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A note on the local weak limit of a sequence of expander
graphs*
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Abstract

We show that the local weak limit of a sequence of finite expander graphs with
uniformly bounded degree is an ergodic (or extremal) unimodular random graph.
In particular, the critical probability of percolation of the limiting random graph is
constant almost surely. As a corollary, we obtain an improvement to a theorem by
Benjamini-Nachmias-Peres (2011) in [4] on locality of percolation probability for finite
expander graphs with uniformly bounded degree where we can drop the assumption
that the limit is a single rooted graph.
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1 Introduction

Local weak convergence of a sequence of finite expander graphs has been studied
in relation to locality of critical probability of percolation in [4]. Locality of critical
probability for Bernoulli bond percolation on infinite graphs is in itself a very significant
and well studied problem, beginning with Schramm’s locality conjecture for transitive
graphs; see [8] and [6] and the recent paper [7] and the references therein for some
recent developments in this direction for infinite graphs. For finite graphs, such locality
was shown to hold when the graphs were expanders and the sequence of graphs con-
verged locally weakly to a fixed infinite rooted graph in [4]. Their argument, in turn,
was an extension of the arguments used in [2], who studied critical probability for the
emergence of a giant component (that is a connected linear sized component) in finite
expander graphs under the assumptions of regularity and high-girth. In [3] it was shown
that in any expander, every giant component of given proportion emerges in an interval
of length o(1), that is, for any ¢ € (0, 1), the property that the random subgraph of an
expander G = (V, E) after Bernoulli bond percolation contains a giant component of size
¢|V], has a sharp threshold; removing the regularity and high-girth assumptions in [2].

We first recall local weak convergence of bounded degree finite graphs. A rooted
graph is denoted as (G, 0), where G is a (connected) graph and o is a vertex in G. A
rooted graph (G, o) is isomorphic to (G’,0’), written as (G,0) = (G', ') if there is an

*This work was supported by the Loeve Fellowship at UC Berkeley.
TDepartment of Mathematics, University of Toronto, Canada.
E-mail: sourav.sarkar@utoronto.ca


https://doi.org/10.1214/21-ECP402
https://imstat.org/journals-and-publications/electronic-communications-in-probability/
https://ams.org/mathscinet/msc/msc2020.html
mailto:sourav.sarkar@utoronto.ca

Local weak limit of a sequence of expander graphs

isomorphism of G onto G’ which takes o to ¢o’. Let G denote the space of isomorphism
classes of all rooted connected graphs with degrees bounded by A, for some fixed A > 0.
Forr =1,2,... and a graph G, let Bs(o,r) denote the closed ball of radius r around the
vertex o in the graph G. Define the distance between two isomorphic classes of rooted
graphs (G, 01) and (Gs,03) as D((G1,01), (G2,02)) = 1%—75 where ¢t = sup{s: Bg, (01, s) &
Bg,(02,5)}. The space (G, D) is a compact and separable metric space.

For each n > 1, let G,, be a finite graph and let U,, be a uniformly chosen random
vertex in G, and (G, p) be an infinite random rooted graph in G, that is, (G, p) is a sample
from a Borel probability measure p on G. We say that the sequence of finite graphs {G,}
converges locally weakly to (G, p) (or to p) if for every R > 0 and for every finite rooted

graph (H, p'),
P ((Bg, (Un, R),Uy,) = (H,p')) = P ((Ba(p, R),p) = (H,p')) asn — oo.

This is equivalent to saying that y is the weak limit of the laws of (G,,, U,,). This is a special
case of the graph limits defined in [5]. Such measures u satisfy a “spatial stationarity”
property called unimodularity, which roughly says that if mass is redistributed in the
graph, then the expected mass that leaves the root is equal to the expected mass the
arrives at the root, see Definition 2.1 of [1] for an exact definition.

Also, we shall denote by C((G,0), 11) the 11 neighborhood of the graph (G, 0) in
the space (G, D), that is, the set of all rooted graphs whose s-balls are isomorphic to
(Bg (o, 8),0).

Let 7 denote the o-field of events in the Borel o-field of G that are invariant under
non-rooted isomorphisms. The class ¢/ of unimodular probability measures on G is convex.
An element of I/ is called extremal if it cannot be written as a convex combination of
other elements of U/. It follows from Theorem 4.7 of [1] that a unimodular probability
measure p on G is extremal if and only if 7 is p-trivial, that is, Z contains only sets of
p-measure 0 or 1 (ergodicity).

For two sets of vertices A and B, we shall write E(A, B) for the set of edges with
one endpoint in A and the other in B. Recall that the Cheeger constant or the edge-
isoperimetric number h(G) of a finite graph G = (V, E) is defined by

h(G) = min {'E(A’Z\A)' L0 < |4] < V/2} .

Now, we recall Theorem 1.3 of [4] here. Let (G,p) be a fixed infinite bounded
degree rooted graph and p.(G) := inf{p € [0,1] : P,,(3 an infinite open component) > 0}
where P, denotes Bernoulli bond percolation with probability p, that is, each edge is
independently open with probability p and closed with probability 1 — p. Let G,, be a
sequence of finite graphs with a uniform Cheeger constant lower bound ¢ > 0 and a
uniform degree bound A, such that G,, — (G, p) locally weakly. Let p € [0,1] and write
G, (p) for the graph of open edges obtained from G,, by performing bond percolation
with parameter p. If p < p.(G), then for any constant « > 0 we have

P(G,.(p) contains a component of size at least «|G,|) - 0 asn — oo,
and if p > p.(G), then there exists some o = a(p) > 0 such that
P(G,(p) contains a component of size at least a|G,|) -1 asn — co.

In this short paper, we first show that when a sequence of finite expander graphs
converges locally weakly to a random graph G, then G is an ergodic (or extremal)
unimodular random graph. Any measurable function f : G — R is called rerooting-
invariant if it is invariant under changes in the position of the root (that is, for any graph
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7 and any two vertices v,v’ € 7, f((r,v)) = f((7,v")); we sometimes suppress the root in
the notation and simply denote it as f(7)). We have the following theorem.

Theorem 1.1. Let GG,, be a sequence of finite graphs with a uniform Cheeger constant
lower bound ¢ > 0 and a uniform degree bound A > 0, such that G,, — (G, p) locally
weakly, where (G, p) is a random infinite rooted graph. Then G is an ergodic (or extremal)
unimodular random graph. That is, if f is any rerooting-invariant function, then f(G) is
constant almost surely. In particular, p.(G) is constant almost surely.

As a corollary to the above theorem, we get the following improvement to Theorem
1.3 of [4].

Corollary 1.2. Let GG,, be a sequence of finite expander graphs with uniformly bounded
degree as above, such that G,, converges locally weakly to an infinite random rooted
graph (G, p). If p < p.(G) (this is well defined as p.(G) is constant by Theorem 1.1), then
for any constant o > 0 we have

P(G,(p) contains a component of size at least «|G,|) - 0 asn — oo,
and if p > p.(G), then there exists some o = a(p) > 0 such that

P(G,(p) contains a component of size at least «|G,|) =1 asn — .

2 Proofs

We first prove Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality, we assume that |G,,| = n. Let the law of
the limiting random rooted graph (G, p) be denoted by 1 and f be any rerooting-invariant
function. We show that for any two rational numbers a,b such that 0 < a < b < 1, if

I={(rr)eg:f(r)<a}, To={(r,r)eG:f(r) >0},

then u(T';) and p(I'y) cannot be both positive. Clearly, this is enough to prove the
theorem. We prove this by contradiction. Let a, b be rational numbers, py > 0 be some
real number and T';’s be defined as above, such that u(T';) > po for i = 1,2. Now, as
(G, D) is a compact metric space, and p is a probability measure, hence p is regular (see,
for example, [9] Chapter II, Theorem 1.2). Hence there exist compact sets H; C I'; such
that /,L(Hl) > p0/2 Fix
P
CPo
For any graph (7,r) € G, let [7] = {(,7') : ¥’ € 7} denote the unrooted version of (7, ).

Now, for any fixed (7;,r;) € H;, since f((m1,71)) # f((72,72)), hence [r1] # [r2]. Define
Rz, r) (rasra) 7= éna(x K){Ruhm : Ry, u, is the smallest s € {1,2,...} for which
Ui € L7, (T,
BTl (u17 8) %b BTz (u27 8)}

Since 1] # [12], Ry, u, < 00. As (7;,7;) have uniformly bounded degree, the maximum is
taken over a finite set, so that R(;, ;) (r,,r,) < 0.

Consider the neighborhood C((73,72), En )1( )+K), that is, the set of all rooted
71,71),(7T2,72

graphs whose (R(Tl77.1)7(72,,.2) + K)-balls are isomorphic to (B, (rz, Riry ry),(raura) + K),rq).
Further, consider

1
€= U c <(T2’T2)’ ) .
(T2,m2)EH2 L+ R(Tlﬂ"l)a(Tzﬂ“z) +K
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Since ¢ is an open cover of H, and H- is compact, it has a finite subcover, that is, for
some M > 0,

M 1
Hyc|)C ((TZ,iaT2,i)7 ) .
i:LJ1 1 JrR(Tth),(Tz,i,Tz,i) + K

Let
R(Tlml) = max {R(ﬁ,m),(m,mw,i) +K:i¢€ {1, 2,... ,M}}

over this finite subcover.
Moreover, as

1
U e(mmg )

(11,71)EH,
is an open cover of H; and H; is compact, it has a finite subcover, and let R =
max; R(;, , r, ,) be the maximum as {(71,,71,:)} range over this finite subcover. Then
for all (r;,r;) € H;,

BT1 (’U,l,R) 7é B7-2(U/2,R) Yu; € BTi(Ti,K) fori=1,2.
Define fori = 1,2 and G,, = (V,,, Ey,),
Aip={veV,:Bg, (v,R+K)= B, (v;, R+ K) for some (;,v;) € H;}.

Choose and fix n large enough such that |4; ,,| > ™ and let A; = A, ,,.

Now, recall the following theorem due to Menger (1927). Let G = (V, E) be a graph
and A, B C V. Then the maximum number of edge disjoint A — to — B paths equals the
minimum size of an A — to — B separating edge cut.

Let L denote the maximum number of edge disjoint paths between A; and A,, and
E(S, S¢) denote the number of edges between S and S°. Applying Menger’s theorem
with the sets A;, A, and using |A;| > npo/4, and the fact that the Cheeger constant is
bounded below by ¢ > 0 from the assumption of our theorem, we get

L , E(S, 59 , E(S,S59)
—_ = min —_— > min o Toan
npo/4  SCV,A1CS,A>CS¢ npo/4 5CV,A1CS5,4.C5¢ min(] S|, [S¢])

E c
> min (5, 5°)

= SV min(|S, |5 = ¢

Hence, there are at least cnpy/4 edge-disjoint paths from A; to A,. Since there are
at most An/2 edges in G, at least half of these paths, i.e., at least cnpy/8 edge-disjoint
paths between A; and A, have length at most K each. Take two vertices v; € A; that are
incident on such a path of length at most K. Since

B(vs, R) C B(v1, R+ K) = B, (r1, R+ K)

for some (71,71) € Hy, and
B(va, R) 2 B, (r2, R)

for some (72,72) € Ha; hence B, (u1, R) & B,,(r2, R) for some u; such that d(ry,u;) < K.
This contradicts the choice of R. This completes the proof. O

Finally we end this section by proving Corollary 1.2.

Proof of Corollary 1.2. We first prove the case when p < p.(G). Fixanye > 0. Let H C G
be the set of all rooted graphs with percolation critical probability equal to p.(G). For
every (7,v) € H, as p < p.(7), there exists R(; ., = R(r,)(c) large enough, such that,

Py(v < 0B- (v, R(+4))) < €. (2.1)
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Consider the neighborhood C((r,v), ﬁw)
their R, ,) balls around the root are isomorphic to B (v, R(T,U)), and hence the equation
(2.1) holds for all such graphs. Consider U, ,ye g C((T,v), ﬁ) an open cover of H.
Also H is second countable (since G is). Hence H admits a countable subcover, say
Cy,Cs, ..., where C; = C((Ti,vi)7m) for some (7;,v;) € H. Let H' = UM, C; for
some large integer M be such that u(H’) > 1 — ¢, where p is the law of the limiting
random rooted graph. Let R = max;—1 .. a R+, 1,)- Then for all (7,v) € H’,

. Then for all graphs in this neighborhood,

P,(v <> 0B-(v,R)) < e.

Now, as G,, converges locally weakly to GG, choose n large enough such that, if F
denotes the finite set of all rooted graphs of radius R and degree bounded by A, then,

Y |£(Bg, (U, R) = (1,0)) = P(Ba(p, R) = (r,v))| < e, (2.2)

(r,w)EF

where £ is the law of U,,. Hence,

L % P, (U, ¢+ dBg, (Un, R)) (2.3)
~ T;GFE x Py (Un  0Ba, (Un, R)|Ba, (Un, R) = (r,0) ) £(Ba, (Un, R) = (7,v))
= | z):FPp(U + 0B, (v, R))L(Bg, Uy, R) = (1,v))
< S Py (v < 0B- (v, R))P(Bg(p, R) = (,v)) + ¢
- B0 > OB, (v, R))P(Ba(p. B) = B. (v, R)) + 2¢

B (v,R):(T,v)€H’
< eu(H') +2¢ < 3¢,

where the inequality in the fourth line follows from (2.2). Next, following the arguments
in the proof of Theorem 1.3 in [4] verbatim, it follows that

P,(IC1(n)] = an) < 3ea™,

where C(n) is the largest component of G,,(p), which proves the first assertion of the
corollary.

Now, we prove the case when p > p.(G). As in the proof of Theorem 1.3 of [4] for this
case, fix some ¢ > 0, let p; > p. such that 1 —p = (1 — p1)(1 — ), and consider G, (p1).
As p1 > p.(Q), for all (1,v) € H, the set of all rooted graphs with percolation probability
equal to p.(G), we have,

f((m,0)) = =Pp, (v 4> 00) = i%f P,, (v <> 0B, (v,R)) > 0.

As p{Use_ {(m,v) € H : f((r,v)) > L}} = p{(r,v) € H : f((r,v)) > 0} = 1, hence there
exists some § > 0 and 0 < n < 1 such that

p{(r,v) € H: f((1,0)) > 8} >n > 0.

Let H” C H be the set of all rooted graphs (7, v) such that f((7,v)) > §. Then u(H") >
n > 0.
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1

Fix R > (e e end/24)~1 as in the proof of Theorem 1.3 of [4]. Then for this R, there
exists ng, such that for n > ng, we have in G,,, (using (2.2) and setting € = 6n/2)

L xP, (U, < 0Bg, (Un, R))

> > P,, (v <+ OB, (v, R))P(Bg(p, R) = B, (v, R)) — 61/2
B, (v,R):(T,v)€EH

> > P,, (v < OB, (v, R))P(Bg(p, R) = B-(v, R)) — 61/2
B (v,R):(T,v)eH"

> Ou(H") —6n/2 > on—n/2 = on/2.

For v € G, let B}, (v, R) denote the set of vertices in G,,(p;) which are connected to v in
a pi-open path of length at most R. Thus for all n > ny,

L xP(B, (Uy, R)| > R) > L x Py, (Uy, > OBa, (Un, R)) > dn/2.

Next, following the arguments in the proof of Theorem 1.3 of [4] verbatim, the lemma
follows. =
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