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Abstract: We study the problem of distributional approximations to high-
dimensional non-degenerate U-statistics with random kernels of diverging
orders. Infinite-order U-statistics (IOUS) are a useful tool for constructing
simultaneous prediction intervals that quantify the uncertainty of ensemble
methods such as subbagging and random forests. A major obstacle in using
the IOUS is their computational intractability when the sample size and/or
order are large. In this article, we derive non-asymptotic Gaussian approxi-
mation error bounds for an incomplete version of the IOUS with a random
kernel. We also study data-driven inferential methods for the incomplete
IOUS via bootstraps and develop their statistical and computational guar-
antees.
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1. Introduction

Let X1,...,X, be independent and identically distributed (i.i.d.) random vari-
ables taking value in a measurable space (5,S) with common distribution P,
and let h : S™ — R be a symmetric and measurable function with respect
to the product space S” equipped with the product o-field " =S ®---® S
(r times). Assume E[|h;(X1,...,X,)|]] < oo for 1 < j < d, and consider the
statistical inference on the mean vector 6 = (0y,...,04)7 = E[h(Xy,...,X,)].
A natural estimator for 6 is the U-statistic with kernel h:

U= > X, X)) b > (X)), (1)
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where I, , := {¢t = (i1,...,%) 1 1 < i1 < ... <4, < n} is the set of all ordered
r-tuples of 1,...,n and | - | denotes the set cardinality. The positive integer r is
called the order or degree of the kernel h or the U-statistic U,,. We refer to [21]
as an excellent monograph on U-statistics.

In the present paper, we are interested in the situation where the order r
may be nonneglible relative to the sample size n, i.e., r = r,, — 00 as n — oo.
U-statistics with divergent orders are called infinite-order U-statistic (IOUS)
[14]. IOUS has attracted renewed interests in the recent statistics and machine
learning literature in relation to uncertainty quantification for Breiman’s bag-
ging [3] and random forests [4]. In such applications, the tree-based prediction
rules can be thought of as U-statistics with deterministic and random kernels,
respectively, and their order corresponds to the sub-sample size of the training
data [23]. Statistically, the subsample size r used to build each tree needs to
increase with the total sample size n to produce reliable predictions. As a lead-
ing example, we consider construction of simultaneous prediction intervals for a
version of random forests discussed in [23].

Example 1.1 (Simultaneous prediction intervals for random forests). Consider
a training dataset of size n, {(Y1,21),..., Yn,Zn)} = {X1,..., X0} = X7,
where Y; € ) is a vector of features and Z; € R is a response. Let h be a
deterministic prediction rule that takes as input a sub-sample {X; ..., X; }
and outputs predictions on d testing points (y7,...,y)) in the feature space
Y. Then U, in (1) are the overall predictions by averaging over all possible
sub-samples of size r.

For random forests [4, 23], the tree-based prediction rule may be constructed
with additional randomness: in building a tree or multiple trees based on a sub-
sample, the split at each node may only occur on a randomly selected subset
of features. Thus, let {W, : ¢ € I, ,} be a collection of i.i.d. random variables
taking value in a measurable space (S’,S’) that are independent of the data
X7, and that determine the potential splits for each sub-sample. Here, each
W, captures the random mechanism in building a prediction function based
on X, = (X;,,...,X;,), but are assumed to be independent for different sub-
samples. Further, let H : S” x S’ — R? be an 8" ® S’-measurable function,
that represents the random forest algorithm, such that E[H (z1,...,z,, W)] =
h(x1,...,z,). Then predictions of random forests are given by a d-dimensional
U-statistic with random kernel H:

Un =L ™0 Y. H(Xy o X W) =157 Y HXL W), (2)

Leln,r LeIn,r

where the random kernel H varies with r.

Compared to U-statistics with fixed orders (i.e., r being fixed), the analy-
sis of IOUS brings nontrivial computational and statistical challenges due to
increasing orders. First, even for a moderately large value of r, exact computa-
tion of all possible (Z) trees is intractable. For diverging r, it is not possible
to compute U, in polynomial-time of n. Second, the variance of the Hajek
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projection (i.e., the first-order term in the Hoeffding decomposition [19]) of
U, — 0 tends to zero as r — oco. To wit, define a function g : S — [0,00) by
g(z1) = E[h(z1, Xo, ..., X,)], and

02, = El(g;(X1) — 0,2 for 1<j <d, o2:= min o2

Then the Héjek projection of U, — 6 is given by n='r > | (9(X;) — 6). By the
orthogonality of the projections, we have

El(hj(X1,.... X)) = 0% = > El(g;(X:) — 0,)*] = ro? .

1<isr

Thus the variances of the kernel h and its associated Héjek projection g have
different magnitudes. In particular, if the variance of h;(X;, ..., X, ) is bounded
by a constant C > 0 (which is often assumed for random forests, cf. [23]),
then Uaj < C/r, which vanishes as r diverges. Thus standard Gaussian ap-
proximation results in literature are no longer applicable in our setting since
they require that the componentwise variances are bounded below from zero to
avoid degeneracy, i.e., there is an absolute constant g2 > 0 such that gg > g2
(cf. [6, 10, 11]).

In this work, our focus is to derive computationally tractable and statistically
valid sub-sampling procedures for making inference on 6 with a class of high-
dimensional random kernels (i.e., large d) of diverging orders (i.e., increasing r).
To break the computational bottleneck, we consider the incomplete version of ﬁn
by sampling (possibly much) fewer terms than |I,, .|. In particular, we consider
the Bernoulli sampling scheme introduced in [8]. Given a positive integer N,
which represents our computational budget, define the sparsity design parameter
Pn = N/|I, r|, and let {Z, : v € I,, .} be a collection of i.i.d. Bernoulli random
variables with success probability p,,, that are independent of the data X7 and
{W, :v € I, ,}. Consider the following incomplete U-statistic (on the data X7")
with random kernel and weights:

wn=N"TN" ZH(X,W,), where N = > Z,. (3)

€1y vely,

Obviously, Urlz, n 1s an unbiased estimator of 6 and it only involves computing

N terms, which on average is much smaller than |I,, .| if p, < 1.

When the kernel A is both deterministic and of fixed order, finite sample
bounds for the Gaussian and bootstrap approximations of Ur’L) N — 0 (after a
suitable normalization) are established in [8]. Roughly speaking, error bound
analysis in [8] has two major steps: i) establish the Gaussian approximation
to the Héjek projection, and i) bound the maximum norm of all higher-order
degenerate terms. As discussed above, the first-order Hajek projection in the
Hoeffding decomposition is asymptotically vanishing for the IOUS, and we must
control the moments of an increasing number of degenerate terms, which makes
the analysis of the incomplete IOUS with random kernels substantially more
subtle.
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In Section 2, we derive non-asymptotic Gaussian approximation error bounds
for approximating the distribution of the incomplete IOUS U;L, N Wwith random
kernels subject to sub-exponential moment conditions. Specifically, our rates
of convergence for the Gaussian approximation of U{% n have the explicit de-
pendence on all parameters (n, N,d,r, g§7Dn), where D,, is an upper bound
for the ¢ norms of the random kernels (for precise statements, see conditions
(C3), (C4), and (C3’) ahead). In particular, asymptotic validity of the Gaussian
approximation can be achieved if o 2r2D2 log”(dn) = o(n A N). The order of
Q;Q will be application specific. As we shall verify in Section 4, under certain
regularity conditions,

o2 =0(r?). (4)

g

It is worth noting that (4) is sharp in the sense that for the linear kernel
h(z1,-+ ,2r) = (1 + - 4 x,)/r, we have 0,2 < r? if ¢ < Var(X;;) < C.
If further D,, = O(1), log(d) = O(log(n)) and n = O(N) (i.e., the compu-
tational complexity is at least linear in sample size), then the order of Ur’L, N IS
allowed to increase at the rate of r = o(n'/47¢) for any ¢ € (0,1/4). On the other
hand, the dimension may grow exponentially fast in sample size (i.e., d = O(e™")
for some constant ¢ € (0,1/7)) to maintain the asymptotic validity of Gaussian
approximations while r is still allowed to increase at a polynomial rate in n.

The proof of our Gaussian approximation results for IOUS builds upon a
number of recently developed technical tools such as Gaussian approximation
results for sum of independent random vectors and U-statistics of fixed orders
[6, 7, 10, 11], anti-concentration inequality for Gaussian maxima [9], and iter-
ative conditioning argument for high-dimensional incomplete U-statistics (with
the fixed kernel and order) [8]. However, there are three technical innovations in
our proof to accommodate the issues of diverging orders and randomness of the
kernel. First, we use the iterative renormalization for each dimension of g and
also H by its variance. This simple trick turns out to be the crux to avoid the
lower bound assumption for Gaussian approximation in the literature [8, 10].
Second, we derive an order-explicit maximal inequality for the expected supre-
mum of the remainder of the Héjek projection of the IOUS (cf. Section 5).
This maximal inequality is new in literature and our main tools include a sym-
metrization inequality of [27] and Bonami inequality [13, Theorem 3.2.2] for
the Rademacher chaos, both with the explicit dependence on r. Third, we de-
velop new tail probability inequalities for U-statistics with random kernels by
leveraging the independence between {W,,¢ € I,, ,} and the data X}

In Section 3, we derive computationally tractable and fully data-driven infer-
ential methods of 8 based on the incomplete IOUS when the sample size n, the
dimension d, and the order r, are all large. We consider a multiplier bootstrap
procedure consisting of two partial bootstraps that are conditionally indepen-
dent given X{* and {W,,Z, : ¢ € I,,}: one estimates the covariance matrix of
the randomized kernel, and the other estimates the Hajek projection. The latter
is usually computationally demanding, and we develop a divide and conquer al-
gorithm to maintain the overall computational cost of our multiplier bootstrap
procedure at most O(n?d + B(N + n)d), where B denotes the number of boot-
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strap iterations. Thus the computational cost of the bootstrap to approximate
the sampling distribution for incomplete IOUS can be made independent of the
order r, even though r diverges.

In Section 4, we discuss the key non-degeneracy condition (4) for deriving
the validity of Gaussian and bootstrap approximations. We provide a general
embedding scheme where a Cramér-Rao type lower bound can be established
for the minimum gg of the projection variances. Specifically, the lower bound
for r?¢2 only involves the sensitivity of E[h(X1,...,X,)] under perturbation
and the Fisher information of the embedded family, which in some cases remain
constants as r diverges. In non-parametric regressions, there is a natural em-
bedding of the response variable into a location family such that the sensitivity
and Fisher information can be explicitly computed.

1.1. Connections to the literature

For univariate U-statistics (d = 1), the asymptotic distributions are derived in
the seminal paper [19] for the non-degenerate case. [14] introduced the notion
“Infinite-order U statistics” (IOUS) with diverging orders and established the
central limit theorem for U,, when d = 1. For univariate IOUS, asymptotic nor-
mality of IOUS can be found in [2, Chapter 4.6], and the Berry-Esseen type
bounds for IOUS were established by [16, 30, 31]. Further, [23] applied IOUS
to construct a prediction interval for one test point. However, ). [23] does not
address the issue that the variance of the Hajek projection is vanishing: the two
conditions in Theorem 1 therein, Ehy, (Z1,...,Zk,) < C < co and lim (; 5, # 0,
are not compatible based on our previous discussions; i¢). In practice, the size d
of a test set may be comparable to or even much larger than the size n of a train-
ing set, and the current work is motivated by such consideration. Limit theorems
of the related infinite-order V-statistics and the infinite-order U-processes were
studied in [18, 28]. The high-dimensional Gaussian approximation results and
bootstrap methods were established in [10, 11] for sum of independent random
vectors, and in [6, 8] for U-statistics. We refer readers to these references for
extensive literature review.

Incomplete U-statistics were first introduced in [1], which can be viewed
as a special case of weighted U-statistics. There is a large literature on limit
theorems for weighted U-statistics; see [22, 24, 25, 26]. The asymptotic dis-
tributions of incomplete U-statistics (for fixed d) were derived in [5] and [20];
see also Section 4.3 in [21] for a review on incomplete U-statistics. Recently,
incomplete U-statistics have gained renewed interests in the statistics and ma-
chine learning literatures [12, 23]. To the best of our knowledge, the current
paper is the first work that establishes distributional approximation theorems
for incomplete IOUS with random kernels and increasing orders in high dimen-
sions.

The remaining of the paper is organized as follows. We develop Gaussian
approximation results for above U-statistics in Section 2, and bootstrap methods
for the variance of the approximating Gaussian distribution in Section 3. We
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apply the theoretical results to several examples in Section 4. We highlight a
maximal inequality in Section 5, and present all other proofs in Appendix A.

1.2. Notation

We write L.h.s. < r.h.s. if there exists a finite and positive absolute constant
C such that Lh.s. < C x r.h.s.. We shall use ¢,C,C1,Ch, ... to denote finite
and positive absolute constants, whose value may differ from place to place. We
denote X;,... X, by XZ/ for i < 4.

For a,b € R, let |a| denote the largest integer that does not exceed a, aVb =
max{a,b} and a A b = min{a,b}. For a,b € RY, we write a < b if a; < b;

d .
i=ilag bl if a < b
We denote by R := {H?:l[aj7bj] i —oo < aj < bj < oo} the collection of
hyperrectangles in R?. Further, for a € R%, r,t € R, ra+t is a vector in R? with
§'" component being ra;+t. For a matrix A = (a;;), denote || A||o = max; ; |ai;]-
For a diagonal matrix A with positive diagonal entries, A=1/2 (resp. A/?) is the
diagonal matrix, with j-th diagonal entry being Aj_jl/ 2 (resp. Ajlj/2)

For g > 0, let 93 : [0,00) — R be a function defined by ¢¥s(z) = e’ —
1, and for any real-valued random variable &, define |[{|y, = inf{C" > 0 :
E[s(]€]/C)] < 1}. Further, we define a family of functions {¢s(-)} on [0, c0)
indexed by 8 > 0. For 8 > 1, define 125 = 5. For B € (0,1), define 75 = (Be)'/5,
rg = (1/5)1/5, and 1/)5(1') =182 (zpp} + ewﬂ]].{m>xﬁ}.

For a generic random variable Y, let Py (-) and Ejy [-] denote the conditional
probability and expectation given Y, respectively. Further, we write “a.s.” for
“almost surely” and “w.r.t.” for “with respect to”. Throughout the paper, we
assume that r > 2, d > 3, n > 4, p,, :== N/|I,, ;| <1/2.

for 1 < j < d, and write [a,b] for the hyperrectangle []

2. Gaussian approximations for IOUS

In this section, we shall derive non-asymptotic Gaussian approximation error
bounds for: (i) the IOUS with random kernel U,, in (2), which includes the IOUS
with deterministic kernel U, in (1) as a special case, and (ii) the incomplete
IOUS U], y in (3) under the Bernoulli sampling scheme.

Recall that h(z}) = E[H (2], W)], g(z1) = E[h(z1, X3)], 0 = E[g(X1)], Uij =
E[(g;(X1) — 05)?] and g2 = minij<a O’ZJ. Further, define

Iy :=Cov(9(X1)), I'g:=Cov(H(X],W)),
ogr ;= E[(H;(X{,W) = 6;)%] for 1 < j < d.

Clearly, for 1 < j < d, a%yj > Jjj and thus g% = miny ¢4 qu,j > gg. Define
two d x d diagonal matrices A, and Ay such that

Ag,jj = 037]' < O—%{,j = AHJ'J' for 1 gj g d. (5)
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Let Y4 and Yy be two independent d-dimensional zero mean Gaussian ran-
dom vectors with variance I'y and I'y respectively. We may take Y4 and Yp to
be independent of any other random variables. Further, for any two zero mean
d-dimensional random vectors U and Y,

p(U,Y):=sup |IP(U € R) —P(Y € R)|,
ReER

where we recall that R := {H;l:l[aj, b;] : —oo < a; < bj < oo} is the collection
of hyperrectangles in R¢.

Finally, in view of the discussions in the Introduction (Section 1) and to

simplify presentation, we assume gg < 1. Otherwise, the conclusions in this

paper hold with o, replaced by min{g, 1}.

2.1. I0OUS with random kernel
We start with U,. Define for 1 < j<d,¢>0,and (x1,...,2,) € S,
Bn,j(xla ey CCT) = ||Hj(£51, ey LTy W) - hj(il’h e ,$T)||¢q. (6)

We make following assumptions: there exist D,, > 1 and an absolute constant
q > 0 such that

o;;>0, forallj=1,...,d, (C1-ND)
Elg;(X1) = 0;|* <o ,;Dp, forall j=1,....d, (C2)
||hj(X{)_0j||wq <Dn7 fOI‘ aﬂjzl,,d7 (03)
| B, (X7)[lp, < Dr, forall j=1,....d. (C4)

Clearly, if |H; (X7, W)| < Dy, a.s. for 1 < j < d, then the latter three conditions
hold. Indeed, (C3) and (C4) follow immediately from the definition, and (C2)
is due to the observation that E|g;(X:) — 0;]* < Elg;(X1) — 0,]°D3 = o7 ;D}.

Theorem 2.1. Assume (C1-ND), (C2), (C3) and (C4) hold. Then

~ r2D? log® (dn 1/6
VD, — 0).ra) 5 (TP )
-9

where g, = (6/¢g+1)V7,Ya ~ N(0,[y) and < means up to a multiplicative
constant that only depends on q.

Proof. See Section A.3. We highlight that a key step to establish Theorem 2.1 is
to control the expected supremum of the remainder of the Hajek projection of the
complete IOUS with deterministic kernel (see Theorem 5.1). Then the Gaussian
approximation result for IOUS follows from Gaussian approximation results for
sum of independent random vectors [10] and anti-concentration inequality [9],
by a similar argument in [8] with proper normalization. |
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Clearly, in the special case of non-random kernel, i.e., H(z1,...,z., W) =
h(z1,..., ), (C4) trivially holds. Thus we have the following immediate result
for the IOUS with deterministic kernel U,, in (1).

Corollary 2.2. Assume (C1-ND), (C2) and (C3) hold. Then

r2D? log* (dn) > 1/6

VT~ 0).rv) 5 (P

where g, = (6/q+1) V7, and < means up to a multiplicative constant that only
depends on q.

Remark 2.3 (Comparisons with existing results for d = 1). For the univariate
IOUS with non-random kernels, asymptotic normality and its rate of conver-
gence are well understood in literature; see [2] for a survey of results in this di-
rection. In [31], a Berry-Esseen bound is derived for symmetric statistics, which
include IOUS (with non-random kernels) as a special case. In particular, apply-
ing Corollary 4.1 in [31] to IOUS, the rate of convergence to normality is of order
O(r*n='2¢% Jo 2) for a bounded kernel, which implies that asymptotic normal-
ity requires (at least) r = o(n'/%). A related Berry-Esseen bound is given in [16].
In both papers, the rates of convergence are suboptimal. For elementary sym-
metric polynomials (which are U-statistics corresponding to the product kernel
h(z1,...,2,) =x1---x,), it is shown in [30] that the sharp rate of convergence
to normality is of order O(rn~'/2), provided that E[X;] # 0, Var(X;) € (0, cc),
E[|X1|?] < oo and 7 = O((logn)~"(logy(n))~'n!/?). This result implies that
asymptotic normality for the IOUS with the product kernel is achieved when
r = O(log~*(n)n*/?). If 0,2 = O(r?), which holds under regularity condi-
tions in Lemma 4.1, our Corollary 2.2 with ¢ = 1 implies that the rate of con-
vergence for high-dimensional TOUS is O((r*log” (dn)n=1)'/6) (with suitably
bounded moments). In particular, Gaussian approximation is asymptotically
valid if logd = O(logn) and r = o(n'/4=¢) for any € € (0,1/4). Even though our
result is valid for a smaller range of r and the rate is slower than the optimal
rate in the case d = 1, Corollary 2.2 does allow the dimension to grow sub-
exponentially fast in sample size, which is a useful feature for high-dimensional
statistical inference. In addition, to the best of our knowledge, the validity of
bootstrap procedures proposed in Section 3 to approximate the sampling dis-
tribution of IOUS (on hyperrectangles in RY) are new in literature.

2.2. Incomplete IOUS with random kernel
Now we consider U], r, where we recall that N is some given computational
budget. We will assume the following conditions: for g > 0,
| H;(XT, W) = 0jlly, < Dy, forall j=1,...,d, (C3)
E|H;(X]) - 6;* <of D5, forallj=1,...,d. (C5)

Clearly, (C4) and (C3’) implies (C3) up to a multiplicative constant. Fur-
ther, (C3’) and (C5) hold if |H;(X{,W)| < D, as. for 1 <j <d.
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Theorem 2.4. Assume (C1-ND), (C2), (C4), (C3’) and (C5) hold. Then

a1 D2 1oe?* (d 1/6
o (VAU =01 1Y 0} ¥0) S o, where , = (U DRRE 00 )

where ay, = n/N, ¢1 := 2V (2/q), ¢« := (6/q+ 1)V 7, < means up to a

multiplicative constant that only depends on ¢, and we recall that Y4 ~ N(0,T),
Y ~ N(0,T'y) and Ya,Yp are independent.

Proof. See Section A.4.4. [ |

Remark 2.5. If ¢ > 1, then ¢; = 2 and ¢. = 7. Since ||{[|y, S |||y, for any
random variable £ and ¢ > 1, we may assume without loss of generality that
q < 1 in the proof. When r is fixed, ¢ = 1, the kernel is deterministic, and
there exists some absolute constant o2 > 0 such that gg > o2, then the above
Theorem recovers Theorem 3.1 from [8].

Further, by first conditioning on X7, we have

Ty = Cov (H(XT,W)) = Cov (h(XT)) := T,

where for two square matrices, A = B means A — B is positive semi-definite.
Thus the random kernel H (-) increases the variance of the approximating Gaus-
sian distribution compared to the associated deterministic kernel A(-).

3. Bootstrap approximations

In Section 2.2, we have seen that the incomplete U-statistic with random kernel
is approximated by a Gaussian distribution N (0,7%'; + «,,I'yr). However, the
covariance term is typically unknown in practice. In this section, we will estimate
I'y and 'y by bootstrap methods.

3.1. Bootstrap for I'y

Let D, = {X1,..., X, } U{W,,Z, : v € I,,} be the data involved in the
definition of U}, y, and take a collection of independent N (0, 1) random variables
{& v € I, ,} that is independent of the data D,,. Define the following bootstrap
distribution:
1
Ulpi=—= > &VZ (HX. W)~ U, x). (7)
7 N LEL,

The next theorem establishes the validity of Uff B

Theorem 3.1. Assume the conditions (C1-ND) (C2), (C4), (C3’) and (C5)
hold. If
791 D2 log?? (dn)
(¢} A1) (nAN)

< ClTLiC, (8)
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forqn :==2V (2/q), g2 := (4/q + 1) V 5, some constants C; > 0 and ¢ € (0,1),
then there exists a constant C' depending only on q, C1 and ( such that with
probability at least 1 — C'/n,

sup ‘]P"Dn (U;jfB € R) —P(Ys € R)| < Cn=¢/5,
ReER

Proof. See Section A.5.1. |

3.2. Bootstrap for the approrimating Gaussian distribution

Let S; C {1,...,n}, and ny = |Sy|. Further, consider a collection of D,,-
measurable R?-valued random vectors {G;, : i1 € S1}, where G, is some “good”
estimator of g(Xj, ), and its form is specified later. We use the following quantity
to measure the quality of G;, as an estimator of g(X;,)

— Y (G —gi(Xi)*. 9)

9.3 11ES1

~ 1
A4 = max
1<j<d nyo

Define G := n% > i es, Giy and consider the following bootstrap distribution
for N(0,T'y):
1 —
U# o= N > &, (G, —G), (10)

i1E€51

where {&;, : i1 € S1} is a collection of independent N(0,1) random variables
that is independent of D,, and {{ : v € I, - }.

Lemma 3.2. Assume the conditions (C1-ND), (C2) and (C3’) hold. If

D? log? (dn)

2
gy N1

< Clnfﬁ, and P (KAJ 10g4(d) > Cln*@) < Cin 1, (11)

for gz :=(4/q+ 1)V 5, some constants Cy, and (1,(2 € (0,1). Then there exists
a constant C depending only on q, C1 and (1 such that with probability at least
1-C/n,

sup (Pmn (Ufl L€ R) ~P(Y4 € R)| < O~/
RER ’

where we recall that Y4 ~ N(0,T).

Proof. See Subsection A.5.2. |

Hereafter we consider a special case of the divide and conquer bootstrap
algorithm in [8] to estimate I'y. For each i; € Sy, partition the remaining indexes,
{1,...,n}\ {i1}, into disjoint subsets {Séz}c) :k=1,...,K}, each of size L =
r—1, where K = [(n—1)/(r — 1)].
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Now define for each i1 € Sy and k=1,..., K,

K
(“) = {i1} U Sél,; , Gy = e Z S(m,Wsm))
k=1

Finally, define
U, =1UF  +al?U7 .

n,ni

Theorem 3.3. Assume the conditions (C1-ND) (C2), (C4) (C3’) and (Cb)
hold. If
r9 D2 log? (dn)
gg (Tll A N)
for g1 :=2V (2/q), ¢« :== (6/q+ 1)V 7, some constants C; > 0, ¢ € (0,1). For

any v € (max{7/6,1/(}, 00), there exists a constant C depending only on g, ,
v and Cy such that with probability at least 1 — C/n,

<O, (12)

sup ’PID fnl €ER)—P(rYa+ al/?yg e R)| < Cn~(CT1/M/6,
ReR
Proof. See Subsection A.5.3. [ |

3.3. Stmultaneous confidence intervals

We first combine the Gaussian approximation result with the bootstrap result.

Corollary 3.4. Assume (C1-ND), (C2) (C4) (C3’) and (C5) hold. Further,
assume that for some constants C1 > 0, ¢ € (0,1), (12) holds. Then there exists

a constant C depending only on q, C1 and  such that with probability at least
1-C/n,

sup [P (vn (U, xy —0) €R) —Pip, (UF, €R)| < Cn=/".
ReR

Proof. Tt follows from Theorem 2.4 and Theorem 3.3 (with v = 7/(). [ |

In simultaneous confidence interval construction, it is sometimes desirable
to normalize the variance of each dimension, so that if we use maximum-type
statistics, the critical value is not dominated by terms with large variance. Define
for 1 < j <d,

2 ~2 1 / 2
w = § : ing —Gj) 5 OHG = N § : Z (HJ(X“WL) B n,N,j) ’
11651 LE€Ln, -

which are the diagonal elements in the conditional covariance matrices of Ujf A
(10) and Ujj g (7) respectively. Further, define a d x d diagonal matrix A with

~

A= r23§7j + an(?%,’j, for each 1 < j < d.

s
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Corollary 3.5. Assume the conditions in Corollary 3.4. Then there exists a
constant C' depending only on q, Cv and { such that with probability at least
1-C/n,

sup [P (ViA~Y/2 (U, y —0) € R) ~ Pp, (A"12UF,, € B)| < cn~</7.
ReR

Consequently, for any t > 0,
P (VAR 2 5 = )l < t) = P, (IA207,, Il < )| < Cn7</".

Proof. See Subsection A.5.4. |

Remark 3.6. From Corollary 3.5, we can immediately construct confidence
intervals for § in a data-dependent way. Specifically, let q1_o be a (1 — )
quantile of the conditional distribution of |A=/ 2U# . lso given D,,. Then one
way to construct simultaneous confidence intervals with confidence level (1 — «)

. ) ~ _1/971/2
is as follows: for 1 < j < d, U;L’N,j + q1_an 1/2Aj7/j .

4. Applications

In many applications, g(z) = E[h(x, Xa,...,X,)] does not admit an explicit
form, and thus it is usually hard to compute o, in conditions (C1-ND) and
(12) directly. When the kernel h has special structures, we can establish a lower
bound on g, with explicit dependence on 7, which can be applied to Exam-
ple 1.1. We shall give additional examples in Section 4.3 and 4.4 to illustrate
the usefulness of U-statistics as a tool to estimate and make inference of certain
statistical functionals of X1,...,X,. In Section 4.3 for the expected maximum
and log-mean functionals, we also establish a lower bound on ¢, with explicit
dependence on r. In Section 4.4 for the kernel density estimation problem, r is
assumed to be fixed, but we allow the diameter of the design points to diverge.

For simplicity of the presentation, in this section, we assume that all involved
derivatives and integrals exist and are finite, and that the order of integrals and
the order of integral and differentiation can be exchanged. These assumptions
can be justified under standard smoothness and moment conditions. For illus-
tration, we use ¢ =1 in (C4) and (C3’).

4.1. Lower bound for a,

Suppose that the distribution P of X; has a density function fy with respect to
some o-finite (reference) measure p, i.e.,

P(A) = /Afo(ac),u(dx) for any A € S.

We first embed f into a family of densities {fs : 8 € B C R‘}, where B is
an open neighborhood of 0 € RY. Such embeddings always exist and below are
some examples for § = RY.



4806 Y. Song et al.

1. Location and scale family. If p is the Lebesgue measure on R, we may
consider the following location or scaling families: for 2 € R,

fo(a) =fo(z — B) with § € R,
or  fg(x) =(1+B)fo((1+ B)x) with 5 € (=1,1).

2. Exponential family. It ¢(B) := log (f fo(x)eBT””u(dx)) < oo for g € B,
then we may consider the exponential family:

fo(x) = fo(x) exp(BTa — ¢(8)), for z €R", f € B.

3. Additive noise model. Let T be a Rf-dimensional random vector inde-
pendent of X7, whose distribution is absolutely continuous w.r.t. u, then
X1+ 87 has a density fsz given by the convolution of those of X; and Y.

For 8 € B, define the following perturbed expectation

9(@;:/ T, ., Hfﬁxz (da;) == Eglh(X1,...,X,)],

where Eg denotes the expectation when Xi,..., X, have density fg. Further,
define

)= ViInfs(Xa),  J(B)=r~"Vars (¥(8)),

where V denotes the gradient (or derivative when [ is a scalar) with respect
to 8 and Varg denotes the covariance matrix when X, ..., X, have the density
fs. Thus ¥(B) is the score function and J(8) is the Fisher-information for a
single observation.

Lemma 4.1. If we assume J(0) is positive definite, then
oo = r(V0;(0)TTH0)VE;(0), for 1< j<d (13)
In particular, if there exists an absolute positive constant ¢ such that

(VO;(0)" T~ (0)V6;(0) > ¢ for 1 <j<d,

then 0527 > or—2.

Proof. See Subsection A.6. [ |

4.2. Simultaneous prediction intervals for random forests

Consider the Example 1.1 and assume that (Y7,Z;) has density q(y)p( i Y)
w.r.t. the product measure v(dy) ® dz on Y x R, i.e., for Ay € B(Y), A2 € B(R)

)

B(Yi € Ay, 2, € Ag) — / 4()p(z: y)v(dy)dz.
A1 X Ao
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That is, the feature Y7 has the density ¢(y) w.r.t. some o-finite measure v on
Y, and thus is allowed to have both continuous and discrete components. The
response Z; given Y7 = y has a conditional density p(z;y) w.r.t. the Lebesgue
measure.

For many regression algorithms such as tree based methods, if we fix the
features and increase the responses of training samples by 8 € R, the prediction
at any test point will increase by 3, i.e., for 1 < j <d,

Hj ((y1, 21+ B)s ooy (Yry 20 + B),w) = Hj (y1,21), -+, (Yry 20), w) + B,

which implies that & (1, 21 + 8), - (U 20+ B)) = h (g1,21) - (grr 20)) +
B. Now we consider the embedding into the “location” family {q(y)p(z — B;y) :
B € R}. Observe that

which implies that ¢(0) = 1. In addition,

<@MZ&YOQ

J(B) = Varg <d In(q(Y)p(Z — 5;Y))> =Eg W(Z - B,Y)

ap
Thus if we assume that there exists ¢ such that

J0) = <t (14)

then (13) reduces to g, > cr~2. If further we assume that H;(X{,W) < C
a.s. for some constant C' and each 1 < j < d (this holds for example when
the response is bounded a.s.), then the conditions (C2), (C3), (C4) and (C5)
hold with D,, = ln72(2)0 . With these assumptions, the condition (12) in Corol-
lary 3.5 simplifies as

r*log” (dn)

ny AN

Thus if r = O(n'/*=¢) for some ¢ > 0, log(d) = O(log(n)), and n = O(n; A N),
then Corollary 3.5 can be used to construct asymptotically valid simultaneous
prediction intervals with the error of approximation decaying polynomially fast
in n.

< Cln_c.

Remark 4.2 (Fisher information in nonparametric regressions). Let us take a
closer look at the condition (14). Consider the nonparametric regression model

Z; = k(Y;) + €, for 1 <i<n,

where k : Y — R is a deterministic measurable function, and ¢q,...€, are
i.i.d. with some density f with respect to the Lebesgue measure. Then p(z;y) =
f(z — k(y)) and thus

(P ()R
70 = [ (FEZ500 astc - wtpwianas = [ L5 e,

where for the last equality, we first perform integration w.r.t. dz and apply a
change-of-variable. Thus [J(0) only depends the density of the noise.
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4.3. Ezxpected maximum and log-mean functionals

Next we compute the lower bounds on gg for two additional statistical func-
tionals.

Example 4.3. Let S = R? and consider the following two kernels: for 1 < j < d,

1<ir

hj(z1,...,x,) = max x;;, and h;(x,..., 2z, 10g< Z;L"U).

In the former case, we are interested in estimating the expectation for the
coordinate-wise maxima of r independent random vectors, {E[max;<;<, Xij] :
1 < j < d}. In the latter, we assume X;; > 0 for 1 < j < d and are interested in
estimating {E[log(r~* Zz:l X;;)] : 1 < j < d}. In both cases, the coordinates
of X7 can have arbitrary dependence, and we allow r — oo.

Consider the first kernel in Example 4.3, where S = R%, and h;(z1,...,7,) =
maxigigr ij for 1 < j < d. Assume X;; has a density fj w.r.t. the Lebesgue
measure on R for 1 < j < d, and we consider the following embedding { f;(-—5) :
B € R}. As in the previous example, for § € R

(fj(z = B))?

934(5):1, J;(B) = Varg (dﬂlnfj(le ﬁ)) Z/de-

Thus, by Lemma 4.1, if we assume for some absolute positive constant ¢

/ 2
/Uj(x))d:c < ' 1<j<d,
fi(x)
we have g2 > cr~2. Further, if we assume that there exists a positive constant
C such that
”XUHTM <C, 1<j<d,
then by maximal inequality (e.g., see [29, Lemma 2.2.2]), || maxi<i<r Xijllys S
log(r). Then if we select D,, = C’Q;110g2(r), the conditions (C2), (C3) and
(C5) hold. Further, (C4) trivially holds for non-random kernels. With above
assumptions and selection of D,,, the condition (12) in Corollary 3.5 simplifies
as (n1 A N)~1r8log*(r)log” (dn) < Cin~¢.

Now consider the second kernel in Example 4.3, where h;(z1,...,2,) =
log (r~'>7_ @) and Xy; > 0 for 1 < j < d. Assume Xi; has a density
f; w.r.t. the Lebesgue measure on R for 1 < j < d, and consider the following
embedding {(1 + ) f;((1+ B)-) : B € (=1,1)}. As before, it is easy to see that
for 1 < j<d,

(zfi(x) + fi(x))?
fi(z)

Thus if there exists a constant ¢ such that maxi<j<q J;(0) < ¢!, then g2 >
cr~2. Further, if there exists a constant C' > 0 such that

P0< Xy; <C)=1,1<j<d,

dx.

6,(0)=1, and jj(()):/
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then the conditions (C2), (C3), (C4) and (C5) hold with D,, = In"*(2)log(C).
With these assumptions, the condition (12) in Corollary 3.5 simplifies as (n; A
N)~1rtlog” (dn) < Cin~¢,

4.4. Kernel density estimation

Example 4.4 (Kernel density estimation). Let 7 : S™ — R’ be a measurable
function that is symmetric in its r arguments, and {t; : 1 < j < d} C R’ be
d design points. [15, 17] used U,, as a kernel density estimator (KDE) for the
density of 7(X1,...,X,) at the given design points with

1 [t — .z, ,
hj(xl,...@r):b—M(J T(xbl’ ’x>), 1< <d,

n

where b, > 0 is a bandwidth parameter, and «(-) is the density estimation kernel
with [ k(2)dz = 1, which should not be confused with the U-statistic kernel h.
For this example, we will assume 7 fixed and the bandwidth b,, — 0, but allow
the diameter of the design points, maxi<;<a|t;||, to grow, where || - || denotes
the usual Euclidean norm.

Assume that given X; = x1, 7(x1,X5) has a density f(z;21) w.r.t. the
Lebesgue measure on R’, ie., P(7(z1,Xo,...,X,) € A) = [, f(z;21)dz for
any A € B(RY). Then by definition, for 1 < j < d,

gj(z1) = / bifb K (tjb; Z) f(zia1)dz = /n(z)f(tj — bz 21)dz.
For t € R, denote
V,(t) := Var (/ k(z)f(t — bnz;Xl)dz> , V(t) = Var(f(¢; X1)).

As in [15], if [ K%(2)dz < oo and sup, E[f?(t; X1)] < oo, then lim, o V,(t) =
V(t) for any fixed ¢. If there exists some R > 0 such that maxi¢j<q ||t < R
for any d € N and inf;cpe, ) <p V() > 0, under mild continuity assumptions
(e.g. the equicontinuty of V,(t)), there exists an absolute constant ¢ > 0 such
that gg > c for large n. Then we can apply the result in [8], which does not
allow gg to vanish.

In this work, we allow gg to vanish, and thus allow the diameter of the design
points to grow as n becomes large. Specifically, if we assume (-) is bounded
by some constant C, we can select D,, = In"'(2)Cb;;! in conditions (C2), (C3),
(C4) and (C5). Then the condition (12) in Corollary 3.5 simplifies as

log” (dn)

o8 <o,
22 AN) S

Thus if log(d) = O(log(n)) and n = O(ny A N), to apply Corollary 3.5, we
require that o, = O(bZn' =€) for any € > 0.
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Remark 4.5. [15] considers the case d = 1, and shows the \/n-convergence rate
of the KDE. The same discussion applies here. [17] constructs confidence bands
(without computational considerations and bootstrap results) for the density of
7(X7), under the additional assumptions required to establish the convergence
of empirical processes.

5. Maximal inequality

In this section, we derive an upper bound on the expected supremum of the
remainder of the H&jek projection of the complete IOUS with deterministic
kernel. This maximal inequality (with the explicit dependence on r) serves as
a key step to establish the Gaussian approximation result for the incomplete
IOUS with random kernel.

Theorem 5.1. Assume (C3) hold. Then there exist constants ¢,C, depending
only on q, such that if r?log(d)/n < ¢, then

(Uns =) = =" (9;(X:) = 0))

i=1

r2log'tY/9(d) D,
- .

<C

1<j<d

E [max

The proof of Theorem 5.1 is quite involved: we need to develop a number
of technical tools such as the symmetrization inequality and Bonami inequality
(i-e., exponential moment bound) for the Rademacher chaos, all with the explicit
dependence on 7.

We start with some notation. Let X' := (X{,...,X]) be an independent
copy of X := (X1,...,Xp), and € := (ey,...,€,) be i.i.d. Rademacher random
variables, i.e., P(e; = 1) = P(e; = —1) = 1/2, that are independent of X and
X'. If all involved random variables are independent, we write E. (resp. Ex/)
for expectation only w.r.t. € (resp. X’).

For a given probability space (X,.A, @), a measurable function f on X and
z € X, we use the notation Qf = [ fdQ whenever the latter integral is well-
defined, and denote d, the Dirac measure on X, i.e., 6,(A) = 1{z € A} for any
A € A. For a measurable symmetric function f on S” and k = 0,1,...,7, let
P=* f denote the function on S* defined by

P’”*kf(xl,...,xk) =E[f(x1,. ., 2k, Xkt1, - Xp)],

whenever it is well defined. To prove Theorem 5.1, without loss of generality,
we may assume

0=P'h=0,

since we can always consider h(-) — 6 instead. For 0 < k < r, define

Teh(xy, ..., xp) == P"7Fh,

th(xl,...7xk) = (511 —P) X oeee X (6zk _ P) < P"kp,
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Clearly mj is degenerate of order k with respect to the distribution P in the
sense of (16) below. For any ¢ = (i1,...,%) € Lng, and J = (j1,...,Je) € Ine
where 0 < £ < k, define

Ly = (ijl,...,ijg) S In’g.

Then mph(z,) = Ex/ [Zif:o(*l)k% D Jel %kh(gjqu:\w)} for all v € I k.
Further, the Hoeffding decomposition [19] for the U-statistic (with § = 0) is
as follows:

Un = \le Z X Z(:)l(::@ 3 meh(X,).

el k=1 €1y i
T —1 T
=3 (;) (Z) 3 meh(X,) = (;) UW (mih).
k=1 (€l g k=1

Finally, for any 1 < k < 7, define the envelope function

Fi(zy,...,zk) = lrgjaécdhrkh (x1,...,2k)|-

5.1. Symmetrization inequality

For each integer k, consider a symmetric kernel f : S¥ — R%. We say that f is
degenerate of order k with respect to the distribution P if

Ex, [fi(X1,X2,...,Xg)] =0 as., forany 1 <j <d. (16)

The following result is essentially due to [27, Section 3, Symmetrization in-
equality] in the U-process setting. We provide a self-contained (and perhaps
more transparent) proof for completeness.

Theorem 5.2 (Symmetrization inequality). Assume (16) holds.

ax | Y
f%fd [i(Xiys o X3y)

ST P>

< max E €, € o X
~X 1<]<d 1 ’kaj 117 ) Lk)

Remark 5.3. In Theorem 5.2, the symmetrization costs a multiplicative factor
of 2% for a degenerate kernel of order k. Standard symmetrization argument for
such degenerate U-statistics (cf. [13, Theorem 3.5.3]) together with the decou-
pling inequalities (cf. [13, Theorem 3.1.1]) in literature yield that

w | S 5K
113_72{(1 f'l i )

L In,k
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< Ck]E max Eil"'eikfj(anH;Xik) s
1<j<d 2;2
LE€Iy i

where Cj, = 2% 2(k - D)I(K* = 1)((k—1)*71 = 1) x - - - x (22 —1). Since 2% <« Cy,
improvement of the constant to the exponential growth in k turns out to be
crucial to obtain the maximal inequality for the IOUS in Theorem 5.1. The
major component for the super-exponential behavior of C} is due to the step
for applying the decoupling inequality in [13, Theorem 3.1.1], which is valid for
any (measurable) symmetric kernel. If the kernel f is degenerate of order k, then
symmetrization can be directly done without the decoupling inequality (cf. the
proof of Theorem 5.2 below).

Proof of Theorem 5.2. Define a new sequence of random variables {Z; : 1 < i <
n}:
Z; = Xﬂl{ei:l} + Xz(ﬂ{eizfl}.

Further, for each ¢ = {i1,...,ix} € I, 1, define

fiw=2"E [fi(Ziys ..., Ziy)eiy - €y -

Due to degeneracy, we have

Ex |:]?ij:| = QkEEEX' [fj(Zil Yt Zik)eh T eik]
- 2kEe |:fj (Xila cee 7Xik)ﬂ-{ei1:1,...,eik:l}:|

= fi(Xiy, ..o, Xay),

where the first and third equalities follow from definitions and Fubini Theorem,
and the second follows from the degeneracy. To wit, on the event that {¢;, = —1}
for some 1 < ¢ < k,

EX-ZE [fj(Zi17 ceey Zi(—NXz{z? Ziz+1’ ey Zik)ql R €ik} = O
The rest of the argument is standard: by Jensen’s inequality,

1<j<d 1<j<d
SVAS EVAS D i

max Z fi(Xiy, ..., X;,)| = max Z Ex: {fjw}
LGInYk

<2 EG,X’ max fj(Zila---vzik)eil"'eik .
1<5<d
LEL, 1

Since (X1,...,Xn,€1,...,6,) and (Z1,...,Zp, €1,...,€,) have the same distri-
bution, taking expectation on both sides completes the proof. ]
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5.2. Mazximal inequality

We start with a lemma, whose proof is elementary and thus omitted. Recall the
definition of g in Subsection 1.2.

Lemma 5.4. Forany B >0, @Zg() is strictly increasing, convex, and 153(0) =0.
Further, for any g > 0,

~ s~
bp(x) < e < pla) + e,
and consequently
wgl(m) < log!/? (m + el/ﬁ) .
Now we state the maximal inequality with explicit constants.

Lemma 5.5. Fiz 8 € (0,1]. Consider a sequence of non-negative random vari-
ables {Z; : 1 < j < d}, and assume that there exists some real number A > 0

such that E[@Zg (Z;/A)]) <2, for1 <j<d. Then

E [max Zj] < Alog'/?(2d + €/7).

1<j<d

Proof. By monotonicity and convexity,
~ _ <wlz . .
Vs (E Lglggd(Zg/A)D <E [w (A max, Z;)}

— 5 |, 2/0)] < ¥ E[T(z/)] =2

1<j<d
YA 1<5<d

Then the proof is complete by Lemma 5.4. |

5.3. Exponential moment of Rademacher chaos

The goal is to establish an exponential moment bound (i.e., Bonami inequality)
of Rademacher chaos of order k. Based on the well-known hyper-contractivity of
Rademacher chaos variables in literature (cf. [13, Corollary 3.2.6]), our Lemma
5.6 below provides an exponential moment bound with an explicit dependence
on the order.

Lemma 5.6 (Exponential moment of Rademacher chaos). Fiz k > 2, § =2/k
and let {x, : v € I, 1} be a collection of real numbers. Consider the following
homogeneous chaos of order k:

Z = E J:Leil "'eik7
L€l &

where €1,...,€, are i.i.d. Rademacher random variables. Then

E [0 (121/A0)] <2, where A, =7 [ 37 a2,
veln i
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Proof. Denote x = \/E[Z?], ¢ = /T and thus A,, = c*xk. Observe that 8 < 1
and Sk = 2. From [13, Theorem 3.2.2], we have for any ¢ > 0

E|Z|? < ( q/ﬂ\/ )Hq< Q/B+1)Hq

Here, the first inequality clearly holds for ¢ < 2, and we use [13, Theorem 3.2.2]
for ¢ > 2. Then using the fact that e < 1+ Zz:1 |z|¢/¢! and by Lemma 5.4,
we have

Exps (1Z]/An) < Eexp ((12]/A0)°) <14 E|Z|% /(A7)
=1

S T ABC gt — 1,20 1.2¢°
gvA — (1AL —~ {le = lle
Using the fact that ¢¢ < e%/!, we have

£ (121/A0) i() P e ()

(=1

Since ¢ = 7 > e, we have
Egs (12]/An) <

which completes the proof. |

5.4. Proof of Theorem 5.1

Now we are in position to prove Theorem 5.1. Recall that we assume 6 = 0.
First, for each 2 < k <7 and 1 < j < d, define

Zng =B || Y € emihi(Xiy, . X )|

LeIn,k

where mih is defined in (15), and €1, ..., €, are i.i.d. Rademacher random vari-
ables. Define

AR = Z (mhj(X.))”

€Ly i
2
k
= Z EX’ Z(—l)k_é Z %k}hj(XLJ7X:\LJ)
el i =0 Jel e

By Jensen’s inequality and the fact that (3", z,)? < nd.., 22, we have for
any 1 < j <d,

sty [ S5 5 (i)

L€l 1, £=0 JEIk ¢
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k
SPBx | YD Y FAX,, X))

LEI”,)c =0 JEI;CJ

- | Zk,j
Ee |:/(/)2/k (7k/2Akj < 2.

Further, by Lemma 5.5 with 8 = 2/k, we have

Then by Lemma 5.6,

EE max E €i1 "‘Gikﬂkhj(Xi1,~~,Xik)
1<i<d
AV ™

< 7k/2 N 1agk/2 k/2
<7 1Iéljaé(d(AkJ)10g (2d + €"/%)

k
< 14k/210gk/2(2d+ek/2) ]EX’ Z Z Z F]?(XLJ’XL/\LJ) .
L€l | £=0 JEIk,Z

Then by Lemma 5.2 and Jensen’s inequality, we have

E | max Z mh;i (X))

1<j<d
SYA Leln,k

<562 logh? (2d + R | Bxe | 30 D DT FR(X,, X))
(E€1n i £=0 JEI}

k

<562 log" P (2d + 2 |E| Y0 Y0 Y FR(X, X))
V€I, ) 0=0 JEIL ¢

= 56*/21og"/? (2d + e’“/Q)\/(Z) FE[F2(X1, ..., Xi)].

Now we bound E[F?(X1,...,X})]. By the definition of 7xh;, condition (C3),
Lemma 5.4 and Jensen’s inequality, we have

E [y (Fihy (X, X0)| /Do)
—E [Jq(uEx/[hj(Xl, e X X ,X;)]|/Dn)]

<E[GoIhs (X1, Xy Xfoyroo o, X)I/Dn)|
SEWq(lhi (X1, o, Xis Xty oo Xp) | /D) +1 < 2,

Since iZ;q(O) = 0, by Jensen’s inequality, we have ||T5h; (X1, .. vXk)|||zZq < 2D,.
Then by the standard maximal inequality (e.g., see [29, Lemma 2.2.2]), there
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exists a constant C, depending only on ¢, such that for 1 <k < r,

VEIF(X1,..., Xx)[2 < Clog!/9(d) Dy,

|

~ (7 (k) _
< 32 ()= [ oo
~ ()

=N(m

<01og1/Q<d>anj ()
=24/ (})

Observe that if 72 < n, we have for any 1 <i < r

Thus we obtain that

E | max

1<j<d

r n
Unj— > g;(X3)
=1

(112)/2 10g"/2(2d + /%) JEF2(X,....., X4)

(112)*/210g"/%(2d + €*/2).

Further, for any z,y > 2, log"/? (z+y) < 282 (logk/z(x) +10g*/?(y)). Now, take
¢ =1/500, and in particular r2 < n. Then

|

ml H2(9q) + —— (k/2)"/?
) (08"2(20) + —1(1/2)1).

E | max

1<j<d

r n
Uni =+ > gi(X0)
i=1

r 2
< Clog"(d)Dn Y (224
k=2

r
n
For the first term, by geometric series formula,

I=Clog"(d)Dy >
k=2

2 k/2 210l T1/4
(2247“ 1og(2d)> <c” log (d)Dn.
n n

For the second term, since for any £ > 1, #¢ < e%4!, we have

r2 logl/q(d)D

T 2 /2
IT=Clog"%(d)Dy, Y <112e%> < c#,
k=2

which completes the proof of Theorem 5.1. |
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Appendix A: Proofs
A.1. Tail probabilities

In this section, we collect and prove some results regarding tail probabilities for
sum of independent random vectors, U-statistics, and U-statistics with random
kernels. For each type of statistics, we present two versions, one for non-negative
random variables and the other for general cases.

These inequalities are used in bounding the effects due to sampling (Subsec-
tion A.4.3), and also in controlling the || - || distance between the bootstrap
covariance matrices and their targets (Section A.5).

A.1.1. Tail probabilities for sum of independent random vectors

In this subsection, m,n,d > 2 are all integers.

Lemma A.l1. Let Zi,...,Z, be independent R*-valued random vectors and
B € (0,1]. Assume that

Zij 20, | Zijllys < tn, foralli=1,...,m, and j=1,...,d.

Then there exists some constant C that only depends on 3 such that with prob-
ability at least 1 — 3/n,
max 3" 2 < C (v + g log™? (dm)(log(dm) + log™*(n)) ).
SYA i—1
where Vp = maxlgjng [Zgl Zzg]
Proof. See Subsection A.7.1. |

Lemma A.2. Let Zi,...,Z,, be independent R?*-valued random vectors and
B € (0,1]. Assume that

E[Zi;] =0, | Zijllys < tn, foralli=1,...,m, andj=1,...,d.

Then there exists some constant C that only depends on 3 such that with prob-
ability at least 1 — 4/n,

> Zy
i=1

max
1<j<d

<C (o log!/%(dn) + u, log'/? (dm) (log(dm) + logl/B(n)» )

2 2

where 0% 1= maxi<j<a Yoy E[Z].

Proof. See Subsection A.7.2 |
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Lemma A.3. Let Zy,...,Z,, be independent and identical distributed Bernoulli
random variables with success probability p,, i.e., P(Z; =1)=1-P(Z; =0) =
pn for 1 < i < m. Further, let a1, ...,a, be deterministic R® vectors. Then
there exists an absolute constant C' such that with probability at least 1 — 4 /n,

max
1<<d

Z(Zi — Pn)ai;

i=1

<C (\/pn(l — pn)ologt?(dn) + Mlog(dn)) .

2

- . mo 2 — ) . .
where 0 1= maxigj<d ) ;- ¢j; and M = maxi<i<m,1<<d |ijl-

Proof. See Subsection A.7.3 [ |

A.1.2. Tail probabilities for U-statistics

Lemma A.4. Let Xi,...,X, be i.i.d. random variables taking value in (S,S)
and fir 3 € (0,1]. Let f : (S",8") — R? be a measurable, symmetric function
such that for all j =1,...,d,

fj(Xh N 7Xr) 2 0 a.s., ]E[fJ(XL .. ,XT)] < Un, ||fJ(X1, N 7XT)||’¢’B < Up, -

Define Uy = |In|"' 3 ,c;  f(X,). Then there exists a constant C' that only
depends on B such that 7

P ( max U, ; > C (’Un +n'rlog! /P (dn) 10g1/51(n)un)> <

3
1<5<d n’

Clearly, we can replace v, by u,,.

Proof. See Subsection A.7.4. |
Lemma A.5. Let Xi,...,X, be i.i.d. random variables taking value in (S,S)
and fix B € (0,1]. Let f : (S",8") — R? be a measurable, symmetric function

such that

ELf (Xt X)) =0, 15 (Xtseees Xo) s < tn for all j =1,...,d.

Define Uy, := |L, | 7" Y ,c;  f(X.) and 0® := max,<j<a E[f7(XT)]. Then there
exists a constant C that only depends on 3 such that with probability at least
1—4/n,

max, |Un,;| < C (n_1/2r1/2 log'/?(dn)o +n~'rlog#+1(dn) logl/ﬁ_l(n)un) .
SVAS

Clearly, we can replace o by u.,.

Proof. See subsection A.7.5. |
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A.1.8. Tail probabilities for U-statistics with random kernel

Let X1,..., X, be iid. random variables taking value in (S, S) and W, {W,, €
I, »} be ii.d. random variables taking value in (S’,S’), that are independent of
X7 In this subsection, we consider a measurable function F : S” x S’ — R?
that is symmetric in the first r variables, and fix some S € (0, 1]. Further, define

flz1,...,z) :=E[F(zq,...,2,, W)],
bj(x1,...,2p) = |Fj(x1,...,2p,, W) = fi(21,...,2)|lg, forallj=1,...,d.

We first consider the non-negative random kernels.

Lemma A.6. Consider Z = maxi<j<a|ln,|”" Yoer,, Fi(X, W,). Assume
that for all j =1,...,d, F;(-) > 0, and that there exists u, > 1 such that

105 (XD [ws < wns 1 Fi(XD) s < wny forall j=1,....d.

Then there exists some constant C that only depends on [ such that with prob-
ability at least 1 — 8/n,

Z < Cf??é(dE [f5(XD)] + Cn~'rlogt P+ (dn) log"/ P~ (n)u,,
+ C| Ly |13/ 10g? P+ (dn) 1og? P~ (n) .
Proof. See subsection A.7.6. |

Next, we consider centered random kernels.

Lemma A.7. Let Z = maxi<j<d ||[Tns| " Y,er, . (F3(X,, W) — f5(X,))|. As-

sume there exists u, > 1 such that for all j=1,....,d,
”bj(Xl? cee VXT)”’AZJ[& < Up-

Then there exists some constant C that only depends on 3 such that with prob-
ability at least 1 —9/n,

Z < Cug| L, |7V 2r1/2 log!/?(dn) (1 + 0= V2p 2 10gt /B2 (gp) log1/6_1/2(n))

+ Cup| L | 713 P log? P+ (dn) 1og? P~ ().
Proof. See subsection A.7.7. |

A.2. Additional lemmas

The following Lemma concerns Gaussian approximation for sum of independent
vectors. It replaces the [ - ||, condition in Proposition 2.1 of [10] by || - [, -
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Lemma A.8. Let Zy, ..., Z, be independent R*-valued random vectors. Assume
that for some absolute constant 2 > 0, and g > 0,

*121‘& *12114: (ZZHF] <Dy forj=1,....d, k=12,
||Zij||¢,q <D,, fori= 1,...7n, j=1,...,d.
Then there exists some constant C' that only depends on q and o? such that
" D2 log? (dn)\ */°
oY (2 - Bz, v) < ¢ (DR ) T
i=1
where q. = (6/q+1)V7, Y ~N(0,%), and £ :=n"' 31" | E[Z,Z]].
Proof. See Subsection A.8. |

The following lemmas are elementary, but used repeatedly.

Lemma A.9. Let 8 > 0. There exits a constant C, only depending on 3, such
that for any positive integers r,n such that 2 < r < \/n,

n’rf < vl

Proof. Fix 8. If r — oo, n?r?/||L,..|| — 0. Thus there exits M such that if
r > M, n*r? < ||I,||. For r < M, the inequality holds with C' = M?. [ ]

Lemma A.10. Let 8,k > 0. For any random variable X,
15 s = 11X 115, -

Proof. Observe that
B kB
E {exp (|X|k/HX||’f;}kﬁ) ] -k [exp (IXI/0X ) ] <2

which implies that || X"y, < ||XH§)W. The reverse direction is similar. [ |

For 8 < 1, ||-[|y, is not a norm, but the usual triangle inequality and maximal
inequality hold up to a multiplicative constant.

Lemma A.11. Fiz 8 € (0,1).

(i) For any random variables X and Y,
IX + Yl < 22 (1X gy + 1Y llys) -

(ii) Let &1, ...,&, be a sequence of random variables such that ||&;||y, < D for
1 <i< n, andn = 2. Then there exists a constant C' depending only on
B such that

| max &illu, < Clog!?(n)D.

Proof. See Subsection A.8. |
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A.3. Proofs in Section 2.1

We first prove Corollary 2.2 and then prove Theorem 2.1.
Proof of Corollary 2.2. Let ¢ be the constant in Theorem 5.1. Without loss of

generality, we assume
r2D? log?* (dn)

72 n <¢, and 60=0, (17)

since p(+,-) < 1 and we can always consider h(-) — € instead. Recall that ¢. =

(6/g+1)VT.
Fix any rectangle R = [a,b] € R, where a,b € R? and a < b. Define

a= r_lA;1/2a, b= r_lA;1/2b, U, = r_lA;I/QUn, G; = Ag_l/2g(XZ-).

Denote
Un,j —

SN

&, = max
1<;5<d

n
E Gijl-
i=1

Then by Theorem 5.1,

< o 'nlrlogt T 9(d)D,,.

E[¢,] < r_lg;1 max .

1<j<d

T
Unj — > g;(X3)

i=1

For any ¢t > 0, by Markov inequality and definition,
P(vnU, € R) =P(—vnU, < —a N /nU, < b)
<b

<P(—vnU, < —a N valU, <b N Vn&, <t)+P(Vn&, > 1)
1 n_ 1 noo B

SP(——=Y Gi<—a+tn —Y Gi<b+t)
\/ﬁizl \/ﬁ;

+ C't_lgg_ln_l/zr10g1+1/q(d)Dn.
Due to assumptions (C2), (C3) and Cauchy-Schwarz inequality,
E[G?,] =1, for 1 <i<n,1<j<d,
E[G},] < (0,3Dn)* < (25" Dy)?, for 1<i<n, 1 <j < d,
E(|G:,1%] < \/E[G2,]E[G},] < o' Dy, for 1<i<n,1<j<d,
1Gsjllg, <0, 5D <ay'Dy, for 1<i<n,1<j<d.
Then due to Lemma A.8, we have
P(VnU, € R) <P(—A;'2Ya < —a+t N A ?YA<b+1)
+C (gg_zn_lDfL log? (dn))1/6 + Ct_lggln_l/Qrlogl‘H/q(d)Dn.
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Further, by anti-concentration inequality [10, Lemma A.1],

P(VnU, € R) <P(—A; Y4 < —a N A,V < b) + Cty/log(d)
+C (gg_zn_lDi log? (aln))l/6 + Ct_lggln_l/Qr10g1+1/q(d)Dn.

1/4
Finally, taking ¢t = (o 2pt 2logHz/‘Z((i)Dfl) and due to convention (17),
we have
P(v/nU, € R) —P(rYs € R)

1/4
< C (g, *n™ "D} log™ (dn))l/6 +C (g;znflrz log3+2/q(d)Di>

<C (Q;anlDi log?* (dn))l/6 +C (g;2n71r2 log?* (d)DfL)l/6

< C (g, *n™'r*D} log™ (dn))l/ﬁ.

Likewise, we can show the lower inequality

1/6

P(vnU, € R) > P(rYs € R) — C (¢, *n 'r? D2 log™ (dn)) ",

g
which completes the proof. |
Proof of Theorem 2.1. As before, without loss of generality, we assume

r2D? log? (dn)

2
agn

=0, and <, (18)

for some sufficiently small ¢; € (0, 1). Define for each ¢ = (i1,...,4,) € L,

H, :=H(X;,,...,X: W) - h(X;

ro 119000

Xi,) == H(X,,W,) = h(X,).
Then by definition,

ﬁn =R, +U,, where R, := |In7,a|_1 Z H,.

t€ln

Step 1. We first show that

(19)

] ~ Dylog!/**!/4(dn)
~ n *

E [max Ry,
1<j<d ’

Note that conditional on X7, R,, is an average of independent random vectors.
Thus by [9, Lemma 8],

n ¥ < n
E\x Lgljagdlfn,ran,gl] N\/log e, Z E|x; [ XL,WL)}

B [ e . ).
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By definition (6) and maximal inequality ([29, Lemma 2.2.2] and Lemma A.11),

—2
Epxp |7, (X, W,)| < B2 (X,) for all 1 € I,

2 1/q41501/a
n . < i .
\/]EX1 [félzi}i 121;2(6! H; (X, WL)} < r/9og/(dn) Lléllel)i 1%?2%3"’] (X))

Define

1
Z = - Z 82 . X < B2 ) X — MQ,
1 1%?%% |In’r| G n,g( L) < Lrélla}icr lréljagd ”,]( L) 2

Under the assumption (C4) and again maximal inequality ([29, Lemma 2.2.2]
and Lemma A.11), we have

M|y, <7Yog"/%(dn)D,.

Then, we have

E[M;] +

E [max R,; E[M]

1<5<d

] < log(d) ri/a loglﬂ/q(dn)
~ N ] V.

1/ 1+1/q
5( lf}g<d|)+r qlo|gf | Mn))rl/qlogl/%dnwn-

Then due to Lemma A.9 and (18), we have

< Dn log!/2+1/9(dn)
~ n :

E {max |Rn7j|]
1<j<d
Step 2. We finish the proof by a similar argument as in the proof of Corol-
lary 2.2.
Fix any rectangle R = [a,b] € R, where a,b € R? and a < b. Define

a=r""A %, b=rTlA Y, Vi = AL VRYy,

where we recall that A, is defined in (5). Recall that U, = Uy, + R,. For any
t > 0, by Markov inequality, the result from Step 1, and Corollary 2.2,

P(v/nU, € R) = P(—v/nU, < —a N v/nU, <b)
<P(—vnU, < —a N ViU, <b N vValRalleo <) +P(VnlRalloo > t)
<P(—/nU, < —a+t N VU, <b+1t) + Ct™ 02D, log"/*+1/4(dn)
<P(—rYa<—a+t NrYy<b+it)

2D21 qx d 1/6
LC (W) Ot V2 D, log! 21/ (dn)
=g
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r2D? log? (dn) > 1/6

o2n

SP(-Ya<—a+trto,' N Ya<b+tro')+C <
—g

+ Ct~'n= 2D, log!/?+ Y (dn).

Observe that E[}}jj] =1 for 1 < j < d. By anti-concentration inequality [10,
Lemma A.1],

r2D? log?* (dn) ) 1/6

ain

P(vnU, € R) <P(-Y4 < —a N Yy <6)+C<
9
+ Ctr_lgglx/log(d) + Ct'n~Y2D,, log! /29 (dn).

1/4
Finally, taking t = (ggn*?ﬂ logz/q(dn)D%) and due to convention (18),

we have

. 2D21 qx d 1/6
P(vnU, € R) <P(rYa € R) + C (#) .
o
Sy
By a similar argument, we can show
. 2D21 qx d 1/6
P(vnU, € R) > P(rYa € R) — C (M) ,
ain
which completes the proof. |
A.4. Proofs in Section 2.2
In this subsection, without loss of generality, we assume 6 = 0. Recall the

definition Az in (5). Further, define a function H : S” 8" — R% by H(z},w) =
A;/2H(a:’1“,w) for any «f € S",w € S’, and

Cov( (X7, W) = A, T uA,'

ﬁ - Z XL7WL (XL7WL)

| nr| vely,

Clearly, if (C5) holds, then
E|H; (X7, W) < (075Dn)F < (o' Dn)F, for1<j<d k=12, (21)
where again we applied Cauchy—Schwarz inequality for k£ = 1.
A.J.1. Bounding N/N
The following lemma follows from an application of Bernstein’s inequality and

is proved in the Step 5 of the proof of [8, Theorem 3.1]. It is included here for
easy reference.
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Lemma A.12. Assume /log(n)/N < 1/4. Then

P (W/N 1> 2\/10g(n)/N> <onl,
P (|N/N 1> 4\/10g(n)/N> <on L.

A.4.2. Bounding the normalized covariance estimator

Lemma A.13. Assume (C3’), (C4) and (C5) hold. Then there exists a constant
C, depending only on q, such that with probability at least 1 — 13/n,

CHlg =Tl <
agtnT3p1/2 log'/?(dn)D,, + oi2n  rlog? T (dn) log¥ 9= (n) D2
+o 2 D21, |7V 2 10g 2 (dn) (1 + V22 10g2 T2 (gp) log2/q_1/2(n)>

+o 2 D21, |7 % T 10g? T (dn) log® 77 (n).

Proof. Define v(z]) := E[ﬁ(m{,W)ﬁ(x{,W)T], Vo= Lo 72
Observe that

v(X,).

L€l
Tz =Tallee < ITg =Vl + IV =Tgllec.
We will bound these two terms separately.

Step 0. We first make a few observations. Clearly, E[v(X])] = I'j, and for all
1 < 4,k < d, by Jensen’s inequality for conditional expectation and (21),

E |oj(X7)[?

E[H}(X], W)H{(X{,W)] (22)
E

<
< E[H}(XT, W)] + BJH{(X],W)] S 07" Dy
Further, by definition
[oi(21)| < E[H (], W)] + E[H} (27, W)]
S oy’ (Bh(@h) + k(@) + By (ah) + hi(a1))
As a result, by the assumptions (C4) and (C3’), and Lemma A.10,

-2 2 2
a3 (XD) v, 0 S 257 max, (182 (XD vy s + (D3 (XD, )

— 42 (|2 (|2 -1 2
= 57’ max (I1Bu; (XD, + Ih,(XDI3, ) < (@' Da)*

(23)

Step 1. We bound ||f}—1 —V||oo using Lemma A.7 with F = HHT and g 2. For
1< 4,k <d, define

bjk(2}) = || Hj (25, W) Hi(27, W) — (@)1, -
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Observe that due to Lemma A.10 and A.11,
bjn(@h) S IH; (21, W)llg, o + 1HR (27, W)l + vje(21)
= | Hj(21, W3, + 1 Hi (T, WG, + ()
< ai? (15 (@) + B j(a) + hi(a7) + By 1 (27)) + vj(a7).
Then due to (23) and the assumptions (C4) and (C3’),
105Xl 2 S (@i Dn)?, for all 1 < j,k < d.
Now we apply Lemma A.7, with probability at least 1 — 9/n,
ITg =Vl <
QBQD?%\I”’A_I/QTI/Q logl/z(dn) (1 +n V212 logQ/QH/Q(dn) logz/qfl/Q(n))

+ QE2D72L|IR’T|_1T6/‘J log4/q+1(dn) log4/q*1 (n).

Step 2. We bound ||V — ' zllo using Lemma A.5 with v,/5. By (22) and (23),
with probability at least 1 —4/n, v - Fillo S

=122 log1/2(dn)g;IIDn +nlr logQ/qH(dn) logz/qfl(n)g;fDZ.

Then the proof is complete by combining step 1 and 2. |

A.4.3. Bounding the effect of sampling

The following quantity will appear in the proof of Theorem 2.4:

1 Z, - ~ 1 A
\/NCn = _Pn H(Xw WL) = Z,. (24)
vV | L, LGZI":,r Pn(1 = pn) v v LGXITL:,T

The next lemma establishes conditional Gaussian approximation for v N(,.

Lemma A.14. Suppose the assumptions in Theorem 2.4 hold. There exists a
constant C, depending on q, such that with probability at least 1 — C'/n,

e (VNG Ay V) 1= sup [Prcw (VNG € R) —P(A,' Y5 € R)
S
< Cwy,

where we recall Yg ~ N(0,I'rr), and abbreviate P\ x w for P\xr (w,.c1,.,}-

Proof. Consider conditionally independent (conditioned on X, W) R?-valued
random vectors {Y, : ¢ € I, .} such that

YIX,W ~ NO,HX, W)HX,, W)T), Y=L, Y Y.

vely,



High-dimensional infinite-order U -statistics 4827
Clearly, }A/|X, W~ N(O,fg). Further, define
p&w(\/ﬁgn,?) = ;u% ‘]P"ny (\/NCn S R) f}P’|X,W(? € R)|,
€

e (VAL *Ys) :;u%‘mxw (f/eR) —P(A I/QYBER)‘
€

By triangle inequality, it then suffices to show that each of the following events
happens with probability at least 1 — C'/n,

Pl (VNG Y) < Cn, pliew (V. AL ?YE) < Oy, (25)
on which we now focus. Without loss of generality, since g, < 1, we assume
@ D2 log?* (d @ D2 log?* (d
4 Dy, log™ (dn) <e,  and r Dy, log™ (dn) <el, (26)

gf]n/\N nAN

for some sufficiently small constant ¢; € (0,1) that is to be determined. Recall
that ¢t =2V (2/¢) and ¢. = (6/¢+ 1)V T.

Step 0. By Lemma A.13 and A.9,

1/2
rlog1v<2/q—1><dn>Di> Noln
= n

P|ITs-Tale < c(

2
agn

12

In particular, since I # =1L if we take ¢; small enough such that Ce;’” < 1/2,

then P (mlnlgjgdfﬁ,jj > 1/2) >1-13/n.

Step 1. The goal is to show that the first event in (25), /’&,W<\/NC71’ }7) < Cwy,
holds with probability at least 1 — C/n.

Step 1.1. Define

L, := max |I,,|™* Z Exw |:|Zb,j

1<j<d
veln

3} . (28)

—

Further, ]\/Zn(@ =M, x(¢) + Z/\l\my(qﬁ), where

) ]
n X( |In 7"| ezl: ]E‘XW [1Iga§d|Z7J| 1I£Ia§d| L’]| 4¢10gd ’
e | (29)
P 1 \V |In,r
MmY( ) |I7l 7‘| LGZI: E‘X w Lrgax |Y’]| maX | 7]| 4¢) IOg d‘| ’

By Theorem 2.1 in_[l()], there exist absolute constants K and Ky such that
for any real numbers L, and M,, we have

_92 7 1/6
~ L log'(d M
e (VNG V) < K <7"|Ig |( )> p i)



4828 Y. Song et al.

on the event &, := {L, < Ly} N {M,(¢n) < M,} N {min;¢j<q > 1/2},
— ~1/6
where ¢,, := Ky (%gj(d)) )

In Step 0, we have shown P (min1<]<d Ui 1/2) > 1—13/n. In Step

1.2-1.4, we select proper L,, and M,, such that the first two events happen with
probability at least 1 — C'/n. In Step 1.5, we plug in these values.

Step 1.2: Select L,,. Since p, < 1/2, E|Z, — p,|*> < Cp,,, and thus

< COp, 21, where 7 = max, |I . Z 1 X, W)
VA n,r

We will apply Lemma A.6 with F(-) = |H(-)|* and 8 = ¢/3. Thus for 1 < j < d,
define

3 . 3
tat) = |t | bt o= || ftat ] - e
Yq/3
First, by iterated expectation and due to (21),
3
E[f;(XD)] UH Xl,W)‘ } < 05! Dy, for 1< <d.

Second, observe that o ;f;(x]) < E[|[Hj(xt, W) = h;(@])?] + [hj(27)]® <
B} ;(x7) + |hj(27)[?, and thus due to (C3), (C4) and Lemma A.10 and A.11,

155 (XD s S oy (1B 5 (XDl + 183 (XD, )
= ou (IBag (XD, + 10 (XD, ) S (' Da)*
Further, observe that by Lemma A.11,
T r (3 r T
opr,05(@1) S I H; (@1, W) = hy(@)]” [l s + B3 (2] + o ;£ (27)
= By (@) + |15 (a])] + oy ; f (7).

Thus by the same argument, [|b;(X7{)ly,,, < (057 Dy)?. Then by Lemma A.6,
with probability at least 1 — 8n~1,

Zy £ C (gI_Jan + n*1r10g6/q(dn)gﬁ3Di + |In,r|71r9/q logm/q(dn)gl}?’Di) .

Due to Lemma A.9 and assumption (26), P(L, < Caglpﬁl/an) >1-8/n.
Thus there is a constant C7, depending on ¢, such that if
L, = Ciagtp,/*r'/1D,, (30)

~

then P(L,, < L) > 1—8/n.
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Step 1.3: bounding Z/\l\mx((én). Since Z, is a Bernoulli random variable, it is
clear that M\nx(¢n) = 0 on the event

1/3

)

5 VN Yap, N
M := max max |H;(X,,W,)| < —— — 4Ky T
Vel 1<j<d 4¢y, log(d) oy log(d)

where we use the value (30) for L,,.
By assumption (C3’) and Lemma A.11,

1My, < C'aggr!/ 9Dy log"/? (dn)
=P (M < C'aytrt/iD, logz/q(dn)) >1-2/n.

Due to (26),

1/3

’I"l/anN ,1/3 11
p e > - /anl 2/a(q
(UH 1og(d)) a et g " (dn)
1/6

2/ap2 ] 4
r n 108 (d)) < K2—1011/3C}/6.

1 _ p—141/3
(Z)nl_KQ C(1 ( Q%N

Thus if we take ¢; in (26) to be sufficiently small such that

6;1/34_1K51011/3 > Cl and K51011/3C}/6 < 1’

—

then P(M,, x(¢,) =0) > 1—2/n and ¢, > 1.

Step 1.4: select M,,. From Step 1.3, we have shown that P(£',,) > 1 —
2/n, where

& = {M ‘= max max |H;(X,,W,)| < C'ag'r*/D, logQ/q(dn)}.

V€L, 1<)<d

Then by the same argument as in Step 1.4 of the proof of [8, Theorem 3.1] and
due to (26) and ¢,, > 1, on the event &), for any ¢ € I, ,,

~ ~ AN
Eixw [max |Yw—\3; max |Y;,| > ﬂ}

1<5<d 1<5<d 4¢p logd
3
\/|IHT‘ 1/2 \/|Inr|
< C|-—+——+CMlo d exp| —————~+—
<4¢n log d g’ (d) C M, log®? d

|In , 1/3
CQEQ/STZ/?"ID?«/S log?/9+%/ (dn)
< Cn® 2 exp (—\In’r|11/84/0) .

< O’/ % exp (—
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Thus there exists an absolute constant Cy such that if we set

M, = CQTL?’T/Q €xXp (_‘In,r|11/84/c2> ) (31)

-~

then P(M,, y (¢n) < My) = 1—2/n.

Step 1.5: plug in L, and M,,. Recall the definition L,, and M,, in (30) and
(31). With these selections, we have shown that P(&,) > 1 — C/n, where we
recall that &, := {L, < L} N {Mu(én) < Mp} N {minigjcql ;> 1/2}.
Further, on the event &,,

iog(d)) "
p&,W(\/NCTHY) S <n|17|> +

s

r2/aD? log”(d e p’}l/zo- r
< <U—N()> + e e (<l VG ) S O,
g n

which completes the proof of Step 1.

Step 2. We show that the second event in (25), p|7§<7w(}?, AI_{U2YB) < Cwy,
holds with probability at least 1 — C/n.

Observe that COV(A;/QYB) =I5 and I'y i = 1for 1 < j < d. By the
Gaussian comparison inequality [8, Lemma C.L")]7

S — —1/3
PR (VA5 i) < A1 10g?(a),
on the event that {”ff{ —T'zllc <A} From (27) in Step 0,
P (Hfg ~Tilleo < C(g;ﬁn—lr10g1v<2/Q*1>(dn)Di)1/2) > 1—13/n.

Thus if we set A = C(g;fn_lrloglv(2/q_1)(dn)Di)1/2, then with probability
at least 1 — C/n,

1/6

log®Y @/a+3) () D2

rog™ @/ \
agn

plw (Y, Yp) < O<

A.4.4. Proof of Theorem 2.}

Without loss of generality, we assume that

r® D2 log? (dn) 1
— =~ L. 32
gg n AN 16 (32)

Observe that

N[ 1 1/2 7 1
/ —
== > (Zo—pu)Ay H(X, W) + > H(X,,W,)

el

=
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N ~ N
= ﬁ (\/ 1 _pnA}{an + Un) = ﬁ‘bm

where we recall that ﬁn and ¢, is defined in Section 2.1 and in (24) respectively.
Denote Y :=1rYy + oz}/QYB.

Step 1: the goal is to show that

P (\/ﬁfbn, rYa + Oé}L/2YB> S W -

For any rectangle R € R, observe that
P(vi (O + V/T=pad}f*Ca) € )
P|X,W (\/N(:n S (

=E

1 _ N _1/24
Ny Ny Ry Sy VL
V(1 —py) 1—p,

By Lemma A.14, since n~! < w,,, we have
P(v/n (ﬁn +4/1 —pnA}jzcn> €R)

< E

“1/2p N A;/Qﬁn>>

e (AH e (WAH -

+ Cwy,
— P (\/ﬁﬁn c [R ~ Van(l _pn>YB]) + Coon,

where we recall that Yp is independent of all other random variables. Further,
by Theorem 2.1,

P(vi (T + V1= puhif*G) € R)

E Py, (vl € [R = Vau (= pa)Ys|)] + Cmn

E [PIYB (TYA € [R - mlfgm + O,

P (A;”Q(TYA +Van(1—pa)Vp) € A;”?R) + Coon.

Observe that ]E[(O';;TYAJ')Q] =r2>1forany 1 < j < d, [Tylle S D?
due to (C3’), and anpn, = n/|L, | < n~t. Then by the Gaussian comparison
inequality [8, Lemma C.5] and due to (32)

P(v/n®, € R)

NN

1/3

D2 log(d
<P (A;V2(Ya + VanYs) € A;V2R) + Cooy + C <4" o8 ( ))

2
azin

<P(rYs + o, Yg € R) + Cw,,.
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Similarly, we can show P(y/n®, € R) > P (rYa+/a,Ys € R) — Cw,. Thus
the proof of Step 1 is complete.

Step 2: we show that with probability at least 1 — Cw,,

log®(dn)r2D2

N
H(ﬁ —1)VN®, oo < Cvp, where v, := N

Clearly, E[Y?] = %0} ;4+a,0% ;. Then due to (C3"), E[Y?] < (r*+a,) D}, Since
Y is a multivariate Gaussian, maxi<j<d || Y|y, < /(12 + a,,)D2. Then by max-
imal inequality [29, Lemma 2.2.2] || maxi<j<a |Y;|ly, < C/(r? + ay,) D2 log(d),
which further implies that

P ( max |Y;| = C\/(r2 + a,,) D2 log(d) log(n)> <2nh

1<5<d

Since n~! < @, and from the result in Step 1, we have

P (IVn®ullw > OV + ) D3 log(d) log(n) ) < Ceoy.

Finally, due to Lemma A.12 and (32), we have with probability at least 1—C'w,,

[(N/N = 1)VN®, | < C\/(r2 + ay,) D2 log(d) log®(n)N—lay .
Since (12 +a, )N ta,t =r?n 1+ N~ r?(n A N)~!, the proof is complete.

n

Step 3: final step. Recall that vV NU/, N = =VNo, (N/Jv —1)V/N®,, and v,
is defined in Step 2. For any rectangle R = [a,b] with a < b, by Step 2,

P (\/NU,’LN e R)
P (\/NU;MN €R N [|(N/N — )VN®, | < cyn) + Cw,

<P (\/ﬁén <—a+Cv, N VN®, <b+ Cun) + Cwo,.
Then by the result in Step 1, we have
P (\/NU,’L,N € R)
<P (ofl/QY <—-a+Cy, N a_l/QY <b+ CVn) + Cw,
<P (a‘lmff < —-a+ Cgfill/n N a;l/sz <b+ Cgﬁll/n) + Cwy,,
where Y = AZ'Y, @ = Az'a and b = Ay'b. Observe that E[(a;1/2)7j)2] >
0

E[(UH]YB ;)?]=1for 1 < j <d, and thus by anti-concentration inequality [1
Lemma A.1],
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P (VNU, v € R)

P (VN
( “12y < —a N a;?Y < b) + Cogtvnlog'?(d) + Cw,
(0

3 2712
_p (oY e R) \/log(d) log®(dn) r2D32 \ Cow,

g%{n/\N
<P (a;WY e R) + Cooy,

where the last inequality is due to (32). By a similar argument, we can show
that P (\/NU;’N € R) >P ( Y e R) — Cwy,, and thus

p(VNU, n, a;'?Y) < @y,

which completes the proof.

A.5. Proofs in Section 3

In this subsection, without loss of generality, we assume ¢ < 1 (see Remark 2.5).

A.5.1. Proof of Theorem 3.1

Proof. Without loss of generality, we can assume ¢ = E[H (X{,W)] = 0, since
otherwise we can center H first. Recall the definition of Ay in (5), H(-) =

A;{l/zH(-), and 'y, fg in (20). Observe that for any integer k, there exists
some constant C' that depends only on k and ¢ such that

logh(n)n=¢ < C. (33)

Step 0. Define U’ N = A_1/2U’ v and

Ap = % >z (H(x, W) - T,y ) (X, W) - N;MN)T—FH

LE€lp r oo

Since I'gy ;; =1 for 1 < j < d, by Gaussian comparison inequality [8, C.5],

sup ’Pmn (U;ffB c R) _P(Yp € R)‘
RER

. 1/3
= sup ’}P’mn (A V2g#, eR) P(A,;"*Ys eR)‘ < (AB 1og2(d)) .
ReER

Thus it suffices to show that with probability at least 1 — C/n, Aglog?(d) <
n~¢/2. Define

Apr=|N"1Y (2 H(X,,W)H(X,, W)"||

LEL, 00
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Bpoi=|Tg-Tal| . Bps=IN/N =104l
2
Rpai= ||NTU S ZA(X W)
el o

Then clearly Ap < |N/N)| (AB 1+ Ag 2) +Ap 3+ (N/N)2AB 4

Without loss of generality, we can assume C1n~¢ < 1/16, since we can always
take C' to be large enough. Then by Lemma A.12, P(|N/N| < C) > 1—2n"1,
and thus it suffices to show that

P (33@ log?(d) < C’n_C/Q) >1-C/n, foralli=1,...,4,
on which we now focus.

Step 1: bounding AB 1. Conditional on {X,, W, : ¢ € I, .}, by Lemma A.3,

i (NKB,l <C (\/Wg(dn)—f— My 1og(dn))) >1-C/n,

where

—— 1 rr2 72
Vi '*g;?éd'I“' EIZ HX(X,, W) HZ(X,, W),

M := max max H (X,,W),).
€ln . 1<5<d

First, by the maximal inequality ([29, Lemma 2.2.2] and Lemma A.11) and
due to (C3’) and Lemma A.10 and A.11,

IMilly, . < opr?Tlog®(dn) max max ||} (X0, Wo)llu, .
veln »

< gl_frz/q logz/q(dn)

As a result, P (M1 < Coi?r?/1D2 1og? U (n) logz/q(dn)> >1-2/n.

Second, we will apply Lemma A.6 to bound V,, with Fjx(-) = 1{[]2()1{[,3() and
B = q/4. Note that by Lemma A.11, for 1 < j,k < d,

o0t fin(@h) = B [H (af, W)H (a7, W)] SE[Hj (2], W) + Hi(z], W)]
S h?(xl) + B4 (1) + hi(2h) + Bn (1),

U%{,jal%l,kbjk(qun) = ||H]2(x1,W)Hk (z1, W) — UH,jUH kfjk($1)||wq/4
S h?(xl) + B4 ;(@7) + hi(ah) + Bn k(z]) + U%{,j”%[,kfﬂ(ﬂ)

As a result, due to (C5), (C3) and (C4)

Elfin(XD] < (eq Dn)®, 1fin(XDlw, 0 < (2 Da)*,
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155X e, 0 S (7' D).
Then by Lemma A.6 and A.9, and due to (8) and (33)
P(Vo < CopDy) >1—8/n.

Finally, putting the two results together and again by (33), we have with
probability at least 1 — C/n,

3371 <C (N_1/2 10g1/2(dn)Q§1Dn + N~/ 910g%/9(n) log2/q+1(dn)g1}2Di> .
Then by (8), P (ABJ < Cap N=/2p1/a 1og1/2(dn)Dn) > 1— C/n, which im-
plies that with probability at least 1 — C/n,

ﬁB’l log?(d) < Cn=¢/2.

Step 2: bounding 3372. By Lemma A.13 and A.9, and due to assumptions (8)
and (33)

P (83,2 < Cgﬁ1n71/2r1/2 log1/2(dn)Dn) >1-13/n,
which implies P(Ap 5 log?(d) < Cn=%/2) > 1 —13/n.

Step 3: bounding 33)3. By definition, ||I'4|l«c = 1. Then by Lemma A.12 and
(®),

3373 log?(d) < AN~2?10g?(n)log?(d) < Cn=¢/?,
with probability at least 1 —2n~1.

Step 4: bounding 33)4. Define

ABS = ]\7_1 Z (ZL _pn)f{(XLyWL) ’

veln 50

AB,6 = |In,7‘|_1 Z —H(XL7WL)

el

o0

Clearly, 33’4 <2 <32375 + 32376). In the next two sub-steps, we will bound
these two terms separately.

Step 4.1: bounding 323,5. Conditional on {X,,W, : v € I,, .}, by Lemma A.3,

P <N£B75 <C <\/N‘~/,L log(dn) + Ml log(dn))> >1-0C/n,
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YT HNX, W),

L€l

My = max max [H;(X,, W.)|

where V,, := max |I,,
1<j<d

First, by the maximal inequality ([29, Lemma 2.2.2] and Lemma A.11) and
due to (C3),

IMilly, S of'r/?log"9(dn)D,.

As a result, P (]\71 < Cogztr'/1D, log" 1 (n) logl/q(dn)) >1-2/n.
Second, we will apply Lemma A.6 to bound V, with F;(1) = EIJQ() and
B = q/2. Define for 1 < j < d,

[i() = B2 W] bi(ah) o= 12 W) = £, o
By the similar argument as in Step 1,

Efi(XDI =1 1£(XDllv, . S (@5 Dn)®s 16;(XDlw, . S (@5 Dn)*.

Then by Lemma A.6 and A.9, and due to (8) and (33) we have P(V,, < C) >
1—-8/n.

Finally, putting the two results together, we have that with probability at
least 1 — C/n,

323,5 < C <N71 log(dn) + 072N~ 910g*/ 772 (dn) log2/q(n)D,2L) .

Then by (8), P (323,5 < CN—llog(dn))
probability at least 1 — C'/n, 32375 log?(d)

1 — C/n, which implies that with
Cn~¢ holds.

VY

Step 4.2: bounding 32376. Observe that ﬁBﬁ < 3377 + 3378, where

Apr=||Lne ™ >0 AP (HX, W) = h(X)||

Leln,r 00

Aps = ||lLe]™ Y AZYh(X,)

L€l

o0

By directly applying Lemma A.7 with 8 = ¢, due to (8) and Lemma A.9,
P (8377 < Coy'Dyn™t log1/2(dn)> >1-9/n.
By directly applying Lemma A.5 with § = ¢ and due to (8),

P (33,8 < Cagtn=1/2p1/2 logl/Q(dn)Dn) >1—4/n.
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Thus P (KQB}G 1og2(d) < Cn‘c) >1-C/n.

Combining sub-step 4.1 and 4.2, we have P (323)4 logQ(d) < C’n‘c) >1-—
C'/n. And combining Step 0-4, we finish the proof. |
A.5.2. Proof of Lemma 3.2
Proof. Without loss of generality, we can assume 0 = E[H(X],W)] = 0. Recall

the definition A, is (5). By definition, E[(O‘;;YAJ‘)Q] =1for 1 < j < d. Then
by the Gaussian comparison inequality [8, Lemma C.5],

sup P, (UF, 4 € R) ~P(Ya € R)

RER
= sup [Pp, (0,207 4 € R) —P(A, /24 € R)|
RER
< (Aalog®(d))'/?,
where
~ 1 — -
Ay = - Gi, i — GGy, 1 — Gr) — Tyinl.
A 185?;(1 Ty 109 kM HGZSI( 1, J)( 1,k k) Oy i0gk 9,5k

By the same argument as in the proof of [8, Theorem 4.2],
As g 3}4/? +Au1 +Aan+ AL

where AAJ is defined in (9), and

~ 1
Apg = max |———— > (g;(Xi)gr(Xi,) = Tg )|,
1<7,k<d 0q,i0g,kMN1 iics
1 1
A Y g%
A3 = max (X)) -
1<).k<d | 0g 11 9ildin
1 1

Step 1: bounding KAJ. By the second part of (11), we have

P (A}ﬁ log?(d) < 011/%*42/2) <1-COnY,

P (Aaalog*(d) < Cin @) <1-Cn .

Step 2: bounding 3,472. We apply Lemma A.2 with 8 = ¢/2, m = n; and note
that n; < n:

P (3,4’2 =>C (nflalogl/Q(dn) + n7 Yy, log¥ 7 (dny) logz/q(n))) <dnt
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where 0% = maxi<jk<d 0, 50, 7 > es, B9 (X, )gr(Xi,) — Ty j)?] and
Un = HJ;]IU;,IIC (gj(Xil)gk(Xil) - Fg,jk) ||1Pq/2'

By Lemma A.11, (C2) and (C3), 02 < ng (gg_an)Q, Uy < (gg_an)2. Thus
with probability < 4n~!,

8A72 >C (nl_l/zg;IDn log!/?(dn) + nflg;QDfL log? 7 (dny) 10g2/q(n)) )

Then due to the first part of (11) and (33), P(A 4 2 log?(d) > Cn=/2) < Cn~L.

Step 3: bounding 3,473. We apply Lemma A.2 with § = ¢, m = ny:

P (&A,g >C (n;” 21og'/2(dn) +ny e, Dy log?(dny) log(n))) <dnl.

Then due to the first part of (11) and (33), P(ﬁ,zmg log?(d) > Cn= %) <
Cn~1L. ]

A.5.8. Proof of Theorem 3.3

Proof. Without loss of generality, we can assume § = E[H(X],W)] = 0.

Step 1. Let {1 := ¢, {2 := ¢ — 1/v. Due to Theorem 3.1, Lemma 3.2 and using
the same argument as in the Step 3 of the proof of [8, Theorem 4.2], it suffices
to show the second part of (11) holds. From the definition (9),

~ 1

_9 2, _—2A
Aan <o,” max — E (Girj —95(Xiy))" i==0g"Aan.
1gj<d ny | cs
21 1

In Step 2, we will show that
E[&).] S (n D2 l0g? (@) (34)
Then by Markov inequality and (12),
P (ﬁA,l log*(d) > C’ln*@) < n@”gf” log™ (d) (nferZ log2/q+1(d)>u
=n! (ncn_lg;2rD,2L logQ/q+5(d))y <n 7

which completes the proof.

Step 2. The goal is to show (34). Define
F(afw) o= max |H(o]w)],

g(il’k)(Xil) = H(Xg(i1)7W§(i1)) fori; € S1,k=1,..., K.
2,k 2,k
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By Jensen’s inequality,

— 1 v
BIS < o 3 B | ma (G - 0,

1<5<d
i1€851 SIS

and for each i1 € S1, conditional on X, , by Hoffmann-Jorgensen inequality [29,
A1.6.,

2v
Emlh$§Wmf1MXM|]SEHJLﬁ=

2v
(E|Xi1 [max Gy - gj<X1—1>|D

1<j<d

—2v (i1,k) Y g .
KB, | e o () - 050%,)

1

Step 2.1: bounding I[;,. Observe that for each 1 < k < K,

.

2v
F (Xgér;i) ) ng}) ):|

(k) (xr N _ o (X
Ex,, | oax, |95 (Xiy) — 95(Xiy)

2v7]

—Ejx,, | max, [of 0 (X0,) ~ B, [0 (X))

nolgi<al?’
21/:|
=Ex,

= E|X- F2V<X§(¢1) s Wg(il)):| = b(Xi1)~
2,1 2,1

(i1,k)
SEix, wax |g; (Xi,)

Thus I7;, < K-2+15(X;)).

11~

Step 2.2: bounding I;,. Observe that for each i; € 9,

K
max ) Eyx,, [(9?”’” (Xa) - gj<Xu>)1
k=1

1<j<d

S KEjx, |FY( Xy, Weii)| == Kb(Xy, ).
1 Ss1 Sy 1
1

K . 2v v
2 : 1,k vil/v
< ( IE:|Xi1 |:11?ja§d g]('Z )(Xll) - gj(Xil) :|> S Kl/ bl/ (Xi1)7
=1 )X

Further, by Jensen’s inequality,

(i1,k) . — . .
Eix, [lgzxKlgggd‘gj (Xi1) = 95(Xa,)

where b(X;,) is defined in Step 1. Then by the same argument as in the proof
of [8, Proposition 4.4],

I;, S K" log”(d)b” (Xi,) + K2 log® (d)b(X,).

11~
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Step 2.3: combining 2.1 and 2.2. By Jensen’s inequality, assumption (C3’) and
by the maximal inequality ([29, Lemma 2.2.2] and Lemma A.11)

E[0"(X)| <1og™/*(@)DZ, E[b(X;)] < log™/*(d) D2
Thus combining the results from 2.1 and 2.2, we have

B nga? Gi.g gj(Xu)FV} S K7D 1og™ (d) (14 K~ log”(d))
J
< (n’erfb 1og2/q+1(d))”’
where the second inequality is due to (12) and that v > 7/6 and K = [(n —

1)/(r—1)]. [ |

A.5.4. Proof of Corollary 3.5

Proof. We have shown in Step 0 of the proof (Subsection A.5.1) for Theorem 3.1
that

2 < —¢/2 _ —1
P(lrg]aé( \OH]/UHJ 1log“(d) S Cn ) >1-Cn"".

Further, if we take v = 7/¢ in Theorem 3.3, then in the proof for Theorem 3.2
and Theorem 3.3, we have shown that

2 —3¢/7 -1
P(lrgfé(dbg]/ag] 1|log*(d) < Cn=3¢/ > >1-Cn™.
The rest of the proof is the same as the proof for [8, Corollary A.1], and thus
omitted. ]

A.6. Proof of Lemma 4.1

Proof. Clearly, the inequality is for each dimension, and thus without loss of
generality, we assume d = 1 and omit the dependence on j.

We denote Eg and Covg the expectation and covariance when Xi,..., X,
have densities fg. Further, define gg(z1) = Eg[h(z1, Xo,...,X;)] for 1 € S
and by definition g(-) = go(+).

First, note that by interchanging the order of integration and differentiation

Eg [¥(5) /(ZVlnfg T; )Hf5 x; ) p(dx;)
= /V (H fﬁ(%)) [T w(das) =0
i=1 i=1
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Further, by a similar argument,
Covg(gs(X1), ¥(B)) = /9,@ 1 (ZVlnfﬂ i ) 1 fs(@iu(das)
— [ a0V i falon)fp(en)aldan)
= /(/h T1, Ty, T HfB (i) pu(d; ) (Vin fg(21)) fa(w1)p(dzr)
- /h(xl,xg,..., AV In £5(a Hfg i) p(dz;),
which implies tha
= Covslas (X, 9(9)
_ /h(ml,mg,..., (vafﬁ x)
_ /h(acl,xg,...,m,«)v (Hfﬁ )H (dz;) = V6(3

l =
=
§
QN
53

Finally, observe that

0 < Varg (Z 9s8(X;) — Va(ﬂﬁ@"f(ﬂ))“”ﬂ))

i=1

:Zv;uﬂ (95(X3)) — 21~ 1COVB< gs(X GG (ﬁ))
+ 7 2Varg (VO(B)" T (8)'¥(B))

s o) -3 7858
which completes the proof. |
A.7. Proofs of tail probabilities in Section A.1
A.7.1. Proof of Lemma A.1

Proof. We first define

S := max E Zij, M := max max Z;;.
1<j<d 1<i<m 1<j<d
1=
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Then by the maximal inequality [29, Lemma 2.2.2], [ M ||y, < Cuy, log!? (dm).
By [10, Lemma E.4],

B
P(S > 2E[S] + 1) < 3exp <— (W) ) .

The right hand side is 3/n if
t=C|| M|y, log'/?(n) < Cuy log'? (n) log? (dm).

Further by [10, Lemma E.3],

< . < . 1/8+1
E[S] < 12132221}3 22” +log(d)E[M] < 1r£]a£<dE EZU + up, log (dm).
Combining two parts finishes the proof. |
A.7.2. Proof of Lemma A.2
Proof. We first define
5|2 s M= ]

Then by the maximal inequality [29, Lemma 2.2.2], [ M ||y, < Cuy, log!/? (dm).
By [10, Lemma E.2],

. 5
P (S > 2E[S] +t) < exp(—t*/(30%)) + 3exp <_ (W) ) .

The right hand side is 4/n if
t = V3alog'/*(n) + CO||M||, log"" (n)
<C (0’ log'/2(n) + log"/? (dm) logl/ﬂ(n)un> .
Further by [10, Lemma E.1],
E[S] < olog!/?(d) + log(d)/E[M?] < o log?(d) + log'/#**(dm)u,,.

Combining two parts finishes the proof. |

A.7.8. Proof of Lemma A.3

Proof. We first define




High-dimensional infinite-order U -statistics 4843

M = ;
(max max [(Zig = pa)ai| S max max laij|
m m
~92 2
= E[(Z; — 1— 2
o féljaé{d £ [( pn) U] pn( pn) 121;52% - [
1= 1=

By [10, Lemma E.2],

P (S > 2E[S] +t) < exp(—t*/(36%)) + 3exp (m) :

The right hand side is 4/n if
t = V35 1og"/%(n) + C|| M|y, log(n)
<C (mo log'/?(n) + Mlog(n)) .
Further by [10, Lemma E.1],

E[S] £ &log"/*(d) + log(d)\/E[M?] S \/pu(l — pn)olog"/?(d) + M log(d).

Combining two parts finishes the proof. |

A.7.4. Proof of Lemma A.J

Proof. Let m = |n/r]|, and define the following quantity

= max E , M;:= max max
1<j<d 4 H(X G i) 1<7,<m1<]<dfj( (i— 1)”1)

Then by the maximal inequality [29, Lemma 2.2.2], ||[Mi ||y, < Cup log!'/? (dn).
By [6, Lemma E.3],

B
t
P Un 2E[Z)+t) <3 N = .
(mfg]ai(d [Z1] ) exp< (C||M1||w,3) >

The right hand side is 3/n if we set
t = C||[Mi||y, log'/?(n) < Cuy, log? (dn) log? (n).
Further, by [9, Lemma 9],

E[Zl] <maX E [Z f] (i— 1)r+1

1<j<d

+ log(d)E[M1]>

<C (mvn + U, logl/ﬁﬂ(dn)) )
Putting two parts together, we have with probability < 3/n,

max Un,;=2C (vn +n" ruy logt P (dn) + n” truy, logt/ P (dn) logl/ﬁ(n)> ,
<<

which completes the proof. |
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A.7.5. Proof of Lemma A.5

Proof. Let m = |n/r|, and define the following quantity

771 = max

e . ir
max, , M;:= max max ‘fj (X(Fl)wl)‘ .
=J =

1<i<m 1<5<d

>R )
=1

Then by the maximal inequality [29, Lemma 2.2.2], [|M1|ly, < Cuy, log!/# (dn).
By [8, Lemma C.3],

—$2 t B
1> < - S .
P (m 11;1;;2((1 \Un,;| = 2E[Z1] + t) < exp <3m0_2) + 3exp ( (CMleza) )

The right hand side is 4/n if we take

t = ov3mlogt?(n) + C||Mi ||y, log'/?(n)
<C <0m1/2 log'/?(n) + uy, log? (dn) logl/B(n)> .

Further, by [9, Lemma 8],

E[Z1] < \og(d)ma? + /E[M2]log(d) < m'/?log"/?(d)o + u, log"/#+*(dn).

Putting two parts together completes the proof. |

A.7.6. Proof of Lemma A.6

Proof. First, observe that ||F;(z], W)y, < fj(z])+ bj(2]). Denote

~

Zl'

1
= s, > £(X), M= max max (f;(X,)+b;(X.)).

el » 1<5<d
Leln,r n,r 1RJIX

Then conditional on X7, by Lemma A.1,

Pixy (22 C (204 L7 Mur® P log!/#+ (dn) log' 7~ (n) ) ) <

By Lemma A 4,

P (Zl >C ( max E[f;(X])] + n~'rlogt# 1 (dn) 1og1/ﬁ—1(n)un>) <

SVAS

Further, by maximal inequality [29, Lemma 2.2.2]
| M1y, < cri/8 logl/ﬂ(dn)un

= P (Ml > Cr'/Plogt?(n) logl/ﬁ(dn)un> <

S

Then the proof is complete by combining above results. ]
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A.7.7. Proof of Lemma A.7

Proof. First, we define

2 ._ ‘ _ ot 2 2
o= gﬁgd ; Eixp {(FJ(X“WL) fi(X.) } S lgl]%gd Z b;(X.),

M := max max b;(X,).
LEQ, . 1<j<d

Then by first conditional on X" and by Lemma A.2,
P (\IWIZ > C(orY? log!/?(dn) + M12/81og'/#+ (dn) 1og1/ﬂ-1(n)))
<4/|L,.| < 4/n.

Observe that
163 (XD s 0 = N5 (XD, < up-
Then by Lemma A.4 with g/,

2
P <|Ia | > Cu? (1 +n"trlog? Pt (dn) logz/ﬂ_l(n))> <
n,r

S e

Further, by maximal inequality [29, Lemma 2.2.2]

| M|y, < Ccrt/8 logl/ﬁ(dn)un = PM > crt/8 logl/ﬁ(dn) logl/ﬁ(n)un) <

m S

Then the proof is complete by combining above results.

A.8. Proofs of additional lemmas

The following lemma is similar to [10, Lemma C.1], and is needed in proving
Lemma A.8.

Lemma A.15. Let g € (0,3], and £ be a non-negative random variable such
that |||y, < D. Then there exists a constant C, depending only on q, such that

E[¢3¢>t] <O+ D*e WD fort > 0.
Proof. Since |||y, < D, we have for z > 0,
P& >2) < e W/PVE [67(5/’3)1 < 2e~ @D,

By change of variable, we have

E[&¢6> 1] <P >t) + 3/0@ P(¢ > x)z*dx
t



4846 Y. Song et al.

< e~ /D) 4 p3 /C>O e Uty
(t/D)s

< (e (t/D)" +D367(t/D)q/ e~ (u+ (/D)7 du
0

< t367(t/D)‘1 + DSG—(t/D)q /oo ot <u3/q—1 + (t/D)S*tI) du
0

< 3e—(t/D)T | pBo—(t/D)" /°° o (ug/qq n (t/D)3’q) du
0
S (8 + D3+ ¢371D%) e~ /D) < (13 4 D) e~ (/D).

~

Proof of Lemma A.8. For ¢ > 1, it has been established by [10, Proposition 2.1].
For ¢ < 1, the proof is almost identical to that for [10, Proposition 2.1}, except
that we replace [10, Lemma C.1] by Lemma A.15. [ |

Proof of Lemma A.11. (i). Without loss of generality, we assume 0 < z :=
[ X|lys < o00,and 0 <y := Y]y, < oo. Observe that

. XYL N gl (X 1Y)
P\t Bty | ST TP 2@t y)P

o (525)] o (55)

(ii). From Lemma 5.4, for 1 <4 < n,

()] 2o (§)] res

E

which, by the convexity of {/;5 and the fact 125 (0) = 0, implies ||§Z-||% < 2D. By
the standard maximal inequality (e.g., see [29, Lemma 2.2.2]) and Lemma 5.4,
|| maxi<ign fiH% < Clog'/?(n)D. Thus by Lemma 5.4,

B
maxi<icn & maxi<i<n &i
E |exp | ————— E|\Yg | ——7——
( > g (Clogl/ﬁ(n)D>

/5 +el/B <14el/P,
Clog™/"(n)D
)

Now we let m > 1 such that (1 +¢e'/8)"™ < 2. Then by Jensen’s inequality

(E[XV/™] < (E[X])Y™ for X > 0 a.s.),

B
E | exp maXlgilgn& <2
Cm/8log"?(n)D

which implies that || maxi<i<n £i||% < log!?(n)D. [ |
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