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A solvable class of renewal processes

Nathana€l Enriquez” Nathan Noiry®

Abstract

When the distribution of the inter-arrival times of a renewal process is a mixture of
geometric laws, we prove that the renewal function of the process is given by the
moments of a probability measure which is explicitly related to the mixture distribution.
We also present an analogous result in the continuous case when the inter-arrival law
is a mixture of exponential laws. We then observe that the above discrete class of
renewal processes provides a solvable family of random polymers. Namely, we obtain
an exact representation of the partition function of polymers pinned at sites of the
aforementioned renewal processes. In the particular case where the mixture measure
is a generalized Arcsine law, the computations can be explicitly handled.
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1 Renewal theory for mixtures of geometric laws

Let K be a probability measure on N U {oco} = {1,2,...,} U {oo}. Let . = (n)n>1
be an i.i.d. sequence of random variables with law K. We consider 7 as inter-arrival
times of a renewal process and we define the random variables 7y = 0 and for alln > 1,
Tn = D 1<;<n 1i- Finally, we define the renewal process associated to K as the random
set 7 := {r;; i > 0}. We will denote by P the law of .

Before stating our main result, let us introduce the Stieltjes transform of a positive
measure, which turns out to be the key notion in this framework. Let C,; := {z €
C, Sz > 0}. Let u be a positive measure on R. The Stieltjes transform of x is the analytic
function s, defined from C, to C. by:

sule) = [ 4.

Theorem 1.1. Let i be a probability measure on [0, 1] and suppose that, for alln > 1,

K(n) = [y (1—2)" tadpu(z),
K({oo}) = u({0}). b
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A solvable class of renewal processes

Then, there exists a probability measure v on [0, 1] such that:

1
sy(2)s,(1—2) = =2 (1.2)

Moreover, for all N > 0:

1
P(NerT) :/ 2Ndv(x). (1.3)
0

Remark 1.2. The mapping from p to v is an involution. In particular, if one assumes (1.3),
then the inter-arrival distribution satisfies (1.1) with x defined by

su(2) = [2(1 = 2)s,(1—2)] "

This presents some interest for the applications. Indeed, one usually has access to
the renewal measure P(N € 7) and would like to infer the underlying inter-arrival
distribution.

Remark 1.3. The family of generalized Arcsine laws with parameters (1—v,v), v € (0,1),
defined by the densities
sin(7v)

- 71— x)" Mg da, (1.4)

are fixed points of the involution i +— v. It can be easily checked from the expression of
their Stieltjes transform, which are equal to

1 z -
1—2\1—2 '

We conjecture that these distributions are actually the only fixed points. This family of
measures will be further investigated in Section 4 in the context of random polymers.

Before proving this Theorem, we state without proof and as a Corollary some more
explicit formulas for P(N € 7) in two specific but generic cases.

The first one deals with the case where p is a finite sum of Dirac masses. This case
was already considered in the frame of the Fixman-Freire algorithm [6]. Indeed, these
authors wanted to use an approximation of u by a finite sum of Dirac masses in order to
compute an approximation of P(N € 7). It turns out that they compute this last quantity
using a rather heavy recursive scheme and we give here a clear and tractable formula
for it.

The second one deals with the cases where i admits a density with respect to the
Lebesgue measure, supported on a finite union of intervals. This includes the previous
case considered by Nagaev [9] which assumed among other technical hypothesis that
the density of u is Lipschitz. The formula we give below for the density of v is quite
synthetic and seems to amend the intricate formula of Nagaev.

The Corollary is based on the following classical properties of the Stieltjes transform.
For almost every real point z € R, s,(x + it) converges as t — 0" (see (1.2) in [11]).
Moreover, the real and imaginary parts of the limit correspond respectively to the Hilbert
transform of ;1 at z, denoted by H,,(z), and to the density f,, of the absolutely continuous
part of ;1 with respect to the Lebesgue measure (see formula (1.2.8) of Simon [12]).
We also remind that the Hilbert transform coincides with the Cauchy principal value
H,(z)= f dy“f(z) In short, for almost every x € R,

lim s, (x +it) = H,(x) +in f,(x).

t—0+
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Corollary 1.4. 1. When pu is a finite sum of Dirac masses, this is also the case for
v. More precisely, let 0 < 1 < ©9 < -+ < z, < 1 and ay,...,a, > 0 with
a1+ +ap, =1besuchthatup=73,_,, aidy,. Then,

1
)Zl<z<nz (1 x;)

su(z) = E

and v is purely atomic and admits exactly n+1 atoms which are located in increasing
order at 0,v1,...,Yn—1,1 Where y; is the only root of x 2199 #_x) on the
interval (1 — xy,—;41,1 — x,—;). Moreover, the mass v({y;}) is given by the residue
of the rational function s, at y;. In that case, Equation (1.3) rewrites

POVer)=-—+ 3 y¥ul{u).

1<i<n-—1

2. When y is absolutely continuous with respect to the Lebesgue measure with density
f.. supported on a finite union of disjoint intervals [a,b1] U [as,bo] U -+ U [ay, by)
with0<a; <b; <ay <---<a, <b, <1, the measure v is a sum of a pure point
measure vy, and an absolutely continuous one vg..

The measure v,, admits exactly one atom on each interval (1 — a—;41,1 — by—;),
1 <1< n—1, located at the point y; defined as the only root on that interval of the

function x fo p d“l(s)m) The mass v({y;}) is given by the residue of the function

s, aty;. Moreover, if my < 0o, then v admits an extra atom at 1 with mass l/mK,

and if fl du I) < oo, then v admits also an extra atom at 0 with mass ( 01 d{‘_(;‘;))

Apart from these points, vy, admits no other atom.

The support of the measure v, is [1 —b,, 1 —a,]U---U[1—b1,1 —aq], and its density
is given by:

1
v = 1li _—\) v it
foua@) = Tim T, a4t

1 fu(l_x)
r(1—2) H,(1 —2)?2+n%f,(1 —x)%

In that case, Equation (1.3) rewrites

! —g)N-1 (x
P(Ner) = —+ S uMu(ud) /0(1 ) dp(x)

1<i<n—1 z Hy(2)? + 72 fu(@)?

Proof of Theorem 1.1. Let G(z) = > n>oP(N € 7)z" be the generating series associ-
ated to the sequence (P(N € 7))n>o. Then,

G(z)=1+FEp Z ZMt

k>1
B 1
C1-— Ep [Zﬁ} '
Therefore, using (1.1), we deduce that:
1 1 1
e () _ : . (1.5)
o o -z fO 172:7:1:(1/’&(1‘)

The above equality holds for all complex z € C such that 1/z is inside the disk of con-
vergence of G. It extends analytically to the whole complex upper half-plane C, thanks
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to the right-hand side expression. Now, notice that for all « € (0, 1), the homographic
function z — =" preserves C, since it is of determinant x(1 — x) > 0. Therefore,
the function z — —7G( ) preserves C, and is a Nevanlinna’s function. Moreover,
—1G (L) ~ —1 as |z| — +oo. Therefore, using the characterization of Nevanlinna func-
tions which are Stieltjes transforms of probability measures [1] (page 93), there exists a

probability measure v such that

1 d
_G< ) / v(z) (1.6)
z z RT—2
Identifying the 1/z coefficients in Equation (1.6) leads to Equation (1.3).

Once we have got the existence of the measure v, we want to prove it satisfies
Equation (1.2). Indeed, combining (1.5) and (1.6), we get that

-1 1
Vze Cy, (/ du(w)) :—z—/ Ldu(x). (1.7)
RT—Z o l—2z—x

Finally, let us notice that since the support of u, Supp(u), is included in [0, 1], its Stieltjes
transform s, is analytic on R\ (0,1). In turn, by Equation (1.2), the Stieltjes transform
of v is analytic on R\ (0, 1), which implies that Supp(v) C [0, 1]. O

Let us comment on assumption (1.1). In the proof of Theorem 1.1, we crucially rely
on it in order to prove that the function

(]

preserves the upper half-plane. In the generic case, this property is not satisfied.
Let us finally mention that Theorem 1.1 allows to easily recover the classical renewal
Theorem in our setting.

Proposition 1.5 (Basic renewal theorem). Under the setting of Theorem 1.1,

1
PNer) — —,

N—+o00 Mg

where my =3, -, nK(n).

Proof. From Equation (1.3) and the dominated convergence Theorem,

P(Ner) — v({1}).

N—+oo

By the dominated convergence theorem, the mass v({1}) is equal to the limit of —(it) x
s,(1 +it) ast — 0%. By Equation (1.2), this is equal to

-1

%1(0):</0 du(a ) /Z 2" Ladu(z) :ﬁ. 0

n>1

2 The continuous counterpart: mixture of exponential laws

In this section, we still consider n = (9,,)»,>1 a sequence of i.i.d. positive random,
but we now suppose that they admit a density denoted by f, supported on R. We will
denote by m,, their mean.
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Theorem 2.1. Let u be a probability measure on [0, +oc0) and suppose that, for all x > 0,

+oo
folx) = /0 se” % du(s). (2.1)

Define by H(z) the intensity of the renewal process with inter-arrivals (1;);>1.
Then, there exists a positive measure v on [0, +00) such that:
-1

(L +s0(2))s(2) = — (2.2)

Moreover, for all x > 0: N
H(z)= / e " du(s). (2.3)
0

As in Corollary 1.4, we present, without proof, the two special cases where p is a
finite sum of Dirac masses and where p admits a density with respect to the Lebesgue
measure supported on a finite union of intervals. Notice that the first case is another
presentation of the content of Chapter 5 of the book of Bladt and Nielsen [4], where the
authors study the renewal process associated to an absorbed Markov chain which is
regularly regenerated.

Corollary 2.2. 1. When p is a finite sum of Dirac masses, this is also the case for v.
More precisely, let 0 < 1 < 29 < --- < xp andaq,...,a, >0witha; +---+a, =1
be such that p =73, .,., ai0;,. Then,

-1
.

sp(2) = —=———+——
Y 221§i§n Ti?

and v is purely atomic and admits exactly n atoms which are located in increasing
order at0,y1,...,yn—1 Where y; is the only root of x — Zl<1<n 7.5 on the interval
(zi,x441). Moreover, the mass v({y;}) is given by the residue of the rational function
s, aty;. In that case, Equation (1.3) rewrites

H@)=—+ Y e u{n)).

MMy 1<i<n—1

2. When p is absolutely continuous with respect to the Lebesgue measure with density
f. supported on a finite union of disjoint intervals [a1,b1] U [az, ba] LI - - - U [ay, by]
with0 < a; < by < as < --- < a, < b,, the measure v is a sum of a pure point
measure v, and an absolutely continuous one vg,.

The measure v, admits exactly one atom on each interval (b;,a;11), 1 <i<n—1,
located at the point y; defined as the only root on that interval of the function
zes [ ds“(;) on the interval (b;,a;11). The mass v({y;}) is given by the residue of
the funct1on s, aty;. Moreover, if m, < +oo, then v admits also an extra atom at 0

with mass 1/m,,. Apart from these points, v,, admits no other atom.
The support of the measure v, is [a1,b1] U - - - U [an, by, and its density is given by:

1
Vae = 1Ii _—\) v it
func () = Jim s, (o + it

_ 1 fu(@)
x Hy(x)? 4+ 72 f,(x)?

In that case, Equation (1.3) rewrites

+Ooefs:n s
A=+ 3 e+ [ dis)

Mo 1<i<n—1 s HH(8)2+7T2f/J(S)2.
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Proof of Theorem 2.1. As usual, we introduce the Laplace transform of H and denote it
by £ so that

+oo
L) = /0 e ™ H(x)dz.

Notice that this expression is finite for all A € C with positive real part. Since H(z) =
> k>1 foitetni (z), we deduce that:

1

YAECst R(N) >0, L) =) E [eﬂ<m+---+nk> = TR

k>1

From Assumption (2.1), we deduce that

A s
E [e "] :/0 8+>\d,u(s).

Hence, for all A € C with positive real part,

1 1
S R NE Y

Since the Stieltjes transform of 1 is defined on C\ R, the function £ can be analytically
extended to C \ R,. Since for all s > 0, the homography A — /() + s) preserves the
lower half-plane, the function A — L£(—\) preserves the upper half-plane. Moreover,

when |A\| = +oo,
+oo
S-du(s - Foo
L(—\) = M ~ 71/ sdpu(s).
0

fo+oo %d,u(s) A

Therefore, using the characterization of Nevanlinna functions which are Stieltjes trans-
forms of positive measures [1] (page 93), there exists a positive measure v with total
mass f0+°° sdu(s) whenever this integral is finite, such that

L(=)) = s, (V). (2.4)

O

3 Application to polymers pinned on a defect line

In this section, we first recall the definition and main results about a classical random
polymer model associated to a renewal process, as presented in the book of Giacomin [7].
Then, we present our contribution which consists in an explicit integral representation
of the partition function of the model, when the inter-arrival time distribution of the
underlying renewal process is a mixture of Geometric laws.

3.1 Definition of the model
Let 8 € Rand N > 1. The polymer model associated to K with parameter S is defined

by the following probability measure Py 5 on subsets of {0,..., N} whose density with

respect to P is:
dPy s

(1) = o
P T Zng
where Ny (7) = [{1,...,N} N 7| and

exp (BNN(7)) Iner,

ZNﬁ = EP [exp (BNN(T)) 1N€T] .
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The renormalization constant Zy s is called the partition function and captures many
information on the model. For example,

NN(T):|

IOgZN,ﬂ:EPN,B |: N

10

N 0p
is the average time spent at 0 by the polymer. As N tends to infinity, it converges to the
derivative of the so-called free energy of the model, which is defined by:

) 1
F(p) = NEIEOONIO‘%ZN*[” (3.1)
Hence, F'(3) corresponds to the asymptotic fraction of time spent at zero by the polymer.
Therefore, we speak about a delocalized regime when F’(3) = 0 and about a localized
regime when F’(3) > 0.

It has been shown that there exists a phase transition for this model. More precisely,
let . := —log(1— K({oc})). Then, if 8 > 3., the free energy F(3) is uniquely determined
by

Ex [exp (—F(8)m1)] = exp(—f). (3.2)

Otherwise, if § < j,, the free energy is given by F(5) = 0. Therefore, the model exhibits
a phase transition at 5 = 3. from a delocalized regime to a localized regime.

The identification of the free energy is based on a simple rewriting of the partition
function that we recall here. First, let us introduce a new family of (sub)-probability
measures:

= . [ exp(B)K(n)exp(—F(B)n) if 8= B,
Vn>1, Kg(n):= { exp(8) K (n) if 3 < B, (3.3)

Notice that from the definition 3., the measure K g is a probability measure when 3 > g,
whereas it is a sub-probability measure when 3 < .. Let Pg be the law of the renewal
process associated to K. Then, summing over the inter-arrival times leads to:

N n
Zvg=>_ > [lep®KW)

n=111++l,=Ni=1

N n
—epFON)Y. S [[Es)

n=111+...4+l,=N i=1
= exp(F(B)N)Ps(N € 7). (3.4)

Under the classical assumption that there exists a > 0 and a slowly varying function

such that
L(n)

K(H)ZW’

(3.5)
the probability P s(N € 7) does not vanish exponentially fast. Therefore, the function ¥’
defined in (3.2) is indeed the free energy of the model. Moreover, thanks to the asymp-
totic theory of renewal processes, Equation (3.4) also allows to obtain the asymptotic
leading term of Zy 3 as N — +o0.

3.2 Moment representation of the partition function

When the inter-arrival time distribution of the underlying renewal process is a mixture
of Geometric laws, the partition function Zy s is the N-th moment of some measure vg
which corresponds to an explicit transformation of the mixture distribution.

ECP 25 (2020), paper 69. https://www.imstat.org/ecp
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Theorem 3.1. Let i be a probability measure on [0, 1] and suppose that, for alln > 1,

K(n) = [, (1 —2)"adu(x),
K ({oo}) = u({0}).

(3.6)
Then, for all 8 € R, there exists a probability measure vg such that:
1—¢€8 1
Sus(2) (eﬁsu(l—z)— 1_2) = Rt (3.7)
Moreover, for all N > 0:

ZW:/ N dvg (). (3.8)
R

Proof. Let 8 € R and define, for all complex number in the upper half-plane z € C,,

zg = zexp(F(B)). Thanks to Equation (3.4), the generating function associated to the
sequence (Zn,g)nN>o is equal to:

G(z) : = Z ZnpzN

N>0
=1+ Z Ps(N € T)Zév
N>1
=1+ Ep, | Inerzh (3.9)
N>1
Let (7"
becomes:

)l.>1 be a sequence of i.i.d. random variables with law K g. Then, Equation (3.9)

G(z) =1+ Ef’ﬁ

7B g ® | 1
g =

=37
1-— eXp(,B)El;ﬁ [zgl ]
Finally, from the definition of K s given in (3.3), we obtain:

k>1

1
&) = B B ]

Let S(z) = —1G (1). Then, using Hypothesis (3.6), it is easy to deduce that:
1
S(z) — . (3.10)
—z —exp(B) 0 1_Z_xd.u(x)
Notice that S(z) ~ —= as |z| — +o0o0. Moreover, since for all z € C, and = € (0,1),
—— € C,, the following inclusion holds: S(C,) C C,. By [1] (page 93), these two
properties imply that there exists a probability measure v such that:

() = /R dvg(x)

T —z
which ends the proof of Theorem 3.1.

O
Remark 3.2. Note that by (3.10), the Stieltjes transform of v is also given by
1
Su(2) = T— .
—2 —exp(B) [y =2 du(z)
ECP 25 (2020), paper 69.
Page 8/14

https://www.imstat.org/ecp


https://doi.org/10.1214/20-ECP348
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

A solvable class of renewal processes

x

Observe that the function y — fol py— dp(z) is increasing on (1,+o00) and tends to
—p((0,1]) = =3, s K(n) =—-(1— K({oo})) as y — 1+. Therefore, the denominator of
s, has a single root zg on (1, +00), which implies that the restriction of v on (1, +00)
consists in a unique atom at zg > 1 if § > —log(1 — K({oo})) and is null otherwise. By
Equation (3.8), F(8) = log(xg) if 8 > —log(l — K({o0})), and F(B) = 0 otherwise.

The mass of the atom of vz at exp(F'(3)) is given by the residue of s,, at exp(F(3))
which happens to be equal to F’(/), which is the average time spent at zero by the
polymer. In particular, as N tends to infinity,

Zng ~ F'(B) exp(NF(B)).

This formula was already proved in a general framework, see for example Chapter 2 of

[7].

3.3 Correlation length

In this section, we are interested, for all b > 0, in the renewal process 7(b) with
inter-arrival distribution defined by

1
Kifn) = 55 K n) exp(—nb),

and with mean value denoted by mg,. Namely, we want to compute the rate of conver-
gence in the renewal theorem associated to this process. It is motivated by the article of
Giacomin [8], which makes the link between this quantity and the correlation decay for
the polymer with law Py 3, where 5 > 0 corresponds to the only positive solution of the
equation b = F'(§), in the limit N — +oc.

Proposition 3.3. Suppose that y is a probability measure on [0, 1] and that

K(n) — fl(l _ .Z‘)nilllfd,u(,r),
K({oo}) z u({0}). (3.11)

Then, for all b > 0, there exists a probability measure v}, on [0, 1] such that for all N > 0,

P(N € 7(b)) = /01 N duy(z). (3.12)

Moreover; if i has a positive density on a neighborhood of 0 and that

1 1
lim ~log (P(N e 7(b)) — me) = b, (3.13)

Remark 3.4. Notice that Equation (3.13) is valid for all b > 0, whereas the general
result of Giacomin [8, Theorem 1.1] establishes this formula only for parameters b > 0
up to some positive and implicit value by > 0.

Remark 3.5. Suppose that there exists a € (0, 1) such that ([0, a)) = 0 and such that x
has a positive density at a™. Then, the limit (3.13) is equal to —b + log(1 — a).

Proof of Proposition 3.3. We proceed like in the proof of Theorem 1.1. Namely, denoting
by Giy(2) = 3N P(NV € 7(b))z" the generating series of the renewal probabilities, and
introducing 5 > 0 to be the only solution of the equation b = F'(), a direct computation

ECP 25 (2020), paper 69. https://www.imstat.org/ecp
Page 9/14


https://doi.org/10.1214/20-ECP348
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

A solvable class of renewal processes

leads to:

- 1
 1—ef2E[(ze 0]’

_é(;b (i) - eﬁb(eb_zl)E [(Z5)"]

ze

B -1
B 1 zeba
—z—ef~b fO 1—ztj)b —md'u(x)
- -1
B 1 2z
_Z_eﬂ fO 1—zeb —zdl’[’(x)
1

—z+elz+zeP(1—zeb)s,(1—zeb)

Using the penultimate equality, one can check that the analytic function z — —%Gb(é)
preserves the upper half-plane. Moreover, —%Gb(i) ~ —1/z as |z| = +oo. Therefore, by
[1] (page 93), there exists a probability measure v; such that

1
—z+efz+zef(1—zeb)s,(1—zeb)

Sy, (2) = (3.14)
This yields Equation (3.12).

Notice that, by a monotonicity argument, the denominator of s,, vanishesonly at z = 0
and z = 1. Moreover, as in Proposition (1.5), one can prove that v,({1}) = 1/mg,. Finally,
the probability measure v}, has a positive density at « if and only if lim;_,o+ Ss,, (x+it) > 0,
which, by Equation (3.14), is the case if and only if lim; ¢+ Is,,(1 — (z +it) e®) > 0. Since
by assumption, the probability measure u has a density in a neighborhood of 0%, we
deduce that v}, has a density in a neighborhood of (e*b)*. Moreover, by Equation (3.14),
forallz € (e7®,1):

o limy g+ |8y, (x + it)| < 400,
o limy o+ (s, (z +it)) = 0.
From the first fact (see formula (1.2.10) in [12]), we deduce that 14 has no singular part on

(e=°,1). On the other hand, the second fact implies that v, has no absolutely continuous
part either. Hence v does not charge the interval (e~%, 1). This yields (3.13). O

4 Computations in the case of generalized Arcsine laws

It turns out that some particular choices of probability measure p in Theorem 3.1 yield
explicit computations. More precisely, for all v € (0, 1), let u,, be the Beta distribution
with parameters (1 — v,v), defined by:

sin(mv) _, v
duu(x) = %l’ (1 - x) llze[gﬁl]d‘r.

Let K, be the probability measure on N associated to u,, that is:

sin(mv) T'(n + v — 1)I'(2 — v) .

Vn > 1, Kv(n>=/R<1—w>"‘1dev(x): T(n+1)

sin(mv)I'(2—v) 1
2

™ n-v-

As n — oo, Ky(n) ~ Hence, the probability measures K,’s sat-
isfy (3.5).
Denoting Zy s, the partition function of the polymer associated to K,, Theorem 3.1

translates into the following result.
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Proposition 4.1. For all 3 € R and v € (0,1), define:

sin(7v) el zt=v(1 —x)t~v

mr (1 —ef)2220-v) —2eB(1 — eP) cos(mv)z!—v(1 — z)1—v 4 e2f(1 — z)2(1-v) "

fup(z) =

Moreover, for all § > 0, define:

1 e o v
and ey — xp(—h) Tp
11—z 1—v 1—1p

— 1
Yop=1-e )=, z,5=
For all B € R, let v, g be the following probability measure:

duuﬁg(l‘) = fv’g(l‘)lme(oyl)dl‘ + 1ﬁ>00v,6d5mv)ﬁ (:L‘)
Then, for all N > 0,
ZN B :/ dez/v’B(x).
R

Remark 4.2. Using Remark 3.2, we deduce that the constant ¢, g is a positive constant
smaller than 1 which is equal to the asymptotic average time spent at 0 as /V tends to
infinity.

Proof. Letwv € (0,1) and 8 € R. Recall that from Equation (3.7), the Stieltjes transform
of v, g satisfies:

1

Svy.8 (2)

_of
VzeCy, =2(1-2) <eﬁsuv(1z)1 ¢ > 4.1)

1—=2

Forallz € R, letus define s, ,(z) := limy_,g+ 5., ;(z+it) and s, (z) := lim,_,o+ s, (2—it).
Then, Equation (4.1) becomes:

1 1—¢P
=z(1— s, (1—x)— : 4.2
5uv,5($) (E( .T) (e S#«u( LL') 1 _r ) ( )
We now use the following identity:
de, dpiy
s, (1) = ][ Holy) _ g dil@) (4.3)
RY—T dz

where the integral in the right-hand side stands for a Cauchy principal value. The latter
can be explicitly computed (see [3] page 250). More precisely:

—v(] — )1 1 1| | ;
1][ Y (1 y) dy — sin(m(1—v)) 1—x 11;0@( (1)) ifz <Oorz>1,
T — X _ v _ v— s(m({l—v :
R Y x (1 —x) =) fo<z<1.
Using (4.3), we deduce that:
sy (1—2) = —1]=zm" ifr<Ooraz>1, 4.4)
Ho cos(mv)(1 — x) Yz~ —isin(rv)z (1 — x)v~1 ifo<z <. '

From (4.4) and (4.2), it is possible to identify the measure v, g as explained in the
following.

First, the absolutely continuous part of v, g is given by %st (). Therefore, it is
supported on the interval (0, 1) and given by:

dvy g (gc)_sin(m;) e xt=v(1 —x)tv
de 7 7w (1—eB)222(0-v) —2eB(1 — eB) cos(mv)xl—v(1 — x)1=? 4 e2B(1 — x)2(1-v) "
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Besides, v, g has an atom at € R if 5, ,(z) = oo. Therefore, the atomic part is
contained in R\ [0,1] and z € R\ [0, 1] is an atom of v, g if and only if:

(1_e—ﬁ)ﬁ
1—(1—eBf)Ts

v—1
l—i—eﬁ( x1> —el =0 = =1+
T —

The right-hand side does not belong to [0, 1] if and only if 5 > 0. Therefore, we have the
following dichotomy:

1
(1—e #)T-v

> 1;
17(17675)ﬁ

 if 3 > 0, the measure v, g has an atom at z, 5 := 1+
 if 5 <0, the measure v, g has no atom.

Suppose that 5 > 0. Then, the atom z, g coincides with exp(F'(5)) and by Remark 3.2
the mass of v, g at z, 3 is equal to F'(3) = ds(zy,s)/xv,3, which yields the expression of
C,,ﬁ. O

Then, a straightforward consequence of Proposition 4.1 is the following explicit
formula for the free energy of the model, defined in (3.1).

Corollary 4.3. The following equality holds:

F(3 0 if 8 <0, @s)
v = . 4.5
(B) log (17%’[1) if 8> 0.
Moreover, when 3 > 0, as N — 400,
exp(— Yo 1 N
N pio 1p(—vﬂ)1—ﬁ <1— ) ' (4.6)
Yv,B Yv,B8

When 5 =0,

_ sin(7v) YNl o1y, LIN+1-v) N
ZNg = T/o eV (1 —2)" e = Tl-uo)I(N+1) T(A-v)

5 An epilogue on random matrix theory

We end this article by presenting a link between the phase transition of a particular
instance of the above pinned model and a famous phase transition in random matrix
theory. Since it was the starting point of the present work, we think it justifies its
presence here, at least in our view.

When v = 1/2, u, is the classical Arcsine law:

1 1
dpi(xz) = — 1, dz.
M’z( ) T (1_ ) G(O,l)
In that case,
1 1 2n
Vn>1 K =
nzl, Kin) 22n2n1(n)’

which is also the probability that the first return to 0 of the simple random walk is equal
to 2n, see for example [5]. It turns out that in this setting, the phase transition from
the delocalized regime to the localized regime for the polymer model corresponds to a
famous phase transition in random matrix theory, which we briefly recall in the following.

Foralln > 1, let X,, be a matrix of size n x n whose entries are i.i.d. random variables,
centered and reduced. Let also %, = Diag(2¢”,1,...,1), where 3 € R. We consider the
following random covariance matrix:

S, = izl/z’XnXTzl/?.
4n n n n
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Denoting Ay > --- > A, the eigenvalues of S,,, it turns out that, in probability, the empiri-
cal spectral measure -~ >, _, . 85, weakly converges to the so-called Marchenko-Pastur
law with parameter 1, given by the density (2/7)(1 — z)'/22~'/?1g,1dz. Moreover,
the possible existence of an eigenvalue outside the limiting support (0, 1), often called
an outlier, is the object of the following phase transition. We will denote by ¢; the
normalized eigenvector associated to ;.

Theorem (Baik, Ben Arous, Péché phase transition). Let e; be the first vector of the
canonical basis. Then, the following converges hold in probability:

R 1 if 8 <0, & oo 0 if 5 <0,
— an e — _ .
NI % otherwise, RS 25112 otherwise.

This result was first proved by Baik, Ben Arous and Péché [2] in a Gaussian setting.
Another approach to this problem is to study the spectral measure in direction e; — see
[10], defined by

M(Smel) = Z |<¢iael>‘26>\w
i=1

where ¢; is the normalized eigenvector associated to A;. With our notations, it turns out
that in probability, s, .,) weakly converges to V1 g which is given by

eb (1 — Jj)x 2e8 —2
vy 5(7) = o o = 209) 1 o2 Lo<e<1d + 55T Lpm0dd s (@),

In particular, the atomic part of V1ig allows to retrieve the convergences of Theorem 5.
Interestingly, this links the Baik, Ben Arous and Péché phase transition for the largest
eigenvalue of deformed random covariance matrices to the phase transition from the
delocalized to the localized regime for the polymer model. In the super-critical regimes,
the limit of log A; is the free energy of the polymer, and the limit of the square projection
of the associated eigenvector is the multiplicative factor in front of the exponential term
of the partition function - this can be seen from Equations (4.5) and (4.6).
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