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Abstract: We study the bias of the isotonic regression estimator. While
there is extensive work characterizing the mean squared error of the iso-
tonic regression estimator, relatively little is known about the bias. In this
paper, we provide a sharp characterization, proving that the bias scales as
O(n’ﬁ/?’) up to log factors, where 1 < 8 < 2 is the exponent correspond-
ing to Holder smoothness of the underlying mean. Importantly, this result
only requires a strictly monotone mean and that the noise distribution has
subexponential tails, without relying on symmetric noise or other restrictive
assumptions.
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1. Introduction

Isotonic regression involves solving a regression problem under monotonicity
constraints. In particular, suppose that we observe data Y € R™ with E [Y] = p,
where the mean p satisfies a monotonicity constraint,

<o < .

To recover the mean vector pu, the least-squares isotonic regression estimator is
given by
fi = iso(Y),
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where y +— iso(y) is the projection to the monotonicity constraint, defined on
y € R™ as

iso(y) = arg mIiRn {||y —zliia <o < xn} (1)
IG n

Since this constraint defines a convex region in R™ (in fact, a convex cone), the
resulting optimization problem is convex, and can be solved efficiently with the
“pool adjacent violators” (PAVA) algorithm [Barlow et al., 1972].

There is a large literature on isotonic regression dating back to the work
of Bartholomew [1959a,b], Brunk [1955], Miles [1959]; for further background
see, e.g., Barlow et al. [1972], Robertson et al. [1988]. Isotonic regression also
appears in the problem of estimating a monotone density estimation, namely,
in the Grenander estimator [Grenander, 1956].

Recently, there has been renewed interest in isotonic regression as one of the
most widely-used examples of regression under shape constraints—for example,
the work of de Leeuw et al. [2009], Chatterjee et al. [2015], Gao et al. [2017],
Han et al. [2017], Guntuboyina and Sen [2018], Banerjee et al. [2019]. Given the
significance of isotonic regression, understanding its statistical properties is of
fundamental importance. In this paper, we provide a sharp characterization of
the bias of the isotonic regression estimator.

1.1. Bias and variance

It is well known that the estimation error ji — u of isotonic regression decays
at a slower rate than for parametric regression, generally with a dependence on
n that scales as |fi; — ;| < n~'/3, rather than the rate n~/2 that we would
expect for parametric problems.

To make this more precise, suppose that the mean vector p is Lipschitz,
satistying |p; — piv1| < L1/n, and that the noise Z = Y — p has independent
entries Z; with E[Z;] = 0 and with each Z; assumed to be A-subgaussian, that
is, E [etzi] < et"N*/2 for any t € R. In this setting, many works including Brunk
[1970], Cator [2011], Chatterjee et al. [2015] establish the n~/3 bound on the
root-mean-square error of isotonic regression; this scaling can be proved to hold
pointwise at each index i (an analogous n~1/3 rate is established by Durot et al.
[2012] for the Grenander estimator of a monotone density). For instance, Yang
and Barber [2018] prove that, for any § > 0.

5801221 n24n
P max ‘ﬂi—ui|§</ ! Og( 5 ) >1-9, (2)

i0<i<n+1—ig n

where
2/3

Any/log (“52)
L

19 =

Furthermore, Chatterjee et al. [2015] establish that this error scaling attains
the minimax rate, meaning that we cannot improve on the n~'/3 error rate
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obtained by fitting i via least-squares isotonic regression. However, in certain
special cases, such as when the mean vector p is piecewise constant, the error
of [i achieves the parametric n~1/? rate.

While these results summarized above give a fairly complete picture of the
tail behavior of the error fi — y in isotonic regression, relatively little is known
about its expected value E [fi] — p, i.e., the bias of the least-squares estimator.
Banerjee et al. [2019] establish an asymptotic result under certain smoothness
and strict monotonicity conditions on pu, proving that the bias is at most

B[] — | S 77/
In the special case where the variance of the noise is constant across the data,
with Var (Z;) = o2 for all 4, Durot [2002] prove an improved bound of

B (] - ju] S V2

However, as Banerjee et al. [2019] point out, in many settings we would prefer
to avoid the assumption of constant variance—for example, if the data is binary
with ¥; ~ Bernoulli(y;), the variance of the Z;’s will certainly be nonconstant.
Furthermore, in the prior literature, it is not clear if n~1/2 is the correct scaling
for the bias (whether in the constant-variance or general case), or if this scaling
might be possible to improve.

1.2. Contributions

In this work, we examine the question of bias more closely, and prove that

" polylog n
|]E[#] - .U| S 2B (3)
with no assumption of constant variance, when the underlying mean p is Lip-
schitz, strictly increasing, and smooth. This is a faster scaling than what was
previously known for both constant and non-constant variance settings. We
furthermore establish weaker bounds when p satisfies only Hoélder smoothness,

with
logn pl3
n

mm—ws( )

when p is Holder smooth with exponent §, for some 1 < 8 < 2. (8 = 2 corre-
sponds to the smooth case.) Matching lower bounds show that, up to log factors,
our results are tight.

In particular, if we only assume p to be Lipschitz but without smoothness,
this corresponds to Holder smoothness with 8 = 1. In this case, the bias is lower
bounded as n~!/3 up to log factors. Since it is known that the error |fi; — p;| is
bounded on the order of n~1/3 (up to logs) with high probability, we see that
without a smoothness assumption, it may be the case that the bias is on the
same order as the error itself—that is, bias does not vanish relative to variance.
At the other extreme, under smoothness (§ = 2), error scales as n~1/3 while
bias is bounded as n~2/3 (up to logs), meaning that the bias is vanishing.
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2. Main results

We begin with some definitions and conditions on the distribution of the data.
We assume that the mean vector p is Lipschitz,

by — ) <L- 2= forall1<i<j<n (5)
n
for some L;, and is monotonic,
j—1 . .
Mj—MiZLO'T forall1<i<j<n (6)

for some Lo > 0 (note that Ly > 0 corresponds to a strictly increasing con-

dition). The significance of the strictly increasing assumption is illustrated in

Theorem 3. In many settings, we might think of the mean values u; as evalua-

tions of an underlying function at a sequence of values—for example an evenly

spaced grid, i.e., u; = f(i/n) for i = 1,... n. In this case, the constants Lg, Ly

are lower and upper bounds on the gradient of the underlying function f.
Next, we will also assume that p is Holder smooth, satisfying

. . N\ B
k—j Jj—1i M k—1 ..
Mj—(m'ﬂi-f—k_i'uk)lﬁz'( - > forall1<i<j<k<mn,

(7)

for some M and some exponent 8 with 1 < 8 < 2. As before, if u; = f(i/n) for
some underlying function f defining the signal, then (3, M)-Holder smoothness
of the function f, defined as the property that

| (to) — f'(t1)| < Mlto — t1|°~ for all tg,ty, (8)

is sufficient to ensure that the vector of mean values p satisfies this assumption.

The exponent S in assumption (7) controls the smoothness, with 8 = 2
corresponding to a bounded second derivative (or a Lipschitz gradient) while
B < 2 denotes a weaker smoothness assumption. In particular, if we were to
take 8 = 1, then this assumption does not in fact imply any smoothness, as it
is trivially satisfied with M = L; for any signal p that is L;-Lipschitz as in our
condition (5).

Next we turn to our assumptions on the noise Z. We assume independent
noise with subexponential tails:

The Z;’s are independent, with E [Z;] =0
and E [¢'7] < "N /2 for all [t <7andalli=1,...,n. (9)
We will also require that the variances o? are bounded from below and are
Lipschitz along the sequence i = 1, ..., n, satisfying
Var (Z;) = 07 > o2,, > 0 and \oi—aj\SLU-u forall1<i<j<n.
n

(10)
(Note that we must have o < A? by the subexponential tails assumption (9).)
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2.1. An upper bound for smooth signals

We now present our upper bound on the bias of isotonic regression.

Theorem 1. Let Y = u+ Z, where the signal i and noise Z satisfy assump-
tions (5), (6), (7), (9), (10), with parameters 0 < Lo < Ly, M, € [1,2], A > 0,
7>0, Ly >0, omin > 0. Then i =iso(Y') satisfies

C(log”)ﬁ/S, if1<B<2,

n

B[] — | < ;
€ (o )2/3, if B =2,

for all i with
C’'(logn)/3n?/3 <i <n+1—C'(logn)Y/*n?/?,

where C,C" depend only on the parameters in our assumptions, and not on n.
We remark that in the case of Gaussian noise, the upper bound can be tight-

B/3
ened to C (k’ﬁ> for any 8 € [1,2], i.e., the extra power of the log term

n
for the case = 2 no longer appears (in the non-Gaussian case, it is likely an
artifact of the proof).
To better understand the result of this theorem, consider the extreme case
where we take 8 = 1 (which, as mentioned above, simply reduces to the Lipschitz
assumption). In this case, the upper bound of Theorem 1 results in the bias

bound
logn
E 7] — . < 3 =R
iogirgnffl_io ’ [M’L] Mz’ ~ \/T7

which is; up to a constant, the same as the bound (2) proved by Yang and Barber
[2018] to hold with high probability on the maximum entrywise error ’ﬁl — ,ui|.
In other words, this suggests that the bias may be as large as the (square root)
variance.

On the other hand, if 8 = 2, then the bias scales as (polylog n/n)2/3 while the

1/3

high probability bound on the error is still (logn/n)"/“—the bias is vanishing

relative to the error of any one draw of the data.

2.1.1. Simulation

To explore this scaling, we conduct a simple simulation! to compare the case
B = 2 with 8 = 1. For these two cases, Theorem 1 establishes that, at each index
i (bounded away from the endpoints 1 and n), bias is bounded as =< n=2/3 and
= n~1/3 respectively, up to log factors. We will see that this scaling is achieved
by our simple examples.

LCode available at http://www.stat.uchicago.edu/~rina/code/iso _bias_simulation_
code.R
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Fic 1. Top: illustration of the mean vectors for the simulation, for the case n = 10000. The
indices for which we measure the bias are indicated in each plot.

Bottom: simulation results, plotting bias against n (each on the log scale), for the smooth and
non-smooth case. The line and slope in each plot are the least-squares regression line (for
log(|bias|) regressed on log(n)).

The two mean vectors, p® for the smooth case and p™ for the non-smooth
case, are illustrated in the top two panels of Figure 1. The smooth mean is
defined with a sine wave function, while the non-smooth mean is a piecewise
linear “hinge” shape:

0.1(i/n), i<n/2,

pi = (ifm) - sin(dm-i/m)/16, W =31 00 m) — 09, i > n)2.

For both the smooth and non-smooth mean, writing 4 to denote either u°® or
p"S as appropriate, we generate a signal Y = u + N(0,0%1,) for ¢ = 0.1, and
compute iso(Y). Our final result is the magnitude of the bias at the midpoint
for the non-smooth case,

bias = |E [iso(Y);] — ;| for i = n/2,
or averaged over several points for the smooth case,

bias = Mean{|]E [iso(Y);] — ui| :4=20.1n,0.15n,0.2n, . . ., O.Qn},
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where E[iso(Y)] is estimated by averaging 500,000 trials. We run the same
procedure for each n = 10000, 12000, ...,20000. Our simulation results, shown
in the bottom panels of Figure 1, verify that the bias at the selected points
indeed appears to scale as =< n~2/3 for the smooth case, and as =< n~/3 for
the non-smooth case. We next turn to the question of establishing these lower
bounds theoretically.

2.2. A matching lower bound for smoothness

We next show that, as suggested by our simulations, our dependence on the
smoothness assumption is tight—up to constants and log factors, we cannot
improve our dependence on the Holder exponent § (i.e., the power of n, n=h/3,
appearing in our upper bound, Theorem 1). While our simulated example only
verifies this at a constant number of indices 4, here we show a stronger result—
the lower bound is attained by a constant fraction of the indices i =1,...,n.

Theorem 2. Fiz any parameters L1 > Lo >0, M > 0,1 < 3 <2, and 0% > 0.
Then for any n > C, there exists some p € R™ that is Lqi-Lipschitz (5), Lo-
strictly increasing (6), and (B8, M)-smooth (7), such that, for Y ~ N(u,o%L,)
and i = iso(Y'), the bias satisfies

IE (7] — | > C'n73(log n) =59/

for at least C"'n many indices i € {1,...,n}, where C,C’,C" depend only on
the parameters in our assumptions, and not on n.

Note that this noise distribution, i.e. Z; <N (0,0?), trivially satisfies the
assumptions (9) and (10) that we require in our upper bound. In other words,
the lower bound result shows that our upper bound is tight for all 1 < 8 < 2,
up to log factors.

2.3. Necessity of the strictly increasing mean

Finally, we study the role of the strictly increasing assumption for the mean
p (6). Wright [1981] studied this problem in a different context, considering a
signal p; = f(i/n) where the function f is monotone nondecreasing and satisfies

If(t) = f(to)l <[t —to|* ast — 1o (11)

at some point ty € (0,1), for some o > 1. For example, if « is an integer,
this is satisfied if f is required to have f*)(ty) = 0 for all k = 1,...,a — 1,
and f(®)(ty) > 0, where f*) denotes the kth derivative of f. In this setting,
writing ¢t = i9/n, Wright [1981, Theorem 1] establishes that the rescaled error
n®/ (2"““1)(/71-0 — ,uio) converges to some fixed distribution. In other words, the
error |ﬁm — /Jio’ is on the scale n=/(2a+1),
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Remark 1 (Smoothness condition versus Wright’s condition). The Hélder
smoothness condition (8) and Wright’s condition (11) on functions f : [0,1] —
R appear very similar initially, but have different implications. Consider the
case o = B = 2. If the function f is twice differentiable, the Hélder smoothness
condition (8) is equivalent to requiring that | f"(t)| is bounded (for all t), while
Wright’s condition (11) instead requires that |f"(to)| is bounded and addition-
ally f'(to) = 0. In other words, the Holder condition requires that f is smooth,
while Wright’s condition requires that f is both smooth and flat.

Our next result establishes that, in the worst case, the bias of the isotonic
regression estimator is on the same order up to log factors—that is, for any
a > 1, we construct a signal p satisfying Wright [1981]’s condition (11) such
that |E [1i;,] — i, | scales as n=*/(22F1) up to log factors.

Theorem 3. Fix any parameters L1 > 0, M > 0, and 0® > 0. Then for any
n > C, a > 1, there exists some p € R™ that is Li-Lipschitz (5), monotone
nondecreasing (i.e., Lo-increasing (6) with Lo = 0), and is equal to p; = f(i/n)
for some function f satisfying the condition (11) at to = 0.5, such that, for
Y ~ N(p,0%L,) and i = iso(Y), the bias satisfies

’E [//J‘\Zo] - /~Lio| > C,(n(log n)2)7ﬁ+1

at the index ig = n/2, i.e., the index satisfying to = ig/n. (Here C,C’ depend
only on the parameters in our assumptions, and not on n.)

Up to constants and log factors, this result matches the upper bound proved
by Wright [1981].

We remark that, for o > 2, the signal p constructed in the proof of the
theorem is (8, M)-smooth with 8 = 2. (For o < 2, the signal p constructed in
the proof is instead (8, M)-smooth with § = «.) Setting o = 2, for example, we
obtain a lower bound on bias that scales as n~2/%, while as o — oo the scaling
approaches n~1/2 (up to log factors). We can compare this to our results in
Theorems 1 and 2, where we establish a faster scaling n=2/3 for the worst-case
bias (up to log factors) for signals u with Holder exponent 5 = 2 that are also
assumed to be strictly increasing. The gap between these powers of n highlights
the role of the strict monotonicity condition in the isotonic regression problem.

3. Proofs of main results
3.1. Properties of isotonic regression

Before we proceed with our proofs, it will be useful to recall some well-known
properties of the isotonic projection, y — iso(y) (for background see, e.g., Barlow
et al. [1972, Chapter 1]).

First, the individual entries of iso(y) can be expressed with the useful “min-
max” formula [Barlow et al., 1972, (1.9)]: for any y € R™ and any index 4,

iso(y): = ax, min 7, (12)
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where
1 k
Yje = F—j+1 Z Ye
l=j
is the average of the subvector (y;,...,yx) of y, and the max and min are

attained at j = j;(y) and k = k;(y) where

Ji(y) = min{j : iso(y); = iso(y);} and k;(y) = max{k : iso(y)) = iso(y)},
(13)
the endpoints of the constant interval of iso(y) containing index 4.
Second, using the min-max definition in (12), it is trivial to see that isotonic
regression commutes with shifts in location and scale: for any y € R”, any a € R,
and any b > 0, it holds that [Barlow et al., 1972, (1.14)+(1.15)]

iso(a-1,4+b-y)=a-1,+0b-iso(y). (14)

Next, if we run isotonic regression on a subvector (yq,...,yp) of y, this can
only add breakpoints relative to y. Specifically, for any y € R™, and any indices
1<a<i<b<n,define

J=Yjat) = YarYas1,-- - p) € ROV

Then
i80(9)i—a+1 = 180(J)i—at2 = is0(y)i = is0(y)i+1. (15)
(Note that indices i — a + 1,7 — a + 2 in the subvector § correspond to indices

i,i+ 1 in the full vector y.) Finally, on the same subvector § = (ya,...,ys), for
any index ¢ with a <7 < b,

If iso(y)q—1 # iso(y); (or a = 1) and iso(y); # iso(y)p+1 (or b = n),
then iso(y); = i80(9)i—a+1. (16)

That is, truncating the sequence y at a breakpoint of iso(y) will not affect
the estimated values. These last two properties (15) and (16) follow from the
definition of the “pool adjacent violators” (PAVA) algorithm for computing
iso(y) [Barlow et al., 1972, pg. 13-15].

3.2. Breakpoint lemma

Before proving our theorems, we first present a result bounding the probabil-
ity of a breakpoint occurring at any particular location in a Gaussian isotonic
regression problem. We will use this lemma to prove both our upper and lower
bounds.

Lemma 1 (Breakpoint lemma). Let Y ~ N((p1,...,pun), diag{o?,...,02}).
Fiz any integer m > 2 and any index ¢ with m < i < n — m. Define

1 +m 1 i+m

= _ —2 _ L 2
o= m E pu; and 07 = T Z a5,
Jj=i—m+1 j=i—m+1
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and assume that

i+m N\ 2 2 =2
i — f C1 95 — &
< d < .
2 () e | |
(17)
Then
Cslogm

P {iso(Y); #iso(Y )41} < —

where C3 depends only on C1,Cy and not on m orn.

In other words, if the means y; and variances o

5 are approximately constant
near index i, then the probability of a breakpoint at index 7 is low. To gain
intuition for the consequences of this lemma, consider a simple setting where
the mean p is Li-Lipschitz (5), and the variances are constant, o2 = o2 > 0.
In this case, the conditions (17) are satisfied for m =< n?/3/(logn)'/?, and the
probability of a breakpoint at a given index ¢ with m < ¢ < n — m is therefore
< (logn)*/3/n?/3. We can then expect constant segments of iso(Y) to have
length > n?/3/(logn)*/3. If instead the mean is constant with pu; = --- = pu,
(and the variance is again constant), then the conditions (17) are satisfied for
m =< n; in this case we can expect iso(Y") to have constant segments of length
> n/(logn).

In order to prove this result, we first consider the case that Y is standard
Gaussian. We will use the following classical result:

Lemma 2 ([Andersen, 1954]). Let W ~ N(0,,,1,,) for any m > 1. Then
the number of piecewise constant segments of iso(W), denoted by N(W), is
distributed as

NW) S+ + I,

where I, ..., I, are independent Bernoulli random variables with P{I; =1} =
1/j.
This result allows us to prove the breakpoint lemma for a standard Gaussian:

Lemma 3. LetY ~ N(Ogm,Igm) form > 2. Then P {iso(Y)n, < i80(Y)m41} <
logm
m—1

Proof of Lemma 3. From Lemma 2, for a sequence W ~ N(0,,,1,,), the ex-
pected number of breakpoints in iso(W) is given by

m—1
E Z 1 {iso(W); < iso(W);11}
i=1
_E[NW)—1] < <1+...+%) — 1 < log(m).

Therefore, there must be some i € {1,...,m — 1} such that P{iso(W); <
isoW)ip1} < lslg—f’f. Next, we let Y = (Y1,...,Yn) be a subvector of Y with

Y; = Yp—iq; for j = 1,...,m, which again has the distribution Y ~ N0, 1),
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Indices of Y’
1 i—1 ¢ i+1 i+2 m

Indices of Y

1 2 m—i+1 m—1 m m+1m-+2 2m — i 2m —1 2m

F1G 2. Illustration of the proof idea for Lemma 3. A break between indices i and i+ 1 in the
isotonic regression of Y, corresponds to a break between indices m and m + 1 forY.

The relationship between Y and Y is illustrated in Figure 2. By the property (15)
of isotonic regression, we know that

i80(Y ) < i80(Y)m41 = 180(Y )y < i80(Y)mt1,
which concludes the proof. O

Finally, the proof of Lemma 1 for the general case is established by comparing
the distribution of Y to the distribution of a standard Gaussian random vector,
using our assumptions on the low variability in the y;’s and o;’s near the index
i. The proof is given in Appendix A.1.

3.3. Proof of upper bound (Theorem 1)

The proof of our upper bound will follow these steps to bound the bias of iso(Y");:

e Step 1: We replace the random vector Y with a Gaussian random vector
Y whose entries have the same means and variances, and bound the change
in the bias at index 1.

e Step 2: From the Gaussian random vector Y, we extract a subvector of
length = n?/3 (log n)1/3 centered at index ¢, and bound the change in the
bias at index 1.

e Step 3: We take an approximation to the new subvector, with linearly
increasing means and with constant variance, and bound the change in
the bias at index i. We will also see that the new approximation has zero
bias due to symmetry.

3.8.1. Step 1: reduce to the Gaussian case
We will first reduce the general problem to a Gaussian approximation, using the
following lemma:

Lemma 4. Fiz n > 2, and suppose Y € R" is a random wvector satisfying
assumptions (5), (9), and (10) with parameters L1 >0, A >0, 7 > 0, L, > 0,
and omin > 0. Then there exists a coupling between Y and

Y ~ N((p1s- -, pn), diag{o?, ..., 02})
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satisfying
) o~ C4 (logn)t0/3
E [{150(}/)1- - 1so(Y)z” < —
2/3 2/3
for all i with @L Sign—%,
(logn)t/3 (logn)1/3

where Cy,Cy depend only on L1, \, 7, Ly, Omin, and not on n.

This result is proved in Appendix A.2, using the Gaussian coupling theorem
of Sakhanenko [1985, Theorem 1] along with our breakpoint lemma (Lemma 1).

Now define Y ~ N((p, .-, o), diag{o?,...,02}). Applying Lemma 4 to-
gether with the triangle inequality, we see that

. - C1(logn)t0/3
IE [iso(Y);] — | < ’E [1SO(Y)¢:| — M|+ 1(7127/3) (18)
for all ¢ with 2/3 2/3
G o, G (19)
(logn)t/3 = — (logn)t/3’

for some C7,Cs depending on L1, \, 7, Ly, Omin-

From this point on, then, it suffices to bound the first term in this upper
bound—that is, we need to prove the main result, Theorem 1, in the special
case that the noise terms Z; are Gaussian. From this point on, we will work
with Y = i+ Z where Z; ~ N(0,02).

3.8.2. Step 2: extract a subvector

Next, let

2/3
(18%/#1 logn) .
L3/2 o

0

and assume that m < i <n+1—m. We will see that E {iso(f’)z} is not changed
substantially if we instead calculate the isotonic regression of

5}(1) = (f/tifma s 7YL7 < '7ffi+m) € R2m+1~

Note that index m + 1 in the subvector y® corresponds to index ¢ in the full
vector Y. }
Now we bound the bias of iso(Y'); in terms of the subvector. We can write

E |iso(Y);| — E |iso(Y),np1
B o] B |

<E|

iso(Y); — iSO(Y/(i))m-i-lH

=E Hiso(f/)i - iSO()’}(i))mJ’,]) -1 {iso(f/)i + iso(f/(i))mHH



The bias of isotonic regression 813

- ~ 2 - -
< \/E [(iso(Y)l- - iso(Y(i))mH) } . \/]P’ {iso(Y)i # iso(Y(i))m+1}.
Deterministically, we have

o(F): — iso(FD < S0 )
llso(Y)l iso(Y )m+1‘711%1ja§XnY 1%1£1n}?

< | max u(i) — min ,u(.i) +( max Z® — min Z® < L1+2 max |Z®|,
1<j<n 7/ 1<j<n 7/ 1<j<n 7 1<j<n 7 1<j<n 7

and therefore,
~ ~ . 2 .
E [(iso(Y)i - iso(Y“))mH) } <212 4 8E L@ag Zj(.”ﬂ <212+ 32)%logn,
SIsn

since the Z ](-i)’s are Gaussian with variances bounded by A2, and the expected
maximum of n x?’s is bounded by 4logn for any n > 4.

Next we bound P{iso(f/)i # iso(f/(i))mﬂ}. By the property (16) of iso-

tonic regression, if iso(Y); # isg()}(i))mﬂjhen it must be the case that either
iso(Y); = i80(Y);—m—1 or iso(Y); = is0(Y)i4m+1. Now, since p is Lo-strictly
increasing (6)), we have

o Lo(m +1)
|Mz szmfl‘ 2 n

and so, by the triangle inequality, if iso(Y"); = is0(Y);—m—1 then

Y Y L 1 A0Ly A2 1
max{|iso(Y)i — i [i80(Y )im—1 — ui7m71|} > 0(7”2fln+ ) - W,

where the last step holds by our definition of m. Applying the same reasoning

to the second case (i.e., i80(Y); = is0(Y)i4m+1) and combining the two cases,
this yields

P {iso(f/)i * iso(f/(i))m+1}

.= [40L1 A% logn
<P V) — il > ) ——=— % 20
- {je{i—mr—nfi},(i—l-m-i-l} [iso(Y); — 1] n (20)

Now, we recall Yang and Barber [2018]’s result (2)—since Y is L;-Lipschitz with
A-subgaussian noise, choosing probability § = 1/n? we have

L~ ; 5/40L1 A2 logn
P m V), — V) < ¢/ T2 PO S 1 /p2 21
{jofjﬁnafl—jo [iso(¥); = 1”1 < n = /n (21)

2/3
where jo = ()‘"7 VL‘L”llOg”) . In order to apply this to bound (20), we need to

ensure that jo <i—m—1and i+m+1 < n-+1-—j;. Plugging in our definition
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<
o -
~ -
- -

W Original vector

B Linear approximation
o

[ T I
j=i-m j=i j=i+m

Fic 3. Illustration of the linear approzimation (Step 3 of the proof of Theorem 1, with the
distribution of Y () shown in black, and Y (9 in red. The means i and fi; are drawn as solid
black and red lines, respectively, while the standard deviations of Zj and Zj are represented
by the black and red shaded regions.

of m, this is equivalent to

2/3
18\n+/Ly logn> N ()\n\/Slogn) 2/3 (22)

min{i,n+1—1} >

Combining (21) with (20) we have P {iso(f/)i + iso(f’(i))mﬂ} < 1/n?. Return-
ing to our work above, therefore, we obtain

‘E [iso(yﬁ} _E [iso(y(i))mH” < V2L3 +32)\2'logn' (23)

n

3.8.3. Step 3: take a linear approximation

Finally, we will see that E {iso(f’(i))mﬂ} is not changed substantially if we

replace it with a random vector that has linear means and has constant variance.
Define

oo _(itm)—j j—(i=m)

2m 2m
and . o ~
g

J
and finally let
Y(l) = (/:LZ—'m + Zi—m7 N Zi7 e i T Zi+77l)'

This construction is illustrated in Figure 3.
We will now show that E [ iso(Y®),,, 41 —iso(Y (),

can use Y to bound the bias of iso(Y);. Using the “min-max” formulation of

} is small, so that we
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isotonic regression (12),

iso(Y),,.1 = max min Y@,
(Y )m+t 1<j<m+1lmi1<k<2mi1l 7

<  max min Y@,
1<j<m+1 m+1<k<2m+1

max (VO —V0,)
1<j<m+1<k<2m+1

o (V) (i) . ,'(i),)
iso(¥’ )m+1+13j§min11)232m+1 (Y gk = Y50 ) -

An analogous lower bound holds similarly, and so

‘E [iso(?(i))m+1} —E [iSO(Y(i)>m+1} ’

=k nggmﬂ@iszmﬂ ‘%j:’“ - Wﬂ’“”

= L—mij??gkgwrm (g + Z>j:k —(n+ Z)j:k” by definition of ¥ ¥ and ¥
= ifmgfél?gkgwm mﬂ'ik o ﬁj:k’ +E Lm<jr2?<xk<i+m ‘Ej:k - Ej:k”

< pax lwg =il +E Lm<jrgfcm<xk<i+m ’Z;k - Z—;k” :

Next, since the random vector YV is Gaussian with a linear mean and with
constant variance, by symmetry we can see that it has zero bias at its midpoint,
ie.,

E {iso(Y(i))mH} = [i;.

Therefore, by the triangle inequality,

’]E {iso(f’(i))mﬂ} — i

<2 max — |+ E max ’Zk—gk‘ .
= Tiem<j<itm i = il i—m<j<i<k<itm| 7 7

By definition of i and the smoothness assumption (7), we have

max ’/_Lj — /,L]

i—m<j<i+m
, . : . B
i+m)—7j j—(@E—m M (2m
/‘j_(¥‘ﬂim+%'ﬂi+m)‘<z<_ )

= max
i—m<j<i+m

and therefore

5
\{1 2 —= -
<3 <—m> +E { max ‘ZM _ Zj:k” .
n

i—m<j<i<k<i+m

’E [iSO(Y(i))mJ,_l:I — i
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Finally, to bound the last term, we have

k
= = 1 =, g;
max Zjgk — k| = max e —— E Zo-[1——)].
i—m<j<i<k<i+m i-m<j<i<k<itm |k —j+1 — oy
=j

Since the Z;’s are independent zero-mean Gaussians, for each pair of indices j, k,

1 k d o . . .
we see that ;—— doi—j 2o < — U—Z) is a zero-mean Gaussian with standard

deviation
k 2 k N 2
e (1 5) s 2 () =
k—7+1 ‘ oy k—7+1 ‘ n n
l=j =y
and so

= = 2L, 1
E{ max \Zj:kzj:k” < 2Loymlogn
i—m<j<i<k<i+m n

since there are at most n?/2 many choices of j, k. Combining everything, then,
M <2m>ﬁ . 2L,/mlogn
n n ’

’E {130(3}(i))m+1} | <

Plugging in our choice of m, this simplifies to

<1oin>f’/3+ (1o7g1n)2/3] | (24)

< Cs

’]E {iso(f’(i))mﬂ} — i

for appropriately chosen Cs.

8.8.4. Combining everything

Combining our three steps, we see that the bounds (18), (23), (24) combine to
prove that

B/3 2/3 10/3
|E [iso(Y);] — pi| < C'max { (logn) 7 (logn> 7 (logn) w/logn} ,

n n n2/3 7 n

for C' chosen appropriately as a function of all the assumption parameters.
B8/3 10/3

Since 8 < 2, the dominant term is (10%) for 5 <2 or % for g = 2.

Examining the assumptions (19) and (22) on the index i, we see that this holds
for all i satisfying

C’'(logn)/3n2/3 <i <n+1—C'(logn)*/3n??3,

with C’ chosen appropriately as a function of all the assumption parameters.
This completes the proof of the theorem.
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We remark that, if the noise is Gaussian, then Step 1 is not needed, and so
(logmn)*°

/3
-7 does not appear in the upper bound. This means that the

the term

B/3
upper bound scales as (lofz”> both for the case 1 < 8 < 2 and the case

B = 2, under Gaussian noise.

3.4. Proof of lower bound for smoothness (Theorem 2)

Fix any L; > Lo > 0, M > 0, B € [1,2]. Consider a linear mean vector p'",
with entries )
: i
Miln =0an - —,
n

and a mean vector u that adds an oscillation,
= 4+ b, A where A; = sin (cn . Z) )
n

This construction is illustrated in Figure 4.
We will specify the parameters a,,b,,c, > 0 later on, but for the moment
we assume that

G, < Gl
vnlogn = "~ (logn)2y/n’

where C1, Cy, C3, C4 will not depend on n and will be specified later on. The first
condition, a, > b,c,, ensures that p is monotone nondecreasing. The second
condition, essentially requiring that 1 < ¢, < n, ensures that the oscillations
of A are visible on the discrete points ¢ = 1,...,n—that is, the sine wave
completes many full cycles over the points i = 1,...,n, and each cycle contains
many indices i. The third condition will be necessary for some calculations later
on.

Now let Z ~ N(On,ogln) for some 02 > 0, and define Y = u + Z and
ylin — ,in 1 7 We will see that the nonlinear oscillations in Y cannot be fully
recovered by isotonic regression—while the gap between Y and Y™ is equal
to +b, at the positive and negative peaks of the oscillation term A, the gap
between iso(Y) and iso(Y'") at these points will typically be smaller. This is
because iso(Y); and iso(Y!'""); are calculated via local averages (according to
the min-max formula (12)), and the oscillations of A are therefore smoothed
out, shrinking the difference between the two vectors towards zero. The bias at
or near the peaks of A will therefore be of order b,,, achieving a lower bound.

The remainder of the proof will follow these steps:

bpen <a, and Ci<c¢, <Csn and (25)

e Step 1: We will show that
lin

wi > it 4 0.8by, for at least Csn many indices i, (26)

where C5 will be specified later.
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Linear mean Oscillating mean
o ] Q]
«© «©
o 7 o 7
© ©
o 7 [SI
Negative bias
< <
o 7 o 7
~ ~ | Positive bias
o o
e | o |
° T T T T T ° T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Index j=1,...,n Index j=1,...,n

F1a 4. Illustration of the construction for the lower bound result for smoothness (Theorem 2).
The figure on the left illustrates the linear mean pli®, while the figure on the right illustrates
the oscillating mean p = pl'™ + b, A.

e Step 2: We will show that, for all indices 17,

iso(Y); < iso(Y'™); + by,.

e Step 3: We will show that, for all indices 1,

. C .
If iy (V) > i+ =% then iso(Y); < iso(Y'™); + 0.2b,,

Cn

where Cg will be specified later.
e Step 4: We will show that

C@’n

P {ki(Y““) > 1+ } > 0.5 for at least (1 — 0.5C5)n many indices 7.

Cn
Combining Steps 2, 3, and 4, we see that

E[iso(Y);] < E [iso(Y"™);] + 0.6, for at least (1 — 0.5C5)n many indices .
(27)
Combining this with Step 1, therefore, there must be at least 0.5C5n many
indices 4 for which the bounds (26) and (27) both hold. Applying the triangle
inequality, we then have

|E [iso(Y)s] — pa| + |E [iso(Y"™);] — pi™| > 0.2b,,

for all such i. This means that, for either Y or Y| it holds that the bias satisfies
the lower bound 0.1b,, for at least 0.25C5n many indices 7. By choosing a,,, b,,, ¢,
appropriately, this will establish the lower bounds that we need.

We next give the details for the choice of ay, b,, ¢, to complete the proof of
Theorem 2, and then return to proving the bounds in Steps 1, 2, 3, 4 above. We
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will choose

i+ L M L —L -
an:%’ bn:min{77%}-(n(bgn)5) OB e, =n 3 (logn)?/3,

First we check that the choices of a,, by, ¢, satisfy the requirements (25) for the
steps of the proof, which is trivial to verify.

Next, it’s clear that u, u™ are both L;-Lipschitz (5) and Lo-strictly increas-
ing (6). Finally we verify the Holder smoothness condition (7). For p!" this is
trivial since it is a linear mean. For u, we can write

wi = f(i/n) where f(t) = an -t + by, - sin(cpt),
for which we have
|f/(to) — f'(t1)| = bncn - | cos(cnto) — cos(cnty)] < ey - min{e,|to — t1], 2}

Now we check that this is bounded by M|tg — t1|°~1. If the first term in the
minimum is larger, i.e., [to — t1] > 2/¢,, then

Mltg —t1|P71 > M(2/¢)P ™ > 2bpcy,

by our choice of b,,, ¢,,. If instead the second term in the minimum is larger, i.e.,
[to — t1] < 2/cy, then

. Mlto—t1| _ Mlto—t1]
Mltg — 1P~ = > > IP——
o =t to —t1|>F = (2/ca)* P — nlen)lto =t

by our choice of by, ¢,,. Therefore the function f is (8, M)-Hélder smooth, and
so this property is inherited by the vector x. This verifies that u, u!i* each satisfy
the assumptions needed for the theorem.

Applying the calculations above, we see that the bias of either Y or Y
satisfies the lower bound 0.1b,, for at least 0.25C5n many indices i. Since b,

—-B/3

scales as (n(log n)s) , this proves the desired result.

3.4.1. Proof of Step 1

The sine wave A, given by A; = sin(c,, - i/n), has period < n/c,, and we recall
that we have assumed that C < ¢, < Cyn. This means that, for any ¢ € (0, 1),
we can trivially show that, if n is sufficiently large,

A; > 1 — c for at least ¢'n many indices i € {1,...,n}

for some ¢’ > 0 that only depends on ¢,Cy,Cy and not on n or ¢,. Choosing
¢ = 0.2, we then set C5 = ¢ to establish Step 1.
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8.4.2. Proof of Step 2

By definition, we have
%5 = V) = s — ) = bl Ad] < b
for all 7, and therefore, it holds deterministically that
liso(Y); — iso(Y““)Z-’ < by

for all 4 (this holds since ||iso(y) — is0(¥')||co < ||y — ¥'||oo for any y,y’ € R™, by
Yang and Barber [2018, Lemma 1]).

8.4.8. Proof of Step 3

Next, we fix any index i, and consider the min-max formulation of isotonic
regression as in (12) and (13):

iso(Y); = maxminY ;.
j<i k>i

=minY; (y).
k> Ji(Y):k

= min (Y“HMY):k + bnzjim:k)

S Y vy (vt B g (v (v1m)

< max Yy ytm) - bn i () (i)

= iSO(Ylin)i + bnzji(y):ki(ylm).
Therefore, it suffices to show that, for an appropriately chosen Cg,
If ki(Ylin) 2 1+ Oﬁn/cn then Zji(y):ki(ylin) S 0.2.

Since j;(Y) < ¢ by definition, we can weaken this to the statement

Aj. < 0.2 for all indices j,k € {1,...,n} with £ > j + Csn/c,.

To see why this is true, observe that A is a sine wave with period =< n/c¢,,. Since
the mean of the sine wave over one full cycle is zero, and the mean over any
partial cycle is bounded by 1, this means that the bound above will hold for
sufficiently large Cs depending only on C7,Cy and not on n or ¢,.

8.4.4. Proof of Step 4

For this step we will use the breakpoint lemma. We have

l+m

in in anm 2
> W= )2§2m( - )

j=l—m+1
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2/3
for any m > 1 and any ¢ with m < ¢ < n — m. Choose m = [(ﬁ) / —‘,
logn
02 (04)2/3
for sufficiently large n. Applying Lemma 1 combined with the property (15) of

isotonic regression, we have

and note that m > by our assumptions (25), which satisfies m > 2

) . . i Cslogn
P {iso(Y'™); # iso(Y'™) 41} < %,

where Cg depends only on 2. This implies that

P kz Ylin . m
{ ( )<Z+30810gn}

—p {iSO(Y“n)Z # iSO(Ylin)£+1 for some ¢ < ¢ <17+ %}

m Cglogn 1 2/3
S\ tl) —— =3 <0.
o <361810gn+ ) m = 3+02(C4) Cs <0.5,

as long as ¢ satisfies
m

<i<n-m-— ——
mersnom 3Cglogn

and the constant Cy in our assumption (25) is chosen to be sufficiently small.
This completes Step 4 as long as

% < m B 1 n 2/3
¢, ~ 3Cgslogn  Cglogn any/logn

and

2/3
m 1 n
2 — =24+ —— —_— < 0.5Csn.
mt 3Cglogn ( * 3+Cglogn> {(am/logn> —‘ - o

These conditions both hold for a,, ¢, selected as in the proofs of the two theo-
rems above (recalling condition (25), with C3 chosen to be sufficiently large and
C, sufficiently small).

3.5. Proof of lower bound for strict monotonicity (Theorem 3)

Our argument for the proof of Theorem 3 is similar to that for the smoothness
result, Theorem 2. Define function fy, f1 : [0,1] — [0, 1] as follows. Let ¢, €, > 0
be parameters that we will specify later on. First let g : [0,1] — [0, 1] be defined
as

o {050 0<t<05,
T =V1-052 207, 05<t<1,
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and then define

0, 0<t<05— en,
folt) = { eng (M) C 05—€, <t<05,
en, 05<t<1,
and similarly
0, 0<t<0.5,
£1(t) = { eng (t;S-5) 05<t<05+e,
en, 05+e6, <t <l

Define MEZ) = fo(i/n) for each £ = 0,1 and each i = 1,...,n. This construction
is illustrated in Figure 5.
We will now choose

cn = C1(n(logn)?)~2/ 2o and €, = Co(n(logn)?)~1/ 2ot

where C4, Cs are constants depending only on the parameters L1, M, «. We can
verify that fp, f1 are both monotone nondecreasing, Lq-Lipschitz, and (8, M)-
smooth with f = min{2, o}, as long as Cy,Cy are chosen appropriately; these
properties are therefore inherited by the mean vectors u(®) and p("). Further-
more, fo, f1 both satisfy Wright [1981]’s condition (11) at to = 0.5, specifically,

n2a71
fet) — £(0.5)] < & —— It = 05" < Gyl — 0.5]° for each £ = 0,1,

where C3 depends only on C1, Cs, .

Now let Z ~ N(On,O'QIn) for some 02 > 0, and define Y© = 4 + Z for
each / =0, 1.

We will see that the difference between Y and Y around the index
io = n/2 cannot be fully recovered by isotonic regression. The intuition for
this phenomenon is the same as in the proof of Theorem 2; since iso(Y(?));,
and iso(Y (1)), are calculated via local averages near iy (according to the min-
max formula (12)), while the difference between the vectors Y(?) and Y1) is
constrained to a vanishing region (they are equal everywhere except for indices
i € ig Ene,), isotonic regression will often shrink the difference between the two
signals at the index ip—this will happen whenever the local average is taken over
a sufficiently wide range, i.e., in the min-max formula (12), iso(Y(9));, = Y9,
for k — j sufficiently large. The bias at index iy will therefore be of order c,,
achieving a lower bound.

The remainder of the proof will follow these steps:

e Step 1: We will show that, deterministically,

iso(Y(O))i0 < iSO(Y(l))io +Cn.
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Fic 5. Illustration of the construction for the lower bound result for strict monotonicity
(Theorem 3). The figure illustrates the two different signal vectors u(9 and p(1) used in the
construction for the proof.
e Step 2: We will show that
If ki, (Y M) > i + 10ne, then iso(Y?);, <iso(Y V), + 0.2¢,.
e Step 3: We will show that
P {kio(Y(l)) > g+ 10n6n} > 0.5.
Combining these steps, we see that
E [iso(Y(O))iO] <E [iso(Y(l))io] + 0.6¢,,.
Applying the triangle inequality, we then have

[E [iso(y @)y | =y’ + [E [iso(y D)o | = )| = 046,

since ugg) = /%(';) + ¢,,. This means that, for either Y@ or YV it holds that
the bias at iy satisfies the lower bound 0.2¢,,. With ¢, as specified above, this
completes the proof of Theorem 3.

Now we turn to proving the bounds in Steps 1, 2, 3 above.

8.5.1. Proof of Step 1
By definition, we have
Y =Y = [ = | < e
for all 7, and therefore, it holds deterministically that
liso(Y(™); —iso(YM);| < ¢,

for all 7 (this holds since ||iso(y) — is0(¥')||co < |y — ¥'||oo for any y,y’ € R™, by
Yang and Barber [2018, Lemma 1]).
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3.5.2. Proof of Step 2

Next, we define
0) _ (M)
A=HB_—H
Cn
and consider the min-max formulation of isotonic regression as in (12) and (13):
; 0)y, — ; (0) ..
iso(Y'™"),, max Irvréllr;Y ik

=minY jio (Y(O):k

k>io 7
= ilélzrol (Y(l)jzo (Y(O)):k + anjz‘o (Y(O)):k>

<YW v @)y (v @) + b (v @), (v )
max YW ) + el (v, (v
= iso(YM)iy + enlj, (v )ik, (v)-
Therefore, it suffices to show that

If kio (Y(l)) Z ’io + 10nen then Zjio (Y(O)):kio (Y1) S 0.2.

Since j;, (Y(?)) < i by definition, we can weaken this to the statement

Aj. < 0.2 for all indices j,k € {1,...,n} with j <1 and k > iy + 10ne,.

This is true simply because, by definition of A, we have A; < 1 for all ¢ and
A; =0 for all |i — ig| > ne,.

3.5.83. Proof of Step 8

For this step we will use the breakpoint lemma. We have

l+m

> ) —u")? < 2mé
j=f—m+1

for any m > 1 and any ¢ with m < ¢ < n — m. Choose m = [C”Cw—‘ which
satisfies m > 2 for sufficiently large n. Applying Lemma 1, we have

(ol ) = S
m

where Cs depends only on o2, Cy. This implies that

1}»{1% Y W) <o+ 1On6n}
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=P {iSO(Y(l))g + iSO(Y(l))(_H for some ig < £ < ig + 10nen}

Cs1
< (10ne, +1) - w7
m
as long as ig satisfies

m <19 <n—m— 10ne,.

By definition of ¢, €,, m, as long as Cy,Cs, Cy are chosen appropriately, we
therefore have

P {k YWy <o+ 10nen} <05,

which completes the proof of Step 3.

4. Discussion

In this work, we develop a sharp bound on the bias of isotonic regression in one
dimension for strictly increasing signals, establishing (up to log factors) that the
bias is no larger than n~2/3 for smooth signals, but may be as large as n~1/3
in the non-smooth case. Many important open questions remain, for instance,
whether these bounds on the bias may be extended to the multidimensional
setting, or to settings such as the Grenander estimator for a monotone density
function.
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Appendix A: Additional proofs
A.1. Proof of breakpoint lemma (Lemma 1)

In Section 3.2, we proved Lemma 3, which establishes the desired result for the
case of a standard Gaussian. We now need to reduce to this case.
First, we reduce to a shorter subvector of length 2m. Define

Y = ()/;—m+17 )/i—m—&-Za cey l/z—i-m)

The property (15) of isotonic regression implies that

P {iso(Y); # iso(Y )iz} <P {iso(f/)m ” iso(f/)m_H} ,

so we now only need to bound this last probability.

Next we show that, since the means u; and variances 0j2. are nearly constant
over j =i —m+1,...,7+ m, we can reduce to a standard Gaussian where
the means and variances are constant. We first state a trivial result comparing

multivariate Gaussians, which we prove in Appendix A.3:

Lemma 5. Fix any integer k > 2, and any ay,...,ar € R and by,..., b > 0.
Let

V ~N((ar,. .. a),diag{b7,...,bz}) and W ~ N (aly,b’I),

where

1 1
a:EZai and b2:EZb?'

@
Il
—
<
Il
—

k

a; —a o b? )

- d = -1 —_
1_1( b ) logh 7 21Tk [p2 ‘ Rlogk

Then, for any ¢ > 0 and any measurable A C R,
P{VeA <C}- (IP{W € A} +k—0),

where C% depends only on ¢, Cy,C% and not on k.

Now we apply this result to Y.Let Y ~ N(ﬂlgm, 6212m), with 1,5 defined
as in the statement of Lemma 1. Then applying Lemma 5 with k = 2m, ¢ = 1,
and with the set A defined as

A= {y € R?™ :iso(y)m # iSO(y)m+1} )
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we see that the conditions of Lemma 5 are satisfied for some C}, C4 depending
only on the values C7, C5 in the statement of Lemma 1. So, we have

]P’{lso( Ym # iso(Y )m+1} <Cj (IE” {150 m 7 iso(Y m+1} + >

where C% depends only on C1, Cs.

Finally, consider a standard multivariate Gaussian, Z ~ A (Ogm7 Igm). Clearly
we can write Y = fily,, + 7, and so iso(Y) = fila,, + & - iso(Z) by the prop-
erty (14) of isotonic regression. This implies that

P {iso(Y)m # i80(Y )my1} = P{iso(Z)m # is0(Z)mi1} < :;g_ﬂ”i7

where the last step applies Lemma 3.
We have therefore proved that

P {iso(F); # bo(F )} < €5 (157 4 1),

1

which completes the proof of Lemma 1 with C3 chosen appropriately.

A.2. Proof of Gaussian coupling lemma (Lemma )

Our lemma is a consequence of Sakhanenko [1985]’s Gaussian coupling result:

Theorem 4 (Sakhanenko [1985, Theorem 1]). Suppose that Zl, ey Zy are in-
dependent random variables with E[Z;] = 0 and Var (Z;) = 0’ and that for
some v > 0, each Z; satisfies

E {V|Zj‘3eu|zjq < o2

Then there exists a coupling between (Zi,...,Z,) and (Zl, cesZyp) o~
./\/(O7 diag{o?,... ,ofl}) that satisfies

J
E
[Cxp {cz/ Inja<xn Z

where ¢ > 0 is a universal constant.

Now define Z; =Y; — p; for j = 1,...,n. To apply Theorem 4, we will first
work with the sequence Z;, Z;1,...,Z, instead of Zy,...,Z,, i.e. we begin
at the index ¢. Since each Z; is (/\,T)—subcxponcntial, it therefore satisfies the
assumption E [1/|Z IPe ”‘Z“] <02, < O'J when we choose v as an appropriate
function of A, 7, and owiy. By Theorem 4, then, we have a coupling between
(Ziy..., Zn) and (Zi, ..., Zn) ~ N (0, dlag{a ...,02}) such that

g

3

E

eXp § ¢V max
i<j<n
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(where we recall that max; o; < A by the subexponential tails assumption (9)
on the original noise terms Z;). In particular, this implies that

J J
P{ max Zi =Y Zy| <Clog(n/s) 3 >1 -4 28
for all 6 > 0, when C is chosen appropriately as a function of A, 7, omin-
Following an identical argument on the sequence Z;_1,Z;—2,...,Z1, we can
construct a coupling of (Zy,...,Z;_1) to a Gaussian vector (Z1,...,Z;—1) ~
N(0,diag{c?,...,07 1})) such that
- < >1-0.
| Jmax sz sz Clog(n/d) p >1—16 (29)
Finally, since (Z4,.. o Zi,1)~and (Z;, ..., Zy) are independent, we can also take
(Z1,...,Z;—1) and (Z;, ..., Z,) to be independent, and thus we have a coupling
between Z and a Gaussian random vector Z ~ N(0,diag{c?,...,02}) such

that both (28) and (29) hold, which implies that

< >1-
P 1Sjr£12a§>§€§n ZZ@ ;:Zg 2Clog(n/d) p > 1 —24. (30)
t=j J

Let A = Z — Z denote the error in the coupling constructed above, and

Y = w+ Z. We therefore have ?j;k = Y/j;k + Zj;k for all indices j, k. Now, for
each i, let

§i(Y) = min{j : iso(Y); = iso(Y);} and k;(Y) = max{k : iso(Y);, = iso(Y);}

as in (13), which are the endpoints of the constant segment of the isotonic
projection iso(Y) containing index 4. Using the definition of isotonic regression,
we calculate

iso(Y); = maxminY ;. < maXY () S Mmax YJ )t max A ik (V)

3<i k>i 71<i 71<i 7<i
~ 1
ZAzﬂ

=iso(Y); + T?EZXA k() < ds0(Y); + E(Y)—i+1 1< %iChen

Similarly we can show that

1

iso(Y); > iso(Y); — ——— -
7 — Jz(Y) +1 1<J<’L<k<’ﬂ

ZAe\

=3

Therefore,



830 R. Dai et al.
1 1 -
<E max{ = , ——= } max ZAE‘
1 — jZ(Y) +1 kl(Y) —14+1 1<j<i<k<n —;
1 1
< ¢logn (E [7] {E [7})
i—gi(Y)+1 ki(Y)—i+1

[ k
ZAg’ — ' logn
=

E [ iso(Y); —iso(Y);

+E max
1<j<i<k<n

for any ¢’ > 0. We can further calculate

k
E max A ‘ — ' logn
1<j<i<k<n ; ¢ &
= N
k
< P max Ag‘ >t dt
/t>c’logn 1<j<i<k<n [z:;
by (30 ’
y<( )/ 2ne—t/2c dt — 4Cne—(c logn)/2C ~ l’
t>c’logn n

when ¢’ is chosen as an appropriate function of C. Combining what we have so
far, then,

E[ } gc’logn<E {m]%{mb%

We will now bound these expected values.
For any £ > 1 with i + ¢ < n, it is trivial to see that

iso(Y); —iso(Y);

P{ki(?) —itl= E} = P{ki(f/) - 1} < P{iso(f’)gﬂ»,l ” iso(ff)m}.

Therefore, for any £y > 1 with i + fpax < n,

o P{R(V) —i+1=0}

E {—1 ] < +
k‘Z(Y) —1+1] =1 l Cnax
bmax P {iso(}})é-&-i—l # iSO(Y/)Hi} 1
< + .
e Emax
=1

Next, we will use the breakpoint lemma (Lemma 1) to bound these probabilities.

Fix
n2/3
:gmax: N N1/2 |
" [aogn)vJ
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We apply the lemma at the index i'(¢) = £+ i — 1 in place of i. Since we've

assumed that % < i< n-— %, it’s trivial to check that m <
(logn)1/ (log n)t/

i'(¢) < n — m for an appropriate choice of Cy. Next, since the means p; are

Lq-Lipschitz (5) and the standard deviations o, are L,-Lipschitz (10), we can

verify that the assumptions (17) are satisfied for C, Cy depending only on Ly, L,

(and not on n). Therefore

o o Cs(logn)*/?
]P’{ISO(Y)Z‘/(@ # ISO(Y)i’(Z)Jrl} S 3(”27/3)

forall £ =1,...,4nax, where C3 depends only on C7, Cs. Returning to the work
above, then,

ogn)t/? P
1 ] SR 1 Cllogn)?

E|l— n 7
{ki(Y)—z'Jrl T = 4 boax — 023

where C’ is chosen appropriately as a function of C3. An identical argument

holds for bounding E {ﬁ} . Combining everything, we see that
E|

which proves the coupling lemma for an appropriately chosen Cj.

iso(Y); —iso(Y);

el 10/3
} < ¢ C’ - (logn) n 1
= n2/3 n7

A.3. Proof of Lemma 5

First we define likelihoods,

k
0 = G -

1=1

and
k

fw(z) = W exp { Z(% - &)2/252} :

i=1
Define the set

B= {x cRF: fy(x) > C} - fW(x)} ,
where C% will be defined below. Then

P{V e A} <P{V € B} +P{V € A\B},

and

P{V € A\B) = /ERk 1{z € A\B}- fu (x) do
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fv(z)

fw ()

S/ 1{z € A\B}-C%- fw(z) dz
TERF

—C, . P{W € A\B)

<CL-P{W € A},

where the first inequality holds by definition of B. Therefore, we now only need
to bound P{V € B}. We calculate

k
f\/(v) (QW)k/zln—i_c:l b exp {_ 21:1(‘/1' - ai)2/2b§}

:/ Rk]l{xé.A\B}~ - fw(x) dzx

fw (V) e XD {_ Sk (Vi 5)2/262}
(11t
- s b
——
Term 1
k 2 2 k
1 V;'—ai b a; — 1 (11—
oo} ey
exp 22( ) (5 )+z Sk TLEED
Term 2 Term 3 Term 4

Next we will bound each term separately.

For Term 1, first note that we can assume \/kcléj <3 (because if this does
not hold then k is bounded by a constant, and so the conclusion of the lemma
holds trivially; i.e., by setting C% appropriately, the claim reduces to bounding

a probability by 1). Therefore,

ko7 k
1 —
Term 1 = I—IbE = exp {—5 Zlog(b?/bQ)}
i=1 " ;

k
1 2 /72 2 /72 2
<exp{—5 E_l[b/b —2(b2/b —1)}
- C4 1
ince [b7 /6% — 1| < —2—= < =
since |b;/ | < sl = 2

k
= exp {Z (b7 /b — } by definition of b?

<exp{k‘( ma.
since k > 2.

Next, for Term 2, note that ( s ) s x3. Define

b? b?
rj':max{O (b—2—1>} and T{:max{(},—(ﬁ—l)}.

2

2
2—2— ID } < exp{C4?/log2},
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By Laurent and Massart [2000, Lemma 1], we have

k 2
IP’{Z (Vibiai> .TTSZ'I";—+V:H%?X i (2\/m+2010gk)}21k6

i=1

and

k 2
Vi —a; - - - —c
]P’{E < b ) Ty > E r; _-5??‘.’.%” -2 kclogk}>l—k .

i=1

Combining the two, and using the fact that SoF
b, this simplifies to

r; = 0 by definition of

'le_

P {Term 2 < max
i=1,...k

b2 »
B—’Q — 1‘ . (4chlogk—|—2clogk)} >1-2k"°

Since log k < v/klog k for all integers k > 2, we thus have

P{Term 2 < C(4v/c+2c)} > 1 —2k™°.

Turning to Term 3, since Y% SN (0,1), we have

k _ 2
Vi—a; a a
Term3zz ! L ~ (QZ(Z ))
p b; b2/b = b2 /b;
and so
2
P<{ Term 3 < > -/2clogk p >1—k™°

We can weaken this to

P Term3<\/

Plugging in our definitions of C7, C}, and using k > 2, we then have

PJT 3<
{erm_ \/W

2C”}>1k c.

Finally, for the last term we can calculate

k N
a; —a Cl C
Term 4 = L < 2L < 2L
o Z( b ) ~ logk ~ log2

i=1
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Combining everything and simplifying, with probability at least 1 —3k~¢, we
have

fv(V) < exp Cs* +Ch(2/c+ce)+ /1 + Cs -/2cC + Gy
fw (V) — log 2 2 V21log?2 L 2log2 (-

Defining

012 Cl Cl
, _ 2 ’ 2 1 2 . /2 ! 1
Cs max{3,exp{10g2+c2( Vete) + + V2log2 cC’1+210g2 ’

we therefore have

fv(V)
fw (V)

P{VGB}:]P’{ >C§}§3k‘0§0§k‘07

as desired.
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