/2m
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Now, by the relation from equation (1.6), we have that:
27 (2) = C(M,,2)7L (DY (7)) Z3(7*,07)
, d
=& (Z;’M) ZY(r*, 2*) exp ( - 57’*).

We now use the following general Gaussian scaling relation for Zg , that Z(}(&y) 4
Z 5 (ﬂ‘Qs, y) This holds because rescaling both time and the inverse temperature param-
eter leaves the chaos series invariant. We can hence write

Z;’A'{(z) Le (Z(ti’M> ZgN (BT, ) exp ( — g%tl\f)

=£ (Z§>M> ZON(tN, [N + yV'N|) exp ( - gﬂfvtN),

since B;,QT* = tN. The desired result then follows by the convergence of equation (2.12),
Theorem 1.2 and Lemma 2.21. O

2.7 L? convergence - Proof of Theorem 1.5

The main technical result that was needed in the proof of Theorem 1.2 was the L?
convergence from Theorem 1.5. This is proven by a similar general strategy as the
proof of Theorem 1.13 from [6], which was an analogous convergence result for non-
intersecting simple random walks rather than non-intersecting Poisson processes. There
are several additional complications in this case due to the fact that the processes here
evolve in continuous time. The proof goes by dividing the set of space-time coordinates
A (0,t*) x R* into four parts and analyzing contribution to the L2 norm on each one
separately.

Definition 2.22. Fix any t* > 0 and k£ € IN. For any n > 0, define the set S,, C A(0,t*)
by:
S,, = {EE Ak(O,t*) tligp1 — 1 > UVl <i<k- 1}

For any parameters 6,7, M > 0, we subdivide A (0,t*) x R* into the following four sets:

Dy(6,n, M) 2 {(ﬂZ):FeAk(é,t*—é)ﬂSn,Ze[—M,M]’“}
Do(6,7, M) 2 {(ﬂZ):feAk(é,t*—d)ﬂS;,Ze[—M7M]k},

Ny

Dy(6) 2 {(j ):feAk(O,t*)\Ak(é,t*—6),Z€Rk}

{@
The set Dy (6,1, M) can be thought of as the “typical” part of the space A(0,t*) x R*
while the sets Dy(0,1, M), Ds(d) and D4(M) can be thought of as “exceptional” sets.
This subdivision is chosen in order to make D;(d,n, M) a compact set on which the
function w,(cN)’(t*’z*) has no singularities. This essentially reduces L? convergence on
Dy(0,m, M) to proving pointwise convergence on D; (4,7, M). All of the singularities/non-
compactness issues occur on the exceptional sets Dy(d,n, M), D3(§) and D4(M) where
we will separately argue that they have a negligible contribution to the L? norm in
(1.5). With this strategy in mind, the core of the proof of Theorem 1.5 is divided into
Propositions 2.24, 2.25, 2.26 and 2.27; each Proposition handles one of these four sets.

)i 1e AR(0,t7), 7 € RF\ [~ M, M]'f}.

Ny

Dy (M)

Remark 2.23. These propositions are very similar to Propositions 2.19, 2.20, 2.21 and
2.22 from [6]. Here z/J,(CN)’(t ") is the k-point correlation function for Poisson processes,
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while in [6] simple symmetric random walks were studied. Propositions 2.24 and 2.25
are proven in Section 3 using methods involving orthogonal polynomials. Propositions
2.26 and 2.27 are proven in Section 5 using the machinery of overlap times and weak
exponential moment control developed in Section 4.

Proposition 2.24. Fixt* > 0,z* € R. Forall §,7, M > 0, we have pointwise convergence

fim oV (72 = ol (72),

N—o0

and the convergence is uniform over all (£,%) € D1 (8,7, M). Moreover, there is a
constant Cp, = Cp, (8,1, M) so that for all (t,7) € D1 (6,1, M) we have:

supuf 1 ED) < Cyy ol (E7) < O

Proposition 2.25. Fixt* > 0,z* € R. For all ,¢, M > 0, there exists > 0 small enough

so that:
oy L 12
Jim sup // MN),G 2 )(t’g)
N—oo

D2 (6,n,M)

didz < e.

Proposition 2.26. Fixt* > 0,z* € R. For all ¢ > 0, there exists 6 > 0 small enough so

that:
* % — 2
lim sup // ‘w(N)’(t # )(t,Z)
N—o0

Ds3(9)

didz < e

Proposition 2.27. Fixt* > 0,2* € R. For all e > 0, there exists M > 0 large enough so
that:
2
lim sup // WN) (20 5)‘ didz < (2.13)

N —o00
D4 (M)
Proof. (Of Theorem 1.5) Once Propositions 2.24, 2.25, 2.26 and 2.27 are established,
the proof is identical to the proof of Theorem 1.13 in [6]. The strategy of the proof goes
by first choosing ¢, 7, M > 0 so that the contribution on the exceptional sets Dy (5,7, M),
Ds5(0) and D4(M) are less than ¢, and once 4,7, M are fixed, using Proposition 2.24 to
establish L? convergence on the typical set D1 (d,7, M). O

3 Determinantal kernels and orthogonal polynomials

In this section we prove Proposition 2.24 and Proposition 2.25 by using the determi-
nantal structure of the non-intersecting processes. The methods used here are similar
to those from Section 3 of [6]. In [6], non-intersecting simple symmetric random walk
bridges, for which the Hahn orthogonal polynomials arise, were studied. Here we study
non-intersecting Poisson bridges, for which the Krawtchouk orthogonal polynomials
arise. The limiting object for both are non-intersecting Brownian bridges, which are
related to the Hermite polynomials.

3.1 Determinantal kernel for non-intersecting Brownian bridges

We recall some useful definitions and facts about non-intersecting Brownian bridges
which were given in detail in Section 3.1. from [6].

A

Definition 3.1. (Definition 3.2 from [6]) Fix any * > 0. For ¢ € (0,t*), define o
\ /m For 2,2’ € R and t,t € (0,t*), define the kernel K% ((t, 2); (t, z’)) by:
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K 0)(

")
é—%t/_texp< Z(t, )1{t<t}

(
+ <2t/ t* >% d_:( - - > pj(zay) exp <_2(tfg_t))pj(z’at/)exp <—;/:,>

J

/

(3.1)
where p;(y), j € N, y € R are the normalized Hermite polynomials:
H.
py 2 W (3.2)
A /\/} cgl.2d
A N A
Hjy) = (-1)€” dT;je v

Finally, for any z* € R, we will define:

/ exp (2o (2 — 2+ & )
KO (425 (¢,2) 2 KOO (82— z*i)- (.7 - z*t—) P (i=( ) .
) 7 ) ) t* b b t* *

Lemma 3.2 (Lemma 3.3 from [6]). Ijix any t* > 0 and z* € R. Recall from Definition 2.2
the k-point correlation functions \" *") for non-intersecting Brownian bridges D(*"*").

We have that 1/J,it*’z*) is determinantal with kernel K(*"+*")

w,gt*’z*>((t1,zl),...,(tk,zk)) — det [K(t*’z*)((t“zl) (t],z]))r] . (3.4)

3.2 Determinantal kernel for non-intersecting Poisson bridges

Definition 3.3. The Krawtchouk polynomials are a family of orthogonal polynomials
parametrized by the two parameters N € IN and p € (0,1) and given explicitly in terms
of the hypergeometric function 5 F} by

Kj(z;p,N) = o Fy <_i’J;x> <11)) '

The first few polynomials are:

K0($§pa N) = 17
Ki(z;p,N) = —Np +z,

1
Ky(w;p, N) = 5 (N°p* +2(2p+ 2 — 1) = Np(p + 22)) .
See [16] for more details on the Krawtchouk polynomials. Fix 7* > 0 and z* € IN. For

any 7 > 0,z € N, and any 0 < j < d — 1, define R§T*’x*)(r, r) and RE»T*J*)(T, x) which are
defined in terms of the Krawtchouk with parameters depending on 7, z, 7*, * by:

R§-T*’m*)(7’,l‘) = K; (Jc, L,x* +d— 1) .
R (ra) 2Ky (o —a+d=1,1- Lot +d—1).
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(We will refer to R; and R; without the superscripts for ease of notation whenever there is
no ambiguity in this). Finally define the kernel K g*’f*) for pairs of space-time coordinates
(1,2) € (0,t*) x N, (1',2") € (0,t*) x IN as follows. (Recall that u(7, ) = e~ "7%z! 1,50 is
the Poisson probability mass function.)

KI(DT*’I*) ((T, x); (7, x'))
Sp(r =7 —x)1{r <7’}

d—1 (_1)j (ac*-i-jd—l)
Z)M(T*,x*—&—d— 1)

Jj=

R(r,x)pu(r* — 1,2* —x+d — 1) R;(r, 2" (7', o), (3.5)

and define the rescaled version of this, for a pair of space-time coordinates (t,z) €
(0,t*) x R, (',2") € (0,t*) x R:

K29 ((t, 2 (¢ z'))
2 NNV HNED (Nt | Nt + VN2 )s (Ve | NE + VN )

Lemma 3.4. Fix any t* > 0 and z* € R. Recall from Definition 2.16 the k-point
correlation functions \""""**") for rescaled non-intersecting Poisson bridges X (N)-(t":=").

We have that 1/),(€N)’(t*’z*) is determinantal with kernel K():(t":2") .

%N),(t*,z*)((tl,z),...,(t,ﬁzk)) = det {K(N),u*,z*)((wi);(tj,zj))r_ . (3.6)

3,j=1

Proof. It suffices to show that K }J*’“ is the determinantal kernel for non-intersecting
Poisson bridges that start at 6,4(0) and end at d4(2*), and the result for K™-(":2") follows
from the rescaling in the definitions of w,gN)’(t*’$*) from Definition 2.16. The proof that
K I(DT*"T*) is this determinantal kernel is deferred to the appendix, Proposition A.4. O

3.3 Pointwise convergence on D;(d,n, M) - Proof of Proposition 2.24

Lemma 3.5. Fixany0 < § <1,and L > 0. Letp € [6,1— 4], andy € [-L, L]. Suppose
that {yn}5;_, is a sequence so that yy; = pM + y+/2p(1 — p)M + o(~M) as M — oo
and moreover suppose that the O(v/M) error is uniform over all choices of p,y with
p€ (0,1 —0] andy € [-L, L]. Define for any j € IN:

, M o\
0 1(") (2 )" e,
W i) \M(1-p) it )

Then, for each j € N, uniformly overp € [0,1 — 0] and y € [-L, L], we have convergence

to the Hermite polynomials:

M ; 1
¢ y) = (17 H,(y) + 0 (M),
where H;(y) = (—1)dev” #e‘yz are the standard Hermite polynomials.
Proof. The proof is by induction on j. The base cases j = 0 and j = 1 are clear since one
can verify G((JM) =1= Hpand GgM) (y) = =2y +O(M~2) = —Hy(y) + O(M~2).
Assume that the result holds for j now. To prove the induction step, we compare the

three term recurrence for the Krawtchouk polynomials to the three term recurrence for
the Hermite polynomials. These are (see [16]):

Hp1(z) = 22Hy(z) — 2nHy, -1 (),
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pN +n—2pn —x
K, y 7N =
n@nN) p(N —n)

(1 —p) K,_1(z,p,N).

Kn(z,p, N) T oN=n)

This gives the following three term recurrence for Gﬂfl) (y) in terms of GE-M) (y) and
M
M ():

(MDY = oy M) LI ) gy (Mol
Giii(y) = —2yG; 7 (y) <1 2Mp(1p)> 23Gj_1(y)( i : (3.7)

By the inductive hypothesis, the RHS of equation (3.7) is equal to
(=17 (2yH,(y) — 2jH;1(y)) + O(M " 3),

and the O(M~2) error is uniform over p € [5,1—6] and y € [—L,L]. By the three
term recurrence for the Hermite polynomials, this is (—1)"*'H;1(y) + O (M‘%) as
desired. O

Corollary 3.6. Fixt* > 0 and z* € R. Let 7 = Nt* and x* = LNt* + \/NZ*J Recall

the definition of oy, from Definition 3.1. For any choice of §, L > 0, the polynomials R;
and R; from Definition 3.3 have the following limit as N — oo, uniformly over the set
(t,2) € (6,t* = &) x (=L, L):

N%Ry*@*) (Nt, {NH— \/NzD = <\/%>] <t;*tt)j‘/2 H, <(z - z*tt*)ozt> +0 (N*%) 7
Wiy (e [ Vi) = L (et (- o b)) o (v74).

Proof. This follows by the definitions R; and R, in terms of Krawtchouk polynomials
from Definition 3.3 and the asymptotics from Lemma 3.5. For R;, the parameters from
Lemma 3.5 are to be fixedas M = Nt* + VNz* +d—Lp=L,y= (2 — 2" L) ar, yu =
Nt++/Nz. Rj can be done analogously, but it is easier to note that the transformation
(t,2) — (t* —t,2* — 2) takes R; to R; in this scaling limit. (The extra factor of (—1)7 that
appears in R comes out by simplifying using Hj(—y) = (—1)7H,(y) and we have also
used Qgr _t = at) O

[SIES

Lemma 3.7. Fixt* > 0 and z* € R. For all 6,n, M > 0, we have the following pointwise
convergence uniformly over all pairs (t, z), (t',2') € (0,t*) xR that satisfy z, 2’ € (—M, M),
t,t' € (6,t* —9) and |t — t'| > n:

lim KD (125 (¢, 2)) = KO (020 (¢,2)).

N—o00

Proof. Define the variables (which depend on N), 7,7/,7* > 0 and z,2',2* € Z by
.2 £ Nt, LNt’—l—\/NZ’J, T,z = Nt, LNt—!—\/NzJ, ™, z* = Nt*, LNt* +\/Nz*J . By
comparing the kernel for non-intersecting Brownian bridges in Definition 3.1 to the
kernel for non-intersecting Poisson bridges in equation (3.5), we see that both kernels
consist of a sum of d 4+ 1 terms. We will show the convergence of each term individually

with the elp of the Poisson CLT: limy o VM (M, M + | VM=) = b= exp (~522).
The convergence holds uniformly and is stated precisely in Proposition A.2.
The convergence of the first term of equation (3.5) is a direct application of this

Poisson CLT. Notice that uniformly over all ¢/, ¢ with |¢’ — ¢| > 7 that we have n’ —n > N.
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By application of Proposition A.2 and the definition of 7/, 7, 2/, , we have that uniformly
over all such ¢',¢ and all z, 2’

lim VNu(r' — 7,2’ —2) = ;exp <(Z/_Z)2)
N—oo ’ 2r (t — t) 200 —1t) )’

and it is clear that 1 {7 < 7'} = 1 {t < t'}. To see the convergence of the remaining d
terms consider as follows. We again apply the local cer*ltr*al limit theorem Proposition
A.2 to the j-th term of the sum in the definition of KI(DT z") from equation (3.5) to see
uniform convergence for the Poisson weights that appear. Combining these asymptotics
with the asymptotics for R; and Rj from Corollary 3.6 we have the following limit for
the j-th term that appears in our limit, corresponding to the j-th term in the sum from
equation (3.5):

VN(=1)7 (* A1)
J . * * -1 A, o

N e v d-D) Ri(r,x)p(t* — 1,2 —x +d - 1)R; (7", 2" )u(7', 2")

(—1)I N (= A=)
= lim J

N—o00 \/N/L(T*,,T*—l—d—l)

X (N%Rj(l‘,T)) (N%u(x* —x+d—1,7" - T)) (N%Rj(x’, T’)) (N%/,L(l‘/,T/))
*J *2

:(—1)jz_—!\/ﬁexp (z—)

2t*

() () (o o) o (52
(B ) (= L) e ()

After grouping the terms appropriately, it is verified that this is exactly equal to the
corresponding j-th term in Definition 3.1 for the kernel K("+*") for non-intersecting
Brownian bridges. O

Corollary 3.8. Fixt* > 0 and z* € R. For any §, M > 0, there exist constants C =
C(5,M), and Cz = C%(6, M) so that for pairs (t, 2); (t', 2') with t,t' € (5,T —9), [t' —t| >
nand z,7 € (—M, M) we have

_1 .
Crt—t)"2 ift<t,

sup |K(N)a(t*aZ*)(
C ift >t

(t,2); (¢, z’))|
supy [KM-2((¢,2); (¢, )|
Proof. When t > t/, the first term in the definition of K(™):(t"2") and K("2") is 0, and
the proof of Lemma 3.7 shows that regardless of 7, KW).(t".2") converges uniformly
to K2 for ¢t € (6,t* — §) and 2,2’ € (—M, M). Thus when ¢t > ¢/, since K("*") is
bounded by CIZ( here by Lemma 3.4 from [6], and since the convergence in Lemma 3.7 is
uniform, it follows that K (™):(t"2") is also bounded. Let CIZ( be a constant large enough
to bound both of them.

To see the inequality when ¢ < ¢’ we must consider the first term. By applying
the bound from Corollary A.3 to the first term in K():(*":2")  along with the bound

Vt' —t < \/t*, we have by the triangle inequality that:

sup Vt' —t ’K(N)’(t*’z*) ((t, 2); (t/,z/))‘ < (Cp + \/F‘CE) .
N

ININA

) )

This bound gives the desired result. O
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Corollary 3.9. Fixt* > 0 and z* € R. Forall 6,n, M > 0, there exists a constant Cp, x
Cp,.x(6,mn, M) such that ’K(N)v(t*@*) ((t,z); (t’,z’))‘ < Cp, i forall pairs (t, z); (', z’) that
satisfy t,t' € (§,t* —6), |t' —t| >nand 2,2’ € (—M, M).

Proof. 1t is easily verified by Corollary 3.8 that Cp, x = max (C TC ) will give the

desired result since /' —t > ,/np when t’ > t. O

Proof. (Of Proposition 2.24) By Lemma 3.3 from [6] and Lemma 3.4, the k-point cor-
relation functions w(t *") and w(N) (2" are given by k£ x k determinants of the ker-
nels K("#") and K (N )(t".2") respectively. Since determinants are polynomial functions
of the matrix entries, the existence of the bound by Cp, (d,7n) follows by the bound
for |[K(*"*)(:)| < Cp, k in Corollary 3.5 from [6] and the bound |K®):(":=)(,)] <
Cp, i in Corollary 3.9. Now notice that Lemma 3.7 establishes uniform convergence
KM (¢4, 2,); (t],z])) — K ((t;,2); (t;,2;)) for any pairs (t;, z;) and (t;, z;) cho-
sen from the list (£,Z) € D;(d,n,M). Since the entries are bounded, this uniform
convergence of the entries implies uniform convergence of the k x k determinant. O

3.4 Bound on Dy (6,7, M) - Proof of Propesition 2.25

Lemma 3.10. Fix t* > 0 and z* € R. For any 6, M > 0, there exists a constant
Cp, = Cp, (8, M) such that for all ((t1,21);...; (tx,zr)) € D2 (6,1, M) we have:

Cp,

. (3.8)
Vs —tiits —ta - /T — th—1

sup 1/J;(€N)"(t =) ((t1, 21); .5 (T zk)) <
N

Proof. This follows by applying Lemma 3.15 in [6] to the bounds on K):(t"2") from
Corollary 3.8 and then finally using the fact that K (*):(*"-=") is the determinantal kernel
for @[J(N) 2" from Lemma 3.4. O

Proof. (Of Proposition 2.25) Recall from Definition 2.16 that w(N)v(t*vz*) is constant on
intervals of the form I(N )(t, z). Thus, as in equation (2.3), we may rewrite the integral
as a semidiscrete sum. Recalling the definition of the set D2 (d,7) in Definition 2.22, we

apply the bound from Lemma 3.10 on w,(CN)’(t*’z*) (t,Z) to see that

// (2 7 9

D (6,m)

* * 2
—N—% Zf MNW 27) ((tl,zl —VNty), .., (b 2 — \/Ntk))’ di

FeAk(é,t*—é)me]'

dtdz

G G
ZEN™ 27
Cp,N~% (V),(t" =)
< 2 N F ( ti,z1 — VNt1), ..., (tg, 2z — VN, )dt
N e e D ( oo )
teA,(5,t*—6)NS¢ Ze o

k

We notice now from Definition 2.16 that the scaling N~ 2 makes the above exactly the
probability of finding a particle occupying each position z; + t1,..., zr + ti at the times
t1,...,tr respectively. Summing these probabilities simply counts the d paths:

k
S P ﬂ{ — VNtj € XM 1pb | ~B[d] = d.
zeN—zzk N7

EJP 26 (2021), paper 62. https://www.imstat.org/ejp
Page 24/50


https://doi.org/10.1214/21-EJP614
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limits of semi-discrete directed polymers

We hence get the bound:

(N, (2% 7 o |2 amee — ok / dtydis . .. dtg
t,2)| dtdz < d"C .
I 1 (7. 2) o, e iz IR

(3.9)
Notice that since (t;+1 — ;) 3 is integrable around the singularity at t;11 = ¢;, the
integrand in equation (3.9) has finite total integral when integrated over the whole
range of times ¢ € Ag(d,* — §). Since lim, o1 {S¢} = 0 a.s., we have by the dominated
convergence theorem that the RHS of equation (3.9) tends to 0 as n — 0. This gives the
desired result. O

D2 (d,m) teA,(8,t*—8)NSg

4 Overlap times

In this section we extend the method of overlap times used for discrete polymers in
[6] to be able to apply them to the semi-discrete polymers studied here. This overlap
time can also be thought of as the semi-discrete version of the local times between
non-intersecting Brownian motions studied in Section 4 of [24]. We prove in this section
that the overlap time has a property called “weak exponential moment control”. This
property is then used in Section 5 to bound the L? norm of the k-point correlation
functions.

Definition 4.1. Recall from Definition 2.4 the notation X(r), 7 € (0,00) for d non-
intersecting Poisson processes started from X (0) = 64(0). Let X'(7), 7 € (0,00) be an
independent copy of the same ensemble. For indices 1 < k,/ < d and times 0 < 7, < 7o,
define the overlap time on [r1, 73] between the k-th walker of X and the (-th walker of X’
by:

T2

— —

Op.olry, 7] 2 /1 {Xk-(’r) — Xg(T)} dr. (4.1)

T1

Define the total overlap time on the interval |1, 72] of these processes by

Olr,m) 2 Y oM[ﬁ,TQ]:j‘{X(T)m)Z'(T)}‘dT,

1<k¢<d 4
where we think of X (7) and X'(7) as sets and ’ {X(T) N X'"(T)} ‘ is the number of elements
in their intersection.
Similarly, for any fixed z* € IN and 7* > 0, recall from Definition 2.5 that X:(T*’z*)(T),
€ [0,7*] denotes an ensemble of d non-intersecting random walker bridges started
from X(7 =) (0) = 64(0) and ended at X7 ") (7%) = §,(a*). Let X' n")(7),7 € [0,7%]
be an independent copy of the same ensemble. For times 0 < 7 < 75, define the total
overlap time on the interval [y, 72| C [0, 7*] of these processes by

T2
O @)y ry] 2 / {2 ) R0}

T1

For any fixed z* € R and t* > 0, and 0 < t; < t5 < t*, define the rescaled overlap time by

* * 1 * * *
O 1] 2 0l LIVEVNE ] Ns) L [ Ns']).
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4.1 Weak exponential moment control - definition and properties

Definition 4.2. We say that a collection of non-negative valued processes

{Z(N) (t) : telo, t*}}

is “weakly exponential moment controlled as t — 0” if the following conditions are met:
i) For any fixed ¢ € [0,t*],7 > 0, there exists N, € IN so that:

Nbll& E [exp (fyZ(N)(t))} < 0.

NeN’

ii) For any fixed v > 0, and € > 0, there exists N, . € IN so that:

lim sup ( sup IE {exp (*yZ(N)(t)ﬂ) <l+e

t—0  \N>N,.

iii) For any fixed ¢ € [0,¢*], ¢ > 0 and y > 0, there exists N, . € IN so that:

i 3] (Z(N)( ))kD se

Remark 4.3. The notation of “exponential moment controlled” without the adjective
“weak” appears in Definition 4.3 of [6]. Here we weaken the definition by taking the
sup over N > N, . rather than sup over all N € IN, and allowing for an error of size
€ in properties ii) and iii). This extension is necessary because it allows us to handle
exponential rare events that arise in the continuous-time processes we study. Note that
the exponential moment control defined in [6] always implies weak exponential moment
control by setting IV, . = 1 everywhere. This relaxation is needed in the semi-discrete
setting because the semi-discrete processes under consideration have the potential to
be arbitrarily large in a finite amount of time (as opposed to discrete simple symmetric
random walks, whose height cannot exceed the number of steps the process takes). This
leads to exponential rare “bad” events: the ¢ of room created by the weaker definition
leaves space for these errors.

limsup|{ sup I
{—00 N>N, .

Lemma 4.4. Suppose {Z<N)( ),t €10, is a collection of processes so that

I} e
P (Z(N)(t) > x) < Cexp (cx:) .

Then {ZN)(t),t € [0,t*]} is weakly exponential moment controlled.

Proof. In Lemma 4.7 of [6] it is proven that such processes are exponential moment
controlled in the sense of Definition 4.3 from that paper. Since exponential moment
control implies weak exponential control, the result follows. O

Lemma 4.5. If{Z(N)(t) 2t €0, }N  Is weakly exponential moment controlled, then
for any exponent m € IN and v > 0 we have that Ve > 0, 3N, ¢, > 0 s.t.:

(i - (Zuv)( )) )ml <e

Proof. The proof is very similar to the argument from Lemma 4.4 in [6]. Since each
ZWN )(t) is non-negative, there is no harm in rearranging the order of the terms in the
infinite sum to arrive at:

limsup sup E
=00 N>Nyem

o0

k1, ’

)k1+-~~+km
yoeeskm =L Trorhm
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IN

=1

k>mi

2 </€1, . kkm) %vkz(m (t)k>

ki+...+km=k

> ) 2,

k>mi

The desired result now holds by property iii) from Definition 4.2 of weak exponential
moment control with parameter m+y and choosing N, ¢ m = Npyy,e. O

Lemma 4.6. Suppose {WN)(t) : ¢ € [0,#*]} , and {YN)(t) : ¢ € [0,8]} ,_\ are two
collections of processes which are both weakly exponential moment controlled ast — 0.
If {ZM(t) : t €[0,4*]} y s @ collection of non-negative valued processes so that for
allt € [0,¢*] and all N € IN we have

ZM )y < W (1) + Y (1) a.s.
then {ZWM)(t) : t € [0,#*]} is also weakly exponential moment controlled as t — 0.

Proof. The proof is very similar to the argument from Lemma 4.5 in [6]. Property i)
and ii) of the weak exponential moment control are easily verified by application of the
Cauchy-Shwarz inequality:

E {eXp (’yZ( )(t )} \/]E [exp (2yW ) (1))] - E [exp (29Y (M) (¢))].

To see property iii) for W) (t), we argue as in Lemma 4.5 in [6] by the Cauchy-Schwarz
inequality that

oo

> (2 w)

k=2¢

E

< | Efexp 2y @) E (i (;,vb t))b>>2

b=¢

+ |E [exp (2’yY IE

> (1 W<N><t>)“)>2 ,

a=/{

YO

(4.2)

By property i) now, we can find NV, € N so for all N > N, we have a uniform upper
bound over E [exp (2yW™)(t))] and E [exp (27Y M) (t))]. The desired limit as ¢ — oo of
equation (4.2) follows by an application of Lemma 4.5. O

Lemma 4.7. Suppose that {W(N)( ):t €0, }NE]N is weakly exponential moment

controlled and that the collection of processes {Z (t):t €[0,t"]
that

}NE]N have the property

P (Z(N)(t) > m) <P (W(N)(t) > x) + Cexp (—C\/NJ}) .

Then {Z(N)( 1t €[0,t%] }NE]N is weakly exponential moment controlled.

Proof. By using integration by parts, we have:

oo

E [exp (’yZ(N)(t))} =1 —|—'y/ew]P (Z(N)(t) > x) dz

0

o0 o]
< 1+'y/e”IP (W(N)(t) > x) dw+Cv/exp (—C\/Nx—kwx) dx
0 0
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=E {exp ('yW(N)(t))} + C\/%V_W

from which properties i) and ii) follow from the weak exponential moment control of

W) (t) and by choosing N., . large enough so that C\/Cﬁty < fefor N > N, .. To see
property iii) consider:
E [Z(N)(t)k] < k/xk*IIP (W(N)(t) > 9:) dz + C’k/xkil exp (fcm:c) dz
0 0
) Ly
=B (W tk}—I—k!( ) .
®) VN

Thus for N > 2 /c? we have that the following infinite sum is finite (again all terms are
non-negative so there is no harm in rearranging the terms of the sum):

Zkl k(Z(N)())k Iignk (W(N)(t))k +(C\ZN>ZC,Y_1\/1N—1. (4.3)

k=t
We now notice that for N > 72/02, the second term of equation (4.3) goes to 0 as £ — oc.
Along with property iii) of the weak exponential moment control for W), this yields
property iii) for Z(N) as desired. O

E <E

4.2 Bounds on positions of non-intersecting Poisson processes

The bounds in this subsection are needed as an ingredient to prove weak exponential
moment control for the overlap times.

Lemma 4.8. Recall from Definition 2.4 that )Z'(T), 7 > 0 denotes an ensemble of d non-
intersecting Poisson processes started from X (0) = 64(0). Denote by X4() = X4(7) —
and X, (1) = X,(7) — 7. Then there are constants ¢, C' (which depend on d) so that for all
N and for any fixed t > 0 we have the following inequality:

P ( sup | Xa(r)| > a\/N) < Cexp <—ct> + Cexp (—cx/ﬁa) ,

0<T<tN

P ( sup |X1(7)| > a\/ﬁ) < Cexp <—c> + C'exp (—C\/NO[) .
0<7<tN t
Proof. The proof is by induction on d, using the reflected construction of non-intersecting
random walkers from Section 2.1 of [30]. We explicitly give the argument for the top
line X, here; the proof for the bottom line X; is analogous.

The case d = 1 is clear since in this case X (-) is simply a standard Poisson process
and the needed estimate is a consequence of the stronger general result about Poisson
processes proven in Lemma A.1. Now suppose the result holds for d — 1. The reflected
construction in [30] is a couphng of the process X of d non- intersecting walkers started
from 6,(0) and the process Y of d — 1 non-intersecting walkers started from ,_1(0). In
this coupling, the process Y is first constructed, and then the top line X, is realized as a
Poisson process which is pushed upward by the top line of the Y; symbolically this is:

Xa(7') — X4(r) = P(7") = P(1) + /6{Xd(s) —Y;_1(s) =0} ds,

where P(t) is a rate 1 Poisson process independent of the process Y, and § is the Dirac
delta. Denoting by P(7) = P(7) — 7 and Y;_;(7) = Y;_1(7) — 7, we see that for any v > 0:

{ sup Xd(r)>’y} c{ sup Yd_1(7)>g}u{ sup P(r)— inf P(r) > g} 4.4)

0<r<T 0<r<T o<r<T 0<7<T
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This inclusion follows since if supy., . Y4-1(7) < %, then in order for the process X4(7)
to advance from position  to v, the process X4(7) will need a boost of at least 7
which can only come from the process P(7). We also have by the inductive hypothe-

sis, P (sup0<7<tN Yy 1(1) > %\/N) < Cy_iexp (—cd,l Z—:) + Cy_1 exp (—cd,lJN%) for
some constants Cy_1,c¢4—1 (which depend on d — 1). On the other hand, by Lemma
A.1 we know that P (SUPO<T<7§N P(1) —infocr <ty P(7) > %\/ﬁ) also obeys this type of
inequality. Setting 7' = tN and v = oV N in equation (4.4) and applying a union
bound then completes the desired bound on P (supO cretn Xa(T) > aVN ) The bound on
P (Sup0<7'<tN (—Xa(r)) > aﬁ) follows since in this coupling we have —X,4(7) < —P(7)
and the result for P is clear by Lemma A.1. O

Corollary 4.9. For any 1 < k < d, there are constants ¢,C so that for all N and for
any fixed t > 0, the maximum of absolute value of the compensated k-th line process
Xi(7) = X3 (1) — 7 obeys the following inequality:

2
P ( sup ’Xk(T)’ > ax/ﬁ) < Cexp (—ca) + Cexp (—C\/NO&) .
0<T<tN t

Proof. The cases k = d and k = 1 are exactly Lemma 4.8. Now notice that for 1 < k < d,
because the walkers are always ordered so that X;(¢) < X;(t) < X4(¢), we have:

1 . 1 - 1 _
— sup |Xk(7)| < —= sup |X4(7)|+—= sup |Xi(7)|,
\/NO<-r<tN‘ a )| vN 0<T<tN‘ ( )‘ VN 0<7'<tN| i )|
and the desired inequality then follows by a union bound. O

4.3 Inverse gaps of non-intersecting Poisson processes

In this subsection, we prove bounds on the inverse gaps, | X, (t) — X;(t)| ", 1 < i,j < d.
The methods here are similar to those used for non-intersecting random walks in [6].

Definition 4.10. For fixed 7 > 0, € > 0, define $, . C IN¢ by
ST’Eé {:CE]Nd:|xj—xi| >n%_‘V1§i,j§d}.

Lemma 4.11. Recall from Definition 2.4 that X (7), 7 > 0 denotes d non-intersecting
Poisson processes and Iz [] denotes the expectation from X (0) = 7°. Recall from
Definition 2.2 that ﬁ(t) t € (0,00) denotes d non-intersecting Brownian motions and
E; [-] denotes the expectation from D(0) = 0. For any e < 1, there exists an absolute

constant C, so that for indices a,b with 1 < a < b < d we have:

sup sup [Ezo
7>020€8, .

. Op[— 1 J.c
% (Xb(’r) _Xa(T))‘| < 3 Eg |:Db(]-) _Da(l):l + C. (4.5)

Proof. Let P(r) = (Py(7),..., Ps(r)) be d iid ordinary rate 1 Poisson processes started
from 13(0) = (0,0,...0), and denote their expectation simply by IE. By Definition 2.4 for
X () as a Doob h-transform using the Vandermonde determinant 4, the expectation on
the LHS of equation (4.5) can be written as

Exo

1
T (X(r) - Xam)]
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[ ha (P(7) + 2°
= 1—'0]E 1 d( 0 ) 1{rfo > 1}
ha(Z°) 7= (Py(1) 4+ 2 — Po(1) — 29)
:h\/fo E H (Pj(T)-‘rx?—Pi(T) —a))1{rh > 1}]. (4.6)
)i i)

h = ir;%{Pi(a) + a7 = Pj(0) + 2 for some 1 <i < j < d}.
g

Denote by P;(7) = P;(r) — 7. By the KMT coupling [17], we can couple these processes
with d iid Brownian motions, B(t) = (B (t),..., Ba(t)) started from B(0) = (0,0,...,0) so
that for absolute constants K7, Ko, K3 > 0 we have at integer times that:

P ( sup sup |P;(i) — B;(i)| > K3 1n7—|—x> < Kjexp (—Kax),

1<j<d 1<i<[7]

for all x € R. (This can be done because each Poisson variable can be realized as a sum
of iid mean zero random variables, P (i) 4 St (&(s) — 1) where &(s) are iid Poisson 1

s=1
random variables). We do not need the full power of this O (In7) coupling, so we will put

1 . . . .
x = %75_26 and use an inclusion to get the weaker inequality:

Té_2€> < Kjexp (—?75_26) . 4.7)

W =

P ( sup sup |P;(i) — B;(i)| >

1<j<d1<i<| 7]

Now define the event A, , = {SUp1gjgd SUD4e[0,1] |P;(t) — B;(t)] < T%‘Qe}. Notice that
if A - does not happen, then either the Brownian motions B;(t) are far from the Poisson
process P;(t) at some integer time ¢ = i or the Brownian motions or else the Poisson
processes themselves have a large amount of movement in some interval ¢ € [¢,¢ + 1] (or
in the last interval ¢ € [|7], 7]; in what follows we upper bound this last special exception
by looking at ¢ € [|7],|7]| + 1]). Using this inclusion, we have by a union bound that
IP (A¢ ) is bounded by the sum

d l-TJ 1_2¢
+p | sup |B;(i +1t) — B;(i)] >
j=1i=1 (0st=1 3
4 _ _ 1,
+P U { sup |P;(i+t) — P;(i)| > 7226} (4.8)
j=1i=1 \0=t=l1 3

K 1
<K exp (—271_25) + 27dP ( sup B(t) > =
3 0<t<1 3

Té—Qe)

K Adrat2e 1 1
<K exp (—327126) - 7?# exp <—18714E) + 27dE [exp(§)] exp <1 - 37526) :
where £ is a Poisson(1) random variable and we have used the exponential Chebyshev
inequality to estimate the Poisson probabilities, along with the reflection principle
and Mill’s ratio estimate P (supy.,; B(t) > z) = 2P (B(1) > z) < \/%% exp (—2?/2) to

estimate the Brownian motion probabilities. Notice in particular that this probability is
O(exp (—7%)) for some positive power « > 0 of 7.

Wl

r%—2€> + 27dP (g >
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We now analyze the expectation on the RHS of equation (4.6) by separately examining
the contribution on A, - and A¢ .. On the event A¢ . consider as follows: Let £, be the
event

E, = { sup Pi(7) < 27’}.
1<i<d
On the event E. N A¢,, we expand the Vandermonde determinant and use the bound
|P;(T) — P;j(7)| < 4n to get the bound:

YT I[I B +a) P —a))1{rh >r}1{A; }1{E}

-
ha(@) i) iytam)

Vn 4T .
S:cg—:cgE 11 erl L{rh >rp1{ac Y 1{E}

i<j,(i,j)#(a,b) \"J

<vr(r+ 1) P (A2,).

Since P (A%E) is exponentially small by equation (4.8), this contribution tends to zero
as 7 — oo. The contribution on the event E7 N A¢ | is also seen to be negligible by the
following calculation:

-
el T (R - R -1 (> a1
d i<4,(4,9)7(a,b)
v oo Y
= Pi(t) — Pi(r ey(3)7
a1 oo v
b @ §<3,(4,5)#(a,b)

where we have employed the generalized Cauchy-Schwarz/Holder inequality E [[]", X;]
< H;’;lE[Xim]l/m. Since P;(7) is mean 7, the event E¢ is a large deviation event.
By an exponential Chebyshev inequality for Poisson random variables, we have that
P(ES) < dexp(—7(2In2 — 1)) is exponentially small. Hence this too vanishes as 7 — co.
Since the total contribution on the event A¢ _ vanishes as 7 — oo, it must be bounded for
all 7 by some constant C.. l

The contribution to equation (4.6) on the event A, - is seen to be bounded above by

3(3)E6 {m] by an identical argument employed in the proof of Lemma 4.11 of
[6]. A union bound completes the result. O

Lemma 4.12. Fix any indices 1 < a < b < d. There is a universal constant C’gb that

bounds the expected inverse gap size uniformly over all initial conditions 2° € W and all
times n € IN. Namely:

1

sup sup IEzo
L (Xp(r) — Xa(7))

7>0 FOeWNIN<

< Cap

Proof. Using Lemma 4.11, the proof will follow by the same method as the proof of
Lemma 4.13 of [6]. The only other ingredient in this method is the following estimate for
the hitting time v, . = inf{t > 0: Z° + P(t) € $,..} (where P(r) are iid ordinary Poisson
processes):

E [|ha(Z%+ P(7))|- 1 {vre > 7' 7}] < c1ha(F°) exp (—c27) . (4.9)
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In the setting of random walks in discrete time, this follows directly by application
of Lemma 7 and/or Lemma 8 from [8]. The same argument applies to random walks in
continuous time as we have here. (The proof of Lemma 7 in [8] goes by looking at blocks
of steps with n° steps and applying the central limit theorem to each block when n — oc.
The argument works equally well with compensated Poisson trajectories over time 7€ in
the limit 7 — o0.) O

4.4 De-poissonization - non-intersecting multinomial random walks

In this section we will construct “de-Poissonized” versions of the random processes
X (7) and X'(7). This is needed in order to apply the discrete Tanaka theorem in the next
subsection.

Definition 4.13. Recall from Definition 2.4 that X (), 7 > 0 denotes d non-intersecting
Poisson processes. Let X/ (1) be an independent copy. We define a pair of stochastic
processes in discrete time Y (n),Y’(n), n € N, which are the de-Poissonized version of
X(7),X'(r) as follows. First let 7,, be the time at which the processes have made their
n-th jump:

d
mf{ ZX )+ZX§(T)—X;(o)zn},

We refer to the pair Y (n),Y'(n) as the de-Poissonized version of the pair X (), X' (7).

Lemma 4.14. The time between jumps are independent of each other and are each
exponentially distributed with mean (2d)~ ! (.e. Tni1 — 7o ~ Exp(2d)) and the processes
Y Y’ are Markov processes that evolve according to the following rules:

P (?(n +1) -V =&,V (n+1) - ¥ (n)=0 ‘?(n) = 7,7 (n) = 4) - % hd}(f'(;)”
P ()7(11 +1)=Y(n)=0Y'(n+1)—-Y'(n)=¢|Y(n) =7.Y'(n) = 17) - ;d hdg(;)a)

Proof. We observe from Definition 2.4, by explicitly calculating the determinant that
appears, that the time until the next jump for the non-intersecting Poisson processes can
be calculated by

IP(X(T+AT):1' X'(r4 A7) =

=P <)Z(T+AT)=95‘X( ) = )226_2d(AT).

This shows that the time until the next jump is exponentially distributed with mean
(2d)~!. Since by definition the X , X'’ random walk is absolutely continuous with respect
to iid Poisson processes, we know that almost surely only one jump occurs at any time.
Hence, we have only to consider jumps of size 1 in each individual component. By again
computing the determinant that appears in Definition 2.4, we find the jump rates are
characterized by:

P(X(r+ar) =7+ X (r+Ar) =7 |£(n) =7,X(r) = 7)
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ha(Z + €5)

:e—d(AT) A
(4r) ha(Z)

+0(AT?),

This shows that each walker is individually a Poisson process with jump rate hg(Z) ~'hq(F+
é;) for the X process, and hq(7') " 'hq(Z + €;) for the X’ process when at the position

()? X! ) = (Z,7'). (Note that since the function h, is harmonic for the simple random

walk, the total jump rate of both the X and X' process is always d.) By the definition of
the (17, Y’ ) process and the fact that only one jump occurs at a time, we get the desired
result. m

Corollary 4.15. Let (5, 5’) € IN? x IN? be the multinomial random vector whose proba-
bility distribution is:

]P(E:a,g*:ﬁ):%wggd,
oL 1 _
P(gzo,g’:ei):ﬁwygd.

Let (Z(n), Z’(n)) n € IN be the stochastic process whose increments are given by an iid

sequence of these multinomial random vectors Z(n) = Z;’:l 5_; Z'(n) 2 >y 5_; Then

law of the de-Poissonized process (?(n), Y (n)) is identical in distribution to the law of

(Z (n), Z’ (n)) conditioned on non-intersection in the sense of the Doob h-transform for
the event

{Zi(n) < Zj(n) V1 <i<j<d, VneN}N{Zn) < Zj(n)V1<i<j<d, VneN}.

Proof. We firstly notice that the transition probabilities for each walk individually
can be calculated from the transition rates given in Lemma 4.14 and the identity

éZle hd,ff(;‘)?i) = 1 (see e.g. Theorem 2.1 [18] for this identity). This shows that

each process Y (n) and Y’(n) taken individually is a Markov process with respect to its
own filtration with transition probabilities given by:

P (?(n +1) V() =¢ (4.10)

P (?(n+ 1)~ ¥(n) =0

Moreover, we notice that the interaction between the walks Y and Y’ is that one
jumps precisely when the other does not. The result of the Corollary then follows by
noticing that the jump rates for }7, Y’ exactly match those of the Doob h-transform by
the Vandermonde determinant for the multinomial walks. O

Remark 4.16. Corollary 4.15 shows that the de-Poissonized process (?(n), ?’(n)) con-

structed in Definition 4.13 has the same law as non-intersecting multinomial random
walks. It will also be convenient for us to think of the reverse construction: first con-
structing the non-intersecting multinomial walks (Y(n), Y’ (n)) and then using this to

build the non-intersecting Poisson processes ()? (), X’ (7-)). Corollary 4.17 records this
construction.

Corollary 4.17. Suppose we are given the non-intersecting multinomial processes
(?(n),?’(n)) which are constructed as in Corollary 4.15 and an independent se-

quence {£;}7°,,& ~ Exp(2d) of iid mean (2d)”' exponential random variables. Let
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—

n, =inf{n:> " & > 7}. Then the process ()?(T),X”(T)) = (Y(nT), Y’(nT)) is a real-
ization of the non-intersecting Poisson processes.

Lemma 4.18. For any indices 1 < a < b < d, there exists a constant C’g’z/ so that each

of the de-Poissonized random walks Y orY' have:

1

L (Va(n) — Y5(n))

sup sup IEzo SCg’;/.

neN F0e WNINd

Proof. By the result of Lemma 4.14 of the de-Poissonized random walks 17, Y’ , we know

that Y'(n) = X(r,) where the random times 7, < >oi, & are distributed as a sum of n
exponential random variables of mean (2d)'. Thus, denoting by p.. (-) the density of the
T, random variable and applying the bound from Lemma 4.11, we have

1 1
Yy(n) — Ya(n) Yy(n) = Ya(n)

- f/oo B ) o 0= e[y

Since 7, is a sum of n iid exponential random variables of mean (2d)71, it is easily

JAE [} - \/57011*] { |70 = t} pr, (t)dt

verified that the above expectation is bounded. (One can explicitly compute [E [ n/m,| =
Vnl(n — $)I(n)~! forn > 2.) O

Lemma 4.19. For any t* > 0 and any indices 1 < a < b < d, the collection of processes

[tN ] .

1
RS Ee

i=1

[0, %] ;
NeEN
is weakly exponential moment controlled ast — 0.
Proof. Using the bound from Lemma 4.18, the proof follows exactly in the same way as

the proof of Lemma 4.14 from [6], which is obtained by estimating the moments of the
random process. O

Lemma 4.20. Recall that ?k denotes the position of the k-th line of the de-Poissonized
walks. The collection of processes:

1 *
{\/N 24Y, ([EN]) — [N]], t € [0.1 }}NEW,

is weakly exponential moment controlled as t — 0.

Proof. Let {¢;}5° be the family of mean (2d)~! exponential random variables that relate
Y,Y’ with X, X'. Set7, = > ., &. Notice that to prove the lemma it suffices to show that

{\/Lﬁ |V (tN]) = 7wy |5 t € [0, t*]} is weakly exponential moment controlled, because
then the result follows by the inequality:

Yi([tN]) — — L 4N
i|2dYk [Yi(LEN]) — 7o | +2d|TLtNJ 2 | J|’

and the fact that a sum of weakly exponential moment controlled random variables is
again weakly exponential moment controlled by Lemma 4.6 (it is easily verified that

([tN]) = [¢N]| < 2d
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collection {# |2dTLtN |- [tN] ]}N N is weakly exponential controlled since 7;n) —
€

= [tN] = d s (& — o). & ~ Eap(2d) is a sum of |tN| mean zero random variables
which have finite exponential moments.) But by the definition of the de-Poissonized
random walks Y, Y’, we know that Y ([tN]) = X (T|¢n ). Writing p,,,, for the density of
7t~), and letting C' be the constant from Lemma 4.9, make the following estimate for
any a € R:

P (|Yi (EN]) = 7| > aV/N)

P (|Yk (LN ]) = 7pun) | > VN |7y = s) Priow, (5)ds

g S T—g °T—3

P (|Xk (s) — s > a\/ﬁ) Prion, (8)ds

< / (e <ch2) + Coxp (~e/Na) ) (510

2

]\Z ) Nt + CP (TLth > Nt) + Cexp (fcx/NoO ,

<C'exp (c

where we have split the integral into the contribution from s < Nt and s > Nt to get the
last inequality. Notice that typically 7| ~ ﬁt]\f ,so P (’TLt N| > tN ) is a large deviation
event; an application of the exponential Chebyshev inequality gives P (TLt N| > tN ) <
exp ( tN (1 —1In ( a7 ) )) . Finally, the weak exponential control follows from this bound
by Lemma 4.7 and Lemma 4.4. O

Lemma 4.21. Denote by AY;(i) = Yi(i + 1) — Yi(i). We have that the collection of

processes
[¢N]

ZIE[QdAYk —1’}/ }:te[(),t*} ,

NelN

1
\/>

is weakly exponential moment controlled.

Proof. By expanding the Vandermonde determinants that appear in equation (4.10), we

have that:
P(Ayk( —H‘Y >_2dH( :Ekx)’
i#k v

and hence we compute

~ 1 1 1
E [2dAY; —I‘Y :ﬂ}< 1 1
1P =] < .H( > D g IRV P
i#k i#£k i£k
< od
DI P
i#£k
where we have applied the inequality from Lemma 4.15 of [6], which holds since e S
1. Finally then:
1 [tN] [tN]
—~— S E [2dAYk(n) 1 ‘?(n)} < 2d
VN n; ; \F Z [Yi(n) = Yi(n)|’
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and the result follows by the weak exponential moment control established in Lemma
4.19 and since weak exponential moment control is preserved under finite sums by
Lemma 4.6. O

4.5 Overlap times of non-intersecting multinomial random walks

In this subsection we establish the exponential moment control for overlap times
by using a discrete version of Tanaka’s formula. This is like Tanaka’s formula in that it
relates the overlap time to increments of the random walk. For our purposes, we only
need an upper bound on the overlap time which simplifies the proof somewhat. This
inequality will bound the overlap time by a finite sum of quantities, each of which is
analyzed to establish exponential moment control. The methods here are similar to those
used for non-intersecting random walks in [6].

Lemma 4.22. Let u € IN be any positive integer. Suppose that A(n) is an integer-
valued process whose increments are always either +u or —1, i.e. we have AA(n) =
A(n+1) — A(n) € {u,—1}. Then for any C € Z we have the inequality

1{|A(n) = C| = 0} |AA(n)| + (AA(n)) sgn (A(n) — C) < [A(n +1) = C| = |A(n) = C,
(4.11)
where the sgn function uses the convention that sgn(x) = =/ |x| for x # 0 and sgn(0) = 0.

Proof. The proof goes by comparing the LHS and the RHS in several cases.
Case i) |[A(n) — C| =0.
It is easily verified that both sides of equation (4.11) are equal to |[AA(n)|.
Case ii) |[A(n) — C|#0, and sgn (A(n) — C) =sgn(A(n+1)—C)or A(n+1)—C =0.
We may write that |A(n) — C| = sgn(A(n) —C)(A(n) —C) and |[A(n+1)—-C| =
sgn(A(n+1) — C) (A(n+ 1) — C). Factor sgn (A(n) — C) from the RHS of (4.11) to get:

[A(n +1) = C| = |A(n) = O] = sgn (A(n) - C) (A(n + 1) = C) = (A(n) - C))
=sgn (A(n) — C) AA(n).

This is exactly equal to the LHS of (4.11) since |A(n) — C| # 0 here.
Case iii) A(n) —C < 0and A(n+1) —C > 0.

This can happen only if AA(n) = w and A(n) — C € [-u+1,—1]. In particular
A(n) — C > —u. In this case, the LHS of (4.11) is —u, while the RHS is

[A(n+1) = C|—|A(n) — C| = AA(n) + 2 (A(n) — C)
=u+2(A(n) - 0C)

\%

—u,

which verifies the desired inequality.
Caseiv) A(n) —C >0and A(n+1)—-C <0
This case is impossible by hypothesis on the process A(n), since AA(n) > —1 always.
O

Lemma 4.23. Let u € IN be any positive integer. Suppose that A(n) and B(n) are
integer valued processes so that the increments are always +u or —1, i.e. we have that
AA(n) € {u,—1} and AB(n) € {u,—1}. Then

Y L{A() = B()} < |A(n +1) = B(n +1)| - |A(0) - B(0)|
=0

— Y sen(A(i) — B(i)) AAG) + Z sgn (A(i + 1) — B(i)) AB(i).
=0 =0
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Proof. First write that
|AG8) = B(&)| — |A(i — 1) — B(i — 1)| = |A() - B()| — |A(5) - B(i - 1)|
+|A®G@) = B(i—1)|—|A(i—1) = B(i — 1)].

The result then follows by applying Lemma 4.22 twice, first to the B-process with
C = A(i+ 1) and then again to the A-process with C' = B(i), and then summing the
resulting inequality from ¢ = 0 to n. O

Lemma 4.24. Define the overlap time for the non-intersecting multinomial random
walks between the k-th line Y), and the ¢-th line Y, by:

Qre[0,n] = Zl{Yk Y/ (i)}
Then, for any fixed t* > 0, and any indices 1 < k < ¢ < d, the collection:

1
——=Q[0, [tN]] : t € [O,t*]} ,
{ N NeN
is weakly exponential moment controlled ast — 0.

Proof. For notational convenience, we use the shorthand AF(i) = F(i + 1) — F(i). We
will apply the upper bound for the overlap time from Lemma 4.23, to the processes:

A(i) = 2dY3, (i) — i, A'(5) = 2dY[ (i) — i, (4.12)

which have increments of either 2d — 1 or —1. (Notice that the increments of these
process are AA(i) = 2dAY;(i) — 1 and AA'(i) = 2dAY/(i) — 1). By the definition of
Qr.¢]0, [tN]] and application of Lemma 4.23 we have:

Qk’g[07 |_th] (4.13)
[tN]
= 3 1 (A0 = 20 £ AN+ ]+ AN+ ]+ SN DI+ 151N,
(4.14)

where we define S(n) and S’(n) by

n) =) sgn (A(i) — A'(i)) AA(i) ngn (i+1)— A'(i)) AA' (7). (4.15)

=0 1=0

By Lemma 4.6, to see the exponential moment control for N~2Q [0, [N |], we have
only to verify that the four terms that appear on the RHS of equation (4.14) are each
weakly exponential moment controlled. The first two terms on the RHS of equation
(4.14) are weakly exponential moment controlled by Lemma 4.20. We show that
{‘N_%S(Lth)’ te [O,t*]}N N and {’N_%S(LtNJ)‘ (te [O,t*]}N are weakly expo-
nential moment controlled as te — 0 as follows. First notice that by thee triangle inequality

that
LtN]

‘\;NS(LtNJ)'gl\/lﬁM(LtN’ \FZ‘E[AA ‘Y H (4.16)

where we define

n) & Xn: sgn (A(i) — A'(3)) (AA(i) “E [AA(Z-) ‘?(@D .
1=0

EJP 26 (2021), paper 62. https://www.imstat.org/ejp
Page 37/50


https://doi.org/10.1214/21-EJP614
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limits of semi-discrete directed polymers

By Lemma 4.6 it suffices to check that both terms that appear on the RHS of equation
(4.16) are weakly exponential moment controlled. The second term in equation (4.16)
is weakly exponential moment controlled by application of Lemma 4.21. To handle
the first term, we notice that {M(n)}, . is @ martingale with respect to the filtration

Fn=o (}7(1),17’(1), LY (n41),Y (n+ 1)). Its increments are given by

M(n) — M(n — 1) = sgn (A(n) — A'(n)) (AA(n) _E [AA(n) '?(n)]) : (4.17)

which have E[M(n) — M(n —1)|F,—1] = 0 as sgn (A(n) — A’(n)) = sgn (Y(n) — Y/(n))
is F,,—1 measurable and since 17() is a Markov process. Moreover, since AA(n) €
{-1,+2d — 1}, we also notice from equation (4.17) that |[M(n) — M(n — 1)| < 2d. We can
therefore apply Azuma’s inequality for martingales with bounded differences (see e.g.
Lemma 4.1 of [21]). This gives that for any N € IN

P (Vlﬁ IM(|tN])| > a) < 2exp <2tg2d)2> .

By Lemma 4.4, this shows that {‘N*%M (Lth)’ 1t €0, t*]}N N is exponential moment
€

controlled as desired.
The proof that {‘N*%S(LtNJ)’ 1t €0, t*]}N N is exponential moment controlled is
€

similar using the martingale

M'(n) & zn: sgn (A(i + 1) — A'(3)) (AA’(i) “E [AA’(z’) f’(i)D ,
1=0

which is a martingale w.r.t. 7, = ¢ (17(1), Y'(1),...,.Y(n+1),Y'(n+1),Y(n+ 2)) O
4.6 Overlap times of non-intersecting Poisson processes and bridges

In this section we prove that the overlap times for non-intersecting Poisson processes
are weakly exponential moment controlled by comparison to the overlap time for the
de-Poissonized walks.

Lemma 4.25. Recall the definition of the overlap time O ¢[a, b] for the Poisson random
walks. For any fixed t* > 0, and any indices 1 < k, ¢ < d, the collection:

1 *
{\/ﬁok,g[o,tN] 1t e0,t ]}NEN,

is weakly exponential moment controlled as t — 0.

Proof. By Lemma 4.14, we know that we can construct a coupling of the non-intersecting
Poisson processes ()? ), X’ (t)) t > 0 and the non-intersecting multinomial walks

(?(n),}_}’(n)) ,n € IN along with a sequence {¢};-, of iid mean (2d)~! exponential

random variables so that X(r,) = Y(n) and X’(r,) = Y'(n) where 7, = .7 &. In
this coupling, the overlap time Oy, between X and X’ can be written in terms of the
Y(n)a Y/(TL), {fz}fil as

n(tN) Titl n(tN)
Orel0, (N1 < D [ 1{Xi(7) = Xe(r)}dr = Y &1 {Yi(i) = Ya(i)},
=1 7 i=1
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where 7(t) = max {n : 7,, <t} is the number of steps which have been taken up to time
t. Since the ¢; are independent of the walk Y, the only thing that is relevant for the
distribution of the above is the number of times i for which Y (i) = Y/ (¢). This is exactly
counted by the discrete overlap times for the multinomial walkers Qy [0, n(tN)]. In
particular, if we label the indices i for which {Y% (i) = Y¢(¢)} as i1, iz, ..., then we have:

{Okel0,tN] > 2V}

|esaV/N |
C{n(tN) > cltN} U {QW [0, c1tN] > czsc\/ﬁ} U { > &> NN} (4.18)

where ¢, ¢y are some to-be-determined constants that depend on d. Since {n(tN) >
atN}y = {361 ¢, < tN}, we can use the exponential Chebyshev inequality to estimate

2d
P (n(tN) > c1tN) < E[exp (—&1)] ™ exp (tN) = exp (tN (01 In (2d+1) + 1)) ,
and similarly we have:

[e12VA]

P Z &, >aVN <exp(xf(c11n<2df1> 1))

If we choose ciand c; to be any constants so that ¢; In (2d+1 ) +1<0andcyIn (2d 1) 1<

0, then these probabilities are both exponentially small. Thus by the inclusion from
equation (4.18) we have:

P (008> o) <P (S o) o (v (i (5757 ) +1))

o (o (e (2) 1)),

It is easily verified from Definition 4.2 and the conclusion of Lemma 4.24 that for
any fixed positive constants ¢y, co that the process {cglN*%QM [0,c1tN] : t € [0,¢*]

weakly exponential moment controlled. Finally the weak exponential moment control for
Oy, follows by Lemma 4.7. O

Proposition 4.26. Recall from Definition 2.4 the probability function q. (Z,Y) which was
used in the construction of the non-intersecting Poisson walks. We have the following
exact formula:

d
- (54 (0), ) = rdtarr2 (Hw, >> (1,2, 2a).

i=1
Proof. The determinant that defines ¢, in this case is explicitly calculated as part of the
proof of Proposition 3.3 in [18]. O
Lemma 4.27. Fix any z* € R and t* > 0. There is a constant C(t ") < o0 so that the
Radon-Nikodym derivative of the rescaled non-intersecting Poisson bridge X ™)-(t":2")(¢)
with respect to the rescaled non-intersecting Poisson process ﬁX (|tN]) is uniformly

bounded by C}(é*’z*) over all possible positions at all times t that have t < %t*:

P ()zuvx(t*,z*)(t) _ g)

sup sup  sup - < Cg =),
Vet se( )" P (JeXleN) =2)
N
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Proof. By Definition 2.5, we have

P (X(T*’I*)(T) = f) Gre—r (57 gd(f*)> ha (gd(o))
ha

P(X(r)=7) e (5a(0), 8a(ar)) ~ hal®)

(4.19)

From our exact formula from Proposition 4.26 for ¢,

/N

54 (0) ,f) and the time reversal of

this formula which yields a similar formula for ¢, (f, 5;1(1*)), we have:

i=1

d
ar (gd (0) ,f) = pd(d+1)/2 (H,u (r, scl)> “hg (z1,%2,...,24) .

d
qr <§c’, _’d(x*)> = p~dd+1)/2 (H,u (rye*4+i—1— J:Z)) chg(x*+d—ag,..., 2" +d—1x1)

i=1
d

— p-d(d+1)/2 (Hu(ﬂx* L1 m)) chag (T4, 24) -
i=1

Thus we conclude after plugging these formulas into equation (4.19) and observing that
the Vandermonde factors hg cancel out that we remain with

(4.20)

P ()Z%T*,Z*)(T) _ j’) A2
P (X’(T) = f) ( T ) Pl p(r*, z*) '

Putting in now the scaling 7 = Nt,7* = Nt*, £ = Nt + VNZ, 2* = Nt* + vV Nz*, we see
by the local limit theorem for the Poisson process Proposition A.2, that

1 2*2
limsup ——— = V27ex (> )
N~>oop VNt pu(r*, x*) P

li VNt p (7 =1 —xy) L (= = 2)° <1
imsu T+ —1—x;) = exp | — < ,
ravedii Vor P\ T2 = ) = Van

and hence, putting this result back into equation (4.20), we conclude that

P ()azv),(t*,z*)(t) _ g) e
limsup su sup < gd(d+1)/2 exp . (4.21)
P - 2+
Ve ()" P (G0N =)
N

Since this limsup as N — o is finite, we conclude that the sup over all N € IN, as in the
LHS of equation (4.21), is finite as desired. O

Proposition 4.28. Recall the definition of the rescaled overlap time OW)-(*":2")[0, 1]
from Definition 4.1. For any t* > 0 and z* € R, the collection of rescaled overlap times

OWM(2)10 4]+ € [0, t*
{ (0,4, ¢ € [0, }}Ne]N7

is weakly exponential moment controlled as t — 0.

Proof. The proof is very similar to the proof of Proposition 4.23 from [6] using the
exponential moment control for the non-intersecting Poisson processes from Lemma
4.25, the Radon-Nikodym bound between Poisson processes and Poisson bridges from
Lemma 4.27, and the fact that weak exponential moment control is closed under addition
as in Lemma 4.6. O
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5 L? bounds - Proof of Propositions 2.19, 2.26, 2.27

This section uses the weak exponential moment control established in Proposition
4.28 to get bounds the L? norm of the k-point correlation function w,(f ") These
arguments are a semi-discrete version of those used in Section 5 of [6].

Lemma 5.1. If {Z(M(t) : t €0, t*]} yew is weakly exponential moment controlled as

t — 0, then for each t € [0,t*], there exists Ny such that Z(N)(t) has moments of all
orders which are uniformly bounded in N:

k
Vk > 0,Yt € [0,t*] sup E {(Z(N)(t)) ] < oo.
N>Ny

Moreover, for any fixed k, the k-th moment can be made arbitrarily small in the following
precise sense: for any € > 0, there exists N, j large enough so that:

k
limsup sup E {(Z(N)(t)) } <e.
t—0 N>N.

Proof. Fix any v > 0 and then use the inequality z* < f;—’,iew for x > 0 and property i) of
the weak exponential moment control to find N, € IN so large so that we have:

sup |E {(Z(N)(t))k} < L sup E[e”z(m(t)} < 00,

k
N>N, Y N>N,

which is finite by property i) of the exponential moment control from Definition 4.2. This
establishes the first conclusion of the lemma. To see the second point, for any fixed
k € N and € > 0, choose 7 large enough so that ey* > 2k!, and then apply property ii)
of the weak exponential moment control to find IV, ; large enough so that we have the
following:

k k! k!
limsup sup E [(Z(N)(t)) } < — limsup sup E {e'yz(m(ﬂ < (0+1)<e
t—=0 N>N, Y t=0 N>N,. v

O

Lemma 5.2. Recall from Definition 4.1 the overlap time O *") [s,s'| between the
processes X (7"*") and X'(""*") | We have the inequality:

% (O(T*’x*) [s,s/])j > i 1 {h {xi € X(T*’”*)(Ti)} N {xi € )Z/(T*’x*)(ﬂ‘)}} dry...d;.

TEN(s,s") =1
ze{l,...,z* +d}*
(5.1)

Proof. By Definition 4.1 we have

7
S x*+d

eyt Vo / Sy ) | '
(o [s,s]) / ; 1{x€X (T)}I{Z'GX (T)}dT (5.2)

The desired inequality follows by expanding the RHS of equation (5.2) as a j-fold
integral/sum. We then switch from an un-ordered integral over 7 € (s, s’)? to an ordered
integral over 7 € A (s, s') at the cost of the factor j!, which completes the result. O
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Corollary 5.3. For0 < s < s’ < t*, we have that:

2

;f P ((ﬁ {x c )Z<T*7“’*>(n)}> dry...dr; <E []1' (()(T*@*) [5,5’])1 .

TEA;(s,s")

Proof. Notice that since the processes X("2") and X' are independent, we have

T

i=1

2

- (ﬂ {wie X“‘””%)}) ’

i=1

E

where we have applied the definition of w;N)’(t*’Z*) from Definition 2.16. The desired

results follows by taking IE of both sides of the inequality in equation (5.1). O

Corollary 5.4. Recall from Definition 4.1 the rescaled overlap time OW):(t"2") [5 s/]

between the processes X@M).(t"2") and X'(N).(":2") We have the inequalities

1 * * J
il (\/NO(N)’(t 2 )[s,s’]>J >

J
Nj i 1 ﬂ {Zz — \/Nti S X(N)’(t*’z*)(ti)} n {Zl — \/Nti € X/(N)’(t*’z*)(ti)}} dtl...dtj,
=1

i€ (s,s")
- 7k
EUR

(5.3)

and
“w§N),(t*,z*)

2 1 - J
<E [ (O(N)(t 27) [s,s’]) ] . (5.4)
L2(A(s,5")xRI) J!

Proof. Equation 5.3 follows immediately from Lemma 5.2 and the definition of the
rescaled process in Definition 2.16. Equation 5.4 follows immediately from Corollary 5.3
using the definition of w](-N)’(t ") from equation (2.5) and the fact that the L2 norm of
wj(-N)’(t*’z*) can be written as a semi-discrete sum as in equation (2.3). O
Proof. (Of Proposition 2.19.) By Corollary 5.4 applied to each term, we have for any
¢ € N that

Z,yk H%ﬁNMt )
k=0

2 0 k k
Y N)(t*,z* *
< T (o )(t,z)ojt) ,
L2(AR(0,t*)xR*) — LE_:Z k! ( [ ]

The interchange of expectation with the infinite sum is justified by the monotone con-
vergence theorem since O(V):(t":2") [0,t*] is non-negative. Finally, since the overlap time
{O(N)’(t**z*) [0,t] : t € [0,¢*] }NelN is weakly exponential moment controlled by Proposition
4.28, we apply property i) and property iii) of weak exponential moment control from
Definition 4.2 to get the desired conclusions. O

Definition 5.5. Recall from Definition 2.22 the subdivision of the space A;(0,t*) x R¥
into sets D1, Dy, D3, D4. Further subdivide Ds5(d) as follows

DY (5) 2 (Aj(o, 8) % Ap_; (6, t*)) xR, DL ()2 (A,H-(o, £ —8) x A (t*— 4, t*)) «RF,
so that D3(8) = Ut_, DY/ (8) uUL_, DY ().
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Proof. (Of Proposition 2.26) It suffices to show that for that for any 1 < j < k and for all
€ > 0, there exists § > 0 so that:

* % — 2 — * % — 2 —
lim sup // ’zp“v)v(t #)(t,7)| dtdZ <e, limsup // WNW 2t 7)| didz <,
N—o0 J N—o0 M
Dy () D37 (8)
(5.5)
since once this is proven we can use a union bound and Ds(d) = U?:1 DY (5) U

U§=1 Dg* J(§) is a union of these 2k pieces. We will show only the bound in equation (5.5)

for Dy’ as the result for Df; 7 follows in an analogous way. We first observe that

J s

D3 (8)

*didzr < E F (00=00,5))” Z L (0005 t*])k_q
j! (k=)
(5.6)
The justification of equation (5.6) follows in the same way as the proof of Corollary 5.4
by applying the inequality from equation (5.3) and then taking IE of both sides. Applying
the Cauchy-Schwarz inequality to the RHS of equation (5.6) and using the fact that
OW):(t":27)[0, ] is monotone increasing in ¢ gives us

1 * * 27 * ok 2(k7)
- N).(.2)1[0, 67) % (Nt [0, 1]) 25
LHS (5.6)<j!(k_j>!\/E[(o =00,0)) ] B [(00@=0, 1)) 5.7)

We now use the weak exponential moment control of {O™)-(#"#")[0,¢] : ¢ € (0,¢*
from Proposition 4.28. By Lemma 5.1, we find Ny € N large enough so that

)}NGIN

sup E {(O(N)’(t*’z*)[(),t*]) < 00, (5.8)

2(k—j)}
N>Np

and, for each € > 0, an N, € N large enough so that

T_— 25
limsup sup E {(O(N)’(t ® )[0,5]> }
=0 N>N.

2 . 2(k—)7\ !
< (j!(k-j)!f) ( sup E [(0<N>v<t = )[O,t*]) D .
2 N>No
Combining this with the inequality from equation (5.7) we arrive at
NN T
limsup sup // ‘1/),(:\/)’“ ® )(t,é’)

—~0 N>N. J
Dy (8)

- €
didz < <.
23

Since this limsup as § — 0 is less than ¢/2, there exists § > 0 small enough to verify
equation (5.5) as desired. O

X)) e

Proof. (Of Proposition 2.27) Let W")("2") 2 max;c 1 gy sup, o 1+ | X;
the largest absolute value achieved by the ensemble at any time ¢ € [0,¢*], and let
W'NV).(t".2") pe the same for an independent copy X'(V):(t":2") By the definition of the

set D, we have that LHS of (2.13) is bounded above by

k k 2
N%i 1{U zi — VNt >M}P<ﬂ {zi—\/ﬁtie)?(N),(t*,z*)(ti)}> dt, ...dt,

N . =1
— —L k
ZEN 27
(5.9)
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Since X®"+*") and X"(*:*") are independent, we write this as:

LHS (2.13)
k
=N*E i 1{U 2 — VNt >M}
fean0er) 1
- _1
ZEN 27
k k
X 1 ﬂ {Zl — \/Nti S X(N)’(t*"z*)(ti)} {Zi - \/Nti € X/’(N)’(t*’z*)(ti)} ‘|
i=1 j=1
<NEE |1 {we ) s a1 {0 s

i=1 i=1

k k

« yf 1{ N {5 = VL € X000 () o= VL € K002 (1) }]
feap(o4) T
N ~1
ZEN 27
> M and z, — VNt; €

XN:(t:2") (¢,), then the maximum has W@):(*"=") > M. By application of Corollary 5.4,
and Cauchy-Schwarz we have that LHS of equation (2.13) is bounded above by:

The last inequality follows by inclusion since if ’zi —V/Nt;

o [1 w0 5 ) fwro e =) 5 ) % (o [O,t*})k}

S%IP {W(N)’(t*7z*) > M] \/E [(O(N)(t*,z*) [O,t*])%], (5.10)

Finally, by the weak exponential moment control from Proposition 4.28 and Lemma 5.1
we know there is an Ny € IN so that supy y, IE [(O(N)(t**z*) [0, t*])%} < o0o. Since this is

bounded and since lim s, supy sy, P [W %) > M| =0, (see e.g. Lemma 4.8) it is
possible to choose an M so large so that the RHS of equation (5.10) is less than e. O

A Appendix

A.1 Facts about Poisson processes

Lemma A.1. Let P(7) be an ordinary unit rate Poisson process. Let P(t) = P() —
denote the compensated version of this walk. Then:

IP( sup P(r)— inf P(T)>y¢ﬁ)§2exp(if)+2exp< lx/Ny>.

0<T<tN 0<T<tN 71
Proof. We show that IP (Sup0<'r<tN P(1) > yﬁ) and P (inf0<7<tN P(r) < —y\/ﬁ) both
separately obey this type of inequality, and the result will follow by a union bound. Fix

any T > 0, + > 0. Since P(7) is a martingale, we have by Doob’s inequality for the
running maximum of any sub-martingale that for any A > 0:

_ exp (AP(T) x x x
P (s, o) 22) < BEEEE <om(r (F-m(1+7) (14 7))

where we have used the minimizing value A = In (1 + %) to get the last inequality. We

2
now use the Taylor series inspired bound z — In(1 + z)(1 + z) = —%z2 + %foz %dt <
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1.2 1 2 2 1 22 .
—32" T2 Jo mhprdt = —315; to get:

2
_ 1. (%) 1z2 1
P( sup P(r)>z) < -T2 | < == ——x .
<021:ET (T)_a:)_exp( 2 1+;>_exp< 4T)+€Xp< 4:(’)

The last inequality follows by considering the cases x < T and = > T separately. Putting
T =tN and z = y/N gives the desired result of the Lemma. The same argument works
to prove the bound on P (- info<; <7 P(7) > y) using Doob’s inequality again and the
fact that — P(7) is also a martingale. O

Proposition A.2. (Local Central Limit Theorem for Poisson probabilities) Recall the
Poisson probability mass function p from Definition 2.4. We have that

Vit (M [VITs]) - e (<32 0.

Proof. Notice that u(M, M + y) can be realized as a probability:

lim sup
M—00 ;cR

M
u(M,M+y)=1P<Z(&—1)=y>7

i=1

where &; are i.i.d. Poisson random variables of rate 1. The result then follows by the local
limit theorem for sums of mean zero random variables, see for example Theorem 3.5.2
in [9]. O

Corollary A.3. There exists a constant C'p so that:

sup \/M,u (M,M—i— L\/MzD < Cp.

MeN

Proof. This follows by applying the triangle inequality to the result from Proposition A.2
and the bound sup, g exp(—32%) < 1. O

A.2 Proof of determinantal kernel for non-intersecting Poisson bridges

Proposition A.4. For any 7™ > 0 and any z* € I, recall from Definition 3.3 the
space-time kernel KI(DT =) Given any list of times 7, ...,7; € (0,7*) and coordinates
x1,...,2, € {1,...,2* +d — 1}, the k-point correlation function for non-intersecting

Poisson bridges is given by:

P <ﬁ {xi € )?(r*,x*)(Ti)}> = det [KI(DT*,I*)«%M) ; (Tj,ﬂ:j)):|’_€_ ) (A.1)

=1
=1 ]

The key ingredient in the proof of this result is the Eynard-Mehta type theorem:
Proposition A.5. (Theorem 1.7. from [13], see also Section 1.2 of [14]) Fix m € IN.

Suppose X,., 0 <r <m + 1 are subsets of N and that ¢, .11 : X, x X; 41 = R,0<r <m
are given functions. An element z = (¥V,...,#™)) € X{ x ... x X3 = X is called a

configuration. We think of (") = (mgr), . ,x&r)) as the positions of d particles in the

set X,. Let 7¥ € X¢ and #™ € X, be fixed configurations, the initial and final
configurations respectively. Define for 0 < r < s < m+ 1 the function ¢, , : X, x X, = R

by:
¢T’,S(I7 y) = Z e Z ¢T,r+1(x7 Zl)¢r+1,r+2(zla Z2) e (ybs—l,s(zs—r—lv y)a (AZ)

21€X,r 11 Zs—r—1€Xs-1
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and define ¢, = 0 if r > s. Consider a random configuration X € X given by the
following prescription:

m

P (X) det [gy,p41 (o) (“)} .
(X) = derl_[o et +1( ’ ) i,j=1
Then, for any k € N, and any list of space-time coordinates {(r;,z;)}*_; € ({1,...,m} x

]N)k we have the following determinantal formula for the probability to find these space-
time points occupied:

k

P (ﬁ {xl € X“”}) = det [Kd,m (Ti,xi;rjvxj)], o

=1
i=1 J

where the kernel K (which does not depend on k) is explicitly given by:

Kd,m(rax;r/ax/) = _¢7 s\T y Z ¢r m—+1 ( ) (Ail)i’j ¢0,7'/ (xg‘O)vxl) )

1,j=1

Aij = Po,m+1 (IEO),l‘gm)) : (A.3)
Remark A.6. Typically this type of measure arises in the context of non-intersecting
processes as a consequence of the Lindstrom-Gessel-Viennot/Karlin-MacGregor formula.
The difficultly in practice is inverting the matrix A which appears in the formula for the
kernel. The approach we will follow goes by using row and column manipulations to
rewrite the functions ¢ in terms of orthogonal polynomials. Because these polynomials
are orthogonal, the matrix A becomes diagonal and finding A~! is possible.

Lemma A.7. Recall the definition of the non-intersecting Poisson bridges from Definition
2.5. For any fixed sequence of times 0 = 7(0) < 701 < . < 7" < 7(m+1) — 7% and any
list of vectors {7 }:’:gl with 7 = §,4(0) € N and ™V = §, (2*) € N? we have:

P <ﬂ {0y = 50 }> Zz,. H det [ (7Y — 7)) wﬁ))}d L
i)

=1
where Z.« .+ is a normalizing constant.

Proof. Let 13(7) € IN? denote an ordinary Poisson process which consists of d independent
Poisson processes. By the Lindstrom-Gessel-Viennot/Karlin-McGregor theorem, the
probability of d Poisson paths to go from an initial position # € IN? at an original time 7
to a final position # € IN? at a final time 7/ without intersection is given by:

P ({Non-intersecting in (r,7)} N {ﬁ(T') = :z} ]13(7) = :E) = det [u (v — 7,2} — )|},
The result of the Lemma then follows by the definition of X2 as the Markov process

of Poisson processes conditioned on non-intersection and with initial and final conditions
7 and #("+1) respectively. O

Definition A.8. Recall the definition of the polynomials R; and R; from Definition 3.3,
and the Poisson probability mass function p from Definition 2.4. Define a family of
auxiliary functions A\; : R xIN—-Rand \; : RxIN =+ Rfor0<j <d—1by:

A

Nj(T,2) = Rj(T, ) (T, z).

A =

S\j(T,LL') =Rj(ryx)p(z* —ox+d—1,7"—71).
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Lemma A.9. For each j, \;(7,r) and )j (7,2) can be written as a linear combination of
the functions {p (1,x —4)}!_, and {u (7% — 7,2* —x +d — 1 — i)}]_, respectively:

J

Aj(1,2) :ZGLJ',LL(T,.Tf’L').
i=0

_ J

Aj (1,) :Zai,j,u(T**T,I**I+d*17i).
i=0

A ij T*i
0 2 )
@i = )(z)<x*+d—1>_1;

where (z)_; denotes the falling factorial (z)_; =x-(x —1)-... - (x — i+ 1).

Proof. This is verified directly from the definition of R;(7,z) in terms of the hypergeo-
metric function 5 F; from Definition 3.3. From this definition we have that:

j ) i
(7 (z)— ™ "
< =Y (-1 () e A4
R (T, x)p(T, ) ;( ) <Z> (*+d—1)_, ( ’ ) € 2! (A.4)
On the other hand, we have:
7 J ) ] T*i T{IZ*’L‘
Zamu(r,x—z) :Z(fl) <Z> T Td=1) e EEn (A.5)
i=0 i=0 —i

The RHS of equations (A.4) and (A.5) are seen to be equal by the identity xl = (z—0)(x) ;.
A very similar calculation holds for A; (7, z). O

Corollary A.10. We have the identities:

Z Ni(mo)y(t y—z) =X (t+7,y), Z w(r, )N (T y —x) =N (147, y).

zeN zeIN

Proof. First notice that ) u(7,2)u(r',y —x) = p (7 + 7', y). This is the well-known
fact that a sum of two independent Poisson variables is again Poisson (or in other words,
the convolution of two Poisson weights is again Poisson). The identities then follow by
the observation from Lemma A.9 that \; and \; are linear combinations of weights y. O

Lemma A.11. For any sequence of times 0 = 7(9) < 7(0) < < 7(m) < 7(m+1) — 7%
and any list of vectors {#"}" | with #© = §,(0) and Z"*+V) = §, (z*) we have:

P (ﬁ {Xw,w*)(T(i)) _ f(i)}>

Z7 . d
— T et {/\1—1 (T(1)’$(1)>}
<Hd71a )2 J i,j=1
i=0 Yi,i
b e (1) _ ()] 5 (m))]?
X det {/L (T(T+1) — T(T),Ii7 — x/ )} det {)\i_l (T(m),xjm )} ,
i,j=1 ' i,j=1

where a;; is as defined in Lemma A.9.

Proof. This follows by applying row operations on the determinants that appear in
Lemma A.7 to create the linear combinations that appear in Lemma A.9. O
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Lemma A.12. The polynomials R;(r,x) and Rj (1, x) are related by the identity:
. ’r* J ~
Rj(1,xz) = (—1)’ <7‘ - 1) Rj(r,z). (A.6)
Moreover, for1 < j,k <d—1, and any T € (0,t*) we have:
p(r*,c* +d—1)
Z/\ (1,2) M\, (1, ) = (—=1)? (*+d 5 8 k-

z€N 7

Proof. We use the Euler transformation for the hypergeometric function , F1,

oA () = a-aman (V7 (9).

This identity applied to the polynomials 1?; and Rj from Definition 3.3 verifies equation
(A.6). Once this is established, we now compute:

Z )‘j (T7 1’) 5\k (Ta (E)
zelN
_M(Tal‘ +d—1 r*+d—1 T\ T z*+d—1—x
S S meomen () (2) (- 5)
p(r e +d—-1) 1 ™ k
- * j r*+d—1 — -1 §j7k7
(=-1" (7% )<T >

where we have applied the orthogonality relation for the Krawtchouk polynomials. O

Proof. (Of Proposition A.4) It suffices to verify the result for the process X (7 %") re-
stricted to an arbitrary finite list of times 0 = 70 < 7(1) < . < 7(m) < 7+ — 7x
With such a list fixed, define the initial/final conditions by (*) £ §,(0), (™ £ §,(z*) and
the functions ¢, ,41 for 0 < r < m by:

Grri1(, )éu( (r+1) _ 7 (r ),xl—x).
go(al 2) = N (7, ).
¢m7m+1(a:,x§m+1)) = (T(m),x).

By Lemma A.7, the probability of any configuration is explicitly given by equation (A.1),
which matches the hypothesis of Proposition A.5. By Corollary A.10, we can explicitly
perform the convolutions that appear in equation (A.2), to get

¢0,7‘($§-0),$) =) (T(r), a:) forl1 <r<m.
¢r,m+1(x,x;m+1)) = :\j (T(T), :v) forl1 <r<m.
brs(2', ) =p (T(S) — T(T),.’,El — x) forl <r<s<m.

It remains only to calculate ¢g ,,+1. By Lemma A.12 we compute

- . (e d—1
B0mi1 @, 20™) = 37 60,0 (@0, D) (20 ) = (~1)7 4 5, .

xeN (w*Jrjdil)

(Note that the above calculation works for any 0 < r < m and that the final result does
not depend on r or m.) Thus the matrix A, defined in equation (A.3) is diagonal! Inverting
it and applying the conclusion of Proposition A.5 gives the kernel Kp as desired. O

EJP 26 (2021), paper 62. https://www.imstat.org/ejp
Page 48/50


https://doi.org/10.1214/21-EJP614
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limits of semi-discrete directed polymers

References

[1] T. Alberts, K. Khanin, and J. Quastel, The intermediate disorder regime for directed polymers
in dimension 1 + 1, Ann. Probab. 42 (2014), 1212-1256. MR-3189070
[2] A. Borodin and I. Corwin, Macdonald processes, Probab. Theo. Rel. Fields 158 (2014), no. 1,
225-400. MR-3152785
[3] F. Caravenna, R. Sun, and N. Zygouras, Polynomial chaos and scaling limits of disordered
systems, Journal of the European Mathematical Society 19 (2013). MR-3584558
[4] I. Corwin, Random growth models, ch. “Exactly solving the KPZ equation”, pp. 203-254,
American Mathematical Society, 2018. MR-3838899
[5] I. Corwin and A. Hammond, KPZ line ensemble, Probab. Theo. Rel. Fields 166 (2016), 67-185.
MR-3547737
[6] I. Corwin and M. Nica, Intermediate disorder directed polymers and the multi-layer extension
of the stochastic heat equation, Electron. ]J. Probab. 22 (2017), 49 pp. MR-3613706
[7]1 A. De Luca and P. Le Doussal, Crossing probability for directed polymers in random media,
Phys. Rev. E 92 (2015), 040102.
[8] D. Denisov and V. Wachtel, Conditional limit theorems for ordered random walks, Electron. J.
Probab 15 (2010), 292-322. MR-2609589
[9] R. Durrett, Probability: Theory and examples, Cambridge Series in Statistical and Probabilis-
tic Mathematics, Cambridge University Press, 2010. MR-2722836
[10] P. Fitzsimmons, J. Pitman, and M. Yor, Seminar on stochastic processes, 1992, ch. Markovian
Bridges: Construction, Palm Interpretation, and Splicing, pp. 101-134, Birkhauser Boston,
Boston, MA, 1993. MR-1278079
[11] G. Moreno Flores, J. Quastel, and D. Remenik., In preparation.
[12] S. Janson, Gaussian hilbert spaces, Cambridge Tracts in Mathematics, Cambridge University
Press, 1997. MR-1474726
[13] K. Johansson, Discrete polynuclear growth and determinantal processes, Commun. Math.
Phys. 242 (2003), 277-329. MR-2018275
[14] K. Johansson, Non-intersecting, simple, symmetric random walks and the extended Hahn
kernel, Ann. I'Institut Four. 55 (2005), 2129-2145. MR-2187949
[15] S. Karlin and J. McGregor, Coincidence probabilities., Pacific J. Math. 9 (1959), 1141-1164.
MR-0114248
[16] R. Koekoek and R.F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials
and its g-analogue., Tech. Report no. 98-17, Delft University of Technology, 1998.
[17] J. Komléds, P. Major, and G. Tusnady, An approximation of partial sums of independent RV’s,
and the sample DF. I, Probab. Theo. Rel. Fields 32 (1975), 111-131. MR-0375412
[18] W. Konig, N. O’Connell, and S. Roch, Non-colliding random walks, tandem queues, and
discrete orthogonal polynomial ensembles, Electron. J. Probab. 7 (2001), 1-24. MR-1887625
[19] C.H. Lun and ]J. Warren, Continuity and strict positivity of the multi-layer extension of the
stochastic heat equation, Electron. J. Probab. 25 (2020), 1-41. MR-4150521
[20] C.H. Lun and J. Warren, The stochastic heat equation, 2D toda equations and dynamics for
the multilayer process, arXiv preprint arXiv:math/1606.05139v1 (2016). MR-3439221
[21] C. McDiarmid, On the method of bounded differences, Surveys in Combinatorics, London
Mathematical Society Lecture Note Series, Cambridge University Press, 1989, pp. 148-188.
MR-1036755
[22] M. Nica, Decorated Young tableaux and the Poissonized Robinson Schensted process, Stoch.
Proc. Appl. 127 (2017), 449-474. MR-3583759
[23] N. O’Connell, Directed polymers and the quantum Toda lattice, Ann. Probab. 40 (2012),
437-458. MR-2952082
[24] N. O’Connell and J. Warren, A multi-layer extension of the stochastic heat equation, Commun.
Math. Phys. 341 (2015), 1-33. MR-3439221
[25] N. O’Connell and M. Yor, Brownian analogues of Burke’s theorem, Stochastic Processes and
their Applications 96 (2001), no. 2, 285 - 304. MR-1865759

EJP 26 (2021), paper 62. https://www.imstat.org/ejp
Page 49/50


https://mathscinet.ams.org/mathscinet-getitem?mr=3189070
https://mathscinet.ams.org/mathscinet-getitem?mr=3152785
https://mathscinet.ams.org/mathscinet-getitem?mr=3584558
https://mathscinet.ams.org/mathscinet-getitem?mr=3838899
https://mathscinet.ams.org/mathscinet-getitem?mr=3547737
https://mathscinet.ams.org/mathscinet-getitem?mr=3613706
https://mathscinet.ams.org/mathscinet-getitem?mr=2609589
https://mathscinet.ams.org/mathscinet-getitem?mr=2722836
https://mathscinet.ams.org/mathscinet-getitem?mr=1278079
https://mathscinet.ams.org/mathscinet-getitem?mr=1474726
https://mathscinet.ams.org/mathscinet-getitem?mr=2018275
https://mathscinet.ams.org/mathscinet-getitem?mr=2187949
https://mathscinet.ams.org/mathscinet-getitem?mr=0114248
https://mathscinet.ams.org/mathscinet-getitem?mr=0375412
https://mathscinet.ams.org/mathscinet-getitem?mr=1887625
https://mathscinet.ams.org/mathscinet-getitem?mr=4150521
https://arXiv.org/abs/math/1606.05139v1
https://mathscinet.ams.org/mathscinet-getitem?mr=3439221
https://mathscinet.ams.org/mathscinet-getitem?mr=1036755
https://mathscinet.ams.org/mathscinet-getitem?mr=3583759
https://mathscinet.ams.org/mathscinet-getitem?mr=2952082
https://mathscinet.ams.org/mathscinet-getitem?mr=3439221
https://mathscinet.ams.org/mathscinet-getitem?mr=1865759
https://doi.org/10.1214/21-EJP614
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limits of semi-discrete directed polymers

[26] G. Peccati and M.S. Taqqu, Wiener-It6 integrals and wiener chaos, pp. 57-108, Springer
Milan, Milano, 2011. MR-2791919

[27]1 N. J. A. Sloane, The on-line encyclopedia of integer sequences (OEIS) A060854, https:
//oeis.org/A060854.

[28] R.P. Stanley, Enumerative combinatorics:, Cambridge Studies in Advanced Mathematics,
Cambridge University Press, 2001. MR-1676282

[29] J. Warren, Dyson’s Brownian motions, intertwining and interlacing, Electron. J. Probab. 12
(2007), 573-590. MR-2299928

[30] J. Warren and P. Windridge, Some examples of dynamics for Gelfand-Tsetlin patterns, Electron.
J. Probab. 14 (2009), 1745-1769. MR-2535012

Acknowledgments. The author is grateful to Ivan Corwin for suggesting the problem
as well as for discussions and advice during the writing process. The author also thanks
Jeremy Quastel for helpful discussions and for making an early draft of a related result
[11] available. I am also grateful to the anonymous referees for their careful reading
and comments which greatly improved the presentation of the article.

EJP 26 (2021), paper 62. https://www.imstat.org/ejp
Page 50/50


https://mathscinet.ams.org/mathscinet-getitem?mr=2791919
https://oeis.org/A060854
https://oeis.org/A060854
https://mathscinet.ams.org/mathscinet-getitem?mr=1676282
https://mathscinet.ams.org/mathscinet-getitem?mr=2299928
https://mathscinet.ams.org/mathscinet-getitem?mr=2535012
https://doi.org/10.1214/21-EJP614
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	 Introduction 
	Background and main results
	Applications of Theorem 1.2
	Outline
	Notation

	Definitions and proof of main results
	Non-intersecting Brownian motions and bridges 
	Non-intersecting Poisson processes and non-intersecting Poisson bridges
	Iterated stochastic integrals
	1+1 dimensional white noise
	Convergence of chaos series – Proof of Theorem 1.2
	Proof of Corollary 1.7
	 L2 convergence – Proof of Theorem 1.5

	Determinantal kernels and orthogonal polynomials
	Determinantal kernel for non-intersecting Brownian bridges
	Determinantal kernel for non-intersecting Poisson bridges
	Pointwise convergence on D1(,,M) – Proof of Proposition 2.24 
	Bound on D2(,,M) – Proof of Proposition 2.25

	Overlap times
	Weak exponential moment control – definition and properties
	Bounds on positions of non-intersecting Poisson processes 
	Inverse gaps of non-intersecting Poisson processes 
	De-poissonization – non-intersecting multinomial random walks
	Overlap times of non-intersecting multinomial random walks
	Overlap times of non-intersecting Poisson processes and bridges

	L2 bounds – Proof of Propositions 2.19, 2.26, 2.27
	Appendix
	Facts about Poisson processes
	Proof of determinantal kernel for non-intersecting Poisson bridges

	References

