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Abstract

We derive moment and tail estimates for Gaussian chaoses of arbitrary order with
values in Banach spaces. We formulate a conjecture regarding two-sided estimates
and show that it holds in a certain class of Banach spaces including L, spaces. As a
corollary we obtain two-sided bounds for moments of chaoses with values in L, spaces
based on exponential random variables.
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1 Introduction

Multivariate polynomials in Gaussian variables have been extensively studied at
least since the work of Wiener in the 1930s. They have found numerous applications
in the theory of stochastic integration and Malliavin calculus [12, 22, 23], functional
analysis [11], limit theory for U-statistics [9] or long-range dependent processes [29],
random graph theory [12], and more recently computer science [7, 14, 19, 24]. While
early results considered mostly polynomials with real coefficients, their vector-valued
counterparts also appear naturally, e.g., in the context of stochastic integration in Banach
spaces [20], in the study of weak limits of U-processes [9], as tools in characterization of
various geometric properties of Banach spaces [11, 25, 26] or in the analysis of empirical
covariance operators [1, 30]. Apart from applications, the theory of Gaussian polynomials
has been studied for its rich intrinsic structure, with interesting interplay of analytic,
probabilistic, algebraic and combinatorial phenomena, leading to many challenging
problems. For a comprehensive presentation of diverse aspects of the theory we refer to
the monographs [9, 11, 12, 17].
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Moments of Gaussian chaoses in Banach spacess

An important aspect of the study of Gaussian polynomials is the order of their tail
decay and growth of moments. In the real valued case the first estimates concerning
this question, related to the hypercontractivity of the Ornstein-Uhlenbeck semigroup,
were obtained by Nelson [21]. For homogeneous tetrahedral (i.e., affine in each variable)
forms of arbitrary fixed degree two-sided estimates on the tails and moments were
obtained in [15] (in particular generalizing the well-known Hanson-Wright inequality
for quadratic forms). In [4] it was shown that the results of [15] in fact allow to obtain
such estimates for all polynomials of degree bounded from above. Two-sided estimates
for polynomials with values in a Banach space have been obtained independently by
Borell [6], Ledoux [16], Arcones-Giné [5]. They are expressed in terms of suprema of
certain empirical processes (see formula (1.5) below), which in general may be difficult
to estimate (even in the real valued case).

In a recent paper [2] we considered Gaussian quadratic forms with coefficients in
a Banach space and obtained upper bounds on their tails and moments, expressed in
terms of quantities which are easier to deal with. In the real valued case our estimates
reduce to the Hanson-Wright inequality, and for a large class of Banach-spaces (related
to Pisier’s Gaussian property a and containing all type 2 spaces) they may be reversed.
In particular for L, spaces with 1 < ¢ < oo they yield two-sided estimates expressed in
terms of deterministic quantities. In the present work we generalize these estimates to
polynomials of arbitrary degree.

Before presenting our main theorems (which requires an introduction of a rather
involved notation) let us describe the setting and discuss in more detail some of the
results mentioned above.

To this aim consider a Banach space (F, ||-||). A (homogeneous, tetrahedral) F-valued
Gaussian chaos of order d is a random variable defined as

S = Z Qiy,..yigFin """ Yias (1.1)

1<i1<iz...<ig<n

where a;, .. ;, € F and gy,...,g, are i.i.d. standard Gaussian variables. As explained
above the goal of this paper is to derive estimates on moments (defined as [|S]|, :=
(E[|S||”)}/?) and tails of S, more precisely to establish upper bounds which for some
classes of Banach spaces, including L, spaces, can be reversed (up to constants depend-
ing only on d and the Banach space, but not on n or a;, ... ;,). We restrict to random
variables of the form (1.1), however it turns out that estimates on their moments will
in fact allow to deduce moment and tail bounds for arbitrary polynomials in Gaussian
random variables as well as for homogeneous tetrahedral polynomials in i.i.d. symmetric
exponential random variables. In the sequel we will focus on decoupled chaoses

n

d
S'= 3 anigl - 6l?, (1.2)

i1,enig=1

where (ggk))i, x>1 are independent A/ (0, 1) random variables - under natural symmetry
assumptions, moments and tails of S, S’ are comparable up to constants depending only
on d (cf. Theorem A.9 in the Appendix). Moreover, as we will see in Proposition 2.11,
estimating moments of general polynomials in i.i.d. standard Gaussian variables can be
reduced to estimating moments of variables of the form (1.2).

For d =1 and any p > 1 one has the following well-known estimate (cf. Lemma A.5)

n n p l/p n n
> aigi|| = (E > aigi ) ~E\Y aigs > ai;
=1 » i—1 i—1 i—1

where, BY is the unit standard Euclidean ball in R" and ~ stands for a comparison up to
universal multiplicative constants.

+/p sup ; (1.3)

r€BY
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An iteration of the above inequality yields for chaoses of order 2,

n n n n
> aigigs| ~B\ Y aiigigy|| + VDB sup ||| aigirs| + || Y aijxig;
z€BY

1,7=1 » i,j=1 2 i,5=1 i,j=1
n
+p sup E aij Y5l (1.4)
z,y€EBY ij=1

where in the above formula and in the whole paper, (g})jg is an independent copy
of (g;)i>1-
For chaoses of higher order one gets an estimate

n n
1 d j j
S gl g~ PBsup || Y ana, [[2 T o7
i1,..,0g=1 » JC[d] i1,..,0a=1 jeJ JE[d\J
(1.5)
where the supremum is taken over z(!), ... z(™ from the Euclidean unit ball and ~*

stands for comparison up to constants depending only on the parameter a. To the best
of our knowledge the above inequality was for the first time established in [6] and
subsequently reproved in various context by several authors [5, 16, 17].

The estimate (1.5) gives precise dependence on p, but unfortunately is expressed in
terms of expected suprema of certain stochastic processes, which are hard to estimate.
In many situations this precludes effective applications. Let us note that even for
d = 1, the estimate (1.3) involves the expectation of a norm of a Gaussian random
vector. Estimating such a quantity in general Banach spaces is a difficult task, which
requires investigating the geometry of the unit ball of the dual of F' (as described by the
celebrated majorizing measure theorem due to Fernique and Talagrand). Therefore, in
general one cannot hope to get rid of certain expectations in the estimates for moments.
Nevertheless, in some classes of Banach spaces (such as, e.g., Hilbert spaces, or more
generally type 2 spaces) expectations of Gaussian chaoses can be easily estimated. The
difficult part (also for d = 2 and mentioned class of Banach spaces) is to estimate the
terms in (1.4) and (1.5) which involve additional suprema over products of unit balls.

Even for d = 2 and a Hilbert space, the term Esup, . By

>0 @i 9t H can be equivalently
rewritten as the expected operator norm of a certain random matrix. Such quantities
are known to be hard to estimate. Therefore, it is natural to seek inequalities which
are expressed in terms of deterministic quantities and expectations of some F-valued
polynomial chaoses, but do not involve expectations of additional suprema of such
polynomials. This was the motivation behind the article [2], concerning the case d = 2
and containing the following bound, valid for p > 1 ([2, Theorem 4]),

n n n
Z ai;9i9;|| <C (E Z aij9ig;|| + Z ij9ij

i,7=1 » i,j=1 i,j=1

n

n
+p1/2 sup E Z Ai5GiT 5 +p1/2 sup Z A5 X454

z€By Q=1 zeBy? ||ij=1
n
+p sup E aij iyl | (1.6)
z,y€BY ij=1

where (with a slight abuse of notation) we denote B} = {(@i)fjmn: b o 7l <1}
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Let us point out that even though the inequalities we have presented so far as well as
those we are about to discuss in the subsequent part of the article are formulated for
general, possibly infinite dimensional, Banach spaces, the random variables involved take
values in finite dimensional subspaces spanned by the coefficients of the polynomials
in question. Therefore, as long as the constants in the inequalities are universal or do
not depend on the particular subspace but just on some numerical characteristic of the
space (e.g., the type constant), there is no loss in generality in assuming that the space
F' is finite dimensional. In particular one can always assume without loss of generality
that F' as a linear space equals R for some positive integer m. This phenomenon is
well known in the local theory of Banach spaces.

It can be shown that in general inequality (1.6) cannot be reversed. However, it
turns out to be two-sided in a certain class of Banach spaces containing L, spaces (see
Section 2.1 below). This observation gives rise to the question of obtaining similar results
for arbitrary d. Building on ideas and techniques developed in [15] we are able to give an
answer to it. In our main result, Theorem 2.1, we provide an upper bound on moments
of decoupled chaoses of order d, which generalizes (1.6). We also obtain lower bounds,
which we conjecture to be in fact two-sided (see Conjecture 2.2), and in Section 2.1 we
identify a large class of Banach spaces for which our upper and lower bounds do match.

Let us briefly comment on the proof of Theorem 2.1. The lower bound for moments
relies on a rather straightforward reduction to the real-valued case, treated in [15].
The much more involved proof of the upper bound is based on an inductive approach.
The inequality (1.6) serves as the base of induction, while (1.3) allows to reduce the
induction step to an estimate of an expectation of a supremum of a certain canonical
Gaussian process, which turns out to be the heart of the problem. In order to obtain
such an estimate we apply a variant of the chaining method (see the monograph [28]),
which requires bounds on the entropy numbers for the indexing set of the process in
its intrinsic metric. In our case this metric is given via a norm on a tensor product of
F* and several Euclidean spaces, whereas the indexing set is a Carthesian product of
the corresponding unit balls. The bounds on entropy numbers are obtained by a variant
of the volumetric argument as well as Sudakov and dual Sudakov minoration leading
to expectations of suprema of other Gaussian processes, which can be estimated by
using the induction hypotheses. This approach in a sense parallels the one used in [15]
for the real-valued case, with (1.6) replacing the classical Hanson-Wright inequality,
however it presents some additional difficulties related to the geometry of the unit ball
in the space F*. Let us also remark that this approach cannot be used to pass from
d =1, i.e., the inequality (1.3), to d = 2, i.e., the inequality (1.6) (see Remark 3.7). While
the proof of (1.6) presented in [2] relies on a similar set of tools (chaining arguments,
Gaussian concentration) some of the technical estimates of entropy numbers are obtained
differently than in the induction step d — d + 1 for d > 2.

The paper is organized as follows. In the next section we set up the notation and
formulate the main results, in particular the pivotal bound for moments of homogeneous
tetrahedral Gaussian chaoses in an arbitrary Banach space (Theorem 2.1). We also
present its consequences: tail and moment estimates for arbitrary Gaussian polynomials,
two-sided bounds in special classes of Banach spaces, inequalities for tetrahedral homo-
geneous forms in i.i.d. symmetric exponential variables. In Section 3, in Theorem 3.1, we
formulate a key inequality for the supremum of a certain Gaussian processes and derive
certain entropy bounds to be used in its proof, presented in Section 4. In Section 5 we
use Theorem 3.1 to prove Theorem 2.1 from which we deduce all the remaining claims of
Section 2. The Appendix contains certain basic facts concerning Gaussian processes and
Gaussian polynomials used in the proofs. At the end of the article we provide a glossary
explaining the notation.
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2 Notation and main results

In this section we introduce the most basic notation used in the article and formulate
our main results. Since some additional notation will be introduced as the proofs develop,
for the reader’s convenience at the end of the article we include a glossary of the most
important symbols appearing in the text.

We write [n] for the set {1,...,n}. Throughout the article C' (resp. C(«)) will denote
an absolute constant (resp. a constant which may depend on «) which may differ at each
occurrence. By A we typically denote a finite multi-indexed matrix (a;, ... ;,)1<is,....is<n
of order d with values in a Banach space (F,|||). Ifi = (i1,...,%4), i1,...,%q4 € [n] and
I C [d], then we define i; := (i;);er. To simplify the notation we will also often treat
ir as a stand-alone multi-index, with the meaning that each i;,j € I runs trough [n].
We will also often suppress the range of summation. Unless stated otherwise the sums
>yor), . should be understood as summation over iy, ...,iq € [n], whereas }_,
should be understood as summation over ij,,...,i;, € [n] where I = {iy,...,ji}. The
parameter d will not be stated explicitly but will be clear from the context. In particular
when we write x = (z;,);,, it is implicitly assumed that the multi-index i; ranges over
ijys- -yt €[n] where I ={iy,...,jx}and z € R

For instance, for d = 3, I = {2,3},

n

n
T Lo . 2 _ 2
al‘/'rZI - a111213x12137 xi[ - xizig'
i

1,12,13=1 i i2,i3=1

We note that all the multi-linear forms we consider are given by finite sums. Standard
arguments allow to extend our inequalities to the case of infinite multiple series, but we
do not pursue this direction.

In what follows we will often identify the space (R")®? of d-indexed matrices with
the space R™. In particular Bg‘d will stand for the unit Euclidean ball in (R™)®4, i.e.,
By ={(b iiel dERn >0 <1}

IfIisa ﬁnlte set then |/| stands for its cardinality and by P(I) we denote the family
of (unordered) partitions of I into nonempty, pairwise disjoint sets. Note that if I = ()
then P(I) consists only of the empty partition (.

With a slight abuse of notation we write (P, P’) € P(I) if PUP’ € P(I) and PNP’ = ().

LetP ={I,...,Ix}, P ={Ji,..., Jm} be such that (P,P’) € P(|d]).Then we define

41 =50 B 3 o I Hg” Y X () <1y, @D
r=1

217

k
I[Alp :=supS B[ Y aj..., dexx: I 4 ‘ T<’<Z< ff)) . (2.2)
1 yeesld r=1

le[d\(UP) g

where GO = (gl(j))”l Il =1,...,m are independent arrays of i.i.d. standard Gaussian
variables .

We do not exclude the situation that P’ or P is an empty partition. If P’ = (), then
|Allp: | » = [[All» is defined in non-probabilistic terms. Another case when [[Al|,, | » =
llAll» is when P’ consists of singletons only.

In particular for d = 3 we have (note that to shorten the notation we suppress
some brackets and write e.g. [|A[ (2} (33 and [[A/ (1} | (2} (3. instead of ||A[l{(2} (3}; and
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1A 13y 1 20000

HAHQ) [{1,2,3} — |”A”|{1,2,3} = bup Z QijkTijk || »
id,k uk— i3,k
(Al = [[All1,33,¢23 = sup QAijkTikYj
01 (1,3}.(2} pae = s ZJ; RTikY;
1Al = I Allqy.q23.408y = sup ik TiY; 2k
01(1).(2).(3) R Zj% ALY
1
||A||{1’2},{3} 10 = Z az]kgz(])gk; )
.3,k
||AH{1} [ {2},{3} — |||A|||{2},{3} = Sup Z Qijk9iTiYk||

>3 2<1,yyE<1 ik

1 2 3
1Ay g2 10 = 1Al = B|| S aingM e o],
i,j,k

AT {3}|{2}—||\A|||{2}—Zsup E(Y ayrgVz;0

J 7§1 N

The main result is the following moment estimate of the variable S’.

Theorem 2.1. Assume that A = (a;,,... i, )is,....i; iS @ finite matrix with values in a Banach
space (F,|-||). Then for anyp > 1,

@ 2 > PTPIAlR < Z Gl 91

JC [@rer(ny |l »

<c@ Y PP Alp . @3)
(P, P)EP((d])

The lower bound in (2.3) motivates the following conjecture (we leave it to the reader
to verify that in general Banach spaces it is impossible to reverse the upper bound even
for d = 2).

Conjecture 2.2. Under the assumption of Theorem 2.1 we have

ST el gl <@ Y. Y P A, (2.4)

i15menid » JCd) PEP(J])

Example 2.3. In particular for d = 3, Theorem 2.1 yields for symmetric matrices

*Sl Zaz]kgz !]] g]j) S C(Sl + S2)a

ijk
J p
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where (we recall) C is a numerical constant and

S1:=B (Y aiyugMgP P+ 92 | sup E|Y aigrgtVe P

lzll2<1

1,5,k 1,7,k

+ sup E Z:a”kg2 ZTjk|| + sup Zaijkwijk

lz]l2<1 lzll2<1

.9,k N

—l—p sup E Zaijkgfl)xjyk + sup Zaijkxijyk

lz]l2,]lyll2<1 ik llzll2;llyll2<1 1,5,k

+p*? > agrriy;ze|,

el sla<t byt

52 = Zaljkgmk +E Za’lijZJ g](f) + 1/2 sup E Zaz]kgw Tk

ijk W4,k lzll2<1 ik

Remark 2.4. Unfortunately we are able to show (2.4) only for d = 2 and with an
additional factor In p (cf. [2]). It is likely that by a modification of our proof one can show
(2.4) for arbitrary d with an additional factor (Inp)© (4.

By a standard application of Chebyshev’s and Paley-Zygmund inequalities, Theo-
rem 2.1 can be expressed in terms of tails.

Theorem 2.5. Under the assumptions of Theorem 2.1 the following two inequalities
hold. For anyt > C(d) Zp,ep([d]) HA”P’W)’

1 2/|P|
P @iy, i . @] > t] <2e - ,
Z 15 dgu 9, 2 S z2exp O(d) P, 7‘3 )‘ep [d]) HAHp/ | P

and for anyt > 0,

1 d 1 1 d
Pl an gl g? 2@E ST aiiagl g+t

X . \2/IP
> exp| —C(d) min min [ -—— .
2 5@ P | 0@, min i (nAnp)

In view of (1.5) and [15] it is clear that to prove Theorem 2.1 one needs to estimate
suprema of some Gaussian processes. The next statement is the key element of the proof
of the upper bound in (2.3).

Theorem 2.6. Under the assumptions of Theorem 2.1 we have for any p > 1,

\7’\+1 d
£ sup Z Qiy,...ia9in H L; Z p ”A”’P’ | P

(@), @MEBHT iy (P,P’)e?([d])
(2.5)

We postpone proofs of the above results until Section 5 and discuss now some of their
consequences.
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2.1 Two-sided estimates in special classes of Banach spaces

We start by introducing a class of Banach spaces for which the estimate (2.3) is
two-sided. To this end we restrict our attention to Banach spaces (F, ||-||) which satisfy
the following condition: there exists a constant K = K (F') such that for any n» € IN and
any matrix (b;;); j<» with values in F,

E | bijgii| < KB\ bijgig)| - (2.6)

This property appears in the literature under the name Gaussian property (a+)
(see [20]) and is closely related to Pisier’s contraction property [25]. It has found
applications, e.g., in the theory of stochastic integration in Banach spaces. We refer to
[11, Chapter 7] for a thorough discussion and examples, mentioning only that (2.6) holds
for Banach spaces of type 2, and for Banach lattices (2.6) is equivalent to finite cotype.

Remark 2.7. By considering n = 1 it is easy to see that K > /7/2 > 1.

A simple inductive argument and (2.6) yield that for any d,n € IN and any F'-valued
matrix (bi,.. iy )ir....ia<n.

gi|| < KR , (2.7)

d
Z blgt(ll) gl(d)

where we recall that i = (iy,...,74) and each 41, ...,44 runs trough [n]. It turns out that
under the condition (2.6) our bound (2.3) is actually two-sided.

Proposition 2.8. Assume that (F |-||) satisfies (2.6) and (P,P’) € P(|d]). Then

1Al p < KIUP TP Ap.

Proof. Let P' = (J1,...,Ji), P = (I1,...,I,). Then |JP'| — |P'| = X1, (|| — 1). The
proof is by induction on s := [{l : |J;| > 2}|. If s = 0 the assertion follows by the
definition of ||A|». Assume that the statement holds for s and [{I : |J;| > 2}| = s+ 1.
Without loss of generality |J;| > 2. Combining Fubini’s Theorem with (2.7) we obtain

r<m,z< E:r)) < 1

iIT

(2) (m (1)
1Al | p = sup § EEG RS

Sall z) g5, H 9\
r=1

i

< K=l gup E(GE®,..G") pé Zalﬂx(r) H éf]) Hg(r) ‘Vrng( S)) <1
r=1

VISDA r=2 i1,

< KPP Allp,

where G) = (gz(jl))” ,G = (gff))JeJhi‘,l are independent families of i.i.d. A'(0, 1) random
variables and in the last inequality we used (conditionally) the induction assumption. O

The following corollary is an obvious consequence of Proposition 2.8 and Theo-
rems 2.1, 2.5.

Corollary 2.9. For any Banach space (F, ||-||) satisfying (2.6) we have forp > 1,

1 d
37 gt gl <C@KTEYT ST PP A,
i1,...,ig

» IC[d] PeP(I)
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7

and fort > C(d)K*'E HZ‘ aigl” - g!¥

1 _
P Z tir,iadl) 0\ >8] < 2exp <—C(d)K2 2d??(t)),

i1,e0000d

where

" 2/|P|
t):= min min | —— :
n(t) 0AIC[d] PEP(I) (|||A||P>

Thanks to infinite divisibility of Gaussian variables, the above corollary can be in fact
generalized to arbitrary polynomials in Gaussian variables, as stated in the following
theorem.

Theorem 2.10. Let F' be a Banach space. If G is a standard Gaussian vector in R™ and
f: R™ — F is a polynomial of degree D, then for all p > 2,

1£(G) — EF(G),
zﬁ(w(a) G+ > > > pszvd @lr) @8

1<d<D p#IC[d] PeP(I

and for allt > 0,

1
P(I£(G) - EF(G)]| > ﬁ<1E||f G) =BG +1) 2 gy e (— CDns 1)),
(2.9)
where
t 2/IP|
w)= mp in, nin (fevrer,)

Moreover; if F' satisfies (2.6), then for allp > 1,

1£(G) = B,
<O P EIFG) -BAG) I+ Y Y. Y pTIEVI@lr) (210

1<d<D p£IC[d] PeP(I)

and for allt > C(D)KP~1E| f(G) — Ef(G)|,

P(IF(G) ~ BF(G)] 2 1) < 2exp (- (D) K>20y(1)). (2.11)

The above theorem is an easy consequence of results for homogeneous decoupled
chaoses and the following proposition, the proof of which (as well as the proof of the
theorem) will be presented in Section 5.

Proposition 2.11. Let F' be a Banach space, G a standard Gaussian vector in R" and
f: R™ — F be a polynomial of degree D. Then forp > 1,

D d 1 d
1£(G) ~BFG)lp ~ Z | > el el
i1,00ytd=1
where the d-indexed F-valued matrices Ay = (a §f) »d)j,h___’idgn are defined as A; =
EVAf(G).
EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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Remark 2.12. Let us stress that Proposition 2.11 as well as inequalities (2.8) and (2.9)
of Theorem 2.10 hold in arbitrary Banach spaces. The assumption (2.6) is needed
for inequalities (2.10) and (2.11). A positive answer to Conjecture 2.2 would allow to
eliminate this assumption and remove the constant K from the inequalities.

2.2 L, spaces

It turns out that L, spaces satisfy (2.6) and as a result upper and lower bounds in
(2.3) are comparable. Moreover, as is shown in Lemma 2.14 below, in this case one may
express all the parameters without any expectations. For the sake of brevity, we will
focus on moment estimates, clearly tail bounds follow from them by standard arguments
(cf. the proof of Theorem 2.5).

Proposition 2.13. For q > 1 the space L,(V, ;1) satisfies (2.6) with K = C/q.

Proof. From [11, Theorem 7.1.20] it follows that if F' is of type 2 with constant 75, then
it satisfies (2.6) with K = T5, while it is well known that the type 2 constant of Lq(V, i)
is of order ,/q. O

For a multi-indexed matrix A of order d with values in L,(V,u) and J C [d], P =
(I, ..., Ix) € P([J]) we define

2

Il » = sup %\j (ZH% ) \V«eZ( ) <

117‘

For J = [d] and P € P([d]) we obviously have [A| ., » = ||A[». The following lemma
asserts that for general J the corresponding two norms are comparable.

Lemma 2.14. For any J C [d], P = (I1,...,Ir) € P(J) and any multi-indexed matrix A
of order d with values in L,(V, 1) we have

1 1—d+|J| d—|J|
C(d)™'q IAllz,» < IAll» < C(d)g

Proof. By Jensen’s inequality and Corollary A.7 we get
1/q

k q
I4lr < s | [ B ae) T[T of [T+ duto ]vwz( ) <1

jeld\g =1

2
SC(d)q%m sup Z (Za,H:c(r)> ‘V <kZ( (r))
fap\g \ &g ir,

On the other hand Theorem A.1 (applied with p = 1) and Corollary A.7 yield
1/q

q
J=d k
q 2 j T T
Il = G | BISa TT o TLE) | [ ()
i jeld\s =1 L,

V

Y

T WS (Ze ) | g

LapNg \ tJ i,
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Theorem 2.15. Let g > 1 and let A = (a;, . i,)i,,...;, be a multi-indexed matrix with
values in Ly(V, (). Then for any p > 1 we have

Z Y p Al < | Y aniagl gl

dl PeP([J]) i15..050d »

Z S T AL, e

d] PeP([J])

Proof. This is an obvious consequence of Theorem 2.1, Corollary 2.9, Proposition 2.13
and Lemma 2.14. O

Using Proposition 2.11 we can extend the above result to general polynomials.

Theorem 2.16. Let G be a standard Gaussian vector in R™ and let f: R™ — L,(V, p)
(q > 1) be a polynomial of degree D. Then for p > 1, we have

D
(—Zw S Y P TIEVY@)L, p < I1F(G) - EF@)],

d=1 JC[d) PeP([J])

D
<eMY ¢ EY Y pFIEVIO) L, -

d=1 Jcld] PeP([J])
Example 2.17. Consider a general polynomial of degree 3, i.e.,
> agkgigige+ Y bijgigi + Y cigi +d,
1,5,k=1 i,j=1 i=1

where the coefficients a;;1, b;j, ¢;, d take values in a Banach space and the matrices
(@ijk)ijk, (bij);; are symmetric. Then one checks that

EVf = <C2+3Zam3> 5
IEVQf(G) = Q(bij)?,j:h
EV?f(G) =V f(G) = 6(aijn)} j -

2.3 Exponential variables

Theorem 2.15 together with Lemma A.8 allows us to obtain inequalities for chaoses
based on i.i.d standard symmetric exponential random variables (i.e., variables with
density 27! exp(—|t|)) which are denoted by (EJ@)Z», jen below. Similarly as in the previous
section we concentrate only on the moment estimates.

Proposition 2.18. Let A = (a;,....i,)i,.....i, De @ matrix with values in L,(V, u). Then for
anyp > 1, ¢ > 2 we have

One can take C~'(d)q'/>~% in the lower bound and C(d)q**~'/? in the upper bound.

da Z Z Z plI+IPI/2 max Wai,,....ia)ize lLy,P-

P IC[d) JC[dI\I PEP([d]\(IUJ))

d
> a B
k=1

i
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Example 2.19. If d = 2 then Proposition 2.18 reads for a symmetric matrix A = (a;;);;
as

Zam E(_2 ~p maxHCLUHL + p3/2 max seué)ﬂ ZCLUIJ

max g a; -+ max g a?
x,yEBY il i ‘\/ i
L,

+pt% | sup Z Zaijxj + sup_ Za”x”
i J

zeBy mGB" ij

2
E a;; .
ij I

q

p

Lq

The proof of Proposition 2.18 is postponed until Section 5.

3 Reformulation of Theorem 2.6 and entropy estimates

Let us rewrite Theorem 2.6 in a different language. As explained in the introduction,
since the variables we consider take values in the finite dimensional subspace spanned by
the coefficients a;, we may assume without loss of generality that /' = R™ for some finite
m and a;, ... i, = (Giy,...ig 1041 )ias <m- FOT this reason from now on the multi-index i will
take values in [n]? x [m] and all summations over i should be understood as summations
over this set. Accordingly, the matrix A will be treated as a (d + 1)-indexed matrix with
real coefficients. Let T = Bp- be the unit ball in the dual space F* (where duality is
realized on R™ through the standard inner product). In the sequel we will therefore
assume that T is a fixed nonempty symmetric bounded subset of R™.

In this setup we have

") (k)
E i91, Z; sup su aigi, x; tz ,
(:1:(2) ,x(d))E(B” igi H (m(2> x(d))E(B” d—1 te?z gi H d+1
[4llp: = sup  Esupy o [+ Hg“)tzdﬂ Ve, 30 (#) =1},
i k=1 i,
(3.1)
where P = (I1,...,1,), P = (Ji,..., J5), (P',P) € P([d)).

To make the notation more compact we define

@@= 3 Al p.

(P.PEP((d)
IPI=F

The next statement is a reformulation of Theorem 2.6 in the introduced setup. The proof
of it will be presented in Section 4.

Theorem 3.1. For any p > 1 we have

d
E Zalgzl Ha:(’“)tw <O p T si(4). (B.2)
k=0

(z@,...,z(d) t)G(B" )d—1ixT

EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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To estimate the supremum of a centered Gaussian process (G,),cy one needs to
study the distance on V given by d(v,v’) := (|G, — G,|?)*/? (we refer to the monograph
[28] for an extensive presentation of chaining techniques related to estimates of suprema
of stochastic processes). In the case of the Gaussian process from (3.2) this distance is
defined on (By)4~! x T c R™?~1 x R™ by the formula

pal(@?,..., 2@ 1), (P, ...y D1
o\ 1/2

= Z Z Qi .. yigq (H ‘r(k)t’dJrl H y(k) :d+1>

i1 12y 50d+1

d d
A <<® a:“”) ®t— (@y"”) ®t'> : (3:3)
k=2 k=2

where <®Z:2 x(k)> Rt = (xg) . Ej)tzd+1)iz,...,id+1 € R™ '™ and a4 is a norm defined
n (R")®@-1 @ R™ ~ R '™ given by

aa(®) = > | D @i |- (3.4)

i1 \@d+1\{1}

We will now provide estimates for the entropy numbers N (U, pa,¢) for ¢ > 0 and
U C (B)%! x T (recall that N(S,p,¢) is the minimal number of closed balls with

diameter ¢ in metric p that cover the set 5). To thlS( )end leE )us introduce some new
(3

notation. From now on G,, = (¢1,...,9,) and G (g 1 ,.--,gn ) stand for independent
standard Gaussian vectors in R”. For s > 0, U = {(z®,...,z® t) e U} c R")*" ' x T
we set

d—1

WY (aa,s):= Zsk Z WY (aa), (3.5)

k=1 IC{2,...,d}:[I|=k

where
d
WY(ay) = Sup ®(x (1—1g( ))+G<"’)1I(k)> ®t|.
(z@),...,z(dD) t)eU k=2

We define a norm 54 on (R”)‘X’(d_l) ~ R by (recall that we assume symmetry of
the set T)

Ba(y) *ESUPZ%Q“YW]\{I} fat1 — = Esup Zalgzlyz \{1} [FIRN (3.6)
teT teT
Following (3.5) we denote
d—1
Vi (Ba,s) = s > VP (Ba), (3.7)
k=0 IC{2,...,d}:|I|=k
where
d
VP(Ba)i= s BBa ®( (1= 1,(0) + G (k) ) -
(z@),....z(dD t)eU —9
EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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Let us note that VY (34) depends on the set U only through its projection on the first
d — 1 coordinates.
We have

d
Vi (Bass) > sV (Ba)=s- sup Ba <® 3:“”) ) (3.8)

(z@,. (D) t)eU

Observe that by the classical Sudakov minoration (see Theorem A.2), for any z(*) € R”,
k=2,...,dthere exists Tg ) . C T such that |Tig . .| < exp(Ce™?) and

tersecry o (@05 00 ) <o (@)

k=2
We define a measure 4¢ . on R(~)" x T by the formula

Her(C) = /nwfn Z 1o (@@, 2D ) dyg—1yne (2*)izs,..a),

t€T® (k) o

where 7, ; is the distribution of tG,, = t(¢1,...,gn). Clearly,
pl (RN X T) < exp(Ce?). (3.9)

To bound N (U, pa,¢) fore > 0and U C (B5)4! x T we need two lemmas.

Lemma 3.2 ([15, Lemma 2]). For any x = (z,...,2®) € (B})¢, norm o/ on R™" and
€ > 0 we have
Yan.e (Bar (%,7(4e,))) > 27 exp(—de~2/2),

where
d
Bu(x,7(,0)) = {y— V.5 ) e R | o <®w ®y<’“)> < r<s’0/>}
k=1
and
d d
r(e,a) = Zsk Z Ed/ <® (x(k)(l — 1ger) + G(k)1k61)> :
k=1 IC[d): [I|=k k=1
Lemma 3.3. For any (x,t) = (z®,...,2® t) € (B?)* ' x T and ¢ > 0 we have

il (B (00,0, 04, WS (. 8) + VIS (84,86) ) ) = e exp (~Cld)e2) .
Proof. Fix (x,t) € (B?)* ™' x T, ¢ > 0 and consider
d d
U= {(y@), oy Dy e RETD: oy ((@ z® — ®y(k)> ® t)
k=2 k=2

d

d
+efa <® z*) — ®y(k)> < Wj(x’t)}(aAAE) + Vd{(x’t)}(,BAAE)}.
k=2

k=2

For any (y@,...,y®) € U there exists t’ € Tig, ) . such that
d d
as <® yW @ (- t’)) < eBa <® y“”) :
k=2 k=2

EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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By the triangle inequality,

d d
oA <®m(k) ot— Xy e t’>
k=2 k=2
d d d
(k) (k) (k) ’
A((@x -Qv >®t>+aA<®y ®(t—t)>
k=2 k=2
d d d d d
A ((@m(k) - ®y(k)> Y t) + e84 ®x(k) - ®y(k)> +eBa (@ﬂ“)
k=2 k=2

2 k=2 k=2
t)}

< Wi (an, ) + 2V (B4, 4e) < WIS (aa,86) + VD (B4, 82),

where in the third inequality we used (3.8). Thus,

wlr (B (060, 4, WE™ (a,8) + V&) (84,80)) )
> Ya-1)ne(U) = ¢ exp(=C(d)e™?),
where the last inequality follows by Lemma 3.2 applied to the norm a4 (- ®t) +e84(:). O
Corollary 3.4. Let U C (B})%! x T. Then for any ¢ > 0,
N (U, pa, Wi (aa,e) + Vi (Ba,€)) < exp(C(d)e?) (3.10)
and for any § > 0,

log N(U, pa, 9)

Bl
e
—

d—1 d—1
<c@ Y| Y wlaa)| o F+ ST vPBa) s7F | L (3.11)
k=1 \ 1c{2,...,d} k=0 \ 1c{2,..., d}
|I|=k |I|=k

Proof. It suffices to show (3.10), since it easily implies (3.11). Consider first ¢ < 8.
Obviously, WY (aa,e)+ V.Y (Ba,e) > sup(x7t)eU(W;(x’t)}(aA,5)+V;(x’t)}(ﬂA,5)). Therefore,
by Lemma 3.3 (applied with £/16) we have for any (x,¢) € U,

plp (B((x,t), pa, Wi (aa,e/2) + Vi (Ba,e/2))) = C(d) " exp (=C(d)e™?).  (3.12)
Suppose that there exist (x;,¢1),..., (Xx,tx) € U such that
pal(xi; t:), (%5,5)) > Wi (a,e) + Vi (Ba, e) > 2W 7 (aa,e/2) + 2V (Ba,e/2) for i # j.

Then the sets B ((x;,t;), pa, WY (aA,e/Q) + V7 (Ba,e/2)) are disjoint, so by (3.9) and
(3.12), we obtain N < C(d) exp(C(d)e~2) < exp(C(d)e~2).
If ¢ > 8 then (3.8) gives

k
W (aa,e) + Vi (Bae) > 8 sup 9, H ot
(a:(z)}.‘.,:r(d),t)EU
9\ 1/2
128 k
SET 0 ol U Si) | EN
0 (w(Q),..A,:E(d),t)EU i1 12, 7’Ld+l
> diam (U, pa) .
So, N(U, pA7WdU(aA75) + VdU(BA,g)) =1 < exp(e7?). O
EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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Remark 3.5. The classical Dudley’s bound on suprema of Gaussian processes (see e.g.,
[9, Corollary 5.1.6]) gives

E sup
(2@ .. 2D t)e(BR)I-1xT

d A
Zaigil H ngf)tidﬂ < C/ \/log N((B3)*=1 x T, pa,d)ds,
i k=2 0
where A is equal to the diameter of the set (B5)¢~! x T in the metric p4. Unfortunately
the entropy bound derived in Corollary 3.4 involves a nonintegrable term §~!. The
remaining part of the proof of Theorem 3.1 is devoted to improving on Dudley’s bound.

For x,y € (R")?~! we define a norm a4 on (R")%~! = R(~U" by the formula

S S S o

3=2 (P, PPN\ || 4
|Pl=d—2

d
D INP I e
E\P\(Ld]\_{]}) i

aa(@®,..., z@)

PP

YYY [T

o|p I=2iFk=1 Peg‘@c}gkn i {k} 1P

Proposition 3.6. Foranyd >3,¢ > 0and U C (B})4 1 x T,

d—2
N <U, PA, Zed_ksk(A) +€
k=0

Proof. We will estimate the quantities WY (a4,¢) and V./(B4,¢) appearing in Corol-
lary 3.4.

sup

Ga(z?, ... ,x(d))> < exp(C(d)e™?).
(x@) ...,z t)eU

Since U C (B})4~! x T, Jensen’s inequality yields for I C {2,...,d},
d
W (o) = sup Eaa ® (:r:(k)(l —17(k)) + G(k)ll(k:)) ®t
(2.2 HeU Pt
2
k k
< sw EX (> wlla? II «n
(z®,..a@ t)eU i1 \io,.iay1r kel ke[d\(TU{1})
2
k
e Uy Y e I
@@ @OCU NGy \iwrnauny  keld\(TU{1))
< 1Al | ruquy. trykeran oy < Sa—jri(A)- (3.13)

By estimating a little more accurately in the second inequality in (3.13) we obtain for
2<j<d,

U
Wiy (ea)
2
l (k
< sup sup Z Z aixgl) H Yi, )tldJrl
(@@, 2D EV 9<1<a WPy EBH A Liy iy | s 1.5y 2<k<d
l#j k#j,l
d
< sup Z Za, (3.14)

@®@,...aD el 1= PEP(AN(ID)
\
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Observe that (3.14) is not true for d = 2 (cf. Remark 3.7).
Let us now pass to the quantity V,(84,¢). The definition of V} and the inclusion
U C (By)?! x T yield

VI (Ba) < 1Ay qay: ser | opwetanropay) < Sa-jrj-1(A) for I#0 (3.15)
and
! ) (k)
VUV (B4) < sup sup IE sup aigi, T; y1k t,
b (Ba) (m<2>,..<,z<d>,t)eUl§:;(y<2),-~,y<d>)6(33)d ! t’ETZ s 2<];[<d Lo
kAT
< sup Z Za x(l) . (3.16)

z(2) ... x(d)
( Dt)el o i {1} | {k}: ke[d]\{1,l}

Inequalities (3.13)—(3.16) imply that

Wi (oa,e) + Vi (Ba,e)
—1

d—1
aPICND SR/ CVED SEED DR ACN
k=1

=2 Ic{2,..d}:|I|=k 1C{2,...,d}:|I|=k

d
e | 2 Wiy(aa) + Vi (Ba)

j=2
d—2 d
) SEREVIER R D SEND DI ) it
k=0 (@2a @ DEV | 1=g (pphep(d\ih) || PP
|P|=d—2
Hence the assertion is a simple consequence of Corollary 3.4. O

Remark 3.7. Proposition 3.6 is not true for d = 2. The problem arises in (3.14) - for
d = 2 there does not exist P € P([d] \ {{}) such that |P| = d — 2. This is the main reason
why proofs for chaoses of order d = 2 (cf. [2]) have a different nature than for higher
order chaoses.

4 Proof of Theorem 3.1

We will prove Theorem 3.1 by induction on d (recall that the matrix A has order d + 1).
To this end we need to amplify the induction hypothesis. For U C (R")4"! x R™ we
define

k)
Fa(U)=E sup g a; gi | | x( ti ..
( ) (z<2),...,z(d),t)€U _ i1, 0d+1 9% Td+1

Theorem 4.1. For any U C (B3)?"! x T and any p > 1

d—1
Fa(U) < C(d) <\/5AA<U> +y o sk<A>> : (4.1)
k=0
where
Aa(U) = sup pal(@® .. 2@, 1), (4P, ...y D, 1))
(z@,..., (D 1) (y(2) ..., y(d )eU
= diam(A4, pa).
EJP 26 (2021), paper 11. https://www.imstat.org/ejp
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Clearly it is enough to prove Theorem 4.1 for finite sets U. Observe that
Aa((B) X T) <21 Allg | (y.5eia) = 254(A),

thus Theorem 4.1 implies Theorem 3.1. We will prove (4.1) by induction on d, but first
we will show several consequences of the theorem. In the next three lemmas, we shall
assume that Theorem 4.1 (and thus also Theorem 3.1) holds for all matrices of order
smaller than d + 1.

Lemma 4.2. Letp>1,l>0andd > 3. Then

d—1
nd—l _ ktl—d
N((Bz)d Y pa, 27! § p 2 Sk(A)> < exp(C(d)2%p),
k=0

where p 4 is the distance on (R")?~! corresponding to the norm é 4.

Proof. Note that

d

Baa (62,...¢0) =3 Y E|Y ag . (4.2)

J=2(P,P)eP([d\{5}) ij /
Plod2 ’ PP
Up to a permutation of the indexes we have two possibilities

or

_ R 01 {1,2),{{1): 3<1<d, 1) 4.3)

I ]

E aigi;
ij

PP {1} | {1y:2<1<d, 15

First assume that HZ% aigi,

5

. In this case
0] {1,2},{{1}: 3<i<d, I#j}

Zbil,... iaJin

i1

PP

E Qaigi; =
4

0| {12}, {{1}: 3<i<d, I#5}

0]4{2},...,{d—1}

for an appropriately chosen matrix B = (b;,,..;,) (we treat a pair of indices {1,2} as
a single index and renumber the indices in such a way that j, {1,2} and d + 1 would
become 1, 2 and d respectively).

Clearly,

Yo ABlpr= Y, Mlpp< D Allpp=sk(4), (44
(P, P)eP([d—1]) (P, P)eC (P, P)eP([d])

[Pl=k |P|=k |P|=k

where C C P([d]) is the set of partitions which do not separate 1 and 2.
Thus, Theorem 3.1 applied to the matrix B of order d yields

E Zaigij =K

Bl 0 {1,2}.{{1}: 3<i<d, 15}

E biy,...ia9in
i1

0{2},....,{d—1}
-1

d

|P|+2—d k+2—d

< C(d) > p 2 |Bllpp <O p = si(A). (4.5)
(P, P)eP(ld—1]) k=0
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Now assume that H . Qigi. = H . aig;. and observe that
2, 39 PP 22, 91 (1} | {1}:2<1<d, 1
l
E|> agi, =9 e SUP EY :ugzalgng” 11 v i
, xMeBY, 2<I<d, 1#£j € -
K (1} ] {1}:2<i<d, 1 ? 2sisd, 13
l
=E sup sup Zalg27 H xgl)mil’id+l
s eBy, 2<I<d, I£j mEM 2<1<d, l?ﬁ]
"B s w3 ,@dg“r[x miy

zWeBY, 2<I<d—1 meM i1,

where D = (d;,.....i,)iy,....i, 1S an appropriately chosen matrix of order d, the symmetric
set M C R"™ ® R™ satisfies

EE sup Z b; jgit; = sup Z b; jm; ; for any matrix (b; ;)i<n,j<m,
teT i meM

and M corresponds to M under a natural identification of R™ ® R"™ with R™.
Applying Theorem 3.1 to the matrix D of order d gives

E Zaigij =K sup Sup Z dn,.u,zdgzl Hm mi,
i

zWeBY, 2<I<d—1meM
{1} ] {1}:2<1<d, I St

[PL+2-d
< C(d) > p HD||7>/|7>
(P, P)eP([d—1))

LIRSS
< C(d) Z p 1Allp | p
(P, P)EP((d])

d—1
d) Y pT T si(A), (4.6)

where ||D||$’,l | p is defined in the same manner as [|A| », | p (see (3.1)) but the supremum

is taken over the set M instead of T. The second inequality in (4.6) can be justified
analogously as (4.4).

Combining (4.2), (4.3), (4.5), (4.6) and the dual Sudakov inequality (Theorem A.3,
note that (B})4~! C v/d— 1B2“"") we obtain

N((B" aPA7thk+gd3k )

<N ((Bg)dfl,pA, C(d) " MEa4(G?, ..., G<”>)) < exp(C(d)t™2).

It is now enough to choose t = (,/p2')~ 1. O

From now on for U C (R")?~! x R™ we denote

aaU) = sup QA (x(z),...,x(d)).
(z@),...,z(d) t)eU

Lemma 4.3. Suppose thatd > 3, y = (y?,...,y¥) € (B})¥ ! and U c (By)*' x T.
Then for any p > 1 and | > 0, we can find a decomposition

N
U=JUj, N <exp(C(d)2*p)
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such that for each j < N,

d—2
Fa((y,0) + Uy) < Fa(Uy) + C(d) (dA (y) +aaU)+27 5 p sk<A>> 4.7)
k=0
and
d=2 k—d
Aa(U) <27 p72au(U) + 2723 p 7 si(A). (4.8)

Proof. Fixy € (B§)*tand U C (BY)* ' xT.ForI C {2,...,d},x= (z?,..., 2 t), %=
(@@, ..., 5D ) e (R")4 x R™ and S C (R")?! x R™, we define

Vil o\ ._ (k) J) / ~(5)
pixx) = 300 Y a[w [t IT =7~ IT &7 | |
i1 i2,..iay1  KET 2<j<d 2<j<d
J¢l jel

A% (S) = sup {Pﬁil(x’ X):x,X € S}

and

FX’I(S) = sup Zalgz1 Hy(k) H Ej) bigis-

(@, 2@ t)e kel 2<j<d
J¢l
If [ = {2,...,d} then for S C (B})?~! x T we have
A2000d K
FZ{ < Esup Z @igi, H y( )tld+1
teT
.0 ).«
< sup IEsup aig; x,’ Y, d)tz
o S (T )
Z aiy.? <éaaly). (4.9)

{1} | {k} : k=2,...,d—1

IfQ)#A1C{2,...,d} then Theorem 4.1 applied to the matrix

Do (Sl

ir kel i[d+1]\I

of order d — |I| +1 < d+ 1 gives for any S C (B})? ! x T and ¢ > 1,

d—|I]—1
Et1-d|1]
FY(S) < C@—11) [ PA% )+ 30 0 F s(AW. D)

For any 2 < k < d, y¥) € BY, thus s,(A(y,I)) < sp41/(A) for k < d — |I| — 1 and

sa—1-1(A(y, 1)) < da (y).
Hence,

d—2
FY'(S) < C(d—|1)) (q”%i{](s)MA W+> g 2 Sk(A)>- (4.10)
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By the triangle inequality,

Fa(?,....y D00+ 8) - Fa(S) < > F}'(9).
0£I1C{2,...,d}

Combining (4.9) and (4.10) we obtain for S C (B%)4~! x T and ¢ > 1,

Fa((y®,....y 00+ )

d—2
SFAS)+CW) [aay)+ Y &A% ) +Y ¢ T s(A) | @11
P£IC{2,...,d} k=0

Fix I C {2,...,d}, |I| < d — 2 (we do not exclude I = (). Taking supremum over
y € (B})?! we conclude that

sup &A(y,I)((I(k))kE{Z,A..,d}\I) < sup aa(z®,. . z@).
@@,....a@ 1)eU (@@, )er

Recall also that s (A(y, 1)) < sp47/(A), thus we may apply 2! — d times Proposi-

tion 3.6 with ¢ = 27!p~'/2 and find a decomposition U = UjV:ll Uf, N1 < exp(C(d)2?'p)

such that for each j and I C {2,...,d} with |I| < d — 2,
-2
A (U)) <27'p Pau (U) +272) " p 2 si(A). (4.12)
k=0

If |I| = d — 2 then the distance pi’,’l corresponds to a norm oy, 1y on R™™ given by

2

QA(y,I) (x) = Z Z @iTigs a4y H yff) )

i1 1250 50d 41 kel

where j is defined by the condition {1, j} = [d]\ I (cf. (3.3), (3.4) and observe that A(y, I)
is an n x m matrix). We define also (as in (3.6))

l
BA(y,I) (X) = E sup Z aigilxi_j H yl(l )tid+1 .
teT lel

Recall the definitions (3.5) and (3.7) and note that (denoting by U the projection of U
onto the j-th and (d + 1)-th coordinate)

> k
WQU(aA(yJ),e) =¢ sup E Z Z aigi;tiy H ygk)

(z@ ..z )eU i Q9yeeyidil kel

2
<e sup Z <Z a; H ylgf)tidH) <edly), (4.13)

@@, DNV Gy iy kel

where we again used that y;, € BY, U C (B)4~! x T.
We also have

U 1 2 k
V{(;} (Baw.n) =E :2713 Z aigl(1 )gl(j) H yl(k )tidﬂ < 54-2(A)
i kel
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and

Vi (Baty.n) = SUP Esup Y aigi, ) y(k)t < aly).
¥ Oagn) = s B ) e [Lu < 6)

Thus
VzU(ﬁA(y,I), €) < ea(y) + e2sq_o(A).
Taking ¢ = 27'~1p~1/2 and combining the above estimate with (4.13) and Corollary 3.4
(applied d — 1 times) we obtain a partition U = Ujvil U} with Ny < exp(C(d)2%'p) and
AN (UF) < 27'p 7 2au(y) + 27 p  saa(A) (4.14)

forany I C {2,...,d} with |I| =d—2and j < Na.

Intersecting the partition (U]);<n, (which fulfills (4.12)) with (U}’);<n, we obtain a
partition U = U;N:1 U; with N < NNy < exp(C(d)2%p) and such that for every i < N
there exist j < Ny and | < N, such that U; C UJ’» nuy.

Inequality (4.7) follows by (4.11) with ¢ = 221p, (4.12) and (4.14). Observe that (4.8)
follows by (4.12) for I = (). O

Lemma 4.4. Suppose that U is a finite subset of (BY)?~! x T, with |[U| > 2 and U — U C
(B3)4=1 x (T —T). Then for any p > 1,1 > 0 there exist finite sets U; C (By)?~! x T and
(y;,t;) €U, i=1,...,N such that

(i) 2 < N < exp(C(d)2%p),
() U= ((%,0) + U,), (U; = U;) CU = U, |Ui| < [U] -1,

(iii) Aa(U;) <272 Zk op B Sk(A)/

(iv) Ga (Uy) < 27030000 p™ s, (A),
) FA<<y7;,o>+Uz->SFA<UZ->+C<d>( A(U) 427 P s (4)).
Proof. By Lemma 4.2 we get
Ny
(B3)*' = Bi, M1 < exp(C(d)2”p),
=1

where the diameter of the sets B; in the norm & satisfies

d—
diam(B;, &a) < 2 Z Mt

b

Let U; = U N(B; x T). Selecting arbitrary (y;,?;) € U; (we can assume that these sets
are nonempty) and using Lemma 4.3 (with [ + 1 instead of ) we decompose U; — (y;,0)
into U;.le ;; in such a way that Ny < exp(C(d)2?p),

d—2

Fa((y:,0) + Us) < Fa(Uy) + C(d ><aA (v;) +da (Ui—<yi7o>>+2-lzp’“*%dsk<x4>>
k=0

d—2
< Fa(Uij) + C(d) (@A (vi) + diam(B;,a4) + 271> pT T sk(A))

k=0
-t k+1—d
< Fa(Ui;) +C(d )( U)+27> p > Sk(A))
k=0
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and
—1-1_—1/2 21—2 k —21 < k—d
Aa(Uiy) <2777 26,4 (U; — (y,,0)) + 27 szsk <2723 "p e s(A)
=0

We take the decomposition U = |, ;((y;,0) + Ui;). We have N = N1 N, < exp(C(d)2*'p).
Without loss of generality we can assume N > 2 and |U; ;| < |U|—1. Obviously, U;; —U;; C
Ui —U; CU—U and a4 (Uyj) < éa (U — (y;,0)) < 2703971 p*5 5, (A). A relabeling of
the obtained decomposition concludes the proof. O

Proof of Theorem 4.1. In the case of d = 2 Theorem 4.1 is proved in [2] (see Remark 37
therein).

Assuming (4.1) to hold for {2,...,d—1}, we will prove it ford > 3. Let U C (R")?~!xT
and let us put Ag = Ax(U), Ag = da ((B3)T! x T) < C(d)sq-1(A),

d—

d—1
=222 ZP¥81€(A) Z e ) fori > 1.
k=0

k=0

Suppose first that U C (5(B%)?"!) x T and define

1
2
cu(rl) = sup{FA(S): Sc (BN xT,S—ScU-T,

1S <7, 84(8) < Anaa(9) < A,

Note that any subset S C U satisfies A4(S) < Ag and a4 (S) < Ay, therefore,
cu(r,0) > sup{Fa(S): SCU,|S| <r}. (4.15)
We will now show that for r > 2,
a-1 k+1—d
co(rl) <cy(r—1,14+1)+ C(d) <Al +2lpA 427y e sk(A)> . (4.16)
k=0

Indeed, let us take S C (BY)9~! x T as in the definition of ¢y (r,1). Then by Lemma 4.4
we may find a decomposition S = U 1((y;,0) + S;) satisfying (i)—(v) with U, U; replaced
by S, S;. Hence, by Lemma A.4, we have

S) < C\/log NAA(S) + max Fa((y;, 0) + ;)

k+1—d

d—1
< C(d) <2l\/ml +aa(S)+27'> p > sk(A)> + max Fa(S;). (4.17)

We have AA(S) < Al+1 Qg (Sz) < Al+17 SL—SL cS—-ScU-Uand |Sz‘ < ‘S| —-1<
r—1, thus max; Fa(S;) < cy(r—1,1+1) and (4.17) yields (4.16). Since cy(1,1) =0, (4.16)
yields

oo

cU(r,O)SC(d)Z<Al+2fAl+2 ZZ A A)).

=0

For U C (3(B%)*') x T, we have by (4.15)
Fa(U) =sup{Fa(S):SCU,|S| < oo} <supcy(r,0)

d—1
C(d) (ﬁmw) + Zp’“*%dsk(/n) :
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Finally, if U C (B})? ! x T, then U’ := {(y/2,t): (y,t) € U} C (3(B)¢"!) x T and
AA(U") =2179A 4(U), hence,

Fa(U) =27 Fa(U") < ()(fAA +Zp“%dsk ) .

5 Proofs of main results

We return to the notation used Section 2. In particular in this section the multi-index
i takes values in [n]? (instead of [n]? x [m] as we had in the two previous sections) and all
summations over i should be understood as summations over [n]<.

5.1 Proofs of Theorems 2.1 and 2.5

Proof of Theorem 2.1. We start with the lower bound. Fix J C [d], P € P(|d] \ J) and
observe that

1/p
d P
’Zanglk) > E(G<J))]€J sup E(G(J))JE[d]\J <Zai Hgi(f)>
- cF* - =
i k=1 D ﬁo <1 i k=1
p\ 1/p
> ¢(d) E(G<j>);jer% Zal H g(J)
i jeJ .
i)\ s ||| p
1Pl il
>c(dp = B|| | > ai [] o = c(d)p = | Allp,
i jeJ iap\ s P

where F™* is the dual space and in the second inequality we used Theorem A.6.

The upper bound will be proved by an induction on d. For d = 2 it is shown in [2].
Suppose that d > 3 and the estimate holds for F-valued matrices of order 2,...,d — 1. By
the induction assumption, we have

d
1P|
‘Zaiﬂgﬂf) < C(d) > (5.1)
i k=1 P (P,P)eP(ld—1]) PPl
Since |||, | p is @ norm Lemma A.5 yields
Zaigid < CE Zaigid +CVP | Allpr | pugay - (5.2)
id id

P Pll, PP

Choose P = (I1...,I),P' = (J1,...,Jn,) and denote J = | JP’. By the definition of
|Allp | » we have

i9iq
PP
—q GW,...Ggm (1) (k )
= sup E( ) Z aixifl .. -xilk ”z gld ’ Vj 1.k Z ( )
i =
1 k) (d
= sup Z aixl(jl) . El,jgl(d) ’ Vj Lok Z ( (J)) : (5.3)
dang i
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where G) = (gff,) )i, and || - [l is a norm on ! given by

Ii)i = B> b, Hgif,i
i

Theorem 2.6 implies that

Bow | (0wl ag ) | [y X (o) =
a)\g tr;

iy

7?.
< C(k) > R = C(k) > UP’ | R
(R, R)eP([d\J) (R’,R)eP([d]\J)
|R|—k
<C(k) >, p 2 IR >

(R R)eP(ld])

where A := (@igp s )ia s 18 F""”"'-valued matrix of order d — |.J| given by i, = (ai)i,
and ||Af|z/ | = is defined in a similar way as || A||, IR but under the expectation occurs
the norm | - ||.

The above and (5.3) yield

iJia <Ck) Y, 1% (5.4)
PP (R R)eP(d])
Since |P| = k the theorem follows from (5.1), (5.2) and (5.4). O

Proof of Theorem 2.5. Let S = HZ a,lgl1 .- gl(j)H. Chebyshev’s inequality and Theo-
rem 2.1 yield for p > 0,

PlS>cCd) Y.  pPPYAlp p | <P (5.5)
(P,P)EP(Id))
Now we substitute
t=Cd) Y lAllpo+CWd) D PPRAlp p =t 4t
PreP(ld]) (P,P)EP([d))

IPI>1

and observe that if t; < t5 then

2/IP|
J 1 t
p = .
cd )<P7|>)|e7>< <||A||7>/|7>>

The first inequality of the theorem follows then by adjusting the constants.
On the other hand by the Paley-Zygmund inequality we get for p > 2,

_ 1
PlS>C'd)Y. > P4l =P (sp > QPESP)

JEld) PEP(T)
2
L\ (ES?)®
2(1_217) Eo2 = ° ’

where in the last inequality we used Theorem A.1. The inequality follows by a similar
substitution as for the upper bound. O
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5.2 Proof of Proposition 2.11 and Theorem 2.10

Let us first note that Proposition 2.11 reduces (2.8) of Theorem 2.10 to the lower
estimate given in Theorem 2.1, while (2.10) is reduced to Corollary 2.9. The tail bounds
(2.9) and (2.11) can be then obtained by Chebyshev’s and Paley-Zygmund inequalities
as in the proof of Theorem 2.5. The rest of this section will be therefore devoted to the
proof of Proposition 2.11.

The overall strategy of the proof is similar to the one used in [4] to obtain the
real valued case of Theorem 2.10. It relies on a reduction of inequalities for general
polynomials of degree D to estimates for decoupled chaoses of degree d =1,...,D. To
this end we will approximate general polynomials by tetrahedral ones and split the latter
into homogeneous parts of different degrees, which can be decoupled. The splitting may
at first appear crude but it turns out that up to constants depending on D one can in fact
invert the triangle inequality, which is formalized in the following result due to Kwapien
(see [13, Lemma 2]). Recall that a multivariate polynomial is called tetrahedral, if it is
affine in each variable.

Theorem 5.1. If X = (X3,...,X,,) where X, are independent symmetric random vari-
ables, () is a multivariate tetrahedral polynomial of degree D with coefficients in a
Banach space E and @), is its homogeneous part of degree d, then for any symmetric
convex function : E — Ry and any d € {0,1,...,D},

E®(Qq(X)) < ES(CpQ(X)).

It will be convenient to have the polynomial f represented as a combination of
multivariate Hermite polynomials:

D
flay, ... x,) = Z Z aghg, (1) ha, (Tn), (5.6)

d=0deA?

where
ZZ{dZ(dh...,dn):Vke[n] dp, >0and dy +---+d, =d}

and h, (z) = (—1)"e* /2L ¢=#*/2 5 the m-th Hermite polynomial. Recall that Hermite
polynomials are orthogonal with respect to the standard Gaussian measure, in particular
if g is a standard Gaussian variable, then for m > 1, Eh,,(g) = 0 (we will use this property
several times without explicitly referring to it).

In what follows, we will use the following notation. For a set I, by IX we will denote
the set of all one-to-one sequences of length £ with values in I. For an F-valued d-indexed
matrix A = (@i, ,...i,)iy,....iq<n and x € R ~ (R™)®4 we will denote

(A, z) = Z Qiy,oialin,..ig-
i1, 0std

Let (W})ie[o,1) be a standard Brownian motion. Consider standard Gaussian random
variables ¢ = W; and, for any positive integer N,

9j,N = \/N(W]

N

—W%), j=1,...,N.

For any d > 0, we have the following representation of h4(g) = hqe(WW1) as a multiple
stochastic integral (see [12, Example 7.12 and Theorem 3.21]),

1 ta to
hd(g)zcl!/o/0 /0 AWy, -+ dWy, AW,
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Approximating the multiple stochastic integral leads to

ha(g) =d! lim N™2 %" g nooogin
°° 1<j1 <-<ja<N

(5.7)

:1\}i—r>nooN_d/2 Z Giv N Gja N
JE[N]

where the limit is in LQ(Q) (see [12, Theorem 7.3. and formula (7.9)]) and actually the
convergence holds in any L? (see [12, Theorem 3.50]).
Now, consider n independent copies (Wt(Z))te[O,l] of the Brownian motion (1 <7 < n)

together with the corresponding Gaussian random variables: ¢(") = Wl(i) and, for N > 1,

gj(lj)\, =VNWY —w®), j=1,... N

N N
Let also

n 1 1 2 2 n n A
GO = (g0 G 9N O s s NN = (95N ) gyl <[]
be a Gaussian vector with nN coordinates. We identify here the set [nN] with [n] x [N]
via the bijection (i,5) «++ (i — 1)N + j. We will also identify the sets ([n] x [N])¢ and
[n]¢ x [N]? in a natural way. For d > 0 and d € A7, let

Iq = {Z S [n]d: le[n] #Zil({l}) = dl}’

and define a d-indexed matrix B‘(iN) of n? blocks each of size N as follows: for i € [n]?

and j € [N]¢,

B(N) . %Nﬁd/Q lfZGId and (Za]) = ((ilajl)vu'a(idajd)) € ([n] X [N])i'
( d )(i,j) - .
0 otherwise.

Proof of Proposition 2.11. Assume that f is of the form (5.6), By [4, Lemma 4.3], for any
p>0,

N n N—00 n : D
<Bf1 ),(G( ,N))®d> 2 ha, (g™ -+ hg, (g™ in LP(Q),
which together with the triangle inequality implies that

D
Jim [0 3w @0))

=1 deAn

= [|l7(@) - Ef(@)],

Hp

for any p > 0, where G = (¢(!), ..., ¢(™) and we interpret multiplication of an element of
F and a real valued d indexed matrix in a natural way. Thus, by Theorem 5.1 and the
triangle inequality we obtain

D
Cilth”wZ‘K 3 adB((iN))(G(n,N))®d>

=1 deAn

p

< [A(G) = Ef(G)llp

D
< limpy o0 Z H< Z adBt(lN)v (G(n,N))®d>

d=1  deAn

p

(recall that the matrices B((iN)

combinations).

have zeros on generalized diagonals and so do their linear
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Denote by G NV G("N.4) independent copies of G,
By decoupling inequalities of Theorem A.9 we have

H< Z adB‘(lN)7 (G(n,N))®d> ‘< Z G/dBle), G(”’N’l) R ® G(n,N,d)>
deagd b deAn

~4 (5.8)

p

To finish the proof it is therefore enough to show that for any d < D,

1
lim H S 6aBM, GV @ g GV H - Lawei e 2, 6.9
N—o00 <d€AZ > P d!

where G, ...,Gp are independent copies of G (recall that 4; = EVYf(Q)).
Fix d > 1. For any d € A} define a symmetric d-indexed matrix (ba);c[n)« as

TR b
’ 0 otherwise,

and a symmetric d-indexed matrix (B((iN))(L J)e(n]x[N]) as
(BY) (i) = N~Y2(ba); foralli € [n]? and j € [N]7.
Using the convolution properties of Gaussian distributions one easily obtains

H< Z adét(lN),G(n,N,D@...®G(n,N,d)> = H< Z ad(bd)ie[n]dagl®"'®Gd>
deAj P deArn

(5.10)

p

On the other hand, for any d € Aj}, the matrices BSN) and B((lN) differ at no more
than |Iq] - |([N]? \ [NV]2)| entries. Thus

|aa(BEY = BE 6D @ G|
p

< C(ptaall- | (B ~ B, @ @ gimm )|

<t (B o )

(N —d)!

as N — oo, where in the first inequality we used Theorem A.1.
Together with the triangle inequality and (5.10) this gives

lim H< Z adB((iN)’G(n,N,l) ®W®G(n,N,d)>H
P

N—o00

deAn
= H< Z ad(bd)ie[n]daGl®"'®Gd>H . (5.11)
deAr P
Finally, we have
Aa=EVY(G)=d > aa(ba)icne- (5.12)
dcAn

Indeed, using the identity on Hermite polynomials, -t hy(z) = khy_1(z) (k > 1), we
obtain -2 hi(g) = k1=, for k,1 > 0, and thus, for any d,l < D and d € A},

dal

(EV@ha, (gV) - ha, (g"™)), = d!(ba)ila= for each i € [n]".

Now (5.12) follows by linearity. Combining it with (5.11) yields (5.9) and ends the
proof. O
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5.3 Proof of the bound for chaoses in exponential variables

Proof of Proposition 2.18. Lemma A.8 implies

d
>a [T
i k=1

P i1,.00502d

~ Z I Hg ) (5.13)
P

where

Qiy,... ing *= a’ilw":id1{i1:id+1w~7id:i2d}'

Let A= (&i1,---7i2d)i1,-~7i2d'
Theorem 2.15 and (5.13) yield

d

< o L2

i

=Y pE A, e

Jc[2d) PeP([J))

p

=1
25 33 pFYAL, . (5.14)

Jc[2d] PeP([J])

We will nowW express ;g 2pep((J)) p\m |||121|\|me in terms of the matrix A. To this

end we need to introduce new notation. Consider a finite sequence M = (J, I1,...,I;)
of subsets of [d], such that JUL U...UI, =[d], I1,...,I; # 0 and each number m € [d]
belongs to at most two of the sets J, I1, ..., I;. Denote the family of all such sequences
by M([d]). For M = (J, I1,...,1I}) set |IM| =k + 1 and

L)\ J r=1 i1,

(A) L, am o= sup Z 3 aIHx(’”) ’V <kZ( (r)) 7

q

where we do not exclude that J = (). By a straightforward verification

S Y A~ Y pT (A, e (5.15)

Jc[2d) PeP([J]) MeM([d])

To finish the proof it is enough to show that

> o) Z A) g at (5.16)

MeM([d]) Me

where
k
c— {M:(Lll,...,lk) e M(id)) | 70 <UI;> — 0,
=1
Vl,mgk L,NI; # 0= (|Il| = |Im‘ =1, I, = Im)} .

Indeed assume that (5.16) holds and choose M = (J,I1,...,I;) € C. Consider
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I={i|J1<m=<k {i} =1, =1,,}. Then J NI = ) and we have

2\ /2
H (1 l
W =o0) [ || S T 14| | st
Vil e 1€l 1<k
IlﬁI:Q)
! !
Vi<i<k Z(xl(-lz)Q <1, Vier Z(y;))Q <1
i]l i
2\ 4/2
= max sup / Z Zaih,,,,id(v) H xx) du(v)‘V1<z<k Z “
ir v i igent 1<k t nNIi=g l
Izﬁ_I:(D
= mi?IlX (M(ail,...,id)ilc H|Lq,{11 : ImI:(z)})q = H;?X (H|(ai1,.4.,m)i,c |\|Lq,7>)q7 (5.17)

where in the second equality we used the fact that

N
l l n

M
i=1

together with convexity and homogeneity of the norm

a/2
Il = | [ (Z )

By combining the above with (5.14)-(5.16) and comparing the exponents of p we
conclude the assertion of the proposition.

1/q

The proof is completed by showing that

Z p‘M;l <A>L M <C MZ Lg M

MeM([d])

(the other estimate in (5.16) is trivial), which will be done in two steps. Let us fix
M= (J,1,...,I;) € M([d]).

Step 1. Assume first that J N (Uf:1 I;) # 0. Without loss of generality we can assume
that 1 € J N I;. Denote I; = I; \ {1} and for any matrix (z (1 ))“ such that ) ;. ( )) <1,

Tiy
.7 Doy
set (bi, )i, = ( Zill\{l}(xill)Q)ll' Clearly,

(b7), € Bl and Y S Y

21

i\ (1}

Observe that for any f1,..., f, € LY(X,du) the function

q/2
[0,400)" 3t — /V (Z ff(v)tL> du(v)
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is convex (recall that ¢ > 2). Since B} N [0,00)™ = conv(0, e1, €2, ..., e,), we have
/2
eV 2\’
i !
W=l [ S8 Sa o)y [l du(v)
4 i 1gc Zl =2
V1<z<kz (l)
ZIZ
/2
MO 2\’
< max sup / ST ai l zy) dp(v)
“ v\ iye biy o5 ™
vy \is
V1<z<kz (l)
’L[l
X 2\ 4/2
!
< max sup / > (Zail ..... W@y, [1= f,f) dp(v)
V' \ingy \ige 1=2
D i, )<L ik Y (@ 52) <1
1f1 Z[l

Let
M,{(J\{l},{l},{l},fl,fz,...,m if 1 # 0
N\ {1h 2y I) ML =0
By the same argument as was used for the second equality in (5.17) we obtain that the
right-hand side above equals (A) Ly M7 which gives

(Ap,m <A, s
Observe that
pIMI=1)/2 (A), < pIMI=1)/2 <A>Lq,M’ < p(\M’\fl)/2 (A)

q»

Ly, M’

By iterating this argument we obtain that p(IMI=1)/2 (A, < pIM1=1)/2 (A),. pqn for
some M" = (J",I{,... 1)) such that J” n (", 1) = 0.
Step 2. Assume that for some I,m < k I; N I,,, # 0 and |[;| > 2 or |I,,,| > 2.

Without loss of generality assume that 1 € I; N 5 and |[;| > 2. Clearly,

2 q/2
NONNCN!

7 17, 1
(A)] o =sup /V D N G 1= dui(o)
=3

iJ lJC

Vi<i<k E ”l

Z]l

( (1)) )115 (Cil)h = ( ZiIQ\{l}(z(?))Q)il € Bg Because

Z[l 212

where (b;,)i, = (/>
(bilcil)h € By,

i\ {1}

2 2
e e
ZI I
vil _1 S 17 E 672 S 1a
invgy \ iy \
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and for any (f;;);; in L9(X, du), the function

2 q/2

R">t— /V Z thfij(v) dp(v)

is convex, we obtain similarly as in Step 1,

pMI—1)/2 (Ap,m < plIMI=n/2 (Ap, e < plIMI=n/2 (A, me

where

({14 {1}, L\ {1}, I3, ..., I}) otherwise
An iteration of this argument shows that indeed one can assume that M satisfies the
implication L, N I; # 0 = (|I}| = |I,| = 1, I, = L,,).
Combining Steps 1 and 2 we obtain that for any M € M([d]) there exists M’ € C such
that p(MI=D/2(4) - < pMI=D/2 (4) - which yields (5.16). O

M {(l{l},{l},h\{1}712\{1},13,...,1k) it 1\ {1} # 0

q

A Appendix

In this section we gather technical facts that are used in the proof.
Theorem A.1 (Hypercontractivity of Gaussian chaoses). Let

S=a+ Zailgil + Z Uiy in iy Gis + - F Z is,...sia¥ir " Gia»
i1 1,12 B1y050d

be a non-homogeneous Gaussian chaos of order d with values in a Banach space (F, ||-||)-

Then for any 1 < p < q < oo, we have

/2
(B[5]9 < c(d) (g) (E|S]")7

Proof. Itis an immediate consequence of [9, Theorem 3.2.10] and Holder’s inequality. O

Theorem A.2 (Sudakov minoration [27]). For any setT' C R"™ and € > 0 we have

e/ InN(T,dy,e) < CEsupZtigi,
teT

where d, is the Euclidean distance.

Theorem A.3 (Dual Sudakov minoration [17, formula (3.15)]). Let o« be a norm on R"
and p,(x,y) = a(x —y) for z,y € R"™. Then

ev/log N(BY, pa,€) < CEa(Gy) fore > 0.

Lemma A.4 ([15, Lemma 3]). Let (G;);cr be a centered Gaussian process and T =
1T, m>1. Then

Esup Gy < maxEsup Gy + C+/In(m) sup VE(G: — Gy)2.

teT I<Sm ey t,t'eT
Lemma A.5. Let G be a Gaussian variable in a Banach space (F.,| - ||). Then for any
P =2,
1
& 161+ VB s Ele(@)] | <16, <G, +CvB swp Elo(@)),
S [S

el <1 llell.<1

where (F*, ||-||,) is the dual space to (F, ||-|).
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In particular fora,,...,a, € F and G = 22;1 a;g; we have

n
Zaigi Zazgz Zazxz
=1

~E + /p sup

z€BY

Proof. The first part of the Lemma is [15, Lemma 4]. It implies the second part as
follows. Since ¢(G) is a one-dimensional Gaussian vector, we have ||p(G)|2 ~ E|p(G)|.
In particular for G = Y_!" | a;9;, a; € F we obtain

1/2

wwp BR@l~ swp e@lh= s (3 p(a?)
peF™,[lell<1 peF [lell<1 peF [lell<1 * 75
2 aiwi]

Theorem A.6 ([15, Theorem 1]). For any real-valued matrix (a;,,....i,)i,,....i; @nd p > 2,
we have

d
Sallo?] ~ X s zalnw i @),
i =1 i

PeP([d])

= sup sup g o(a;)x; = sup
pEF* ||lp||<1lxzeBy reBY

<1

2

p

Corollary A.7. Assume that for any i1, ...,%4, ai,,...i, € R. Then forallp > 1

1 1 d
c@VP| 2 i S| X gy o0l | < Cp””
T1y00d i i

P

Proof. It is an easy consequence of Theorems A.1 and A.6. O

Lemma A.8 ([3, Lemma 9.5]). Let Yi(l) be independent standard symmetric exponen-
tial variables (variables with density 2~ ' exp(—|t|)) and Y* = 2, V) = g,g/, where
gi, g, are i.i.d. N(0,1) variables and ¢; - i.i.d. Rademacher variables independent of

(YD), (Yy®), (Y®)). Then for any Banach space (F, ||-||), any p > 1 and any vectors
v1,...,U, € F the quantities

p\ 1/p

) , J=12,3,

<E Z 'Uif‘:iy;;(j)

are comparable up to universal multiplicative factors.

We remark that the above lemma is formulated in [3] for p = 1 in the real valued
case, however the proof presented there (based on the contraction principle) works for
arbitrary p > 1 and arbitrary Banach spaces.

We will also need decoupling inequalities for tetrahedral homogeneous polynomials.
Such inequalities were introduced for the first time in [18] for real valued multi-linear
forms and since then have been strengthened and generalized by many authors (see the
monograph [9]). The following theorem is a special case of results from [13] (treating
also general tetrahedral polynomials) and [8, 10] (treating general U-statistics).
Theorem A.9. Let X = (X4,...,X,) be a sequence of independent random variables
andlet XO = (x ..., x{"), 1=1,...,d, be iid. copies of X. Consider a d-indexed
symmetric matrix (a;, .. i,)}, ;,—1, With coefficients from a Banach space F. Assume
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that a;, ... s, = 0 whenever there exist 1 < k < m < d such that i;, = i,,. Then for any
p>1,

Moreover, for anyt > 0,

Ca

1IP<H Z ail-,--widXi(ll) . XZ(‘;I)H > Cdt>

i1, iq=1

<cp(| X ana XD X0 2 vc).
i1yeyia=1
B Glossary
e F - the underlying Banach space, p. 2
. (ggk))LkZl - an array of i.i.d standard Gaussian variables, p. 2
e F* —the dual of F, p. 12
* B% - the standard unit Euclidean ball, p. 2
* BT - the standard unit ball in R™ in the norm || - ||1, p. 30
* [n] -theset{1,...,n}, p.5
- R = (R™)®4 - the space of d-indexed matrices, p. 5
. Bgd — the unit Euclidean (Hilbert-Schmidt) ball in ]R"d, p.-5
* P(I) - the set of partitions of I, p. 5
* Il | p - @ norm appearing in general moment estimates, p. 5
* || - |» - @ norm appearing in general moment estimates, p. 5
« GO = (gi(g)ill - independent arrays of i.i.d. standard Gaussian variables, p. 5

IAllz,,» - a norm appearing in moment estimates for L,-values chaoses, p. 10
si(A) — the sum of norms corresponding to partitions of cardinality &, p. 12

pa — the distance induced by the canonical Gaussian process, p. 13

a4 —anorm related to pa, p. 13

N(S, p,e) - the entropy number, p. 13

Wg («a,s) — a quantity appearing in estimates for entropy numbers, p. 13

WIU («a,s) - a quantity appearing in estimates for entropy numbers, p. 13

B4 - an auxiliary norm related to the main Gaussian process, p. 13

VIU(ﬁ 4) — a quantity appearing in estimates for entropy numbers, p. 13

uiT — a measure used in the volumetric argument, p. 14

&4 - an auxiliary norm appearing in estimates for entropy numbers, p. 16

F4(U) - the expected supremum of the main Gaussian process, p. 17

A4 (U) - the diameter of the set U in the distance p4, p. 17

Al - the set of multi-indices corresponding to Hermite polynomials of degree d,
p. 26

(A) L,.m —an auxiliary norm related to moment estimates for chaoses in exponential
variables, p. 29
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