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Abstract

Consider an elliptic parameter k; we introduce a family of Z“-Dirac operators
(K(u))uec, relate them to the Z-massive Laplacian of [11], and extend to the full
Z-invariant case the results of Kenyon [45] on discrete holomorphic and harmonic
functions, which correspond to the case k = 0. We prove through combinatorial
identities, how and why the Z“-Dirac and Z-massive Laplacian operators appear
in the Z-invariant Ising model, considering the case of infinite and finite isoradial
graphs. More precisely, consider the dimer model on the Fisher graph G* arising from
a Z-invariant Ising model. We express coefficients of the inverse Fisher Kasteleyn
operator as a function of the inverse Z“-Dirac operator and also as a function of
the Z-massive Green function; in particular this proves a (massive) random walk
representation of important observables of the Ising model. We prove that the squared
partition function of the Ising model is equal, up to a constant, to the determinant of
the Z-massive Laplacian operator with specific boundary conditions, the latter being
the partition function of rooted spanning forests. To show these results, we relate
the inverse Fisher Kasteleyn operator and that of the dimer model on the bipartite
graph G© arising from the XOR-Ising model, and we prove matrix identities between
the Kasteleyn matrix of G® and the Z“-Dirac operator, that allow to reach inverse
matrices as well as determinants.
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1 Introduction

This paper is inspired by three sets of results suggesting connections between the
Ising model on a planar graph G and (massive) random walks on G and its dual G*.
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e Messikh [60] observes that large deviation estimates of a massive random walk
occur when computing the correlation length of the super-critical Ising model on Z2;
a result later proved by Beffara and Duminil-Copin [7] using the FK-Ising observable
of [68] away from the critical point.

e In Smirnov and Chelkak-Smirnov’s proof of conformal invariance of the critical
Z-invariant Ising model [67, 68, 18], the key discrete tools are observables - spin or
FK (see also [39]) - that are holomorphic. Discrete holomorphic functions in turn are
naturally related to harmonic functions [33, 59, 45, 17]. The paper [58] addresses the
question of the massive version of these observables and that of proving convergence
to massive SLE’s. In particular, they give ideas of proofs in the case of the massive
harmonic explorer and of loop erased random walks, see [19] for a complete proof. As
mentioned in the previous point, a massive version of the FK-Ising observable is fruitfully
used in the paper [7].

e We prove, through combinatorial constructions, that the squared partition function
of the critical Z-invariant Ising model is equal, up to a multiplicative constant, to the
partition function of spanning trees [29, 30]. An abstract proof of this identity is given in
the toroidal Z-invariant case in [10, 12].

The main contribution of this paper is to provide a unified framework for all of the
above, which holds in the full Z-invariant case, in the infinite and finite cases. Our main
results are obtained as a combination of intermediate steps that are interesting in their
own respect. We nevertheless feel that, before listing statements leading to the principal
Ising results, we should convey the main ideas.

Let us first be more precise about operators underlying our “inspiration” papers.
Large deviation estimates of massive random walks are related to the massive Green
function, the latter being the inverse of the massive Laplacian operator. By definition
discrete holomorphic functions are in the kernel of the Dirac operator, which is a
Kasteleyn matrix/operator of the double graph G” [45]; harmonic functions are in the
kernel of the Laplacian operator. The spanning tree partition function is equal to the
determinant of the Laplacian operator [50]. Summarizing, a central role is played by the
Dirac operator (at criticality) and the (massive) Laplacian in the (super) critical Ising
model.

Our first contribution is to introduce one of the missing pieces of the puzzle, namely
the full Z-invariant version of the (critical) Dirac operator of [45], referred to as the
Z"-Dirac operator, u being a natural free parameter disappearing at criticality. This is
the subject of Section 3, as well as its connections to the Z-invariant massive Laplacian
of [11] and the study of the corresponding dimer model on the double graph G".

To study the Ising model, we use Fisher’s correspondence [35] relating the low (or
high) temperature expansion of the model [51, 52] to the dimer model on the Fisher
graph G" with associated Kasteleyn matrix/operator K*. The partition function of the
dimer model is the Pfaffian of K¥, and the Boltzmann/Gibbs measures are explicitly
expressed using coefficients of K¥ and its inverse (K¥)~! [72, 44, 23, 47, 9]. This means
that knowing the determinant of K* and its inverse amounts to fully understanding the
partition function of the Ising model and probabilities of its low (or high) temperature
expansion. Notably, coefficients of the inverse Kasteleyn operator (K¥)~! are also related
to other important observables of the Ising model as the spin-Ising observable of [18],
see [69, 16], and the FK-Ising observable of [68, 18] which is also the fermionic spinor
observable of [39] (up to normalization), see [32, 63].

Consider the dimer model on G* arising from a Z-invariant Ising model. Our main
contribution is to prove matrix identities relating the Kasteleyn operator K¥ and the
Z"-Dirac operator and also the Z-massive Laplacian of [11]. The strength of these
identities is that they allow to reach inverse operators and also, after some extra
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work, determinants. As a consequence, in the finite and infinite cases, we express
coefficients of (KF)~! using the inverse Z*“-Dirac operator and also using the Z-massive
Green function; this is the subject of Section 5, see also the corresponding part of the
introduction. In essence, this proves that the contour Ising Boltzmann/Gibbs measures
can be computed from (massive) random walks (with specific boundary conditions in the
finite case). In the finite case we also prove that the squared Ising partition function is
equal, up to an explicit constant, to the determinant of the massive Laplacian, that is to
the partition function of rooted spanning forests, see Corollary 4.5 and also Theorem 1.7
of the introduction. Comments on how these results connect to our “inspiration” and
other papers are given at the end of this section.

Section 2 contains preliminaries. Section 4 contains the main intermediate step:
we consider the dimer model on the bipartite graph G® arising from the XOR-Ising
model [74] constructed from two independent Z-invariant Ising models [32, 13]. We
prove matrix identities relating its Kasteleyn matrix/operator K< and the Z“-Dirac
operator. In Section 5, building on the work of Dubédat [32], we express coefficients of
the inverse operator (K¥)~! using coefficients of the inverse operator (K?)~!; this result
holds for the dimer model on the Fisher graph G" arising from any 2d-Ising model, not
necessarily Z-invariant. Note that this result can also be derived from the paper [16],
see Remark 1.9. Combining this with the results of Section 4 then allows us to deduce
the Ising results. In Section 6, we specify some of our results in two important cases: the
Z-invariant critical case, and the full Z-invariant case when the underlying graph is Z?.

To give detailed statements, let us be more precise about Z-invariant models [64, 43],
fully developed by Baxter [4, 5, 6], see also [65, 2, 3]. A Z-invariant model is naturally
defined on an isoradial graph G = (V, E); parameters are chosen so that the partition
function only changes by a constant when performing a star-triangle transformation of
the underlying graph, i.e., they are required to satisfy the Yang-Baxter equations. The
solution to this set of equations for the Ising model has, given the embedding of the
graph, a free elliptic parameter k, such that (k’)? := 1 — k2 € (0,c), and the coupling
constants J are [6]:
1+ sn(0.|k)

en(6.)k) )’
s

where sn, cn are two of the Jacobi elliptic trigonometric functions, and ., = .57 is an
angle associated to the edge e in the isoradial embedding. When k = 0, i.e. k' = 1, the
elliptic functions sn, cn, are the trigonometric functions sin, cos, and the Ising model is
critical [55, 22, 57]. As (k')? varies from 0 to oo, the coupling constants range from
oo to 0 [12] thus covering the whole range of inverse temperatures. In the paper [11],
we introduce Z-invariant rooted spanning forests with associated operator the massive
Laplacian A™; when k& = 0, we recover the critical Laplacian of [45]. We also prove an
explicit local expression for its inverse, the Z-massive Green function G™, using the
discrete massive exponential function [11]. We are now ready to give a detailed overview
of this paper.

1
VeeE, Jeziln(

Section 3: Z“-Dirac and Z-massive Laplacian operators Fix an elliptic parameter
k, and let T(k) be the torus C/(4KZ + 4iK'Z), where K, K’ are defined in Section 2.5.4.
Denote by C(k) the component R/4KZ of T(k); whenever no confusion occurs, we will
omit the argument & in C(k). We introduce a family of Z“-Dirac operators (K(u))uec
on the double graph G® = (W U B, E”) associated to pairs of dual directed spanning
trees, extending to the full Z-invariant case the Dirac operator 0 of [45], corresponding
to k = 0. In the finite case, we introduce a family of operators (K°(u))y,cc/, with
boundary conditions tuned for the Ising model, where C’ is a subset of C defined in
Equation (3.4). Although these operators play a key role in the Z-invariant Ising model,

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 3/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

they are interesting in their own respect. In the specific case k£ = 0, results we obtain
can be found in [45, 71, 43]. We prove, see also Theorem 3.6:

Theorem 1.1.

¢ Infinite case. Let u € C, then the Z*-Dirac operator K(u), the Z-massive Laplacian
A™ and the dual A™* of [11] satisfy the following identity:

K ke = (7 ).

e Finite case. Let u € C’, then the Z"-Dirac operators K(u), K?(u), the Z-massive
Laplacian A™?(u) and the dual A™* satisfy the following identity:

Ko(u) K(u) = (Amg(“) gfﬁ) .

A function F € CP is said to be Z“-holomorphic if K(u)F = 0. As a consequence of
Theorem 1.1, if F'is Z*“-holomorphic, then Fjy is Z-massive harmonic on G and Fjy- is
Z-massive harmonic on G*, thus explaining the part “Dirac” in “Z“-Dirac operator”.

Note that in the finite case, the Z-massive Laplacian A™?(u) arising in the context
of the Ising model might have negative masses and conductances along the boundary,
see Equation (3.6) where it is explicitly defined. As a consequence, this operator is not
necessarily positive definite.

In the infinite case, Theorem 1.1 yields the following relations for inverse operators,
see also Corollary 3.15; the statement in the finite case is given in Corollary 3.17.

Corollary 1.2 (Infinite case). For every u € C, consider the operator K(u)~! mapping
C" to CP whose coefficients are defined by, for every v, f,w as in Figure 14,

iaf;rﬁf

K(w)g i, =e ™5 (0) " s0(00)* ([dn(ua,) dn(us, )| G, — [0 (ta 4or) dn(us o)) G, )

. ap+PBe

K(u);iv = —je ‘"2 (k/)—l sc(@f)% ([dn((ugt.)*) dn((uaerzK)*)]%G’;g—l—

— [dn((upg—2k)") dn((ua,)")] %G}nft) '

where G™ and G * are the Z-massive and dual Z-massive Green functions of [11]. Then
K(u)~! is the unique inverse of the Z*-Dirac operator K(u) decreasing to zero at infinity.

This gives, in Theorem 3.19, an explicit local expression for a Gibbs measure of the
dimer model on the double graph G°, where the locality property is inherited from that
of the Z-massive Green functions of [11]. Using the KPW-Temperley bijection [71, 49],
probabilities of pairs of dual directed spanning trees are computed using the Green
function of a massive, non-directed random walk. Apart from the locality property which
is specific, a similar result is obtained by Chhita [20] in the case of 72 with a specific
choice of weights.

In Theorem 3.8 and Corollary 3.10, we restrict to the finite case and prove relations
on determinants; we show,

Theorem 1.3. Let My be a dimer configuration of G®. Then, for every u € C’, we have

\detK(u)|=(k')@(Hsc(aw)%)( [T (dn(ua,)dn(us,)|?) det A,

weW e=wxEMq
[det K7(u)| = (&) (] es(0.)¥)( TT (¥ nd(ua,) nd(us, )} ) det A™ ().
weWw e=wzEeMg
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As a consequence, the partition function of pairs of dual directed spanning trees
is equal, up to a constant, to the partition function of rooted spanning forests. In the
critical case, k = 0, this is an easy consequence of Temperley’s bijection [71], but the
correspondence does not extend when k£ # (0. The main tools of the proof are gauge
equivalences on bipartite adjacency matrices and on adjacency matrices of digraphs, see
also Appendix A.

The Z"-Dirac operator is equivalent to a model of directed spanning trees. In
Proposition 3.13, we prove that the latter is Z-invariant, thus explaining the part “Z*“” of
the terminology “Z“-Dirac operator”.

Section 4: Kasteleyn operator of the graph G® and Z“-Dirac operator We con-
sider the dimer model on the graph G arising from the Z-invariant XOR-Ising model,
with Kasteleyn matrix K®. The main result of this section, and one of the main result of
this paper, is Theorem 4.2 proving the following relations between the matrix K< and
the Z“-Dirac operator. The matrices S(u) and T'(u) are defined in Section 4.1 and the
statement is as follows.

Theorem 1.4.

o Infinite case. Let u € C, then the Kasteleyn matrix K, the Z"-Dirac operator K(u)
and the matrices S(u), T'(u) are related by the following identity:

KT (u) = S(u) K(u).

e Finite case. Let u € C’, then the Kasteleyn matrix K%, the Z“-Dirac operator K°(u)
and the matrices S(u), T(u) are related by the following identity:

KT (u) = S(u) K?(u).

The matrix relations established in Theorem 1.4 have quite remarkable consequences.
They allow to establish a one parameter family of relations between inverse operators
which turn out to be very useful for some specific choices of u. Also, after some extra
work, they permit to relate determinants in the finite case, thus partition functions.
More precisely, in the infinite case, Theorem 1.4 yields the following relations on inverse
matrices, see also Corollary 4.12; the statement in the finite case is the subject of
Corollary 4.14.

Corollary 1.5 (Infinite case). For every u € C, for every w, v, f, and every w,b,b’ as in
Figure 20,

ei /;fg/;i

(K enu) (K sn(us) dnluiag) = Fo—rs

w,b

ento K ) —sntos K )

where A(uq,ug) = [snfcnfnd(ug) nd(ug)]?, and 0 = ug — ug.

Specifying the value of the parameter u allows to express coefficients of the inverse
Kasteleyn operator (K?)~! using the inverse Z%“-Dirac operator; combining this with
Theorem 1.2 yields an expression using the Z-massive Green function of [11]. Note
that since the dimer model on G® is also related to a free-fermion, zero-field 6-vertex
model [62, 76, 32], see also Section 2.3.3, the following corollary also relates this 6-
vertex model Boltzmann measure to the inverse Z“-Dirac operator and massive Green
function. We obtain, see also Corollary 4.16 and Corollary 4.18 for the finite case,
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Corollary 1.6 (Infinite case). For every w, b of G? as in Figure 22,

i
et 2

[cn(6r) sn(f¢) nd(6r)] 3

(Cn(ﬂfgﬁ’i ) K(ﬂf)yﬂ}v — isn(%) K(ﬁf);}u)

Bi+a en(Bif
(<o) = e85 1 (25 fanon v, ]+
Sn(ﬁf*ﬁi) - -
R [dAn(60G7: — G,

This proves, in an alternative way, an explicit local expression for a Gibbs measure of
the dimer model on the graph G2 [12], where the locality property is seen as directly
inherited from that of the Z-massive Green function.

Again, using Theorem 1.4 and additional combinatorial arguments, we prove in
Theorem 4.3 that the determinants of K2 and of the Z“-Dirac operator are equal, up to
an explicit constant. By [32], the determinant of K? is equal up to a constant, to the
squared partition function of the Ising model. Combining this with Theorem 1.3 gives,
see also Corollary 4.5 for the explicit value of C'(u),

Theorem 1.7. For every u € C”,
(25506 (G, )]? = C(u)| det A™ (u)],

where C" is a subset of C defined in Equation (3.19).

When k& = 0, we essentially recover the result of [30]; see Section 6.1. The above
proves that the squared partition function of the Z-invariant Ising model is equal, up to
a multiplicative constant, to that of rooted directed spanning forests. This relates on the
level of partition functions two classical, apparently very different, models of statistical
mechanics.

Section 5: Dimer model on the Fisher graph G" and the Kasteleyn matrix K¢
Consider the dimer model on G* with Kasteleyn matrix KF arising from an Ising model
with coupling constants J, not necessarily Z-invariant, and the corresponding dimer
model on the bipartite graph G<, with (real) Kasteleyn matrix K?. Note that the entries of
K< are fully determined by the coupling constants J. Building on the work of Dubédat [32]
and proving additional matrix relations, we express coefficients of the inverse operator
(K*)~! using coefficients of the inverse operator (K?)~!. Partitioning vertices of G* as
A U B as in [32], we obtain, see also Theorem 5.4,

Theorem 1.8 (Finite and infinite cases). Using the notation of Figure 26, there are four
cases to consider:

1. For every g € A and every b € B such that, when the graph G" is moreover finite, b
is not a boundary vertex:

1 Q) — Oy — o f
T (K + (Kb e "],

—1
(KF)g,b =
2. When the graph G* is finite, for every a € A and every boundary vertex b of B, we
have
(K)gp = (K¥)y b
3. Foreverya, a € A,

1 ~
(KF);,}z = _§<KQ)_Q,1bEb,a + Ka,a;

where k4, = 0 if a and a do not belong to the same decoration, and to +7 if they do.
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4. Forevery b, b € B,

(K")ps = —€b,a (K)g,y + b0z (K)o
where (KF);I{b, (KF);;,) are given by Case 1.

As a consequence, the Boltzmann/Gibbs measures of the dimer model on the non-
bipartite graph G* can be computed using the inverse Kasteleyn operator of the bipartite
graph G<. Note that in the finite case, we do not need positivity of the coupling constants
J. When J < 0, the dimer model on the Fisher graph G* has positive weights 1 and e~/
on edges, and is related to a bipartite dimer model with some negative weights, see also
Remark 5.5.

Remark 1.9.

¢ As mentioned in [32], bosonization identities somehow prove the existence of such
linear relations, but working them out requires more work, which is the subject of
the above theorem.

* As pointed out by one of the referees whom I thank, these relations can also be
derived from the paper [16]. Following his/her suggestion, let us explain how.
Using the notation of [16] we have that K" is F = —iU:FUy. The definition of the
matrix F implies, see [16, Section 3.1],

pi_( I 0y/C 0)\(1 -BJ
=B JJLo -J)lo J )

Then, [16, Lemma 3.4] expresses coeﬂilcients of C~! using those of D!, where D=
—iUEDUc is essentially the operator K®. Putting this together gives Theorem 1.8.

Next we restrict to the Z-invariant case. The coefficient (KF);A’}I is equal, up to an
additive constant, to the coefficient (KQ);}b, and is thus expressed using the inverse
Z"-Dirac operator using Corollary 1.6 in the infinite case, and Corollary 4.18 in the finite

case. The same holds for (KF);}) when b is a boundary vertex. The coefficient (KF)b_g

is a simple linear combination of two coefficients (K*) ', (K*)~!, so we are left with
ai,b asz,b

expressing the coefficient (KF)(:}). Choosing a specific value of u in Corollary 1.5, and
using Corollary 1.2 gives, see also Corollary 5.8 for the finite case,

Corollary 1.10 (Infinite case). Let uf = %ﬁ‘ + K. Then,

(KF)2L =gyt 7% () s ) O dnion)
a »W

, 2[en(6f) sn ()] 2

(cn(ugi)K(uf);}ﬂ - isn(ugi)K(uf)EfU)

_paetss en(K5%) (14 () dn(6r))
=Qb,we 2 5 X

cn(ufi) m m sn(ufi) K—0 M, K+6 m,x
x <cn((ff)(Gv,v2 —Gy) — ﬁ(nd(%)c’f,fz - nd(Tf)Gf,fl) :

Connection to previously known results. Apart from allowing to compute the contour
Ising Boltzmann/Gibbs measures, coefficients of the inverse Kasteleyn matrix (K¥)~!
are important observables of the Ising model: (K") b, ; is related to the spin-Ising observ-
able [69, 18], see for example [16]. Dubédat [32] proves that (KF);}I is the fermionic
spinor observable of [39] and, referring to Nienhuis-Knops [63], mentions that it is also
the FK-Ising observable of [67, 18] (up to normalization).

As a consequence, in the specific case k = 0 (the critical case), Theorem 1.8, Corol-
lary 1.10 and Corollary 1.6 are deeply related to the discrete part of [18] proving that
these observables are holomorphic, and integrating the square to obtain close to har-
monic functions, see also Section 6.1. Our results have two important features: they
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prove that in the infinite and finite cases, these observables have an exact explicit
expression involving Green functions, and also that these expressions not only hold at
criticality but in the full Z-invariant regime. Note that since our results hold for all &, by
taking k tending to 0 at an appropriate speed, one may obtain interesting features of the
near critical Ising model.

The paper [56] gives a non-backtracking random walk representation of the inverse
Kac-Ward operator, the latter being connected to the inverse Kasteleyn operator. In this
paper, we give a (massive) random walk representation of the inverse Kasteleyn operator
where, in the finite case, this random walk has some vortices along the boundary. In the
critical case, and for one choice of u (namely u = io0), part of the relation of Theorem 1.4
was obtained in [21]. Let us end this introduction with a comment on the paper [7] based
on an observation by Messikh [60] about the occurrence of large deviation estimates of
a massive random walk in the correlation length of the super-critical Ising model on Z2.
The proof consists in showing that, in the super-critical regime, spin correlations are
approximated by the FK-Ising observable, and then analyzing the latter. By Theorem 1.8
and Corollary 1.6, the latter a directly related to the massive Green function, thus
explaining the occurrence of the massive random walk, see also Section 6.2 specifying
our results to the case where G = Z2.

A word on the parameter u. As noted above, the parameter v of the Z“-Dirac operator
disappears at criticality, and so some motivation on where it comes from may be useful.
When writing this paper, the parameter u naturally arose from elliptic trigonometric
identities; it provided an additional degree of freedom which turned out to be very useful:
for example in Corollary 1.6, choosing specific values of u enables us to express the
operator (K?)~! as a function of the operator K(u)~!. While in the revision process of
this paper, the paper [8] came out and allows to give more insight in the periodic case.
By [12], we know that spectral curves of Z-invariant Ising models with elliptic weights
are in correspondence with genus 1 Harnack curves with central symmetry. From [8]
we know that genus 1 Harnack curves arise from bipartite dimer models with Fock’s
elliptic weights [36]. Indeed, it turns out that the Z“-Dirac operator is gauge equivalent
to Fock’s elliptic Kasteleyn operator on the double graph G as shown in [8, Section
8.2]. Now Fock’s elliptic operator has a natural additional parameter (denoted ¢ in [8]
instead of u here) which is in bijection with the hole of the amoeba of the spectral curve.
In the critical case, corresponding to genus 0 Harnack curves, there is no hole in the
amoeba and thus no extra parameter. Note that, although the construction is not explicit,
Goncharov and Kenyon [37], already proved a correspondence between bipartite dimer
models and Harnack curves with marked points on the ovals. One last point on this
topic: as observed after the statement of Theorem 1.1, every Z“-holomorphic function
is Z-massive harmonic; this in particular raises the question of thoroughly studying a
massive version of discrete complex analysis in the spirit of the papers [59, 17].

2 Preliminaries

This section contains all the preliminaries required for this paper. We give the
definitions of the Ising model, the dimer model per se, the dimer model on decorated
graphs arising from the Ising model, from the XOR-Ising model and from pairs of dual
directed spanning trees; we also define the rooted directed spanning forests model. We
end with isoradial graphs, Z-invariance and the Z-invariant versions of the above models.
In the whole of the paper, planar embedded graphs are supposed to be simply connected.
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2.1 The Ising model

Consider a finite, planar, simple graph G = (V,E). Suppose that edges of G are
assigned positive coupling constants J = (J.)ece. The Ising model on G with free
boundary conditions is defined as follows. A spin configuration is a function on vertices
of G taking values in {—1,1}. The probability on the set of spin configurations {—1,1}V
is given by the Ising Boltzmann measure Py, defined by:

Voe {~1,1}Y, Pring(o) = lemgl(GJ ( Z Jovav)

e=vv’€E

where Ziing(G,J) = Zae{_m}v exp <Ze:vv’eE Jeovau/) is the normalizing constant
known as the Ising partition function.

From now on, we suppose that the planar graph G is embedded. Boundary vertices
of G are vertices on the boundary of the unbounded face of G. The Ising model with +
boundary conditions has the additional restriction that boundary vertices have +1 spin.
Denote by Py . and ngg(G, J) the corresponding Boltzmann measure and partition
function?.

Denote by G* = (V*,E*) the dual graph of G, and by o the vertex of G* corresponding
to the unbounded face of G. Consider also the restricted dual graph G* = (V*,E*)
obtained from G* by removing the vertex o and all of its incident edges. A polygon
configuration of G* is a subset of edges such that every vertex has even degree; let P(G*)
denote the set of polygon configurations of G*. Then, the low temperature expansion
(LTE) of the Ising partition function with + boundary conditions is [51, 52]:

ZEg(6 ) = (TTe*) > TIe™- 2.1)

ecE PeP(G*) e*eP

Ising

Polygon configurations of this expansion separate clusters of +1 spins of the Ising model.

In this paper we consider the case where the graph is finite or infinite. The definition
of the Boltzmann measure does not hold in the infinite case but extends naturally, and
this will be clarified as we go along.

In the finite case, we consider the Ising model with + boundary conditions. It will
be crucial to use the boundary trick of Chelkak and Smirnov [18] consisting in adding
one extra vertex with +1 spin on every boundary edge of the graph. This has no effect
on the Ising model, but the graph gains geometric freedom along the boundary, which
will be key to handling boundary terms in Theorem 4.2. In order not to introduce too
many graphs and confuse the reader, from now on we let G be the graph we started
from with the extra vertex on every boundary edge, then G* is its dual graph and G* its
restricted dual. Figure 1 provides an example of: a graph G, its restricted dual G*, a
spin configuration with 4+ boundary conditions and the corresponding low temperature
polygon configuration of G*.

In the infinite case, we suppose that the embedded graph together with its faces
cover the whole plane. So as not to have too many notation, and since it will be clear
from the setting, we also denote by G the infinite graph; the dual graph is denoted G*.

2.2 The dimer model

Throughout the paper, we use the dimer model defined on three decorated versions
of the graph G. Prior to defining these decorated graphs, we recall the definition of the

1Note that the Ising model with + boundary conditions on the graph G can be seen as the Ising model with
free boundary conditions on the graph G’ obtained from G by merging all boundary edges and vertices into a
single vertex.
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Figure 1: An example of a graph G (black), of its restricted dual G* (grey), of a spin con-
figuration with + boundary conditions on G and its corresponding polygon configuration
on G* (red). Vertices of G are pictured as bullets — black ones represent vertices of the
original graph and grey ones are the additional vertices on boundary edges - vertices of
G* are pictured as diamonds.

dimer model per se, as well as that of the Kasteleyn matrix. We also recall the founding
results that we will use.

Consider a planar, simple, embedded graph G = (V, E). A dimer configuration of G,
also known as a perfect matching, is a subset of edges such that every vertex is incident
to exactly one edge of this subset. Denote by M(G) the set of dimer configurations of
the graph G. Suppose that a positive weight function v is assigned to edges of G.

2.2.1 Finite case

Suppose that the graph G is finite, and that |V] is even. Then, the probability of
occurrence of a dimer configuration, chosen with respect to the dimer Boltzmann
measure Pgimer, iS given by

Heel\/l Ve

TMEMG),  Paimer(M) = 7 =0

where Zgimer (G, V) =Y eM(G) [I.cm Ve is the normalizing constant known as the dimer
partition function.

The main tool used to study the dimer model is the Kasteleyn matrix [41, 42, 72],
it is defined as follows. A face-cycle is a cycle of G bounding a bounded face of the
graph. A Kasteleyn orientation is an orientation of the edges such that every face-cycle is
clockwise odd, meaning that when traveling clockwise around a face-cycle, the number
of co-oriented edges is odd. By the results of [42], a Kasteleyn orientation always exists
for planar graphs. A Kasteleyn matrix, denoted by K, is a weighted, directed, adjacency
matrix of the graph G associated to the weight function v and to a Kasteleyn orientation.
More precisely, rows and columns of the matrix K are indexed by vertices of GG, and
non-zero coefficients of K are defined by,

Vedge (z,y) of G, Ky y = euyVay,
where

1 ifrzye Fandz — y
P
oy —1 ifzy e Eandz <+ y.
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Note that the matrix K is skew symmetric.

When the graph G is bipartite, the set of vertices can be split into V= W U B, where
W represents the set of white vertices, B the set of black ones, and vertices in W are
only adjacent to vertices in B. Suppose that |[W| = |B| for otherwise G has no dimer
configurations. The Kasteleyn matrix K is naturally block diagonal with two 0 blocks
corresponding to rows/columns indexed by W/W or B/B. It thus suffices to consider
the bipartite, weighted, directed, adjacency matrix of the graph G, denoted by K. It has
rows indexed by white vertices of G and column by black ones. Non-zero coefficients are
defined by:

vV edge wb of G, f(w,b = Ew,bVuwb-

Note that the bipartite Kasteleyn matrix can also be defined as minus the transpose of
the above matrix K; rows are then indexed by black vertices and columns by white ones.
Actually both bipartite Kasteleyn matrices are considered in this paper.

The two founding results of the dimer model are: an explicit expression for the
partition function [41, 42, 72] and for the dimer Boltzmann measure [44]. Here are their
statements.

Theorem 2.1 ([41, 42, 72]). The dimer partition function of the graph G with weight
function v is equal to:

Zaimer(G,v) = | PL K.

When the graph G is moreover bipartite, we have:
Zdimer(G, V) = | det f(|

Theorem 2.2 ([44]). The probability of occurrence of a subset & = {e; = z1y1,...,€, =
x1y1} of edges of G, chosen with respect to the dimer Boltzmann measure P4y, is equal
to

l
]Pdimer(ela ceey 6l) = (H Km,yl) Pf(Kil)fgv
=1

where (K ~!)¢ is the sub-matrix of the inverse Kasteleyn matrix K~ whose rows and
columns are indexed by vertices x1,Y1,-..,T, Yi.

When the graph G is moreover bipartite, the subset of edges € is written as £ = {e; =
wiby,...,e; = wb}, and we also have,

!
Paimer(€1, ..., €1) = (H Kwi,bi) det(K™1)e,
=1

where (I?*l)g is the sub-matrix of the inverse bipartite Kasteleyn matrix K~' whose
rows are indexed by black vertices by, . ..,b; and columns by white vertices wy, ..., w;.

2.2.2 Infinite case

Suppose that the graph G is infinite. The dimer Boltzmann measure is not well defined
and is replaced by the notion of Gibbs measure. A Gibbs measure is a probability
measure on M(G) satisfying the DLR-conditions: when one fixes a dimer configuration
in an annular region, then perfect matchings inside and outside of the annulus are
independent; moreover, the probability of a dimer configuration in the finite region
separated by the annulus is proportional to the product of the edge-weights.
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Consider a Kasteleyn orientation of the graph G and the corresponding Kasteleyn
matrix K, then K can also be seen as an operator acting on C":

VF e, (KF)y=Y K.,F,

Yy~
When G is bipartite, the bipartite Kasteleyn matrix K is an operator mapping C" to C5:

VFECW7 (f(F)b:Zf(b,wa-

w~b

Explicit expressions for Gibbs measures typically involve inverse operators of a family of
gauge equivalent Kasteleyn operators, see [47] for definitions and details. An inverse
operator L of a Kasteleyn operator K is asked to satisfy the following conditions:

e KL =Idor LK =1d,
e For every x, L, , — 0 as y tends to infinity.

Existence of an inverse Kasteleyn operator and explicit expressions for coefficients
are proved for: Z2-periodic bipartite graphs using Fourier techniques [23, 47]; Z?-
periodic (non-bipartite) Fisher graphs [9, 32]; non-periodic, bipartite isoradial graphs,
bipartite quadri-tiling graphs, and Fisher graphs, all with specific weights arising from
Z-invariance [45, 10, 12], see Sections 2.3.2, 2.3.3, 2.5 for definitions; coefficients of
the inverse then have the remarkable property of being local. We refer to the original
papers for the explicit expressions.

Uniqueness is established when the graph G is Z?-periodic [66, 9], and when the
graph is non-periodic in the setting of the papers [45, 12, 8]. When the inverse Kasteleyn
operator exists and is unique, it is denoted by K ~!. Note that uniqueness and the fact
that the product (KK 1)K = K (K ~!K) is associative implies that if K ! is a right, resp.
left, inverse it is also a left, resp. right, inverse [24].

Consider the o-field generated by cylinder sets of M(G). In all of the above cases,
there is an explicit expression for a Gibbs measure Pgimer 0n (M(G), F) whose proba-
bilities on cylinder sets is given by the formulas of Theorem 2.2 with K~! being the
inverse Kasteleyn operator above. When the graph G is moreover Z2-periodic, this Gibbs
measure is obtained as weak limit of the Boltzmann measures on the toroidal exhaustion
(Gn)n>1, where G,, = G/ nZ?. We refer to the original papers for an exact statement, see
also Theorem 3.19 which has the same form.

2.3 Dimer models on decorated graphs

In this paper, an important role is played by the dimer model on the double graph G®,
a model in correspondence with random pairs of dual directed spanning trees [71, 14, 49].
Furthermore, we consider two dimer representations of the Ising model. The first is
related to the LTE of the Ising model [51, 52], while the second arises from the XOR-
Ising model, built from two independent copies of the Ising model [32, 13]. The two
corresponding dimer models live on the Fisher graph G* and the bipartite graph G<,
respectively. The three graphs GP, G" and G® are decorated versions of the graph G.

In the next three sections, we define these decorated graphs and the mappings
considered. We treat the case where the graph G is infinite or finite. In the finite case,
the graph G, the dual graph G* and the restricted dual G* are those defined in Section 2.1,
where recall that G has an additional vertex on every boundary edge, and that o denotes
the vertex of G* corresponding to the unbounded face of G. In the infinite case, the
dual graph is G*. Figures illustrate the finite case; a local picture of the infinite case is
obtained by looking at the interior of the finite case.
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2.3.1 Dimers on the double graph G° and Temperley’s bijection

The double graph is denoted by G = (V?,EP). It is defined as follows, see also Figure 2
(left).

Infinite case. Embed the dual graph G* so that edges of the primal and the dual
intersect at a single point. The double graph is obtained by superimposing G and G* and
adding an extra vertex at the crossing of each primal and dual edge.

Finite case. It is constructed similarly to the infinite case from the superimposition of
G and the dual graph G*. Edges incident to the vertex o are then removed.

In the infinite and fine cases, the double graph GP is bipartite and face-cycles are
quadrangles. The set of black vertices of G, denoted by B, consists of vertices of G and
G*; the set of white vertices of G, denoted by W, consists of vertices at the crossing of
edges of G and G* in the infinite case, and of G and G* in the finite case. White vertices
are in bijection with edges of the graph G, or equivalently with edges of the dual graph.
We thus have, VP = BUW, where B=V UV* and W « E.

Suppose again that G is finite, fix a vertex r of G amongst the additional vertices on
boundary edges, and let V" = V \ {r}. Denote by G the graph obtained from G® by
removing the vertex r and all edges incident to it. The graph GP- is also bipartite; its set
of black vertices is B", where B" = V" U V* and its set of white vertices is W" =W « E,
see Figure 2 (right) for an example. Note that G®" has the same number of black and
white vertices: |B"| = |W"|.

Bijection between pairs of dual directed spanning trees and dimers Suppose
that G is finite. Prior to stating the bijection, we need a few definitions. A tree of G is
an acyclic connected subset of edges. A spanning tree is a tree spanning all vertices of
the graph. Let v be a vertex of G, then a v-directed spanning tree (v-dST) is obtained
from a spanning tree by directing all edges towards the vertex v, referred to as the root;
with such an orientation, every vertex has exactly one outgoing edge except the root
which has none. Given a spanning tree, the set of dual edges of the edges absent in the
spanning tree form a spanning tree of the dual graph G*, known as the dual spanning
tree.

Consider the fixed boundary vertex r of G as above. Denote by J"(G) the set of r-dST
of G, by 7°(G*) the set of 0-dST of G*, and by 7"°(G, G*) the set of pairs of dual directed
spanning trees (dST-pairs) of G and G* such that the primal tree is rooted at r and the
dual tree is rooted at o, see Figure 2 (left) for an example.

The result of Temperley [71], extended by [14] to general non-directed graphs and
by [49] to the directed case, proves a weight preserving bijection between dimer config-
urations of the double graph G°' and dST-pairs of 77°(G, G*). It relies on the following
bijection between edges of G°' and directed edges of G and G*. Let w € W' = W,
x € V" U V* such that wz is an edge of G”’, then

,0)of G ifz=v eV and v is s.t. w belongs to the edge (v, v’
wx<_>{(vv) ife=w v i w g ge (v,v") 2.2)

(f, f) of G* ifx = f € V* and f’ is s.t. w belongs to the edge (f, f').

Note that there are no directed edges of G exiting the vertex r, and no directed edges of
G* exiting the vertex o. Using this bijection, a subset of edges of G°" corresponds to a
subset of directed edges of G and G*; Temperley’s bijection states that subsets defining
dimer configurations are in correspondence with subsets defining dST-pairs of 7"°(G, C*).
An example is provided in Figure 2, the vertex o is represented in a spread-out way, i.e.,
the dotted line should be thought of as being the single vertex o.

Let ¢ be a weight function on edges of G° and ¢ a weight function on directed
edges of G, G*. The relation between ¢ and ¢ which makes Temperley’s bijection weight
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T

i E(f{;o

Figure 2: Left: double graph GP of the graph G of Figure 1 (grey lines), r-directed
spanning tree of G (turquoise) and dual o-directed spanning tree of G* (purple). Right:
graph G’ (grey) and the dimer configuration (red) in bijection with the pair of dual
directed spanning trees of the left figure.

preserving naturally arises from the bijection between edges of G° and directed edges
of G,G*. Letw € W', x € V" UV¥*, such that wz is an edge of GP". Using the notation
of (2.2), we have

Co.v! ifr=veV"
Cwzr = fvﬂ 1 * ! (23)
Cf ! ifx =f eV

and ¢, = 0 for every vertex v € V' adjacent to r, ¢, s = 0 for every vertex f' € V*
adjacent to o.

Model on pairs of dual directed spanning trees Suppose that directed edges of
G, G* are assigned the weight function ¢. Consider the Boltzmann measure on dST-pairs,
denoted Pigr ;... defined by

(Mworer Goor) Ty prer Ers7)

V(T, T%) € T°(G,G*), P .. (T, T) = LI 7
st Zcri’SoT-pairs(G G* )

where Z(rigT—pairs((G7 C*), 6) = Z(T}T*)ET“"(G,C*) (H(U,v’)ET EUﬂ;/) (H(f,f')ET* éﬁf’), is the
dSTpairs partition function. As a consequence of the KPW-Temperley bijection [71, 49],
we have

Z(r{SoT-pairs((G’ C*)> E) = Zdimer(GD1r7 C)'

There is also a natural correspondence between the dST-pairs Boltzmann measure
P ST pairs and the dimer Boltzmann measure P} ., on G”” with weight function c.

Note that if ¢ = 1 on edges of G*, resp. on edges of G, then Z;g,. . ((G,G*),¢) is equal
to the partition function Z}¢1.(G, é) of r-directed spanning trees of G, resp. ZSsr(G*,¢) of
o-directed spanning trees of G*.

2.3.2 Dimers on the Fisher graph G” and the LTE of the Ising model

The Fisher graph is denoted by G* = (V*,E"). It is constructed as follows [35, 32], see
Figure 3 for an example.
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Infinite case. Start from the dual graph G* and replace every vertex of G* by a
decoration made of triangles, where each of the triangles corresponds to an edge
incident to this vertex, then join the triangles in a circular way.

Finite case. Start from the dual graph G* and do the same procedure as in the infinite
case. Then, remove the decoration of the vertex o as well as all edges of G* incident to
this decoration.

In both the infinite and finite case, the Fisher graph consists of internal edges, which
are edges of the decorations, and external edges which are in bijection with edges of G*
and will often be identified with them. Each decoration has a dual vertex in its center,
giving a way of identifying decorations and vertices of G*.

(@]

Figure 3: The Fisher graph G* for the LTE expansion of the Ising model on G with +
boundary conditions (black); one of the 2'3 dimer configurations corresponding to the
polygon configuration of Figure 1.

Mapping between LTE polygon configurations and dimers Suppose that G is fi-
nite. Fisher [35] introduces a mapping between polygon configurations of G* and dimer
configurations of the corresponding Fisher graph G*. To a given polygon configuration
of G*, there corresponds 2/V'| dimer configurations of G': edges of the polygon con-
figuration are exactly the external edges of the dimer configurations and given these
external edges, there is exactly two ways of filling each decoration so as to have a dimer
configuration [35], see Figure 3 for an example. This mapping naturally extends when
the graph G is infinite.

We consider polygon configurations arising from the LTE expansion of the Ising
model on G with + boundary conditions and coupling constants J. In order for this
correspondence to be weight preserving up to a multiplicative constant, the dimer
weight function p’ on edges of GF is defined to be, see Equation (2.1), for every edge e
of GF,

| 1 if e is an internal edge
He = o .

€ e~?)e  ifeis an external edge arising from a dual edge e* of G*.
Let PY;,..o and Zgimer(G", 1) be the corresponding dimer Boltzmann measure and parti-
tion function. Then, as a consequence of Fisher’s correspondence we have,

23t (G, ) = 27V (H eJe)Zdimcr(GF, ). (2.4)
ecE
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2.3.3 Dimers on the bipartite graph G2 and the XOR-Ising model

The quadri-tiling graph is denoted by G® = (V< E®), where the name comes from the
paper [28]. In both the finite and infinite cases, we start from the preceding definition
of the double graph G®. Recall that face-cycles of GP are quadrangles consisting of
two black and two white vertices, then add the edges joining opposite black vertices in
quadrangles.

Infinite case. The graph G is the dual of the modified graph GP”.

Finite case. The graph G© is the restricted dual of the modified graph G°, see
Figure 4.

Vertices of G® are partitioned as V@ = BUW, and the bipartite coloring is fixed as
in Figure 4. Black, resp. white, vertices of G® are denoted by b, resp. w, with or with
sub/super-scripts.

In the infinite case, the graph G® consists of quadrangles that are joined by external
edges. Quadrangles are in bijection with edges of G, or equivalently edges of G*, or
equivalently white vertices of G”: each quadrangle has a white vertex of GP in its interior,
two of its edges are “parallel” to an edge of G and the two other edges are “parallel” to
the dual edge of G*. Face-cycles of G? other than quadrangles either have a vertex of G
or a vertex of G* in their interior.

In the finite case, the description is similar away from the boundary. Along the
boundary “quadrangles” in bijection with boundary edges of G, or equivalently with
boundary white vertices of GP, are actually reduced to single edges “parallel” to boundary
edges of G. We refer to those degenerate quadrangles as boundary quadrangles of G<,
keeping in mind that they actually are edges. Note that some quadrangle edges of G are
boundary edges of G< (in the sense that they belong to the boundary of the unbounded
face) but still belong to “full” quadrangles; as such they are not boundary quadrangle
edges.

Figure 4: The quadri-tiling graph G<: take the double graph G” of Figure 2 (left) and
add edges joining opposite black vertices in quadrangle-faces; the restricted dual of this
graph is G<.

We consider the dimer model on the bipartite graph G© arising from the XOR-Ising
model [74], also known as the polarization of the Ising model [38], obtained by taking
the product of the spins of two independent Ising models. There are two mappings
leading to the dimer model on G®, both of them are rather long to describe so that
we refer to the original papers: [32] based on results of [40, 75, 34, 76] for the first
approach, and [13] based on results of [62, 76] for the second one. Note that the last
part of the above constructions establishes a correspondence between the dimer model
on G® and a free-fermion, zero-field 6-vertex model on the medial graph [62, 76, 32]. In

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 16/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

order not to lengthen this exposition we refer the reader to, for example, Sections 5.1
and 5.2 of [13] for a summary of this correspondence.
The dimer weight function v’ on G is defined by, for every edge e of G%,

1 if e is an external edge

1 if e is a boundary quadrangle edge in the finite case

tanh(2J,) if e is a quadrangle edge/non-boundary quadrangle edge
in the infinite/finite case, “parallel” to an edge e of G

cosh_1(2Je) if e is a quadrangle edge, “parallel” to a dual edge e*

of an edge e of G.

When the graph G° is finite, we let P, = and Zgime(G?, ') be the corresponding
dimer Boltzmann measure and partition function. As a consequence of [32], see also
Corollary 5.3, we have:

Zdimer(GFuU/ = 2‘\/ | H 1 +e Zdlmer(G V)
e*cE*

Combining this with Equation (2.4) for the Ising partition function, and denoting by E®
the set of boundary edges of the graph G, we obtain

[Zitg (G D)2 = 271V \(H ) (T 0+ e)) Zaimer(6%,)

e*cE*

o V] (H . )( 11 COSh(?Je))Zdimer(GQ7VJ)

(IS
ecE?

) ( H cosh(2J.) ) Zdimer(G®, 1Y), (2.5)
where in the last line we used that |E| = |E*|+|E?| and Euler’s formula: |E| = |V|+|V*|—1.

2.4 Rooted directed spanning forests and directed spanning trees

We also need the model of rooted directed spanning forests on the graphs G and G*,
resp. G" and G*, in the infinite, resp. finite, case. So as to include both the primal and
the dual graphs, we now define this model on a simple graph G = (V| E).

Suppose that vertices are assigned non-negative masses, denoted m = (m;).cv, and
that directed edges have positive conductances, denoted p, meaning that every directed
edge (z,z’) has conductance p, ..

A rooted directed spanning forest (rdSF) of GG is a subset of edges spanning all
vertices of the graph, such that each connected component is a directed tree T rooted at
a vertex of GG, denoted z7. Let F(G) denoted the set of rdSF of the graph G.

Suppose that G is finite and consider the Boltzmann measure on rdSF, denoted IP,4sF,
defined by:

[lrer (mwT H(a:,:p’)ET wa')
Zyasr (G, p,m) ’
where Z,qsr (G, p,m) = ZFG?(G) [Irer Mt H(I e P, 18 the rdSF partition function.
Whenever conductances are symmetric, i.e., py o+ = pa’ 5, we will remove the “d” in rdSFE.
As a consequence of the directed version of Kirchhoff’s matrix-tree theorem [50, 73],

the rdSF partition function is computed using the massive Laplacian operator/matrix as
follows. The massive Laplacian operator A™ : CV — CV is defined by:

VE e, (A™F)y = pow(Fo— Fu)+mgF,.

z'~x

VF e ?(G), IPrdSF(F) =
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The operator A™ is represented by a matrix, also denoted A™, whose non-zero coeffi-
cients are given by:

Am ) Pea if (x,2’) is an edge of G
o My + wax Pz if 2’ = is a vertex of G.

A function F € CV is said to be massive-harmonic, if A™F = (.

Consider the graph G; constructed from G by adding a cemetery vertex { and an
edge (z, 1) for every vertex z such that m, # 0. Define the modified weight function p™
on (directed) edges of G; by,

e
¥ edge (z,2') of Gy, plI', = {px,z/ %fx a
’ m, ifz =1.
There is a natural weight-preserving bijection between T77(G+) and F(G): a {-directed
spanning tree of G; corresponds to the rooted directed spanning forest of G obtained by
replacing every edge (z, 1) of the dST by a root of the rdSF.

Denote by A; the (non-massive) Laplacian matrix of G+ with weight function p™
on the edges. Then, A™ is the Laplacian matrix A; from which one has removed the
row and column corresponding to the cemetery t and thus, by Kirchhoff’s matrix-tree
theorem [50, 73], the determinant of A™ counts p" weighted {-dST of G;. Using the
bijection between {-dST of G; and rdSF of G, we thus have,

Theorem 2.3 ([50, 73]).
Zrase (G, p,m) = Zlgp (G, p™) = det(A™).

When there is at least one vertex with positive mass, the massive Green function,
denoted G™, is the inverse of the massive Laplacian A™. Since in the remainder of the
paper, graphs are written with the letter G with or without superscripts, we believe
that the notation G™ will not create confusion. The massive Green function is naturally
related to the expected number of visits of the network random walk associated to the
conductances p and masses m, see for example Appendix D of [11], where a number of
facts are recalled.

2.5 Isoradial graphs and Z-invariance

Sections 3, 4 and 5.3 use Z-invariant models defined on isoradial graphs. We recall
these notions, related concepts and more specifically give the definitions of the Z-
invariant versions of the Ising model on G, of the dimer model on the decorated graphs
G" and G? and of rooted spanning forests on G or G*.

2.5.1 Isoradial graphs, diamond graphs and angles

Isoradial graphs naturally appear when considering a discrete version of the Cauchy-
Riemann equations, see [33] and [59, 45, 17]; they also arise in Z-invariant models when
solving the corresponding Yang-Baxter equations [6, 25]; the name isoradial comes from
the paper [45].

Suppose that G is an infinite, planar graph. Then G is said to be isoradial if it can
be embedded in the plane in such a way that every face is inscribable in a circle of the
same radius, and such that the circumcircles are in the interior of the faces. We consider
G as an embedded graph and take the common radius to be 2. Note that the dual G* of
an isoradial graph is also isoradial, an embedding of G* is obtained by taking as vertices
the circumcenters of the circles.
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This definition also holds when the graph is finite. Recall that in this case, the
notation G is used for the graph having an additional vertex on each boundary edge.
We now fix the isoradial embedding of G when the original graph (the one without the
additional vertices) is isoradial. This is done in the same way as in [18]: each additional
boundary vertex corresponds to a boundary edge zy of the original graph and we embed
this additional vertex in the middle of the arc joining x and y, see Figure 5 (left and
right).

Figure 5: Left: original isoradial graph (black lines) with circumcircles (grey) and dual
vertices embedded as circumcenters (diamonds). Right: isoradial graph G (black lines)
with the additional boundary vertices (grey bullets); diamond graph G° (grey lines);
rhombus (yellow) assigned to an edge e = (v,v’) with the corresponding half-angle 0,
and rhombus vectors 2¢'®, 2¢?5<; a boundary rhombus pair of R? (light grey).

In the infinite case, the diamond graph, denoted G°, is constructed from an isoradial
graph G and its dual G* as follows: its vertex set is V U V*, the vertices of G and G*; and
each dual vertex is joined to all vertices bounding the face it corresponds to. Since the
graph G is isoradial, faces of the diamond graph G° are side-length-2 rhombi.

There is a bijection between rhombi of G® and pairs e, e* of primal and dual edges,
the latter being the two diagonals of the rhombi. To every edge e, one assigns an angle
0. € (0, %) defined to be the half-angle of the corresponding rhombus at the edge e. We
furthermore ask that 6. € (¢, § — ¢), for some ¢ > 0. The rhombus angle of the dual edge
e*is 0. = £ —0, := 7. To a directed edge e = (v,v’) of G we further assign two rhombus
vectors 2¢i%, 2¢'P< of G°, such that 2¢® is on the right of the edge (v, v’), see Figure 5
(right). The angles a. and B. are defined so that *3%6‘ = .. Whenever no confusion
occurs, we remove the subscript e from the notation. In the finite case, the diamond
graph, also denoted G°, is constructed in a similar way from G and its restricted dual G*.
One then adds the missing half-rhombi along the boundary; they may overlap but this
causes no problem, see Figure 5 (right). Angles and rhombus vectors assigned to edges
are defined in the same way.

Because of the additional vertex on each boundary edge and because of our choice
of embedding, rhombi along the boundary of G° come in pairs, both having the same
rhombus half-angle; let us denote by R? the set of boundary rhombus pairs, an instance
is highlighted in Figure 5 (right, light grey).
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2.5.2 Isoradial embeddings of the decorated graphs G® and G°®

Consider an isoradial graph G, its dual G* in the infinite case and its restricted dual G*
in the finite case. The double graph G” is embedded so that the black vertices are those
of G and G* and the white vertices are at the crossing of the diagonals of the rhombi of
G°, see Figure 6 (left).

Figure 6: Left: isoradial embedding of the graph GP (black lines). Right: isoradial
embedding of the graph G® (black lines). In both cases is also pictured the diamond
graph G°/2 (grey lines), a boundary rhombus pair of R? and the root pair (light grey).

In the infinite case and in the finite non-boundary case, consider the embedding of
the bipartite graph G® where external edges have length-0 and their endpoints become
a single vertex in the middle of the rhombus edges of G°, see Figure 6 (right, inner
vertices); then, inner quadrangles of G are rectangles. Note that although external
edges are embedded as single vertices, they still consist of two vertices joined by (a
length-0) edge, i.e., the combinatorics of the graph does not change.

When the graph G© is finite, the procedure along the boundary is different. Consider
a boundary rhombus pairs of R?, the following notation will be used throughout the
paper and is illustrated in Figure 7 below. Let v‘,v°,v" be the vertices of G in cw
order and let f¢ be the vertex of G*; note that v° is the additional vertex on the edge
v’v" of the original graph. Denote by w’, w” the white vertices of the double graph G°
and by w’, b’, w¢, b”, w” the vertices of G®. Then, taking the same convention as in the
infinite case for the embedding gives Figure 7 (left); but it turns out that the appropriate
embedding to obtain Theorem 4.2 is that of Figure 7 (center), see also Figure 6 (right),
where the boundary quadrangle edge b‘w¢ has length-0 and is “replaced” by the external
edge w'b’. This change of embedding preserves the combinatorics of the graph; it has
the effect of exchanging the colors of the bipartite coloring of G in the left rhombus of
the rhombus pair.

We will often be using the fact that vertices/edges of the boundary rhombus pairs of
R? encode: boundary vertices/edges of G, boundary vertices of the restricted dual G*,
where a boundary vertex of G* is defined to be a vertex adjacent to the vertex o in G*;
boundary quadrangle vertices/edges of G?, where recall that boundary quadrangles are
degenerate and reduced to edges in bijection with boundary edges of G. We will use
the notation {v* € R?} for the set of vertices of type v’ belonging to boundary rhombus
pairs, and similarly for other vertices or edges of R°.
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Figure 7: Notation for vertices of boundary pairs of rhombi of R°. Left: isoradial
embedding of G% under the convention that external edges have length 0. Center:
isoradial embedding used in this paper. Right: rhombus vectors of G°/? and half-angle
assigned to the edges (v, w"), (v°, w") of GP.

The embeddings of G° and G® are both isoradial with circumcircles having common
radius 1. Consider the graph obtained from the diamond graph G° by cutting rhombi
into four equal length-1 rhombi. Denote this graph by G°/2 in the infinite case and, in the
finite case, let G°/? be this graph where the boundary quarter rhombi crossed by no edge
of GP are removed. Then G°/? is the diamond graph of G°. Note that G°/? is nearly the
diamond graph of G®: it is slightly extended along the boundary and one should think of
it as having flat rhombi associated to length-0 edges of G<. We will nevertheless refer to
it as the diamond graph of G or G®. An example of graph G°/? is given in Figure 6 (left
and right, grey).

Consider a boundary rhombus pair of R?, and let €@, ¢, resp. €@ ¢, be the
rhombus vectors of the diamond graph G°/? assigned to the edge (v¢,w*), resp. (v¢,w"),

of GP see Figure 7 (right). By definition we have # BT;V € (6,3 —¢), and by

construction the two rhombi have the same half-angle denoted 6° = B e;‘ie = ﬁr;‘ir. We
further impose that 3¢ = a” + 2x or equivalently that aggﬂr € (2e,m — 2¢).

Amongst the boundary rhombus pairs of R? the one containing the fixed vertexr, i.e.
the one for which v =r, plays a special role; it will be referred to as the root-boundary
rhombus pair or simply root-pair, see Figure 6 where the root pair is highlighted in light
grey. We denote by R?" the set R? without the root pair. The isoradial embedding of the
graph GP is obtained from G° by removing the vertex r and the edges w'r, w"r of the
root pair. Whenever needed, we add a superscript r to the notation of Figure 7 to specify
vertices of the root pair.

2.5.3 Train-tracks

A train-track of a finite isoradial graph G, also known as a de Bruijn line [26, 27] or
a rapidity line [5] is a maximal chain of edge-adjacent rhombi of the diamond graph
G°, such that when entering a rhombus one exits along the opposite edge [48]; each
train-track 7 has a parallel direction +2e’® . Consider the simply connected domain
D(G) obtained by taking the union of the faces of G. Then a train-track 7 enters
and exits D(G), and there are exactly two parallel edges of 7 outside of D(G), see
Figure 5, (right). The boundary rhombus vectors {267, 268" € R?}, {2618 2678 ¢ R?}
come in parallel pairs, and all the parallel directions of the train-tracks are encoded in
{£265 £268° € RO} = {£2¢70" £2618" € R},

2.5.4 Elliptic angles

Consider an elliptic modulus k, then k' = (1 —k?2)2 is the complementary elliptic modulus.
Suppose that k is such that (k’)? € (0,00). The complete elliptic integral of the first kind,

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 21/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

denoted K = K (k) is

K %71 d
_/0 (1 —Ek2%sinT) T

and for later purposes we also need K’ = K(k’). Asin [11, 12], we need the following
linear transformation of rhombus angles and vectors of the diamond graph G® associated
to edges:

9:5%’ a:@g’ ﬂzﬂ_%.
™ T ™

2.5.5 Z-invariant Ising model and corresponding dimer models

Underlying Z-invariance is the star-triangle transformation, also known as the Y-A move,
on isoradial graphs. Suppose that an isoradial graph G has a triangle, then this triangle
can be transformed into a three-legged star while preserving isoradiality. This amounts
to performing a cubic flip in the underlying diamond graph G°; the embedding of the
additional vertex of the triangle is given by the cubic flip, see Figure 8.

> *

Figure 8: A star-triangle transformation of an isoradial graph.

Z-invariance [4, 5] phrased in the context of the Ising model requires that when
decomposing the partition function according to the 22 possible spin configurations at
the three vertices bounding the star/triangle, it only changes by an overall constant
when performing a Y-A move, and this constant is independent of the choice of spin
configuration. This yields a set of equations for the coupling constants, known as the
Ising Yang-Baxter equations, see also [65]. Extending the form of the solutions to
the whole of the graph naturally leads to introducing isoradial graphs: the solution is
parameterized by the rhombus half-angles assigned to edges and by the elliptic modulus
k, where k is such that (k’)?2 = 1—k? € (0, 0), see [6]. The Z-invariant coupling constants
are explicitly given by:

L /1 +sn(0.]k)
E, J,=cn (- o20elb)) 2.
VecE, J. 5 n< (@, ]k) (2.6)

where sn, cn are two of the twelve Jacobi elliptic trigonometric functions. We refer the
reader to [1, 54] for more on elliptic and related functions.

Suppose that the Z-invariant coupling constants are chosen for the Ising model. Then,
the dimer weight function p’ on the Fisher graph G* arising from Fisher’s correspondence
is given by, for every edge e of G¥,

cn(, k) (2.7)

, )1 if e is an internal edge
He = if e is an external edge arising from an edge e* of G*.

1+sn(0c|k)

The dimer weight function v’ on the bipartite graph G arising from the XOR-Ising
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model is given by, for every edge e of G,

1 if e is an external edge
1 if e is a boundary quadrangle edge in the finite case
v, = ¢ sn(f.|k) if eis a quadrangle edge/non-boundary quadrangle edge (2.8)
in the infinite/finite case, parallel to an edge e of G

cn(f.|k) if e is parallel to a dual edge e* of an edge e of G.

Recall that the dimer model on G? corresponds to a free-fermion, zero-field 6-vertex
model [62, 76, 32]. Then, the weights (2.8) also correspond to the 6-vertex version of
the elliptic parameterization of the Z-invariant 8-vertex model weights, computed by
Baxter [4, 6].

2.5.6 The Z-invariant massive Laplacian

In the paper [11], we consider an infinite, isoradial graph G and introduce conductances
and masses defining the Z-invariant massive Laplacian operator or simply Z-massive
Laplacian, related to Z-invariant rooted spanning forests. Recall that every edge (v,v’)
of G is assigned two rhombus vectors 2¢'*, 2¢% and a half-angle # of the diamond graph
G°. Denote by v1, . .., v4 the neighbors of a vertex v of degree d, and for every edge (v, v;)
use the notation 2e?®7, 2e?®i+1, 9} for the associated rhombus vectors and half-angle. Fix
an elliptic modulus k such that (k')? € (0,00). Then, for every edge (v,v’') and every
vertex v of G, the conductances p* and masses m* of [11] are defined by:

d
pﬁ,'u’ = SC(9|k)7 mf} = Z[A(0]|k) - SC(9j|k)]a

j=1

where sc = % and

o E-K
A(ulk) = (K 1(Dc(u|k)+ - u),

Dc(ulk) = [;"dc®(v|k)dv, and E = E(k) = fog(l — k%sin?(7))2dr, is the complete
elliptic integral of the second kind. Note that m”* > 0, by Proposition 6 of [11].

The corresponding Z-massive Laplacian matrix A”(%) has non-zero coefficients given
by:

Vo,o' €V, A (2.9)

v,v’

mk) ) —sc(0]k) if (v,v’) is an edge of G
S AGlk) i =,

The dual graph G* is also isoradial, we denote by p**, m** the associated conductances
and masses, and by 6* the half-angle of a dual edge. We let A™(¥)* be the corresponding
Z-massive Laplacian operator and refer to it as the dual Z-massive Laplacian.

The inverse of the Z-massive Laplacian A™) ig the Z-massive Green function; it is
denoted G™(*), In [11], we prove the following explicit Iocal expression for coefficients
of G™(); for every pair of vertices z,y of G,

!/
Gamk) — f—w /1“ €(a,y) (ulk)du, (2.10)

where IT'; , is a vertical contour on the torus T(k) = C/(4KZ + 4iK'Z), and e(-|k) :
V xV x C — C is the massive exponential function defined in [11]. To compute e(, ,)(u|k),
consider a path x = z1, ..., x, = y of the diamond graph G® from z to y, let 2¢'* be the
rhombus vector corresponding to the edge z;x;;1, then

n—1
€(ayay40) (Ulk) = i(K')? sc(uq,|k), and eq ) (ulk) = [] e, ) (ulk), (2.11)
j=1
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U—Qy

where Un, = —

Up to an explicit multiplicative constant G"(*) (z,y) is the expected number of visits
to y of the associated massive random walk on the infinite graph G started at x, see for
example Appendix D4 of [11].

From now on, we consider k such that (k')? € (0, 00) as fixed and omit all reference
to k in the notation.

2.5.7 Bipartite dimer models on isoradial graphs

When considering a dimer model on a bipartite isoradial graph G = (W U B, E) with
weight function v, instead of a Kasteleyn orientation, one can multiply edge-weights by a
complex phase [53, 45]. This defines the complex, bipartite Kasteleyn matrix, denoted
K in the context of this section, whose non-zero coefficients are given by:
V edge wb of G, K, = e Ty

where eio_‘e,eiBc are the rhombus vectors of G°® associated to the edge ¢ = (w,b). The
real and complex bipartite Kasteleyn matrices satisfy the alternating cycle condition
around every inner face of G and are gauge equivalent, see Section A.2 of Appendix A.
The results of [41, 42, 44] recalled in Section 2.2 also hold with the complex, bipartite
Kasteleyn matrix. In the sequel the graph G will be the double graph G® or the bipartite
graph G°.

3 Z“-Dirac and Z-massive Laplacian operators

We let G be an infinite/finite isoradial graph; its dual graph is G*/G*, and in the finite
case G* is its restricted dual. We consider the isoradial embedding of the double graph
GP = (VP EP) given in Section 2.5.2, see also Figure 6. Fix an elliptic parameter k. Recall
the definition of the torus T(k) = C/(4KZ+4iK'Z), and of the subset C = C(k) := R/4KZ
of T(k).

In Section 3.1 we introduce a family of bipartite Kasteleyn matrices/operators
(K(u))uec on the double graph G, referred to as the Z*-Dirac operators. Fixing u € C, a
function F' € CZ is said to be Z"-holomorphic if, K(u)F' = 0. When k = 0, the dependence
in u disappears and we recover the discrete Dirac operator 0 introduced in [45], see
Remark 3.4. As a consequence of Theorem 3.6 of Section 3.3, we have that if F'is a Z%-
holomorphic function, then F)y is massive harmonic on G and Fy- is massive harmonic
on G*, for the Z-massive Laplacian A™ and its dual A™* of [11]; explaining the part
Dirac of the terminology. In the finite case, we moreover introduce the operator K?(u)
with specific boundary conditions arising from the forthcoming Theorem 4.2 related to
the Ising model, that are different from the natural dimer ones.

In Section 3.4 we restrict to the finite case. Theorem 3.8 proves that, for every u € C,
the determinant of the Z*-Dirac operator K(u) is equal, up to an explicit multiplicative
constant, to the determinant of the dual massive Laplacian A™*; we show a similar result
for the operator K?(u) and the massive Laplacian A™?(u), where A™?(u) has specific
boundary conditions and depends on u along the boundary only. Interpreting these
determinants as partition functions, this proves that the weighted sum of pairs of dual
directed spanning trees is equal, up to an explicit constant, to the weighted sum of rooted
spanning forests. In the case k£ = 0, pairs of directed spanning trees become undirected
and rooted spanning forests are un-rooted so that this theorem is a consequence of
Temperley’s bijection [71] and of the matrix-tree theorem [50]. For k # 0, this result is
non-trivial; the proof uses gauge equivalences on bipartite Kasteleyn matrices and on
weighted adjacency matrices of directed graphs (digraphs), see Appendix A.
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For every u € C, the operator K(u) is gauge equivalent to an operator K&(u) associated
to a model of directed spanning trees. In Proposition 3.13 of Section 3.5, we prove that
this model of directed spanning trees is Z-invariant, thus explaining the part “Z“” in the
terminology Z“-Dirac operator.

Using Theorem 3.6, in Corollary 3.15 of Section 3.6, we express the inverse Z“-Dirac
operator using the Z-massive Green function G™ and its dual G™* of [11] in the infinite
case. This proves in Theorem 3.19 an explicit local expression for a Gibbs measure
for the dimer model on G with operator K(u), generalizing to the full Z-invariant case
the results of [45] proved in the case k£ = 0. In Corollary 3.17, we explicitly express
the inverse of the Z“-Dirac operator K?(u) as a function of the finite versions of the
Z-massive Green functions. Theorem 3.19 is a planar, directed version of the transfer-
impedance theorem of [14], where probabilities of pairs of dual directed spanning trees
are computed using the Green functions of massive non-directed random walks. Apart
from the locality property which is specific to Z-invariance, a similar result is obtained
by Chhita [20] in the case of the square lattice with a specific choice of weights. Sun [70]
expresses probabilities of directed spanning trees using the Green function of directed
random walks, and Kenyon [46] proves that probabilities of rooted spanning forests are
determinantal, without connecting them to directed spanning trees. It might be that
the techniques of this paper, in particular gauge transformations on weighted adjacency
matrices of digraphs, extend in some respect and allow to relate probabilities of pairs of
dual directed spanning trees to massive non-directed Green functions.

3.1 Family of Z“-Dirac operators (K(u)),cc

We will be using Section 2.3.1 on the double graph and Temperley’s bijection. Recall
that vertices of the double graph GP" are partitioned as V° = BU W, where B =V U V*
and W <« E. The diamond graph of G" is G°/2, see Section 2.5.2 and Figure 6. Let u € C
be fixed; we now define the Z“-Dirac operator, first in the infinite case, then in the finite
case.

Infinite case. Consider the weight function ¢(u) on edges of G defined by, Vw €
W, Vx € VUV* such that wz is an edge of G®,

f(ua., ifzeV
(W) = | e UBe) o (3.1)
f((ua.)" (ug,)*) ifz eV,
where ¢i@, ¢if are the rhombus vectors of G°/? associated to the edge e = (w, x);
Uy = 5%, u* = K —u, and

(U, ug) = [sc(uq — ug) dn(uq) dn(u/g)]%.

Remark 3.1. The function dn is periodic in two directions and naturally defined on the
torus C/(2KZ + 4iK'Z) [1]. Since dn(u + 2iK’) = —dn(u), and since the function c(u)
involves products of two dn’s and half arguments, it is defined on the torus T(k). This
argument is similar to that used in [11] to define the domain of the massive exponential
function.

We restrict to u € C because the weight function ¢(u) is then positive; indeed the
function dn is, and «, 8. are such that B%E‘ € (e, 5 —¢). Also, on C the (pure imaginary)
poles of c(u) are avoided and the weights are thus finite. Results in the sequel which use
elliptic trigonometric identities actually hold for all v € T(k); it is when considering the
corresponding dimer model that we use positivity of the weights.

Let K(u) be the complex, bipartite Kasteleyn matrix defined in Section 2.5.7 corre-
sponding to the weight function ¢(u), with rows indexed by white vertices of G°. Non-zero
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coefficients of K(u) are given by

Vedge wz of G°, K(u)y . = et () we- (3.2)

Recall that this Kasteleyn matrix can also be interpreted as an operator mapping C?
to C. We refer to this matrix/operator as the Z“-Dirac operator. As an example, we
explicitly compute K(u) around a white vertex w of GP.

Example 3.2. Figure 9 below sets the notation. A white vertex w of G" is adjacent to
the black vertices v1, f1,v2, f2 of G® defining a rhombus of the diamond graph G°, such
that v, v, belong to G and f, f> to G*. Denote by 2¢'®, 2¢*# the rhombus vectors of G°
associated to the edge (v1,v), and by 0 = % the rhombus half-angle of this edge.

. s
2¢'P
i(Gt) eth
’U1. \9 .’U2 ’Ul. \9 .’U2
i(B+m) w i
peie 770
f1 f1

Figure 9: Rhombus vy, f1, v2, fo of the diamond graph G°® (left) and rhombi of the diamond
graph G°/? associated to the edges wuvy,wf;, wvy, wfs, with corresponding rhombus
vectors and half-angles.

Then, we have:

Ky = —€ % [5c(6) dn(uaor) dn(ugar)]F = — 5 [(K')? sc(6) nd(uq) nd(ug)]
K(W)w.ey = 5 [sc(6) dn(ug) dn(ug))?

K(tuy = —ie' 2 [(K)? 5¢(0%) nd(us—ax) nd(ua)]* = —ie' 3" [es(0) dn(us) nd (u,)]
K()u, g, = ie’ Eﬁ [(K)? 5¢(6") nd(ug) nd (tap2rc )] = iet % [es(6) nd(ug) dn(uq)] 2,

using that, sc(0*) = sc(K — 0) = (k') "L es(0), dn(u — K) = k' nd(u), dn(u + 2K) = dn(u).
Definition 3.3. A function I € CF is said to be Z"-holomorphic if

K(u)F = 0.
With the notation of Figure 9, this is equivalent to asking that the function F' satisfies,

VweW, K(U)wml - Fyy + K(u)w,vz By, + K(u)w,ﬁ - Fy, + K(U)w,fz “Fy, =0
& YweW, scf)? ([dn(ua) dn(ug)]? - Fo, — [(K')? nd(uq) nd(us)]? F) n

+iles(0)]? (Ind(ug) dn(ua)]? - Fr, = [dn(ug) nd(ua)}? - Fr, ) = 0.
Remark 3.4. When k = 0, then £/ = 1, dn = 1, sc = tan, and the Z“-Dirac operator is

the discrete Dirac operator 0 introduced in [45]. A Z%“-holomorphic function is then a
holomorphic function as defined in [33, 59, 45, 17]:

VYweW, tan(d)? (F,, — F,,) +ilcot(8)]? (Fy, — Fy,) = 0.

Finite case. We will be using Sections 2.3.1 and 2.5.2: the graph G"" is obtained from
GP by removing the vertex r and its incident edges; the set of black vertices of G is
B" = V" UV*, the set of white vertices is W" = W « E, and |B'| = |W'|,
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(left) for an example. The set of boundary rhombus pairs of the diamond graph G° is R?;
R?" is the set R? without the root pair containing the vertex r. For boundary rhombus
pairs of R?, we use the notation of Figure 7, which we recall here for convenience of the
reader.

Figure 10: Notation for vertices of G" in a boundary rhombus pair of R?, and rhombus

iat  if ia”  iB" °/2 agsi c wt c w”
vectors e'®, e, resp. €'“ , e’ , of G®/? assigned to the edge (v¢,w"), resp. (v¢,w").
When this pair is not the root one, the marked black edge is where the operator K?(u)
differs from K(u).

We introduce two versions K(u) and K?(u) of the Z“-Dirac operator, corresponding to
different boundary conditions; both operators map C* to C"'.

The operator K(u) is the finite version of the operator K(u) defined in the infinite case,
thus justifying the notation; it is the complex, bipartite Kasteleyn matrix corresponding
to the weight function c(u) of (3.1) restricted to G, and we do not repeat the definition
here.

The operator K?(u) has specific boundary conditions arising from the forthcoming
Theorem 4.2 related to the Ising model. It is the complex, bipartite Kasteleyn matrix
associated to the weight function c¢?(u) differing from c(u) along edges (w,v°) of the
boundary rhombus pairs of R?". For every edge wx of G°, we have

c(u) we if (w, z w,v°) € RO
g = [ ) ¢ {whe) ey 59
(Wwtve qr gy i (w,2) € {(w*,v°) € R>"}.
In order for ¢?(u) to be finite, we restrict the domain of u to:
¢ =C\ {(a’ +2K)[4K] : ¢ € R} (3.4)

= C\{(8" +2K)4K] : " € R},

where the second equality is a consequence of properties of train-tracks, see Sec-
tion 2.5.3. As a consequence, the weight function ¢?(u) is everywhere non-zero.

The coefficients of K?(u) differing from those of K(u) are those corresponding to
edges (w’,v¢) of R?", and we have:

cd(ugr jTetB 1 cd(ugr
K Wt = Kt ae S = =5 se0°) g 1) e san ] S 25
(3.5)

Remark 3.5. The weight ¢?(u),¢,. might be negative. Using the physics terminology,
see also Remark 5.5, this means that the corresponding dimer model has vortices on
boundary faces v¢, w’, f¢,w” where this is the case.
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3.2 Z-massive Laplacian operators

In the infinite case, we consider the Z-massive Laplacian associated to the isoradial
graph G introduced in [11], whose definition is recalled in Section 2.5.6. We also consider
the dual Z-massive Laplacian A™* of the dual isoradial graph G*.

The purpose of this section is to define the finite versions of the Z-massive Laplacian
and dual Z-massive Laplacian that are used in this paper; we introduce two operators.
The first is the finite version of the dual Z-massive Laplacian, denoted A™™* as in the
infinite case. It acts on CV", where recall that V* is the vertex set of the restricted dual
G*, whose boundary vertices are defined to be those adjacent to the vertex o in G*. For
every vertex f of G* of degree d in G*, denote its neighbors by fi,..., f4. Let d be the
degree of f in G*, then if f is a boundary vertex of G* we have d # d, and we label the
vertices so that the first d ones are common to G* and G*. For every j € {1,...,d}, (f, f;)
is an edge of G* and we let @; denote its half-angle in G°; for every j € {d + 1,...,d},
(f,f;) = (f,0) corresponds to an edge fw; of the double graph G”, where w; is the
unique vertex of G® which belongs to the edge fo, we let 5; denote the half-angle of
the edge (f,w;) in G°/?. Then, non-zero coefficients of the finite version of the dual
Z-massive Laplacian A" * are given by,

A’Vﬂ,* _

{— sc(6*) if (f, f') is an edge of G*
11

Z?zl A(07) if f' = f is a vertex of G*.

The corresponding conductances p* and masses m* are as defined in Section 2.4.

The second operator acts on CV'; it is denoted A™?(u) and we restrict to u € . It is
not the natural finite version of the operator A™ but has boundary conditions inherited
from those of the Z“-Dirac operator K?(u), see the proof of Theorem 3.6 below. We use
the notation of the infinite Z-massive Laplacian operator A™, see Section 2.5.6, and also
the notation of Figure 10 for the boundary rhombus pairs of R?.

In the following, the two boundary vertices v", v* of R? enter the same framework,
and we denote such a vertex by v?. For every v? of R? of degree d in G, let vy,...,vg4
denote its neighbors in cclw order with v; on the boundary of G on the left of v?, see
Figure 12 (right). Note that if v = v?" belongs to the root pair, then v¢ = r is considered
as a neighbor of v?". The coefficients of A™?(u) differing from those of A™ are those
corresponding to edges (v¢,v’) of R?", and to vertices v", v’,v® of R? such that v¢ # r:

cd(ugr . c r
- sc(ef’)aéﬁu;? d if (v,0) € {(v°,0") € R"}
AT () = § K sc(6°) "2 (en(uge) + en(uge) i =0 =" € {0° € RT)
K Z;l:l sc(f;) nd(uq,) nd(uq,. ) if v/ = v =10% € {v", v’ € R}.
(3.6)

The corresponding conductances and masses are denoted p°(u) and m?(u). Note that
the diagonal term A™?(u),s ,o has the same form as that of the natural finite version of
the Z-massive Laplacian.

In order to state Theorem 3.6 relating the Z“-Dirac and the Z-massive Laplacian
operators, in the finite case we need to introduce the matrix Q(u). It has rows indexed
by black vertices of G" and columns by those of the restricted dual G*. The only non-zero
coefficients of Q(u) are for rows corresponding to vertices v¢ of boundary rhombus pairs
of R?'. For such a vertex v¢, there is one non-zero coefficient, corresponding to the
column f¢, given by

nd(uge)

Q(u)ye fo = —zm(cd(ugr) — cd(uge)).
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3.3 Relating the Z“-Dirac and the Z-massive Laplacian operators

Theorem 3.6 below relates the Z“-Dirac operator, the Z-massive Laplacian and the
dual Z-massive Laplacian in the infinite and finite cases. In the infinite case, this extends
to the full Z-invariant case the results of Section 6 of [45] which correspond to k& = 0.

Theorem 3.6.

e Infinite case. Let u € C, then the Z"-Dirac operator K(u), the Z-massive Laplacian
A™ and the dual A™* satisfy the following identity:

K(w) ' K(u) = K (Aom AS%*) .

e Finite case. Let u € C’, then the Z"-Dirac operators K(u), K?(u), the Z-massive
Laplacian A™?(u) and the dual A™* satisfy the following identity:

Ko(u) K(u) = & <Amg(u) gfﬁ) .

Remark 3.7.

e As a consequence of Theorem 3.6 in the infinite case, we have that if F € CP
is a Z"-holomorphic function, then F)y is Z-massive harmonic on G and Fjy- is
Z-massive harmonic on G*.

e From the proof of Theorem 3.6 it follows that, in the finite case, we also have the
following matrix relation:

Kk = (M 0.

where A™(u) is the natural finite version of the Z-massive Laplacian, i.e., where
diagonal coefficients of boundary vertices of A™(u) are defined as in the last line
of (3.6).

Proof. As in the critical case [45], the proof consists in showing that matrix coefficients
on both sides are equal. We separate the infinite case together with the part of the
finite case which enters the infinite framework, from the part of the finite case which is
specific. To simplify notation, we omit the argument « from the operators.

When two black vertices z,y of G, resp. G, are at distance more than two, the
corresponding coefficient [Rt Klz,y, Tesp. [Wt Klz,y, is trivially equal to 0, we thus
suppose that x, y are at distance 2 or 0.

Infinite case and part of the finite case. Let (z,y) = (v, f) or (f,v), with v a vertex
of G and f a vertex of G*, at distance two. Denote by w,w’ the two white vertices of
the quadrangle of G°/GP containing v and f; let ¢'®, ¢#, resp. ¢!® | ¢!#’, be the rhombus
vectors of G®/? associated to the edge (w,v), resp. (w’,v), and let §, resp. ', be the
corresponding half-angle, see Figure 11. In the finite case, we moreover suppose that
(v, f) # (v°, f€) for all boundary rhombus pairs of R, then we have K° = K for all
coefficients involved. Let us prove that [KtK]% 7= KooK, f + K oKy p = 0.

By definition of K, we have

RuoKup = e~ 5 [sc(6) dn(ua) dn(ug) e’ 5 [K cs(0) nd(us ) nd(ua)]*
= —idn(ug)
w - ’ INEORT k. ey ’ 1
K wKur g = €72 [sc(0') dn(uas) dn(ug)]2e’ 2 [k cs(0') nd(ug) nd(uarq2x)]2
=didn(uy).
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Figure 11: Notation for computing [K K], ;.

Since 3 = &'[27], we deduce that [K' K], ; = 0. We also have [K'K];, = 0, because
—t —t
(K Ko =K Koy

Next, let (z,y) = (v1,v2) be an edge of the graph G/G" corresponding to a path vy, w, ve
of G°/GP. In the finite case, we moreover suppose that (v;,vy) # (v°,v%) for all boundary
rhombus pairs of R?", then we have K? = K for all coefficients involved. Using the

notation of Figure 9, we have

—t —_

[K K}'Ul,'U2 = Kw,vl Kw,vz

G+B+2m a+8

= e [so(0) dn(uarar) dn(ugyor)]2 e 7 [sc(0) dn(ug) dn(ug)]
= —k'sc(0) = KA

v1,V2°

N=

We now handle the case where x,y are at distance 0, i.e., when x = y and we suppose
that x is a vertex v of G of degree d. In the finite case, we moreover suppose that v # v°¢
for all boundary rhombus pairs of R?", then we have K? = K for all coefficients involved.
Using the notation of Figure 12 we have:

V2

Figure 12: Notation for computing [Rt K]v,», when v is not a boundary vertex (left), and
when v is a boundary vertex v? € {vf,v” € R?} (the additional half-rhombi along the
boundary are pictures in grey).

In the finite case, when v € {v’,v" € R?}, both vertices enter the same framework and
we denote v by v?. We stop the computation here, and returning to (3.6), we have that
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[Rt Klyo o = K’AT5° .. In the infinite case or in the finite case when v is not a boundary
vertex we write, nd(u,) = nd((uw — 2iK'), +iK') = isc((u — 2¢K”’),) and obtain

—t

d
K Klyw = —(K)*Y " sc(0)) se((u — 2iK")a,) se((u — 20iK')q,,, ).

j=1
Since in this case we have a4+ = &1 + 27, we can use Proposition 11 of [11] and obtain
that, for every u € T(k),

d d
_(k/)Q Z Sc(aj) sc(uaj) Sc(u&j+1) =K [Z A(ej)]
J=1 Jj=1
Evaluating this identity at v — 2iK’, and recalling the definition of A™, see (2.9), we
deduce that [K' K], , = K'[Y0_, A(6))] = K AL,

We are left with handling the cases where (z,y) = (f1, f2) is an edge of G*, and
where r = y = f is a vertex of G*. First note that coefficients of K, K? involved in
these computations arise from dual edges, and that for these edges we have K? = K.
Next, observe that coefficients of the operator K on edges arising from the primal and
from the dual differ in that the weight function c is evaluated at v or v* = K — u,
see (3.1). Given that the value of [Rt Klv, v, is independent of u, we immediately deduce
the corresponding result for [Rt Kl#,,7.- In the infinite case and in the finite case if v is an
inner vertex of G, [Rt K], is also independent of u thus giving the corresponding result

for [K' K] 7.7 The computation of [K'K],., when v is a boundary vertex v* € {v/,v"},
yields a result which depends on u. Recall that what prevents us from proceeding with
the computation as in the non-boundary case is the fact that ag4,1 # @1 + 27. Since for
boundary vertices of the restricted dual the condition ay1 = a; + 27 is satisfied, we
proceed with the computation as for inner vertices and obtain the corresponding result
for [Rt K]y, ¢. This ends the proof of Theorem 3.6 in the infinite case and part of the finite
case.

Remaining part of the finite case. When (z,y) = (v, f) or (f,v), with v, f at distance 2,
we are left with the case where (v, f) = (v°, f¢) for some boundary rhombus pair of R?".

Since the operator [Wt K] is not skew-symmetric, we have to consider the coefficients
(v, f) and (f,v°) separately. For the coefficient (f¢, v¢), using the notation of Figure 10,
we have [Wt Klfewe = K2t syt pe + K2y reKyr ve. This is equal to 0 as in the finite
non-boundary case, because K? is equal to K on the edges (w’, f¢) and (w", f¢). For the
coefficient (v, f€), we have

—t R R
[KO K]vu’fc == Kau)fﬂ)c K“)Z’fc + K6w7'7vc Kwr’fc

dluar) — _
_ g k. se + Kyr peKyr se, by definition of K, see (3.5)
cd(uqe) i ’ ’ !

od(ugr)
cd(ugqe)

= —idn(ugeo K)( - 1), by the finite non-boundary computation

,nd(uge)
cd(uge)

Now consider an edge (v1,v2) of G'. Then, we are left with the case where (v, v3) =
(v¢,v") for some boundary rhombus pair of R?". We have,

= —ik

(cd(ugr) — cd(uge)) = k' Que, se.

— — cd(ugr)—
[Kat K]Uc,,uzz = Kawﬂﬂ)c szme = dE B iK,wzwc Ku,e,ve, by definition of K? , see (3.5)
CAd Uyt
/Cd(uﬁr) 8 I A™M,0 . .
=—k () sc(0?) = K'A] ., by the finite non-boundary computation.
CA( U ’
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When z,y are at distance 0, and x = y = v is a vertex of G, we are left with the case
where v = v¢ for some boundary rhombus pair of R?". We have,
[Wt K]'UC’UC = sz,vc Kwé,'uc + er,vc Kuﬂ",vc
2cd(ugr)
cd(uqe)
= (k)% sc(67) (nd(uae) nd(uge)

= Kyt el + |Kywrwe|?, by definition of K?, see (3.5)

cd(ugr)
cd(uye)

by the finite non-boundary computation

+ nd(uar) nd(ugr)),

nd(uge) nd(upr)

cn(uye

= (K')? sc(0?) (en(ugr) + cn(ugye)) = k'A%, since B, = @r[2n]. O

ve,ve

3.4 Determinants of the Z“-Dirac and Z-massive Laplacian operators

We restrict to the finite case and consider the Z“-Dirac operators K(u) and K?(u) of
Section 3.1 (finite case), the Z-massive Laplacian A™?(u), and the dual Z-massive Lapla-
cian A™* of Section 3.2 (finite case). Theorem 3.8 below proves that the determinants
of K(u) and A™* are equal up to an explicit constant depending on u. Corollary 3.10
establishes a similar result for the determinants of K?(u) and A™?(u), thus implying
identities between partition functions.

3.4.1 Determinants as partition functions

Returning to Section 2.3.1 on Temperley’s bijection, in particular to Equation (2.3), let
é(u), be the weight function on directed edges of G,G* corresponding to the weight
function c(u) of Equation (3.1). Then, the partition function of pairs of dual r-rooted
and o-rooted directed spanning trees of G, G* with weight function ¢(u), is equal to the
partition function of the dimer model on the graph G” with weight function ¢(u) [71, 49],
which is equal to | det K(u)| [72, 41]. We proceed in a similar way with dimers weighted
by ¢?(u) and thus have,

Z 387 pairs (G, G7), €(u)) = [det K(u)|,  Z{Sp ains (G, G7), & () = | det K*(w)]. (3.7

Returning to Section 2.4, we have that det A" * counts weighted rooted spanning forests
of G* with conductances p* and masses m*, where conductances are symmetric. In a
similar way, det A™?(u) counts weighted rooted directed spanning forests of G" with
conductances p?(u), m?(u), where the dependence in v is along the boundary only, and
the conductances are symmetric away from the boundary. That is,

Zsr(G*, p*,m*) = det A™*,  Z.qsr(G', p°(u), m®(u)) = det A™?(u). (3.8)

3.4.2 Statements

Recall that every edge e = (w,x) of GP is assigned two rhombus vectors e'“, etBe of
the diamond graph G°/> and a half-angle .. Moreover, every white vertex w of G* is
in the center of a rhombus of the diamond graph G°; we let §,, be the half-angle of this
rhombus at one of the two primal vertices.

Theorem 3.8. Let My be a dimer configuration of G®'. Then, for every u € C, we have

| det K(u)| = (k’)WT*‘( H sc(@w)%)( H [dn(uae)dn(uge)]%) det A, (3.9)

weWw e=wxrEMg

where,

det K(u)| = Zggr pairs (G, G*),&(u)), det A™* = Z.sp(G*, p*,m*).
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Remark 3.9. Comments on this theorem are given in the introduction to Section 3
especially how, in the critical case £ = 0, it is an easy consequence of Temperley’s
bijection and the matrix-tree theorem, and how the argument does not directly extend to
the non-critical case.

As one expects, the quantity [[,_,,,cum, [0 (ua, ) dn(ug,)]? is independent of the choice
of perfect matching M. To see this, it suffices to check that the alternating product
around every inner quadrangle face of GP" is equal to 1; this is proved in Lemma 3.11
below.

The following is an immediate corollary of Theorem 3.8.

Corollary 3.10. Let Mg be a dimer configuration of G°*. Then, for every u € C' we have,

|detK8(u)|=(k')'V‘T’l(Hcs(ew)%)( I1 [k:’nd(u%)nd(ulge)]%)detAm’a(u),

e=wzEMg
where | det K?(u)| = Z&’é’T_pairs((G, G*), & (u)), det A™?(u) = Zasr (G, p?(u), m?(u)).
Proof. From Theorem 3.6, we have:
det K?(u) det K(u) = (K")VHIV'T det A™? (1) det A™*.

Replacing det K(u) in the above by Equation (3.9) and recalling that |W'| = |B"| =
[V'| 4+ |V*| and that |V"| = |V| — 1, yields the result. Note that an argument similar to that
used for proving Theorem 3.8 would give an alternative direct proof of Corollary 3.10. O

3.4.3 Proof of Theorem 3.8

The proof of Theorem 3.8 is postponed until the end of this section. It is a consequence
of four intermediate results, see Equations (3.10), (3.13), (3.15), (3.16) below, which we
now establish. We will use Section 2.3.1 on Temperley’s bijection and Appendix A on
gauge transformations.

From pairs of directed spanning trees to directed spanning trees We start by
defining a gauge transformation K&(u) of the matrix K(u). Being gauge equivalent,
the determinants of K&(u) and K(u) are equal up to an explicit constant. We then use
Temperley’s bijection to deduce that the determinant of K&(u) counts weighted o-directed
spanning trees of the dual graph G*.

Let g(u) be the weight function on white-to-black edges of G° defined by, for every
edge wzx of G,

g(W)ws = [5(0) nd(uq, ) nd(ug, )] 2.

Consider the matrix K&(u) obtained from K(u) by multiplying edge-weights by g(u).
Returning to the definition of K(u), see (3.1) and (3.2), we obtain that non-zero coeffi-
cients of K&(u) are given by,

¢ i ifeeVr
K (U)wm = i FetBe o N1 .
e~z (k)2 cs(0y)nd(ug, ) nd(ug,) ifz e V™

Lemma 3.11. Consider a perfect matching My of G°". The bipartite, weighted adjacency
matrices K&(u) and K(u) are gauge equivalent and we have,

|detK(u)|:(Hsc(9w)%)( I1 [dn(u%)dn(uﬂe)]%)|deu<g(u)|. (3.10)

weWw e=wzEeMg
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Proof. Details on gauge equivalences for bipartite, weighted adjacency matrices are
given in Section A.2 of Appendix A. To prove that K and K& are gauge equivalent, it
suffices to show that the alternating products of K and K& around inner face-cycles of
GP are equal. Inner face-cycles of G are quadrangles; using the notation of Figure 11
we have,

g
K%u,va’,f _ K'w,va/,f PN gw,w Bw,f

=1.
Ki),fKi)’,v Kw,wa’,v Buw',f 8w’ v

By definition of g we have,

Buw Buw' f _ cs(0) nd(ug) nd(ug) cs(’) nd(ug ) nd(ua +2x) _q
8uw.f Buw.v  cs(0)nd(ug_oi)nd(us) cs(0”) nd(ua ) nd(ug) ’

since @' = ([2n]. The equality between determinants comes from [53], see also Corol-
lary A.8, and from the fact that, [[,,,cu, S¢(0w) = [, ew sc(fw), since a dimer configura-
tion covers all white vertices W' of G°", and W" = . O

Now, the matrix K&(u) is a complex, bipartite Kasteleyn matrix of the graph G°,
where edges are assigned the positive weight function c¢#(u) given by:

g =
0 = () es(00) (o) ) iE 2 € V.

{1 if 2 € V"

Returning to Section 2.3.1, the weight function c¢&(u) determines a weight function ¢8(u)
on directed edges of G, G*, see (2.3). Then, ¢&(u),,» = 1, for all directed edges (v, v’) of
G such that v is a vertex of G". Let us now express the weight function ¢#(u) on directed
edges of G* using the rhombus vectors and half-angles assigned to those edges. Recall
that an edge (f, f’) of the restricted dual G* is assigned two rhombus vectors 2¢'®, 2¢%°
and a half-angle 6* of G°. An edge (f,0) of Cj‘ corresponds to an edge fw of GP, and one
assigns to (f,0) the thombus vectors e'*, ¢’# and half-angle #* of G°/* associated to the
edge (f,w). Then, for every directed edge (f, f’) of G* such that f is a vertex of G* we
have, using the notation of (2.3):

8 (u)f.p = cB(u)ws = (K')? cs(0) nd(ua, ) nd(ug, )
= (k)% sc(6*) dn(ua) dn(ug), (3.11)

using that 6* = Z — 0, & = a+m, B = B+ 7; and ¢&(u),, ;= 0, for every edge (o, f')
of G*.

Since edges of the primal graph have weight 1, by the KPW-Temperley bijection [71,
49], the determinant of K&(u) counts weighted o-directed spanning trees of 7°(G*), where
directed edges of G* are assigned the weight function v*(u) given by, for every directed

edge (f, f') of G*,

(k)2 sc(6*) dn(ug) dn(ug) if f is a vertex of G*

3.12
0 if f =o. ( )

V() g o= E8(u) g g = {

That is,

| det K8(u)| = Z3p(G*,7" (). (3.13)

Matrix-tree theorem An alternative way of computing the partition function (3.13)
is to use the directed version of the matrix-tree theorem [50, 73]. Let A*(u) be the
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(non-massive) Laplacian matrix of the graph G* with conductances v*(u) on directed
edges. The non-zero coefficients of the matrix A*(u) are given by:

A , f AN f —*
A*(u) g g = { v (u) g, f if (f, f’) is an edge of G (3.14)

Z?Zl v*(u)y,y, if f' = fis a vertex of G*.

Let A*°(u) be the matrix obtained from A*(u) by removing the row and column corre-
sponding to the vertex o. Then,

Z3s1(G™, 7" (u)) = det A™°(u). (3.15)

From o-directed spanning trees to rooted spanning forests The last step consists
in going from o-directed spanning trees of G* counted by det A*°(u) to rooted spanning
forests of G* counted by det A™* using gauge equivalences on weighted adjacency
matrices of digraphs, see Section A.1 of Appendix A.

Lemma 3.12. The weighted adjacency matrices (k’)*%A**’(u) and A™* are gauge

equivalent and we have,
|V

det A™°(u) = (K)"=" det A7, (3.16)

Proof. Both matrices (k')~2 A*°(u) and A™* have the same associated digraph which
is the restricted dual G* where a loop is added at every vertex, and each undirected
edge is replaced by the two possible directed edges. The graph G* being connected, the
associated digraph is strongly connected. We use Lemma A.5 to prove gauge equivalence
of the matrices.

For every vertex f of G*, define g5,y = 1. Next, consider two distinct vertices f;, f> of
G* and a simple di-path v from f; to f;. Set,

ars = [JIK) ™! dn(ua) dn(ug)).

ecry

The function ¢ is well defined because it is the exponential function of [11] evaluated at
u— 2K — 2i1K’, see also Equation (2.11). Indeed,

(K')"tdn(ug) dn(ug) = (k)" dn((u — 2K — 2iK'), + K +iK')x
x dn((u — 2K — 21K")s + K +iK")
= [i(K)? sc((u — 2K — 2iK"))][i(K')? sc((u — 2K — 2iK")3)).

Fix a vertex fy of G*, and define DYo to be the diagonal matrix whose diagonal coefficient
D]’f?f corresponding to the vertex f of G* is gy, ¢. Let us prove that

A = (k)" Do A0 (u)(DFo) L, (3.17)

Recall the definition of the Laplacian matrix A*°(u), see (3.14) and (3.12). For the
diagonal coefficient corresponding to a vertex f of G*, we have

d
(") =2 Dfo A%o(u)(DT) Mg p = () 2 A% (w)p.p = ()7 sc(6;) dn(ua, ) dn(ug,),
=1
d
= Z A(07) = A;’f}*, by Proposition 11 of [11].
j=1
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For an edge (f, ') of G*, we have

-1 0 A %,0 0\ — —1Gf,, *,0 -1 1 *,0
[(K") "2 D% A*°(u)(DI) 1y o = (k') "2 oL A% (u) ;1 = (K) 72 A (u)y g
dfo,f qaf.f
= — (k)77 (k") nd(uq) nd(ug) (k') "% sc(6) dn(uy ) dn(ug)
= —sc(07) = AT

By Lemma A.5, Equation (3.17) implies that the matrices (k')~2 A*°(u) and A™* are
gauge equivalent, and we have equality of the determinants: det A™* =det[(k’) " 2A%°(u)].
O

Proof of Theorem 3.8. Combining Equation (3.10), (3.13), (3.15) and (3.16), we obtain,

| det K(u)| = ( H sc(@w)%)( H [dn(uae)dn(uge)]%)met K& (u)|
weWw

e=wxEMg

= (T sc@)®) (T [antuo,)dn(us, )] ) det A%5(u)
weW

e=wzeMg

:(k/)@(ﬂsc(ew)%)( [1 ldn(ua,)dn(us,)]?) det A™ 0

weWw e=wxrEMg

3.5 Z-invariance of the Z“-Dirac operator

According to Baxter [4, 5, 6] a model of statistical mechanics is Z-invariant if, when
decomposing the partition function according to the possible configurations outside of
the hexagon of the diamond graph G° defining the star/triangle, it only changes by a
constant independent of the outer configurations when performing a Y-A move.

Suppose that the isoradial graph G is finite. The Z*“-Dirac operator K(u) is the
bipartite Kasteleyn matrix of the dimer model on the double graph G with weight
function ¢(u) on the edges given by (3.1). By Section 3.4.1 this dimer model is in bijection
with pairs of dual directed spanning trees of J"°(G, G*), with weight function &(u) on
directed edges of G, G*:

Zdimer (G, c(u)) = | det K(u)| = Z5g (G, G*), é(u)).

dST-pairs

By Lemma 3.11 and Equation (3.13), |det K(u)| is equal up to a constant to | det K&(u)|
which counts o-directed spanning trees of 7°(G*) with conductances v*(u) on directed

edges of G* given by (3.12); that is:

Zdimer(GD’rv C(U)) = C(“) : ZSST(G*7 7* (u))’

where C(u) is given in Lemma 3.11. By Temperley’s bijection again, there is a one-to-one
correspondence between dimer configurations of G and o-directed spanning trees of
T °(C*) (such that the primal tree is r-rooted). We prove Z-invariance of this o-rooted
directed spanning tree model on G*; using the above, the decomposition of the partition
function has a direct interpretation in terms of the dimer model on G”.

Since duality preserves isoradiality, we actually show Z-invariance of the r-directed
spanning tree model on G, where directed edges of G are assigned conductances v(u)

given by, for every directed edge (v,v’) of G,
Y(1)oor = (K')% sc(6) dn(ug) dn(ug),

where 2¢'%, Qeig, 6 are the rhombus vectors and half-angle of G° associated to the edge
(v,v"); v(u) is the primal version of the conductances ~v*(u) of (3.12).
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Proposition 3.13. Consider a finite isoradial graph G, and let u € C. Then, the model of
r-directed spanning trees on G, with weight function v(u) on the edges is Z-invariant.

Remark 3.14.

* By Theorem 3.8, we have:
Zdimer(GDJ7 ( )) Cl( ) rSF(G*ap*am*)a

and in the paper [11], the model of rooted spanning forests with these weights
is shown to be Z-invariant. But, since the proof of Theorem 3.8 does not provide
a bijection between directed spanning trees and rooted spanning forests, the
two decompositions of the partition functions are not directly comparable; they
should nevertheless be compatible. Note that the computations of the proof of
Proposition 3.13 are reminiscent but much simpler than those of [11] (the latter
have been removed from the published version).

* The critical spanning tree model of [45] with conductances tan(f) is Z-invariant [43].
The result of [11] extends this to rooted spanning forest while Proposition 3.13
extends it to directed spanning trees.

Proof. Let G¥ and G* be two finite isoradial graphs differing by a star-triangle transfor-
mation, and let r be a fixed root on the boundary of the graph, outside of the hexagon
defining the star/triangle. Let v (u), resp. v"(u), be the weight function on r-dST of G*,
resp. G'. We use the notation of Figure 13, and write ~; J/'y ; ; for the weight of the edge
(vi,v;). Using the identities dn(u + K) = k' nd(u), sc(6*) = sc(K — 0) = (k') "' cs(6), we
have the following: for every j € {1, 2,3}, with cyclic notation for indices:

'YE)(,J‘ = (k )7%SC(9J)dn< J)dn(uaj-f—l)’ 'YjA,jJrl
V5o = (k)2 sc(0;) nd(ua,) nd(ua,,, ), Vi1,

e

Figure 13: Notation for vertices, angles and rhombus vectors in a star-triangle transfor-
mation.

Consider a directed edge configuration T outside of the hexagon which can be
extended to an r-dST of GY/G*. Then given T, the configurations inside the Y-A only
depend on connection properties of T outside. As in the non-directed case [43], we thus
have three kinds of configurations to consider.

I. {T : {v1,vs,v3} are connected to r}.
IL. {T:{vj,vj41} are connected to {r}, j € {1,2,3}}.
III. {T: {v,} is connected to {r}, j € {1,2,3}}.
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Let Z(G¥|i), resp. Z(G*|1i), be the partition function of GY, resp. G*, restricted to
an outer configuration T belonging to the set defined in 4, ¢ € {I,II, 11T}, divided by the
contribution of the configuration T. Then, proving Z-invariance amounts to showing that
there exists a constant €, such that

Vie {LILII}, Z(G'|i)=C-Z(G*|i).

Let us prove that this is indeed the case, with € = (k)2 H?:1 sc(6;).

Restriction I We have:

3 3
Z(G'|1) = *% Z i) dn(ue, ) dn(ua,,,) = % ZA
= =
Z(GHI) =
1 3 3 3
implying that € = (k)2 > A(0;) )2 H (3.18)

Il
—

J

by Equation (71) of Lemma 47 of [11].

Restriction II We have, Vj € {1,2,3},

Z(GY1L) =~ 42.0(70,5 +70,j41)
= k'sc(0j42) nd(ua, ,) nd(uq, )[sc(0;) dn(uq, ) dn(uq,,, )+
+sc(0j11) dn(ua,,,) dn(ua,,,)]
= 15005 12)[5¢(05) k(e ) At ) + 56(0541) 1t ) ()]
Z(GHI) = v + V42,41
= (k’)fé [cs(41) nd(ua,,) dn(ua, ., ) +cs(0;) dn(ua, ) nd(uq,)]-

Using Equation (3.18), it is straightforward that Z(G"|II) = € Z(G=#|1I).

Restriction IIT We have, Vj € {1,2,3},

Z(G'|III) = ’Y]Y'+1,0’YJY'+2,0’Y(Y),]'
= (k)3 sc(0j11) nd(ua;,, ) nd(ua,,,) X s¢(0j42) nd(Ua,,,) nd(uq; )X
x sc(f;) dn(uq, ) dn(ua,, ;)

= (k)3 sc(0;) sc(0;41) sc(012) nd(ug, ),

(GRIID) =5 g2 tr2s Vb2 01 W41 + iV,
= (K')""[es(6;) nd(uq,., ) dn(ua, ) es(6j41) nd(ua,,,) dn(uq, )+
+ cs(0;) dn(uq, ., ) nd(ua; ) cs(0j12) dn(ua; ) nd(ua; ., )+
+ cs(0j42) dn(ua, ) nd(ua,,,) cs(0;41) nd(uqa, ., ) dn(ua,, )]
= # ndz(u&j+2 )[sc(0j42) dn(uq,,,) dn(uq, )+
Hj:l sc(6;)
+sc(0j11) dn(ua,,,) dn(ua,,,) +sc(f;) dn(uq; ) dn(uq,,, )]
=K nd2(uaj .2)» by the proof of Restriction I.

The proof that Z(G¥|IIT) = € Z(G*|I11) is concluded by using Equation (3.18) again. O
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3.6 Inverse Z"-Dirac operator and dimer model on the double graph

Using Theorem 3.6, in Corollaries 3.15 and 3.17, we express the inverse Z“-Dirac
operators K(u)~! and K?(u)~! using the Z-massive and dual Z-massive Green functions.
In the infinite case, this allows to prove in Theorem 3.19 an explicit local expression for
a Gibbs measure for the dimer model on the double graph with weight function c(u).

3.6.1 Inverse Z“-Dirac operator and Z-massive Green functions

Infinite case. Consider an infinite isoradial graph G, and the Z*“-Dirac operator K(u).
Consider also the Z-massive Laplacian A™ on G, the dual Z-massive Laplacian A™* of
the dual G* [11]. When k # 0, let G™ and G""* be the Z-massive and dual massive Green
functions of G and G* of [11], whose definition is recalled in Section 2.5.6. When k£ = 0,
the mass is 0 and we let G° and G%* be the Green and dual Green functions of [45].

Notation for coefficients of Corollary 3.15 Let v, resp. f, be a vertex of G, resp. G*.
Let w be a white vertex of GP, its neighbors in G® are v1, f1,v2, fo, and let e eifr f;
be the rhombus vectors and half-angle of G°/* associated to the edge (w,vs), where the
subscript “f” stands for “final”, see Figure 14.

Y
f2
ov *
e"ﬁﬂ
v e wO— @
etat
e *
f1

Figure 14: Notation for coefficients of Corollary 3.15 and 3.17.

As a consequence of Theorem 3.6 (infinite case) we obtain,

1

Corollary 3.15. For every u € C, consider the operator K(u)~! mapping C" to C®

defined by:

e Matrix form. K(u)~! = (k/)! (GO G’(’)”> K(u) " .

e Coefficients. For every v, f, w as in the notation above,

(k)" sc(06) % ([dn (ura,) dn(us )3 G, = [An (e 200) dn(upe 2] G )
Z-af'z*'ﬁf

K(u)?}u = —ie" (k)1 SC(QF)% ([dn((uﬂf)*) dn((u(lf-f-QK)*)]%G}r?}z_"

— dn((use—2n)*) dn((ua ) NFGY)-

& tPr
—e T2

Then K(u)~! is the unique inverse of the operator K(u) decreasing to zero at infinity.
Remark 3.16.

e When k£ = 0, then dn = 1 and we recover Corollary 7.2 of [45]. When the graph is
7Z? and the weights are specific, Chhita [20] has a result in the same flavor, relating
the inverse Kasteleyn operator of pairs of dual directed spanning trees to a massive
Green function.

e The operator K(u)~' is local. Indeed the expression for K(u), 1, with z = v € V

or x = f € V*, only depends on: two paths of the diamond graph G°® from z to
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the two neighbors z1,z5 of w in G or G*, where the two paths are those used in
computing the massive exponential function of coefficients of the massive Green
function of [11]; and from the rhombus vectors and half-angles of G°/? associated
to the edges (w, 1), (w, x2).

Proof. By definition, see Section 2.2.2, to show that K(u)~! is an inverse, we need to
prove that K(u) 'K(u) = Id, and that K(u); }, — 0 as |w — 2| — oc. For the second part,
when k # 0 we prove in [11] that the Green function G and G"™* decrease exponentially
fast to 0 at infinity; since the function dn is uniformly bounded, the same holds for K(u)~!.
When k = 0, the Green function explodes like — log |« — 2/| at infinity, but the difference
converges polynomially fast to 0 as is proved in [45]. For the first part, we apply K(u)
to the right of the definition of K(u)~! in matrix form and use Theorem 3.6. Note that
this step also uses associativity of the infinite matrix product, which holds in this case.
Uniqueness when k = 0 is proved in [45, Theorem 4.1]; when k # 0, it follows from
the fact that 0 is the unique function in the kernel of K(u) decreasing to zero at infinity,
see [8, Proposition 47] (note that when & # 0, subexponential growth suffices for this
argument to work). O

Finite case. Consider a finite isoradial graph G and the Z“-Dirac operators K(u) and
K?(u) of Section 3.1 (finite case). Consider also the Z-massive Laplacian A™?(u) and
dual Laplacian A™* of Section 3.2 (finite case). For the purpose of handling the Ising
model, our goal is to obtain an explicit expression for the inverse of the operator K?(u).
In order to ensure that K?(u) and A™?(u) are invertible, we restrict u to:

¢ :=C\ {a'[2K], B'2K] : &', ¢ € R%}. (3.19)

Indeed, by the forthcoming Remark 4.4 this ensures that det K?(u) # 0 and by Corol-
lary 3.10 that det A™?(u) # 0 (since nd is positive when « is real). Denote by G"*
the inverse of the (finite) matrix A™* and by G"?(u) the inverse of A™?(u). Note
that when some of the conductances (pJ. ,.(u)) of the boundary rhombus pairs of R
are negative, there is a twist in defining the associated random walk and in giving the
random walk interpretation of the Green function, but this might at most happen for half

of the boundary edges.

Notation for coefficients of Corollary 3.17 Let w be a white vertex of G°; if w ¢
{wé,wr € R?}, then we use the notation of the infinite case, see Figure 14; if w €
{w,w" € R}, then the vertex f, is absent. As an immediate consequence of Theorem 3.6
(finite case) we obtain
Corollary 3.17. For every u € C”, the inverse matrix K°(u)~! has the following explicit
expression.
- m,o _ m,o M, * t

e Matrix form. K?(u) ™! = (k)" [K(u) (G O(U) G (g)meu)G )} .

e Coefficients. For every vertex v of G', f of G*, and every white vertex w of G"~,
using the notation of Figure 14,

K ()L, = e 5 ()~ se(B) F ([dn(ua) dn(ug, )| 3G (w), o+
— [0ttt 2r0) dn(ug, 1260)] G () )
(K~ 507 )% (T ooy [An((u5,)*) (e 200) ) F Gy +
~ [dn((ug, -2x0)") dn((ua) N FGT )+

. nd(uge) — m,*
I (ve f‘Z)IERO,, Cd(’uii) (Cd(uﬁr) o Cd(uae))Kﬁ(u)vc{w ' ch77f7

Ko(u);1 = 72_672-@7%

,W

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 40/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

where I ¢ (¢ wrexoy) IS equal to 0 if w is a boundary vertex of G° and 1 otherwise. In
the sum over (v¢, f¢) € R?", we use the notation of Figure 10 for vertices and rhombus
vectors of the boundary rhombus pairs of R%"; K (u),.. ! , in the formula for K?(u )fij is

given by the first formula with v = v°.

Example 3.18. Let us compute the explicit values of Corollaries 3.15 and 3.17 in the
case where u = uf := %ﬁ‘ + K. This will be used again in Sections 4.3 and 5.3. In the
finite case, we will also need to evaluate it at u = vf := (”TW — K. We have,

£ f £ _ K46 £ _ K—6; f _ _ _f £ o f
vi=u -2K, u, ==, Ug = =51, Vo, = —Ug, Vg = —U,
£ £ f f _ f £ f f _
u, +ug =K, u, o +ug o =K, u, o tug =0, u, +ug o5 =2K
(3.20)
R S R vt — 3K Vi vh = oK v 4 —0
Var TV = y Vag+2K T VaetoK = y Vag+2K T VR = 5y Vap T Vg—oKg = U

Using that dn(u £ K) = ¥’ nd(u), dn(u £ 2K) = dn(u), dn(—u) = dn(u) and the above
relations, we obtain, for u € {uf,v'},

[dn(tta,) dn(ug,)]? = [dn(ue,tax) dn(ug,yox)]? = (K)?
d(Kfef) ifu=nuf
dn((ug,)*) dn((uq, I3 = K nd(ug) = k' 4 2
[ (( Bt) ) (( t+2K) )] ( Bf) {nd(K;rgf) if = v
1 d(K+9f) ifu =uf
dn((ug,—or)*) dn((ue,)*)]2 = K nd(ugs, ) = k' . 2
[ (( Bt 2K) ) (( i) )} ( f) {nd(K20f) ifu— Vf,
an thus, with the notation of Corollaries 3.15 and 3.17:
e Infinite case.
K(uh)gl, = e 5 se(0n) (1) 73 (G, — GI,)
_ . _atB oy L — m,* m,x
K(uf)ifjv = et sc(0F)z (md(KZQf)Gf’f2 — nd(K+9f)Gf fl)

e Finite case.

K?(u

£+5¢

Dok = ) Ese() (G0 () — G0y

ap+By

K®(u)j,, = —ie™" "7 sc(ff)? (H{ivg{quf wrexoyy nd(F5H) G — nd(%ef)Gz’,i})Jf

)

. nd(ul,) -
T ('UC fc)efRav' Cd(uij) (Cd(ufﬁr) - Cd(ufxg)) K@( )Uc w ch f’
K (V) = e S () se(0r) % (Gm’a(vf)m,y - Gm78(vf)v1,y>

.ap+Bs

Ka(vf);i) — —ie~ T se(0))2 (]I{w¢{wé’wr€gza}} nd(K'gef)G}';:} —nd(%5

(4 m,*
f)Gfl,f)+
nd("ge)

+1 cd(viz)

(v, foyeRO " (cd(vhr) = ed(vE)) K (V) ey, - G

fef

3.6.2 Dimer model on an infinite isoradial double graph G”

Suppose that the isoradial graph G is infinite; when it is moreover Z?-periodic, we
consider the natural exhaustion (G.),,>1 of G® by toroidal graphs, where G2 = G /nZ=.
Let F denote the o-field generated by cylinder sets of GP. Using arguments of [23, 47, 28],
we obtain an explicit, Iocal expression for a Gibbs measure of the dimer model on G® with
weight function ¢(u). Since the proof closely follows that done in the papers [28, 10, 12],
we do not repeat it here. The key requirements are that the operator K(u)~! is local and
unique in the Z?-periodic case.
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Theorem 3.19. For every u € C, there exists a unique probability measure on (M(GP), F),
denoted P}* , such that the probability of occurrence of a subset of edges & =

dimer”
{wix1, -+ ,wa;} in a dimer configuration of G® is given by:

l

P(imer(wlxla Coo W) (H _7.> det(K(u)fl)S’

where (K(u)™!)¢ is the sub-matrix of K(u)™! given by Corollary 3.15, whose rows are
indexed by x1,...,x; and columns by wy, .. . The measure P} is a Gibbs measure.
Moreover, when the graph GP is Zz-penodw the probability measure P["  is obtained

as weak limit of the Boltzmann measures on the toroidal exhaustion (G},),>1.
Remark 3.20.

e As mentioned in the introduction to Section 3, this theorem is a directed version of
the transfer impedance theorem of [14]. A result in the same flavor, i.e., computing
probabilities of pairs of directed spanning trees using the massive Green functions
of massive non-directed random walks, is obtained by [20] in the case where
G = Z? with specific weights.

e A version of this theorem in the finite case can be obtained using Remark 3.7.

Example 3.21. As an example of application we express the probability of single edges
occurring in dimer configurations of G® chosen with respect to the measure Py .,
using the Z-massive and dual Z-massive Green functions of [11]. We use the notation of
Figure 14 and omit the subscript “f” since there is no confusion possible between the
initial and final vertices. Details of computations are given in Appendix B.1.

Pl (wuy) = sc(0)

dimer

[dn(uq) dn(ug)GyL ,, — K'G L]

k V2,V Vo ,v1
= H(2uo) — H(2up),
sc(0”

Ponr(0fe) = 0 [an((us)") dn((aar) VG, — KGR

= H(2(ua+2x)") — H(2(up)"),

where H(ulk) = — & A (%2 |k'), and A(ulk) = (fo de2(v]k)dv + %u) see [11, (9)].

4 Kasteleyn operator of the graph G% and Z“-Dirac operator

Let G be an isoradial graph, infinite or finite. We consider the isoradial embedding
of the bipartite graph G® = (V?, E?) given in Section 2.5.2, and the weight function v
of Equation (2.8) arising from the Z-invariant Ising model. Let K< be the associated
complex, bipartite Kasteleyn matrix defined in Section 2.5.7, with rows indexed by black
vertices. In the finite case we moreover consider the diagonal matrix D<¥®, resp. D<",
whose rows/columns are indexed by black/white vertices of G%, and whose diagonal
coefficients are:

6°) ifb e {b’.b" € R?
Vb e B, D.‘j{’f—{in() ifb € {b, b7 € X7}

- otherwise,
YweW. Dew sn(0?)~!  ifw e {w® e R}
w k) WYW = .
’ 1 otherwise.

Let K© be the modified, complex, bipartite Kasteleyn matrix defined by
K® = DYFKDY, (4.1)
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that is, K® is obtained from K® by multiplying the weight of the edges b‘w’, b"w" of all
boundary rhombus pairs of R? by sn(§?).

Consider also the isoradial embedding of the double graph G” of Section 2.5.2. For
every u € C, let K(u) be the Z“-Dirac operator and, in the finite case, for every u € C’,
let K?(u) be the Z“-Dirac operator with specific boundary conditions, as defined in
Equation (3.1).

The main result of this section, and actually the key result of this paper, is Theorem 4.2
of Section 4.1 proving, for every u € C, explicit linear relations between the matrices K<
and K(u) in the infinite case, and between K® and K°(u) in the finite case.

In Section 4.2 we restrict to the finite case; using Theorem 4.2 and a combinatorial
argument, we prove in Theorem 4.3 that the determinant of the Kasteleyn matrix K is
equal, up to an explicit multiplicative constant depending on u, to the determinant of the
Z"-Dirac operator K?(u). Combining this with Theorem 3.8 proves that the determinant
of K? is equal, up to an explicit constant, to the determinant of the Z-massive Laplacian
A™?(y). Interpreting these determinants as partition functions, Theorem 4.3 proves that
the squared partition function of the Z-invariant Ising model with + boundary conditions
is equal, up to an explicit constant, to the partition function of weighted rooted directed
spanning forests counted by A™?(u), where the dependence in u is along the boundary
only. This generalizes to the full Z-invariant case the results of [29, 30] proved in the
Z-invariant critical case, and to the case of simply connected domains the result of [12]
proved in the toroidal case. The proof we provide here has a slight combinatorial flavor
but is mainly based on matrix relations, so quite different from [29, 30]. Note that the
combinatorics argument of [30] can be generalized to the full Z-invariant case and would
give an alternative proof. Note also that the boundary trick of Chelkak and Smirnov [18]
allows us to remove dual trees along the boundary which we could not do in [30].

Using Theorem 4.2, Corollaries 4.12 and 4.14 of Section 4.3 prove linear relations
between the inverse operator (K?)~! and the inverse Z“-Dirac operator. Choosing
specific values of u allows us to express the dimer measure of the graph G< using the
inverse Z“-Dirac operator and the Z-massive Green functions, see Corollaries 4.16
and 4.18. This also provides an alternative direct way of finding a local formula for
(KQ)_1 [12], explicitly relating it to the Z-massive Green functions.

4.1 Relating the Kasteleyn operator K< and the Z“-Dirac operator

The main result of this section is Theorem 4.2 proving an explicit relation between
the matrices K2 and K(u) in the infinite case, and between K® and K°(u) in the finite
case. In order to state this theorem we need to introduce two additional matrices S(u)
and T'(u). Both of them are “rectangular” with “twice” more rows than columns.

The matrix S(u) has rows indexed by black vertices of G® and columns by white
vertices of GP, resp. of G, in the infinite case, resp. finite case. If G® is infinite, let b
be a black vertex; if G is finite, let b be a black vertex of an inner quadrangle. Let w be
the white vertex of G® corresponding to the quadrangle to which b belongs. Then, the
only non-zero coefficient of the row corresponding to b is:

[Tl

5(w)pw = €2 cn(ug)[sn(f) cn(9) nd(uoé)nd(ug)]%7 (4.2)
with the following notation, see Figure 15 (left): w is the white vertex of G2 such that
bw is parallel to an edge of G; ¢'®, ¢*?, § are the rhombus vectors and half-angle of G/2
assigned to the edge (b, w).

Suppose that G is finite, and let b be a black vertex of a boundary quadrangle of G<.
Then b € {b", b’} for some boundary rhombus pair of R?, see Figure 15 (right), and the
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non-zero coefficient of the row corresponding to b is:

Nl

s(UW)pr wr = e*i%r cn(ugr)[sn(6?) en(6?) nd(uqr) nd(ugr)) @3)

N|=

S(U)pe e = e en(uge)[sn(6?) en(6) nd(uqe) nd(uge )2,

where for b” the definition is coherent with that of the non-boundary case, since the
rhombus vectors of G*/2 assigned to the edge (b",w") are ¢’® | ¢’#". For b, the rhombus
vectors assigned to the edge (b’, w’) are eiae, ¢# so that there is a change of definition;
this comes from our choice of embedding of G? which exchanges the bipartite coloring
of vertices in the left rhombus of the pair.

ei&e 6 ZiB"
0 - g ”
e e ® P
v r
iB N v ‘ ‘U
ef w
7@ bl’«wubr w”
b w W
oic
L 2 ¢
f :

Figure 15: Notation around a black vertex b and a white vertex w of G®: non-boundary
case (left), boundary case (right).

The matrix T'(u) has rows indexed by white vertices of G*® and columns by black
vertices of GP, resp. of GP, in the infinite case, resp. finite case. If G® is infinite, let w
be a white vertex; if G is finite, let w be a white vertex such that w # w¢ for all boundary
rhombus pairs of R?. The vertex w is on a rhombus edge v f of the diamond graph G°,
where v is a vertex of G and f a vertex of G*, see Figure 15 (left). Then the row of T'(u)
corresponding to w has two non-zero coefficients defined by,

e (4.4)

7 sn((ugy2k)’) = e 7 cd(uptex),

where ¢'? is the rhombus vector (w,v) and ¢(**™) is the rhombus vector (w, f).

Suppose that G? is finite, and let w = w® for some boundary rhombus pair of R?, then
w€ is on a rhombus edge v°f¢ of G°, see Figure 15 (right). As long as the rhombus pair
is not the root one, i.e., the one where v¢ =r, the row of T'(u) corresponding to w* has
non-zero coefficients given by,

() we pe = —ik'e" "% sn 6?) nd(ugr) cd(ugr),
o (#) 0 s

. 3¢

a0
t(u)we, e =€ "2 sn((uge)*) = et cd(uge).

When the boundary rhombus pair is the root pair, then only the term ¢(u)ye, - is defined.

Note that the definition is specific for v¢, and coherent with the non-boundary case for
74

f¢ since the rhombus vector (w¢, f¢) is e .

Remark 4.1. Rhombus angles are well defined mod 27 implying that half-angles are
well defined mod 7, but the coefficients of S(u) and T'(u) are nevertheless well defined.

Indeed, keeping in mind that by definition BfTa € (e, 5 — ¢), one has for example, see
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Equation (4.2):

e en(ugyarc)[sn(6) en(8) nd(ug s ax) nd(ug ax)]? =

= (—eiig) (—cn(ug))sn(f) en(f) nd(uq) nd(uﬂ)]% = Sb,uw;

using that ugyax = ug — 2K and cn(u — 2K) = —cn(u), nd(u — 2K) = nd(u). Similar
arguments hold for other coefficients.
We are now ready to state our main result.

Theorem 4.2.

e Infinite case. Let u € C, then the Kasteleyn matrix K<, the Z*-Dirac operator K(u)
and the matrices S(u), T(u) are related by the following identity:

KT (u) = S(u) K(u). (4.6)

e Finite case. Let u € C’, then the Kasteleyn matrix K, the Z“-Dirac operator K°(u)
and the matrices S(u), T(u) are related by the following identity:

KT (u) = S(u) K (u). (4.7)

Proof. In the whole of the proof, we omit the argument v from the matrices.

Infinite case and finite non-boundary case. Figure 16 below sets the notation. Let
b be a black vertex of G2, then b belongs to a quadrangle corresponding to a vertex
w of GP. If G® is finite, suppose further that the quadrangle is not a boundary one, or
equivalently that w is not a boundary vertex of G®. Let vy, f1,vs, fo be the four black
vertices of G” incident to w. Denote by wy, wy, ws the three white vertices of G® incident
to b, and let €', ¢'” be the rhombus vectors of the edge (b, w;).

f2

2

w2
vy . T = C) .U2
b ¢ v
/A S
w3 w1
el ‘
f1

Figure 16: Notation around a black vertex b of G<.

The coefficient [KQ Ty of the LHS of (4.6) and (4.7) is non-zero only when z €
{v1,v2, f1, fo}, and

[K® To,o, =KE o tws,vr + KE yy twson
[KQ T]b,v2 = S,Wltwhva
(K To, 1, =KG i, w1+ KBy tws, 1
[K® TTo, 1, =K sy b £

The coefficients of T" involved are, see definition (4.4),

. —i

- CH(U5+2K), lwg,vy = —l€ 5 Cn(ua+2K)» bwy,vy =€

[N

th oo — e

. ;B « _;a _;B
twy, o =t 2 sn((ug—2k)"), tws,fy =€ 2 80((Ua)"), twy,fr, =€ 2 sn((ug)™).
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Replacing coefficients of K< yields for the LHS:

[KTTp 0, =i en(0)tw, v, + eiMfﬁat\,\,&v1 = ¢e'3 [en(f) en(upiok) — en(tagox)]
K2 Tb v, —iP5® sn(0)tw, v, = €2 sn(f) en(ug)

KO Tlh g, =¢ 5% sn(B)tuy, gy + €Tty g, = i E [sn(8) sn((us—2x)") — s0((t0)")
KTy sy =€ 5 en(O)tw,.p, = ie's cen(6) sn((us)®).

Note that in the finite case, we have K? = K for coefficients involved. The coeffi-
cient [SK]p, of the RHS of (4.6) and (4.7) is also non-zero when z € {vy,vq, f1, fa}
and we have [SK|p; = SbwKuw,. To compute these terms, we first express the part
en(ug)[nd(uq ) nd(ug)]? := (¢) in sp,., see (4.2), using the angles and parameters involved
in the four coefficients of K.

1
2

(0) = —sn(ugt2k)[dn(vatorx) nd(ugt2r)]
= cn(up)[nd(uq) nd(ug)]?
= (k)% en((ug—2x)")nd((up-2x)") dn((ua)*)]2
= (K')? sn((up)")nd((ug)") nd((uas2x)")]?,
where in the first line we used that u, = K + uq+2k, in the third that ug = —(ug_2x)*,

uq = K — (uq)*, and in the fourth that ug = K — (ug)*, ua = 2K — (ua+2K)*. Replacing
coefficients of K by their definition gives for the RHS of (4.6),

SK b,v; = Sb,wKw,vl =e€

b = SpKun, = —i(K) ' en(9) en((ug_ox)") du((uq)")

]

Klbvs = SbwKuww, =€
]
]

bifa = Sbuwku, g, = i€’ en(0) sn((ug)*).

The equality [K® Ty, = [S K] is then straightforward when z = vy and = = f,. When
x = vy, this is a consequence of the identity, see [54, chap.2, ex.32 (i)],

cnucenv — cen(u +v) = snusnodn(u + v), (4.8)

evaluated at u = 0, v = ugyok, U + U = Ust2K-
We are left with proving the case « = f;. Multiplying the identity (4.8) by nd(u — v),
using that nd(u — v) = (¥') "' dn(K — (u —v)), cd(u — v) = sn(K — (u — v)) we obtain,

() ' enuenvdn(K — (u—v)) =sn(K — (u—v)) — snusno.

The proof is concluded by evaluating the above at u = 0, v = (ug_2r)*, K—(u—v) = (ua)*.
Finite boundary case. The notation used are those of Figure 15 (right). Let b € {b*, b"}
be a black vertex of some boundary rhombus pair of R?. Suppose first that this rhombus
pair is not the root one. Then, if b = b", resp. b = b, the coefficients of the LHS and
RHS of (4.7) are non-zero when z € {v°,v", f¢}, resp. = € {v°,v%, f¢}. We need to prove:

Q _ 2] Q _ 2]
KbT,wctW“,v“ = Spr,wr Kwryv(: Kb27wctwﬂ,vﬂ = Sb[,wg ngmc

Q _ o Q _ 2}
Kb7'7w1'tw7',v"' = Spr wr K“,T»ﬂ)r and Kb[’wgthwz = Spt,uwt ngmg

Q Q — o Q Q — o
Kbr’wrtwryfc + Kbﬂwctwc,fc = Sbr,wr Kwr7fc sz7wztw@,fc + 5b£7wctwc,f° = Spt wa,fc .

In both cases, the last two equalities are as in the full plane with the appropriate change
of notation. We thus need to check the first equality of each case. Returning to the
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definition of K< and boundary values of the matrices S and T defined in Equations (4.3)
and (4.5) we have,

a"—m4+a”

Q .
Kb’ w° ,v°¢ e’

_45’

x (—ik'e=1% sn(6°) nd(uar) cd(ugr))
1

St e’ en(uge)fsn(6?) en(6) nd(uar) nd(use)]
= KT [sc(6?) nd (uqr )nd(uﬂT)]%
= e [50(07) dn (uar 2k ) An (g 2k )]F = Ko e = K2, .

In a similar way,

Bl4plyn

Koo yetwe,oe 1577 5 (—ik'e ™% sn(6°) nd (uqr ) cd(ug:))
Sbt,wt e i en(ugqe)[sn(62) en(62) nd(uqe) nd(uﬁz)]%

i&e‘FBZ‘F(B[*&T)

=ke ™ 2z [s¢(07)dn(ugye) dn(uﬁz)}% nd(ugr) cd(ugr) ne(uqe),

a0t 1 _
= Kt [s¢(0”) nd(uqe ) nd(uge)] 2 ed(ugr) de(ugye), since B — a" = 2r

af il

§&TmTP TR 1
=€ 2 [sc(6”) dn(u(leK) nd(uﬂHzK )] Cd(uﬂ") de(uge)
= Kyt pe cd(ugr) de(uqe) = K

w? e

Note that we always have syr r, spe ¢ 7 0 on C’, see (3.4), so that it makes sense to
divide by these quantities.

The last case we need to consider is if b belongs to the root boundary rhombus pair
of R?. But then, of the three equations above, the first one is absent since we have v¢ =,
so we are left with the last two which are as in the full plane case. This ends the proof
of (4.7) and thus finishes the proof of Theorem 4.2. O

4.2 Determinants of the Kasteleyn matrix K2 and of the Z“-Dirac operator

We restrict to the finite case. Theorem 4.3 proves that the determinants of the
matrices K2 and K?(u) are equal up to an explicit multiplicative constant depending on
u. By [32], see also Equation (2.5), the determinant of K< is equal, up to a constant, to
the squared partition function of the Ising model with + boundary conditions. Using
Corollary 3.10, the determinant of K?(u) is equal, up to an explicit constant, to the deter-
minant of A™?(u) which counts weighted rooted directed spanning forests. Theorem 4.3
thus implies identities between partition functions made explicit in Corollary 4.5.

In the whole of this section, we restrict the domain of u to

"=\ {a'2K], B[2K] : €%, " € R} (4.9)
=C\ {a"[2K], BT[2K] : €', " € R?}.

Note that by Section 2.5.3 on train-tracks, this amounts to removing all the parallel
directions of the train-tracks of the isoradial graph G.

4.2.1 Results

Every edge e = (w, z) of GP" is assigned two rhombus vectors %, ¢'Pe of the diamond
graph G° and a half-angle f,. We partition the set of white vertices W' = W of G°" as
W? U We, where W? consists of boundary vertices of W and W* of inner ones. Every
white vertex w of G”" is in the center of a rhombus of the diamond graph G°; we let ,,
be the half-angle of this rhombus at one of the two primal vertices.

In the statement below, a specific role is played by the boundary rhombus pair of R?
containing the root r. We use the notation of Figure 15 (right) and add a superscript r to
specify vertices/angles of this root pair.
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Theorem 4.3. Let M, be a dimer configuration of G°". Then, for every u € C", we have
|det K@| = C(u) - | det K?(u)),
where C(u) is equal to:
A% _ 1
o ( H sn(fy,) 1) ( H [en(6y) sn(@w)]2)x
weW?o weW

Cd(uBr,r)
sn(ugrr) |

< (T Isc(ua,)sc(ug,)[*) sn(6°)

wreMweWw

Remark 4.4.

e Since for u € C”, sc(uq, ) sc(ug,) # 0, and since det K® # 0, we have that the matrix
K?(u) is invertible for these values of u.

e The quantity [[,.cm,.wew |5¢(Ua, ) sc(ugp,)|? is independent of the choice of perfect
matching M;. Similarly to Remark 3.9, this consists in showing that the alternating
product around every inner face of G is equal to 1; the proof is similar to that of
Lemma 3.11.

e A surprising fact is that the LHS is independent of v while the RHS does not
seem to be, also the RHS seems to depend on the choice of root vertex r. It is
not straightforward to see why this indeed not the case. An alternative way of
proving this theorem is to extend to the full Z-invariant case the combinatorial
argument of [30]; one then better sees the parameter v and the choice of root
vertex r appearing.

Combining Theorems 4.3 and 3.8, we deduce that the squared partition function
of the Z-invariant Ising model with + boundary conditions is equal, up to an explicit
constant, to the determinant of the massive Laplacian A™?(u), i.e., to the partition
function of rooted directed spanning forests. This generalizes to the full Z-invariant case
the result of [29, 30] and to simply connected domains the result of [12] proved for the
characteristic polynomial in the toroidal case in an abstract way.

Corollary 4.5. For every u € C", we have

_ o|V|=1(|E| 1+sn(6w)
1. [ Iqlng(G J)] =2 (k) ( I_VIVO 2sn(6y) )X

we

:d(uaﬂ)’ | det A™2(1)].

nu 7‘r

x (I Isc(uq,)sc(up,)nd(ug,) nd(ug,)|?) sn(67")
wreEMp:weW

2. [ 2505 (G ) = 2V ) TE( T e ) sn(0°)
weWw?o
x | det A™2 (1) det A™? (u 4 2K)|2.

Proof. Equality 2. is obtained by writing | Iblng(G NP =( Img(G 2 Img(G N2z,
using Equality 1. evaluated once at u and once at u + 2K, and using the identities
|sc(u — K)| = |(K)"tes(u)], |nd(u — K)| = |(K) " dn(u)|, |ed(u — K)| = |sn(u)], |sn(u —
K)| = cd(u).

Let us prove Equality 1. From Equation (2.5) we have, for all coupling constants J,

(2150 (G )12 = 2V (TT 55 ) (T1 cosh(20e) ) Zaimer (G2, ).

ecE? e*cE*

1
cd(ugr.r)sn(ugrr) |2

cd(uwgr,r) sn(ugr.r)

X

’ ’

’

Returning to the definition of the Z-invariant weights (2.6) and (2.8) gives,
e2Je 1+sn(6.
(IL ) ( I cosh20) = ( 1 5565) ( 11wt )
ecEd e*€E* ecE? e*€E*
1+sn (6,
= ( H + 2( ))( H 4cn(19w))7

weW?o weW
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where in the second equality we use the notation introduced before the statement of
Theorem 4.3. Since Zgimer(G?, ') = | det K<|, Theorem 4.3 yields

V¥

(Z0g (G P = 2V (05 T [se(0u)]F( TT Sirsd)

weW weW
( I1 |sc(ua€)sc(uﬁe)|%) x sn(6°") | <A | et Ko (u)].
wreEMpweW

The proof is concluded by using Corollary 3.10, choosing M; as perfect matching of G”"
and using that |[V| — 1 = —|V*| + |E|. 0
4.2.2 Proof of Theorem 4.3

Let us prove that for the modified Kasteleyn matrix K%, we have

det K@ = (k)7 (T 06wy en8)?) ( T sn(6)#)

weWw wew?

(I Isclua)selus,)l? ) x sn(o™)

wreM:weW

cd(ugrr)

sn(ugrr)

| det K?(w)].

To obtain the result for K¢, we use Relation (4.1) which implies that

det K¢ = ( H sn(&w)_%) det K?,

weW?a

because |[{bs, b, € R?}| = 2|{w® € R?}| = 2|W?|. The proof has three main steps: the
first consists in using a partition of black/white vertices of G® and Theorem 4.2 for
comparing det K® and det K°(u). After this first step, there remains auxiliary determinant
computations that are hard to perform for general choices of partitions. In the second
step, we identify specific choices of partitions that make these computations actually
doable. The latter are the subject of the third step.

Partition of the vertices of G* and Theorem 4.2 We partition black vertices of G®
into two subsets: B = B; U By, where B; has one black vertex per quadrangle of G<
and B, = B\ B;. Since boundary quadrangles of G® are reduced to edges, B; contains
all black vertices of boundary quadrangles, and half of the black vertices of inner
quadrangles. As a consequence, B; has a natural partition as B{ U B}, where B{, resp.
B{, consists of boundary quadrangle, resp. inner quadrangles, black vertices. Then B,
has no boundary quadrangle black vertices. In a similar way, we partition white vertices
of G%: W = W; UW,, where Wy = W7 UWj.

Recalling that there is a natural bijection between quadrangles of G® and white
vertices of G, we have the following natural bijections:

WY & W2, Wi« W, Wy We.

Here are some notation for sub-matrices of the matrices S(u) and 7'(u) defined in
Section 4.1, and for sub-matrices of the matrix K.

Si(u) = S(w)E,, Sa(u) = S(u)g,
Sy(u) = S(u)gs’ . S5(u) = S(u)gs
Ty(u) = T(u)i,, Ta(u) =T(u)§,
Vije{l,2}, K& =(K)E', K& =(K)gs.
Using Theorem 4.2, we obtain the following lemma.
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Lemma 4.6. Consider a partition of the black and white vertices of G? as above. Then,
for every u € C”,

det K® - det T1 (u) = det S{ (u) - det S5 (u) - det So(u) - det R(u) - det K?(u),
where R(u) := Sa(u) 71K, — 8¢ (u) K.

Proof. Note that S2(u) and S7(u) are invertible because we choose u € C”. By Theo-
rem 4.2, we have the following identity:

wl o we W, B’ Wy

BY w?
Be ( K% K%\ Wwe (TI(U) 0\
1 1 g

K3 532} Wa \T2(U) I)

B2

W@
B /57 (u)
= Bi ( 0
Ba \ 0

{00
K% = Sa(u)R(u)y + Sa(u)R(w).

We extract R(u)}2 from the first equation. Plugging R(u)}}2 in the second equation
gives R(u); taking the determinant ends the proof. O

Combinatorial partition of the vertices of G? Let us specify the partition of the
black/white vertices of G?. It is constructed from a well chosen perfect matching M; of
GP, which we now define. Recall that by Temperley’s bijection, perfect matchings of GP"
are in bijection with pairs of dual directed spanning trees of 7"°(G, G*), see Section 2.3.1.
Consider a spanning tree of the restricted dual G*, and root it at the vertex f" incident
to the root vertex v = r in the diamond graph G°. To this spanning tree, add the edge
(fer, o) which is the dual of the edge rv®" of G. This defines an o-directed spanning tree
T* of G*. Consider the r-directed spanning tree T of G which is the dual of T*, rooted at
the vertex r. Then (T, T*) is a pair of dual spanning trees of 7"°(G, G*), and we let M; be
the corresponding perfect matching of G, see Figure 17.

We now define the partition of black/white vertices of G® arising from M;; this
amounts to specifying the partition for vertices of inner quadrangle since those of
boundary quadrangles define B{/W?{. For j € {1, 2}, b;/w; denotes a black/white vertex
of B;/W,. Consider an inner quadrangle of G corresponding to a white vertex w of
GPr. Then, exactly one edge of the quadrangle is crossed by an edge wx of the perfect
matching M;. The partition is defined as follows: if z = v € V', then w; is the white
vertex on the right of the edge (w,v), and b, is the black vertex on the left; if z = f € V*,
then w; is the white vertex on the left of the edge (w, f), and b, is the black vertex on
the right. An example is provided in Figure 17 (right) and Figure 19.

Let us prove a combinatorial lemma. Note that because u € C”, the fact that
a coefficient of T (u) or R(u) is non-zero is independent of u. As in Section A.2 of
Appendix A, to the matrix T} (u) corresponds a bipartite graph G(71) = (W; U B",E(TY)),
where there is an edge wiz iff t(u)w,» # 0, withw; € Wy, z € B" = V'UV*. Ina
similar way, to the matrix R(u) of Lemma 4.6 corresponds a bipartite graph G(R) =
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Figure 17: Left: a pair (T, T*) of dual directed spanning trees of 77°(G, G*) such that
T* arises from a spanning tree of the restricted dual G*. Right: corresponding dimer
configuration M; of GP" (red); associated partition of black/white vertices of G?: vertices
of B1, W; are in green, those of By, W5 are in blue.

(W° UWs,, E(R)) where there is an edge wwy iff r(u)y w, # 0, with w € W°, wy € W,. The
matrix T} (u), resp. R(u), is then a bipartite, weighted adjacency matrix of the graph
G(Ty), resp. G(R).

Lemma 4.7. Consider a partition of the black/white vertices of G® arising from the
perfect matching M, of G°. Then, the graph G(T}) is a spanning tree on the vertex set
W, U B'", and the graph G(R) is a union of trees on the vertex set W° U W,, spanning all
vertices of W° U W,.

Proof. Let us prove that G(77) is a spanning tree. Every vertex w; of W, has degree 2 in
G(T1): it is adjacent to a vertex x of B" such that wz is an edge of the perfect matching
M, and to a vertex 2’ such that zz’ is an edge of the diamond graph G° with w; in its
middle. Using the natural bijection W; <> W, that is, identifying every vertex w; with
the corresponding vertex w of W' does not change the combinatorics of the graph G(T}).
With this identification, the graph G(77) contains all edges of the perfect matching My,
and the second edge wz’ incident to w is such that (w,z’) is on the right, resp. left, of
(x,w) if z € V*, resp. « € V'. Then, by Proposition 7.3. of [30], the graph G(T}) is a
spanning tree. An example of G(7}) is pictured with red edges in Figure 18.

Let us prove that G(R) is a union of trees spanning all vertices of W° U W,. By
definition, a white vertex w of W° is adjacent to all white vertices of W5 that are adjacent
to the black vertices b; and b, of the quadrangle w corresponds to; that is, w is adjacent
to the vertex wy of the quadrangle of w and maybe to another vertex of Ws. As a
consequence G(R) is spanning all vertices of W° U W,. It cannot contain a cycle for
otherwise it would mean that there is a vertex of B" which does not belong to M;, which
is a contradiction with it being a perfect matching. An example of G(R) is pictured with
blue edges in Figure 18. O

Corollary 4.8. Consider a partition of the black/white vertices of G? arising from the
perfect matching M, of GP.
e Using the identification W, <+ W' = W, we have,

det ()| = [ twwel= [  ft@wel I @l

wrEM: weEW wreM:weW?° wreM: weW?d
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Figure 18: Example of graph G(7}) (red edges) and of graph G(R) (blue edges).

e Using the identification Wy <> W°, we have,

det Ru)| = T Ir(@)wmwsl,
weW?e

where for every w € W°, r(u)uww, = 5(u)p, K ., — 5(Wp K2 .-

Proof. Writing the determinant as a sum over permutations, we have that non-zero terms
in the expansion of det T} (u), resp. det R(u), correspond to perfect matchings of the
bipartite graph G(71), resp. G(R). Since these two graphs are trees or union of trees
spanning all vertices, they have at most one perfect matching; indeed if they had more,
the union of two different ones would yield a cycle which is in contradiction with being a
tree. Using the identification W; <> W, The graph G(7}) has one perfect matching given
by edges of M; (pictured in thick red lines in Figure 18), while the graph G(R) has one
perfect matching given by the natural identification W° < W5 (pictured in thick blue
lines in Figure 18). Since, the contribution of a perfect matching to the determinant is
the product of the edge-weights (up to a sign), this ends the proof of the corollary. O

Since S?(u), S;(u),S2(u) are diagonal matrices, their determinant is the product
of the diagonal terms. Combining Lemma 4.6 and Corollary 4.8 we thus obtain the
following.

Corollary 4.9. Consider a partition of the black/white vertices of G® arising from the
perfect matching M, of G°. Then, for every u € C”,

o s(u o1 (u
|det KQ| — ]._[’u)EVVd ( )bl,w HwEW ( )wmz |det Ka(u)‘ , (410)
. 2] W1,T . ) W1,T
szGMl.MGW t(u) 5 meGMl.weW t(u) 5
() (11)
where 1’ (t)ww, = ()b, wKp, w, = $(W)by,wKE, -
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Computation of (I)(II) in Identity (4.10) For every u € C”, define the weight function
n(u) on edges of G as follows.

sn (o, )

cn(ug, ) [nd(ua )dn(u,ﬁ)]% ife=wv
N(Wwe = | 4.11)

(k)% Sl | [dn(ua, ) nd(ug, ) if @ = f.

Lemma 4.10. The product (I)(II) is equal to:

(H sn (0 é)(H [sn(6,) en(B,)|* ) 1T W

weW?o weWw wrEM1: weW

sn(6°")

Proof. In the whole of the proof, we simply denote 6,, by §, and omit the argument «
from matrix coefficients.

We first handle Part (II) involving inner vertices. Let w € W*° and wx be an edge of
the perfect matching M;, with x = v or f. By definition of the partition of black/white
vertices arising from M;, we have by, by, w;, ws as in Figure 19. Let v’ be the primal
vertex such that the edge v'v crosses the quadrangle, and let 2¢°¢, 2¢# be the two
rhombus vectors of G° associated to the edge (v', v).

Figure 19: Notation for computing Z“J’W, when w € W° and x = v (left), x = f (right).
Wi

We compute the term 7, ,, when = = v. Using the notation of Figure 19, the rhombus
vectors of G°/? assigned to the edge (w,v) are '@ = ¢'@, ¢¥fc = ¢!, Returning to the
definition of the matrices K® and S, see (4.2), we have

_iBtm 1 ; Bratn
$by,wKE = €75 en(ugpar)sn(0) en(0) nd(uayor) nd(ugyor)]2 x e 2 cn(6)

= ei% n(&) sn(uﬁ) dn(ua)[sn(ﬁ) ( ) nd(ua) nd(uﬁ)]é
en(ug)[sn(6) en(6) nd(ug) nd(ug))? x e
— —¢%sn n(#) cn(ug)[sn(d) cn(f) nd(uq) nd(uﬁ)]%

sz,’wK&,WZ =e€ Sn(a)

As a consequence,

NI]

r;’wz el [sn(f) en(6) nd(ug ) nd(uﬁ)]% (cn(@) sn(ug) dn(ugy) + sn(6) cn(u5))
e'2 [sn(f) cn(f) nd(uq) nd(u@]é dn(ug) sn(ug)
sn(ug)[sn(f) en(f) nd(uq) dn(ug)] 3,

N

ei

[N

using the identity dn(u) sn(u 4+ v) = cn(u) sn(v) + sn(u) en(v) dn(u + v) [54, chap.2, ex.32
(ii)], evaluated at u = ug,v = 6,u + v = u,, in the penultimate line. Since e'® = ¢'?,
ePe = ¢P, we have

N\»—-

o =t sn(uq, )[sn(f) cn(f) nd(uq, ) dn(ug, )]=.

w,wWa

(4.12)
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N
1

—1 —i58

o

By definition of T, see (4.4), we have ty, , = e ‘zcn(ug) = e cn(ug,), and we

conclude that ,

w,w2 Sn(ua )

en(ug, )

We now turn to the term r;, . in the case where x = f. The rhombus vectors of
G°/? assigned to the edge (w, f) are ei® = ¢i(f=™) ¢ife — ¢i® Moreover, referring to
Figure 19, we see that taking x = f has the effect of exchanging b; and bs and leaving
wi,w; fixed. The quantity r;, ,, being skew-symmetric in by, by, we have that r;, ,, is

equal to the opposite of (4.12). As a consequence,
r;7W2 — ¢S sn(ug ) [sn(f) cn(f) nd(uq) dn(u5)]%
sn(ug, ) [sn(0) en(0) nd(ug, ) dn(ua, +2x)] 2

i Be

= —(K')2e"F sn(ug,)[sn(6) en(0) nd(ug, ) nd(ua, )] 2.

= [sn(6) cn(6))* [md(ug, ) dn(ug, )]2.

twhv

w‘mm‘

= —ei

using that e = ¢!(F=™), ¢ife = ¢'® and that dn(u — K) = &’ nd(u). By definition of T, we
have ty, ; = e~""2" cd(ug_sx) = e~F cd(ug, ), and we deduce that

/

Tw7W2

sn(ug,)

(e )| P(us.) dnua, )]

= (K')%[sn(0) cn(6)]2

twl,v

Summarizing, we have proved that, for every edge wz € M; such that w € W°,

! su(uac) | 1 Uy, ) dn(u 3 ifz=wv
Twawy = [sn() cn(6)]? x Cn(ﬁﬁﬁin([u E o dnls) L
ur.o (k)| 20 nd (s, ) dn(ua, ) ¥, i = f
= [sn(6) cn(60)]? N
and thus,
M= JJ @@z  J[  %uwe (4.13)
weW?e wreEMi: weWe

We now compute Part (I) involving boundary vertices of W?. We will be using the
notation of Figure 15 for vertices, rhombus vectors and angles of boundary rhombus
pairs of R?, and add a superscript r when the pair is the root pair, i.e., the one where
v® = r. With our choice of perfect matching M, the boundary contribution (I) of (4.10)
can be rewritten as, see also Figure 17 (right):

Spr w” Sbl7w£
m=( 1II

twr ortwe oe
w,wleWo\{wmr wlr} WHUTIWELY

) Sbr,r7w7‘,r8bl,r7w£,r

tarre wrrbwer e

Suppose first that w”, w’ € W2\ {w™", w’"}. Recalling the definition of S and T along
the boundary, see (4.3) and (4.5), we have

sn(6?) cn(0?) cn(ugr) en(uge ) [nd(uqr) nd(ugr) nd(uwqe) nd(uﬁe)]% ‘

Sbr,wrsbe’we (
cn(ugr) x k' sn(6?) nd(uqr) cd(ugr)

b v twe e

| en(0?) en(uge)

[dn(uqr) dn(uge) nd(uqe) nd(uge )] ? | -

k' en(ugr)
On the other hand, by definition of 7, the product of weights of the edges w"v", w'v°®
of the perfect matching M; is equal to,
sn(uqr) sn(tal oK) 1
wror Mlye = d(uer)d »)nd d 2
oo uter = | St S I tar) dn () 1t 2rc) dnige 2 )
= ]% [dn(uar) dn(upr) nd(uqe) nd(uge)]?|
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writing u,e o = ua, — K, using elliptic trigonometric identities and the fact that
a" = 2.
so that,

SbT wT Spl 0

_ a)
T e | = en(02) 1t pe Nror -
SoTr w T Spe,r o lr

Let us now consider the term . For the purpose of this computation, it

tur,r prirtyesr pegr
is useful to imagine that the vertex v = r is present and that ¢y ye.r, Nye.ryer are defined
as for the other pairs of rhombi. We then have, omitting to write the superscript r,

Sbr7wr Sbé,we 1

Sbr wr Spe et 1 Nwtwe  twewe
X X X

tw’",tﬂ‘twc,vc Thwror Thytye 77wéfC twc,fc

tW’",’UTtWC7fC ’r]wrvr nu)lfc

The product of the first two terms is equal to | cn(6?)| by the above computation. Then,
returning to the definition of the weight function 7, we have

Thwtve

Tt f

en(uge)
Sn(Uqt oK)

sn(Upt oK)
cen(ugetar)
= [(K) 7" es(uge)] .

Returning to the definition of the matrix 7" along the boundary, we have

— ‘ k' sn(67) n;((uar) ) cd(ugr) ‘ _ ‘ k' sn(6) cd(ugr)
cd(uge

[N

A (e o) dn(ugeyox)]® nd(uge) dn(uge yop)] % (K)

twe e

)

fue - en(uar)
using that 3Y = @"[2n]. Putting the three computations together, and writing the su-

SbTsr w T Spl,r 8, cd(ugr,
bEr whsr 1 — ‘sn(@a’r) Cn(oa,r)snguﬁrr;
At

perscript r again, we deduce that

N ’
tyr,r orirbye,r gr N r o™ My, lyr pr

and thus
I = gor 9or M 02 3 .
( ) (Sn( ) Cn( )) Sl’l(uam) wr,wZEW:‘!_\[{w”,w’fff} Cn( ) ) (wxEM]l:[xjewa ! )
_ N Cd(UBr‘r) %
=sn(6%") m (wgva cn(6y,) ) (wIGMHUGWB nlm), (4.14)

using that W2 = {wy, w, € R?}. Combining (4.13) and (4.14) allows to conclude the
proof of Lemma 4.10. O

The next lemma proves a simplified expression for the product of the weights 7,,, in
Lemma 4.10.

Lemma 4.11. For every u € C"”, we have the following identity,

[T =) I Iselua)sclus)l?,

wreMiweWw wreMpiweWw

where the weight function n is defined in (4.11).

Proof. We have the following identities:

ol
Il

N

[st(ua)| nd(a) = [sn(uq) sn(uasax)| 2] sclue)

N

n(ua) $n(uat2r)|2 | cs(ua)

ol
I

|en(ug )| nd(uq)

wn

As a consequence, for every edge wx of G”, the weight function 7,,, can be rewritten as:

1
sn(ua, ) sn(Ua, +2K) ’2 ifr=uv

sn(ug, ) sn(ug,+2xk)

_nin * / ’
Nwz = (k )2 {oev™) Ny, Where 1y,

sc(ua, ) sc(ug, )

sn(ta, ) S0 (Uae+2K)

sn(ug, ) sn(ug, +2K) ’5 if r = f.
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Now consider a vertex w of GP" and, using the notation of Figure 16, the correspond-
ing rhombus vy, f1, v, fo of the diamond graph G°. Introduce the following notation for
the rhombus vectors:

(vi, f1) = 1) (vg, fo) = €2 (v, fo) = P (@), (v, f1) = P2 w) (4.15)

that is, the notation «, resp. 3, is for vectors on the right, resp. left, of the primal edge
of the rhombus. With this notation, the weight 7/, can be written as

/
wr

1
Sn(ual (w)) SII(UQQ (w)) ‘ 2
Sn(u51(w)) sn(u[gz(w)) ’

and this, independently of whether x = v or f. Let us prove that

I 7.=1]

wreEMp:weWw wew

SN (Ua, (w)) SO (Uay (w)) '2 .
S (U, (w)) SN(Up, (w))

Because of (4.15), the product over white vertices W can be seen as a product over
rhombus vectors of G°. Then, every inner rhombus vector of G® occurs twice exactly and
contributes once to the numerator and once to the denominator, so that the contributions
cancel. Boundary rhombus vectors of G® occur once but, referring to Section 2.5.3
on train-tracks, we know that they come in parallel pairs and contribute once to the
numerator and once to the denominator; the contributions thus also compensate ending
the proof of this lemma. O

Putting together Corollary 4.9, Lemmas 4.10 and 4.11 ends the proof of Theorem 4.3.

4.3 Dimer model on the graph G® and inverse Z“-Dirac operator

Using Theorem 4.2, in Corollaries 4.12 and 4.14, we prove linear relations satisfied
by the inverse Kasteleyn operator (K?)~! and the inverse of the Z“-Dirac operators K(u)
and K?(u). Section 4.3.2 is about applications of these results to the dimer model on G<.
In particular, when the graph G® is infinite, we prove an alternative way of obtaining
a local formula for the inverse [12] which is seen as directly related to the Z-massive
Green functions.

4.3.1 Inverse Kasteleyn operator (K?)~! and inverse Z“-Dirac operator

Infinite case. In the paper [12] we prove an explicit local expression for an inverse
(K?)~! of the operator K%, which decreases to 0 exponentially fast in the distance when
k # 0, and as the inverse distance when k£ = 0. When k£ = 0, the local expression is
actually computed in [45]. The operator (K?)~! is the unique inverse decreasing to zero
at infinity; this is established in [45] when k& = 0 and in [12] when &k # 0. In Corollary 4.12
below, we use the existence and uniqueness of this inverse operator but not the explicit
expression; we also need the following notation.

Notation for coefficients of Corollary 4.12 Let w be a white vertex of G® and v, f

be its adjacent vertices in the diamond graph G°/?, such that v € V and f € V*. Denote

by ¢'%i the rhombus vector corresponding to the edge (w,v). Let w be a white vertex of
G" and b, b’ be the black vertices of G® of the corresponding quadrangle. To the vertex b,
we assign the rhombus vectors e/, e/ of G°/? of the edge (b, w), where the vertex w is
such that the edge bw is parallel to an edge of G. Then, the rhombus vectors assigned to
the vertex b’ are e'™ 17, %47 see Figure 20; the subscripts “i” and “f” stand for “initial”
and “final”.

As a consequence of Theorem 4.2 (infinite case), we obtain the following.
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Figure 20: Notation for coefficients of Corollary 4.12 and 4.14.

Corollary 4.12. For every u € C, the inverse operators (K?)~1, K(u)~!, and the matrices
S(u), T (u) satisfy the following identity.
e Matrix form.

(K?) 718 (u) = T(u)K(u) ™.

e Coefficients. For every w, v, f, and every w, b, b’ as in the notation above, we have:

(K?)gbs (Wb, + (K s (Wb = H()woK(w)y 0y + ), K (1),

Or equivalently,
1 . -1 i2egh 1 1
(KQ)W,b CH(Ugf) _Z(KQ)W,b/ Sn(uﬁf) dn(uq,) = m |:CH(U5i)K(’U,);w - ’LSII(UBi)K(U)Lw} )

(4.16)

where A(uq,ug) = [snfcnfnd(uq)nd(ug)]z, and 0 = u, — ug.

Proof. To obtain the matrix form, let us consider the matrix (K?)~1S(u) — T'(u)K(u)~*
and left multiply it by K?. Since coefficients of the inverses tend to 0 at infinity and the
other matrices involved only have finitely many non-zero terms per row and column, the
matrix product is associative and we obtain

K[(K?) 1S (u) — T(u)K(u) "t = S(u) — KT (u)K(u) ™ . (4.17)

Now, right multiplying Equation (4.6) of Theorem (4.2) by K(u)~! and again using

associativity of the matrix product we have that Equation (4.17) is equal to zero. As a
consequence, each column of (K?)~1S(u) — T'(u)K(u)~! is a function in the kernel of K<,
which moreover tends to zero at infinity since it is the case for coefficients of (K?)~!
and K(u)~!. Recall that by [45] in the case k = 0 and by [12] in the case k # 0, K® has a
unique inverse tending to zero at infinity. This implies that 0 is the only function tending
to zero at infinity in the kernel of K?, yielding that (K?)~'S(u) — T'(u)K(u)~! = 0.

For coefficients, we return to the definition of the matrix S(u), see (4.2), and obtain

=l

By By

S(U)b,w =e "z [Sn(gf) Cn(ef) nd(uaf) nd(uﬂf)]% Cn(uﬂf) =e "z cn(uBf)A(uaf’ uﬁf)
Brtm 1
s(wb,w =€ 2 [sn(ff) en(ff) nd(ua, +2k) nd(ug 42x)]? en(ug +2K)

— —ie~"% [su(6) en(6r) nd(ua,) nd(ug,) ¥ sn(ug,) dn(uq,)

= —ie™"F sn(ug,) dn(ua, )A(ua ug,).
using that ecn(u — K) = k'sd(u — K), nd(u — K) = (k')~! dn(u) in the penultimate line.
g ( p

Returning to the definition of coefficients of the matrix 7, see (4.4), we have

en(ug,)

—1

5
t(u)wyf = —ie "2 cd(ug 2K) = —ie
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using that cd(u — K) = sn(u) in the last equality. This ends the proof of the formula for
coefficients. O

Remark 4.13. Note that in the quadrangle bwb’w’ on the right, the only role of the white
vertex w is to fix the notation of the angles &y, f;. Taking the white vertex w’ instead
would thus give an identity equivalent to (4.16). As a consequence, this trick cannot be
used to extract coefficients of (K?)~!, which is what we do in Section 4.3.2 using another
technique.

Finite case. We restrict to v € C” so that the Z*-Dirac operator K°(u) is invertible.

Notation for coefficients of Corollary 4.14 As in the notation for coefficients of
Corollary 4.12, we add a subscript i/f for rhombus vectors and half-angles of initial/final
vertices. If w € {w® € R?}, or w € {w’,w" € R?}, we thus have the notation of Figure 21.

4 N\ 4 N\

J . J

Figure 21: Notation for boundary coefficients of Corollary 4.14.

As a consequence of Theorem 4.2 (finite case), we obtain the following.
Corollary 4.14. For every u € C”, the inverse operators (K%) ™1, (K?)~! K°(u)~! and the
matrices S(u), T(u) satisfy the following identity.
e Matrix form.

(K)™'S(u) = T(wK(w)™" & (D)"Y K)™HDY®) 1S (u) = T(u)K(u) .
e Coefficients. We have two cases to consider.

1. For every w, v, f; for every w,b,b’ such that w ¢ {w’,w" € R?}, using the notation of

Figure 20 and 21 (left), we have

(Kb en(ug,) — i(K)y b sn(ug,) dn(ue,) =

i Bt
2

et Sn(gia)ﬂ{we{wcegaa}}

I o woK? —1 w 1K? 1)
R (T 0K (0, + ) )71,

2. For every w, v, f, for every w such that w € {w’,w"} for one of the rhombus pairs of
R?, then using the notation of Figures 20 and 21, we have

ol &
w8

e Sn(@?)71 sn(@f’)ﬂ{we{wCe:RB}}

A(uaf ’ uﬁfl)

(KQ)‘;’EE Cn(uag) = (H{W#Wc”}t(u)w,yKa(u);i}é +t(u)W7fKa(u)E,1uf)

Vi

e sn(0f) " sn('S’?)]I{!v6 {weeRd}}

Ko b ) =
( )\y,b Cn(uBf) A(’U/Q;‘, uﬁ{)

(Tt () K () e () K () )

where coefficients of t(u) are given by Equation (4.4) or (4.5) when w = w¢ for some
boundary rhombus pair.
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Example 4.15. Let us compute the explicit values of Corollary 4.12 and of Point 1.

of Corollary 4.14 in the case where u = u := C”T*ﬁf + K. This will be used again in

Sections 4.3.2 and 5.3. In the finite case, we also need to evaluate it at u = vf :=

%ﬂf — K. Returning to Relations (3.20) of Example 3.18, we have,
sn(ug,) dn(ugf) =sn(K — ugf) dn(ugf) = cn(ugf)
sn(vpg,) dn(vfaf) =sn(—K — v‘;f) dn(vif) =— Cn(vgf)

A, ) = [(K) 7 sn(0) en(0)]* = A(VG, vE,)
wh, = B0 g = B e =

Then,

e Infinite case. For every w, v, f; for every w, b, b’, with the notation of Figure 20, we
have

(K2), b en(55%) —i(Ke), sn(K +0r

) =
— M cn uf uf -1 _isn uf uf 1
- (en(ufy )K(u)5L, = isn(uf)K ()7L, ).

=

e Finite case. Point 1.
For every w, v, f; for every w, b, b’ such that w ¢ {w’,w" € R?}, with the notation of
Figures 20 and 21 (left), we have

K — 6
2

¢i'F (k)3 sn(0?) (weiweer?}))

= Lyzwenrt(ul)y, K2 (uh) L+ t(u), Kauf'_1>
[Cn(ef)sn(ef)]% ( {w# } ( ),alj ( )y,w ( ),7f ( )I,w
(KQ)\;}b cn(

K + 6¢
ei%(k/)% 311(910)H{W€{W06R8}}

— - f 8 (=1 f a(viy -1 )
B [en(6f) sn(9f)]% (]I{W#WCY }t(V )w’yK (V )y’w T t(V )W’fK (V )I’w)

(KQ)!—\,}D cn(

) il n(5%) =

) +i(K), b sn(55%) =

4.3.2 The dimer model on an isoradial graph G2 and the Z“-Dirac operator

Infinite case. In the paper [12], we prove an explicit local expression for an in-
verse (K?)~!; as a byproduct we obtain a Iocal formula for a Gibbs measure P3,
on (M(G®),7), involving the operators K® and (K®)~!; we refer to the paper [12] for the
explicit formula for (K?)~! and to Section 2.2.2 for the explicit formula of the Gibbs
measure P3, . Recall also that the dimer model on G® corresponds to a free-fermion,
zero-field 6-vertex model [62, 76, 32].

Using Corollary 4.12 and Corollary 3.15, we provide an alternative direct way of
finding the local formula for the inverse operator (K?)~! of [12], where the locality
property is directly seen as inherited from that of the Z-massive and dual massive Green
functions: we first express coefficients of (K?)~! using the inverse Z“-Dirac operator
for appropriate values of u, and then express the latter using the Z-massive and dual
massive Green function of [11]. Note that it is not immediate to see equality between
the formulas of [12] and Corollary 4.16; it probably requires to use elliptic trigonometric

identities. The approach we propose here also extends to the finite case.

Notation for Corollary 4.16 Let w be a white vertex of G® and b be a black one.
Consider v, f, e, and w,b,w, e, e as in Figure 20. The quadrangle of the vertex
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b corresponds to a rhombus v1, f1,vs, fo of the diamond graph G°, where vertices are
labeled so that the edge (vy,vs) of G is parallel to the edge (b, w) of G%, and f; is on the
right of (vq, v2), see Figure 22.

[ ] f2
2
b/
o
w

* 4 v1 @ B @ v2

! <%

. B¢ &
W b . w
eiPi ettt L 2

ov fi

Figure 22: Notation for Corollary 4.16.

Corollary 4.16. For every white vertex w and every black vertex b of G?, using the
notation of Figure 22, we have

. Be—B4
Q\—1 _ e’ 2 -1 _ Bs—
Kb = (o entooy maton (en (32K Bu)g L — s (KB )
Bi+ag en (2t
(K9, h = e 7™ (k) ! (% [dn(6r)GT,, — KGm, |-
sn(#5%) -~
ey (@G, ~ G77))

Proof. We set v = f3; in Corollary 4.12. Then, uq, = 0¢, ug, = 0, and we have cn(ug,) = 1,
sn(ug,) = 0, dn(ug,) = 1. This gives A(uq,, us,)|g, = [sn s cn by nd(6;)]2, thus explaining
the first equality of the Corollary.

We now set u = (¢ in Corollary 3.15. Using that dn(—u) = dn(u), dn(K +u) = k' nd(u),
dn(K) =K/, sc(0F) = (k') "' cs(6¢), we obtain:

_oaetBs
p)

K(Br)oks = ¢ 55 (1) " se(0) (an(en) G, = [()2 md(o) G, )

K(Br) 7L, = —ie™ 3 (1)~ se(6)} (1an(K) dn(@)] 2 G7'7, — [dn(0) dn(0r — K)J*GT7)

.ap+B

= e T (k) Les(6y) (dn(ef)%c; b= nd(0) G )

Plugging this into the first equality of the corollary yields the second and concludes the
proof. O

Example 4.17. As an example of application we express the probability of single edges
occurring in dimer configurations of G® chosen with respect to the measure Py, ., as
a function of single edge probabilities of the dimer model on G with Gibbs measure
P2 . We then use Example 3.21 evaluated at u = /3 to obtain explicit expressions using
the function H; details of computations are given in Appendix B.2. Using the notation of
Figure 16, we have

IPQ

dimer

(le) d1mer(wv2) = H(29)

P
1
]P(?imer(bWQ) P 1mer(wf2) - 5 - H(Qa)
1
2

P bW3)

dlmer(
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We recover the results of the computations of Theorem 37 of [12] after using addition
formulas.

Finite case. An explicit expression for the Boltzmann measure P35, _ as a function of
the matrix K® and its inverse (K?)~! is given in Section 2.2. We now express the inverse
Kasteleyn matrix (K?)~! as a function of the Z“-Dirac operator for some choices of u.
Note that we cannot proceed as in the infinite case using v = ¢ since then the matrix
K?(B¢) is not invertible.

Corollary 4.18.
1. For every white vertex w of G® and every black vertex b ¢ {b®,b" € R?}, using the
notation of Figures 20 and 21 (left), let uf = %2t y ¢, vf = @cbbt _ ¢ Then,

KQ)~1 — %N g 0\ fwe fwee 01y 14(k) " dn(6f) { K=0\D(uf K40\ f}
(K®)yp =€ 2 (K)2 sn(67) Sen(@ (@} en(E5%) D (uh) + en (£E9) T (v,

where, I'(u) = Lytyeryt (0w, K (1) 5, +1(u)w,fK?(u) 71, and coefficients of t(u) are given

Lo
by (4.4) and (4.5).
2. For every white vertex w and every black vertex b € {b‘,b"} for one of the

L £
rhombus pairs of R?, using the notation of Figures 20 and 21, let u'* = ame + K and
ufr = % + K. Then,

|
~

m‘_ﬁ

()% sn(6?)~" sn(6?) (#e(oex21)
K+09 1
cn( 5 £ )[cn(()?)sn(é’f@)]?

X (E{w¢wcv'}t(uf’6)w7y Ka(uf’z);lwtz + t(uf’e)w,fKa(uf’e);i,tz)

(Ka) 1, =<

BF I .y
. i (k/)% sn(02)sn(0?) {we{ween}}

wbr en (550 ) fen(02) sn(o9)1 3

% (Tt H0 ) K)oty KO ()0 )

Remark 4.19. Example 3.18 expresses coefficients of K(uf)~!, K(vf)~! using the Z-

massive and dual massive Green function. Plugging this into Corollary 4.18 allows to
write coefficients of (K?)~! using the Green functions G (uf), G™?(vf), G™*.

Proof. Consider w,v, f and w,b,b’ such that w ¢ {w’ w" € R°} as in the statement

of Corollary 4.14. Then, from Example 4.15, we have the following linear system of
equations:

S (k)3 sn(0?) tweweer?yy B .
i , T (1) = Liypwern (W w o K2 (w) 7L 4+ t(w)w, (K2 (u)7 1.
2 ant0f) P P ) = Ky KO 0) o+ ) KO0

Solving for (KQ)\;}b gives,

where C = £

(Kb = oy ooy o (ST + en (52T

Now, using [54, 2.4.8] and the fact that dn(2K — u) = dn(u), cn(2K — u) = —cn(u), we
have for every u € T(k),

2 2 _ cn(2u)+dn(2u) cn(2K —2u)+dn(2K—2u) _ 2dn(2u) __ 2
en”(u) + en”(K —u) = Trdnzu) T T+dn(2K —2u) = TFdn(2w) — I+nd(Zw)"
This implies that, —cn?(£5%) + en?(54%) = : = rmey: | (418)

L4nd (255% )

Putting everything together ends the proof of Point 1. Point 2. directly follows from Point
2. of Corollary 4.14. O
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5 Dimer model on the Fisher graph G" and the Kasteleyn ma-
trix K<

In the whole of this section, G is a planar, embedded graph defined as in Section 2.1;
it is infinite or finite in which case it has an additional vertex on every boundary edge.
Unless specified, definitions and results hold for the finite and infinite cases; until
Section 5.3, we do not suppose that G is isoradial.

Consider the dimer model on the Fisher graph G* with weight function p’ arising
from the LTE of the Ising model on G with coupling constants J and in the finite case, +
boundary conditions, see Section 2.3.2. Consider also the dimer model on the bipartite
graph G® with weight function v arising for the XOR-Ising model, see Section 2.3.3.

Suppose that edges of G" are oriented according to a Kasteleyn orientation, and
denote by K¥ the corresponding Kasteleyn matrix, as defined in Section 2.2. Following
Dubédat [32], we partition vertices of G* as V¥ = AU B, where A consists of vertices
incident to four internal edges of G, and B consists of those incident to either two
internal and one external edges or to two internal edges (this possibility only occurs in
the finite case). Vertices of type A, resp. B, will be denoted by a, resp. b, with or without
sub/super-scripts. Up to a reordering of the rows and columns, the matrix K* can be

written in block form as
e (KI;‘B K;A) |
Kis Kia

Recall that in the finite case, boundary quadrangles of G2 are degenerate and consist
of edges in bijection with boundary edges of G. Boundary B-vertices of G* are defined
to be B-vertices incident to two internal edges only; they are in natural bijection with
black, resp. white, vertices of boundary quadrangles of G2, and also with boundary white
vertices of the double graph G".

In [32] Dubédat shows how, in the case where G is Z2, a Kasteleyn orientation on G*
induces a Kasteleyn orientation on G?; this generalizes to the case where G is planar:
using the notation of Figure 23 below, define

Ebw = €bas  Ebw = Eba’s Ebw’ = Ebp/E a, (5.1)

then it is straightforward to check that the orientation so defined on G? is Kasteleyn.
Note that when G is finite, the case ¢4~ is not present when b belongs to a boundary
quadrangle.

Figure 23: Notation used to relate the Kasteleyn orientations on G* and G®<.

Denote by K< the bipartite Kasteleyn matrix corresponding to the weight function »’
and to the Kasteleyn orientation constructed in (5.1) with rows indexed by black vertices.

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 62/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

Wrapping up and using the notation of Figure 23, we have: for the Kasteleyn ma-
trix K¥,

wa = Eyuu, if u ~ v, and w or v is of type A (non exlusive “or”)
K, =éepe e, if the external edge bb’ corresponds to a dual edge e* of G*
(5.2)
and for the bipartite Kasteleyn matrix K<?,
Infinite case & finite case when b Finite case when b belongs to a
does not belong to a boundary quadrangle boundary quadrangle
Pfff,w =€bw = €b,a [(S,W = €bw = €b,a
|‘~<(§’W/ = Ep,w’ tanh(QJe) = €b,a’ tanh(2J€) Kﬁwl = Eb,w = Eb,a’
Kg,» = b cosh™1(2J,) = epprep ar cosh™(2J,) n.a.
(5.3)

The first contribution of this section is Theorem 5.4 of Section 5.2 expressing the
inverse Kasteleyn operator (KF)~! using the inverse bipartite Kasteleyn operator (RQ)*1 ;
proving that the contour Ising Boltzmann/Gibbs measures can be computed from the
bipartite dimer model on G<; note that this result is not restricted to the Z-invariant
case. The proof of Theorem 5.4 builds on matrix relations of [32]; this is the subject
of Section 5.1. Note that this result can also be derived from the paper [16], see
Remark 1.9.

In Section 5.3 we restrict to the Z-invariant case and obtain Corollary 5.8, one of
the main results of this paper, expressing the inverse Kasteleyn operator (K¥)~! using
the inverse Z"“-Dirac operator and also using the Z-massive and dual Green functions.
This shows that the contour Ising Boltzmann/Gibbs measures can be computed using
information from random walks only (with specific boundary conditions in the finite
case). As written in the introduction of this paper, this directly translates into results on
the spin-Ising observable of [18] and on the fermionic spinor observable of [39] which
is also the FK-Ising observable of [68, 18] (up to normalization) [32, 63]. Note that in
the infinite case, this also gives an alternative direct way of finding the local formula for
(K™)~1 of [12], explicitly relating it to the Green functions.

5.1 Relating Kasteleyn matrices of the Fisher graph G and the bipartite graph
GQ

Dubédat [32] establishes a matrix relation between the matrix K* and a block trian-
gular matrix containing K< as one of the diagonal blocks. Using this matrix relation, he
proves that the squared dimer partition function of G" is equal, up to a constant, to the
dimer partition function of G in the finite case, and that the characteristic polynomials
of the two models are equal in the case of infinite Z?-periodic graphs. By adding defects
to Ising coupling constants, this allows him to prove bosonization identities.

We attribute the forthcoming Proposition 5.2, consisting of two matrix relations, to
Dubédat. The first is the actual identity of [32]; it is appropriate for comparing deter-
minants of the matrices KF and K® (related matrix relations can also be found in [16]).
The second proves an identity between K* and a block diagonal matrix containing Ko
in both diagonal blocks; it is not present in the paper [32] but does not require much
more work; it is useful for comparing matrix inverses. For convenience of the reader we
provide a proof because: we write weights in a different way, directly write the proof for
all planar graphs (and not Z?2), handle the boundary conditions very carefully, and the
second identity needs an additional argument.

In order to state Proposition 5.2, we need to introduce the following matrices, all of
which are “square”.

EJP 26 (2021), paper 53. https://www.imstat.org/ejp
Page 63/86


https://doi.org/10.1214/21-EJP601
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The Z-Dirac and massive Laplacian operators in the Z-invariant Ising model

The matrix I,, , has rows indexed by white vertices of G® and columns by A-vertices
of GF. It is the identity matrix associated to the following bijection between W and A.
Using the notation of Figure 23, a vertex w of G® is incident to a unique external edge
wb of G%; the edge wb is naturally “parallel” to a path from b to b in the external cycle of
the closest decoration of G*; then the vertex a in bijection with w is the unique vertex of
type A in the path from b to b.

The matrix X has rows indexed by B-vertices of G' and columns by black vertices
of G, It is block diagonal, with blocks of size 2 x 2 corresponding to edges of G*. For each
such edge, the rows are indexed by b and ¥’, the two corresponding adjacent B-vertices,
and the columns are indexed by the two black vertices b, b’ of the quadrangle of G<
traversed by the edge bb/, with b closest to b, see Figure 23. The non-zero coefficients of
the row corresponding to the vertex b are,

(a'b,b I,L‘byb/) = (1 KZ’,b) .

In the finite case, the matrix X also has size 1 blocks corresponding to boundary
B-vertices of G". For such a vertex b, let b be the closest black vertex of G®. Then, the
only non-zero coefficient of the row corresponding to b is:

Thb = 1.

The matrix M has rows indexed by B-vertices and columns by A-vertices of GF. It is
block diagonal, with blocks corresponding to decorations, each block having per size the
number of B-vertices times the number of A-vertices of the decoration. The matrix M is
the matrix K}, , with some signs reversed. That is, for a B-vertex b, denote by a,a’ its
two neighbors of type A so that in cclw order around the triangle we have a,a’,b, see
Figure 23. Then the non-zero coefficients of the row corresponding to the vertex b are,

(mb,a mb,a’) = (_Eb,a gb,a’)

The matrix M’ has rows indexed by A-vertices and columns by B-vertices of G". It is
defined as,
M = _(KI;.A)_lKI;,B'

Remark 5.1. The matrix K, , = —Kf , is invertible. Indeed, it is block diagonal,
with blocks corresponding to decorations; for each decoration, the block is a directed
adjacency matrix of the bipartite graph consisting of the outer cycle of the decoration.
The orientation on this cycle is Kasteleyn because it is on the whole graph and this cycle
contains no vertex in its interior [42]. As a consequence, the determinant of this block is
equal to + the number of dimer configurations of this cycle, that is £2, and the block is
thus invertible.

In the sequel, it would have been tempting to sometimes use the inverse of the matrix
K% ., but this matrix is not always invertible. Indeed, it is block diagonal with blocks
corresponding to decorations, and when the decoration is associated to a dual vertex of
odd degree, then the corresponding block of KY, , is not invertible.

Proposition 5.2. [32] The Kasteleyn matrix K* of the Fisher graph G" and the bipartite
Kasteleyn matrix K< of the graph G® are related by the following identities:

e (LMY _ (K5, (XKI, ) e (LMY _ 0 (XKL, )
0 I K", 0 ’ M T — (XK, )t 0 '

Proof. The first identity is an easy consequence of the second, so let us prove the second;
unless specified, the arguments hold in the infinite and finite cases. We need to show
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the four identities below.

Kip + KM =0 (5.4)
KisM+K, =0 (5.5)
Kh oM+ K5, = XK, 4 (5.6)
KS 5+ KL M = —(XKS1, )" (5.7)

Note that even in the infinite case, they all make sense since matrices involved have
finitely many non-zero coefficients per rows and columns.

Identity (5.4) is immediate by definition of M’. We now prove (5.5) and (5.6) and then
show that (5.7) follows.

Proof of (5.5). Let us show that K .M = —K¥ ,. Consider an A-vertex a of G",
and let ay,as, by, bs be its four neighbors in G* with the notation of Figure 24. Then

by

a a
ba

Figure 24: Notation for the proof of (5.5).

the coefficient (K%, ; M), q is a priori non zero when a' € {a,a1,az2}. Returning to the
definition of K* and M, we have

F F F F
(KA,BM)aya - Ka,blmbl,ﬂ + K(L,bgmb21a = €a,b1Ebr,a ~ Ea,br€bya = 0= *Ka,a'

When o’ € {a1, a2}, using moreover that the orientation around the triangles a, by, a; and
a, as, b is Kasteleyn, we have

F __ KF _ _ _ F
(KA,BM)a7a1 - Ka,blmbl,al = —€a,b1€b1,a1 = “€aa1 = _Ka,al

F __ KF _ _ _ F
(KA,BM)H7¢12 - K(l,b2mb2,a2 = €a,by€bs,az = “€a,ax = _Ka,a2v

thus ending the proof of (5.5).

Proof of (5.6). Infinite case. Figure 25 (left) below sets the notation and labeling:
b,b' are adjacent B-vertices of G*, and a1, as, a3, a4 are their neighbors of type A in G";
b,b’ are the two black vertices of the quadrangle of G? traversed by the edge bb’, and
wi,...,w, are their neighboring white vertices in G<.

o
O O
o wi b o
Q/O_‘b\ff‘
® 2

Figure 25: Notation for the proof of (5.6).
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Consider a B-vertex b of G". Then the coefficient (K}, ;M +K7, ), . of the LHS of (5.6)
is non-zero when a € {a4,...,a4}, and

Kba =€ba ifa€{ai,az}

KF M + KF a =
( B,B B,A>b7 {Kg’b/mb/,a if a € {a3, a4},

where recall my 4, = —€p 4, @a0d My o, = €y ay-
The coefficient (XK?I,, ,)p o Of theNRHS of (5.6) is non-zero for the same choices of a.
Returning to the definition of X and K< we have,

(XKL 2)pay = To K2, =1- Eb,a1

b,wy

(XK a)ba5 = Tor K e = Kiy 480705 = =Ky a0
(XKL A)bay = wb,bREWQ + Tp RS‘/,WZ

=1 &pq, tanh(2J) + Kjy €1 1€b,a, cosh™'(2J)

= €p,a, (tanh(2J) + K}, | cosh™"(2J))

= €b,a,, Since Ky | = e 2, (5.8)
(XK a)bas = 256KE,,, + 260 KE

=1-eppep a, cosh (2)) + Ky 5Eb,a, tanh(2J)

= Kb/ €0/ a4 (iﬁb’ cosh™(2J) — tanh(2J)>
b,/

= Kp b€/ as (e cosh™"(2J) — tanh(2J)) = Kb b €0 as- (5.9)

Finite case. The proof is as in the infinite case as long as b is not a boundary B-vertex
of G¥, so let b be a boundary B-vertex and refer to Figure 25 (right) for notation. The
coefficient (K}, ;M + K7, ), of the LHS is non-zero when a € {a1, az}. Similarly to the
infinite case computation, we have:

(KI;YBM + Kl;,A)b,a = Kg,a = €b,a, ifa e {al,ag}

The coefficient (X RQIW, 4)b,a Of the RHS is non-zero for the same choices of a. Returning
to the definition of X and K< (boundary case) we have:

K _ KQ
(XKL a)bar = 26Ky, =1+ €bas,

(XKL a)bas = 256K2,,, =1+ Ebas-

This ends the proof of (5.6).
Proof of (5.7). From Remark 5.1 the matrix K, 5 is invertible, thus from (5.5) we
have M = — (K7, ,)"'K% ,. Plugging this into the LHS of (5.6) gives that it is equal to:

LHS (5.6) = —K}, (K% ) 'K L + K] L.
Returning to the definition of M’ (or to (5.4)), we have that the LHS of (5.7) is
LHS(5.7) = K , — K (K}, ) 7K L.

Using that the matrix K* is skew-symmetric, we deduce that LHS (5.7) = —[LHS (5.6)]t.
The same clearly holds for the RHS of the two equations; they are thus equivalent and
we have proved (5.6). O
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Corollary 5.3 ([32]). Suppose that the graph G is finite. Then,

[Zdimer(GF7 ,uJ)]Q = 2‘\/*' ( H (1 + 674J€))Zdimer(GQa VJ)a

e*cE*

where Zgime: (G*, ') = | det K|, Zgimer (G2, ’) = | det K<|.

Proof. By the first identity of Proposition 5.2, we have | det K*| = | det K , det X det K<|.
By Remark 5.1, we know that |det K%, .| = 2/V'I. The determinant of X is computed by
calculating that of its blocks. Let bb’ be an edge of G* corresponding to an edge e* of
G* and let b, b’ be the black vertices of the quadrangle of G? traversed by the edge bb'.
Then by definition, the corresponding block of X is:

(1 Kg,ﬁb)(b"’)
K 1)y

Its determinant is equal to 1+|K§7b, |2 = 1+e~ %, thus ending the proof of the corollary. [

5.2 Relating inverse Kasteleyn matrices of G* and G©

In this section we consider the inverse operators (K*)~! and (K?)~!. When the
graph G is infinite, we assume that these inverses exist, decrease to zero at infinity
and are unique, referring to these assumptions as (*). This is proved to hold when the
graph G is ZQ-periodic [47, 9], and when it is isoradial (not necessarily periodic) and
the corresponding dimers weights on G* and G® are Z-invariant [45, 12], in which case
inverse operators furthermore have local expressions.

From Proposition 5.2 and proving additional relations (not present in the paper [32])
we show, in Theorem 5.4 below, identities relating the inverse operator (K¥)~! to the
inverse operator (RQ)_l. As mentioned in Remark 1.9 of the introduction, these relations
can also be derived from the paper [16]. Using Section 2.2.2, Theorem 5.4 allows to
express the dimer Boltzmann measure (finite case) and the Gibbs measure (infinite case)
of the Fisher graph G*, denoted P}, ... using coefficients of the matrix K* and of the
inverse bipartite Kasteleyn operator (RQ)*l, see also Example 5.6. To state Theorem 5.4,
we need to define two additional matrices D; 4, and x.

The matrix Dy 4, has rows indexed by black vertices of G? and columns by A-vertices
of GF. It is a diagonal matrix associated to the following bijection between B and A.
Using the notation of Figure 23, a vertex b of G2 belongs to a unique external edge
bw of G?9; then the vertex a in bijection with b is the vertex in bijection with w in the
construction of the matrix I,, ,. The corresponding diagonal coefficient d, , is,

db,a = €b,a-
The matrix « has rows and columns indexed by A-vertices of G”. It is block diagonal

with blocks corresponding to decorations, each block having per size the number of
A-vertices of the decoration. Given two vertices a, a’ of a decoration of G*, we have,

1]-1 ifa=ad
Ra,a? = — ’
’ 4| (=1)™@a)  if g #£a,

where n(a,a’) is the number of edges oriented cw in the cclw path going from a to ¢’ in
the A-cycle of the decoration.
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Notation for coefficients (KF)N}) of Theorem 5.4 If y = g is an A-vertex, then w is
the white vertex of G® corresponding to « in the bijection defining Iya. fu=>0dbisa
B-vertex, then a1 and a- are the two A-vertices belonging to the same triangle, with
b,a1,as in cclw order around the triangle. Note that this definition also holds if b is a
boundary vertex.

If v = b is a B-vertex, we let b be the closest black vertex of G®. When moreover b is
not a boundary vertex, we let v’ be the B-vertex such that bb’ defines an edge e* of G*;
we let b’ be the black vertex of G® closest to ¥’ (b and b’ are the black vertices of the
quadrangle of G? traversed by the edge bb'); the coupling constant of the edge ¢, dual of
e*, is denoted Ji, where “f” stands for “final”. If v = a is an A-vertex, we let b and b be
as defined in the matrix D; ,, see Figure 26.

Figure 26: Left: notation for initial vertices. Right: notation for final vertices when b is
not a boundary vertex and when it is.

Theorem 5.4. Under assumption (x), the inverse Kasteleyn operator (K*)~! can be
expressed using the inverse bipartite Kasteleyn operator (K?)~! as follows.
e Matrix form.
(KF)—l — ((KF)E,lB (KF)glA> — (M(){RQIW,A)_l _[()N(RQIW,A)t}_l ) . (510)
(KL (K)ZL (XK®Lya)™" =3 Law(K) ™ Do a + k4 a

e Coefficients. We have four cases to consider and use the notation of Figure 26.
1. For every a € A and every b € B such that, when the graph G* is moreover finite, b
is not a boundary vertex:

1

~ ~ f
Tre o [(K9ub - (K hrewpe ™). (5.11)

(K )gp =

2. When the graph G* is finite, for every a € A and every boundary vertex b of B, we
have

(K = (Kb (5.12)
3. Foreverya, a € A,
F\—1 1 Q\—1
(K)aa = *§(K JwbEba + Faa- (5.13)
4. Forevery b, b € B,
(K ) = —€bias (K5 + Ebaa (KT s (5.14)

where (K¥) ! (KF);;b are given by (5.11).

ai,b’

Remark 5.5.
* When proving the local formula for (K"), ! [10, 12] in the Z-invariant case, we

obtained a formula of the form (5.13) - with the constant Ka,a — Without explicitly
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relating it to a coefficient of (K?)~!. It is quite remarkable that this formula holds
in the full planar case (without assuming Z-invariance), in the finite and infinite
cases.

* In the finite case, we do not need positivity of the coupling constants J. In particular
if the coupling constants are all negative, Theorem 5.4 expresses probabilities of
the dimer model on the non-bipartite graph G* with positive weights e~?) > 1 on
external edges, as a function of the inverse Kasteleyn operator of a “dimer model”
on the bipartite graph G? with negative weights (tanh(J.) < 0) on quadrangle edges
parallel to edges of G. Having a negative weight for an edge amounts to reversing
its orientation. From a physics point of view, this amounts to adding defects or
creating vortices at each face where this new orientation is not Kasteleyn. The
physics paper [61] considers bipartite models with negative weights and somehow
describes the non-Harnacity of the associated spectral curves.

* Coefficients of the inverse Kasteleyn operator (K¥)~! not only allow to express
the dimer Boltzmann/Gibbs measure Pj; .., but are also related to important

observables of the Ising model. By [16], the coefficient (KF);; is essentially the
spin-observable of [18] when fixing one vertex to be on the boundary of the
domain; by [32] the coefficient (KF);’}L is the fermionic spinor correlator of [39]
and by [63], it is related to the FK—Iéing observable [67, 68, 18] when fixing one
vertex on the boundary of the domain, taking appropriate boundary conditions, up

to normalization.

* Consider a fixed A-vertex a and aq,as,a3 as in Figure 27 below, such that the
decorations of a1,a9,a3 are distinct from that of a. Then using the identity
[RQ(RQ)_l]b,b = 0, from (5.13) we immediately obtain the Dotsenko three-terms
relation [31, 59, 16], see also Definition 2.1. of [15].

€b,01 (K)o + Eban tanh(20e) (K™) ot + €prenr aq cosh ™ (2J,) (K"),.), = 0.

as,a

Figure 27: Notation for the Dotsenko three-terms relation.

Proof. The expressions for coefficients are obtained from Formula (5.10) and by return-
ing to the definition of the matrices I, 4, Ds 4, M and X. The inverse of X is computed
by blocks. For an edge bb’ of G corresponding to an edge e* of G*, let b, b’ be the black
vertices of the quadrangle of G® traversed by the edge bb'. Then the inverse of the
corresponding block is,

(b,b")

- —1 (0,b") KF
( 1 Kbxb) - ( . ””’) : (5.15)
Kg,b' 1 1 + |Kg,b’ ‘2 Kb/,b 1 (b,b’)

(b,b’)

In the finite case, the matrix X also has a size 1, identity block for each boundary B-vertex
b of G* and its closest black vertices b of G?. This ends the proof of formulas (5.11), (5.13),
(5.14) for coefficients and we now turn to the proof of (5.10).
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The expressions for (K*);L, (K);1, (K");!, are a direct consequence of Proposi-

B
tion 5.2. This is not the case of (K"),', which requires proving additional identities.
From Proposition 5.2 we know that,

1
LA
(KF);,lA = _M/[(XRQIw,A)t}_l = (XRQIw,A>_1(M/)t = _IA,W(RQ)_IX_lKI;,B(KE,B)_lv

where in the second and third equalities we used skew-symmetry of K*, and in the third
the definition of M’. We thus need to prove that

. 1 .
- IA,W(KQ)ilXilKI;B(KE,B)il = _§IA1W(KQ)71DB‘A + Kaa

- - 1 ~
< - IA,W(KQ)_lx_lKI;,B(KIZ,B)_l = _IA,W(K(Q)_1 §DB.A - KQIW,AK:A.A

1 ~
& XTKE (K ) = 5Dea = K2y akiaa
& 2X7IKE = Dy K5 — 2Ky 4ka K (5.16)

so let us prove (5.16). We will be using the notation of Figure 28 below.

o
@) O
o wi b o
o/o_‘b\évf
° 4

Figure 28: Notation for the proof of Equation (5.16).

We need to introduce an additional matrix, the matrix D, 5, which has rows indexed by
A-vertices and columns by B-vertices of G”. It is diagonal: to an A-vertex a corresponds
the unique B-vertex b such that b comes before a in the cw ordering of the triangle
containing a and b. The diagonal coefficient d,  is:

1
da,b = igb,ou

For example to ay of Figure 28 corresponds the vertex b, and the coefficient d,, , = %ebm.
Let us first show that
KA,AKIZ;,B = _DA,B' (5.17)

Consider a B-vertex b of G". Then, the coefficient (x4 4K ;)4 of the LHS of (5.17) is a
priori non-zero for all A-vertices a belonging to the same decoration as b. We have,

F F F
(KA,AKA,B)a,b = Ra,a,; Kal,b + Ka,a, Ka%b = Ka,a:€a1,b T Ka,az€as,b-

Returning to the definition of the matrix A, as long as a # a3, we have that k.4, =
Ka,azEaz,a, 1MPlying,

(HAAKE,B)G«J) = Ka,az [Eaz,algahb + 50«2’17] =0= _da,lﬂ

since the orientation around the triangle a1, a2, b is Kasteleyn and using the definition of

D, 5. When a = ay, then Ko, ,a, = —3€as,015 Kag,ap = 55 thus
. 1 1
(HAvAKA,B)a%b = 7160270150'1717 + Zgamb = 755177&2 = 7db71127
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using again the Kasteleyn orientation around the triangle and the definition of D, z,
thus ending the proof of (5.17). Plugging (5.17) into (5.16) leaves us with showing the
equivalent

2X KL = Dy K%, + 2Ky 4Dy . (5.18)

Infinite case. Let b be a vertex of G?, then the coefficient (2X *1K§,B)b’5 of the LHS

of (5.18) is non-zero when b € {b,¥'}. Recalling the computation of X ! given in (5.15),
we have

_ 2 _ _
2(XKE S = TR P x (Kp .y )Kp = € cosh™ (2))ep pyep pe™
= —e " cosh™!(2J) = —1 4 tanh(2J), using (5.8).
2
2(X K" s = ———— x 1 x K, =e* cosh ™ (2))ep pre™ >
( B,B)bvb 1+|Kll:,b’|2 X LXRyp € Co8s ( )5b7b€

= ¢y, cosh ™1 (2J).

The RHS (DB,AKiﬁ+2P~<QIW,ADA)B)bj7 a priori has non-zero coefficients when b € {b, ', b, },
and

(DB,AK:B + 2RQIW,ADA,B)b7b = €b,a1€ar b T QKS’WQIW,QQEIJ,QQ
= —1+¢ep,q, tanh(2J.)ep o, = —1 4 tanh(2J.).
(DB,AKi,B + QRQIW,ADA,B)b,b/ =0+ 2K§7W4IW4,a45b’,a4

=04 €ppEp a4 cosh_l(QJe)e-:b/’a4 =epp cosh_l(QJe).
F Y, _ 1 Q
(DB,AKA,B + 2KQIW,ADA,B)b7b1 = €b,a;€ar,bn T Kb,W1 IW1-,¢115517¢11

= —€b,a1€a1,b1 T Eb,a1€br,a; = 0,

and hence Equation (5.18) is proved in the infinite case.

Finite, boundary case. Consider a black vertex b of G?. As long as b is not a boundary
vertex of G, the argument is as in the infinite case, so we suppose that b is a boundary
vertex. The coefficient (2X*1KFBYB)b’B of the LHS of (5.18) is zero for all b € B. The
coefficient (D; 4KY , + QRQIW,ADA,B)M; of the RHS of (5.18) is a priori non-zero when
b e {b,b}, and we have

(DB,AKi,B + 2RQIW,ADA,B)b,b = €b,a1€ay,b + 2R§7W2Iw,a25b,a2
=-1+ €b,a2€b,ay = Oa
(D 4K, + 2K2Ly 4D 4 5)bp, = 0,

where in the computation for b = b we have used that the boundary coefficient R‘t‘fwz =

€b,a,- The computation for b= b, is as in the infinite case. This ends the proof of the
finite, boundary case of (5.18) and the proof of Theorem 5.4. O

Example 5.6. As an example we give the probability of single edges occurring in dimer

configurations of G* chosen with respect to the Boltzmann measure P}, .. in the finite

case, or the Gibbs measure Pj in the infinite case, as a function of edge probabilities

dimer
of the dimer model on G®. Details of computations are given in Appendix B.3. Using the
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notation of Figure 23, we have

1 PS (bw')
F /"y — — _ _dimer
aimer (00') = 7 = 5 k(2]

1 ]PQimer(bW/)
IP(Fi‘irner(a/b) = 5iIIleT (a/b) = 1 T ﬁT}m

1 P2 (bw)
PE. bb/ _ — _ _dimer
aimer (P0') 2 tanh(2J)

5.3 In the Z-invariant case

We restrict to the case where the graph G is isoradial, finite or infinite, with Ising
coupling constants J given by (2.6), dimer weights on G" by (2.7) and dimer weights on
G? by (2.8). The main result of this section is Corollary 5.8 relating the inverse Kasteleyn
operator (K¥)~! to the inverse Z“-Dirac operator using Theorem 5.4, Example 4.15,
Corollaries 4.18 and 4.16, and to the Z-massive Green functions. This proves one of
the main results of this paper, namely that the contour Ising Boltzmann/Gibbs measures
can be computed from the inverse Z“-Dirac operator, and also from the Z-massive
Green functions. As a byproduct, in the infinite this also gives a direct alternative way
of proving the local formula of [12] for (KF)~!, where the locality is seen as directly
inherited from the Green function. Note that as for the local expression of (K?)~!, it is
not immediate to see equality with the expression of [12].

We first relate the real and complex bipartite Kasteleyn matrices K2 and K< of the
graph G%; we use Appendix A.2. Define the following function ¢ on pairs of vertices of
G?, inductively on edges. For every edge bw of G?, let

Q ;a+B
_ Kbvw _ e _ . —1
dbw = ~q y  Qw,b = qb,w'
Kb w Eb,w

For every pair of vertices x,y of G%, let ¢, = H(X,’y,)eﬁky gy y'» Where 7, , is an edge-path
of G2 from x to y. Then, since the matrices K® and K® satisfy the alternating product
condition around every face/inner face of G if the graph is infinite/finite [53, 45], the
function ¢ is well defined.
Consider a fixed vertex xy of G2, and define the diagonal matrices D*:®, D**" on
black, resp. white vertices, of G< by:
VbeB, Dy%’=gob YWEW, DOV =g}

= Gy w+
By [53, 45], see also Appendix A.2, we have
KQ — DX BKR DoV

thus implying the following lemma:

Lemma 5.7 ([53, 45]). Coqsider the function q as defined above. Then, coefficients of
the inverse of the matrices K? and K< are related by the following, for every white vertex
w and every black vertex b of G?,

(Kb = tow(K?) -

Note that the above matrix relation holds in the finite and infinite cases because
coefficients of the diagonal matrices are finite and uniformly bounded away from 0.
Cases 2. and 3. of Theorem 5.4 directly relate coefficients of (K*)~! to (KQ)V_Vylb. Using

Lemma 5.7, Corollary 4.16 (infinite case), Corollary 4.18 and Remark 4.19 (finite case),
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these coefficients of (K¥)~! are easily expressed using the inverse Z“-Dirac operator
and the Z-massive Green functions.

Case 4. of Theorem 5.4 uses Case 1. so we are left with considering Case 1. The
notation used are summarized in Figure 29 below.

Figure 29: Left: notation for initial vertices. Right: notation for final vertices.

Corollary 5.8 (Case 1).
e For every a € A and every b € B such that, when the graph G* is moreover finite, b
is not a boundary vertex:

-1 K—0¢\ 1+(k") "' dn(6 -1 K—0; . 1 K—6
(K)o = G on (£50) 52000 {(KQ)W,bCH(Tt) — (K% b Cn(Tf)y
e Moreover, as a function of the inverse Z“f -Dirac operator, where uf = L;Bf + K,
we have:
Infinite case.

K —0¢

_ - Br—B; 1 cn( )(1+(k/)*1 dn(6r)) ) | )
iz ¢ 2 ( fYK(uH)L — f YK(uf 1)
( )g,b gowe' = (k)2 2fen(6r) sn(6r)] 2 Cn(u,ﬂi) (u )pﬁw an(uﬂi) (u )fvw
. a 3. cn K—6¢ N1 .
=gpwe ' £h ( 2 )(H‘Q(k )~ dn(6s)) "

cn(ufi) sn(ufi) K-0 m,* K+6 m,*
X (cn(ei) (G;rfvz _G;rfm) B sn(Oi) (nd( 2 f>Gf;f2 _nd( 2 f)Gf,ﬁ) :

Finite case. If a corresponds to a vertex w° for some rhombus pair of R?, we then use
the notation of Figure 29 (2nd quadrant on the left):

en(£5%) (14 (K)~* dn(0r))
2[cn(6s) sn(bs)]2

% (Tt 0 KO (01, -+ (00 KO () 7,

(K")h = dowe ¥ () sm(07) vetcesn

where the coefficients K°(u'); 1,

G™?(u) and G™* in Example 3.18.

Ka(uf);ju are expressed using the Green functions

Proof. Let us prove the first point. We first compare (RQ)V;}b and (RQ);}L, of Theorem 5.4.
Using the notation of Figure 29 (right), we have

(K®) g brgv b = —igow(K%)y by

that is because, omitting the subscript “f”,

. B—7wta
e’ Ebw . Eba .
Qo' . wEY b = b’ wiw,bb,wEW b = —— 515 v/, bbw = U v bdbw = ~Ubw-
Eb'w el Tz €’ b’ Eb,a’
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We thus have,

1

_ . 1 _of
wiomar (Kb — 6K e ™). (5.19)

-1

(KF)g.,b =ab
We are left with computing the terms involving the coupling constants Jf in the Z-
invariant case. By definition, Jf = JIn 1206 Sety = £5% o = KE8 then u + v =
K,u—v = —0 so that

672sz _ _cnby _ cn(u—wv)—cn(utv) _ ( )dn( ) sn(K—v)dn(v) _ Cn(%gf) (5.20)
" 14sn6; — sn(utv)—sn(u—v) cn(u) - cn(ngf)’ .

where in the third equality we used [54, chap.2, ex.14 (iii)] and in the fourth that
sn(v + K) = cd(v). From this and Identity (4.18), we obtain,
1 cnz(ngf)

1+ e—4JE o cn2(¥)+cn2(%)

Putting together Equation (5.19), (5.20) and (5.21) ends the proof of the first point; let
us now prove the second.
In the infinite case, by Example 4.15, we have

= cn2(K;9f) 1+(k/);1 dn(6r) (5.21)

_ _ . _ K + 6¢
(KQ)w,lb CH(KTef) - Z(KQ)w,lb’ Sn( 9 f) =

Be—py

i 2f

Bj 1
:%(cnuf K(uhH)! —isn(ul )K(uf 71)
[Cn(9f)sn(9f)]% ( ﬂi) ( )y,w ( ,Bi) ( )fﬂi’ ’

thus proving the ﬁrst line. The second line is obtained by using Example 3.18 to express
K(u); 1, and K(u ) using the Z-massive Green functions G and G *.

In the finite case, by Example 4.15, we have

(ko) en(E ) ikapg (250 =

¢ F (1)} sn(69) tretwex?))

= on(@) (o] (H{V_v#wcvr}t(uf)w,pKa(uf);ju + t(uf)w,fKa(uf);L) :

thus concluding the proof. O

6 Examples

In this section we specify some of our results to two cases of interest: the critical Z-
invariant Ising model, and the full Z-invariant Ising model when the underlying isoradial
graph G is Z? with the regular embedding.

6.1 Z-invariant critical case

The Z-invariant Ising model is critical when k = 0 (¥’ = 1) [55, 22, 57]. In this case,
the elliptic functions sn, cn are the trigonometric functions sin, cos and dn = 1.

Returning to Section 3.1, the finite Z“-Dirac operator K°(u) with boundary conditions
arising from the Ising model has coefficients defined by, for every edge wx of GP,

[ tan(0)z if z € Vand (w,z) ¢ (w',v°) € RO
K(u)we =€ et cot(6)2 if v € V*
tan(@f’)zzzgumg if (w, ) € (wf,v¢) € R

Away from the boundary, we recover the Dirac operator of [45].
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Dimer model on the bipartite graph G?, finite case Corollary 4.18 expresses coef-
ficients of (K?)~! as a function of the inverse Z*-Dirac operator. When b does not belong
to a boundary quadrangle (Case 1.), we have

KQ -1 _ B k' 1. 9o H{WE{chfRa)} 1 |: K—0¢ T f K+46¢ T f:l
(K9)yp =€"2 (k)2 sin(67) (cos(8r) sin(@n)] 3 cos(#5%) I (u') + cos (55 )0 (v |,
where, T'(u) = Tgytwery (1) w K (w) 51, +1(1)w, s K“’(u);iﬂ, and coefficients of t(u) are given
by (4.4) and (4.5). The mass of the Z-massive Lapilacian is equal to 0 away from the
boundary [11]; then Example 3.18 expresses coefficients of Ka(uf)*1 using the Z-Green
function G %?(u') and dual Z-Green function G*; we have

at+Bs 1

Ko ()L, = e 5 tan(0r) 3 (GO (ul) 0 — GO0 (w0 )

&+ By

Ka(uf),_?,i, = —ie™""= " cot(fr)% (H{waé{w‘,w*eﬂ%f’}}G]?;f - G.z?:.f>+

' cos(Wr)—cos(ugs) g £y —1 0,
+Z( ) fZ):ERO WK (11 )vc,w .ch’_f.
ve, fe s «

A similar expression holds for K?(vf)~1.

Dimer model on the Fisher graph G, finite case Corollary 5.8 (finite case) simply

becomes:
cos( —K;(’f )

—IX
[cos(0¢) sin(0)]z
% (Tt ey H 0 KO ()1, + (00, KO () 71, )

EeY

(KF)g_,i =el7 Sin(a?)H{WE{WCEIRB)}

Partition function of the Ising model with + boundary conditions Corollary 4.5,
expressing the squared Z-invariant Ising partition function, holds for every u € C"”. When
k = 0, a nice expression is obtained by setting u = 7u’ and taking the limit v’ — —oco. We
have

lim M = eiﬁ%&, lim tan((iv'),) = 1.
w——co cos((iv)g) et
As a consequence,
—tan(6) if (v,0') ¢ {(,UC7,UZ) € Ro"
A (=i00) 4 = _ejgﬁr tan(6°) if (v,0') € {(v°,v%) € RO}
, ijl tan(ﬂj) ifo =v =02 € {’UT,”UE € R}

at—

25 1) ifo = v =0¢ € {v° € RO,

tan(0?)(e?

where we recover the critical Laplacian of [45] away from the boundary. Corollary 4.5
becomes:

_ 1 4 sin(6y, ot o
[ZIJging(GvJ)]Q =2Vl 1( H 25111(1;))) sn(0%")| det A™?(—io0)].

We essentially recover the main result of [30] proving that the squared critical Z-invariant
Ising model partition function is equal, up to an explicit constant, to the partition function
of spanning trees with specific boundary conditions. The difference is that we here
consider + boundary conditions instead of free ones, and more importantly, we use the
boundary trick of Chelkak and Smirnov [18] allowing us to remove all contributions from
dual spanning trees, which we could not do in [30].
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6.2 Full Z-invariant case when the isoradial graph G is 7>

The goal of this example is to relate our results to the papers [60, 7]. When the
isoradial graph G = Z? in its regular embedding, all rhombus half-angles 0, are equal

N
to 7. Using that sn(%) = (1+;')%' en(5) = (1(:/2)% ,dn(£) = (k)7 [1, 16.5.2], we obtain
the following parameterization of the Ising coupling constants:

0
VecE, Jo=JJ(k)= %m (W) ,

which is a C*°-bijection from (0, 0c0) to (oo, 0).
The masses of the Z-massive Laplacian A™ are equal to [11], Vv € V, m, = %,
and the survival probabilities s of the random walk associated to the Z-invariant conduc-

tances p and masses m are

_ 4SC(§) B Z(k’)%
B 4sc(5) +m, 14k

Yv eV, s,

As in the papers [60, 7] the survival probabilities satisfy

2

YveV, s,= 1 :
sinh(2J.) + sinh™ " (2J.)

In the infinite case, by Theorem 5.4 and Corollary 4.16, the coefficient (KF);}I of the
inverse Kasteleyn operator (K¥)~! is equal to, as long as a and a do not belong to the
same decoration,

(K )kl = (B) 71+ () F (en(B52) [Gn,, — (R) G, ] —sn (252 [() G 7~ G ] )

A similar expression holds in the finite case, see Corollary 4.18 and Example 3.18.
According to [32, 63], this coefficient is the fermionic spinor observable of [39] and,
up to normalization, the FK-Ising observable of [67, 68, 18]. Now, the proof of [7]
for showing the occurrence of large deviation estimates of the massive random walk
in the correlation length of the spin correlations [60] consists in proving that, in the
super-critical regime, spin correlations can be approximated by the FK-Ising observable,
and then using massive harmonicity of the latter to relate it to the massive random
walk. Our explicit expression for [(K");}| in the finite case gives a direct explanation of
the occurrence of these large deviation estimates, and up to handling boundary terms,
should give a rather direct proof valid in the whole super-critical Z-invariant case.

A Gauge equivalence revisited

We consider gauge equivalence of weighted adjacency matrices of digraphs and
rephrase gauge equivalence of bipartite weighted adjacency matrices as defined in
[53, 47] in this context.

A.1 Definitions

In the whole of this section, we consider square matrices of size n x n; let M be such
a matrix. We associate two graphs to M, a non-directed one G(M) = (V(M),E(M)) and a
directed one D(M) = (V(M),A(M)), both having the same vertex set of cardinality » in
bijection with rows/columns of M. An edge z;x, is in E(M) iff M, », # 0 or M, ., # 0.
A directed edge (or simply an edge) (z;, z,) is in A(M) iff the coefficient M, ,, # 0. The
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matrix M is a weighted adjacency matrix of the digraph D(M). Whenever no confusion
occurs, we remove the argument M of the graphs.

Let us recall a few definitions. A di-path of a digraph D = (V,A) is a sequence
(2o, ...,zy) of vertices such that for every j € {0,...,n — 1}, (z;,x;41) is an edge of A. A
simple di-path is a path with pairwise disjoint vertices. A di-cycle is a di-path such that
the first and last vertices are the same. A simple di-cycle is a cycle whose only common
vertices are the first and the last. Note that loops and length-two di-cycles are simple. A
digraph is strongly connected if any two pairs of vertices are joined by a di-path. The
above definitions are easily adapted in the case of non-directed graphs.

Definition A.1. Consider two matrices M and N having the same associated digraph D.
The matrices M and N are said to be gauge equivalent if,

V simple di-cycle c of D, H M, = H Ny y.
e=(z,y)€Ec e=(z,y)€Ec

Remark A.2.

* Having the same associated digraph is equivalent to asking that M, , # 0 <
Ny y # 0.

* Since loops are simple di-cycles, if M and N are gauge equivalent, they have equal
diagonal coefficients.

* Definition A.1 holds if and only if the product condition holds for every di-cycle
of D.

Lemma A.3. Let M, N be two gauge equivalent matrices, then
det M = det N.

Proof. This is proved by writing the determinant as a sum over permutations, and doing
the cyclic decomposition of permutations. O

Let us suppose that M and N are gauge equivalent and that the associated digraph
D is strongly connected. Define the function ¢ € CV*V on pairs of vertices of V taking
values in C as follows. For vertices z,y such that (z,y) is an edge of D, set

_ Nay
Qe = 1
x,y

For vertices z,y of D, since the digraph is strongly connected, there exists a di-path ~

from x to y; set
Qey = H 'y’ -
e=(z',y’' )€y

Note that if y = «, then +y is a di-cycle and we have ¢, , = 1.

Remark A.4. The function ¢ is well defined, i.e., independent of the choice of path from
z toy. If y = z, then ¢, , = 1 independently of the choice of di-cycle from z to z. If y # =z,
consider two di-paths v, v, from x to y. Since the digraph D is strongly connected, there
exists a simple di-path 7 from y to x. Then, v; (resp. 72) followed by 7 is a di-cycle and
by definition of gauge equivalence we have,

M e)( T en)=t=( I o) I o)

e=(z",y")€EM e=(z',y")€X e=(z',y") €2 e=(z',y")€Y

H qz'y = H dz' .y’

e=(z',y")Em e=(z',y’')€72
and the function ¢ is thus well defined.

implying that
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The following lemma proves that if the associated digraph is strongly connected,
gauge equivalence amounts to having the two matrices related through a diagonal
matrix.

Lemma A.5. Let M, N be two matrices having the same associated digraph D and
suppose that D is strongly connected. Then M and N are gauge equivalent if and only if
there exists an invertible diagonal matrix D such that,

M =DND™ .

Proof. Suppose that M and N are gauge equivalent. Fix a vertex xy of D, and define D"
to be the diagonal matrix whose diagonal coefficient D7°, corresponding to the vertex x
iS qz,,2- Since the digraph D is strongly connected, the matrix D*° is invertible. Let us
prove that M = D* N(D*)~1. Non zero coefficients of M and N correspond to edges of
D; let (z,y) be such an edge. Consider a di-path v from z to z, then v =y U {(x,y)} is a
di-path from z, to y. Using v to compute ¢, , and 7’ to compute ¢, ,, we deduce that,

1 M,
(DION(DIO)il)r,y = MNT,@/ =—Nyy = &Nmy = M, y.
Qw07y qu Nw:y

Suppose that M = DND~!, with D an invertible diagonal matrix, and let us prove that
M and N are gauge equivalent. Consider a simple di-cycle c of D, then

H M,, = H Dy oNyyD, ) = H N, (telescopic product),

e=(z,y)€c e=(z,y)€c e=(z,y)€c
thus concluding the proof. O

Remark A.6. Consider two matrices M, N having the same associated graphs G and D,
such that G is connected and such that for every undirected edge e of G, the two possible
oriented edges are present in D; then D is strongly connected. If moreover G is planar
and embedded, then every simple di-cycle c of length > 3 is the union of face di-cycles,
where edges not in c are traversed in both directions. As a consequence, in this case
proving gauge equivalence for M and N is equivalent to proving that,

Ve eV, Myz=Nyg,
Vedgeeof G, My, My, = NzyNyz,

V face di-cycle c, H My, = H Nz y-
=(zy

e=(z,y)Ec e JY)EC

A.2 The bipartite case

Consider a non-directed, finite, bipartite graph G = (V = W U B,E), such that
|W| = |B| = n, having at least one perfect matching. Note that G being bipartite, it
cannot have loops; we furthermore suppose that it has no multiple edges, i.e., that it is
simple.

Fix a perfect matching My = {bywy,...,b,w,} of G. From G and My, construct a
digraph D? in the following way: vertices b; and w; are merged into a single vertex z;,
and the corresponding edge becomes a loop. The vertex set of D is V® = {x1,...,2,}.
Edges not in the perfect matching My remain in DY and are directed from their black
vertex to the white one, defining the directed edges of D°.

A bipartite, weighted adjacency matrix K associated to the graph G has rows indexed
by vertices of B, columns by those of W, and non-zero coefficients correspond to edges
of G. Up to a reordering of the rows and columns, we can suppose that rows of K are
indexed by by, ..., b, and columns by wq,...,w,.
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Instead of seeing K as a bipartite adjacency matrix, we can interpret it as an adjacency
matrix of the digraph D°. In this interpretation, rows and columns are indexed by vertices
of V° and diagonal coefficients correspond to edges of the perfect matching, they now
represent loops.

Consider the diagonal matrix D} whose j-th diagonal coefficients is the coefficient
Ky, w, corresponding to the j-th edge of My. Define the matrix K° to be,

KO = (DR) K.

Note that the matrix K has ones on the diagonal.

Definition A.7. Let G be a finite, bipartite graph, and let K, L be two associated bipartite,
weighted adjacency matrices. Fix a perfect matching My of G, and let D° be the directed
graph constructed from G and M. Then, K and L are said to be gauge equivalent if the
matrices K® and L°, seen as weighted adjacency matrices of the digraph D°, are gauge
equivalent.

Rephrasing Lemma A.3 in the context of bipartite graphs, we obtain

Corollary A.8. Let K, L be two gauge equivalent bipartite, weighted adjacency matrices,
then

detK:( I1 %)deu.

e=bweMg b,w

We now rephrase Definition A.7 in the more usual form [53, 47]. Consider the
bipartite graph G together with the reference perfect matching My. An alternating cycle
of G and My is a simple cycle of G whose edges alternate between edges in My and edges
inE \ M().

Lemma A.9. The matrices K and L are gauge equivalent iff for every alternating cycle c
of G and My of length > 2, we have

He:wac\Mo Kba’w _ He:wac\Mo Lb,w

He:bwecﬁMo Kb,w He:bwecﬁMo Lb,w

Proof. By definition, K and L are gauge equivalent if K and L° seen as adjacency
matrices of the digraph G° are gauge equivalent, see Definition A.1. Length one di-cycles
of D? are loops corresponding to diagonal coefficients of K% L%, The latter are all equal
to 1 by definition, and thus equal. Consider a simple di-cycle ¢ of D° of length m > 2. Up

to a relabeling of the vertices, it can be denoted as ¢ = {z1,...,2; = z1}. Then, Vj, z;
corresponds to an edge b;w; of the perfect matching My. By construction of DY, the cycle
¢ is in correspondence with an alternating cycle {w, by, wa, ..., Wy, by, w1} of length 2m

of G. By definition of K we have,

m m

H KO B Hj:l ij;wj+1
ZTjTij41 m )

j=1 Hj:l ij,wj

with cyclic notation for indices. A similar equality holds for the matrices L° and L, thus
ending the proof. O

Remark A.10. Definition A.7 is independent of the choice of My. To prove this, use the
fact that if M; is another reference perfect matching, then the superimposition of My
and M; consists of alternating cycles of length > 2 and doubled edges.

From now on we suppose that the bipartite graph G is finite, planar and embedded,
and we let K, L be two bipartite, weighted adjacency matrices of G.
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Lemma A.11 ([53]). If the alternating products of the matrices K and L are equal around
every inner face-cycle of G, then K and L are gauge equivalent.

Proof. This is proved by induction on the number of faces contained in an alternating
cycle of length > 2. O

Suppose that K and L satisfy the alternating product condition around every inner
face-cycle of G. Similarly to the directed case, define the function ¢ € CV*V as follows.
For every edge bw of G,

For every pair of vertices z, y of G, let v be a path from z to y and set ¢, , = H(m,,y,)67 Qut -
The function ¢ is well defined [53] and

Lemma A.12 ([53]). The matrices K and L satisfy the alternating product condition
around every inner face-cycle if and only if there exist diagonal matrices D®, D" such
that

K=D®*LD".

Proof. The proof can be found in [53]. For the purpose of Section 5.3, we make the
diagonal matrices explicit assuming the alternating product condition is satisfied. Fix a
vertex zg of G and set,

VbeB, DyS*=qup YweW, D™ =gq.!

= qajo’un

where ¢ is given above. Then, K = D®0:8 L D%V, O

B Computations of probabilities of single edges.

B.1 Dimers model on an infinite isoradial double graph G°

We compute the probability of single edges occurring in dimer configurations of G”
chosen with respect to the measure P} . Notation are recalled in Figure 30 below;
since no confusion occurs, we omit the subscripts f from «, 3, 6.

fa

Figure 30: Notation for computing P>* (wz) when z = vy or fs.

dimer

For every edge wz of G°, we have P (wx) = K(u)y,K(u);},, where z is a vertex
of G or G*. Setting v = vy in K(u), 1, and f = f> in K(u);}u of Corollary 3.15, and using
that dn(u — K) = k' nd(u), gives

a+s

K(u),!, = e_iT(k:’/)_l[SC<9) nd(ue) nd(uﬁz)}% [dn(uq) dn(ug)G,, ., — k/’/Gv";,vl]
K(uw) e = —ie™" 3" (k') "Vse(0) nd((ug)*) nd((was2xk)*))% x
X [dn((uﬁ)*)dn((ua+2K)*)G}r;}2 - k/G}Z’:}I]-
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Multiplying by K(u)..,, and K(u),, s, respectively yields the first equalities of Exam-
ple 3.21:

K(W) w00 K1) = (K) 7 50(0) [dn(ua) dn(ug)GTs o, — K'GTL L,
K(wa 1 K@W)7},, = (K) 7 se(0%) [dn((us)") dnl(uarare) VG, = KGR, |

Now by [11, Lemma 46], for every vertex v of G, G}, = % and, for every u € C,

H((2ug) — H(2uy) K’

sz vy Gv1,v2 = sc(0) + . dn(uq) dn(ug)
m,x m,x H(2(ug)*) — H(2(uay2r)*) K’ " "
Gf2,f1 = thfz = SC(G*) + 7 dn((uﬁ) )dn((ua+2K) )

Combining this with the expressions of K(u);}v concludes the proof of the second
equalities of Example 3.21.

In the critical case, by [11, Lemma 45] we have limy_,o H(u) = %, and we recover
that P2 (e) = % independently of u [45].

dimer

B.2 Dimers on G°©

We compute the probability of single edges occurring in dimer configurations of G<
chosen with respect to the measure P§, . . Using the mapping between the dimer model
on G2 and the free-fermion, zero-field 6-vertex model [62, 76, 32], this also gives results
for the corresponding 6-vertex Boltzmann measure. Notation used are those of Figure 31
below.

@ -

g
®
—0
e\
)4

f1

Figure 31: Notation around a vertex b of G<.

For every edge wb of G2 we have, IP(‘flmeI )

using Corollary 4.16, i € {1, 2} In both cases we have B B; when w = w; then j3; = 5
and when w = w, then f5; = 3 — m. Thus,

(bw) = K, (K? )Wb We compute (K?)*

. - 1 L efi&;rﬁ L eii&;rﬁ b

(K )Wl b ™ [cn(&) SH(G) nd(e)]% K(/B)vz,w - SH(G) K(ﬁ)w,sz(ﬁ)vg,w - SH(Q) IPdimer(un}2)
. . —iath

(K)ol = KO = =gy KKl

" e <> g> d(6))2

= T@ dlmer(wa)

where in the second equalities of each line we used the definition of K(3), see Section 3.1
and in the third equalities we used the formulas for edge-probabilities on GP.
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Returning to the definition of K?, this immediately gives,

]Pglmer(bwl) = ]Pdlmer (va) ]Pdlmer(bWQ) IP(Ii)ifler(wa)'

We now use the computations of Example 3.21 evaluated at u = 8. In the second line we
use that (vat2x)"|s = (2K —ua)ls = 2K =0, (up)*|s = (K —upg)|p = K

Pg. . (wib) =PL2 (wue) = H(20) — H(0) = H(26), since H(0) =0
P (W2b) = PR, (0f2) = H(2(2K —0)) — H(2K) = - — H(26),
where in the last equality we used [11, Lemma 45] to obtain:
H(AK —20) = H(—20) + 1= —H(20) + 1

H(2K) = HAK —2K) = H(-2K) +1=-H(2K) +1 = H(2K)=~

Since probabilities around the vertex b sum to 1, we have Pg, . (wsb) = 1.
B.3 Dimers on G*

We now compute single edge probabilities for dimer configurations of G* chosen with
respect to the Boltzmann measure P

dimer*

Figure 32: Notation.

Setting @ = o’ in Formula (5.13) gives,

1 - 1 1
KF _/1 = —= KQ _/1 a a’azfiqu b ! a’ a SF<aa
( )a ,a 2( )W ,b€b7 + K ) Qtanh(ZJ) dlmer( w )Eb7 Eb, 46 s
where we used that Pg, . (bw') = K2, (K?) ', = &5, tanh(2J)(K?) ',
1 PS . (bw')
=g |—— + =2 | | since the orientation of the triangle is Kasteleyn.
c { 1" Dtann(ey) |0 rentatt langie y

We deduce that IP(Fhmer( a') =K~ a/(KF);}a =1- Wh(gj))

Setting @ = o’ and in Formula (5.11) gives,

1
(KF);&; 3 [ezJ cosh_1(2J)(KQ);,17b + ey p cosh™H(2J)(KD) ! b,}
1 _ _ _ .
5 [(1 + tanh(2J)) (K®) ', + e cosh 1(2J)(KQ)W,{,,,] , using (5.9)
1 PS  (bw)
= = | (1 + tanh(2J))ep, o —Ime 0~ b'w’
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where, as before, we returned to the definition of K< and of single edge probabilities
of G®

_ €b,a’ /o) IPchimer(bW/)
- 2 l: dlmer(bw ) dlmer(b ) tanh(2J)

= €b,a’ |:1 dlmer(b” /) Pguner(bw/):l ,

2 tanh(2J)
using that the sum of probabilities is 1 around w’ for P We deduce that Pj ba') =
g dimer* dimer
- 1 ]P(.mer(b”W’) Gmer (0W)
Kllj a’(KF)a’ b= 27 8 + 2dtdnh(2J)
As a consequence also, we have: P, (ba')+P5, . (aa') = 3 — w Using that
the sum of probabilities around «’ is 1, we deduce that P}, .. (ab) = d‘“‘e‘(bw) + th‘;‘gil(gj)) .

Using that the sum of probabilities around the vertex b is 1, we obtaln

dlmer(b// /) dlmer(bw) o ]Pdlmer(bw)
2 2 2

1
bb') =
dlmcr( ) 2 +

(bw) = 5 =P3

dimer

By symmetry P% (b”w’), implying the expressions of Example 5.6.

dimer
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