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1. Introduction

Let B be a d-dimensional fractional Brownian motion with Hurst parameter
H € (0,1) defined on a complete probability space (2, F,P). We recall that B
is a centered Gaussian process. Its law is thus characterized by its covariance
function, which is defined by

o 1
E[B; B]] = 5 (" + 5" = |t = s["") 10y (i = j),  s;t€R.

The variance of the increments of B is then given by
E[|B - B’ =[t—s]*, steR, i=1,....m, (1.1)

and this implies that almost surely the fBm paths are y-Ho6lder continuous for
any v < H.

In this article, we will consider the following R%-valued stochastic differential
equation driven by B:

t
Yt:y0+/ bo,(Ys)ds+ 0By,  tel0,T). (1.2)
0
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Here yo € R? is a given initial condition, B = (B!,..., B%) is the aforementioned
fractional Brownian motion (fBm), the unknown parameter ¥y lies in a certain
set © which will be specified later on, {by(:), ¥ € O} is a known family of drift
coefficients with by(-) : R? — R?, and ¢ is a d x d-matrix which is supposed to
be known. More precisely, we do not discuss here the problem of estimation of
the diffusion parameter o and of the Hurst index H (on this topic, see e.g. [8],
[29] or [46]). For the sake of simplicity, we also assume throughout the paper
that o is invertible (on this topic, see Remark 2.4). Our aim is to get an accurate
estimation of ¥y according to some discrete observations of Y.

When H = %7 i.e. when (Y%);>o is a diffusion process, the drift estimation
for solutions of stochastic differential equations is a widely investigated topic.
Among many references devoted to parametric estimation procedures for dis-
cretely observed elliptic diffusions, let us quote the early contribution [30]. For
adaptive and non parametric methods, one may refer to [13, 15, 27, 33, 38, 44|
and to the references therein. In the fractional setting, the estimation problem
for the drift term in equation (1.2) has also received a lot of attention in the
recent past (see e.g [3, 28, 32, 34, 39, 45]). However, the following restrictions
hold in all those contributions:

e The coefficient by, (Ys) is of the form Jpb(Ys) or even ¥g Yy when Ornstein-
Uhlenbeck processes are involved.

e The observation is either in continuous time or a discretized version of con-
tinuous observations.

e Rates of convergence of the estimators are not computed, a noticeable excep-
tion being the central limit theorems obtained in [28].

Let us also mention the nonparametric method put forward in the interesting
recent paper [14]. The context in [14] is much more general than in the afore-
mentioned references, but the estimation procedure is based on the observation
of several paths of (1.2). This makes its practical implementation delicate.

With these considerations in mind, let us recall that the article [36] proposed
an estimator valid for a wide class of functions b in (1.2), directly based on
discrete observations of the process. This estimator is obtained through a least
square procedure which is easily implemented. It is fairly general, but still ex-
hibits some gaps that we aim at filling in this paper. Indeed, on the one hand
[36] only focuses on the case H > 1/2. This obviously facilitates many of the
stochastic calculus manipulations invoked in order to analyze the convergence
of estimators. On the other hand [36] crucially assumes that the drift by(-) has
a gradient shape. This is essential in order to identify the long-time behavior
of certain stochastic integrals with respect to the underlying fBm (see Lemma
3.2 of [36] for details). Eventually [36] also required the following identifiability
assumption:

E [[bg, (Yo)[!] = E [[bs(Yo)[?] iff @ = d. (1.3)

Even though (1.3) can be considered as a quite standard hypothesis in an ergodic
framework (see e.g [30] for a similar requirement), asking the class of models to
be identifiable in this sense is mostly adapted to the drifts of the form by(-) =
Jh(-). It may be restrictive or at least, difficult to check in practice.
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In this paper, we thus aim at filling some of the aforementioned gaps. Our
initial objective is to alleviate the identifiability condition. More precisely, in-
stead of assuming that the model can be identified through the integral of one
very specific function with respect to the invariant distribution, we will now just
suppose that the model is identifiable by its invariant distribution, i.e. that two
models are equal if and only if they have the same stationary distribution. We
also get rid of the restriction on H and on the gradient shape of by by consid-
ering an approach which essentially avoids to use stochastic calculus. In other
words, our consistence and rate of convergence results will be mainly based on
the study of the long-time behavior of distances between paths built with the
same noise. In the additive noise case we are handling, those distances have the
advantage to be regular. Eventually, even if our ergodic type assumptions are
similar to those in [36] (and called (Cs) in the current paper), we also obtain
a (weak) consistence result under a weaker assumption (called (Cs,) below),
where contractivity of the drift is only assumed out of a compact set.

2. Main results

In this section we will first give some general notation which will be used
throughout the paper. Then we will specify our assumptions on the coefficients
of (1.2) and describe the estimator we are considering. Eventually we give our
almost sure convergence result as well as the convergence rate we have been able
to obtain.

2.1. Notation

We consider the set of parameters © as a subset of R? for ¢ > 1. Let f :
R? x © — R be a CP+P2 function, where p;,ps are two integers greater than 1.
Then for any p < p; and any tuple (i1,...i,) € {1,...,d}?, we set 8, """ f for
P

whenever (i1,...4,) € {1,...,q}P. Moreover, we will write 0, f (resp. Oy f) for
the Jacobi-matrices (0, f,..., 0z, f) (xresp. (g, f,...,09,f))-

Let M;(R?) denotes the set of probability measures on R?. We say that
d is a distance on M (R?) if it metrizes its usual topology, namely the weak
convergence topology. Among those distances we will consider the p-Wasserstein
distance, which is defined as follows: for every v, u € M1 (R?), we introduce the
set C(v, u) of couplings between v and p, that is

. Analogously, for p < ps we use the notation 8121”‘2"7 f for ﬁ
1004,

Clv,p) ={(X,Y); LX) =v, LY) = p}. (2.1)
Then the p-Wasserstein distance is written as

Wy(v, ) = inf {BIIX = YP]F; (X,Y) € Clv,m) }- (2.2)
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Remark 2.1. The distance W, can also be represented as

Wi (v, ) = sup{[v(h) — u(h)[; [[hllLip < 1}. (2.3)

We will denote by D, the set of distances on M;j(RY) dominated by the
p-Wasserstein distance for a given p > 0. Namely, we set

D, := {distances d on M;(R%); I ¢ > 0,Yv, u € My (RY),d(v, ) < W, (v, 1)}
(2.4)
In particular, a distance d that belongs to D, induces a weaker topology than
the p-Wasserstein distance. When necessary in some of the next results (or in the
numerical experimentations), we will introduce specific distances which belong
to D,.
Remark 2.2. The family of p-Wasserstein distances obviously provides examples
of distances in D,,. The Fortet-Mourier distance (see e.g [50, Chapter 6]), defined
by

dev (v, 1)
= sup {[E[(X)] ~ BR(YV); X ~ i, ¥ ~ v, and iy < 1, [l < 13

is also easily seen to be an element of D; thanks to (2.3). In this article we shall
work with the distances dcr , and ds introduced below in Section 2.5, which are
trivially proved to sit in Dy (due to relation (2.3)).

2.2. Assumptions

Before we proceed to a specific statement of our estimator, let us describe the
assumptions under which we shall work. We start by a standard hypothesis on
the parameter set ©, which is supposed to be a compact set.

(Hop) : The set O is compactly embedded in R? for a given ¢ > 1.

Next we recall that our drift estimators rely on the invariant measure for
the solution of equation (1.2). The existence and uniqueness of this invariant
measure is usually obtained under some coercivity assumptions on the drift
b. In the current paper we will distinguish between two notions of coercivity,
respectively named weak and strong and denoted by (Cy,) and (Cs). The weak
assumption can be summarized as follows.

(Cyw) : We have b € CH1(R? x ©;R?) and there exist constants a, 3,C, L > 0
and r € N such that:
(i) For every z,y € R? and ¥ € © we have

(bo(2) = by(y), x —y) < B—ale—y[* and |by(a) —by(y)| < Llz—y| (2.5)
(ii) For every x € R? and ¥ € O the following growth bound is satisfied:
09Dy ()] < C(1+ |z]"). (2.6)

The main part (2.5) of assumption (Cy,) states that the coefficient b is inward
looking, except maybe on a compact set which is a neighborhood of 0. We now
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state the strong assumption (Csg), which specifies that b should be inward looking
everywhere, and can be expressed as a particular case of (Cy).
(Cs) : Assumption (Cy,) holds with g = 0.

As mentioned above, Hypothesis (Cy,) combined with the invertibility of o
(and therefore (Csg)) classically involves (see e.g. [23]) the existence of a unique
stationary solution for the solution of the following equation for any ¥ € O:

dyy =by(Y,P)dt + 0dB;,  t€0,T]. (2.7)

Notice that the system (2.7) is identical to our original equation (1.2). How-
ever, let us notice that the fBm is unobserved. Moreover, the uniqueness of the
stationary measure must be understood in a weak sense. Namely there exists a
unique distribution P¥ on C([0, c0), R?) such that if (Y;”) denotes a process with
distribution P, then (Y,”);>¢ is a stationary solution to (2.7), i.e. shift-invariant
(when one considers its canonical version). We denote by vy the distribution of
Y'Y at any instant ¢ > 0, that is

vy = L(YY). (2.8)

Remark 2.3. Note that in this non-Markovian setting, vy is not exactly the
invariant distribution. More precisely, owing to [23], one can embed (2.7) into
an infinite-dimensional Markovian structure which allows the construction of
an adapted ergodic theory. An invariant distribution 7y is then defined on this
enlarged structure. Without going into the details, one can just say that in
this theory, the probability vy can be retrieved as a marginal of the “true”
invariant distribution. In the sequel, we will thus talk about marginal invariant
distribution vy.

Remark 2.4. As mentioned before, the invertibility assumption on ¢ combined
with (Cy, ) ensures uniqueness of the invariant distribution. However, even though
this hypothesis is of first importance under (Cy ) (in order to use irreducibility-
type arguments), it could be entirely removed under (Cg). Actually, in this
case, the contraction assumption implies that two solutions of (2.7) driven by
the same fBm but starting from different initial conditions come together at oo,
a.s. and in L2, which classically involves uniqueness (see e.g. [9, Lemma 3(i4)]
for details). This remark also holds for the Euler scheme (2.13) introduced in
the next section but for sufficiently small step v (see again [9, Lemma 3(i4)] for
details).

As said previously, we shall obtain our drift estimators through the analysis of
the marginal invariant distribution vy defined by (2.8). If we want this strategy
to be successful, it is natural to assume that vy characterizes 9. We thus label
this hypothesis as follows.

(Iw): For all ¥ € ©, we have vy = vy, iff ¥ = 9.
It is worth noticing that if d denotes a distance on M (R?), then one can recast
(Iy) as:

d(Vﬁ, Vﬁo) =0 iff ¥= 190. (2.9)

We shall use this characterization in order to construct the estimator 1 (see
(2.12) below). Also notice that (I ) refers to a “weak” identifiability condition,



Drift estimation for additive fractional SDEs 1081

which will be resorted to in order to derive the consistency of our estimator J.
In contrast, the following “strong” identifiability assumption (Is) defined for a
given distance d on M;(R%) will be used to get rates of convergence.

(Is) There exists a constant C' > 0 and a parameter ¢ € (0, 1] such that Vi € ©,

d(vg,ve,) = C|9 — Dol°. (2.10)

Remark 2.5. We will construct a class of equations, basically obtained as per-
turbations of Langevin type equations, for which our assumptions (I ) and (Ig)
are satisfied. See Section 6 below.

2.3. Statistical setting and construction of the estimator

We wish to construct an estimator based on discrete observations. In this con-
text, the simplest situation (which will mostly prevail in the paper) is to as-
sume that the solution (Y;);>0 of (2.7) is discretely observed at some instants
{tr; 0 < k < n}, with tp41 — tp = & for a given time step £ > 0. Under (Cy),
it can be shown (see Proposition 3.3 below) that

n—1

1 n o0

75 dv;, 252 vy, as, (2.11)
n

k=0

where = stands for the weak convergence of probability measures in R%. With
this convergence in mind, the heart of our estimation method is then the fol-
lowing observation: under the identifiability assumption (I ), the most natural
way to estimate 1 is to consider

n—1
A . 1
¥ = argmin d <5 kz_o v, s Vﬁ) , (2.12)

veEO

where d is a given (arbitrary) distance on M, (R?). However, in spite of the fact
that our formula (2.12) is simple enough, it is also easily understood that vy is
far from being explicitly known (except in some very particular cases such as
the Ornstein-Uhlenbeck process). In this paper, we propose to circumvent this
difficulty by considering some estimators based on numerical approximations
of vy.

Specifically, the numerical approximations we will resort to are built through
an Euler-type discretization of the stochastic process YV solution to (2.7).
Namely, let (sg)r>0 be an increasing sequence of numbers such that sy = 0,
and limj_,o0 5y = +00. The Euler-Maruyama scheme ZY is then recursively
defined by ZJ = 2y € R? and:

Forall k>0, Z!  =Z) + (sks1—sk)bo(Z0) + 0 (Bs,, — Bs,), (2.13)
where B is a (simulated) m-dimensional fractional Brownian motion which is
a priori different from the driving process B in equation (2.7) (since B is un-
observed). When s, = kv for a given 7 > 0, we say that the Euler scheme is
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a constant step sequence and we denote it by Z”Y. When v, = s, — sp_1 is a
non-increasing sequence such that v, — 0 as k¥ — +o00, the Euler scheme will
be called decreasing step Euler scheme. We will work with these two types of
schemes in the sequel.

Remark 2.6. In practice it is natural to set Z¢ = Y where Y} is the first observa-
tion of the process (Y;);>0. Let us also remark that in the sequel, for notational
sake, one usually denotes by B the fBm related to the Euler scheme Z”. How-
ever, the reader has to keep in mind that the fact that the fBms in (2.7) and in
(2.13) are different. This certainly prevents us from any pathwise comparison
between the observed process and the simulated one.

Remark 2.7. We refer to Section 7 for background on the simulation of the
increments of the fBm.

Let us now give an explicit expression for the estimator we are considering
in this article. We will focus on the constant step setting in (2.13) for sake
of simplicity. Observe that under (Cy), it can be shown (see Proposition 3.4

below) that
N-1

1
Z Z@«, =) as. (2.14)

k:O

where v denotes the unique marginal invariant distribution of the Euler scheme
ZY. By marginal, we mean again that Z” can be endowed with a Feller infinite-
dimensional Markov structure which admits a unique invariant distribution un-
der (Cy) (see [49] for details). The first marginal of this invariant distribution
is v/). Similarly to what we proposed in (2.12), such a result suggests to define
our estimator for ¢ as

N-1
1
Inpry = argmln d ( E 5ytk E 5211”) ) (2.15)
k=0

where d is again a distance on M;(R?). Note that in the decreasing step case
analogous constructions may be carried out, and will be introduced later. Let
us also remark that relation (2.15) only involves one Euler scheme path, which
is relevant for numerical implementations.

We are now in a position to state our main results. We divide the presen-
tation in two parts. In the next section, we focus on strong consistence results
related to the family {Jy,; N > 1,n > 1,7 > 0} defined by (2.15), as well
as its decreasing step counterpart. Then Section 2.5 is dedicated to the rate of
convergence of the estimator ¥, . In particular, this second part will involve
concentration results related to the SDE and to its Euler discretization.

2.4. Main consistency results

We begin with a first result involving the weak assumption (Cyy, ), which requires
to discretize the set © in the following sense. According to our hypothesis (Hp),
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the set © is compact in RY. Therefore the Borel-Lebesgue property gives us the
existence, for every € > 0, of M. € N and (ﬁgs))lgigME € ©M: gyuch that © C
Uij\fl B (195-5), ¢). Thanks to this property, we define the following discretization
for all e > 0 and ¥ € ©:

9 ;= argmin |9 — 9|, (2.16)
0 e{v')}

With this notation in hand, we can now state our first consistency theorem.

Theorem 2.8. Assume (Hp), (Cyw) and (Ly). Let p be a strictly positive real
number and consider a distance d on My (R®) which belongs to D,, (recall that D,
is defined by (2.4)). We consider the family {@Sé)n,y, N>1,n>1~v>0,e >0}
defined by
R 1 n—1 1 N-1
ﬁg\i?nﬂ = argmin d <n Z v, s N Z 523;) , (2.17)
deO() k=0 k=0
where OF) := {191(8) ; 1<i< M.}. Then 9

Non,~ 8 a strong consistent estimator
of ¥o. Specifically, we have

lim lim  lim 9% Do a.s.

e—=0 v—=0 N,n—+oo L
Let us remark that the discretization of © given by (2.16) is needed to get
strong consistency, due to the fact that under (Cy) we loose uniformity with
respect to ¢ in some of our convergence results. For instance, (Cs,) only war-
ranties the simple convergence of d(v}),vy) to 0 as v — 0 (see Proposition 3.4).
The proof of Theorem 2.8 is achieved in Section 4.3.
We now turn to our main estimator defined in (2.15). The proof of the theorem
below is detailed in Section 4.3.

Theorem 2.9. Assume (Hyp), (Cs) and (Iy). As in Theorem 2.8, let p be a
strictly positive real number and consider a distance d on My (R?) which belongs
to D,. Then the family {Onn~; N > 1,n > 1,7 > 0} defined by (2.15) is a
strong consistent estimator of ¥q in the following sense:

lim lim Jy =1y a.s.
~¥—0 N,n—+o0 g

We close this section with a result concerning the approximation of invariant
measures by an Euler scheme with decreasing time step. Namely we consider an
approximation scheme denoted also by Z?, which is defined similarly to Z?7 in
(2.13) except for the fact that the sequence (sg)r>o satisfies:

Sk4+1 — Sk = Ykt+1, k=0, (2.18)

where (x)r>1 is a non-increasing sequence of positive numbers such that

Z% =400 and lim ~; =0. (2.19)
1 k—+o0
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The convergence theorem we obtain in the decreasing step case is the following.
As for Theorem 2.9 , it is achieved under the strong coercivity assumption (Cs).
Its proof is developped in Section 4.3.

Theorem 2.10. Assume (Hgp), (Cs) and (Iw). Let p > 2 and consider a dis-
tance d on M1 (R?) which belongs to D,. Let (yi)r>1 be a non-increasing se-
quence of positive numbers satisfying condition (2.19) and the technical condi-
tion (4.3). Denote by ZV the related Euler scheme given by (2.13). We consider
an estimator (&Nm)N,n defined as

n—1 N-1
N 1 1
YN, = argmin d —g 5f,—§ dz9 |, Ne€eN. 2.20

N 19g€@ (n k=0 Y/k SN k=0 T ZSk) ( )

Then, (ﬁN,n)N,n 18 a strong consistent estimator of ¥g, namely:

lim 9Yn,=79 a.s.
N,n——+oo ’

Remark 2.11. The technical condition (4.3) (3 ,+, 'ng'Hs;l < +o0 for a given
p/ > p) is true in a very large setting. For instance, it can be checked that
this is satisfied for any polynomial step sequence : v, = vk~ ° with p € (0,1]
and vy € R, but also for less decreasing sequences such as v, = 7(log k)=t
However, this is not true in full generality (the condition does not hold when
v = (log(logk))~* for instance).

2.5. Rate of convergence

Under our strong identifiability condition (Is), we will be able to get a rate of
convergence for some of our estimators. In order to carry out this task, we shall
assume that condition (Is) is verified for some specific distances on probability
measures called respectively dor, and ds. These distances are defined in the
following way:

(i) Let X and Y be R%-valued random variables and p > (4 v 1). We con-
sider the integrable kernel g,,(€) := ¢p(1 + [£]?) 7P where ¢, = ([ (1 +
|€12)7Pd€E) ™ . Then the dgy, distance between £(X) and £(Y) is defined
by:

derp(L(X), LY))

= B[ X)) — gleie1)])’ d 1/2. 2.21
[ (Bl =B ) gy de ) 221)

(i) Let {f;; ¢ > 1} be a family of C}, supposed to be dense in the space Cp of
continuous and bounded functions and decreasing to 0 at co. Consider two
probability measures v and g in Mj(R?). Then the distance ds between
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v and pu is defined as:

+oo
d(vy ) == ZQ‘i(\u(fi) —u(f)| A D). (2.22)

Remark 2.12. It is readily checked that both dcy, and ds metrize the conver-
gence in law (their induced topology are in fact exactly the one induced by the
convergence in law). The distance dorp, is technically convenient for our pur-
pose and close in spirit to the smooth Wasserstein distance invoked in the Stein
method literature (see e.g [2]). The distance d; is called weak-x distance in [50]
and also used in [52] for filtering problems. Also notice that both der, and ds
are elements of Dy where Dy is defined by (2.4).

With the distances derp and de in hand, our main result about rates of
convergence is the following:

Theorem 2.13. Assume (Hg), (Cs) and (Is) hold true, where (2.10) in hypoth-
esis (Is) is considered for d = ds or d = dopp with p > (¢+d)/2 and ¢ = 2/q
for a given q > 2. Let 1§N,n,'y be the estimator given by (2.15). Then, we get the
following rate of convergence: there exists Cy > 0 such that

E |’l§N,n,'y - 190|2] < Cy <n7%(27(2HVI)) 7+ Tﬁﬁ) (2.23)

with 7j 1= 57 5(2 — (2H V1)) and T := N7.

Remark 2.14. This non-asymptotical bound theoretically enables to calibrate
the “free parameters” v and N in terms of the number of observations n, which
is fixed by the statistical setting. For instance, when ¢ = 1 (i.e. when ¢ = 2),

the first term is of order n~(2=(2HV1) and hence, in order to to preserve this
1—(HvL)
rate order, we have to fix y <n~—#  and N > n4+42dfy*1. More precisely,
for these choices of parameters, the quadratic error induced by this estimator
1 1
(when ¢ = 1) is of order n~2 if H < 1/2 and nf’~2 if H > 1/2. The constant g,
which appears in Assumption (Is), comes from the fact that, the bounds are first

established on the distances between the invariant distributions vy and vy,.

Nevertheless, except some particular settings such as the Ornstein-Uhlenbeck
process, this exponent ¢ is unfortunately difficult to compute in some general
settings. Finally, let us remark that LP-bounds can be easily deduced from the
proof for any p > 2. However, since they do not modify significantly the results,
we chose here to only state the quadratic one.

3. Preliminary results

In this section we label some basic results about equation (2.7) and its invariant
measure for further use. We first recall some ergodic properties of stochastic
differential equations driven by a fBm, then we study the continuity of the in-
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variant measure vy with respect to the parameter ¢. Under the strong coercivity
assumption (Cs), we quantify the distance between the empirical measures re-
spectively related to the process Y? and its Euler approximation Z?. Eventually
we give some convergence results for the quantities involved in the right hand
side of (2.17).

3.1. Ergodic properties of the SDE and of the Fuler scheme

In this section we review several ergodic properties for equation (2.7). These
properties are at the heart of our estimation procedure.

3.1.1. Convergence of L(Yy)

We start by giving the basic convergence in law towards the invariant distribu-
tion for our processes Y.

Proposition 3.1. Assume (Hg) and (Cy) and consider the family of processes
{Y?: 9 € O} defined by (2.7). Then the following properties hold true:

(1) Existence and uniqueness hold for the invariant distribution related to the
dynamical system (2.7). Furthermore, having in mind the notations introduced in
(2.8), for alle > 0 there exists a constant Ce > 0 independent of 9 € © such that

dry (£ (Y, v9) < Cet™ (@ =9), (3.1)
with an exponent oy given by

$ if He(1,1)\{3
“H:{?{QQH) if He(O,}l).{}

(¢1) For any p > 0 and for any distance d € D, the following upper bound holds
uniformly in ¥ € ©:

d (L)) < Ct 3, (3.2)
for a strictly positive constant C'. In particular, for any p > 0, we have
sup E[|Y;|P] < +o0. (3.3)
>0

Proof. We prove the two statements of our proposition separately.

Proof of item (i). The only difference between our claim and [23, Theorems 1.2
and 1.3] is the uniformity with respect to ¥ € © in the convergence in total
variation result. However, following carefully the proof of [23], it can be shown
that the constants therein do not depend on ¥ if Hypothesis (Cy,) is satisfied.
Therefore the constant C; in (3.1) is uniform in 9.

Proof of item (ii). Relation (3.3) is proved in Proposition A.1 of the Appendix.
In order to prove (3.2), consider a couple (X1, X2) of random variables such
that X; ~ YY and X3 has distribution vy. By Cauchy-Schwarz inequality,

E[|X; — Xol"]7 = E[|X; — Xo|P L(x, 2x,)]"
< (BIX )% + EIX:/7)% ) P(X1 £ Xa) 5. (34)
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We now bound separately the two terms on the right hand side of (3.4). If we
denote by C(Y,?,v9) the set of couplings between £(Y,”) and vy (defined as in
(2.1)), then we have

drv (/.: (Ytﬂ) , 1/19) = inf{P(Xl + XQ); (Xl,Xg) € C(}/tﬂ,ljg)} )

Therefore, owing to (3.1) we can choose a coupling (X1, X2) € C(Y,”,vy) and a
constant C' > 0 such that

P(X, # X,) < Ct—(en—e), (3.5)

In addition, according to (3.3) and a uniform integrability argument, we easily
get the following inequality for the coupling (X7, X5) we have chosen in (3.5):

E[[X,|%]% + B[ X:]% <2sup swpE[V[]% < 400, (3.6)
YeEO  t20

We plug (3.5) and (3.6), applied to € = ay/2, into (3.4). Going back to the
definition (2.2) of the distance W,, we obtain that there exists a strictly positive
constant C' such that for any ¢ > 0 and any 9 € © we have

Wo(L(Y,),vp) < Ct 55 .

The result (3.2) follows. O

Next we observe that whenever (Cs) is fulfilled, the polynomial convergence
in (3.2) can be replaced by an exponential rate. This is summarized in the
following proposition.

Proposition 3.2. Let {Y”;9 € ©} be the family of processes defined by (2.7).
Suppose that Hypothesis (Ho) and Hypothesis (Cs) are met. Let d be a distance
in D,. Then, we have

d(L(Y),v9) < cre” ',

with ca = «/2 where « is the constant featured in equation (2.5), and where
c1 — C1(H, a).

Proof. Let Y be the stationary solution of equation (2.7). One can easily show,
by means of the same arguments as in [21], that

E ()Y, - 7'17]"7 < epemest, (3.7)
The result follows trivially. O
3.1.2. Ergodic Theorems for the SDE
We now summarize the limit theorems obtained for equation (2.7) which will

be relevant for our purposes, with a special emphasis on the occupation mea-
sure Oy .
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Proposition 3.3. Let Y be the unique solution of (2.7) obtained for a param-
eter 9 € ©. Assume (Hg) and (Cyw) hold true and let vy be the measure defined
by (2.8). Then for all ¥ € ©, for any p > 0 and for any distance d € D,, we
have

(i) The distance between vy and the normalized occupation measure of Y’ con-
verges to 0 as t — oco. That is

: 1
tli>Holod (;/0 dyo ds, V19> =0. (3.8)

In particular, we have an almost sure uniform bound for the p-th powers of Yf :

1 t
supsup — [ |Y2|Pds < oo as. (3.9)
veo t>1 t Jo

(#3) Some discrete versions of (3.8) and (3.9) are also available. Specifically, let
n > 0 and set ty, = kn for k > 0. Then for any ¥ € © we have

n—1
. 1
nlgr;od <ﬁ kz_o (Syti , V19> =0.

In particular, the following uniform bound holds true:

n—1

1
sup sup — Z |Y;Z|p < oo as. (3.10)
9e@n>1 N 0

Proof. Relations (3.9) and (3.10) are proved in Proposition A.1l. As far as the
identification of the limit is concerned, the proof follows the lines of [9] and is
detailed in Section A.2. |

3.1.8. Ergodic Theorems for the Euler scheme

Recall that we denote by (Z;:,’Yv)kzo the Euler scheme with step ~ related to
(Y;?);>0, as defined in (2.13). This section focuses on the asymptotic behavior
on}:j as k — oo and v — 0.

Proposition 3.4. Let YV be the unique solution of (2.7) and consider the Euler
scheme (Z,f,’ﬁ)kzo with step v related to (Y,?);>o. Assume (Hg) and (Cy) hold
true. Then for all ¥ € ©, for any p > 0 and for any distance d € D, we have
(i) There exists o > 0 and a unique family of measures (V] )y<~, such that for
all ¥ € © and v € (0,7], we have

| N1
. 1 v\ _
A}gnood<N Zaz}ff’yﬁ> 0.
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In particular, we get the following uniform bound for the p-th powers of Z,f;/’y

9,7 |p
sup sup — 7 <00  a.s. 3.11
Sup Sup Z 12,3 (3.11)

(i) The invariant measure v} for the Euler scheme converges to the invariant
measure vy of YV as the mesh of the partition goes to 0:

’%gn d(v),vg) =0.

N-1
Proof. The weak convergence of + N 2k=0 5219 ~ to v) as n — 400, as well as

the convergence of 1] to vy as v — 0 are consequences of [10, Theorem 1]. The
extension to distances d dominated by WP follows from Proposition A.2. More
precisely for (i), we can deduce from Proposition A.2 and from Fatou’s lemma
that for any M > 0, for any v € (0, o],

vy(lz|P A M) < hmmf Z E |Z19’7

where C' is a positive constant independent of M and . Hence, taking limits as
M goes to oo, this yields

sup vy (|z?) < 400,
~7€(0,70]

for any p > 0. Then one can conclude as in the proof of Proposition 3.1 (see
relation (3.4)), where the distance dyv (v}, vy) is upper bounded thanks to [10,
Theorem 1]. |

3.2. Continuity of 9 — d(vy,vs,)

The convergence of our estimator ] N,n,y defined by (2.15) depends crucially on
continuity properties of the family {vy; 9 € ©}. To this aim, we first prove a
basic result on the continuity of the map ¥ — Y,”.

Proposition 3.5. Let ¥, and Y5 be elements of ©, and consider the respective
solutions (Y,"")ys0 and (Y;"?)io of equation (2.7). Assume hypothesis (Ho)
and (Cy,) are satisfied. Then for any p > 0 and T > 0, there exists Cp, > 0
independent of %1 and ¥4 such that

1Y = Y2 o) < Crplds — D2l (3.12)

Proof. By monotonicity of the norms in L?(), it is enough to consider the case
p > 2. Furthermore, it is readily seen from (2.7) that we have

t
vy = / (0o, (V) = o, (Y,"))ds. (3:13)
0
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Starting from (3.13), we easily get the following identity for the square of
Y-y

d 2
S =Y =2 =Y by, (V) — bo, (V) (314)

We now invoke the fact that b is Lipschitz continuous under (Cy, ) plus inequality
(2.6) on Ogby in order to get

d 2

LR Ol
= 20V = Y72 by, (V1) = b, (V,72)) + 2(V,7 = V72, b9, (V,2) — by, (V%))

2
<a v = + 200 - o) (14 |1

Y e

where ¢; and ¢y are two strictly positive constants. Now apply the elementary
inequality |ab] < % (|a|?+(b|?) with a = |91 — 95| (14]Y;72|") and b = |Y;7r — V2|
We deduce the existence of a constant ¢ > 0 such that

d

9 0o |2 9 9
E|Y't1_Y't2’ <C<‘Y;1_}/tz

2
10— 02 (1+ |Y;92|2T)) . (3.15)
With relation (3.15) in hand, a standard application of Gronwall’s Lemma yields
t
V2 —v2 P < ey — 192|2/ ) (14 Y72 ds. (3.16)
0

Let us now get some information about a generic p-th power of Ytﬁ1 — Ytﬁ"‘
for p > 2. To this aim, we resort to Jensen’s inequality in relation (3.16). This
gives the existence of a constant ¢(T, p) such that for any ¢t € [0,7] we have

P
2

t
th191 _ }/25192’1’ < C(T,p)hgl _ 192|P/ (1 + |Y'5192|2r) ds.
0

Taking the expectation, we finally get

t

9 9,017 _ o vy
E“}Ql_Yt 2” < (T, p)|9 — V2| (/ E[1+|Y] 2pT]dS> )
0

where ¢(T, p) is another finite constant. Hence our result (3.12) follows from the
bound (3.3). O

We now state the announced continuity property for the family {vy; 9 € ©}.

Proposition 3.6. Let {Y?; 9 € ©} be the family of processes defined by (2.7).
Assume (Hg) and (Cy,) hold true and consider the family {vy; 9 € O} of invari-
ant measures given by Proposition 3.1. Let p > 0 and pick any distance d € D,
where we recall that D, is defined by (2.4). Then the map ¥ — d(vy,vy,) is
continuous on ©.
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Proof. Owing to the very definition (2.4) of D,, it is enough to prove the result
for d = W, and for an arbitrary p > 1. Next we apply the triangle inequality
and the fact that W, is defined in (2.2) by an infimum over all couplings. This
yields the following inequality, valid for any ¢ > 0:

Wp(va,,v9,) < 23‘111(; Wh(LY ) v) + 1Y, = Y2 1o 0. (3.17)
S

We now bound the two terms in the right hand side of (3.17). In order to handle
the term W, (L(Y,?),vy), we consider a small parameter £ > 0. By Proposition
3.1(it), there exists to large enough such that

2 sup Wp(ﬁ(){t’z),l/ﬁ) <-. (3.18)

VEO

N ™

We will fix this value of ¢y in the right hand side of (3.17). Then the difference
Ytﬁl - Y;sz is handled thanks to Proposition 3.5. Namely consider § > 0 such
that (with the notations of Proposition 3.5) we have Cy,0 < 5. We get that for
all (91,92) € ©2 such that |91 — 95| < 6, we have

€
V" = Y2 oo < 3 (3.19)
We conclude by plugging (3.18) and (3.19) into (3.17). This yields
WP(V’1917V‘192) S g, (320)

for all (¥1,92) € ©% such that |1 — 3| < §. The continuity of ¥ — W, (vy, v,)
on O follows. O

3.3. Further controls under (Cs)

Up to now we have derived properties of the system (2.7) under the weak coercive
assumption (Cy ). In this section, we focus on possible additional bounds one can
obtain under the stronger hypothesis (Cs). We will first see how (Cs) guarantees
a uniform control on the distance between the Euler scheme and the SDE, for a
general decreasing sequence of time steps. Then we will show that (Cg) ensures
a some additional uniform continuity in 1 for the occupation measures of Y7,

We consider here Euler type approximations in continuous time, with time
steps 7, satisfying (2.19). In order to define this Euler approximation (Zy);>0,
we set sp = 0 and s, = Y ., 7; for all n > 1. Then for any n > 0, the process
(Z?)1>0 is given recursively by

70 =27 +tby(Z) )+ 0(Bs,+t — Bs,), t€[0,8p11 — snl. (3.21)

Notice that the fractional Brownian motion B in (3.21) is the same as the fBm
driving equation (2.7). The control we get on ZV is summarized in the following
proposition.
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Proposition 3.7. Let YV be the solution of equation (2.7), and consider the
continuous-time Euler scheme (Z);>0 with a time steps sequence (Vn)n>1 de-
fined by (3.21). We assume that (Cs) holds. Then the following assertions hold
true.

(i) For any p > 2, there exist some positive constants p and C' such that for any
n > 1 we have

n—1
Y2 =722 [P < e Y — ZP + C Y (20 )emPlonm) (3.22)
k=0

where the function ¢y, is defined, for any k > 0, by

Ye+1
Grp(z) = LT o ()P + / By, st — By, Pdt. (3.23)
0

(ii) Assume in addition that v, — 0 as n — +oo. Then for any p > 2, there
exists ng € N and some positive constants p and C such that for any n > ng we
have

n—1

V2 =20 [P <eplonmoml|y) —Z0 PO g p(Ye,)e Pon o). (3.24)

n

k):’n(]

Proof. Let n > 0 and consider the dynamics of Y¥ — Z¥ on [s,, $,41). That is,
set g, 1= Y;:_H — Zf“_t for t € [0,7vp+1). Then &; verifies the relation

Sn+t
e=Y’ 70 + / (bo(Y?) — b (Z7)) ds. (3.25)

n

Starting from this equation, we divide the proof in several steps.

Step 1: Contracting bound for ;. Consider a parameter n > 0. We wish to
use the coercivity assumption (Cs)(4) in order to get an upper-bound on the
following derivative:

(€™eel?)" = e (plecP~*(er, €l) + mleel?) - (3.26)

To this aim, observe that thanks to (3.25) the quantity (g, €}) can be expressed
as:
<5ta5;> = <Ysi,+t - an+t7 bﬂ(Y;i-s-t) - bﬁ(an»
= (Ysi+t - an+ta bl?(}/;i+t) - bﬁ(anH))
YD e = 20 e bo(Z2 44) = o(Z0)-

Then we invoke (Cs)(i) and the elementary inequality ab < a? + b2, valid for all
a,b > 0. We obtain
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«
(ever) < _0‘|Y19 +t z! +t|2 + _|}/;i+t - Z£n+t|2

2
—|b19( Z2 ) = bo(Z2)

< ——| t|2+—|an+t z] %, (3:27)

where the second inequality is due to relation (2.5) and the definition (3.25) of
€¢. We now plug relation (3.21) into this inequality in order to get
a 212 2
(er,er) < —3 sl + o th(Z2 ) + o(Bs,++ — Bs,)|
from which we easily end up with

pled?(er, 1)

po 4dpL? 9 /.9
< P p— t“1b
Erledl” + L el (2100(22,)I2

Eventually we apply Young’s inequality with parameters p = p/(p — 2) and
d = p/2 and some appropriate weights to (3.28). This yields the existence of a
constant C' = C), 1, such that

+|0?|Bs,+1 — Bs, [?) . (3.28)

plee" (et ) < |Et|p+0(t”|bﬂ( e+ 1B, = B, 7). (3.29)

We are now ready to give some information about expressions of the form
e|e;|P. Namely we set 7 = pa/4, then we apply identity (3.26) and inequality
(3.29). This easily yields

(e"t|€t|p)/ <e™ C(tp|b19<Z§n> 3

+ IBS7z+t - Bsn

Py, (3.30)

Step 2: Inductive procedure. Let us integrate (3.30) on the interval [0,7vp41],
where we recall that v,11 = $p4+1 — $p. With the definition (3.25) in mind, this
gives

9 9 —NYn 9 9
|st+1 an+1|p <e ny +1|st _ an|P

Tn+1
e / e MO0 (2], (27 )P 4 | By, 4t — Ba, [P)it,
0
which yields
v

9 9
e sn+1 ‘p < e —MNYn+1 |Y an|17

Yn+1
+c(vzii|bﬂ<zfnw+ [ B n,
0

Thus, setting ¢, ,(z) = (fyf;iﬂbﬂ WP+ [ | Bs, 4t — Bs, p)dt), an elemen-

tary induction procedure yields the following relation for every n > 1:

)dt) (3.31)

n—1
|Y:: _ Zi|z> < |Y019 _ Z69|Pe*nsn + Z ¢k,p(Z§k)€*?7(SnfSk+1)_
k=0
This proves our claim (3.22).
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Step 3: Proof of (3.24). In order to obtain our second statement (3.24), one
needs to go back to inequality (3.31). Then observe that hypothesis (2.5) yields

b(Z2 )P < 2071 (V)P + LPIYS, — Z21P)

which leads for any p to the existence of a constant C' such that

Sn+41 Sn+1

o, -2z 1P < ( + Ov:;ii) Y9 =20 1P+ Conyp(Ys,).  (3.32)

Since lim,,_, » v, = 0, one checks easily that there exists a ny such that for any
n > ng we have the following inequality:

_ 1 _n
e~ Mn+1 4 C'Yﬁil < e 2Vnir

Plugging this information into (3.32), we end up with

|Y19 _ g9 P < e—%vn+1|ysvi _ Zi|p + Corp(Ya,).

Sn41 Sn41

Our assertion (3.24) then follows by an induction procedure exactly as for
Step 2. O

We now give a continuity results (with respect to the parameter ) for some
occupation measures related to our processes of interest. The proofs are post-
poned to Appendix B.

Proposition 3.8. As in Proposition 3.6, let YV be the solution of equation
(2.7) and consider the Euler scheme Z°7 defined by (2.13). Also consider p > 0
and d € D,,. We assume that (Cs) holds true. Then,

(i) The occupation measures of the process YU are Lipschitz with respect to 1,
that is there exists a positive random variable C), such that for all t > 1:

1/t 1/t
d(;/o 6Y;91ds,g/0 5Y5ﬂ2d5> < Cyldy — O], (3.33)

(ii) The occupation measures of the Euler approzimation Z°7 are also Lipschitz
with respect to 9. Namely there exists yg > 0 such that: for any v € (0,70], there
exists a positive random variable C,(7y) such that for all N > 1

1 N-1 1 N—-1
! <N 2 ooy 2 52;;3,7) <O —dal (330
k=0 k=0

Remark 3.9. In the sequel we will analyze several quantities like (3.34), where
we compare two discrete random measures on RY yy = % vazl 0x, and vy =
+ vazl dy, with X; = X;(w) and Y; = Y;(w). In this context we will always
upper bound quantities of the form d(v1, ;) for a distance d in D,,. To this aim,
resorting a trivial coupling between vy and vs, it is enough to prove an almost

sure upper bound on
LN
N O X =Yl
i=1
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We will adopt this strategy throughout the paper, the typical outcome being an
a.s. bound on d(v1, 12). Straightforward extensions to a continuous time setting
allow to handle quantities of the form (3.33).

4. Proof of the consistency theorems

The aim of this section is to achieve the proof of Theorems 2.8, 2.9 and 2.10. We
first establish a general asymptotic result for a family of contrasts in Sections 4.1
and 4.2. Then we will combine this general proposition with our preliminary
results of Section 3 in order to prove our main claims.

4.1. Uniform convergence of the contrast

In this section we state some uniform convergence results for the contrast, i.e for
the function involved in the definition of estimators such as (2.15). We should
notice at this point that our uniform convergence results hold only under the
assumption (Cg). In case of a constant time step Euler scheme, we get the
following result.

Proposition 4.1. We consider the same setting as in Proposition 3.8. In par-
ticular, we assume that (Cg) holds true for the coefficients of equation (2.7).
Then the following assertions hold true.
(i) The invariant measure v of the Euler scheme converges uniformly to the
invariant measure of Y. Namely
lim sup vy~ sup d(vy,v]) < +oc.
7—0 IS

In particular, we have

lim sup d(vy,v)) = 0.

=0 ﬁeg (vo,v9)
(ii) The occupation measure of the FEuler scheme converges to the invariant
measure v, as the number of steps goes to oo, that is:

| N2
; S v —
Wi 5 <N 2, 0z ) =0
(#i1) We have

lim lim sup = 0.

Y—=0 N,;n—+o00 yco

1 n—1 1 N-1

Proof. We prove the three items separately.

Proof of (i). For sake of simplicity, we only detail the proof for p = 2. The
extension to a general p does not generate particular difficulties and can be
done as in Proposition 3.7. We start from the following inequality:

d(vy,vy)

<d(e(287). L)) +d (v, £ (23])) +a (£ (V) m) . (41)
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Let us consider the three terms of the right-hand side of (4.1) successively.

First, without loss of generality, we can assume that Y(}9 = Zg 7. Furthermore,
we have that Z;fﬂ = Z}f7 for all n > 1, where Z? is defined by (3.21). Then, by
Proposition 3.7 (¢) applied with +,, =, we have

EHYn Z;?'y’y| <OZE¢7€2 )] —pr(n—1- k)a
k=0

where we recall that ¢y, is defined by (3.23). Using that by is sublinear (uni-
formly in ¥) and the fact that the increments of B satisfy relation (1.1), one
obtains

Z( <1+E |Zﬁ,w }) ij2H+1> o—Py(n—1—k)

k=0

9 9,
EHYn'y - Zn,'):Y

It follows easily that

sup lim sup V_QHEHYT?7 — ngg] <1+ sup lim sup E[|Z19’7| ].
9€0,v7€(0,70] n—+00 Y€O,v€(0,70] n—>+00

Moreover, owing to Proposition A.2, there exists vy such that

lim sup E[|Z T2 <

n——+o0o

Summarizing, we have obtained

sup  limsupy *"E[|Y,, — Z}zﬂ %] < o0.
9€O,7€(0,70] m—r+o0

We now consider the term d(vg,L(Z]%’;’)) in the right hand side of (4.1).
Using that v is invariant, we remark that

d(v3.c(2%])) <ElZ3] - 2%

2]%

where Z?7 denotes a stationary Euler scheme built with the same noise process
as for for Z”7. Thus, thanks to the fact that

)= b(Z570)

a straightforward induction under assumption (Cs), similar to (3.27), leads to

9, 9 9, 9, 9,y
=2 =200, Z(k11)7+7(b(z(k 1)y

’Z“ 1“‘ (1727a+72L2)k’Z§”7289” (4.2)

‘2
We choose 79 = «/L? in such a way that 2o — yL? > « for any v € (0,70]. In
addition, recall that Zg " = z. Then, by possibly picking a smaller value of 7q,
we deduce from Proposition A.2 that

lim sup sup d (l/g, L (Z}?,,j)) = 0.
N—+o0c0 9€©
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Eventually, the last term in the right hand side of (4.1) tends to 0 uniformly
in ¥ as N — +o0o by Proposition 3.1. This concludes the proof of (7).
Proof of (ii). By Proposition 3.4, the convergence of d(4 ,iV:_Ol 52;3”7 v)) to 0
is true for the simple convergence. In order to extend this result to a uniform
convergence in ¥, we use Proposition 3.8(ii) to obtain that the family {¢ —
1

d(+ i\’;ol §ng,1/g); N > 1,9 € O} is equicontinuous for a fixed v € (0, o]

Actually, for some given ¥, and 9,

1 N-1 1 N—-1
! (N 2 5z;:;”’”31> ¢ (ﬁ 2 5zﬂ>|
k

=0 k=0
1 N-1 1 N-1
<d(v) ,v))+d (N > 6,0, ~ 5Z1‘?,W>
k=0 k=0

The second term goes to 0 as ¥; — ¥ — 0 by Proposition 3.8(4i). This is
also the case for the first one by letting N go to oo in Proposition 3.8(i7) (for

instance).
Proof of (#i). This is a simple consequence of the two previous statements and
of Proposition 3.3(it). O

We now generalize Proposition 4.1 to the case of a decreasing time step for
the Euler scheme (2.13).

Proposition 4.2. We consider the same setting as in Proposition 3.8. In par-
ticular, we assume that (Cg) holds true for the coefficients of equation (2.7).
Let p > 2 and consider d € D,. Let {si; k > 0} be the sequence of time steps
defined by (2.18), which is assumed to verify

“+oo p/H+1

Jp’ > psuch that E Tetl 4o, (4.3)
Sk
k=1

Then we have

lim  sup =0. (4.4)

N,n—+oo V€O

1 n—1 1 N-1
d (5 > oy, i > ’Yk+15z;9k> — d(va,, Vo)
k=0 k=0
Proof. For notational convenience, the proof will be detailed for the continuous-
time Euler approximation (Z});>¢ defined by (3.21), with step sequence (7,,)pn>1-
An application of the triangular inequality allows us to bound the left hand side
of (4.4) as follows:

n—1 N—-1
1 1
d|— dy, ,— 4] —d < Ap 4+ Ay N(9). 4.
<nkZ_0 Ytk78N kz:;)’)’lwrl Z§k> (Voo v9) 1+ A2 N () (4.5)

with

n—1 N-—-1
1 1
Arp=d (ﬁ kZ_O(SYtk ; Vﬂo) ;o Aan(9):=d (g kz_; ’Yk+152_;9k71/19> :
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Our claim can thus be reduced to prove that

lim Ay, =0, d li Az n(9) = 0.
L

Furthermore, the fact that lim,,_, ;oo A1, = 0is a direct consequence of Proposi-
tion 3.3-(ii). We thus focus on the asymptotic behavior of Ay x in the remainder
of the proof.

In order to bound As y, let us set s = max{sy,sr < s}. Then we observe

that
1= 1 [oN
— ’}/k+15Z19 = — 5Z1‘)d8.
SN =0 Sk sN Jo ES

Therefore we can split As x into
Ag,N(ﬂ> < A217N(’l9) + AQQ’N('&) + Agg)N<19) (46)

where the quantities Ag; n () for j = 1,2,3 are defined as follows:

A21N = (i/ 5Zl9d8 / §y0d8>
SN

Aso N (V) = d(SN/o 5y19ds —/ 6yuds> (4.7)
Ags v (9) 1= d (i /0 " byads, w) . (4.8)

SN

We will now treat those three terms separately.
The term Agz n is easily handled by applying Proposition 3.3 (¢) (simple
convergence) and Proposition 4.1 (i) (equicontinuity). We thus get

li A ¥) =0.
N, 5B e (9)

Now, let us prove that lim sup Age n(¥) = 0. Since d € D, C D,/, we can
N—+o00 yco

assume without loss of generality that d = W,,. We invoke the strategy outlined
in Remark 3.9. This means that we are reduced to prove the following limit :

1 [N

sup — Y, — Y2 dt N2t 0 as. (4.9)
9€0 SN Jo N
To this aim, we first note that
t
Y2 =Y < [ Ibo(v)lds + fol|Be ~ Bl (4.10)
t

and thus there exists a constant ¢,/ , such that
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L[N s o
Y," =Y dt

SN 0
1 SN t P’ 1 SN ,

<Cpo —/ / by (YP)|ds dt+—/ |B; — By|F dt
SN Jo t SN Jo -

Next we upper bound the first term in the right hand side of (4.11) invoking
successively Jensen’s inequality and Fubini’s theorem. We obtain that

SN t P’ SN , t ,

L waas) a < [T - (/ ol )1 ds )
0 t 0

= / by (Y2)|P </ |t—sp_1dt)ds

0

where we have introduced the additional notation § = min{sy, s;, > s}. Taking
into account the fact that |t — s| < vy for any s,t € [sg, Sk+1), we end up with

SN Sk+1 ,
/ / by (YY) \ds dt < Zykﬂ/ g (Y|P ds. (4.12)

Furthermore, since by is uniformly sublinear in ¥ and owing to (3.9) we know

(4.11)

that
]. SN /
(4 :=sup sup — by (Y2)|P ds
vee N>1 SN Jo

Sk+41
Z/ lbg(Y2)P'ds < 400 a.s.

= sup sup —
9eO N>1 SN

Moreover, limg_, 4 oo ’Yk,ﬂ = 0. Hence, for all £ > 0 there exists kg > 0 such that

for all k > kg, we have 7£/+1 < &. One can thus deduce that

k+1 ,
sup — P / by(Y2)|P ds
sup — Z e [ (YD)
k(, 1 1 Nl Skl )
< sup Z " / bV ds+sup = Sy [ oy s
9eO SN 9e® S N = %o Sk
7]10 Sk
<O | 2 +e, (4.13)
SN

from which it is easily seen that
Skt 9\ p’ N—4o00
sup—z:%chl |by(Y)|P ds ————= 0 a.s.

9€0@ SN

(4.14)
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We can conclude that the first term in the right hand side of (4.11) vanishes as
N — 400 due to our identity (4.12).

In order to prove that the second term in the right hand side of (4.11) con-
verges to 0, we invoke Kronecker’s lemma (in its continuous version, see [17,
Theorem 2.1]). We get that it is sufficient to prove that:

/*‘”MWW s
0 1+t o

However, due to the fact that (¢t —t) < Yg41 if ¢ € [sk, Sp+1), we have,

+ B, — B p’ oo 4 , oo p'H+1
[ ] S
0 1+t 0 1+t 1 Sk

E

where c is a positive constant and where the last inequality stems from hypoth-
esis (4.3). Hence, Kronecker’s lemma yields

1 SN ! N —+o00
— |Bt — Bt|p ds ———— 0 a.s. (415)
SN 0 -

Now inequality (4.11) combined with (4.14) and (4.15) easily yields (4.9). We

conclude that ~ lim sup Ay n(9) =0.
N—+o00 gco

Going back to our decomposition (4.6), we still have to prove that

li A ¥) = 0.
w Sup Az (0)

To this end, let us write A n(¥) in its discrete form:

1 N-1 1 N-1
Ap n(9) =d (5 kzzo Vo167 5 . kZ:O ykﬂaysﬁk) . (4.16)

Then invoking Remark 3.9 once more, we are reduced to prove

N—-1

1 ,

. > st [YE = Z2 P A2 0 s, (4.17)
k=0

In order to achieve (4.17) consider the integer ng given by Proposition 3.7 (i7).
For k < ng we trivially bound |Y,? — Z? | using (3.22). Since (3.21) asserts that
SUPgeo ke fl,...n0} |Z§k\ < 400, we get that

sup Y2 — 72 | = C(w) < +00  a.s. (4.18)
9€0,kef1,...,n0}

We now bound the right hand side of (4.17) by means of (4.18) whenever k < ng
and invoking (3.24) when k > ng + 1. This gives
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/ 1 S S
’yk+1|Y8 Zl9 |P < Clw 5_ <27k+1+ Z V1€ —p(sk— n0)>

N-1

k=0 k=no+1
1 N—-1 k—1
— 3 kr Y ey (YD) oo (419)
SN
k=ng+1 l=ng

The first term in the right-hand side of (4.19) is clearly evanescent as N — +oo0.
Let us focus on the second one. By a Fubini type transformation, we get

N-1
Z Vit 1 Z ¢Zp —P(Gk—‘?tzﬂ) — Z ¢€p Z Vis1€ —p(sk—5e+1)
k=no+1 {=ng L=nyp k=(+1
< Z P (Y, Z e PR o)
k=£+1
where the last inequality is due to the fact that (%) is non increasing. Since
Z — e~ P* is a non-increasing function, we remark that for ¢ € {0,..., N — 2},
N-1
Z ,ykefp(skfsul)
k=f+1

SN—1 1
< ePse+t / e Py = = (epw+1 _ e*P(SN—lfsu—l)) <C,.
S0 P

Thus, in order to see that the right hand side of (4.19) vanishes as N — 400,
it remains to show that

lim Z bop (Y. (4.20)

N—+o0 196@ SN
where we recall that ¢y, is defined by (3.23) and thus

N-1 N-1
41
Pep = Vet o (VDI

=0 =0
N-1
1 Ye+1 ,
+ = Z/ |Bg,+t — By, [P'dt.  (4.21)
SN = Jo

Let us begin by the term involving by in (4.21). First notice that

1
SN

1 SN
Wp/ (/ 5y819d5,l/79> < AQQ,N('&) =+ A237N(19),
0 s

SN

where Ags v and Agg n are respectively defined by (4.7) and (4.8) with d =
W,. Furthermore, we have seen that limy_,4ocsupyce A22,n(¥) = 0 and
lmy s oo SUPyeg A23,n (V) = 0 . We immediately deduce that

1 [
lim sup Wy < / dywsds, 1/19> =0.
N—+oo9eco sN Jo =
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Moreover, by Proposition A.1 for instance, we have supycg vo(|-[?) < 0o. We
thus deduce that
N-1

/
sup sup — g Yer1|Y2 P < 400 as.
HEO N21 SN

Furthermore, since by is uniformly sublinear in ¥ and limg_, | 754,-1 =0, it
easily follows along the same lines as for (4.14) that:

p' +1 p’ N—+o0
sup — o by (Y. — 0. 4.22
sup — Z rir oY) (4.22)

We now turn to the term in (4.21) involving the fBm, for which we use the
classical discrete Kronecker lemma. To this aim, we remark that

+°° V41
/ ‘BSk-‘rt Sk ‘ dt
Sk

where the last inequality stems from assumption (4.3). From (4.23), it is easily
seen that

“+o0o p 'H+1

k+1
E ,H i Z < 400, (4.23)

Ye+1 ,
ZS_/ |Bsé+t—BSl|p dt < +00  a.s.
y4

We are thus in position to apply Kronecker’s lemma to the sequence
(J " |Bs,4¢ — Bs,|P'dt) 0. This yields

i Vet N—+o00
— > / |By,+t — Bg, [P dt 2272 0. (4.24)

Let us summarize our computations so far. Gathering (4.22), (4.24) and (4.21),
we have obtained relation (4.20). This easily implies that (4.17) holds true and
hence As; () defined by (4.16) satisfies
li A 9) = 0.
N, Sup Ao (9)
Since similar results have also been shown for A v (¢) and Agz n(9), relation
(4.6) gives

1 A 0.
Wi sup Az (9) =

Eventually, plugging this information into (4.5) yields our claim (4.4). ]

4.2. A general convergence result

The consistence of our estimators will rely on the following general proposition
about convergence of minimizers for a sequence of random functions. Observe
that our sequences below are indexed by a generic r which sits in an unspecified
set. This simplifies the subsequent applications of the proposition to our indices
N,n, in the remainder of the section.
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Proposition 4.3. Let © be a compact set and (¢ — L.(9)), denote a family
of non-negative random functions. Assume that:

1. With probability one, lim, L, () = L(¢) uniformly in 9 € ©.
2. The function ¢ — L(9) is non-random and continuous on ©.
3. For any r, the set argmin{L,(¢),9 € O} is nonempty.

Then, for a fizedr, let ¥, € argmin{ L. (9),9 € ©}. Let A denote the limit points
of (9;). Then we have
A C argmin{L(9),9 € ©}.

In particular, if L attains its minimum for a unique ¥*, then lim, 9, = 9*.

Proof. Let ¢¥* be an element of argmin{L(v}),d € ©}. We consider a generic

element ¥ € A and its related convergent subsequence (¥, )n>0. Then we can
upper bound L(9°°) as follows:

L(¥®) < Ly, (0r,) +|L0I®) = Ly, (I.,)]. (4.25)

We now bound the two terms in the right hand side of (4.25). On the one hand,
by definition of ¥,
Ly, (9r,) < Ly, (97).

Hence, thanks to the fact that lim, L, () = L(¢¥) for all ¢ € O, we get

limsup L, (@T ) < L(9). (4.26)

n
n—-+o0o

On the other hand, we also have

|L(97) = Ly, (9,)| < [LW™) = L9y, )| + sup [L(0) = Ly, (0)]. (4.27)

Therefore we can invoke the continuity of L to bound the first term in the right
hand side of (4.27), plus the uniform convergence of L, to L in order to handle
the second term. This yealds

limsup |L(9>°) — L,, (9..)] =0 (4.28)

n—4oo

Plugging (4.28) and (4.26) into (4.25), we obtain that L(9°°) < L(¢*) and thus
¥ belongs to the set argmin{L(¥),¥ € ©}. This finishes the proof. O

4.3. Proofs of the convergence theorems

With all our preliminary considerations in hand, we are now ready to prove the
main convergence results for our estimators. This is briefly outlined below.
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Proof of Theorem 2.9. Recall that the family {1§N,nﬁ7 (N,n,v) e N2 x R% } is
defined by (2.15). We wish to apply Proposition 4.3 with 7 = (N, n,7) € N?xR?.
We set L, (9) = d(+ Z;é Oy, + 2\7;01 d,9.~). By Proposition 4.1, we have
d Sk

uniformly in 9 € O,

%13% N,il_lfloo L n~(0) = d(vy,,ve) = L(V). (4.29)
In addition, owing to Proposition 3.6 and Assumption (I ), L is continuous and
Jg is the unique minimum of L. We have thus checked that the hypothesis of
Proposition 4.3 are fulfilled, from which Theorem 2.9 is easily deduced. O

Proof of Theorem 2.10. The proof goes along the same lines as for Theorem 2.9.
Namely we apply Proposition 4.3 to the sequence {Jn ., (N,n) € N?} defined
by (2.20). To this aim, we set

1 n—1 1 N-1
ot = (A5 T e )

Then according to Proposition 4.2, the sequence (L, )N, converges uniformly
to L defined by (4.29) when N,n — +oo. Furthermore, the continuity of L
follows as in the proof of Theorem 2.9. Our claim is thus easily deduced. O

Proof of Theorem 2.8. We still wish to apply Proposition 4.3 to the family
{195\6,’)%7, (N,n,v) € N> xR* } defined by (2.17). However, since we only assume
(Cw) instead of (Cs), one is only able to obtain simple convergence properties
on O. In order to circumvent this problem, we have restricted our analysis to
the discretized parameter set ©(¢) introduced in (2.17). For a given € > 0, ©()
is finite and hence, one deduces from Propositions 3.3(¢i) and 3.4, that

lim lim S Lyn~(Y)— L) =0,

Y S Sup [LN oy (9) — L(9)]
where L is defined by (4.29). Now, denote by A() the set of limit points of

(1953)”7)]\;”7 From Proposition 4.3, one deduces that
AE) c argmin{L(¥9),9 € ©©)}.

Furthermore, L is a continuous function such that L(¢y) = 0. Thus, since
dist(99, ©)) — 0 as ¢ — 0, one deduces that mingcge L(¥) — 0 as € — 0.
Owing to (Iy), this implies that any sequence (9(%)). of A() converges to .
This concludes the proof. O

5. Rate of convergence: proof of Theorem 2.13

All along this section, we assume (Cg) and (Is). Our aim is to bound the quantity
E[|UN,n,y—U0|*] where U, - is defined by (2.15). Owing to (Is), we are reduced
to study

E [d (”"90’ ”ﬁw,n,w)q} (5.1)
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where ¢ := 2/< and ¢ € (0, 1] is given in (Is). Our strategy of proof is based on
the following decomposition

Lemma 5.1. Let 1§N,nﬁ be the estimator defined by (2.15) and recall that vy is
defined by (2.8) for all¥ € ©. Then d (Vgo, Vi Tm) can be decomposed as

3
d (ugo, Vﬁ’N,n,y) < 2D 42 Sgg D( ) L(0) + 231618 D§V))W(19) (5.2)

where DV Dg\?’)v(ﬁ), and Dg\i)v(ﬁ) are respectively by

n—1
1
DWW .= g (WO, - > 5Ytk> , (5.3)

k=0

N—-1
D(2) = ( Z(sZM,NZ@&), (5.4)

k=0
DY (9) d( Z By W) (5.5)

Proof. Let us write 9 for 0, , throughout the proof in order to ease notations.
We first apply the triangular inequality, which yields

d(Vﬁo’V@)
n—1 N-1
<d<uﬁ0, Z(Sytk>+d< ZémkNZ(SZM)—s—d( ZJZM, )
k=0

where (Y7);>0 is the observation process given by (1.2). Next, we invoke the
fact that U minimizes the quantity d (% o (;ytk, ]{, iv 01 6219 w) in ©, which

gives

1 n—1 1n—1 1 N-1
d(yﬂo’yé) Sd<yﬂ°’ﬁzéytk> +d<ﬁz5m’ﬁ 5Z79°’7>
k=0
1 V=l
+supd | — S0,V |- 5.6
ﬁeg (N kZZO Z/f'y v ( )

We further split the second term in the right hand side of (5
n—1 N-1 1 n—1 1 N-1
D s

1 N—-1 1 N—-1
+d (N 5Y190, N 5Z190,~,> R (5.7)
k=0 k=0

.6) as follows:
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and resort to a similar decomposition for the third term in the right hand side
of (5.6). It is then readily checked that plugging (5.7) into (5.6) we end up with

our claim (5.2). O
In the remainder of the section, we shall handle the L?-moments of D, 1)

SUPyco |DNW( )| and supycg \DN77(19)| separately, respectively in Sections 5.1,
5.2 and 5.3.

5.1. L9 bound on Dfll)

We start this section by giving a notation concerning expectations of empirical
measures.

Notation 5.2. LetY be the solution of equation (2.7) andt > 0. As previously,
dy, denotes the Dirac measure at Y, considered as a random measure. Then
El[dy,] is the deterministic measure such that for all continuous and bounded

f:R?* - R we have
E[6y,](f) = E[f(Y2)].

With this notation in mind, we can now deliver our L? estimate for D,gl).

Lemma 5.3. Let Dg) be the random variable defined by (5.3). Then, whenever
d is given by dep,p or ds, defined respectively by (2.21) with p > (¢ + d)/2 and
(2.22), we have:

E [|DM]1] < G, (04 - dE-@ID)), (5.8)

Proof. We decompose Dfll) as follows:

n—1 n—1
JCRES SC) FRIEOWTNED 9
k=0 k=0

= D 4 p(12), (5.9)

DY

IN

For the term Dﬁll), we can use the contractivity assumption (Cg) on the drift b
which implies that two solutions of the SDE (1.2) with different initial conditions
converge exponentially pathwise to each other as t — 400 (see e.g. [21]). More
specifically, we have already seen in (3.7) that the arguments of [21] entail
1Y — Y}HLP(Q < c1e~ ¢! for two positive constants c;, ca, where we recall that
Y designates the stationary solution of (2.7). Hence for a Lipschitz function
f:R?Y = R we easily get the existence of a constant C' > 0 such that

n—1 _
1 1 C
LS 1)) — ()| < £ S B0 = 7000 < Sl 5110
k=0 k=0
It remains to take into account the distance d. Recall that we only consider the
two distances der,p and d, defined in Subsection 2.5. We thus easily deduce from

(5.10) and the definitions of der ), and ds that there exists a positive constant C
such that
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n—1 n—1
1 1
D;ll) < max {dCF,p (Vﬂo, g Z E[(Sytk]> ,ds <V190, E kZQE[(S}QJ) }

k=0

A

< (5.11)

3| Qe

The term DS? is handled in Proposition 5.4 below and specifically in rela-
tion (5.12). Therefore, plugging (5.11) and (5.12) into (5.9), relation (5.8) is
proved. O

Proposition 5.4. Let d be one of the two distances ds and dcpp, with p >
(g+d)/2. Then,

n—1 n—1 q
1 1 a(g_
d (ﬁ > v ZE[émJ) ] < Cyn~ 3@V, (5.12)
k=0 k=0

The proof of the proposition is based on the following lemmas:

Lemma 5.5. Recall that (Y;)i>o is given by (1.2). Then for all ¢ > 1 and for
all Lipschitz function f : R* — R,

n—1 q
1

=~ f(%,) —E[f(¥i,)]

k=0

E < Cllfl|Egpn 2 GG, (5.13)

Proof. We invoke a concentration result for large time borrowed from [48, The-
orem 2.3]. This result asserts that: there exists C' > 0 such that for all Lipschitz
functions f : R? — R and for all » > 0,

( Zf Vi) = E[f(Yy,)] _T> < Cexp(=C|f|lgr®n?= TV (5.14)

Therefore, one can check that (5.13) holds true by plugging inequality (5.14)
into the classical formula

+oo
E[X1] :/ g 'P(X > 2)dx,
0

which is valid for any positive random variable X. O

Proof of Proposition 5.4. We will only give details about dgy, since ds can be
treated exactly along the same lines. Furthermore, since our parameter q is
greater than 2, by using Jensen inequality and the linearity of E into the defi-
nition (2.21) of der p, we get:

_ q
1
dCF,p (Vﬂoa ﬁ Z 5Yt,€ ) ‘|

<J.r

E

q

gp<£)d€,

%Z e(Ye) — Blfe(Y,)]
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where f¢(z) = &%), Since || fe||Lip < |€], we thus deduce from Lemma 5.5 that

n—1 q
1
dCF,p (Vﬂoa H Z E[(SYtk}>

k=0

E

< Cyn—$@-@HVI) / €]7g, (€)de.
]Rd

The integral in the last inequality is finite owing to the fact that we chose
p > (q+ d)/2. Our claim thus follows. O

5.2. L7 bound on Dl(g,)'y

Our aim in this section is to get an equivalent of relation (5.8) for the term Dg\??,y
defined by (5.4), namely

E [sup Dﬁ}vw)w] < CyiH (5.15)
JYEO

where the distance d in the definition of DE\?) is either d; or dgy . To this end,
resorting to the fact that dcr ), and ds are both elements of D;, the quantity
(5.4) can be upper-bounded as follows:

N-1
2 1 9 0,
sup DY (9) < ¥ 2 sup [V}, = 2|
k=0 €O

We thus deduce that

1 N-1 q
9 9,y
— E sup |Y,, — Z .
<N k=0 ‘96@| T > ]

Recall that ¢ > 2. Hence a direct application of Jensen’s inequality gives

E [sup |D§3)ﬂ/(19)|q] <E
VEO ’

N-—-1
1
E |sup DY, (0 Q} <= E{su Yo -z Q}. 5.16
DR, < B s 1, 2 (5.16)

Now according to Proposition 3.7 (i) and Proposition A.2 (i7) (see also the proof
of Proposition 4.1 (4)), it is readily checked that

sup E [sup |Y,€’97 - Z,fﬁ’y7 q} < O,
k>0 |veo

Gathering this information with (5.16), inequality (5.15) is easily deduced.

5.3. L2 bound on DSL

The quantity (5.5) is the hardest to treat among the terms in our decomposi-
tion (5.2), due to the fact that we wish to achieve a uniform bound in 9. We
summarize our analysis in the following lemma.
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Lemma 5.6. Let DJ(\?;,)'Y be the random variable defined by (5.5), and assume
that d is either ds or dorp with p > (¢ +d)/2. Then, we have

E Ls?ug Dﬁfv(ﬁ)q} < Cy (Y7 +T77) (5.17)
€

with 7] 1= 5752 — (2H V1)) and T = N7.

Proof. We will further decompose the term Dgf;’?,v and then divide our analysis
in several steps. First, let us introduce some notations: denote by 7" the quantity
N~ and for all t € [0,T], set ¢ := inf{ky | ky <t < (k+ 1)y} as we did in
the proof of Proposition 4.2. With this notations in hand, we have Dg\?;’)w(ﬁ) =

d(vg, 7 fOT (5Y£9 dt) from which we deduce the following decomposition:

Sup Dg\?’)7 (9) < sup Dg’l)(ﬁ) + sup DE\?QW) () (5.18)
€o ) Ve
where
DD e
Ny (9) =d | vy, T | 5Ytﬂdt
and

(32) 1 T 1 T
DNv'Y (19) = d ?\/0 5y;19 dt, ?\/O' 6Y£9dt .

We will now handle those two terms separately:
Step 1: Bound on DJ(\?? As in Section 5.2, since d € Dy whenever d = dg or
d = dcr,p, we have

1 [T
sup D%‘;’QW) (¥) < —/ sup |V, — Y7 |dt. (5.19)
YEO ’ T Jo veo -
We now proceed as in Section 5.2 in order to get the equivalent of (5.16) thanks
to Jensen’s inequality. We get
32 I
E [Sup |D§V;(ﬁ)|q} <1 / E {Sup v - Yt”|‘1] dt. (5.20)
YEO ’ T Jo YEO -
In order to bound the right hand side of (5.20), we start by recalling the bound
(4.10) for ¥;” — Y’
t
Y2 =Y < [ bo(V)ds + Lo 1B~ Bl
t

The drift term above is now bounded thanks to the sublinear growth of by given
by (2.5) and the uniform bound on the L? moments of Y, given by Proposition
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A1, As far as the term |B, — By is concerned , we obviously have thanks to
(1.1) and the fact that |t —t] < ~:

E [|B; — B|] < Cuny™.

From here, it is readily checked that

B [sup vy - Y|} < Oy 4"
JYEO -

Plugging this information into (5.20) we end up with

B sup D)1 < €%, (521)
YEO

Step 2: Bound on Df,’l,y) (9) for a fixed 9. For a fixed value of ¥ € ©, the term

Dﬁ? (9) will be handled similarly to Section 5.1. Namely, along the same lines
as for relation (5.9) we write

4 1 /T 1 /T 1 T
DYV (W) <d uﬂ,—/ E[yo]dt | +d —/ E[(Sw]dt,—/ Syodt | .
) T 0 t T 0 t T 0 t

(5.22)
Then the first term in the right hand side of (5.22) is handled exactly as (5.10)
in Section 5.1, which yields

1

T
: / B[ (V)dt — vo(f)

C
- < =l (5.23)

The second term in the right hand side of (5.22) can be upper bounded thanks
to a continuous time version of Lemma 5.5 (also based on [48, Theorem 2.3] and
left to the reader for the sake of conciseness). We get

q
1

T
E|L / (FO) — BN dt| | < Cyll fI8, T3 (5.24)
T Jo P

Therefore putting together (5.23) and (5.24) and arguing as in Section 5.1, we
get that for d = dep,, with p > (¢ +d)/2 or d = ds and for any ¥ € ©,

17 !
d l/g,T/O 5Yt79dt

where (|, is a positive constant which does not depend on 4.

Step 3: Bound on supycg Dg\‘;’l,y)(ﬁ) In order to gor from (5.25) to a bound for

the supremum over O, we proceed to a discretization of the parameter space ©

E (DG W) =E < €y (771 4 7-AC-Cr)

(5.25)
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as in Section 2.4. Towards this aim, we will use the following notation: for any

¥ € O, we set
1 T
o(¥) :=d 1/19,—/ dyodt | . (5.26)

Let € > 0 and recall that ©(¢) := {1955) | 1 < i< M.} is defined at the beginning
of Subsection 2.4 in such a way that © C Uil\fl B(19(6)7 ¢). Then, for any ¥ € O,

%

p(0) < lp(¥) = ()] + [p(09))]
where 9(¢) is defined by (2.16). Therefore

e (e)
P(0) < () = p(0)| + max [p(0)

and finally

E [sup 50(19)‘1} <¢E |:1S91€18 lo(9) — w(ﬁ(s))lq] + ¢ E {

max |so<z9§a>>|q}
Je© <i1<M;

1<i<M,
M.
< B |sup [(0) - o0+, LB [l G2)
€ i=1
Owing to inequality (5.25) for a fixed ¥ € O, we can deduce from (5.27) that
2 o]
YeO
<¢,E [328 lo(9) — 30(19(5))|q] + ¢, M. (T—q + T—%@—@HVU)) . (5.28)
In the remainder of the step, we thus focus on the first right hand term in (5.28).

Namely we will show the existence of an integrable random variable {; > 0 such
that for all 9,95 € © we have

[p(¥1) = p(D2)] < CplPhy — Vo] aus. (5.29)

For this purpose, let us split the quantity |¢(1) — ¢(¥2)| in two terms

I I
lp(¥1) — o(92)] < d(vy,,ve,) +d (T /0 5Yt191 dt, T /0 (5Yt192 dt) . (5.30)

Then, one can show the following inequalities for any d € D,

d(vg,;v9,) < Cldr = Dol supyee vo (| - [7) (5.31)

A (4 Jy Syordt, b J) Oy0ndt) < Cliy = 0] (% J) supgee Y[ ds)  (5.32)
where r is given in assumption (Cs) and where equation (5.31) is obtained
by following the proof of Proposition 3.8 (see appendix B) for the stationary
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solutions Y1 and Y?V2. Plugging (5.31) and (5.32) into (5.30), we obtain that
(5.29) holds true with

1 [T .
Cr :=Cma><{suw19(|-|’"), f/ suplYfl’dS}-
0

9€O vEO

By Proposition A.1 (i), we get supps o E[(;] < +00. Then plugging (5.29) into
(5.28) we end up with

E [sup @(19)‘1] < cgsup E[¢,7]e? 4 ¢, M. (T_q + T_%(2_(2HV1))) . (5.33)
€O >0

For all € > 0, since © is a compact of R%, we can choose M, < % and then if

we choose € := T~" for some n > 0, we finally get

E {sup (p(ﬂ)q} < ¢g sup E[¢,;1) T~ + C;C@ (quern + T*%(27(2Hv1))+dn>
JeO >0

< ¢gsup B[ T~ + ¢/ CoT 22~ (2HVY)+dn
T>0 q
It just remains to optimize in 7 to conclude that:

E {sup @(ﬂ)q} <C, T (5.34)
veO

. ~ 2 . .
with 7 := m@ —(2H v 1)). By putting together (5.18) with both (5.21) and
(5.34), this concludes the proof of (5.17). O

Let us now conclude the section. Through inequality (5.2) and the control
of the three right hand side terms, namely (5.8), (5.15) and (5.17), we are in
position to conclude that Theorem 2.13 holds true.

6. Identifiability assumption

In this section we will provide some examples of equations of the form (1.2)
for which the crucial assumptions (2.9) and (2.10) are satisfied. We first review
briefly the diffusion case in Section 6.1, and then give a particular example in
the fractional Brownian motion case in Section 6.2.

6.1. Case of a diffusion process

In this section we consider equation (1.2) in the case H = 3, that is when the
equation is driven by a d-dimensional Wiener process. Our considerations are
summarized in the following proposition.

Proposition 6.1. Consider equation (1.2) in the case H = . We assume

Hypothesis (Hg) and (Cy) to be met and call vy the invariant measure corre-
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sponding to the coefficient by. We pick 91,92 € © and set
F = Span{Vf, for all f € C*(R?,R) with compact support}

where F is considered as a subspace of L*(vy,). We assume that by, — by, is not
an element of F* in L%(vy,). Then

d(vy,,ve,) > 0.

If this condition is satisfied for all couples (91,92) € ©2, then (1) holds true.
Proof. For ¥ € ©, let Ly denote the linear operator defined on C?(R¢,R) by:

Lof(x) = (V1,bs)(@) + 3 (0" D* f(2)0),

where D2 f denote the Hessian matrix of f. By a classical criterion, vy is invari-
ant for (1.2) when H = 1 if and only if vy(Ly f) = 0 for any f € C*(R¢,R) with
compact support. As a consequence, vy, = vy, if and only if vy, ((Ly, — Ly, ) f) =
0 for any compactly supported C2-function f : R — R. Now observe that

(Lo = Lo) ) = [(95(),b0, () = bo, (@) v, (do).

The result follows. O

In other words, this result says that in the diffusion setting, the identifiability
assumption is true if Projz(by — by,) is not the null function for any v # 9.
Notice that this is always true in the one-dimensional case or if by is a gradient.
Unfortunately, the generalization of this simple characterization to SDEs driven
by fBm is far from being straightforward.

6.2. Fractional Brownian motion case

In this section we wish to check (Is) for some specific examples of equation (2.7)
and for the distance dcr p. Specifically, we shall consider a family Y92 of real
valued processes defined by

v = [<0¥? 4 Ao (V)] dt + o By (6.1)

where B is a 1-dimensional fractional Brownian motion. In equation (6.1) the
quantity A is a small enough parameter, which is assumed to be known. The
estimation procedure is still for ¥ only. The coefficient by is bounded together
with its derivatives with respect to y and 1. The process Y?* has to be seen as
a small perturbation of a fractional Ornstein-Uhlenbeck process with parameter
. We also assume that ¢ is a 1-dimensional parameter and:

9 e m,M], with 0<m<M <oo. (6.2)
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Let us start our analysis by the case XV = Y%7Y that is the fractional
Ornstein-Uhlenbeck process itself, solution of the following equation:

dX} = —9 X} dt + o dB;. (6.3)

It is easily seen that X7 is a centered Gaussian process whose variance is given
(see e.g. [23, p.724]) by

E[(X7)Y] = 20277 /t s* =L cosh(I(t — s))ds. (6.4)
0

In this case our assumption (Is) is easily satisfied, as shown in the following
lemma.

Lemma 6.2. Let v € [m, M] as in (6.2), and consider the fractional Ornstein-
Uhlenbeck process XV defined by (6.3). We call py its invariant measure. Then
for all 91,92 € [m, M|, we have

dCF,p(/‘L’lglal‘l”ﬂz) 2 Cm,M,H |191 - 192" (6'5)

Proof. 1t is well-known (see e.g [6]) that for the fractional Ornstein-Uhlenbeck
process we have p1y = N(0,0%), with

CH

- (6.6)

o5 =

Taking expression (2.21) into account, this yields

2
d?}F,p(,u’ﬂlnufﬂz) = /]R |:eXp < 2;%{}[52) — &Xp ( 2169]%{]_[ 52):| gp(f)déa

from which our claim (6.5) is easily proved. Notice that the fact that o is
bounded away from 0 is crucial here in order to ensure the continuity of ¢ — oy
in (6.6) on the interval [m, M]. O

Let us also state an elementary bound on ordinary differential equations for
further use.

Lemma 6.3. Let f,g : Ry — R be two functions such that there exist some
constants Kk, M > 0 satisfying

fr>kK, and l|g-| <M, forallreRy. (6.7)
Let y be the solution of the following differential equation:

U+ feye = ge- (6.8)

Then y is uniformly bounded in t and verifies

M
lye| < —.
K
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Proof. Equation (6.8) admits an explicit solution under the form

t t
Yyt = / exp (—/ fr dr) gs ds.
0 S

Plugging the bounds (6.7) into the above expression, we easily get

t
M
i [
0 K

which is our claim. O

We now wish to extend Lemma 6.2 to the model given by equation (6.1).
Namely we wish to prove the following proposition.

Proposition 6.4. Let Y™V be the process defined by (6.1) and considerp > 3/2.
We assume ¥ € [m, M| and X € (0, Ag) with a small enough Ao = Ao(m, M, p).
Also assume (without loss of generality) that by, Oyby, Ogby, ﬁgybg are all
bounded by 1. Then the following lower bound holds true for any 91,92 € [m, M|:

devp(Voy s V9,) 2 Cmon,m U1 — Val. (6.9)

Proof. Owing to the definition (2.21) of the distance dor p,, we have

1/2
AN i VN 2
den gl von) = { [ (B = B gy(6) de |
R
We will decompose this quantity as follows:
dexplvmya) = I — (12 4 12+ 1), (6.10)

where the quantities I;; and I3 are defined by
_ ) 2
L, = / (B [exp (1€7279)] = B [exp (€3) ] ) g,(6) de
R

o= [ (Blew (iex0)] B few (i€x7)]) i) de

and where we recall that the Ornstein-Uhlenbeck process XV is given by (6.3).
In equation (6.10), we also have

I = /R (E [exp (igytwl)} _E [exp (z’{Xfl)}
_E [exp (igYﬁ’ﬁz)} +E [exp (zfX;b)} )2 9,(€) de.

In the definitions above, t is an arbitrarily large time, to be determined later
on. Our goal is now to lower bound I3 and upper bound I; ; and .
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Lower bound for I3. In order to lower bound I3, we proceed as in Lemma
6.2. Indeed, Lemma 6.2 stems from a lower bound on

B[] — BleiX2]),
while we are interested here in a lower bound on
. 9 . 9

[E[e X — Bl

for a fixed t. However it is readily checked from (6.4) that there exists tg > 0
such that for all t > t; we have

I3 Z C1 |’L91 - 192|2 (611)
with a given constant ¢; > 0 depending on m, M.

Upper bound for I;;. Recall that both by and 9yby are bounded by 1. We
also assume that A is small enough so that A < m(1 —¢) with € > 0. Then it is
readily checked that @ — —dx + \by(z) satisfies the condition (Cs). Hence one
can see as in (3.7) that
I1j S Ce_%t.

If we wish to have I1; < c3 |91 —2|?, with c5 arbitrarily small, it is thus sufficient
to pick ¢t > t; with t; = C'log (m). In the sequel we choose this time ¢,
such that

NPyl < @wl_m (6.12)

Upper bound for I,. We start by recalling that XV = Y%7, Next we set
R = [¥1,02] x [0, A] and for r,7 € [0,1] we define

ar,7) = Y20 17 (Yﬂ”l - Y;“%) +r (Yﬁ’”z - }/;507192> +r7ARY:,  (6.13)
where the rectangular increment ArY; is given by
ARY; = Yt/\ﬂ91 _ Ytoﬁl _ Yt>\ﬂ92 + }/;07192' (6.14)

Notice that Is can be expressed as
2
= [ (Blanvuev)]) g(€)de. (615)
R

where 1)¢ is the oscillating function e’® and A r¥e(Yy) still denotes a rectangular
increment as in (6.14). Moreover, resorting to the path a introduced in (6.13)
we get

Awbel¥) = [ 0 luclatr o),

s
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and computing the differential 92 [¢¢(a(r, T))] explicitly we get

Arte(Yy) = / (vela(r,7))07a(r,7) + ¢ (a(r, 7)) 0ra(r, 7)0-a(r, 7)) drdr.

[0,1]
(6.16)
Taking into account (6.16) and (6.15), plus the fact that ¢ and its derivatives
¢/, " are bounded by |¢|? and [£|?g, is integrable if p > 3/2, we get that

I <GB (107 = Y2+ 1Ar(0)]) (VM = Y% |+ |AR(V:)])

2
+1Ar(M)]]
2
< CpamareB [|03Y 12 + 1007 7|5 + 93, [2]° A%[01 — daf®. (6.17)

In order to bound the right hand side of (6.17), we are now reduced to the
estimation of 9 Y7, 9yY M and 8§I9Y>‘”9. Let us thus show how to establish
a bound for d\Y . To this aim, differentiating formally equation (6.1), the
process 0,Y M7 solves a system of the form

d[a)\YA’ﬁ]t
dt

Whenever ¢ satisfies (6.2) and A < m(1 — ¢) with € > 0, equation (6.18) above
fulfills the hypothesis of Lemma 6.3. Hence we get

= | =0+ A9by (Y7) | oY + by (V7). (6.18)

0,Y,"| < Cm,M,e)

uniformly in ¢ > 0. We let the reader check that the same kind of inequality
holds true for dyY*? and 83\19}/')‘*19 as well, and thus we get
10AY o + 105Y * [loc + 1839 oo < €m,pre-

Plugging this inequality into (6.17), we end up with
|IQ‘ < CYp,m,M,s)\2 |191 — 192‘2.

1/2
We now choose A such that A < % (C 1 ) , where ¢; is defined by (6.11)
p,m,M,e
and € = 1/2. This yields

L2 < @'ﬁl — 9, (6.19)

We now gather (6.19) and (6.12) into (6.10), which proves our claim with A\g =

) 1/2
= C1
4 (Cp,m,M,s) : 0

7. Numerical discussions and illustrations

In this section, we provide several numerical examples in order to illustrate our
main results. To this end, we first investigate several numerical questions which
are related to our theoretical results.
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Simulated data and Euler scheme: In order to test our results, we have
chosen to simulate our observations. Nevertheless, the fractional SDE (1.2) can-
not be simulated exactly, except in some particular cases. Therefore we have
opted for a discretization procedure thanks to a simple first order Euler scheme
with very small step v (namely v = 10~3) in order to get a sharp approximation
of the true process. -

Let us recall that in the additive setting of equation (1.2) the simple Euler
scheme converges strongly to the true SDE, while this is not true in general in
the multiplicative case (see e.g. [37]). The convergence of the scheme can be
checked for instance through Proposition 3.7(4), applied with constant step +.
Furthermore, taking the expectation in Proposition 3.7(i) leads to a marginal
control of the L?-distance between the Euler scheme and the true SDE (with
same fBm) of order v (independently of the horizon). This confirms that our
approximation of the observations is reasonable when H is not too small (getting
a control for the uniform distance is more involved).

Let us also recall that the increments of the fBm can be simulated through
the Wood-Chan method (see [53]), which is based on the embedding of the co-
variance matrix of the fractional increments in a symmetric circulant matrix
(whose eigenvalues can be computed using the Fast Fourier Transform). There-
fore up to the approximation of the true SDE detailed above, we now assume
that we are given a sequence (Yj)r>0, where (Y;):>0 is a solution to (2.7) with
a given 6. Then we select from this path a subsequence of observations (Yo )noy
where t; = k7, which means in particular that we assume 7 to be of the form
kol with kg € N*.

Computation of the distance between empirical measures: The theo-
retical construction of an estimator like (2.15) involves in practice the compu-
tation of the distance d between the empirical measures of the observed process
and of the Euler scheme, for a distance d € D, as defined in (2.4). We briefly
describe how to compute this kind of distance.

Whenever d is the p-Wasserstein distance, an explicit computation of the
distance d in (2.15) is possible if the observation Y is 1-dimensional. To this
aim, one can use the following representation (see [47]): if 4 and v are two one-
dimensional probabilities with c.d.f F and G respectively, then for all p > 0 we
have

W) = [P0 -G @0Par

where F'~ and G~ denote the (left or right) pseudo-inverse of F' and G. More-
over, when p = Y1) p;d,, and v = 3772, q;0,,, the computation of the right
hand side above can be made explicit through a reordering (and using the fact
that F~! and G~ are stepwise constant). In particular, when n; = ny = n and
p; = q; = 1/n, the Wasserstein distance between p and v simply reads

1 n
WE(p,v) = - Z [Z(y — Yo lP- (7.1)
=1

We will use this representation in our simulations.
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In higher dimension, the computation of the Wasserstein distance generally
requires approximation/optimization methods which are out of the scope of
this paper. In this context it seems to be numerically simpler to work with
an approximation of the distance der, (defined in (2.21)), which is also used
for our analysis of the rate of convergence. Such an approximation can be ob-
tained by a standard discretization of the integral which appears in the definition
(2.21).

Minimization of the distance with respect to ¥J: Eventually the imple-
mentation of our estimation procedure relies on an optimization problem in
order to compute the argmin in (2.15). More specifically, in case the estima-
tor is built with a constant step Euler scheme, this consists in minimizing the

function
= | N1
fd:ﬁHdeZ_oam,N ;523». (7.2)

In this paper, we first use the naive approach which consists in evaluating the
function on a (finite) grid and then computing the minimum on this finite set.
This minimization algorithm is clearly restricted to a low dimensional setting.
Secondly, we use a stochastic optimization algorithm to explore an example in
dimension two (in space) for the distance dcr,, which is easier to manage. More
precisions are given after the one-dimensional case.

Numerical illustrations: Let us now turn to some numerical tests, for which
we consider two one-dimensional examples and one two-dimensional example.
We begin with the classical

> Ornstein-Uhlenbeck (OU) process: We consider the process XV defined by
(6.3), where ¥ is assumed to sit in a compact interval of (0,4o00) like in (6.2).
Let us recall that this case is a toy example since the Gaussian linear structure of
the OU-process allows to develop specific estimation methods (on this topic, see
[32] or more recently [51] and [5]). The assumptions (Hg) and (Cs) are clearly
satisfied, whereas (Ig) follows from Lemma 6.2. Using the strategy described in
the first part of this section, we get a discretely observed path of Y with the
following parameters:

Jo=2,7y=10"% v=10"2% n = 3.10%,

and different values of H. In Figure 1, we depict the function F,; defined in
(7.2) with d = depo for H = 0.3 and H = 0.7 respectively. As in the next
examples, the Euler scheme is computed with N = n and v = 102 as speci-
fied above. We remark that the function attains its minimum very close to the
true value of 1. We also observe that the function F,; is more flat when H is
small, which is consistent with the fact that H + 03 in (6.6) is an increasing
function.
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Fic 1. 9 = Fapp,(9) for H=0.3 (left) and H = 0.7 (right).

Figure 2 below is devoted to a comparison between the different p-Wasserstein
distances as p varies. Namely we fix H = 0.3 and we compute the function
Fq defined by (7.2) with d = W, for different values of p. Notice that in the
1-dimensional case we are considering we can resort to formula (7.1), since
we have chosen N = n. The true parameter is still ¥ = 2. Our distances
all perform correctly, although p = 4 seems to yields a slightly sharper con-
trast.

T T T T T T T T T T T T T T
06 08 1 12 14 16 18 2 22 24 26 28 3 32 34

FIG 2. 9 = Fyy, (9), H=0.3.

> We now consider a second example with a non linear dependence in 1, namely
an equation of the form:

dyy = =Y, (1 + cos(9Y?))dt + dB;.

In this case, we only compute the Wasserstein distance for different values of p
with the same choices of parameters. Once again, the minimum of the function
Fw, is attained close to ©9 = 2. One also observes that the local behavior in
the neighborhood of ¥ is similar to the linear case.
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. . . r r r . . . s T T T T T T T T T ]
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FI1G 3. 9 = Fyy, (9) for H=0.3 (left) and H = 0.7 (right).

> A two-dimensional example: we finally propose to focus on a family of two-
dimensional fractional processes (Z});>o indexed by a real parameter ¥ € © =
[m, M] C (0,400), where m, M are two finite constants. Specifically, Z? is the
solution to the stochastic system

dz? = by(z?)dt + dBH (7.3)

where (Bf!);>¢ is a two-dimensional standard fBm with Hurst parameter H. In
equation (7.3), we also have that for all ¥ € © the function by : R? — R? is
defined by:

for all z = (21,22) € R?,  by(z) = —I2¢ ((1 + |z|2)1/2> + ezt (7.4)
where 2+ = (—29,21) and (z) = 1_?% (namely v is the sigmoid function).
Let us first remark that the coefficient by above satisfies the main standing
assumptions of the current paper and generalizes the framework of [36]. Indeed,
the following holds true: (a) Due to the orthogonal component z* in equation
(7.4), it is readily checked that 9.,b} # 0,,b3 (where we recall the notation
of Section 2.1 for the partial derivatives of b). Therefore our family of drift
functions by cannot be of gradient type. (b) The functions by are obviously
smooth. In addition, we have (z{ — x5, 21 — z2) = 0. Thus in order to see that
by satisfies our Hypothesis (Cs), it is enough to check that the eigenvalues of
the Jacobian matrix of z + 2z¢(|2|?) are uniformly lower bounded by a positive
constant, where we have set

olx) =1 ((1 + a:)l/Q) , for x>0,

and where 1) is the sigmoid function featuring in our definition (7.4). We leave
to the patient reader the elementary task of computing those eigenvalues. Let
us just mention that a lower bound is given by ¢(|2|?), which is uniformly lower
bounded by % for all z € R2. This implies that Assumption (Cs) is fulfilled for
the coefficient by.

The multi-dimensional setting leads to new numerical difficulties. The first of
those problems is due to the fact that the exact computation of the Wasserstein



1122 F. Panloup, S. Tindel and M. Varvenne

distance in R? is still possible but costly (about n® computations for an empirical
measure based on n points by the Hungarian algorithm), while approximations
lead to numerical issues which are out of the scope of this paper (see e.g. [42]).
We have thus decided to work with the distance der p, introduced in Section 2.5,
which is simpler to compute. The second numerical problem we are facing comes
from the underlying spatial dimension. Indeed, when d = 2 one can still optimize
over the parameter ¢ by computing the contrast given by (2.15) over a discrete
grid of parameters . However, it is clear that in larger dimensions such contrast
estimators require to implement associated convex optimization algorithms.
With the above preliminary considerations in mind, we now briefly introduce
a stochastic optimization algorithm for the approximation of 9 N,n,y Telated to
der p- We will then implement this method on the coefficient by given by (7.4).
Here, the parameter 1 is still one-dimensional but the method which is proposed
can be adapted to the higher dimension. In order to describe our algorithm, let
us first recast our expression (2.21) for the dcr,, distance. That is, observe that
if fe(x) = ¢!&7) and if Z is a random variable with density gp then for two
probability measures p; and po we have

derp(p1, p2) = B [|pa(fz) — p2(f=)?] -

Now recall from relation (2.15) that we are dealing with the following empirical
measures:

= | Nl
= DU S DL A
k=0 k=0
Then our aim in (2.15) is to minimize a functional F' defined on © = [m, M| by

F(9) = dop(p, py) = E UN(fE) - Nﬁ(fi)m .

Our gradient descent algorithm will thus be applied to the functional F', and
we now provide some details about its computation. Indeed, the gradient VF
is formally obtained, similarly to what we did in the proof of Proposition 6.4,
as

VF(0) = BAW.Z)], where A(.€) =8y (Ju(fe) — wo(f)?) . (7.5)

Furthermore, it is easily seen that A(1,€) can be expressed as

A, §) = 2(po — p)(cos((€, ) po(=sin((§, )
+ 2(py — p)(sin((§, -))) po (cos((€, ), (7.6)

where we resort to the following notation for a given function g : R — R,

N-1

polgllE ) =+ D allE ZE0) (6,02, (77)

k=0

Plugging (7.7) into (7.6) and then (7.5), one observes that the computation of
VF(¥) mostly relies on our ability to evaluate (8192:;;’);620. Now it should be
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highlighted that this quantity can be computed on the fly, since 819289 7 =0 and

9,y

for all k¥ > 0 one can evaluate 8§Z(k 1)y recursively as

9, _ ¥, ¥, 9, 9,
o241y, = 002+ (Dubol(Z0) + V:bo( 207100217 )
The convergence of the gradient descent algorithm to a minimum of F' lies
outside the scope of the current paper (see e.g. [16] for background on this
topic). Let us just mention that the algorithm is recursively defined by

Oop1 =00 — 1 A(Op, Epyr), (7.8)

where (1), is a sequence of (positive) steps and (Z¢)¢>1 is a sequence i.i.d ran-
dom variables with common distribution g,. Notice that in dimension 2 the
random variables =, can be simulated through a change of variable. More pre-
cisely, if R and © are two independent variables such that R has density ¢,(r) =

?fi_ﬂl;; and © has uniform distribution on [0, 27], then (R cos(©), Rsin(O)) has
density g,. Furthermore, thanks to the inversion method we get that R can
be simulated as R = (U'/(~?) — 1)1/2 where U has uniform distribution on

[0, 1].

20
‘ —— =10

18 -=- ¥o=5

16 — True par.:Go=1
14

12

1011

08

06

Fic 4. Example in dimension 2.

The illustration represented in Figure 4 is obtained with ¢ = 1/10 in equa-
tion (7.4) and 1y = o(1 +£)~/2 in relation (7.8). We have also considered two
values of 7y and two different starting points yo for the process Z? in (7.3).
Furthermore, in these simulations we used a mini-batch approach. This means
that in equation (7.8) we replace the random simulated term A(6;, Z¢41) by an
average over m = 30 simulations. The mini-batch procedure is known to reduce
the randomness of the algorithm. The results displayed in Figure 4 show that
our approach yields a good convergence of the estimate to the true parameter
9. However, our simulations also reveal that the gradient gets quite flat near
the true parameter 99 = 1. Therefore the algorithm moves very slowly after a
large number of iterations. This is the reason why in the illustration, the algo-
rithm is stopped after n = 100 simulations. Also notice that we have provided
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several examples of initial values yg and step sizes 7y, which exemplifies the
sensibility of the current version of the algorithm with respect to the param-
eters. Those first attempts to combine our statistical procedure with gradient
descent algorithms would certainly need to be enriched with deeper consider-
ations, although this task is deferred to a subsequent publication for sake of
conciseness.

Appendix A: Tightness and convergence of the occupation measures

In this Appendix, we first show some uniform estimates for YV and Z?7 and
their respective occupation measures, as well as some convergence result for the
occupation measure of Y7, Those results are all used in the proof of Proposition
3.3 and 3.4.

A.1. Moment estimates

We start by bounding the moments of Y¥ and its occupation measure.

Proposition A.1. Let YV be the unique solution of (2.7). Assume (Hq) and
(Cw). Then the following inequalities hold true for p > 1.
(i) sup E[sup [Y,”[?] < +oc.
t>0  ¥ed
(i) sup sup L S0 [V |P < 400 as.
YEO n>1
(73) sup sup %fot V2 |Pdt < +00 a.s.
9¥EO t>0
Proof. We treat our three items separately.

(7) The proof is done in [23]. It is based on a comparison with the moments
of the fractional Ornstein-Uhlenbeck process, similarly to what is done in step
(74) below. Since the constants in (Cs,) are independent from ¥, we get the
uniformity with respect to ¥.

(#4) Let p > 0. By Cauchy-Schwarz inequality it is enough to prove the result
with 2p instead of p. Let us denote by (X;);>¢ the fractional Ornstein Uhlenbeck
process defined by (6.3) with ¥ = 1 and starting from yj, i.e.

dXt = _Xt dt+o dBt
Al
{ Xo = yo- (A1)
In this proof, we set ¢t := inf{kx | kx <t < (k+ 1)k} and T := nk. With this
notations, similarly to what is done in the proof of Proposition 4.2, we have

1n—1 1 T
- Yy QP:f/ Y2 |?Pdt.
n};)|m| T, V3"

Let us also denote by X the stationary Ornstein-Uhlenbeck process related to
(A.1). Then the proof of item (i) is based on the following inequality:
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I I
1 [oweas e (L[ - xipa
0 - 0 -

+1/T|X—X|2Pdt+l/T|X|2pdt) (A.2)
T 0 t t T 0 i : :

Let us start by bounding the two last term in the right hand side of (A.2). First,

since (X;m)k>0 is a stationary Gaussian sequence and since E[X X(nﬂ) ] —+>
n——+0oo

0 (according to [7, Theorem 2.3]), a criterion for Gaussian processes (see [35])
gives that (X )r>o0 is ergodic. Therefore, we get

A
i — P 2p _ 2p
TETOOTA | X |“Pdt = ngrfoo E | Xrer| E[| X, |*] < +oo, (A.3)

where the limit holds in the almost sure sense.
In order to treat the second term in the right hand side of (A.2), we resort to
equation (A.1). From there it is readily checked that 4| X;—X,;[* = —2|X;,— X, |?,

and thus | X; — X2 = e 2t yo — X0|2. In particular, we have hr—il-l | Xkw —
k—

Xpw|? = . lim e~2Pk%|y— Xo|?? = 0 and the corresponding Cesaro summation
—+00
tends also to 0, i.e.
n—1

1 [T - 1 .
lim —/ Xy — Xo[Pdt = lim = | Xpe — Xpe|? = 0. (A.4)
0 k=0

T—4o0 n—-+oo N

Now it remains to treat the first term in the right hand side of (A.2). To this
end, we will invoke our hypothesis (Cy ) and a classical argument based on
Gronwall’s lemma. Namely, note that for all € > 0,

d
Y = XiP =20 — X by (Y)) + X)
=20V = X, by (V) = bo(X0)) + 2(Y," = X, b9 (X)) + Xi)
1 N
<28 - 2aYY - Xiof* + gmﬂ = Xi? +eC(1+[X|*),

where the last inequality stems from (Cy ), Young’s inequality and the linear
growth of by entailed by (2.5). We then set € = 1/, which gives

d c r
2 = X <28 -l = X+ — (14 [ X7,

Hence from Gronwall’s lemma, we deduce that
¢ C
V7 — X, < / e =) [ 28 4 Z (14 |X,*) | ds. (A.5)
0 o

Starting from (A.5), one can easily get a bound on |V}’ — X;|?’. Namely, due
to the fact that fot e~ t=9)ds = o~ 1(1 — e~'), a direct application of Jensen’s
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inequality yields

1— —at\ p—1 t C p
W—Xt|2p<(—e) [eeen (2 Saspxn) as
0
C / a(t— s) 1—|—|X ‘Qpr)

Then, by using Fubini theorem, it comes

1 [T c. (T rt
f/ thﬁ_XﬂQPdtg _p/ / e*a(E*S)(1+‘XS|2pT)dS dt
0 t
—/ (14X, |2PT)/ Lo (s)e *E9)dt ds. (A.6)

In addition, for ¢ € [0,7] we have 1(4(s)e”*¢%) < e@"e=2(!=%) Hence inte-
grating the right hand side of (A.6) we get

Cpe*™ 1 T
- 2p et A 2pr _ —a(T-s)
/ — X |?Pdt < T /0 (14 |1X4%P7) (1 e ) ds

Cpeo” e
< =2 <1+—/ |XS|2pTds>.
o T Jo

Finally, by the same type of arguments used in the first part of the proof (see
(A.4)), we can show that Thrf %foT |X,[2Pmds = E[|X|?""] < +o00. Thus we
—+o00

have obtained

T
sup sup 1 [V — X;|?Pdt < +o0. (A.7)
T>09€0 -
Plugging (A.3), (A.4) and (A.7) into (A.2), our claim (i) is now proved.
(7i1) We let the patient reader check the details for item (iéi). It follows the
same lines as item (i7), except for the fact that the discretization procedure is
avoided. |

Our next result is an analog of Proposition A.1 for the Euler scheme Z7-7.

Proposition A.2. Let Z”7 be the Euler approzimation scheme defined by
(2.13). Assume (Ho) and (Cy). Then, there exists o > 0 such that for all
p>0,
(i) sup sup limsup E[|Zﬁ7|p] < 4-00.
9€0 v€(0,70] N—+o0
(i) sup sup YPUHE[sup| 23 |P] < +oo.
v€(0,70] N20 YEO

(#i7) Fiz v € (0,1]. Then sup sup ~ Z |Zﬂ7\p < 400 a.s.
vEO N2>
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The strategy for the proof of Proposition A.2 is based on a comparison be-
tween Z”7 and the Euler scheme ¥ related to the Ornstein-Uhlenbeck process
X given by (A.1). Namely define ¥ recursively by ¥y = yo and:

ht1)yy = (L= Epy + 0((Be+1)y — Bry)), Yk 2 0. (A.8)
We first prove some bounds on ¥ itself, which are labeled in the following lemma

Lemma A.3. Let ¥ be the Euler scheme defined by (A.8). There exists vo > 0
such that for all p > 0 we have

(i) sup limsup E[|Xn,|P] < 4o0.
YE(0,v0] N—+o0

(i5) sup sup YPUE[Sy,|P] < 4oo.
vE(0,70] N20

(#i1) Fiz v € (0,7). Then Jbvu>p + ZkN:_Ol |y P < 400 a.s.
>1

Proof. By Cauchy-Schwarz inequality, it is enough to show the three results for
2p instead of p. We treat again the three items separately.
(i) Let 49 € (0,1). By Lemma 2 in [9], we know that

sup  limsup E[|Sy,|?] < +oo. (A.9)
v€(0,70] N—+o0

Since ¥ is a Gaussian process, the extension from a second order moment to a
moment of order 2p is trivial. We thus omit details for sake of conciseness.
(1) Let vo € (0,1) and « € (0,79). First note that by induction, we have for
all k> 1:
k—1
Shy = (1= g0+ 0 Y (1 —7)Axj, (A.10)
§=0
where Ap_j := (B(x—j)y — B—1—j))- In equation (A.10), we apply the triangu-
lar inequality for the norm in L?(Q) and we invoke the fact that E[(A})?]1/2 =
vH for all i € {1,...,d}. This yields

k—1
E[|Zk 1% < (1= 7)* g0l + o] D (1 =7/ E[| Ak ]/
=0
k—1 , d ]
< (L= ol + 1o D_(1 =) D E[(A}_)*?
=0 i=1
k—1 .
< (1= ol +dloy" Y (1 =)
=0
< lyol + dloley™ .

Therefore, we easily get that

VB[S0 < 2972 (jyol? + o225 2) < 2032 |y ? + 2%
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which gives the following bound

sup sup 7° 2 TE[|Sn, P < +oo.
7€(0,70] N>0

Exactly as in item (i), we now resort to the Gaussian nature of ¥ in order to
conclude that

sup  sup YPUTHE[Sy,[?] < 400, forall p > 1. (A.11)
vE(0,70] N>0

(ii7) We start from identity (A.10). Applying Jensen’s inequality we deduce
that

9\ 2P~ 1 k—1 A
i 22 < 270 Pl 4 (2) o 3oy
7=0
9\ 2p-1 k—1 .
< (2)7 o piac A
v =0
We have thus obtained that
| Nl 9\ 271 N-1k—-1
¥ X B <@ e D+ (2) 7 oy DI
k=0 v N = 3:0
Therefore our claim (7i7) is reduced to show that
—1k—1
sup — (1- Ap_j|*? < +o0. A.13
W 2 S (13

In order to prove (A.13) we make a change of variable £ = k — 1 — j and apply
Fubini’s theorem. This gives

1 N—1k—1 | N2 N-1
WAk = DNVERT A D¢ )
k=1 J:O £=0 k=t+1
N-2 d . N-2
11 ar—! 1 ;
Sow > Al < > N (Af)™
T = T =Y =
Since the sequence (AY),>1 is ergodic for every i € {1,...,d}, we have
N—
LN @t s B - e
=0
and our claim (A.13) follows. This finishes the proof. O

With those preliminary considerations on ¥ in hand, we can now prove our
Proposition A.2.
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Proof of Proposition A.2. As previously, we will prove the result for 2p instead
of p. Moreover, for sake of simplicity, we write Z? instead of Z?»7. According to
the dynamics (A.8) for ¥ and (2.13) for Z”, we have for all k > 1,

|Z;c9'y - Ek’Y‘Z = |ZZ,}C,1),Y - Z(k*1)7|2
+29(Z5 13y — Sth=1)7> Sty +09(Z0_1)1)) + VS (k=13 + b0 (Z{ 1))
(A.14)

In order to treat the second term in (A.14), we recast it as

<Z8€*1)7 = Y(k—1)ys B(k—1)y T+ bﬁ(Zngﬂ)y»
- <Zz9k—1)’y = (k1)1 bﬂ(ZZBk—l)fy) - bﬂ(z(k—l)w»
H(Z01yy = St 1)y k- 1)y + 00 (Er-1)y))
Then, we invoke our condition (Cy,) to bound the first term in the right hand
side above and Young’s inequality for the second term. Similar manipulations
can be performed for the third term in (A.14). We let the patient reader check
that for some arbitrary parameters ¢, &’ we get
‘Z;?'y - Zk’Y‘Q
v
<2By+(1- 2’70‘)‘2&71” - E(k—l)“y|2 + E|Zz9kfl)’y - E(k—l)’v‘2
2, 7 9 2
7B 1)y + 00 (Ew-0)l” + 55 Ek1)y +b0(E),)

’72L28/

We now choose ¢ = é and ¢ = #, which yields

Yo
122, = ol <287+ (1= ) 1251y, — Dl

3r2
v 7L 2
+ (a + 5 > 1Ek—1)y + b (B e—1)7)["

Observe that under (Cy,), by is sublinear. Hence there exists C' > 0 depending
only on «, 8, L such that

|Z£~, — S ]? < (1 —v@) |Zzgk—1)y — Sy P+ Cy (1 +7) T+ S x—1)4%)
(A.15)
where we have set & := «/2 in order to ease our next computations. We now
choose 0 < 79 < 1/&. By a direct induction, it comes

kg
=

|28y = S < Oy (149%) (1 =@ 17 (1435, ).-

<
I
=)
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Finally, applying Jensen’s inequality similarly to what is done in (A.12), we end
up with

k—1
|Zm*2m|2p<cp P (L@t (L (2, )
7=0
9\ P~ 1 pk—l
“”(5) (22 Y= @) (14155, )
=0

(A.16)

With those preliminary considerations in hand, we now prove the three items
in Proposition A.2 separately.

(i) We start from relation (A.15). Since v € (0,7], C(1 +~?) < C for a
constant C' > 0

_C
|Zm — i[> < (1 —7@) |Z(k Dy — S(k— 1yl + naz

We now invoke the convexity of z — |z|P in order to get

- _CP
e e N R Y e R L= C A DS
< (1=7@) 1201y, — Se=17 | + Cpy (1 + [Se-1)1*") -

Then we take expectations and upper limits in k, which gives

lim sup E[|Z}Z,Y — Bk, [??] < % (1 + limsup E[Ekvzp]) :
k—+o0 @ k——+o00
With this inequality in hand and Proposition A.3 (%), inequality (i) is proved.
(#1) First, we take successively the supremum over © and the expectation in
(A.16). We then multiply by vy??~H) and perform the same kind of manipula-
tions as for (¢). With the help of Proposition A.3 (i7), we get that

sup sup 72p(1_H)E[sup|Z,fW — Z;m|2p] < +o00. (A.17)
~€(0,70] k20 veO

Having achieved the upper bound (A.17), our claim (i4) now stems from another
direct application of Proposition A.3 (i4).

(i) Here, we just need to sum (A.16) for k from 0 to N —1 and divide by N.
Then, we use Fubini theorem on the rlght hand side combined with Proposition

A3 (m) to conclude that sup sup + Z |Z,m — ¥k4|?P < +o00. Finally, by
€O N>1

using again Proposition A.3 (4i7), the result follows. O

A.2. Proof of Proposition 3.3

We will focus on the proof of (3.8) only, the discrete counterpart of Proposition
3.3 being obtained by similar argument. We also note that (3.8) cannot be
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obtained as a consequence of Birkhoff’s theorem. Indeed, Birkhoff’s theorem
would yield a Dyg-a.s. convergence in (3.8), where Dy is the invariant measure
alluded to in Remark 2.3. In order to avoid any reference to the support of the
invariant measure Dy, our relation (3.8) gives a weak convergence result which
does not include any condition on the initial value of Yy .

In order to prove (3.8), we first observe that according to (3.9), the family
of measures {1 fg dysds;t > 0} is a.s. tight. Therefore it only remains to prove
that any limit is vy. We now focus on the convergence of % fg dywsds. To this
aim, we consider an additional family of probability measures on C([0,c0), R%)

in the following way:
1 t
71—;9 = _/ 5Y19 dS
t Jo .

where Y, = (Y, )u>0. We will first prove that {n7;¢ > 0} is an a.s. tight
family in the set M;(C([0,00),R%)), where we recall that the notation M is
introduced in Section 2.1. The tightness of {7¥;¢ > 0} can be handled in the
following way: we have seen that {1 fot dywsds;t > 0} is a.s. tight in My (R?).
Therefore a classical criterion (see e.g. [4, Theorem 8.3]) ensures that {z7;¢ > 0}

is a.s. tight if for every positive T', n and €, there exists 6 > 0 such that for all
to € [OaT]a

1

. I
I?SEK.??/O 5 LWt rgha [V, V2 2} 08 S 71 as. (A.18)

Moreover, inequality (A.18) holds true as long as there exist some positive r
and p such that

1t
lim sup —/ sup VO, — Y2, |"ds < Cré'*  as. (A.19)
t—+oo 0 uE[to,to-‘r(S]

Let us now prove (A.19). On the interval [tg, tg + d], we have

to+d
|Y;iu - Ysﬁto‘ < / |b19(Y;iu)|du +  sup  [Bsyu — Bajuol- (A.20)
to u€lto,to+9]

Using Jensen’s inequality and Fubini’s Theorem, we get that for any r > 0,

1 [t to+s r 1 [tttots
UL i) as<e (5[ poras )
0

Furthermore, since by is sublinear according to (Cy ), it follows from (3.10) that

1/t to+6 "
lim sup z/ </ bo (Y ,)|du | ds < Co™* (A.21)
0

t—+o0 to
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for a constant C' > 0. On the other hand, by the ergodicity of the increments of
the fBm and its self-similarity,

t——+o0

1 t
—/ sup  |Bsyu — Byt ds — =% E[ sup |B,|"] = C,.67",  (A.22)
t Jo uelto,to+9] u€0,5)

where the limit in (A.22) holds in the a.s. sense. Choosing r > sup{2,1/H} in
(A.21) and (A.22), then plugging (A.21) and (A.22) into (A.20), we get that
(A.19) is satisfied. We have thus proved the a.s. tightness of {77;t > 0}.

The second step is then to show that any limiting distribution of (% fot 5y19+ ds)

is necessarily the law of a stationary solution Y to SDE (2.7). This step in turn
implies the result by uniqueness of the stationary solutions.

Let (i fo " (53/& _ ds)n be a (pathwise) convergent sequence with limiting dis-
tribution p where {t,;n > 1} is an increasing sequence converging to +o0o. We

first prove that p is the law of a stationary process. Namely, for any bounded
functional F : C([0, ), R?) — R, we have

W(F o6r) — u(F) = lim liénWOﬁ¢+)—FOﬁJw&

n—+oo t,,

However, a simple change of variables reveals that a.s. we have

n——+oo tn

1 tn+T ) T )
— lim </t F(Y?, )ds —/0 F(Y;+,)ds> ~0.

We thus easily get that p is stationary. Now, let us prove that u is the law of a
solution to (2.7). Without loss of generality, we can say that a process (z;):>0
is a solution to (2.7) if z, — xg — [ by (zy)du is a fBm. In other words, we have
to prove that po G™! is the law of a fBm where G(z) = 2. — o — [ by (zu)du.
Since G is continuous for the u.s.c topology, it is readily checked that

tn
nm<l/ [F(YZry) — F(Y2))ds
0

1 . 1 tn
o G = ngr-‘,l:loo E o 5G(Y£;_)d8
In addition, by construction G(YY, ) = Bs;. — Bs. Hence the fact that po G~!
is the law of a fBM follows again from the ergodicity of the increments of the
fBM.

Summarizing our considerations, we have proved that p is a stationary mea-
sure related to the system (2.7). Therefore we have u = L((Y;”);>0), which
concludes the proof.

Appendix B: Proof of Proposition 3.8

For sake of conciseness, we will focus on the proof of Proposition 3.8 (¢). The
proof of item (%) relies on the same kind of tools, plus the discrete computations



Drift estimation for additive fractional SDEs 1133

invoked in the proof of Proposition A.2. In order to prove item (i), let us consider
t > 1 and a parameter p > 0 to be chosen later on. An easy elaboration of (3.14)
shows that

Y Y

t
= [ e Y Y 200, (1) = b (V)Y < Y ds. (B)
0

In addition, one can write
b191 (Y;%) - b192 (}/;92) = b191 (Y;;ﬂl) - b191 (}/;192) + b191 (KSﬁQ) - b192 (szﬂz)‘

We now combine the assumption (Cs) (including the contraction property, the
fact @ — by(z) is uniformly Lipschitz in ¢ and the fact that 9yby(x) has polyno-
mial growth) and Young’s inequality |ab| < 5-|a|*>+ £[b|? for an arbitrary & > 0.
This yields the existence of a constant L > 0 such that
(bo, (Y1) = g, (YV.72), Y1 = Y[72)
Cli1 — 0a?(1 + |Y;]")?
2e ’

L2
< <—a + {) DACED AEIEEE

Plugging this inequality into (B.1) and setting ¢ = L?/a and p = a/2, we have
thus obtained

t
Y Y < Cloy = 0af? [ e v, (B.2)
0

Thus, using Fubini’s theorem, one deduces that
1/t C|01 — 9% [* t
;/ ‘Y;ﬂl _ }/8192|2d5 < | 1 ; 2| / (1 + |YS192|27"/ ep(s—u)dsdu
0 0 u

1 t
<Gl =0 (147 [ vepraa).
0

Hence a direct application of inequality (3.9) yields the existence of a random
variable C' = C(w) such that for all (9;,92) € ©2 we have

1 t
sup —/ Y2 — Y22 2ds < C|y — 9o
>1t Jo

This concludes the proof of Proposition 3.8 (i) for a distance d € D5. To extend
the result to any p > 2, one can apply Jensen’s inequality to (B.2) and follow
the same lines as for d € Ds.
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