n b
Electr® @biljty

Electron. J. Probab. 25 (2020), article no. 70, 1-21.
ISSN: 1083-6489 https://doi.org/10.1214/20-EJP466

Effect of microscopic pausing time distributions
on the dynamical limit shapes for random Young
diagrams”*
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Abstract

The irreducible decomposition of successive restriction and induction of irreducible
representations of a symmetric group gives rise to a Markov chain on Young dia-
grams keeping the Plancherel measure invariant. Starting from this Res-Ind chain,
we introduce a not necessarily Markovian continuous time random walk on Young
diagrams by considering a general pausing time distribution between jumps according
to the transition probability of the Res-Ind chain. We show that, under appropriate
assumptions for the pausing time distribution, a diffusive scaling limit brings us con-
centration at a certain limit shape depending on macroscopic time which leads to a
similar consequence to the exponentially distributed case studied in our earlier work.
The time evolution of the limit shape is well described by using free probability theory.
On the other hand, we illustrate an anomalous phenomenon observed with a pausing
time obeying a one-sided stable distribution, heavy-tailed without the mean, in which
a nontrivial behavior appears under a non-diffusive regime of the scaling limit.
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1 Introduction

As a remarkable classical result in the field of asymptotic representation theory, the
limit shape of random Young diagrams originated with Vershik-Kerov [20] and Logan-—
Shepp [16]. Let Y denote the set of Young diagrams. Set Y,, = {)\ € Y| Al = n} where
|A| denotes the size (= the number of boxes) of A\ € Y. For A\ = (\; 2 X2 2 ---) €Y, set
m;(\) = #{i|\; = j}, namely the number of rows of length j in A. The total number of
rows is [(\) = Zfozl m;(A). The Plancherel measure on Y, is defined by

(dim \)?
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Dynamical limit shapes for random Young diagrams

Young diagram A is identified with the profile y = A(z) depicted in the zy coordinates
plane, satisfying

[ @) = e = 21

R

Figure 2 in Appendix shows the profile of A = (4,2) = (2'4!) € Y. For A € Y,, we set the
profile rescaled by 1/4/n as

1
S Vn

The limit shape of Young diagrams with respect to the Plancherel measure can be
described in a form of weak law of large numbers as follows. An element of

A]V" () Ayvnz), z€R. (1.1)

]D:{w:R—HRHw(m)—w(y)\§\x—y|,
w(x) = |z| (z < a, b < x) for some a < 0and b = 0}

is called a (centered) continuous diagram. The smallest closed interval [a, b] satisfying
this condition (possibly a singleton {0}) is denoted by supp w (support of w € D). Let {2

denote the continuous diagram (indeed a C! curve) with supp 2 = [-2,2]:
Q) = 2 (warcsin £ + V4 —22), [z] £2, (1.2)
||, || > 2.

Then, [)\]\/ﬁ converges to {2 in D in probability Mg) as n — oo. Namely, for any € > 0, it
holds
tim M{Y ({xe v,
n—oo

su \/Eas— T)| < € = U. .
sup| N V7(z) — 2(a)| 2 ¢} ) =0 (1.3)

This result of the limit shape is a static property for the Plancherel ensemble. In
[11] we treated a dynamical limit shape, in other words, evolution of the limit shapes
along macroscopic time. We considered a continuous time Markov chain keeping the
Plancherel measure invariant, took a diffusive scaling limit in time and space, and found
limit shape (or macroscopic profile) w; depending macroscopic time ¢. A pioneering work
about time evolution of profiles of Young diagrams is done by [10].

The purpose of the present paper is to introduce a pausing time not necessarily
obeying an exponential distribution instead of sticking to Markovian property for the
microscopic dynamics of continuous time and to observe how the pausing time distribu-
tion produces an effect on the scale of micro-macro correspondence and macroscopic
evolution of the limit shape. Actually, we will see an anomalous effect given by a pausing
time distribution with a heavy tail.

Let us begin with recalling the restriction-induction (Res-Ind) chain on Young dia-
grams. For a finite group G and its subgroup H, composing restriction of an irreducible
representation of G to H (Resg) and induction from H to G (Indg), and counting the
dimensions of irreducible decompositions, we get a transition probability on G. Namely,
for A € @ and v € ﬁ, we have

ResgA = Pleaels,  dfr = Plewp

cel ne@

with multiplicities ¢y, = [Res@\, v] = [Ind% v, )], and the transition probabilities

cyy dim v Cpp dim g ~ ~
Pl =22"—_"" pl =_#__F \NupeG, veH,
A = T dim A vn =[G H] dimv K
Py,= > PLP, AueG (1.4)
uGIA{
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Dynamical limit shapes for random Young diagrams

by taking the dimensions of both sides. The Plancherel measure on G defined by

im \)2 ~
M%({A})—“'G”, red

makes P = (P,,) of (1.4) symmetric:
Mgl({)‘})PAu = Mgl({,“})P/Ma A p€ G.

Specializing in G = &,, (the symmetric group of degree n) and H = &,,_1, and identifying
&, with Y,,, we get from (1.4) transition matrix P(") = (P, ,) of degree |Y,,| which keeps
the Plancherel measure on Y,, invariant. Note that in this case

{1, ify SN,
Chxv =

0, otherwise

where v ~ ) indicates that v is formed by removing a box of \. The Markov chain
determined by P(") is the Res-Ind chain on Y,,. In this chain, a one step transition admits
non-local movement of a corner box in a Young diagram. The Res-Ind chain was treated
in [7], [8], and [5].

Let us construct a continuous time random walk on Y,,, not necessarily Markovian,
from transition matrix P("¥). We mention [21] as a nice reference on such a non-Markovian
continuous time random walk. Consider Markov chain (Z,i")) kef0,1,2,.} on Y, having
transition matrix P(™ and initial distribution Mon). Let (7;) en be i.i.d. random variables
independent also of (Z,i")), each obeying v¥(dx) on [0, 00). This sequence yields counting
process (Ny),>( in which pausing intervals are given by 7;’s:

Ns{j’ T1+-“+Tj<8§7'1+"'+7—j+17 No=0 as.
0, s<mn

Note that we assume nontriviality of ¢, 1/((0,00)) > 0, which implies 71 + - - - 4 7; diverges
to oo a.s. as j — 0. Set

XMW =2zy, szo (1.5)
The process (X gn))sgo is a desired continuous time random walk on Y,,. We have

Prob(X(™ = pu| X{™ = )

= " Prob(Zy = p| Ny = j, 25" = X) Prob(N, = j | 25" = )
j=0

ZProb(ZJ(.") :u|Zé”) =AN)Prob(rn+---+7, s, + -+ Tjp1 > 9)
3=0

I

<
Il
o

(PO )y, /[ (s w00 ()

where 1*/ means the ordinary j-fold convolution power of 1. Regarding initial distribu-
tion M{™ ({A}) = Prob(X{™ = A) as a row vector of degree |Y,,|, we have the distribution
at time s as

o0

MO () = Prob(X(" =) = S (4 PO), [ (s = o)) vridn). (16)

=0 [0,s]

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
Page 3/21


https://doi.org/10.1214/20-EJP466
http://www.imstat.org/ejp/

Dynamical limit shapes for random Young diagrams

In (1.3) we stated a result of the limit shape for a sequence of the Plancherel measures
{(Yn,Mgf))}ne]N. In more general ensembles, we intend to observe concentration of
rescaled Young diagrams [A]\/ﬁ (A € Y,) at a continuous diagram w as n — oco. Taking
into account the algebraic structure for functions of the coordinates of Young diagrams,
we recognize that a formulation under a stronger convergence than the weak law of large
numbers with respect to the uniform topology on D as in (1.3) is more suitable for our
purpose, as follows. Set D(® = {w € D |suppw C [—a,a]} fora > 0 tohave D = | J,., D).
By using the kth moment My (m,) of transition measure m,, of w € D, let us equip D
with the topology induced by the family of pseudo-distances {| M (m., ) — Mi(my,) |} ken
and call it the moment topology on ID. The moment topology and the uniform one are
equivalent on D(®. We equip D(®) with this topology. Then I has the topologies in
a stronger order: inductive limit topology of {]D(“)}, moment topology, and uniform
topology. See [12, Sections 3.1 and 3.3] for the relation between these topologies. We
thus have a stronger condition if the convergence of (1.3) is replaced by

Tim By [(Mi(mpyor) — Mi(mg))’] =0, keN
where IE;; denotes the expectation in variable A under probability M. Furthermore,
to make algebraic arguments transparent, we consider the convergence of all mixed
moments without restricting such second order ones. This brings us to the following
formulation.

Definition 1.1. Let {(Y,, M(")},cn be a sequence of probability spaces. If there exists
w € D such that

B T [ My, (myygvm) - M, (myyyvm)] = M, (me) - My, (m)

holds for any p € N and any ki,--- ,k, € {2,3,---}, we say that {(Y,,, M™)},cn admits
concentration at w € D as n — oo.

Definition 1.1 obviously yields the weak law of large numbers with respect to the
uniform topology on D. A mechanism causing such a concentration phenomenon for a
group-theoretical ensemble {(Y,,, M (™)}, cn was pointed out by Biane [3] as approximate
factorization property. Approximate factorization property can be described in several
equivalent ways. Here we define it in terms of irreducible characters of the symmetric
groups as follows. The irreducible character of &,, corresponding to A € Y,, is denoted
by x*. The value it takes at an element of the conjugacy class of &,, corresponding to
p € Y, is x,. Normalization of x* yields Y* = x*/dim \. Set Y* = {X € Y |m;()) = 0}.
When we fix a type of a conjugacy class and let the size n tend to infinity, we use a
convenient notation as

(p, 171y = pu(amlel), pe v

for the Young diagram of size n indicating a type of a conjugacy class.

Definition 1.2. A sequence of probability spaces {(Y,, M(™)},cn is said to satisfy

approximate factorization property if

(\p\—l(p)+\d\—l(a)))
(1.7)

~ ~ ~ _1
Epem [X(Apug,ln—\m—w)] —Epom [X(Ap,ln—mﬂ Eprom [Xz\glln—\o\)] = 0(” 2

as n — oo holds for any p,o € Y*.

Concerning the decay order in the right hand side of (1.7), see also (2.1) in Sec-
tion 2. Expectations of irreducible characters seen in (1.7) are analogous objects to
characteristic functions of probabilities. Since (1.7) says that characteristic functions
are nearly factorizable along cycle decomposition with small error terms in some sense,
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approximate factorization property is regarded as an analogous, but much weaker, no-
tion to independence. Applying approximate factorization property, Biane extended
the concentration phenomenon (1.3) for the Plancherel measure to a wide variety of
interesting models in [3]. For convenience of later reference, we here give a statement
in the following form. See also Section 4.4 of [12] for a proof in detail.

Proposition 1.3. A sequence of probability spaces {(Y,, M)}, en admits concentra-
tion at w € D (in the sense of Definition 1.1) if and only if

(i) it satisfies approximate factorization property (1.7),

(ii) the limit of the expected value at j-cycle (j,1"77)

lim 7% Eyon Xan-n) =7ri01,  G€{2,3,---} (1.8)

n—oo

exists and has an order of at most jth power:
lrjl <& for some b > 0. (1.9)

In this situation, the limit shape w is characterized by free cumulants of its transition
measure m,, as

Ri(my) =0, Rap(my)=1, Rjpi(my)=r (j €{2,3,---}).

A procedure of computing w from a sequence of free cumulants {R;(m,,)},en is given
by the Markov transform (see Appendix).
Let ¢ be the characteristic function (Fourier transform) of v:

(€)= /[O ), eR

Differentiability at £ = 0 of ¢ follows if ¢ has the mean.
The first result of the present paper is the following scaling limit of the continuous
time random walk (Xé"))szo.

Theorem 1.4. Let (Xs(n))@0 be the continuous time random walk of (1.5). For any
microscopic time s 2 0, let the distribution at time s be

MM ({A}) =Prob(X(™W = 1)), Ae€Y,.

Assume that the sequence of initial distributions {(Y,,, Mé"))}nem admits concentration
at wg € D in the sense of Definition 1.1. Assume also that the pausing time distribution
1 has the mean m and that the characteristic function ¢ of 1 satisfies the integrability
condition

/ '@’d§<oo for some § > 0. (1.10)
GED LS

Then, by considering s = tn for macroscopic time t > 0, {(Y,, Mt(r?))}TLE]N inherits the
condition of Definition 1.1 and hence admits concentration at some w; € ID. The transition
measure of the limit shape w; is given by

My, = (Myy)e—t/m B (M) _et/m, t> 0. (1.11)

In (1.11), ( - ). denotes free compression of rank c, B denotes free convolution, and {2 is
the limit shape (1.2) of Vershik-Kerov and Logan-Shepp. Equivalently to (1.11) in terms
of the free cumulants, we have

Ri(m,,) =0, Ry(m,,)=1,  Rppi(my,) = Rppr(my,)e /™ (k>2). (1.12)
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We note it is possible to choose a desired sequence of initial distributions for arbitrar-
ily prescribed wo € D such that [ (wo(x) — |z])dz = 2. We see from (1.11)

/ (wi(z) — |z])dz =2  and lim wy = 2in D.
R t—o0

A main result in [11] is a special case of Theorem 1.4, in which (X S(")) is a continuous
time Markov chain, or the pausing time obeys an exponential distribution (with mean
1). Actually, the Markovian property is not an indispensable ingredient and can be
appropriately loosened. We recognize that it is natural to take an approach of Fourier
analysis (namely to deal with behavior of characteristic functions) in our model having
independent pausing time. This leads us to consider a condition as (1.10) for the
characteristic function. Properties of free convolution with semi-circular distributions as
(1.11) were treated in detail in [1]. See [18] and Appendix also for necessary notions in
free probability theory. Proof of Theorem 1.4 is presented in Section 2. In the situation
of Theorem 1.4, microscopic time s = tn is of order n while the rescale of space is of \/n
as in (1.1). We thus took a diffusive scaling limit. The Stieltjes transform of m,,,

zZ—X

G(t,z):/ L o (dz), zeCt
R

satisfies the partial differential equation

a—G(t,z)+G(t,z), (1.13)

maﬁ(t,z) = —G(tyz)gﬁ(ﬂz) Y o-

ot 0z
which is derived from [11, Theorem 3.3].

It is remarkable that Biane [2] observed the appearance of free convolution and
free compression as a result of concentration of rescaled Young diagrams in static
models which are produced by irreducible decomposition of induction (outer product)
and restriction for irreducible representations of symmetric groups. Although we do not
use these results in the present paper, the structure of (1.11) at each macroscopic time
t > 0 seems to be natural in this framework.

On the other hand, when we consider the case where a microscopic pausing time
distribution is heavy-tailed so as not to have the mean any more, it is naturally expected
that limiting behavior will be different from the one in Theorem 1.4 containing the mean
m explicitly in the formula (1.11). The second result of the present paper illustrates such
an observation. Keeping structure of independence in mind, let us take a pausing time
obeying the one-sided stable distribution ¢ of exponent a € (0, 1) whose characteristic
function is given by

o(€) = e—l&la(l—itan(ﬂa/Q)Sgn(é)), ¢ €R. (1.14)

The distribution v is absolutely continuous. In the simplest case of the exponent 1/2, its

density is expressed as

1
—xfgefill(opo) (z).

V2r

See e.g. [17] for one-sided stable distributions and their characteristic functions. As for
the scaling limit for continuous time random walk (X §"))SZO with such a ¢ as its pausing
time distribution, the approximate factorization property of an initial ensemble is not
propagated along positive macroscopic time as follows.
Theorem 1.5. Let (Xﬁ"))SZO be the continuous time random walk of (1.5). For any
microscopic time s 2 0, let the distribution at time s be

MM ({A}) =Prob(X(™W =)), Ae€Y,.
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Assume that the sequence of initial distributions {(Y,,, Mé"))}nem satisfies approximate
factorization property together with (1.8) and (1.9), and hence has concentration at
wo € D. Assume also (1.14) for the pausing time distribution. For macroscopic time
t > 0, let s = tf,,, where the scaling factor  : N — R is taken to be such that

(i)% — 0, (ii)% — 00, (iii)% — 1 as n— oo.
Then, in either case of (i) or (ii), {(Y,, Mt(gl))}neﬂ\l inherits approximate factorization
property together with (1.8) and (1.9), and hence has concentration at w; € ID. The limit
shape w; is, however, rather trivial so that

(i) w¢ = wy, that is, no macroscopic evolution observed

(ii) wy = 2 for any t > 0, that is, macroscopic evolution completed at once.
In the case of (iii), we have the convergence of the averaged quantities

lim E]wt(;i [Rk-i-l(m[k]ﬁ)]

n—oo

sinra [ _ 1/a dg
—R " t(k& cos(ma/2)) kE>2 1.15
k1 (Me, ) s /0 € &2 + 26 cos(mar) + 17 =2 )

for any initial wg € D. However, {(Yn,Mt(;L))}new inherits approximate factorization
property if and only if wy = {2 (hence w; = {2 for any t also).

Proof of Theorem 1.5 is given in Section 2. One might find something like a super-
position for the free cumulants in the formula (1.15). Essence of the superposition in
(1.15) is still unclear.

The subsequent sections are organized as follows. In Section 2, we give proofs of the
theorems. However, proofs of the essential propositions involving computational details
are postponed until Section 3. Our method relies on Fourier analysis (both classical and
more group-theoretical). Usefulness of Fourier analysis is already suggested in [21] in
treating continuous time random walks under general pausing time.

2 Proofs of theorems

The mechanism of propagating approximate factorization property along macroscopic
time is exactly the same as treated in [11]. See also Section 5.2 in [12] for more
information.

Normalizing an irreducible character of a symmetric group, let us consider a function
onY foreachpeY

S0\ = AP, daicionys AL 2 1), ey
: 0 1Al <1l

where n** =n(n —1)---(n — k +1). The algebra A consisting of all linear hulls of ¥,’s
plays a fundamental role in the dual approach due to Kerov and Olshanski [15]. Basically,
our harmonic analysis is developed in this algebra. See [13] for its structure. For a
sequence of probability spaces {(Y,, M ("))}ne]N, approximate factorization property
(1.7) and (1.8) are rephrased in terms of ¥,’s:

Enron [Zono] = Epron (2] Earon [So] = O(n%(lplﬂ(p)ﬂa\ﬂ(a))) 2.1)
asn — oo for p,o € Y*, and

. _Jt1
lim 2™ Eyon [£5] = 7y (2.2)
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for j € {2,3,---}. We note also that (2.1) and (2.2) yield
Eyom [Ep] = O(n%UPHl(P)))7 peYX. (2.3)

Let wt denote the weight degree in A. Since wt(3;) = j + 1 holds, the right hand side of
(2.1) is o(y/n V"F) )y We know the relation in A

Yk(A) = Riy1(my)+ < lower terms with wt < k — 1>, ke NN, (2.4)

which is a decisive formula connecting irreducible characters of symmetric groups with
transition measures of Young diagrams. Actually, (2.4) makes our scaling arguments
transparent. The right hand side of (2.4) is a polynomial, known as a Kerov polynomial,
in R;(m,)’s. See [4, Sections 1 and 5] (and also [12, Section 2.3]).

The following formula for transition matrix P(") of the Res-Ind chain is a key observa-
tion about propagation of approximate factorization property. Regarding 3,|y, as the
column vector consisting of the values of >, on Y,,, we have

—m
v, = (1- A=ty

Formula (2.5) is obtained by the induced character formula. See [8, Section 4], [11,
Section 3.1] and [12, Section 5.1].

Let M{™ denote the distribution of continuous time random walk (X{™),>, at time s.
For p € Y, (1.6) and (2.5) yield B

Py,

peY. (2.5)

n)

EyolS,] = Y (3o (g"P™Y), / (s = 1,00)) 0™ (du) ) Sy (1)
neY, j=0 [0,s]
_ 0 (n) p(n)j 5 — 1. 00 *j w
]Z:;JMO PISly, /[078}1#(( ,00)) ¢ (du)
- (2(1 - W)j ’ ]w((s - u,oo))w*j(du)>IE)Mén> 5, (2.6)
=0 s

Considering a k-cycle in (2.6), set

n

flkyns)=>"(1- E)j /[0 .] b((s —u,00)) 0 (du), k= 2. 2.7)

j=0
Proposition 2.1. Under the assumptions and notations for the pausing time distribution

in Theorem 1.4, let s = tn in (2.7). Then we have

lim f(k,n,tn)=e*/™  ke{2,3,--}.

n—oo

Proposition 2.2. Under the assumptions and notations for the pausing time distribution
in Theorem 1.5, we have fork € {2,3,---}

lim f(k,n,t0,) =1 if lim 6, /n'/* =0, (2.8)
n— o0 n— 00
lim f(k,n,t0,) =0 if lim 6,/n'/* =00, (2.9)
n— o0 n— 00

: 0o —t(k&cos(ra/2))t @
lim f(k,n,t6,) = ¢ c d¢ if lim 6,/nY/* =1  (2.10)

n—o0 o Jo &+ 28cos(ma) +1 n—o0
according to the cases of (i), (ii) and (iii) in Theorem 1.5.

Proofs of Propositions 2.1 and 2.2 are given in Section 3. Let us complete the proofs
of Theorems 1.4 and 1.5 by using Propositions 2.1 and 2.2.

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
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2.1 Proof of Theorem 1.4

Let us verify the sequence {(Y,,, Mt(:))}nelN satisfies (2.1) (< (1.7)). For p,oc € Y*,
(2.6) and (2.7) yield

E o [Zpue] =B oo [Ep] By on (5]
= f(lp‘ + |0'|7’I’L, t?’l)EMén) [Z/)ua] - f(|p|an7tn)f(|0|anatn)EMé”) [Zp} E]V[én) [EU]
— _ o~ Upl+lat/m

(f(pl +lol,n,tn) —e ) By [Spiio]

—lplt/m _
+ (6 f(‘p‘v n, tn)) f(|0"7 n, tn) EM(()"') [EP] E]wé") [EU]
+e_|p|t/m(e_|"‘t/m —f(|a\,n,tn))]E E, E o)
—(lpl+lo)t/m __—lplt/m —|o|t/m
+e EMé") [Epua] e e EM(()n) [Zp] EM(SM [ZU]

= O(n%(IPIH(P)HJIH(U))) (2.11)

M [ M [

by taking into account Proposition 2.1 with (2.1) and (2.3) for Mé”).
To verify (2.2) (< (1.8)) for {(Y,,, M{"™)},cn, we see from (2.6) and (2.7)

_J+1

n~z E

j+1

2= fU,mtn)n~ T B, %] — eI M (2.12)

el VIt e
for j € {2,3,---} by (1.8) for M_" and Proposition 2.1.

We see Mt(,’;) also satisfies (1.9) since

|6_(j_1)t/m7"j| é et/m(e—t/mb)j

holds under (1.9) for Mé").

Finally we look at the free cumulants of transition measure m,, of

wy = lim [A]V"  (in probability ™).

't
n— oo tn

The first and second ones hold before taking limit. We see from (2.4) and (2.12)

1

. — . _ ki1
Rira(mo) = Jim 7 By B (m)] = i n = By

[Zk] = e/ Ry 1 (my,)
(2.13)
for k = 2, and hence (1.12). This completes the proof of Theorem 1.4.

2.2 Proof of Theorem 1.5

The verification in the cases of (i) and (ii) goes on similarly to the preceding sub-
section, proof of Theorem 1.4, by using (2.8) and (2.9) in Proposition 2.2 instead of
Proposition 2.1.

Let us consider the case of (iii). Similarly to (2.12) and (2.13) in the proof of Theo-
rem 1.4, (1.15) is derived from (2.10) in Proposition 2.2. For simplicity set

sin(ra) [ (e cos(ray2))/e 1
. _ si{ma) s (7 d ’ > 0.
ol = =70 [ &+ 2eos(ma) 110"
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For a sequence {(Y,, Mt(gl))}nem' the same argument to (2.11) yields for p,oc € Y*

Basgy) o] = By (5] By 2]
= f(pl+lol,n,00)E 00 [Zpuo] = f(lplm, t00) £ (o] 1, 100) B oo [Sp] B o [Zo]
= (f(lpl + lol.nt00) = ga(t(lp] + o)) By o [Bono]
+ (ga ™) = £(lpl,n,t0,)) f(lo ], m, t00)E o0 [Bp] By [Bo]
+9a(tlplV*) (ga(tlo ) = F(lol,n,162)) Byyon [S,] By [So]
+ ga(t(lp| + Ial)l/“)EMém [Souo] = ga(tlpl" *)galtlo]M) Epyom [Ep) B ypom [Xo]
= {ga(t(lpl + 1)Y*) = ga(tlp|/*)ga(tlo|™ ) JE o0 [So] B oo (o]
+ O(né(\p\+l(p)+lo\+l(0))) as n — 0o
by (2.10) with (2.1) and (2.3) for M\"™. Moreover, from (2.1) and (2.2) for M_", this
equals

L(p) (o)
= {ga(tp] +191)/*) = ga(tlol*)ga(t01/*)} ([T rpe 1) (T] rosn )t o101t 41000)
i=1 i=1
4 O(n%(lﬂl+l(f>)+|ﬂ|+l(0))) as 1 — 0o. (2.14)
If wg = {2 is the initial profile, (2.14) contains only the error term since the jth free

cumulant of my, vanishes for j = 3. If wy # (2, there exists k = 2 such that 7,11 # 0. In
the case of p = o = (k™) (m € IN) in (2.14), the main term is

{ga(t(2km)1/a) _ ga(t(km)l/a)Q} r%g:l n3 (pl+1(p)+lol+1(e))

As verified below, for any ¢ > 0, appropriately taken m yields g, (t(2km)Y®) # g, (t(km)'/*)2.
Then the main term does not vanish in (2.14), which implies that {(Y,,, Mt(;t?)}nem does
not satisfy approximate factorization property. Since g, (u) satisfies

2 . ma 1
go(u) ~ ;F(a) sin—- -3 as u— 0o,
we have forp e IN
ga(t(2p)"/*) Ttep

dalpV/2 " Al(a)sin(raj2) o P

In particular, this is larger than 1 if p is large enough. This completes the proof of
Theorem 1.5.
3 Technical details

First we show an inversion formula expressing f(k,n,s) in (2.7) in term of the
characteristic function of .

Lemma 3.1. Letn,k € IN such thatn = k > 2. We have

o0

k kNI o
= _x *(J+1)
Flk,n,s) + o ;O(l =) I ({sh)
: e e p(§) —1
= lim —/ dg, 520 (3.1)
cl0,rt00 28 Jiccje|<ry 1 — 0(€) + (K/n)p(§) &
EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
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where

o(6) = /0 " ey (du).

Proof. We compute

1 , a ,
— e s (/ f(k,n,x)elgwdx)dg, a>0 (3.2)
{e<Igl<r} 0
in two ways. Set f(k,n,s) = 0 for s < 0 for convenience.
On one hand, we show

k
; ; _ *(j+1)
d%l)lrl% ile (3.2) = f(k,n,s) 2 E ( ) ({s}), s € R. (3.3)

(Here we do not care about general conditions for f(k,n, - ) yielding the ‘inversion’(3.3)
but use the special form (2.7) of our f(k,n,s).) In

1 e . B . B
(3.2) = 7/ F(k,n, ) (Slm(:” 5) _ sine( S))dx, (3.4)
T Jo ] ]
putting (2.7) then interchanging the integral and infinite sum, we have
/af(k . x)sinr(m—s)dx
o ) ) T —5

x]

_ 0 k\i [@ sinr(z — s) g
- 20(1 - ﬁ) /0 (/[O — U0 (du))dx
S sinr(x — s y
Z 1_ n / / ( )]l[ow] ()1 —u,00) (v)d:v)w 7 % (dudv).
[0, oo)2 r—S
Let % be the above three-fold integral. Then, since

B sinr(z —s)

dx' < oo  (alsoindependent of r,s) and
r—s

a<f
5 . 0, a<f<0,0<a<p,
sinrz

/ dr —— S 7/2, a<pf=0,0=a<p,

x rToo
T, a<0<p

hold, the convergence theorem for integral gives

(utv)ha _: _ ]
* = / / wdm)w*] x (dudv)
0. oo)?

r—S

e //OOC)2/ Sm;(f;s)dx)w*szp(dudv)

u+v—s
- / / / Smydy)zp*j x (dudv)
[0,00)2 Mu—s Y

w7 3D ((0.00) + Z0T x l{u+ v = 5,0 0)

+ 71 x p({u < s <u-+wv,v>0}).

The third term is rewritten as

. /[ (s = w00 ) = (0,000 ({51)

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
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After replacing r by ¢, the part of a 1 co is the same. Then, by lim. o ff sinex/xdx = 0,
we see from the convergence theorem

lim lim (3.4)
el 0,700 atoo

=21~ k)j{/[o‘sl 9 (s ,00))99 (du) + 597 x Y({u+v = 5,0 > 0})

n
j=0

F(k, ) %z LBV w9ty — opstdn) — 4 ())6((0,00)))

=0 (0,s]
= Jlhms)+ 5 D00 S U ({s)) v ({5)),

=0

which agrees with (3.3).
On the other hand, the convergence theorem yields

¢ ix 3. _ - kvi [ it j
/0 fk,n,z)e dx—Z(l—f) /0 e’ (/[Ox]w((x—u,oo))w (du))daﬁ. (3.5)

c n
j=0

Let %’ be the two-fold integral in (3.5). We have for £ # 0

*/ - / (/ eigm]l[ow] (u)]l(L—uoo) (U)dZE)l,ZJ*j X w(dudv)
[0,00)2 Y0

(utv)na ‘
B // (/ ez&dx)]l[o,a] (w)™ x (dudv)
[0,00)2 M

= // _i(eig((l”r”)/\a) — eigu)]l[oﬁa] ()™ x b (dudv) (3.6)
[0,00)2 1§
1, . ) i 1 )

SN // f(625(u+v) _ 625“)1/1 I x Y(dudv) = =p(€) (80(5) _ 1).

atoo [0,00)2 ©§ 3
Hence, from the convergence theorem,
Ey 1

26

Since we see from the expression of (3.6) that the left hand side of (3.5) is bounded
jointly with respect to {€¢ < || < r} and a > 0, we have

(3:5) —— Z - P& (p(&) - 1) =

_ies P(§) — 1 1
32) — e d¢
i 27 Jieciglan) i& 1= (1= (k/n))e(§)
by the convergence theorem for integral. Combined with the former half, this completes
the proof of (3.1). O

Before entering into the proof of Proposition 2.1, let us note the case where the
pausing time obeys an exponential distribution:

1 1
dr) = —e /™ 1 o) (z)d, = .
Y(dz) = —e 0,00)(T)dz,  ©(§) T ime
Then Lemma 3.1 gives (with residue calculus)
7ztn§ 1 672'15.5 ot
flk,n,tn) = lim —/ ——d¢ = lim — —5—d§=e"m. (3.7)
r1oo 2T J{jglary 1 —imE T rioe 2 Sy cnry —igy — €
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3.1 Proof of Proposition 2.1

Under the assumptions of Proposition 2.1, v is a continuous distribution. In fact, the
integrability of (1.10) and uniform continuity of ¢ yield lim¢_,+ [¢(§)| = 0, from which
continuity of 1) follows (see [17, Section 2.2]).

Now the atomic parts do not appear in (3.1) of Lemma 3.1. Since the integrand of
(3.1) does not have singularity as € | 0 by the differentiability of ¢ at 0, we have

-1 e~itng 1 —p(§)
k = lim —— & ‘
f(k;n, tn) = lim == /{EQ} E T © 1 ke ™ oo

We divide the integral of (3.8) into the following four pieces where § > 0 is specified a
bit later:

;1 e~itnt 1- 90(6)

2mi /{5<T} § 1— 0O+ k/me@™
) emitnE 1 (6 eitnt sp()

_ ! d 1- n d
27”'{/{552} § 1=+ 2e(¢) £+/{:,<|s|<r} ¢ ( 1—<P(£)+%<P(5>) J

-1 e~ itng 1— (¢ 1 e—itng
= o5 dé — — d
2mi /{IEIS,‘i} £ 1—9@)+E0(9) $ o /{g<5<r} 3 ¢

k e "ne 3
A d
+ 271 {2 <|¢]<6} 13 n(l _@<§))+k¢(§) <
k et (&)
A d
e R e el
= (D) + (ID + (III) + (IV). (3.9)

First we look at (IV) in (3.9). We have

In(1 — (&) + ke(€)] Z nll — (&) — klp(€)| Z n(1 - sgllgl lp(©)) — &,

in which 1—sup;<¢| l¢(£)[ > 0 holds for any ¢ > 0. In fact, since we saw lim¢, 100 ¢(§) = 0,
take ¢’ > 0 such that supj¢~s [p(§)] = 1/2. If § < ¢ and sups<ig<q [9(€)] = 1, we
choose a sequence {&,} C {§ £ |¢| £ ¢’} such that lim, o |©(£,)| = 1. There exists
o € {6 < |¢] £ ¢’} such that |p(&)| = 1 by the compactness, namely [, e’0%y)(dx) = e
for some a € R. We have, however,

/ |ei0T el Zp(dr) =1 —1—1+1=0,
R

contradicting continuity of ). We thus obtain

IV) in (3.9)] < eI o
(V) in 3.9)| = 2m{n(1 — sup,;<¢| [0()]) — k} {aélsl}‘ § ‘ ‘ !

for any 6 > 0 (with the upper bound independent of ). We note

efzt§

(II)in (3.9) = — !

— d¢
21t Jis<igl<nry €

converges as r T oo.
Let us compute

e it o(€/n)
§ n(l—(E/n))+ kp(&/n)

, k
(IH) m (39) = %/]R]l{5<|5‘<m§}(€) df (3.11)

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
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Noting ¢’(0) = im, we have for any § > 0 and any £ € R such that § < |¢|

efitf 1

integrand of (3.11) ¢ ek
n—o00 —m

) koS = n1 - o>

(1=
> | —img 4 b~ [n(1— o(2) + 0] ~ ke(S) 1

= V12 - [FEE =2 o)l - kS -1

) + ¢ (0)€ — imé + kga(%) Cktk

> — + k) — As|¢| — Bsk

2 ﬂ(mlﬁl ) — Asl¢] — Bs
by setting

-1
As = sup g -1 _ ¢'(0)],  Bs=sup |p(n) -1
In|<é n In|<6
For any § > 0 such that
As <m/V2,  Bs<1/V2, (3.12)

we have

1 1
integrand of(3.11)] < ]1{5<\g|}(§)m ((m/\/ﬁ) — As)l€| + ((1/3/2) —Bg)k7

the right hand side being an integrable function in £. If § > 0 satisfies (3.12), then

k itg ! e (1 im
GAD 20 5 o M O e i 1 = 2m‘/{5<§}6 (& 1 ime)

1 —it§ 7zt§
= — lim / df + — lim _C e
271 R—oo {6<|€|<R} f 27 R—oo {5<|¢|]<R} (k‘/m)—z§

1 efitf
271-7/ R—o0 {5<‘§|<R}

dé + e F/m 1 0(9) (3.13)

(recall the computation of (3.7)).
Let us apply these estimates to (3.8) and (3.9):

f(k,n,tn) = (I) 4 (III) + liTm an + 1iTm av).

For arbitrarily given € > 0, take § > 0 satisfying (I) < ¢, O(d) in (3.13) < € and (3.12). We
then take sufficiently large N € IN such that, if n > N,

|lim (IV)| <e  (by (3.10))

T—00

—itg
€ _de+e ™ 4 (term of | - | < 2e).

1
(IlI) = — lim
271 R—oo {6<|€|<R} f

The first term agrees with — lim, 1, (II). Consequently, we obtain

lim sup|f(k,n, tn) — e Ft/m| < 4e

n—oo

for any € > 0. This completes the proof of Proposition 2.1.
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3.2 Proof of Proposition 2.2

Putting (1.14), the expression of the characteristic function, into (3.1) of Lemma 3.1
and noting (absolute) continuity of ¢/, we have

1 e—is§ e—|f|°‘(1—itan(Tra/Q)sgng) -1 J
li
f(kﬂ% 3) eiolrgoo 271 /{€<5<""} f 1-— (1 — %)e“f\ﬂ(l—itan(ﬂ'a/Q)sgng) 5
i 1 T pTisn / —71(1 itan(ma/2)) J
T 0o 27 { /sa " — (1= E)en0i- mn(m/m) "
o o1/a .
T pisn e—n(1+zta.n(7ra/2)) -1
- dn}. 3.14
Z" n 1— (1 _ *)6 n(1+itan(ra/2)) n ( )

Let us refer to the two integrals in (3.14) as % _ and % respectively. Take line segments
Lz, L, and arcs C«, C% as in Figure 1:

L;:eo‘(lq:itan7) (liliztan?a)
ce*(1Fitan %)ejﬁm’/2 (1:than 5 )ejﬁm/Z
Cy :7*(1 Fitan %) (1$2tan 5 )eﬁ’m/2
:e“(1$z’ta %) € (1Iztan7) eTimal/2,

Figure 1: Contours

We have

eiis(z/(liitan(wa/2)))1/°‘ 71

1—(1—£)e—= z

Noting

lim Fr(z)dz =0, lim Fr(z)dz =0,

rToo C el0 lod

¥ T
we have
lim = lim Fr(z)dz
€l 0, rToo *:F el0,rtoo J1, :F( )
o0 e_Szl/a e—z(lIitan(‘n’a/2))e¥i"°‘/2 1 p
T Jo 1—(1— E)e—s(Fitan(ma/2)eTine/2 - T,
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the last integrals converging absolutely near 0 and co. Putting this into (3.14), we get an
easier integral expression

gt/ _ i —ira/2
1 00 sz z(1—itan(wa/2))e -1
f(kn,s) = / : { )
0 x 1-

2o (1 _ %)e—z(l—itan(‘n'oz/2))e*““0‘/2

e—a:(l—i—i tan(ra/2))e /2 _

1 }d
1= (1= Eye-e(ititan(ra/myearz [ 40

n

furthermore, after a bit of computation

1

1 cos(ma) ]
L /oo e—5T "% ios(rasa) Sln(Qx sin %) dax (3.15)
- cos(ma) ] — cos(ma) . " .
Tan Jo 1 —2(1 — k)e"eestara cos(2xsin T2) + (1 — £)2e Wisstmrarn T

Lemma 3.2. Ifa # 1/2, then

cos(ma)

1 /00 e cos(ra/2) 0 (3 16)
un - — cos(ra) o _cos(za) . .

MO 1 - 2(1 — Eye T Estrara cos(2asin T2 ) + (1 — E)2e T eostrary |

holds for any b > 0.
Proof. Firstlet 0 < a < 1/2, hence cos(wa)/ cos(wa/2) > 0. Then,

k _ cos(ma) k. . cos(ra)
|denominator of the integrand| > 1+ (1 — —)2e™ *@stra/ — (1 — — )¢ “costna/2)
n n

cos(ra 2 cos(ra 2
- (1 —(1- E)e“’”ﬁ) > (1 - e‘bﬁ) > 0.
n
This yields (3.16).

Secondly let 1/2 < a < 1, hence cos(wa)/ cos(ra/2) < 0. Then, the integrand equals

cos(ma)
e¥ cos(wa/2)

s(ma) cos(ma) )
|e*Feostmars — 2(1 — k)eeostrara cos(2zsin T + (1 — £)2|

whose denominator is bounded below by

ezx% +(1- E)2 —2(1— E)ew%
n n

cos(ra) \ 2 cos(ra) \ 2
:(1_ﬁ_ewﬁ) 2(1_ﬁ_ebﬁ) >0
n n
if n is sufficiently large. This yields (3.16), too.

O
Setting s = tf,, for t > 0 and 3, = 6,,/n'/* in (3.15), we seek the limit of
1
k 00 ,—tBn(nz)e
flen,t0,) =~ [
wan Jo T
cos(ma)
e Trostra7) sin (2 sin TY)
cos(ma) 9 _cos(ra) dr. (3.17)
1—2(1 — Eye™"estara cos(2zsin Z2) + (1 — £)2e 7> estrar

First we consider the case of @ # 1/2. Since we know the integration on (ak, co)
tends to 0 as n — co by Lemma 3.2, let us compute

) 1 cos(ra) .
i /ak e~thn(n2) ™ T Teostrary sin(2a sin T2 ) dx (3.18)
Tan k . s:s‘frwa) . ra kv _op cosT(rwa? T N

0 1—2(1— Z)e “eostara cos(2wsin ) 4 (1 — 7)2e” “eostmar

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
Page 16/21


https://doi.org/10.1214/20-EJP466
http://www.imstat.org/ejp/

Dynamical limit shapes for random Young diagrams

where a > 0 is specified later. We rewrite (3.18) as

B gt pysstey sin(25y sin 5Y)
wa Jo %y
cos(ra) os(ma) k a
{ 2{e2nycos(7rcx/2) +1—2e nycos(ﬂ'a/2) COS(2 ysin %)}
kb, _cos(ma) k . 7« 9
+ 2nk{e"‘ cos(ra/?) cos(2—ysin 7) — 1} +k } dy (3.19)
n
and note that
1 cos(ma) k COS
lim f{ekmm(m/?) cos(2kx sin E) — 1} = ﬂ,
0 T 2 cos(ma/2)
1 2 cos(mar) cos(ma) k; T k‘2
lim —{e WVastralD 4 1 — QenYEsnarD cos(2my sin —— } = . 3.20
=0 x2 + ( n? 2 ) cos?(ma/2) ( )
For any € > 0 there exists a > 0 such that 0 < z < a implies
1 cos(ma) T k cos(ma
’7{6’&”05(”“/2) COS(QI{/’{E sin 7) _ 1} _ #‘ é €,
x 2 cos(ma/2)
1 ok k cos(mwa) cos(mar) k ye’; k2
e‘n Y os(ra/2) 1— 26 nYcos(na/2) cos(2—ysin — } _ 7‘ <e.
’x2{ + ( n? : 2 ) cos?(ma/2) =€

Then, ¢ > 0 being taken smaller than k?/ cos?(m/2), it holds in (3.19)
k2 cos(ma)
Y . k2 — 2k (ki )
H }‘ - (cos2(7ra/2) e)y * 4 |c05 71'05/2)“—6

= (a7 oy 1 1)

Since the discriminant of the right hand side is

(o) 1) = (e~ 7) = 150 5+ £ Clsstraray )

we begin with € > 0 which makes this discriminant < 0. Then, the absolute value of the
integrand in (3.19) is bounded by

ka| cos(ra) | TQ 1{( 1 e) 9 ( cos(ma) ) }—1
costra/2 |9 S - S Y i S 7 1
sin=5- 2 k2 \\cos?(ma/2) k2 Y |cos(7ra/2 )t ’

e

which is integrable in y and independent of n. The pointwise limit of the integrand is
seen from (3.20). Consequently, setting lim, . 5, = 8 € {0, 1,00}, we have

) 2sin(ra/2) /°° 4 P 1 cos(ma) 1
1 k,n,t0,) = —————— Blbylof _— 2 49— 7 1 d
v f(k,m, t6n) T 0 ¢ {c032 (ra/2) v cos(ma/2) y+1}dy

sin(ma) /00 o tB(kE cos(ma/2))w
o &2+ 28cos(ma) +1

dt. (3.21)
T

Note that (3.21) equals 1 or 0 according to 8 = 0 or co.
Secondly we treat the case of & = 1/2 in (3.17). Setting & = 1/2 in (3.15), we have

2%k [ e sin(v/2x)
flk,n,s)=— - g 4
™ Jo oz 1-2(1-%)cos(v2z)+ (1-£)
2k sy? 1
_ 2k [7 g sin(y/n) dy. (3.22)
T Jo y/n 2n(n —k)(1 — cos(y/n)) + k?
EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
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Lemma 3.3. We have
2k mn e_;.% sin(y/n) 1
T Jo y/n  2n(n—k)(1 —cos(y/n)) + k2

dy < (3.22) <1.

Proof. The second inequality is obvious from (2.7), the definition of f(k,n,s). For the
first inequality, we divide the integral in (3.22) as

0o 0 2mn(j+1) 2n(j+1)
/ = Z/ and note each / >0 forje IN.
0 2 2

™j

=0 ™j
In fact,
2mn(j+1) )
[ 1 iy
27nj y/n 2n(n—k)(1 —cos(y/n)) + k
2m(j+1) 22 sinz 1 2my+m 2wg+2m
_ o we [T
/27rj z  2(n—k)(1—cosz)+ k? 2mj 2mjtm
g sinz e—%(27rj+;c)2 e—%(27‘(j+271’—$)2 J
_/0 Z(nfk)(lfcosz)quQ{ omj +ax 277j+2ﬂ'—;z:}x
where { - } >0for0=z <. O
We compute the limit of
2k % .5 29 sin(y/n) 1
k,n,t0,) = — tony”/2 d 3.23
f(k;m, t6n) T /0 c y/n 2n(n—k)(1 —cos(y/n)) + k2 4 ( )

(s =0, Bn = 0,/n?). If B, — 00 as n — oo,

2% [ 2y 1 2 1
3.23)| £ = —tBnyT/2 \/7 —— 0.
3.23)] < 77/0 ¢ 2 Y TN T eiB, o

If 8, — 1 as n — oo, since the integrand of (3.23) is uniformly integrable in n, we have

2k
3.23) —— = d
( )HOO =/ NE Y,

which agrees with (3.21) for « = 1/2 and 8 = 1. Finally, let 5, — 0 as n — oo. By
Lemma 3.3,

2k [P o 2, sin(y/n) 1
= —thny"/2 dy < (3.23) < 1.
T Jo ¢ y/n 2n(n—k)(1 —cos(y/n)) + k? y < )=
We show the above leftmost side tends to 1 as n — oo. For any ¢ € (0,7),
‘/271'71—671 e*tﬁny2/2 sm(y/n) ]- dy‘
in y/n 2n(n —k)(1 — cos(y/n)) + k2
< /27\'—(5 ndx 0
= Js 2n(n — k)(1 — cosd) + k2 n—ooo
‘/Qﬂn o=t /2 sin(y/n) 1 dy‘
2nn—on y/n 2TL(TL - k)(l - COS(y/n)) + k2

</27r —sinz n dx < n /0 —sinz dx

T Jorss o 2nn—k)(1—cosz)+k? T 2r =6 J_s52n(n —k)(1 — cosx) + k2
n 1 9

T rr— {log(2n(n — k)(1 — cos§)) — logk*} — 0,
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and

on .
eftﬂny2/2 sin(y/n) 1
/0 y/n 2n(n—k)(1—cos(y/n))+k2dy

/°° Lk
O A

since uniform integrability of the integrand follows, by taking § > 0 small enough, from
Y 2 > 2 E 2 2
0<y<in = Qn(n—k)(l—cosn)—i—k = 3(1— n)y + k-
This completes the proof of Proposition 2.2.

Remark

In order to describe time evolution of the limit shape (= macroscopic profile) w;, we
presented that of its transition measure m,,, in this paper. This expression enables us
to read out the t-dependence of w; by way of the Markov transform (3.24). Although it
is often difficult to write down a concrete formula for w;, we can, for example, appeal
to numerical computation to follow the evolution of the shape. It is surely important
to seek a partial differential equation for w; itself in addition to (1.13) for the Stieltjes
transform of m,,,. Another promising way is given by the logarithmic energy. It is known
that the limit shape (2 of Vershik-Kerov and Logan-Shepp is the unique minimizer of the
following functional on the continuous diagrams D:

Ow) =1+ ;//{1»}(1 —w'(s)) (14 w'(t)) log(s — t)dsdt

with O(£2) = 0 (see [14] and also [12]). Since our limit shape w; converges to {2 in
D as t — oo, it is interesting to ask whether ©(w,;) decreases as ¢ goes by (maybe for
sufficiently large t).

In this paper we focus on the limit shape evolution (law of large numbers) without
mentioning fluctuation (central limit theorem) of the macroscopic profile. For a dynamical
aspect of such fluctuation for Young diagrams, see [9]. As algebraic and systematical
approach to static concentration and fluctuation problems for Young diagrams, we refer
to [13], [19] and [6].

Appendix

Profile and transition measure A Young diagram A is displayed in the xy coordinates
plane, each box being a V2x+2 square (Figure 2). Transition measure m) of X is formed
from the interlacing valley-peak coordinates (21 < y1 < -+ < yr—1 < z;-) for A through
the partial fraction expansion

(z—y1) (2 —yr_1) — iw :/ Lm,\(dx).
RZ 7

(z—x1) (2 — ) ~ -

Markov transform The correspondence between a Young diagram (or its profile) and
its transition measure is extended to a continuous diagram w € D and its transition
measure m,, by

1 1 sw(x) —|z]\’ B 1 n
;exp{/}Rx72< 5 )dm}—/}RZ?zmw(dx), zeCT. (3.24)
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5/9 2/9 2/9
- T z—1 + z—4

3
(z4+2)(z—1)(z—4) z+2

my = %O‘_g + %Ol + %04

Figure 2: profile and transition measure

Free convolution and free compression Let (4, ¢) be a pair of unital x-algebra A
over C and state ¢ of A. For self-adjoint a € A and probability x on R, we write as a ~
if ¢(a™) = f]R 2" u(dx) for any n. If a,b € A are freeand a ~ pu, b~ v, thena+b~ pHBuy.
The free convolution i H v is uniquely determined for arbitrary compactly supported
probabilities ¢ and v on R. If ¢ € A is a self-adjoint projection such that ¢ = ¢(q) # 0,
a € A with a ~ u (compactly supported), and a, g are free, then probability v on R
is determined in such a way that gaq ~ v in (¢Ag, c*1¢|qu), which is called the free
compression of i and denoted by p.. For any compactly supported p and 0 < ¢ £ 1,
te is uniquely determined. The free convolution and free compression for compactly
supported probabilities on R are characterized in terms of their free cumulants by

Ry(pBv) = Rp(n) + Re(v),  Ri(pe) = " 'Ri(p), ke

References

[1] P. Biane, On the free convolution with a semi-circular distribution, Indiana Univ. Math. J. 46
(1997), 705-718. MR-1488333
[2] P. Biane, Representations of symmetric groups and free probability, Advances in Math. 138
(1998), 126-181. MR-1644993
[3] P. Biane, Approximate factorization and concentration for characters of symmetric groups,
Internat. Math. Res. Notices (2001), 179-192. MR-1813797
[4] P. Biane, Characters of symmetric groups and free cumulants, Asymptotic Combinatorics with
Applications to Mathematical Physics (A. M. Vershik, ed.), Lecture Notes in Mathematics, vol.
1815, Springer, 2003, pp. 185-200. MR-2009840
[5] A. Borodin and G. Olshanski, Infinite-dimensional diffusions as limits of random walks on
partitions, Probab. Theory Relat. Fields 144 (2009), 281-318. MR-2480792
[6] M. Dotega and V. Féray, Gaussian fluctuations of Young diagrams and structure constants of
Jack characters, Duke Math. J. 165 (2016), 1193-1282. MR-3498866
[7]1 ]J. Fulman, Stein’s method, Jack measure, and the Metropolis algorithm, ]J. Combin. Theory
Ser. A 108 (2004), 275-296. MR-2098845
[8] J. Fulman, Stein’s method and Plancherel measure of the symmetric group, Trans. Amer.
Math. Soc. 357 (2005), 555-570. MR-2095623
[9] T. Funaki, Lectures on random interfaces, Springer Briefs in Probability and Mathematical
Statistics, Springer, 2016. MR-3587372
[10] T. Funaki and M. Sasada, Hydrodynamic limit for an evolutional model of two-dimensional
Young diagrams, Commun. Math. Phys. 299 (2010), 335-363. MR-2679814
[11] A. Hora, A diffusive limit for the profiles of random Young diagrams by way of free probability,
Publ. RIMS Kyoto Univ. 51 (2015), 691-708. MR-3421905
[12] A. Hora, The limit shape problem for ensembles of Young diagrams, Springer Briefs in
Mathematical Physics, vol. 17, Springer, 2016. MR-3585320

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
Page 20/21


http://www.ams.org/mathscinet-getitem?mr=1488333
http://www.ams.org/mathscinet-getitem?mr=1644993
http://www.ams.org/mathscinet-getitem?mr=1813797
http://www.ams.org/mathscinet-getitem?mr=2009840
http://www.ams.org/mathscinet-getitem?mr=2480792
http://www.ams.org/mathscinet-getitem?mr=3498866
http://www.ams.org/mathscinet-getitem?mr=2098845
http://www.ams.org/mathscinet-getitem?mr=2095623
http://www.ams.org/mathscinet-getitem?mr=3587372
http://www.ams.org/mathscinet-getitem?mr=2679814
http://www.ams.org/mathscinet-getitem?mr=3421905
http://www.ams.org/mathscinet-getitem?mr=3585320
https://doi.org/10.1214/20-EJP466
http://www.imstat.org/ejp/

Dynamical limit shapes for random Young diagrams

[13] V. Ivanov and G. Olshanski, Kerov’s central limit theorem for the Plancherel measure on
Young diagrams, Symmetric functions 2001 (S. Fomin, ed.), Kluwer Academic Publishers,
2002, pp. 93-151. MR-2059361

[14] S. V. Kerov, Asymptotic representation theory of the symmetric group and its applications
in analysis, Translations of Mathematical Monographs, vol. 219, Amer. Math. Soc., 2003.
MR-1984868

[15] S. Kerov and G. Olshanski, Polynomial functions on the set of Young diagrams, C. R. Acad.
Sci. Paris Sér. I Math. 319 (1994), 121-126. MR-1288389

[16] B. F. Logan and L. A. Shepp, A variational problem for random Young tableaux, Advances in
Math. 26 (1977), 206-222. MR-1417317

[17] E. Lukacs, Characteristic functions, Charles Griffin & Co Ltd, 1960. MR-0124075

[18] A. Nica and R. Speicher, Lectures on the combinatorics of free probability, London Math. Soc.
Lect. Note Series, vol. 335, Cambridge University Press, 2006. MR-2266879

[19] P. Sniady, Gaussian fluctuations of characters of symmetric groups and of Young diagrams,
Probab. Theory Related Fields 136 (2006), 263-297. MR-2240789

[20] A. M. Vershik and S. V. Kerov, Asymptotic behavior of the Plancherel measure of the symmetric
group and the limit form of Young tableaux, Dokl. Akad. Nauk SSSR [English transl.: Soviet
Math. Dokl.] 233 (1977), 1024-1027 [527-531]. MR-0480398

[21] G. H. Weiss, Aspects and applications of the random walk, North-Holland, 1994. MR-1280031

Acknowledgments. The author thanks Professor Takahiro Hasebe for comments and
instructions. He is thankful also to the referees and editors for the comments and
suggestions helping the revision.

EJP 25 (2020), paper 70. http://www.imstat.org/ejp/
Page 21/21


http://www.ams.org/mathscinet-getitem?mr=2059361
http://www.ams.org/mathscinet-getitem?mr=1984868
http://www.ams.org/mathscinet-getitem?mr=1288389
http://www.ams.org/mathscinet-getitem?mr=1417317
http://www.ams.org/mathscinet-getitem?mr=0124075
http://www.ams.org/mathscinet-getitem?mr=2266879
http://www.ams.org/mathscinet-getitem?mr=2240789
http://www.ams.org/mathscinet-getitem?mr=0480398
http://www.ams.org/mathscinet-getitem?mr=1280031
https://doi.org/10.1214/20-EJP466
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Proofs of theorems
	Proof of Theorem 1.4
	Proof of Theorem 1.5

	Technical details
	Proof of Proposition 2.1
	Proof of Proposition 2.2

	References

