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Concatenation and pasting of right processes
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Abstract

A universal method for the concatenation of a sequence of Markov right processes
is established. It is then applied to the continued pasting of two Markov right pro-
cesses, which can be used for pathwise constructions of locally defined processes like
Brownian motions on compact intervals.
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1 Introduction

1.1 The objective

The concatenation of a sequence of (strong) Markov processes (X", n € IN) on state
spaces (£",n € IN) forms a stochastic process X on | J,,.y E" as follows: Started in £",
the process X behaves like X" until this process dies, afterwards is revived as X"*!
at a point in E”*! which is chosen by a probability measure which takes Markovian
information of X™ until its death into account, then behaves like X™t! until it dies, and
SO on.

In earlier works on Markov processes and their applications, the theory of this
technique, in contrast to other well-known modes of transformation like killing or time
substitution, has not been developed much further—if at all—than on restricting it to
special cases, despite the fact that it is not at all trivial to show that the resulting
process X will inherit the (strong) Markov property of the subprocesses. This gap in
the literature is quite surprising, considering it is natural in manifold applications to
construct processes via local solutions and pasting them together, from immediate con-
structions of Markov chains and branching processes [9], extending Markov processes
over their lifetime by instant revivals [13], introduction of isolated jump discontinuities
into diffusion processes, up to the pathwise construction of stochastic processes via local
solution techniques such as in the construction of Brownian motions on intervals [10, 11]
or on metric graphs [12, 6, 17].
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Concatenation and pasting of right processes

In this paper, we are establishing the technique of concatenation of countably many
processes in the general context of right processes [16]. This class of strong Markov
processes encompasses a majority of classical types of Markov processes, such as Feller,
Hunt, standard, and—in some sense [7]—even Ray processes. Our main result will guar-
antee that the process constructed by the concatenation of a sequence of right processes
on disjoint state spaces via transfer kernels will again be a right process, thus especially
maintaining the strong Markov property of its subprocesses. This generalizes [16] from
two to countably many processes, and extends the corresponding results of [13], where
the concatenation of a sequence of identical processes is considered.! We will then
weaken the assumption on the disjointedness of the state spaces to the concatenation of
alternating copies of two right processes by imposing some consistency conditions on
both partial processes. This method can be used to glue two Markov processes on not
necessarily disjoint state spaces together, extending a result of [14], or to form instant
revival processes in the sense of [8, 13]. We thus provide an unified way to extend or
join an extensive class of Markov processes.

1.2 The context: Markov right processes and strong Markov property

We understand a Markov process X on a Radon space F (equipped with a o-algebra &)
to be defined in the canonical sense of the standard works of Dynkin [4], Blumenthal-
Getoor [1] and Sharpe [16], that is, as a sextuple

X =(2,9,(4,t>0),(X;,t>0),(0,t>0),(Py,z € E))

with the following properties: (X;,t > 0) is a right continuous, F-valued stochastic
process on the measurable space (2, %), adapted to the filtration (4;,¢ > 0), and equipped
with shift operators (©;,t > 0) on Q. (P,,z € E) is a family of probability measures
satisfying Xy = = P,-a.s. for all x € E (normality of the process), such that forall ¢t > 0,
B € &, x+— P,(X; € B) is measurable and the Markov property holds:?3

Vo€ E,5,t>0,f€b&: Eyu(f(Xes)|%) =Ex, (f(X1)).

We are basing our results in the context of one of the most general classes of Markov
processes, namely the class of right processes. Right processes are Markov processes
which satisfy the following condition of right continuity in the topology of excessive
functions: For o > 0, the class .7, of a-excessive functions is the set of all non-negative,
measurable functions which satisfy e~ T} f 1 f pointwise as t | 0, with (T;,¢ > 0) being
the semigroup associated to X, that is

Tif (z) = E,(f(Xy)), f€pEUbE, x€E.

Then a Markov process X, equipped with an augmented and right continuous filtration,
is called right process, if it satisfies

foralla >0, f € .7,, the map t — f(X;) is a.s. right continuous. (HD2)

It is well-known (see [16, Theorem 7.4]) that in order to establish (HD?2), it is sufficient
to check the right continuity of the process on the a-potentials (U, a > 0)

Unf(z) = /OC e T, f(z) dt = IEI(/OO ot f(Xt)dt), fepfUbE,z € B,
0 0

of bounded, uniformly continuous functions? on E. Furthermore, (HD2) implies the

lwith the technique of [13, Section 3], their result can be extended to the concatenation of right processes
on finitely many disjoint spaces.

2For any o-algebra &, we define b&, p& to be the sets of all &-measurable functions which are bounded,
non-negative respectively, as well as bp& := b& N pé.

3For convenience, we omit the qualifier “a.s.” in equations which contain conditional expectations.

4In the following, the set of all bounded and uniformly continuous functions on E is denoted by bCq(E).
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Xp=X! t< ! Xi=X7 o, t>¢

Figure 1: Concatenation of two processes X! and X? on E', E?, resulting in the process
X, which, if started in E', behaves like X! until R = ¢!, afterwards is revived on some
point in E? (chosen by a transfer kernel K1), where it then runs like X2.

strong Markov property of the process [loc. cit.], that is, for every (4;,t > 0)-stopping
time 7, with .# being the universal completion of ¢ (X, s > 0):

Vo € B,Y €07 1 B (Y 0O, I ey |%s) =Ex, (V) L{rcoo)-

The strong Markov property is often crucial for the examination of stochastic processes,
in particular it allows to decompose the resolvent of a strong Markov process X at
stopping times 7 via Dynkin’s formula [4, Section 5.1]:

Unf(z) = EI(/OT et £(X,) dt) By (€7 Unf (X)) Lircony)- (1.1)

We impose the usual hypotheses (cf. [16, Sections 3-8, 11, Al]): & is the universal
completion of the Borel o-algebra on F, the underlying filtration (4;,¢ > 0) is augmented
and right continuous, and there exists an isolated, absorbing cemetery state A € F, such
that with the lifetime of the process

C:=inf{t >0: X; = A},

X: = A holds for all ¢ > (. Furthermore, there is a dead path [A] € Q with (([A]) =0,
and we constitute that f(A) = 0 for any measurable function f, which in conjunction
with X, := A, O := [A] allows to drop the restricting functions 1;,. in the above
formulas of the strong Markov property.

1.3 Concatenation of processes: construction approach and main result

Let (X™,n € IN) be a sequence of right processes on disjoint spaces (E™,n € IN). For
the pathwise definition of a concatenating process X on Q := [] 0", we set, for
w:=(w"'nelN)eQ, t>0,

nelN

th(wl)v t<<1(w1)7
X2 1) (@), CMwt) < t < CHWY) + (W),
Xo(@) = 4 X sy @) (@) + W) <t < )+ + G,

AW t>3 en (W),
In order to define initial measures (PP, € F) for the process X, we need to constitute

a transfer mechanism between the subprocesses (X", n € IN), more precisely: a law on
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how the process X" *! initiates in E"*! after X" died. This mechanism can depend on all
information until the lifetime (" of the subprocess X", but it should admit a memoryless
property in order to ensure the Markov property of the resulting process X. The main
principle which allows to salvage the Markov property is the following invariance under
time shifts:

Definition 1.1. For a right process X on E and a terminal time T for X, the left germ
field ﬁz[T,] for X atT consists of all %1 _-measurable random variables H which satisfy

Vte>0: Ho®O,=Has.on{t<T}

Here, terminal times are a well-known concept for memoryless stopping times:

Definition 1.2. A stopping time T over (%#;,t > 0) is a terminal time for a Markov
process X, provided that

t+To©, =T on{t<T}.

The prime examples for terminal times are the first entrance times. Most notably, the
lifetime ¢ of a right process is always a terminal time. As A is absorbing, we even have a
stronger version of shift invariance of ¢ for any random time R:

(oOp=(C—R)VO. (1.2)

The revival information is then encoded in kernels which are memoryless with respect
to the lifetimes of the partial processes:

Definition 1.3. Let X!, X? be right processes on E', E? respectively. K is a transfer

kernel from X' to (X?, E?), if it is a probability kernel from (Q', 7z, ;) to (E?,&7?).
With the help of transfer kernels K" from X" to (X"*!, E"*1), the paths of the

concatenated process are chosen for any x € E™, n € IN, by the initial measure

P, (dw',... do™ 1, dw™, dw™ . )
1= 0ja1)(dw) -+ Ojan—1y (dw" 1) P2 (dw™) K™ (w", da™ ) PTEL (dw™ 1) - -

with da:), being the Dirac-measure in [A?], ensuring that X starts P,-a.s. in E".

Our main result on the concatenation of countably many right processes, which
extends the concatenation of two processes given in [16, Section 14], is as follows:
Theorem 1.4. Let (X", n € IN) be a sequence of right processes on disjoint spaces
(E",n € IN), such that the topological union E := |J, . E™ is a Radon space, and let
a transfer kernel K" from X" to (X"*!, E"*!) be given for each n € IN. Then the
concatenation X of the processes (X", n € IN) via the transfer kernels (K",n € IN) is
a right process on E. With R" := inf{t > 0: X, € E"™'}, foralln € N, x € U?:l EJ,
f c bé@n+1’

Eo (f(Xpn) Uiprcooy | Frro) = K" f o L{rncoo}-

A standard method of constructing transfer kernels is by imposing conditional distri-
butions k!(x, -) for the transfer point (that is the “revival point” of X?) given the “exit
point” Xcll_ =z of X! (cf [16, p. 78]):

Example 1.5. Let X!, X? be right processes on E', E? respectively, such that X},
exists a.s. in E!, and let k': E' x &2 — [0, 1] be a probability kernel from (E!,&!) to
(E?,&%). Then the map K': Q! x &% — [0, 1] with

K'(w' A) = kl(Xcllf(wl),A)7 wen Ae &,

defines a transfer kernel from X' to (X2, E?).
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start as X !: start as X!:

t: 07 =5t 5 t: 0= ¢ttt (¢t

Figure 2: Consistency condition for pasting together two processes X!, X*! on a
common state space: The process behavior must be independent of the chosen starting
process. The left-hand picture shows a path behavior if the concatenated process
is started as X ! (black), which is then revived after its death at (~! as X! (red),
afterwards revived as X! at ¢ *1 (blue), etc. The concatenated process must show the
same behavior if started as X!, as illustrated in the right-hand picture.

1.4 Pasting of two processes: construction approach and main result

It is possible to weaken the assumption of disjoint subspaces (E™,n € IN), in order to
apply the above described technique to paste together two right processes. However,
we then need to impose additional conditions on the subprocesses, namely, they need to
coincide on the shared state space, and their entry and exit distributions into this subset
must be equal irrespective of the mode of entry or exit (namely by either subprocess
behavior or revival), see Figure 2.

Let X!, X! be two right processes with lifetimes (7!, (*! on E~!, E*! respectively,
and K !, KT! be transfer kernels from X! to (X*!, E*1) and from X! to (X1, E~1).
We define alternating copies of these processes and transfer kernels on disjoint state
spaces by setting for each n € IN

X" i={n}x XV K":=§,, @ KV (1.3)

v

Then X" is a right process on E" := {n} x ECV", &» = {n} @ &-V", and K" is a
transfer kernel from X" to (X" *! E"*1). Let X be the concatenation of (X", n € IN) via
the transfer kernels (K™, n € IN). By Theorem 1.4, it is a right process on E= Unen £7
equipped with the universal measurable sets .

Set E:= E-'UE*!, and let 7: E — E be the canonical projection onto the second
coordinate. The consistency conditions which ensure the pasted process 7(X) to be a
right process on E are as follows:

Theorem 1.6. Let X!, X! be right processes on spaces E~', E*! respectively, and X
be concatenation of (X", n € IN) via (K™, n € IN), as defined in (1.3). Let 7~ be the first
entry time of X! into E-'\E*!, and 7} be the first entry time of X! into E*'\E~1.
Ifforallz €c ET'NET, a>0, febs, gt € b&7L, gtt € b&TL, the equalities

T71 T+1
@) B (fo e f(Xhdt) =B fo e f(XTY) dt),
(i) Byl (e 1 g X ) o < ) =B (e K g o <),

T
B (e g () T < ) = B (e KT gt N <)

[

hold true, then 7(X) is a right process on E, with t: E — E for E = U, {n} x BCD",
E=E"1UEt.
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The reader may observe that the second condition of the above theorem is not present
in [14], as Nagasawa only considers continuous processes with instant revivals at the
exit points of the subprocesses.

If we only consider one process X° on E and one transfer kernel K° from X° to
(X E),andset X ' = X+ = X0, K—! = K*! = K, no special conditions are required
such that the pasted process 7(X) is a right process. We then obtain the following result
for the instant revival process (in the sense of [8, 13]), constructed of copies of X 0 with
the revival kernel K°:

Theorem 1.7. In the context of Theorem 1.6, if X1 = X+1, K1 = K*!, thenn(X) is a
right process on E.

2 Concatenation of right processes

In this section, let (X", n € IN) be a sequence of right processes
X" = (" 7" (F)ez0, (X720, (07 )ez0, (P})zcEn)

on disjoint state spaces (E™,n € IN), and for each n € IN, let a transfer kernel K™ from
X" to (X", E"*1) be given. The objective is to give a rigorous construction of the
concatenation and to prove Theorem 1.4, which will be done incrementally by lifting the
concatenation of finitely many processes to the countable case.

2.1 Concatenation of two processes

Carrying out the specification given in section 1.3 for the case of two processes, we
set the concatenated process X of X! and X? via the transfer kernel K := K'! on the
sample space ) := Q! x Q? with o-algebra . := .Z! ® .#? to be X;: Q — E, defined for
eacht >0, w = (w!,w?) € Q by

Xi (w'), t < (Hwh),
X? @), t = wh),

as well as introduce a family of operators (0;,¢ > 0) on €2, defined by

(@%(wl) wg), t < ¢Hwh),

We use the transfer kernel K to concatenate the processes X! and X? probabilistically
by giving a transition between the distributions (P.,z € E') and (P2,z € E?). To this
end, we define measures (P,,z € E) on .# by setting for x € E*, H € b(F' @ #2):

[ H(w",w?) P2(dw?) K (w', dy) PL(dw'), =€ E",

Bl = {f H(w',w?) P%(dw?) §jary(w?), v e E%

The main result for the concatenation X of two processes X; and X5 via the transfer
kernel K is as follows:

Theorem 2.1. X is a right process. For the revival time R := inf{t > 0: X; € E?}, and
allz € B, f € b&?,

E, (f(Xr) L{r<oo} ny_) =Kfor' 1{pcoo}-

This theorem is proved in detail in [16, Theorem (14.8)] by an examination of the
resolvent and of the excessive functions of the resulting concatenated process X. We
give a short sketch:
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Using Dynkin’s formula (1.1) for decomposing the resolvent (U,,« > 0) of X at the
revival time R (which a.s. coincides with the terminal time ¢! of X!), one obtains for
a>0,febC(E), r€ E=FE'UE?

Unf (@) = 1 (2) (U f1 (2) + By (7" KUZ ) + L2 () U2 (),

with f7 := f|_,, and U’ being the resolvent of X7, j € {1,2}. An extensive analysis of
the above components under the utilization of the strong Markov property of X' and X2
as well as the properties of the transfer kernel K then shows the Laplace-transformed
equivalent of the Markov property for X. But U2 f? is a-excessive for X2, and both U} f!
and, by the shift properties of the transfer kernel K, the function =z — E}C(e‘aCl KU2f?%)
are a-excessive for X!. As X! and X2 satisfy (HD2), it is immediate from the above
decomposition that ¢ — U, f(X}) is a.s. right continuous, which yields (HD2) for X.

2.2 Concatenation of finitely many processes

Next, we consider for fixed m € IN the concatenation of the right processes X1!,..., X™
via the transfer kernels K',..., K™ !: For every n € {1,...,m} set E™ := (J_, E/
as topological union of the spaces (E’,j € {1,...,n}), as well as F := E("™). Directly
extending the construction of section 2.1, we define the concatenated process X on the
sample space Q := Q! x .- x Q™ with o-algebra . := Z'®@---@ F™ tobe X;: Q = F,
defined for each t > 0, w = (w?,...,w™) € Q, with

(M (w) =MW W) = et + e+ W) (2.1)
forne{l,...,m—1}, by

X} (wh), t < (M(w),

X7 @), (D) <t <P (w),
Xt(w) = Xf_c(z)(w) (w3)7 <(2) (w) S t < C(d> ((.U),

Xﬁg(m,l)(w)(wm), t> C(mil)(w)a

Furthermore, we introduce a family of operators (0;,t > 0) on 2 by setting for each
t>0,w=(wh...,w™) €

(@%(wl),wg,uﬁ,w‘l,...,wm), t < ¢M(w),

[AY], ef—ﬁ(l)(w) (w?),w?,wh, ... ,wm), (D(w) <t < (W),

A1, [A%, 03 (@00t w™), (PD(w) <t < (B (w),

(A1), A0y @™), 2> (D (w),

The formal proof that (©,¢ > 0) is indeed a family of shift operators for (X;,t > 0) is a
straight-forward computation with the help of the shift property (1.2) of the lifetime.

Like in the construction for two processes in above section 2.1, we use the transfer
kernels (K™,n € {1,...,m — 1}) to concatenate the separate measures (P?,z € E"),
n € {1,...,m}, of the partial processes (X", n € {1,...,m}). For every z € E, we define
the measure P, on .# by setting for x € E™, H € b.%:

E, (H) = /H(wl,...,wn)P;m(dwm)Kmfl(wmfl,dxmmm—l (dw™ 1)

e IP:jffl (dw™ 1) K™(w™, dz™ ) P (dw™)
5[An71](dwn71) e 5[A1](dw1).
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Furthermore, we consider the n-th revival time
R":=inf{t>0: X, € E""}, nec{l,...,m—1},

which is terminal time, as X is right continuous by construction, and every subspace
Entl s isolated in E.

The extension of Theorem 2.1 to the finite concatenation X of X!,..., X™ via the
transfer kernels K',..., K™~ then reads as follows:

Theorem 2.2. X is a right process. Forn € {1,...,m —1}, z € E™, f € b&"*1,
E, (f(Xrn) Lirncooy | Frno) = K" f o™ L{pncoo-

We will prove this theorem iteratively, that is, by assuming that the concatenation
X () of the processes X',..., X" via the transfer kernels K',..., K" ! is already a right
process for any fixed n € {1,...,m — 1}, and then applying Sharpe’s result (Theorem 2.1)
in order to concatenate X (") with X"*! via the transfer kernel K. Before doing this,
we need to lift the transfer kernels K™ from X" (to (X"‘H7 E"“)) to transfer kernels
from X (™ (to (Xn+1 Entl)). We begin with a general result on stopping times:

Lemma 2.3. Let X be a right continuous strong Markov process, and S, T be stopping
times over the natural filtration (#;,t > 0), such that S+ T 0o ©g = T. Then Og is
Fr_ | Fr_-measurable.

Proof. It is well-known that Og is %, g/ #;-measurable, see [1, Corollary 1.8.5]. Consider
the shift on a generating element of .#r_, thatis fort > 0, A € %,

05" (An{t <T}) = 05" (A) N {t < ToOgs}
=05 (A)N{t+ S < T}
= U ((@EI(A)O{S <q—t})Nn{q <T}).

q€Q+
As ©5'(A) € F;15, we see that, by the definition of %, s, the inner term satisfies
VgeQy: O3 (A)N{t+S<gq}eF,
So every set of the countable union above is an element of .Z7_. O

In particular, the random times S := ¢(»~1), T":= ¢(" satisfy the requirements of the
above lemma for the process X (™), in case it is a strongly Markovian.

Lemma 2.4. Assume X (") is a strong Markov process for some n € {1,...,m—1}. Then
K" o™ defined by

K" or™((w',...,w"),dy) == K™(w",dy)
is a transfer kernel from X (™ to (X"*!, Ent1),

Proof. Obviously, K™ o n™ is a probability measure in the second argument, because K"

is a Markov kernel. In order to show the 9[(C7Zi>_]-measurability of K" o"(-,dy), we
start by observing that

-1 _ 0l -1 (n)

(") (FL ) = x x QU P C F ey

This can be seen by the following argument: The o-algebra %", _ is generated by

f(th) ]l{t<C"}a f € b(”@nv
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and these functions, extended to Q™ fulfill

(f(XP) Ljpeeny) o™ = f(Xt(i)gwn) Ltcm-n<comy
= (f(Xt(n)) ]l{t<<(n)}) (e] @C(n—l) .

Because Xt(") 1 {t<cm} is & (n) -measurable, Lemma 2.3 shows that the above function

C(n)f
is indeed .7, éZ?)_-measurable. Therefore, we have (w")_l(ﬂgﬁ_) c 94(("”))_, and as
K™(-,dy)is 54’[75"7]-measurable and 7" is a projection, K™ o " is .% (3)7-measurable.

It remains to prove that the shift invariance also lifts from K" to K" on™: Fixt > 0
and let N™ be a null set on .#" such that, for all w™ € CN™,

K" o00p(w") = K™(w"), ift< ("(w").
But then N := (7")~1(N™) is a null set on .# ("), because
PO ((7")H(N™)) = P (N") =0,
and for all w = (w',...,w") € CN™ (thus, w™ € CN"), we have for t < (") (w):

K™(w"), t < ¢ D(w),

(Kn ° ﬂ—n) °© G(n) (w) = n n n n— n
k K" 00 (@), 0<t— D (w) < ¢"(w)

= (K" om")(w),
where we used the shift invariance of K™ for the last identity. O
We are ready to prove the extension of Theorem 2.1 to finitely many processes:

Proof of Theorem 2.2. The case m = 2 is already proved, see Theorem 2.1.

Assume now that, for some m € N, the process X (™ resulting from the concatenation
of X',..., X™ via the transfer kernels K',..., K™ ! is a right process and satisfies for
allne{l,...,m—1}, 2z € E™, f € b&"+!, with R™ := inf{t > 0: X" ¢ E*+D}.

Eo (X)L po0 <o) | Fot) ) = K™ 01" 1 o <oy - (2.2)

Let X(™+1 be the concatenation of X(™ and X™*! via the transfer kernel K(™) :=
K™ o ™. By the pathwise definitions at the beginning of sections 2.1 and 2.2, X (m+1)

is equal to the process X arising from the concatenation of X!, ..., X™ X™*! via the
transfer kernels K!,..., K™ ! K™, In particular, the initial measures ]Pf(,;mﬂ), P, of

X(m+1) " X respectively, coincide for all z € E(m+1),
Now Theorem 2.1 states that X = X (™*1 is a right process, and that, with the revival
time R™ = inf{t > 0: X; € E™*!} =: R("™), it satisfies, with 7(™): Q — Q! x ... x Q™:

m m+1 m—+1
E, (f(Xpm) Lipmecoo} | Frm—) = EY +1)(f(X1(%<:Lr> )) L pem <oo} |91(z<rj>_))
K™om™)fom™ 1 pom <ooy

= (
= (Kmf) o 7Tm Il{Rm<oo}-
Assumption (2.2) for X (™) concludes the proof, as we get for n € {1,...,m—1}:

(K" f) o™ Lirncocy = E™ (f( féii))) L{rm <00} |351(?,7<7'?>_) om(™

- ]E:E (f(XR”) ]]‘{R"<oo} | an_),

EJP 26 (2021), paper 50. https://www.imstat.org/ejp
Page 9/21


https://doi.org/10.1214/21-EJP611
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Concatenation and pasting of right processes

Here, the equality of both conditional expectations is seen as follows: Because R" =
R™ o 7(m) and X, = Xt(m) o (™) hold for all t < R(™), we have Xpn = Xgﬁ) o™, The
o-algebras Zg._ and F"™

R(m_ are generated by the multiplicatively closed classes of
functions

J = fi(Xe,) o fe(Xe) Lipc ey,
T = fXE) - fXE™) Ly gy

with 0 < t; < --- <t <t, fi,...,[r € b&, and it is immediate that J = J™) o z("),
Therefore, the integrals of both functions are the same (over their respective spaces),
that is, we obtain

E, (f(XRm) ]1{sz<00} J) = Eg(rm) (f(XR(m)) ]I{R(m)<oo} ‘](m))

= E{™ (B (f(X%L))) 1Rt <oot | 9,%7743_) Jm)

=, (B (f(Xl(ng)u) L{pom <ooy | 9"1%1,) o™ J).

On the other hand, 7(") is Frn_ /. F IgTﬁ,)f-measurable, because for all f € b&,

FXe) Lgarny = FXT™) Lppc gy 0 7™,

which yields the .Z» _-measurability of E{"™ (f(XgZ?)) L{ptm<oo) | ,?}({(’?)_) om(m), O

2.3 Concatenation of countably many processes

We are ready to turn to the concatenation of the processes (X",n € W) via the
transfer kernels (K",n € IN): We assume the topological union £ = |J, .y E" of the
disjoint spaces (E™,n € IN) to be a Radon space. For instance, this is the case if the
spaces E™, n € IN, are Lusin, see [15, Corollary to Lemma I1.5]. Adjoin a point A ¢ F as
a new, isolated point and form Ex := E U {A}.

Following the construction of section 2.2, let ((™) be given as in equation (2.1) for
each n € IN. We define the process X;: ) — FEa and the family of shift operators
(©4,t > 0) for X on Q := [], . Q" by setting for all ¢ > 0, w = (w',w?,...) € Q with
¢ (W) <t <(M(w), neN,

Xi(w) := Xt"_c(n,l)(w)(w"),

Ou(w) := ([A'],....[A™ 1], 9;‘7C(n,1)(w)(w")7w"+l, w2 ),
as well as X;(w) := A, O;(w) := ([AY],[A?],[A%],...) forall t > Y ("(w™). The right
continuity of all underlying processes X", n € N, yields the right continuity of X.

Set 7 = @, cn#", and introduce the measures (P,,z € F) on (Q2,.#) by consti-
tuting a transition between the subprocesses’ distributions (P?,z € E™), n € IN, via
the transfer kernels (K™,n € IN). To this end, we define the measures (P,,z € E) as

projective limits of the following prescriptions: Forany m € N and H € b(Z#'®---@.F™),
we set for z € E!
B, (H) = / Hwb, . w™) P (dw™) K™ (™) de™) P (dw™ )
- P25 (dw?) K (W', d2?) P (dw'),
while for x € E™, n > 2, we set
xm,—l

E, (H) = /H(wl, W™ P (™) K (@ da™) P (dm )

e ]PZ;'L}l (dw™ ™) K™(w™, dz™ 1) P (dw™)
5[An71](dwn71) o 5[A1](dw1).
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An easy calculation shows that the above definitions admit consistency and therefore, by
the Kolmogorov existence theorem, exist as probability measures on (Q2, %).

We are going to prepare the main method for the proof that X is a right process. A
stability result for right processes, which will be made rigorous in Lemma 2.5 below,
states the following: Assume we are given a stochastic process X and an increasing
sequence of terminal times (R™,n € IN). If process X killed at R™ is a right process for
every n € IN, then X killed at R := lim,, R™ is a right process as well. This result is then
directly applicable in our context, because, for every n € N, the concatenated process X
killed at the n-th revival time R"

R" .= inf{t >0: X; € [j Em} _ C(”)
m=n+1

=inf{t>0: X, € E""'} P as.forze|J Em

m<n

is just the finite concatenation of X!,..., X" via K!,..., K™~ !, which is a right process
by the results of section 2.2. Thus, X killed at lim,, R" = > (" (which equals X by
construction) is proved to be a right process.

Lemma 2.5. Let (X;,t > 0) be a right continuous stochastic process on a measurable
space ({2, %) with values in a Radon space E, (P,,x € E) be a family of probability
measures on a measurable space (Q, %), (R*,n € IN) be an increasing sequence of
random times with R := sup, .y R", and (E®",n € IN) be an increasing sequence of
Radon spaces. Define the processes (X"t > 0), n € N, and (XF,t > 0) on Q by

Xy, t< R"™, Xi, t<R,
XtR’" = ¢ and XtR = t t>0
A, t>R", A, t>R,

)

Then X% = (Q,.7,(Z)iz0, (X[)i20,(©f)i20, (Pr)zer), with (F[,t > 0) being the
natural filtration of X* and ([t > 0) being an arbitrary family of shift operators for X,
is a right process on FE, if the following conditions are fulfilled:

(i) (R",n € IN) is a sequence of stopping times over (Z£,t > 0);
(i) (E®", n € IN) increases to E, that is, |, .y E" = E;

(iii) for each n € NN, there exist a filtration (Z,",t > 0) on (9,.%) and a family of
operators (Ot > 0) on Q, such that

xR = (Q’ Z, (th’n)tZ‘Ja (XtR,n)tZ(b (@fm)tZo’ (IPGE)xEERv")
is a right process on Ef";

(iv) for eachn € N, R"™ is a terminal time for the process X", satisfying R™ > 0 P,-a.s.
for all x € ER™,

Proof. The process X' is normal, because for any = € F, with n € IN such that 2 € E®",
the normality of X" gives

Po(XJ = 2) = Po(Xg" =2, R" > 0) = 1.

Turning to the Markov property of X%, let s,t > 0 and f € b&. For any k € NN,
0=ty <ty <t2<-~-<tkSt,goebg,gl,...,ngbéE, set
I = go(X) g1 (X)) - - g (X]D),

0

T = go (X[ g (X[ - gn(X0T), neN.
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As the set of functions of the type .J* forms a multiplicatively closed generator of b.7 [,
and as Exr (f(XJ7)) is measurable with respect to the natural filtration (#,¢ > 0), it
suffices to show that

B (F(XE0) - J7) = B (Bxp (F(X)) - 7).

We start by observing that {s+t < R} = |J, {s+t < R"} and XZ, = X%} on {s+t < R"},
so Lebesgue’s dominated convergence theorem yields

E, (f(XSRH) : JR) ~limE, (f(Xfi;’) TR st < R").

By employing both the terminal time property and the stopping time property of R™ with
respect to X R.n next, we obtain

lmE, (f(Xﬁ;?) P R”)
= i, (f(Xf’") o @F™ . JRn. 5 < RRm o QF" 4 < R”)
= lim B, (Ew (F(XEm) 0 OF" s < R* 0 OF™ | ZRM) . Jin: 4 < R").
Now, we are able to apply the Markov property of X", which yields
lim I, (EI (F(XEmM oo™ s < RM o0 | F[/0) - JRm 1 < R”)
= Hm B, (B (f(XE); 5 < R") - I £ < R"),
and by carrying out the above steps in reverse order, we conclude that
lim By (B (F(X2"); 5 < RY) - I ¢ < RY)
~E, (EXF (F(XB); s < R)-JP 1 < R)
=B (Bxp (F(XD) - T7).

It remains to verify that ¢ — f(X/[?) is a.s. right continuous for all a-excessive
functions f. To this end, let .7, (X%"), .7, (X)), a > 0, be the sets of all a-excessive
functions, 7, T, t > 0, be the transition operators, and U?, UL, a > 0, be the
a-potential operators of the processes X", X respectively, that is,

Ulh(x) = ]EJE(/ e~ h(X ) als)7 h e pé&,nelN.
0
Now let f € .7, (X). Then there exists a sequence (h,,, m € IN) in bp& such that
f = sup Ughm-

Of course, U,fhm is in .%, (XR) (see, e.g., [2, Proposition 2.2]). However, we are going
to prove now that this potential, as a function restricted to E", is also in .7, (X "),
As X" is a subprocess of X%, we have

T Uy = B Ul Ry (X))
- ]E(e_‘” Ulhn(XE): t < R”)
- E(e—‘” EXtR(/OO e (X ) ds); t< R”).
0
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The Markov property of X7 and the stopping time property of R” with respect to X%
imply that this is equal to

et T URE, = E(]E( / T emes (X ds | yﬁ); t< R")

t

=

[ee]
_ (/ €% ho (XB) ds; t < R”).
t
Therefore, we have e~ T* ULh,,, < ULh,, forallt > 0, and because R" > 0 holds PP,-a.s.
for all z € E™, Levi’s monotone convergence theorem yields

o0
lim e~ T URh,, = E( / €% hy (X B) ds)
) o
= Ufhm

on Ef"  Thus Uoffhm|ERm, € /%(X1n) for each n € N, and as the set of excessive
functions is closed under suprema, we have

Hgnn = 500 (Uil ) € Fal X7,

We are now able to conclude that X satisfies (HD2): We have just seen that, for any
f € Z.(X%), f restricted on E®" is a-excessive for X" for all n € N, so as X" is
a right process, the map ¢ — f(XtR’") is a.s. right continuous for each n € IN. With
X = X" ont < R", lim, R" = R and f(A) = 0, we immediately get that ¢ — f(X7F) is
a.s. right continuous. O

Let X be the concatenation of the right processes (X", n € IN) via the transfer
kernels (K™, n € IN), as constructed above, and (R",n € IN) be the revival times of X. As
announced, we are going to apply Lemma 2.5 with X %" being the subprocesses of X

killed at the revival times R", that is, we consider for all w = (w!,w? ...) € Q, t >0,

X t<R"
XtR,n(w) :_{ t<w)7 < )

A, t> R"™

th(wl), t < C(l)(w),

X7 @), (W) <t <P (w), (2.3)
th_c(n—l)(w) (w™), C(n_l)(w) <t< C(n) (w)

A, t> ¢ (w),

equipped with shift operators (@f”’”,t > 0) defined by

@f”’"(w) =
(Of (wh),w?,...), t < ¢M(w),
([AY 07 0y (o (@), 0P, ), (WD(w) <t <P (w),
([Al}, VA B @?—0"—1)@.}) (W), wntL . .), CrD(w) <t < (M (w)
([AY, ... [AP ] [A] W L), t > ¢ (w).

We first need to show that the subprocesses X", n € IN, fulfill the requirements of
Lemma 2.5. In particular, they are right processes:
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Lemma 2.6. For every n € IN, the process
X = (Q, 7 (F) 120, (X720, (07 )10, (Pa)pepnn ),

with (ﬁtR’",t > 0) being its natural filtration, is a right process on the state space
EM = _, B’

Proof. Let X = () F™ (Z{),50,(X™)50,(0)i20, (PY”) e pon ) be the con-
catenation of X', ..., X™ with the transfer kernels K',..., K" '. Then X" is a right
process on E(™ by Theorem 2.2.

Consider the canonical projection 7(™: Q — Q0. By checking the decomposi-
tion (2.3) and the definition of X (™) in section 2.2, it is evident that

p el Xt(") on(™ forallt>0,a.s. on ().

The definitions of the measures P, ]P;") for the countable and finite concatenations yield
that for all z € E(®™),

P,o(x™) =P on M =gFlg. . @I

Thus, X" and X (") have the same finite dimensional distributions (with respect to their
corresponding measures IP and P("):

P, o (X" xEM T =M o (xM L XM (2.4)

This easily transfers the normality and Markov property from X () to X", Turning to
(HD2) for X %", we observe that the a-excessive functions of X () and X &7 coincide, as
the transition operators 7", T/*™, ¢ > 0, of X(), XE" agree for all f € p&™, z € E™.

T f2) = Bl (X)) = BS (F(G™) = T f(a).
But X" is a right process, so for any f € .7, (X®"),
te F(XE) = £(X o)

is a.s. right continuous, as for any P{")-null set N in .Z®), (r()~1(N) is a P,-null set
in Z#. -

We are now able to use Lemma 2.6 to lift Theorem 2.2 to the concatenation of
countably many processes:

Proof of Theorem 1.4. Let X" be the processes as defined above Lemma 2.6 for the
revival times R"™, n € IN, equipped with their natural filtrations, on their state spaces
Efn .= EM). Then the sequence (R",n € IN) increases to the lifetime of X, and the
sequence (E®" n € N) increases to E = |J,, E". Furthermore, by Lemma 2.6, the
process X" is a right processes on E®" for every n € IN, and being a subprocess of X,
its natural filtration satisfies ZF%" C F1X, Finally, R" coincides with its lifetime, so it is
a terminal time for X", and being the first entry time of X into a closed set, it is also a
stopping time for X. Thus, Lemma 2.5 is applicable, which shows that X = X is a right
process.

It only remains to prove the revival formula given in Theorem 1.4. To this end, we
compare once again the processes X" and X (") like in the proof of Lemma 2.6:
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(2N — 1) x E~1

2N x Et1

U, ({n} x BECDY)

E-luEt!

Figure 3: Construction of the pasting of two subprocesses X ', X! on E~!, E*!, via
concatenation of alternating subprocess copies on (2IN —1) x E~1, 2IN x E*! respectively,
and subsequent projection onto E~' U Et!,

As X (1) is the concatenation of X and X"*+! with transfer kernel K™ o ™ (see
section 2.2), Theorem 2.2 yields, with R(™) = inf{t >0: Xt("+1) € Bty

n+1 n+1
EC D (FXSEN) L pocooy | FbD) = K™ f o 1" 1 (a0 coc) -

Checking the construction of X and X("+1), we observe that
R™on) = R and XUMYon™D) = X as. on Q.

By definition, #pn_ = o({AN{t < R"} : t > 0,A € %;}), and this generator is
N-stable, because for all s,t > 0, A, € %, A; € F;, with s < ¢:

(Asn{s < R"}) N (A n{t <R"}) = (AN A) N{t < R"},
and A, N A; € %;. Thus, it suffices to show that forallt >0, f € b&, k€ N, 0 < t; <
<ty <t g1, , 0K € bE with

J = g1(Xy,) gk (Xey) - Lcpny,
TR = g (X (X - Leny,
T = gy (XYY g (X)) - e
the following holds true, as Xz» = X" a.s.:
By (f(Xpn) Lirncooy - J) = Ba (XA ) Dgpncooy - JEHY)

_ ]E;”H)(f(XI(;:SI)) Lgm<oo) ° J(n+1))
=B (K" f o n" 1ipe coey - /D)
=B, (K"fon™ Ligncoo} - J)-

This completes the proof, as K" f o m" is .% g~ _-measurable by Lemma 2.4. O

3 Application to pasting

As described in section 1.4, we achieve the pasting of two right processes X ~!, X 1
on non-disjoint spaces E~!, E*! by introducing a counting coordinate, defining copies
of the two processes on the disjoint spaces {n} x ED" n e N, concatenating these
processes to a process X on IN x (E~1 U E*1), and then discarding the first coordinate
by projecting to 7(X), see Figure 3. We now need to ensure that 7(X) is a right process.
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3.1 Mapping of the state space

In general, the state space transformation (X)) of a (strong/right) Markov process X
on a state space E to a new state space E viaa surjective mapping ¢: F — F does not
yield a (strong/right) Markov process. Heuristically speaking, the original process X
needs to “behave identically” on points of E that are mapped together by . A classical
consistency condition with salvages the Markov property of ¢(X) is found, e.g., in [4,
Theorem 10.13], it reads

VB € &,x,2’ € Ewith ¢(z) = (2') 1 P(X; € v~ (B)) =Pu(X; € v~ 1(B)).

In the context of right processes the result is almost the same, flavored only by some
measurability conditions. It is found in [16, Theorem (13.5)]:

Theorem 3.1. Let X = (Q,9,(%,,t > 0),(X;,t > 0),(0¢,t > 0),(P,,z € E)) be a right
process on a Radon space E with semigroup (T;,t > 0) and resolvent (U,,« > 0). Let
(E, &) be a Radon space and ¢: E — E be a mapping, satisfying the following conditions:

(i) ¢ is 5/5’-measurable and ¢Y(F) = E;
(ii) t — 1(X,) is a.s. right continuous in E;
(iii) for all f € de(E) and all t > 0, there exists g; € b& such that Ti(f o) =gio.
Define the transformed process Y; := ¢ (X;), t > 0, on
Q:={we Q:tw (X, (w)) is right continuous in £},
equipped with shift operators ©,:=0,,t>0, on ), and c-algebras generated by Y

0. a({f(l/t):feé",tEO}),
2 0({f(YS):f€@§,s§t}), t>0,

Q\x> Q&>
I

and choose measures for I@’y, y e E, by

P,:=P,on.%, forxzeE withy(z)=ye€E. 3.1)

Furthermore, let .7, (j‘t,t > 0) be the usual completion and augmentations of F0,
(#2,t > 0) respectively, relative to the family (P,,y € F).
ThenY = (Q,.7, (%) >0, (Y)i>0, (O1)i>0, (]Py)yeE) =:1(X) is a right process on E.

As usual, property (iii) can be extended to all functions f € bé by using the monotone
class theorem and standard completion arguments (see [16, Remarks (13.6)]). Because
of this property, the definition of the measures P, on Zin (3.1) is independent of the
representatives chosen for y = ¢(x), z € E: For any f € b€, t > 0, we have

By (f(Y) = Eu (£ ($(X0))) = Tu(f 0 ) (@) = g1 0 () = gu()-

Typically, the fundamental condition (iii) must be verified manually. There is a
Laplace-transformed version of this condition, which sometimes is easier to control, and
which is more suitable in our context:

Theorem 3.2. In Theorem 3.1, under (i) and (ii), condition (iii) is equivalent to

(iii’) forall f € de(E) and all « > 0, there exists f., € b& such that Ua(f o)) = fo o1
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Proof. Assume that (i), (ii) and (iii) hold. Then for f € de(E), a>0,z¢€ Ep,
Unlfow)(@) = [~ Tif 0v)a)dt = fo o (a)

holds with f, := f0°° e~ g, dt € b& for g, € b& as given by (iii).

Now assume that (i), (ii) and (iil’) hold. Let fe de(E) and consider for every a > 0
the function f, € b& as given by (iii’) with U, (f o ¢) = f, ot. For ¢t = 0, the function
go = f satisfies Ty(f o)) = go o 9. For ¢ > 0, we need to invert the Laplace transform,
which is encoded in (f,,« > 0). We first observe that fc(yk) = %fa exists for all £ € INg,

because for each y € F, there is x € E with ¢)(z) =y, so

fa(y) = fa ("/J(x)) =Ua(fo "/})(x)

holds and a +— U, (f o¥)(x) is in C**(R~¢) (see [3, Theorem XI1.20]). Furthermore, for
any z € F, the function

e Ty(f o) (x) = By (f(¥(X1)))

is a bounded and right continuous, because f is bounded and continuous and ¢ — 1 (X})
is right continuous by (ii). Let y € E, and choose any = € FE with ¢(z) = y. Then a
general inversion formula® for the Laplace transform of ¢ + T;(f o ¢) yields

1 —1)k
T(fot)(@) =lim Iim — 3~ (k—,) oFUP(f o) (x)
at<k<(a+e)t

= lim lim 1 E ﬂ o £ (y)
ell0a—oo € k! @
at<k<(a+te)t

=:g¢(y) = gt 0 (),

with the function g,: £ — R as defined above being bounded as ||¢;| = || 7;(f o ¢)| and
(k)

measurable due to the measurability of all f5", a > 0, k € INg. O
3.2 Alternating copies of two processes

Let X!, X! be two right processes with lifetimes ¢!, (*! on E~', E*! respectively,
and K !, K*! be transfer kernels from X! to (X*!, E*1) and from X! to (X1, E~1).
Let X be the concatenation, as described in section 1.4, of

X" .= {n} X X(_l)"a K" := 67’L+1 ® K(_l)na ne IN)

which by Theorem 1.4 is a right process on E := U, {n} x ECY". Let 7: E — E, with
E := E~1 U E*!, be the projection onto the second coordinate. We check the consistency
conditions of Theorem 3.2 to prove that the pasted process 7 (X) is a right process on E.

5The inversion formula

R | =D k)
g(t) =lim lim — o ") (a), t>0,
elloa—oo g k!
at<k<(a+e)t

for the Laplace transform () = [ e~ g(t) dt of a right continuous, bounded function g: Ry — R is given
in [16, Formula (4.14)] as part of an exercise with a reference to [5, p. 232]. However, Feller only considers
Laplace transforms of probability measures; in the general case the justification of the interchange of limits

and integration, which is essential to Feller’s proof, is more difficult and can be found in [17, Section 1.4].
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Proof of Theorem 1.6. 7 is clearly surjective. It is & /&-measurable, as the preimage of
m reads

' (B)=(2N-1)x (BNE™"))U(2N x (BNE'")), Beé&.

The right process X is right continuous and the projection 7 is continuous, so 7(X) is
right continuous as well. By Theorem 3.2, it therefore suffices to prove that for all a > 0,
f € b&, there exists f, € b& such that U, (f o) = f, o7 holds true. As the process X is
constructed of alternating copies, we look at cycles of two revivals, that is, we examine
for (n,z) € E:

Rn+27n+1

U 1) = 3 B (Lggnsam ol fom(Xy)dt).
(f o) (n, ) 7;) () (L1201 <o0) /ngmfl e fom(Xy)dt)

For m = 0, we decompose the partial resolvent at the revival time R™ and obtain by
employing the terminal time property of R"*!, the strong Markov property of X at R",
and the revival formula of Theorem 1.4:

Rn+1

E(”"”)</o e fom(Xy) dt)

(=)™

- ]E;*)"(/ et p(x 0" dt)
0

1\ —ac=D"
+E§C 1 (]1{((_1)n<00}6 ¢

¢t

KEVTEEDT (/0 et f(xY) ar))

For general m € INy, we will show inductively that

Rn+27n+1

B0y (1 sm1 <o) e~ fom(Xy)dt) = gV (a) (3.2)

Rnt+2m—1

holds with g1 € b&~1, gl € b&+! being independent of n € IN. The case m = 0 is
already done. Assuming that (3.2) is proved for an m € Ny, we calculate for m + 1, by
using the same course of actions as above, as well as the definitions of the transfer
kernels K™:

RrH2(m+1)+1

E(n,x) (l{Rn+2(m+l)—l<oo} e fom(Xy) dt)

Rn+2(m+1)-1

—aR"™ 1n —aR"t!
= ]E(nJ) (]I{R"<oo} (& R K"E. (1{R”+1<oo} e R
Rnt2m+3

KR (IL{Rn+2m+1 <o} /

Rn+2'm+l

e form(Xy) dt) ow"“) o ﬂ")

_1\n (=D 1y (—1)" 1 (=t
= gD (]1{C(,1>n<oo}e RS [CClS o (]1{4(_1)n+1<00}e o
Rn+2m+3

KO E(n,+2,~)(]l{R"+2m+1<00} / ™ fom(Xy) dt)))

Rn+2m+1
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_q1\n+2 _\n
Next, using the inductive assumption (3.2) and that gr(n b = gf(n b , we get
RnF2(mA1)+1

E(mw) (]1{Rn,+2(m,+1)—1<00} / e~ fo ﬂ'(Xt) dt)

Rn+2(7n+1)71
(-nntt

Cn _ (-1 _\n _1)ntt —
:E; Y (]1{§<71>"<oo}e o KCOTECY (1{4“1)"“0&}6 o
KD gt

—1)"
= gi 1 ().

oo

Setting g7' :=>"°_ gt €b& and gt =" gl € b&T!, we have proven that

g *(z), m odd-numbered,
g7 (z), n even-numbered

Ua(f o) (n,z) = {
holds for all (n,z) € E, so the value of the resolvent U, (f o 7) (n, z) is independent of n
for all odd-numbered n, and for all even-numbered n.
It remains to prove ¢~! = g*! on E~!' N E*!, which is equivalent to showing that

Ua(f om) (no,x) = Ua(f o) (ne, )

holds true for all n, € (2N — 1), n, € 2N, z € E~' N ET! (because (ng,z) ¢ E for
r € EtN\E!, and (n.,7) ¢ E forz € E-1\ETh).

Let 7_; be the first entry time of 7(X) into E~'\E™!, and 7, be the first entry time
of m(X) into E*!\ E~. We synchronize the start of both processes by decomposing at
the stopping time 7_; A 741 with Dynkin’s formula (1.1):

T_1AT41
Us(fom)(n,x) = ]E(n,x)(/ e fom(Xy) dt)
0
+ E(n,ac) (eia(‘hl/\ﬁrl) Ua(fom) (XT_I/\T+1)) :

7_1 N\ 741 is the exit time of the process X from E-1'n E*!. The above formula will
turn out to be independent of n if the process’ behavior on E~! N E*! and its exit/entry
behavior into E\(E~!NE*!) (represented by e~*("-1""+1) and X, | »,,,) are independent
of n. It has already been shown that this is the case for all odd-numbered 7, and for all
even-numbered n. It remains to compare the odd-numbered and even-numbered starting
processes, that is, the behavior of the original processes X ~' and X! together with the
transfer kernels K~ ! and K*':

For odd-numbered n, € (2IN—1), the starting process is X (~1)" = X1, livingon E~!,
so the process m(X) starting at (n,, ) only enters E+!\ E~! when the first subprocess
dies. Therefore, 7_1 A 741 = 7_1 A R™ holds true in this case, and using Dynkin’s
formula (1.1) again, we get

1)me

Ua(fom) (ne,x) = E(na,x)</OTlARno e~ fom(X,) dt)

+ E(no,m) (e_aT,l Ua(f o W)(XT,I); T < Rno)
+ E(nmz) (e_aRnO Ua(f o 77) (XR"O>; R™ < 771)5
where R" < 7_; can be replaced by k" < 7_,, as equality only occurs if k" = oo.

We have, P, ,)-a.s., X; = (no, Xt(fl)no on”) forallt < R"e = ((“V" oxme = (“logme,
and lel ome < C‘l o™ if and only if 71 < R™°, and in this case 71 = 7:11 o " holds
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true. Thus, the first part of the above decomposition reads

T_1AR™®
Een, .« (/ e fom(Xy) dt)
0
1
T_1
= E(no,w((/o 6*“tf(X{1)dt) ome; Ty < R”“)

+]E(no,yw((/oc_l 6*‘”f(X[1)dt> on"e; R" < 7_1).

As f(X;') = f(A) = 0forall t > ¢!, we can replace the upper limit of the latter
integration by 7-__11 > (71, in order to obtain

E(n,.2) (/OT_MR% e~ f o m(X,) dt) =En, 2 ((/OT et F(X;) dt) . Wna)_

Together with the process transfer at R" via K(-D"° = K~!, and recalling that we
already showed U, (f o) (no, -) = ¢ ' and U, (f o) (n, + 1, -) = g%, we get

Un(f 0 7) (o, ) = Exl(/oTl eot f(X;1) dt)

+E;1(e—o¢‘r:11 gfl(XT—:lll); Tl (3.3)
FE (e K gt <)),
Analogously, we find that for any even-numbered n. € 2IN,
+1
Un(f o ) (e, ) = E;gl(/;“ et F(X) d
4 ]E;H(e‘mill g+1(X:}111); <t (3.4)
+ E;Ll (e*"‘<+1 Ktlg=l. ¢t < 7'111)
holds. Using the assumptions (i) and (ii) of the theorem, we conclude that
Ua(f 07) (0,2) = Ua(f o) (e, 2),
proving U, (f o) (n,z) = g™t om(z) forall z € E, n € IN. O

Proof of Theorem 1.7. In case X! = Xt! and K—! = K1, each one of the summands
of the decomposition (3.3) is equal to the corresponding summand of (3.4). Again, this
yields g~! = g*t and U,(f o) (n,x) = g™t o7w(x) forall x € E, n € IN. O
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