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1. Introduction

Let Y be an n-vector of observations and X € R™*P an input matrix. The linear
model is
Y = X8" + ¢,

where 4% € RP is a vector of unknown coefficients and € € R” is unobservable
noise. We examine the high-dimensional case with p > n. The parameter of
interest in this paper is a component of 8% say the first component 5Y. We
consider the asymptotic properties of debiased estimators of the one-dimensional
parameter (3{ under scenarios where certain sparsity assumptions fail to hold.

The paper shows that the asymptotic variance of the debiased estimator can
be smaller than the “usual” value for the low-dimensional case. For simplicity
we examine Gaussian data: the rows of (X,Y) € R®*(+1) are ii.d. copies of
a zero-mean Gaussian row vector (x,y) € RPT! where x = (x1,...,x,) has
covariance matrix ¥ :=Ex” x. We assume the inverse of ¥ exists and write it as
© := X!, The vector B° of regression coefficients is 3° = OEx”y. We denote
the first column of © by ©; € RP and the first element of this vector by ©1 ;.
Our main aim is to present examples where lack of sparsity in ©; can result
in a small asymptotic variance of a suitably debiased estimator. In particular,
the asymptotic variance can be smaller than O; ;. For the case ¥ known, this
means applying for instance a (noiseless) node-wise Lasso, instead of an exact
orthogonalization of the first variable with respect to the others, may reduce
the asymptotic variance (as follows from combining Theorem 2.1 with Lemma
3.2). If ¥ is unknown, the high dimensionality of the problem already excludes
exact empirical projections for orthogonalization. The (noisy) Lasso is designed
to deal with approximate orthogonalization in the high-dimensional case. Using
the node-wise Lasso, we find that one may again profit from non-sparsity of the
(now unknown) vector ©1 (see Theorem 4.1).

We look at specific examples or constructions of covariance matrices . The
results illustrate that asymptotic efficiency claims require some caution. The
high-dimensional situation exhibits new phenomena that do not occur in low
dimensions.

Throughout, the minimal eigenvalue of %, denoted by A2, | is required to
stay away from zero, i.e. 1/A%. = O(1). We further consider only ¥’s with all
I’s on the diagonal and assume for simplicity that o2 :=E(y — x3°)? is known
and that its value is 02 = 1.
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Let a given subset B of RP be the model class for 4. An interesting research
goal is to construct for the model B a regular estimator of 5{ with asymptotic
variance that achieves the asymptotic Cramér Rao lower bound (given here in
Proposition 1.1). One then needs to decide which model class B one considers
as relevant. In high-dimensional statistics it is commonly assumed that 3° is
sparse in some sense. Let 0 < r < 1, define for a vector b € RP its £,-“norm”
[b]]- by [[bll;. := >=5_, [b;|" and let [|b]|g be its number of non-zero entries. A
sparse model is for example

B:={beRr: |b|§ < s} (1.1)

for some (“small”) s € N. Alternatively one may believe only in ¢;-sparsity.
Then
B:={beRP: b < s} (1.2)

for some s > 0. These are the two extremes of weakly sparse models of the form
B:={beRP: b5 <s7}, (1.3)

for some s > 0 and 0 < r < 1. Throughout, the value of s is allowed to depend
on n, but r is fixed for all n.

Constructing estimators that achieve the asymptotic Cramér Rao lower
bound for model (1.1), (1.2), (1.3) or some other sparse model is to our un-
derstanding quite ambitious, especially if one wants to do this for all possible
covariance matrices 2. See e.g. Example 1.1 for some details concerning model
(1.1). However, for special cases of ¥’s the problem can be solved. One such
special case is where the first row of ©; of © is sparse in an appropriate sense.
This is the situation considered in previous work such as [26] and [25] where ¥
is unknown. In this paper we consider known and unknown ¥ and in both cases
do not require sparsity of ©1. The paper [11] also does not require sparsity of
©7 when ¥ is known and it turns out that for certain non-sparse vectors ©
their estimator is not asymptotically efficient, for example under the model (1.2)
with s = o(n/logp) and with a matrix ¥ of a certain form (see Theorem 2.1 or
Remark 2.6 following this theorem).

The debiased Lasso defined in this paper in equation (1.5) below is based
on a direction ©; € RP where O is thought of as some estimate of ©1. As we
do not assume sparsity of ©; a reliable estimator of ©; may not be available.
Nevertheless, we show that this does not rule out good theoretical performance.
We present a class of covariance matrices ¥ for which a debiased Lasso has
asymptotic variance smaller than ©; ;. This phenomenon is tied to the high-
dimensional situation, see Remark 2.3. For special cases, we establish that an
asymptotic Cramér Rao bound smaller than ©;; can be achieved. In other
words, there exist cases where a debiased Lasso profits from sparsity of 3°
combined with non-sparsity of ©;. This is good news: the asymptotic variance
can be small for two reasons: either © is sparse in which case the asymptotic
variance ©1,; is the inverse of the residuals of regressing the first variable on
only a few of the other variables, or ©; is not sparse but then the asymptotic
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variance can be smaller than ©; ;. This paper presents cases where the latter
situation indeed occurs.

1.1. The Lasso, debiased Lasso and sparsity assumptions

The Lasso ([23]) is defined as

. : o 2
j = arggg]g;{lly Xb|2/n+2x|b||1} (1.4)

with A > 0 a tuning parameter. (We will throughout take of order /logp/n but
not too small.)
A debiased Lasso is given by

by =B+ OTXT(Y — XB)/n. (1.5)

The p-dimensional vector (:)1 is some estimate of the first column ©; of the
precision matrix ©, but in our case it will rather be estimating a sparse approx-
imation. We refer to © as a direction. The estimator B is commonly taken to
be the Lasso given in (1.4) although this is not a must.

The debiased Lasso (1.5) was introduced in [26] and further developed in [9]
and [25] for example. Related work is [1] and [2].

The theory for the Lasso (1.4) and debiased Lasso (1.5) requires some form
of sparsity of 8°. Consider for some s € N one of the sparsity models (1.1), (1.2)
or, more generally, model (1.3). Two prevalent sparsity assumptions are:

(i) s = o(n/logp),
(i) s = o(v/n/logp).

Sparsity variant (i) is for example invoked to establish ¢5-consistency of the
Lasso /3 (see [4] or the monographs [12], [5] and [7], and their references).

Which sparsity variant is needed to establish asymptotic normality of the
debiased Lasso (1.5) depends to a large extent on whether X is known or not.
In [10], [6], [20]. [11] one can find refined results on this issue.

This case of ¥ known is treated in Section 2. We introduce and apply there
the concept of an eligible pair, see Definition 2.1. An eligible pair is a sparse
approximation of ©; together with a parameter describing the order of approx-
imation and sparsity. We allow for sparsity variant (i) in model (1.1) as in [11],
see Example 2.1. Sparsity variant (i) will also be allowed for the models (1.2)
and (1.3), see Examples 2.2 and 2.3.

Eligible pairs will also play a crucial role in Section 4 where ¥ is unknown. Let
us discuss some of the literature for this case and for the sparsity model (1.1).
From the papers [6] and [20] we know that for the minimax bias of an estimator
of BY to be of order 1/y/n, the assumption s = O(y/n/logp) is necessary.
Thus, up to log-terms this needs the second sparsity variant. When considering
asymptotic Cramér Rao lower bounds, one also needs to restrict oneself to a
certain class of estimators, for instance estimators with bias of small order 1/y/n
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or asymptotically linear estimators. In [8] such restrictions are studied. One can
show asymptotic linearity of the debiased Lasso under model (1.1) with sparsity
variant (ii) and in addition ||©1]|o = o(v/n/logp). If ©1 is not sparse nor can be
approximated by a sparse vector, then it is unclear whether an asymptotically
linear estimator exists. We refer to Remark 4.4 for more details. In summary,
modulo log-terms, sparsity variant (ii) cannot be relaxed as far as minimax rates
for the bias are concerned, and sparsity variant (i) with in addition sparsity of
order o(y/n/logp) for ©; or its sparse approximation appears to be needed
for establishing asymptotic linearity. We note that the paper [11] establishes
asymptotic normality under (among others) the assumption

min(s, [©1]5) = o(v/n/ logp). (1.6)

Bias and asymptotic linearity are not considered (these issues are not within the
scope of that paper). In our setup however, ©; is not sparse at all, so variant
(ii) is in line with (1.6).

Tables 2 and 3 presented in Subsection 1.4 summarizes the sparsity conditions
applied in this paper. One sees that models (1.1) and (1.2) are special cases of
model (1.3), with r = 0 and r = 1 respectively. However, when r = 0 the
asymptotic efficiency depends on 3° and also quite severely on the value of s.
For the case ¥ unknown, model (1.2) is too large.

1.2. The asymptotic Cramér Rao lower bound

We briefly review the Cramér Rao lower bound and refer to [8] for details. Let
the model be 8° € B, where B is a given class of regression coefficients. Let
Hpo :={h € RP : 3%+ h/\/n € B}. We call Hgo the set of model directions.
An estimator T (or actually: sequence of estimators) is called regular at 59 if
for all fixed p > 0 and R > 0 not depending on n, and all sequences h € Hgo
with |h1]| > p and hTSh < R?, it holds that

—(BY n BO+h//nm
\/H(T (51‘;;0}11/\/_))” VN0, 1)

where VB2° = O(1) is some constant (depending on n and possibly on 3%, but
not depending on p, R or h), called the asymptotic variance (it is defined up
to smaller order terms). Regularity is important in practice. It means that the
asymptotics is not just pointwise but uniformly over neighbourhoods.

Remark 1.1. The class B is not always a cone. This is the reason why we do
not restrict ourselves to model directions h € Hgo with hy =1 (say).

Remark 1.2. One may also opt for defining the set of possible directions Hgo
differently, say Hgo := B. Then regularity concerns parameter values that fall
outside the parameter space. For example under model (1.1) one then has to
deal with sparsity 2s instead of s. With our choice of Hgo we stay inside the
parameter space but the set of possible directions then depends on 8°. In model
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(1.2) or (1.8) one can move away from this dependence when B° is a proper
“interior point” of B (see Examples 1.2 and 1.3).

Proposition 1.1. Suppose T is asymptotically linear at B° with influence func-
tion igo : RPHL & R:

n

T B9 = - i (X0, ¥i) + op,0 (1)

i=1

where Egoigo(x,y) = 0 and Vﬁ%) = ]E/goi%0 (x,y) = O(1). Assume the Lindeberg
condition

n—oo

lim E[goiéo (x,y)l{i%o (x,y) > nnVﬁo} =0Vn>0.

Assume further that T is reqular at 8°. Then for all fized p > 0 and R > 0

h2
V2 +0(1) > max L
pe )2 h€H g0t |h1|>p, KTEh<R? hTEh

This proposition is as Theorem 9 in [8] but tailored for the particular situa-
tion. A proof is given in Section 6. We remark that such results are not a direct
consequence of the Le Cam theory, as we are dealing with triangular arrays.

The next corollary is our main tool to arrive at asymptotic efficiency for some
special ¥’s.

Corollary 1.1. Assume the conditions of Proposition 1.1 and that for some
fized p > 0 and R > 0 and some sequence h € Hgo, with |h1| > p and WT'Sh <

R2, it is true that
o hi
Vo = VTS +o(1).

Then T is asymptotically efficient.

The restriction to directions in Hgo means that the Cramér Rao lower bound
for the asymptotic variance VBQO can be orders of magnitude smaller than Oy ;.

Example 1.1. Under the sparse model (1.1)* we have
ﬂﬁo - HBO,
where
Ho = {111 < 5 — 50}

and sg = |So| with Sp := {B? # 0} being the set of active coefficients of 3°.
Some special cases

a) If O € Hpo, then VBQO +0(1) = ©1,1. Note that the condition on ©1 depends

on Y (via sp).

LA more natural model in this context might be B := {b € RP : [[b_1]|J < s — 1} where,
for b€ RP, b_q := (ba,...,bp)T.
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b) Suppose {1} € Sy, s = so and that the following “betamin” condition holds:
|ﬂ?| > my//n for all j € Sy, where m,, is some sequence satisfying m, — oo.
Then we see that

Hpo N {hTSh < R?} = {||h_g,|lo = 0} N {h"Sh < R?}.
The lower bound is then
Vo +o(1) > (S5, g,)1.1,

where Xs, s, is the matriz of covariances of the variables in Sy. This lower
bound corresponds to the case Sy is known. The bound could be achieved if one
has a consistent estimate S of So. For this one needs betamin conditions in order
to have no false negatives. Applying least squares with variables in S’, where S
is an estimator of Sy results in an estimator of B9 which is not reqular. There is
a series of papers on this issue, e.g. [15], [14], [17], [18], [19]. Imposing further
conditions beyond model (1.1), for example betamin conditions, will diminish
the lower bound.

¢) More generally, if {1} € So and |B9] > my/\/n for all j € Sy and some
sequence m, — oo then the lower bound corresponds to knowing the set Sy up
to s — sg additional variables.

d) Suppose that B° is an interior point in the sense that it stays away from the
boundary: for some fired 0 < n < 1 not depending on n, it holds that sy < (1—n)s
(so that 1 — sg/s stays away from zero). Then

{h+ [IR]I5 < ns} € Hpo.

The lower bound can then still depend on 1. A rescaling argument as applied in
the next examples, Fxample 1.2 and more generally Fxample 1.3, does not work
here. This signifies that model (1.1) less suitable in our context: the exact value
of s plays a too prominent role.

Example 1.2. Consider model (1.2). The situation is then more like a classical
one. Suppose 0 stays away from the boundary of the parameter space, i.e., for
a fited 0 < n < 1 not depending on n, it holds that ||3°||1 < (1 —n)\/s. Then

{lInlly < nv/ns} € Hpo.

By a rescaling argument the dependence on n in the left hand side plays no role
in the lower bound: for all M > 0 fixed (not depending on n)

-1
VBQO +o(1) > ( min E(x; — xlc)2> ,
c€RP=L: le1 <M y/ns

where x1 is the first entry of x and x_1 := (X2, ...,Xp). In other words, unlike
in model (1.1), the exact value of s does not play a prominent role. We thus see
that in order to be able to improve over ©1 1 we must have that ©1 is rather non-
sparse: |O1|]1 should be of larger order than v/ns. For example if s = o(n/logp),
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say s = n/(mylogp) for some sequence m, — oo slowly, the model directions
have £1-norm of order n/v/mylogp. To improve over O1 1 one thus must have
|©1]]1 of larger order, say ||©1]1 = n/\/logp. We get back to this in Example
2.2.

Example 1.3. We now turn to model (1.8). Using the same arguments as in
Example 1.2 one sees that if B° stays away from the boundary, one may use
model directions with || - || of order vVn"s2=7. The lower bound is then

~1
V520 +o(1) > ( min E(x; — xlc)2>
c€RP—L: |e||r<M~Vn"s2—T

where M > 0 is any fized constant (not depending on n).

It is clear, and illustrated by Examples 1.1, 1.2 and 1.3, that the lower bound
of Proposition 1.1 depends on the model B. The sparse model (1.1) is perhaps
too stringent. One may want to take the model B as the largest set for which a
regular estimator exists. This points in the direction of model (1.2). We will see
that when X is known this model is indeed useful but when ¥ is unknown it is
too large.

1.3. Notations and definitions

We consider an asymptotic framework with triangular arrays of observations.
Thus, unless explicitly stated otherwise, all quantities depend on n although we
do not (always) express this in our notation.

The order symbols refer to asymptotics with sample size n — oo. Thus, for
sequences {a,} and {b,} of positive numbers, the notation a,, = O(b,) means
that limsup,, , . an/bn, < 0o and a,, = o(b,) means that lim, . a,/b, = 0.
Moreover, a,, < b, means that both a,, = O(b,) and b,, = O(a,,) hold. Finally,
apn > 0 means that the sequence {a,} stays away from zero, i.e. that 1/a, =
o).

Let x; be the first entry of x and x_; := (X2,...,Xp) be this vector with
the first entry excluded, so that x = (xi,x_1). Write ¥_1, 1 := Ex";x_; €
R®-UDx®-1) For vectors b € RP be use a similar notation: b; € R is the first
coefficient and b_; € RP~! forms the rest of the coefficients. Apart from the
regression (projection) x3° of y on x, we consider the regression x_;9° of x;
on x_1. Thus 70 = Ejﬁl]Elexl. Note that +° is proportional to —(01)_;:
0 = —(01)-1/O1,1. Moreover 1/01 1 =E(x; —x_17°)? is the squared residual
of the projection of x; on x_7.

We define when possible an approximation v* of 4° which is accompanied by
a parameter \f to form an “eligible pair” (7%, A\F), see Definition 2.1. When X
is known we can invoke the noiseless Lasso 7y,asso With tuning parameter Apasso
(an approximate projection of x; on x_1) to approximate 7. See (3.1) for its
definition. For the case ¥ is unknown we apply the notation Y= XTX /n. We
let X; € R” be the first column of X, and the matrix X_; € R**®~1) be the
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remaining columns and we write 2_1,_1 = XT,X_;/n. We do an approximate
regression of X; on X_; invoking the noisy Lasso 4 with tuning parameter
ALasse ag given in (4.1). The various vectors of coefficients and their “lambda
parameter” are summarized in Table 1. Here we also add the Lasso 3 for the
estimation of 3°, as defined in (1.4) with tuning parameter .

TABLE 1
The various coefficients and lambda parameters.
lambda
coefficients  parameter
projection y on x B0 0
noisy Lasso B8 A=< \/10g p/n
projection x1 on x_1 'yo 0
eligible pair ~F pY
noiseless Lasso YLasso ALasso
noisy Lasso 4 ALasso - /log p/n

We write for S € {1,...,p}, x5 := {X;}jes and x_g = {X;};¢s jz1. We
further let for S C {1,...,p} with cardinality s, the matrix $g g := Exixg €
R®** be the covariance sub-matrix formed by the variables in S and ¥_g _g :=
]Exzsx_s € R(P=1=5)x(p=1-%) apnd Ys,—s ::]EX?;X_S = ETS’S € Rsx(p—1-s)

Note that the vector of coefficients 4° of the regression of x; on x_; is a vector
in RP~. We will index its entries by {2,...,p}: 7% = (78,...,79)". Also the
various other “gamma” parameters” v will be indexed by {2,...,p}. It should
be clear from the context when this indexing applies. For ¢ = (ca,...,¢p) and
S c{2,...,p} wewrite cg :={c;: je€Standc_g:={¢c;: j &5, j#1}.
We use the same notation for the (p — 1)-dimensional vector cg which has the
entries not in S set to zero, and we then let c_g = ¢ — cg.

For a positive semi-definite matrix A we let A2, (A) be its smallest eigenvalue
and A2, (A) be its largest eigenvalue. The smallest eigenvalue of ¥ is written
shorthand as A2, := A2, (¥). Recall we assume throughout that A%, stays
away from zero: 1/A2, = O(1). We use the shorthand notation > 0 for “strictly
positive and staying away from zero”. Thus throughout we assume A2, > 0.

In order to be able to construct confidence intervals one needs some uni-
formity in unknown parameters. We give the following definition (see also [3],

Definition 1 on page 18).

Definition 1.1. Let B be the model for 3°. Let {Z,} be a sequence of real-
valued random variables depending on (X,Y) and {r,} a sequence of positive
numbers. We say that {Z,} is Op , (rn) uniformly in B € B if

lim limsup sup Pgo(|Z,| > Mr,) = 0.
M—=o0 nooco pocp

We say that Z,, = ) (rn) uniformly in B° € B if

lim sup Pgo (Zn| > nrn> =0, Vn>0.

n— o0 BOGB
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1.4. Organization of the rest of the paper

Section 2 contains the results for the case of ¥ known and applying a debiased
Lasso using sample splitting. Here we also introduce the concept of an eligi-
ble pair (v, A\F) in Definition 2.1. Section 3 contains results and constructions
for eligible pairs. Section 4 considers the case ¥ unknown and a debiased Lasso
(without sample splitting). Section 5 concludes and Section 6 collects the proofs.
Section 7 (included for completeness) contains some elementary probability in-
equalities for products of Gaussians, which are applied in Section 4.

In Tables 2 and 3 we summarize the (sparsity) conditions we use, see Exam-
ples 2.1, 2.2 and 2.3 for the case ¥ known and Examples 4.1 and 4.2 for the
case X unknown. The particular cases r = 0 and r = 1 follow from the general
case 0 < r < 1 when ¥ is known. When ¥ is unknown the case r = 0 also
follows from the general case 0 < r < 1. With 7 = 1 the model is then too large.
We have displayed the extreme cases separately so that the conditions for these
can be read off directly. In particular for » = 0 one sees the standard sparsity
conditions known from the literature. For 7 = 1 (¥ known) one sees that unlike
in the other cases there is no logarithmic gap between conditions for asymptotic
normality and asymptotic efficiency.

TABLE 2
The conditions used to prove asymptotic normality, linearity and efficiency when ¥ is
known. Throughout, (v, 1) is required to be an eligible pair (see Definition 2.1), i.e.
I15-1,—1(v = Y9 |loe < AF (and ME||¥E||1 — 0). Asymptotic efficiency is established when B°
stays away from the boundary of B. In the case B = {||b||8 < s} the conditions on v* for
asymptotic efficiency depend on [3°.

b b by
known known known
B={|bllg <s} B={|Ibllx <5} B = {|]bll7 < v's>~"}
asymp- s = o(@ s = o(% §= 0(10217
r 2—r 1—17r
totic /\uslog% p=o(1) Myns=o0(1) Mn2s 2 log 2 p=o(l)
norma-
lity MyHlr=o(1) Ayl = o(1) Myl = o(1)
asymp-
totic yes yes yes
linearity
asymp-
. r 2-r
totic 741§ = O(s) Il = O(V/ns) [7¥I7 = O(n2s72")
efficiency

2. The case of ¥ known

Before presenting “eligible pairs” in Definition 2.1, we provide the motivation
that led us to this concept.

Recall the debiased Lasso given in (1.5). If ¥ is known we choose the direction
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TABLE 3
The conditions used to prove asymptotic normality, linearity and efficiency when X is
unknown. Throughout, (v%, \!) is required to be an eligible pair (see Definition 2.1), i.e.
1Z—1,—1(7" = Y)]loo < M (and M||¥H||1 — 0). The value of r may be different from r. It is
assumed to be fived and 0 <t < 1. Asymptotic efficiency is established when 89 stays away
from the boundary of B. In the case B = {||bH8 < s} the conditions on v* for asymptotic
efficiency depend on (3.

Y p)
unknown unknown
B={llbllo < s} B={|b||In < Vs2 7}
0<r<i1
I=7
asymp- s = o(lg/g’;) s =o(n2=r /logp)
totic )\ﬁ:(f)(\/lo%) Af :0(\/10513)
norma-
. 1 :
lity V2 =0) =R = 0(1)
asymp-
. e l—r 2-r Bir 1-r 2—r
totic IVIIE =o(n"2 /log"2 p) |4l =0(n"2 /log™= p)
linearity
asymp-
r 2—r
totic I7#11§ = O(s) /4 = O(nzs™2 )
efficiency

O, =: @§ non-random, depending on ¥. We invoke the decomposition

by — B) = 01" XTe/n + (e1 — DOH)T(B— ).

remainder

The remainder is

(e — 2097 (3~ %) = 01 (B~ £)(B — B°) + (e1 — ROH)T (5 - ).
:=(4) = (i4)

The first term (i) can be handled assuming ©!7£0! = O(1) and ||SY/2(3 —
B%|l2 = op(1). This goes along the lines of techniques as in [11], applying the
conditions used there. One then arrives at (i) = op(1/y/n). (We will however
alternatively use a sample splitting technique later on in Theorem 2.1 to simplify
the derivations.)

The second term (47) is additional bias and will be our major concern. If @ﬁ =
©; this term vanishes. However, as we will see it is useful to apply instead of
©; some sparse approximation of ©;. In fact, we aim at a sparse approximation
@‘} with @'{71 being smaller than ©,; and their difference not vanishing.

We will assume conditions that ensure the additional bias is negligible and
invoke that

(1 = 20D (8~ 8% < (6] — ©1)]lclIB — £°11 (2.1)

(recall that by the definition of ©4 it is true that e; = ¥01).
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Remark 2.1. One may think of applying instead the Cauchy-Schwarz inequality
[(e1 = 209)T (B = 8°)| < [|[£1/2(6F = ©1)|[2[I="2(B = B°)]|2-

This leads to requiring that |SY/2(0F — ©1)||2 — 0 fast enough. But we actually
want ||El/2(@§ — 0O1)|l2 4~ 0 in order to be able to arrive at an improvement
over the asymptotic variance.

Remark 2.2. Consider now for some p > 1 the general dual norm inequality
(e = ZOHT (5~ 8°)| < 115(6] ~ ©1) 5115 ~ Bl

where 1/p 4+ 1/q = 1. Choosing p < 2 here again works against our aim to
improve the asymptotic variance. Thus we need to choose p > 2 (and therefore
q < 2). This certifies the choice p = co as being quite natural.

Remark 2.3. We note that ||SY2(0% — 01)|l2 < [|2(0% — ©1)]2/Amin. This
means we want |S(0% — ©1)|l2 4 0 as we assume that Api, stays away from
zero. Now it is clear that if for some vector v € RP, it holds that ||v] 00 < )\g,
then ||v]ls < \/ﬁ)\g. So ||v]|2 4 0 implies p)\g2 4 0. In other words, we can only

improve the asymptotic variance in the high-dimensional case.

Taking the dual norm inequality (2.1) as starting point we now need
I8 — ©1) ]l < A§ (2.2)
for some constant )\g small enough, such that uniformly in 8° € B

18 = 801l = op , (1/v/n).

With the above considerations as motivation, we now concentrate on an f..-
condition as given in inequality (2.2). We settle for some A and construct vec-
tors G)g for which inequality (2.2) holds. It is based on replacing the vector of
coefficients v° of the regression of x; on x_; by a sparse approximation ~*.

Definition 2.1. Let 4% € RP™! and \* > 0. We say that the pair (4%, \) is
eligible if
11,217 = 7°)lloe < AF (2.3)

and
Nyl = . (2.4)

Clearly, if for a vector v# € RP~1,

Il IE 1,1 (7 = 1%l = O,

then (7%, [|2_1_1(7* — 7%)|le) is an eligible pair. However, as we will see in
the last statement in the next lemma, we aim in Definition 2.1 at eligible pairs
(7%, M%) with A* a large value (instead of the smallest value) such that (2.3) and
(2.4) are met.

The conditions in Definition 2.1 will allow us to arrive at (2.2) as is shown
in the next lemma.
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Lemma 2.1. Suppose (v, \!) is an eligible pair. Then
1781 19F 2 Afy, — o(1)

ie, 1 =TS 4 148> 0 eventually. Let (for n sufficiently large)

of i= ( Ly) 0= 1) (25)

Then we have
I2(6F — 01)]lo0 < A

where
A= A1 —4TE_ ) _9h) =< AR
Moreover,
ei"zel = el +o(1)
< ©11+0(1).

Finally, in order to have a non-vanishing improvement of @?1 over ©11 it must
be true that v° is not sparse, in the sense that

Al > o.
Remark 2.4. The first condition (2.3) of Definition 2.1 can be rewritten as
x 17" =x 1y + €0, Bx <AV je{2,...,p).

The second condition® (2.4) in this definition can be thought of as a sparsity
condition on v*. The two conditions together require that the regression of x,
on X_1 18 sparse when one relaxes the orthogonality condition of residuals to
approzimate orthogonality. One may think of ¥° as a “least squares estimate”
of ¥! in a noisy regression model. This leads to a very natural interpretation of
eligible pairs. We refer to Subsection 3.5.2 for details. Further, for @ﬁl defined
in (2.5) one has the equivalence

@1’1 — @g’l >0 & E(fo)2 > 0.

To have @%71 improving over ©;; we see from the above lemma that we
aim at a situation where 7°, and hence ©1, is not sparse, but where 7 can be
replaced by a sparse vector 7%. For some special ¥’s, we give examples of eligible
pairs in Section 3. That section also discusses for a given A\* uniqueness of the
vectors ¥ for which the pair (v, \¥) is eligible. Moreover, we show cases where
x_17" is an approximation of the projection of x; on a subset of xg of the other

2Condition (2.4) is of the same nature as the condition A||3°||1 = o(1) (which follows from
the classical condition A2||8%)|9 = o(1) if ||8°||]2 = O(1)) when applying the Lasso (1.4) with
tuning parameter .
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variables for some S C {2,...,p}, see Lemma 3.5. This is why the Cramér Rao
lower bound can be achieved in those cases.

Lemma 2.1 has all the ingredients to prove asymptotic normality of the de-
biased Lasso (1.5) with direction ©; = 9% and 9% given in (2.5) in this lemma.
It can be done along the lines of Theorem 3.8 in [11], assuming the conditions
stated there. However, as the authors point out, when using instead the sample
splitting approach their Assumption (#i¢) is not needed. It is also mathemat-
ically less involved in the present context. Sampling splitting techniques date
back at least to [22]. We use the following.

Assume the sample size n is even. Define the matrices

(X1, Y1) = {Xi1,- s Xip, Yilicicn/o € RV/2XEHD,
(X10,Y1) = {Xi1,..., Xip, Yitnjocicn € R?/2XPH,

Let B; be an estimator of 3° based on the first half (X;,Y7) of the sample, for
instance the Lasso estimator arg min{||Y7 — Xb||2/n+ A||b||1}. Similarly, let 37,
be an estimator of 3° based on the second half (X;7,Y7r) of the sample. Let
(7%, A%) be an eligible pair. We then define the two debiased estimators

B, = Bra+20xF <Y1 - X,BH) /n
Vi, = Bri+20i X[, (YH - XIIBI> /n

where @ﬁ is given in (2.5) in Lemma 2.1. The final estimator b% is obtained by
averaging these two:
- bum + bﬁll,l
1=
Let now B be a given model class for the unknown vector of regression coef-
ficients /9.

Theorem 2.1. Let (%, M) be an eligible pair, ©F be given in (2.5) and l;ji be
given in (2.6) with bﬁL1 and bﬁH,1 the debiased estimators based on @L} using the

(2.6)

splitted sample. Suppose that uniformly in B° € B
ISY2(B1 = B)ll2 = op 0 (1), 5Y2(B1r = 8°)ll2 = o, (1) (2.7)
and . R
VA Br = B = op (1), VaXH(|Brr — Bl = op (1) (2.8)
Then, uniformly in 8° € B,
b — B = 0" X e/n + op,, (1/v/n),

and

pt — g0
lim sup Pgo (M < z) =P(z), VzeR.
TL—HXJBOeB @171
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Corollary 2.1. Theorem 2.1 shows that under its conditions the estimator l;ﬁ
is uniformly asymptotically linear and regular. It means that for this estimator
the Cramér Rao lower bound as given in Subsection 1.2 is relevant. Depending
on B and X it does or does not reach the Cramér Rao lower bound, see Remark
2.5.

Remark 2.5. Lemmas 3.7, 3.8 and 3.10 in Subsection 3.5 present examples
of eligible pairs (v¥,\*) where ©1 1 — ®§,1 (with @ji,l given in (2.5)) is non-
vanishing: ©1 1 — @g)l > 0. Thus for those cases Theorem 2.1 shows an asymp-
totic variance remaining strictly smaller than ©, 1. Moreover, the constructions
of Lemmas 3.7, 3.8 and 3.10 allow for directions © (depending on ||°]|3) in
Hpo in model (1.1). In models (1.2) and (1.3) the direction @ti lies in Hpgo after
scaling where only the scaling depends on B°. For these cases (special construc-
tions of ¥2) the Cramér Rao lower bound is therefore achieved.

We now discuss the requirements (2.7) and (2.8) for the models (1.1), (1.2)
and (1.3). The overall picture is summarized in Table 2.

Example 2.1. Consider model model (1.1) with s = o(n/logp) (sparsity vari-

ant (i)). For the Lasso estimator B given in (1.4), with appropriate choice of
the tuning parameter X < /logp/n, one has uniformly in 3° € B

|E12(8 = 813 = O o (slog p/m), |8 = B8°l = Op , (s\/log p/n).

This follows from e.q. Theorem 6.1 in [5], together with results for Gaussian
quadratic forms as given in (4.3). So for Br and Br; Lasso’s based on the splitted
sample with suitable tuning parameter X, the requirement on A\ becomes

Msy/logp = o(1).

This is guaranteed when X' = O(y/logp/n). The smaller the sparsity s, the
more room there is for improvement (i.e., the larger the collection of covariance
matrices ¥ that allow for improvement over ©11). For example, if in fact s =
o(y/n/logp) (sparsity variant (ii)), we can take \* = O(y/logp/n). Finally, if
17#]|8 = sy with sy < s — s — 1 the estimator B’i is asymptotically efficient.

Remark 2.6. In view of Theorem 2.1 and the statements of Example 2.1 and
Remark 2.5, we see that for model (1.1) the debiased estimator of Theorem 3.8
in [11], which uses ©1 = O4, is in certain cases asymptotically inefficient as
a choice ©, = ®§ # ©1 can give an improvement in the asymptotic variance
(and is then efficient for certain such cases). We see this happening in the next
example (Example 2.2), where the model is (1.2): B:={b € RP : ||b||1 < v/s}
with 0 < s = o(n/logp) and the matriz X is constructed following one of the
Lemmas 3.7, 3.8 or 3.10.

Example 2.2. In this example we take the model (1.2) with 0 < s = o(n/logp)
(sparsity variant (i)). Let § be again the Lasso estimator given in (1.4) with
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appropriate choice of the tuning parameter A < y/log p/n. One may use a “slow
rates” result: uniformly in B° € B it is true that

I=12(8 = B%)la = om0 (1), 1B = A"lh = Op, (V),

see for example [5], Theorem 6.3, and combine this with results for quadratic
forms as given in (4.3). (The arguments for establishing these “slow rates” are
in fact as in Lemma 4.1 for the node-wise Lasso.) Taking Br and Br; again as
appropriate Lasso’s, condition (2.8) of Theorem 2.1 holds if

My/ns = o(1).

Then for ||[v¥|1 = O(v/ns) we get an eligible pair (7%, \*). Since when B° stays
away from the boundary, such v* form a model direction after scaling, we see
that the Cramér Rao lower bound is achieved. Recall now that in Example 1.2
we concluded that, in view of Corollary 1.1, in order to be able to improve over
©1,1 we must have ||[Y°||1 of order larger than \/ns. As pointed out in Remark
2.5 one may apply one of the Lemmas 3.7, 3.8 or 3.10 to create vectors v° and
eligible pairs (v, \*) where A\*\/ns — 0, |¥¥||1 can take any value of order at

most \/ns and ©1,1 — @ﬁ,l > 0.

Example 2.3. The results for model (1.2) are a special case of those for model
(1.3). One needs again s = o(n/logp) and one may for example apply Corollary
2.4 in [24], again together with (4.3). For the Lasso 3 in (1.4) with A < \/log p/n
appropriately chosen one gets uniformly in B° € B

2— 2—r

~ r ~ 1—r
ISY2(3 = 812 = O, (slogp/n) %", 13— Bl = Op , ((logp/n) T,
The requirement (2.8) on A* is thus

Aﬁ(logp)kTTVnTSQ*T = o(1).

If |¥*|m = O(Vn7s2=7) then (v*,\*) is an eligible pair and the Cramér Rao
lower bound is achieved whenever B° stays away from the boundary. In order
to be able to improve over ©1 1 we now need ||7°||. of larger order V/n"s2~" by
Corollary 1.1. Remark 2.5 can be taken into the considerations here too.

3. Finding eligible pairs

The main results of this section can be found in Subsection 3.5 where for any Af
we construct eligible pairs (7%, A\f) by choosing 7 appropriately. These results
can be seen as existence proofs. Before doing these constructions we discuss
uniqueness in Subsection 3.1, in Subsection 3.2 the noiseless Lasso as a practical
method for improving over ©; ; and in Subsection 3.3 we examine whether or
not projections on a subset of the variables can lead to eligible pairs. For the
latter we impose rather stringent conditions. We show in Subsection 3.4 that
eligible pairs are more flexible than projections. Nevertheless in the final part of
this section we return to projections as they come up naturally when imposing
non-sparsity constraints on ~°.
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3.1. Uniqueness
Lemma 3.1. Let (v%, \¥) and (7°, \*) be two eligible pairs. Then
1/2
121G =) 0.

This lemma tells us that asymptotically it makes no difference to debias using
(¥, A%) or (47, A%).

3.2. Using the Lasso

Consider the noiseless Lasso with tuning parameter Apasso:

YLasso ‘= arg min {E(xl —x_1¢)* + 2/\Lasso||c||1}- (3.1)
ceRr—1

One may verify that (VLasso, ALasso) 18 an eligible pair if Apassol|7°[l1 — 0. But
the latter is exactly what we want to avoid. If (4%, ) is an eligible pair then the
noiseless Lasso can find it if one chooses Ar,ags0 = (9(/\”) larger than \*, as follows
from the next lemma. It says that given A\* one may use the noiseless Lasso for
constructing a direction, ©1 passo say, with which one has same improvement
over O; 7 as with 9%.

Lemma 3.2. Suppose (v%,\*) is an eligible pair. Let Apasso > A and
)\LaSSOH’yﬁHI — 0. Let YLasso be the noiseless Lasso defined in (3.1). Then

||21_/127—1(7Lass0 - ’Yﬁ”g — 0.

In addition, if MLasso > 2A* (say) then (YLasso, ALasso) 15 an eligible pair.

3.3. Using projections

In this subsection we investigate (rather straightforwardly) conditions such that
the coefficients of a projection of x_17° can be joined with a A to form an
eligible pair.

Consider some set S C {2,...,p} with cardinality s. The value of s need not
be s, where s is the sparsity used in the model class B. Let 7:2 = Egyls]Exgx,yyO
so that Xs’yg is the projection of x_17° on xg.

Let v° € RP~! be the vector v5 € R® completed with zeroes. Then ||v¥||; <
VS[[7% |2 = O(y/5) so that when

M5 =0 (3.2)

we have for v¥ the sparsity condition (2.4) of Definition 2.1: A¥||y¥||; — 0. Note
that Y07 _; 199 = y5TY_; _17%(= E(xs72)?) exactly in this case. Further-

more
0
v =80 %) = (vs )
s
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where

s T -Ss
v2g =Ex_gx_1777,

with
x_17"% = (x_g7_5)Axg = (Xs — X?Zsigzgs)’yos

being the anti-projection of x,s'y(iS on xg. We check whether the pair (v, )
is an eligible pair, which is the case if \*\/s = o(1) and [|v° g[|oc < AF. We briefly
discuss some conditions that may help ensuring the latter.

Let ||Afl: := max; >, |a; k| be the £1-operator norm of the matrix A.

Lemma 3.3. It holds that
[09gllo0 < I1T—s,-5 — ©-5,5T5 55~ sl1117° sl

To arrive at a sparse approximation of 4° one may consider putting its p —
s — 1 smallest-in-absolute-value coefficients to zero. To this end, consider the
ordered sequence [v%[(1) > -+ > 30,1y, write /0]y = vl =10 —
1, and let S = {ry,...7s}. Then clearly [|[7°¢llec < [W°ll2/+v/5 = O(1/V/5).
The condition (3.2) excludes 1/,/s = O(\¥). We therefore examine situations
where the coefficients in 7 decrease at a rate quicker than 1//5. The following
definition is analogous to the definition of “effective sparsity” as given in [16].

Definition 3.1. Let N be some integer and 0 # v € RN be a vector. We call

[oll1llv]loo
k(v) = T ————
[[v]l2
the sparsity index of v. We say that v is asymptotically sparse if k(v) — 0.

A vector v with ||v]|2 = O(1) can have some relatively large coefficients, but
it cannot have too many of these. If in addition ||v||; is large it cannot have
many zeroes either. Asymptotic non-sparseness of the vector v with the large
coeflicients removed means that there are many very small non-zero coeflicients.

Example 3.1. Let v; = 1/V/N for all j. Then ||[v||; = 1/||v]|ec = V'N. Thus
k(v) =1 and v is not (asymptotically) sparse.

Example 3.2. Let s < N and v; = 0 for j < s and v; = 1/\/jlogN for

j >s. Then r(v) < \/N/(slog® N). The vector v is not asymptotically sparse if
s = O(N/(log® N)).

Lemma 3.4. Suppose that v° ¢ is not asymptotically sparse. Let
)\S _ 5(795)
Cll2slh’

where
C:=|2-s5-5 — S 5555 5%s,-slh-

Assume that \°\/s — 0. Then (v%,\%) is an eligible pair and \%||7°||; 4 0.



2988 S. van de Geer
3.4. Approximate projections

Recall that the first condition (2.3) of Definition 2.1 can be written as
x 17" =x_ 1y + &0

where €0 is “noise” satisfying |[Ex” €% < Af. Denote the active set of v* by
S={je{2,...,p}: 7? # 0} and its cardinality by s := |S|. Then A\¥y/s — 0
implies that 1/ G)h is asymptotically the squared residual of the projection of
X1 on Xg as is shown in the next lemma. In that sense, eligible pairs are more
flexible than projections.

If s is small enough, then for model (1.1), (1.2) or (1.3) one has that ©% is a
model direction (after rescaling). The estimator lA)g in Theorem 2.1 then reaches
the Cramér Rao lower bound.

Lemma 3.5. Suppose for some set S with cardinality s that 7% = 'yﬁs and assume
the first condition (2.3) of Definition 2.1. If N*y/s — 0 then the second condition
(2.4) holds too so that (7%, \*) is an eligible pair. Moreover,

1/011 =E(x1 — x57§)* + o(1)

where
S _ y—1p T
Yo = ZS)SEXSXL

3.5. Reverse engineering

In this subsection we fix A¥ and then construct vectors 7° € RP~! such that
there is an eligible pair (v, \*). These constructions are in a sense equivalent
but approach the problem from different angles. In these constructions the vector
4*# is having active set S = {fy;j # 0} with cardinality s := |S|. The sparsity of
4% is then measured in terms of the value of s. More general constructions are
possible, but in this way we can apply the results to any of the models (1.1),
(1.2) or (1.3). In view of Lemma 3.5 is means that the constructions correspond
to an approximate projection on xg.

Throughout this subsection, the matrix ¥_; _; is assumed to have 1’s on the
diagonal and smallest eigenvalue A%, (¥_; _1) > 0.

3.5.1. Which ~%’s are allowed?

We let for 40 € RP

oy . 1 YTE 1,4
20 = (E—l,—ﬂo Y41 )

Definition 3.2. We say that the vector 4" is allowed if X(7°) is positive definite,
with A2, (2(7%)) > 0 and ||-1 _17°||o < 1.

min
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Lemma 3.6. Suppose that
/2 0)2
=227 vl > 0.

Then +° is allowed.

3.5.2. Regression: v° as least squares estimate of ~*

In this subsection we create v° using random noise. We then arrive at an eligible
pair “with high probability”. Let N € N be a given sequence with N > p. Take
a matrix Z_; € RNX(®=1 which has Z7,Z_1/N = ¥_; ;. Let £ € RN have
i.i.d. standard Gaussian entries, let v € RP~! be a vector satisfying ||v*||; =

o(y/logp/N) and define

Z1:=Z_ 17" + ¢

Let
V" i=(25,20)71 25 7

be the least squares estimator of 7*. Finally let A\* < y/log p/N be appropriately
chosen. Then (v#, A\¥) is with high probability an eligible pair. Indeed the first
condition (2.3) of Definition 2.1 follows from

1£-1,-1(7° = ¥)lloe = 1211€/N|loc = Op(y/logp/N)
so that for appropriate A* < \/logp/N, with high probability

1221210 = 4)lo < M.

The second condition (2.4) of Definition 2.1 follows from the condition ||v#||; =
o(y/logp/N) so M||v¥|l; = o(1). We also see that if p/N > 0 then with high
probability @ﬁ,l as given in (2.5) is an improvement over O 1, since

1/2
ISV (70 = )13 = X2 /N

where kal has the chi-squared distribution with p — 1 degrees of freedom. It

follows that Op ()
1/2 p+0Op(yD
Y2410 4ty = EEEWE)

With high probability this stays away from zero so that also

611 -0}, >0.

For appropriate N with 1 —p/N > 0 the vector 4" is with high probability also
allowed by Lemma 3.6. With this choice of N we have Ay =< +/logp/p. Recall
that according to Remark 2.3 it must be true that pA*? > 0. In the present
context we in fact have pA*2/logp > 0.
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3.5.3. Creating v° directly

We first recall that

01, -04 > 06 S (" -2 >0

with @ﬁ given in (2.5). It will be the case in the constructions of this subsection.
Consider some set S C {2,...,p} with cardinality s and some \. We will
assume \y/s — 0.

Lemma 3.7. Suppose there exists a vector z € RP™1 with
l[2lloc <1,

and
—1/2 —1/2
1-A22712 22 > 0, A222)22)3 > 0. (3.3)

Let 4% be a vector in RP~1 with 'yﬁﬂg =0 (ie ot = Ayg) and
~1/2 1/2
L= NP2 205 — 1220kl > .

Define
A0 =t )\quﬁlz.

Then, if \'y/s — 0, the pair (v*, \*) is an eligible pair. Moreover, v° is eventually
allowed, N*||7°||y 4 0 and in fact
1/2
1222160 =913 > 0.
Remark 3.1. Recall that A2, (X_1,—1) > 0. To check condition (5.3) for some
Izllcc <1 one may want to impose in addition that Amax(X_1,-1) = O(1). Then
the condition is true if ||z||2 < 1/A* which is true for instance if 1/\*? of the

coefficients of z stay away from zero. This is only possible if p > 1/A\#2 i.e., in
high-dimensional situations (see also Remark 2.3).

Remark 3.2. One may also consider taking z = ZL,£/(NN) where Z_4, &
and At are is in Subsection 3.5.2. Then

1/2
A2|SME 2|3 =2, /N

as there and one arrives at eligible pairs “with high probability”.

We now examine the following question: can one choose 'yg in Lemma 3.7

equal to 79? As we will see this will only be possible if a form of the irrep-
resentable condition holds. The “usual” irrepresentable condition (that implies
the absence of false positives of the Lasso, see [27]) involves the coefficients of
the projection of the “large” collection x_g on the “small” collection xg. In our
case, we reverse the roles of S and —5.
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Definition 3.3. Fiz a vector z_g € RP™571 with ||2_g|lec < 1. We say that the
reversed irrepresentable condition holds for (S, z_g) if

15,5375 _g7-slloo < 1.

Lemma 3.8.
a) Assume the reversed irrepresentable condition holds for (S,z_g), and that in
addition ; )
—1/2 —1/2
1- AngHzfl,lefS”g > 0, )\MHEA,A'LSH% > 0.

Let 7% satisfy
—1/2 1/2
1-X2|S212 263 — IZY2 7203 > .

Define v° 4 := )\ﬁE:}qﬁSz,s and v* := 4% Then, if \*\/s — 0, the pair (7%, \¥)
is an eligible pair, v° is eventually allowed and N*||7°||; 4 0. In fact

1/2
IZY2_,(y° =3 > 0.

b) Conversely, if for some~° and for v* := +3 the pair (v#, \*) is an eligible pair,
then the reversed irrepresentable condition holds for (S,z_g) with appropriate
z_g satisfying ||z—s|loco < 1.

3.5.4. Creating v° using a non-sparsity restriction

Consider some set S C {2,...,p} with cardinality s and some A\* > 0. Let
w € RP~™! be a vector of strictly positive weights with ||w||oc < 1 and define the
matrix W as the diagonal matrix with w on its diagonal. Let

& e argmin{nzl_/ﬁ_lcng C X |(We) gl = 1}

and
(s :=0, ¢ :=sign(c)), j ¢ S.

0

Lemma 3.9. The random variable x_1c" is orthogonal to (i.e. independent of )

xg. Moreover
w5 oo

\\271,716()“00 = o1/ o
N[22 W3

and )

||21—/12,—lco||§ = —1/2 .
2|21 w3

Lemma 3.10. Suppose that
- OBB22 W)™ > 0, M2STY2 W= 0. (34)
Let 4% be a vector satisfying Wﬂs =0 and

—1/2 _ 1/2
0<1— S22 W3~ — IS A2 > 0.
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Define ° ¢ = ® ¢ and x_17° = xsyg + (x—sAxs)7% 4. Then XS’Y?; is the
projection of x_17° on xg. Moreover, if A\*\/s — 0, the pair (v¥, \¥) is eligible,

70 is allowed and \¥|¥°|; /4 0. In fact
IZ22 20 = A9l > 0.

Remark 3.3. As in Remark 3.1, to deal with the requirement (3.4) one may
want to impose the condition A2, (X_1._1) = O(1).

max

4. The case of ¥ unknown

As we will see the concept of an eligible pair will also play a crucial role when
>} is unknown.
We use in this section the noisy Lasso

4 € arg min {||X1 — X _qc|3/n+ 2)\Lasso||c||1}. (4.1)
ceRpP—1

We require the the tuning parameter A"**%° to be of order y/logp/n. Then in
the debiased Lasso given in (1.5) we apply

él = él

where
N 1 ~ asso || 2
6= (L) /01 = XaglB s A1) (42)

Let (v*, \) be an eligible pair, with \* = O(y/log p/n). In Lemma 4.1, we in
fact need A% to be at least as large as A\*. The latter is allowed to be of small

order \/logp/n, yet we will assume AF2ss°||~v¢||; — 0.
Let 1, — 0 be a sequence such that

1
]P< inf X _1cl3/n > —> — 1. (4.3)
et Abasllel|y <anZ, [BYE_ efl=1 2

Such a sequence exists, see for example Chapter 16 in [24] and its references.
Define e := X; — X 7% and &f := X; — X _17f =+ X_1(7° — 4*). Choose

M = /logp/n in such a way that
]P<||XTeﬁ||oo/n > /\g)—> 0

(see Lemma 7.3). This implies \f > A*.

The following lemma establishes the so-called “slow rate”. The proof is stan-
dard (see for example [5], Theorem 6.3), up to the replacement of ¢ by &f. The
result is the noisy counterpart of Lemma 3.2.
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Lemma 4.1. Let A\'*° =< /logp/n satisfy A" > 2\! and suppose
ALasso||a8)| ) < 2. Then we have

asso || 2 ~ 1/2 ~
ALesel|gy = op(1), | X_1(§ = ¥H)|3/n = op(1), [ZY7 (5 = )3 = op(1).

Theorem 4.1. Let by be the debaised Lasso given in (1.5) with ©, equal to ©;
given in (4.2):
by =1+ 6, XT(Y — Xp)/n.

Assume that X = O(\/logp/n), that \/logp/n|li = o(1) and AL =
Viogp/n is sufficiently large (depending only on \*). Suppose that uniformly

in 8% € B R
VIogpll — Bll1 = o, (1), (4.4)
Then uniformly in ° € B

bi— B0 = OTX"e/n + op, (1/y/).

Moreover,

lim sup IP(\/EM <

n—oo ﬂOGB

and for © given in (2.5)
0726, =6}, +op(1).

Remark 4.1. Recall that Lemmas 3.7, 3.8 and 3.10 present examples of eligible
pairs (v¢, \F) where @211 remains strictly smaller than ©1 ;.

Remark 4.2. By Slutsky’s Theorem we conclude that the asymptotic variance
of by is (up to smaller order terms) equal to @h.

Remark 4.3. Note that Theorem 4.1 only requires sparsity of v in £1-sense: it
requires ||V¢||1 = o(\/n/logp). Indeed, we in fact base the result on “slow rates”
for the Lasso 7 given in Lemma 4.1.

Remark 4.4. Assume the conditions of Theorem 4.1, and that in fact
Viogplly =4l = op(1). (4.5)
Then also \/1og p||©1 — O ||y = op(1), which implies
élXTe/n = @ﬁXTe/n +op(1/+/n).
Thus, then the estimator by is asymptotically linear, uniformly in B € B. The

uniform asymptotic linearity of by implies in turn that the Cramér Rao lower
bound of Subsection 1.2 applies.
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The results of the following two examples are summarized in Table 3.

Example 4.1. Assume the sparse model (1.1) with s = o(y/n/logp) (sparsity

variant (ii)). As stated in Ezample 2.1, for the Lasso estimator B given in
(1.4), with appropriate choice of the tuning parameter A < y/logp/n, one has
uniformly in ° € B

16 = 8%l = O, (s/log p/n) = op ,, (1//10g p).
Suppose now as in Theorem 4.1 that \* = O(y/logp/n) and \/logp/n|¥*||; =

o(1). In fact, assume that ||*||§ is small enough so that @ti is a model direction.
Then one obtains by the same arguments if \X25%° < | /log p/n is suitably chosen

15 = +*lls = Op(s/logp/n) = op ,, (1//10g p).

Thus then (4.5) is met so that we have asymptotic linearity. It means that the
Cramér Rao lower bound applies and is achieved.

The model (1.2) is too large for us to be able to apply when ¥ is unknown.
We now turn to the model (1.3).

Example 4.2. For the model (1.3) the rates for the Lasso B are gen in Ez-
ample 2.3. One sees that for 0 < r < 1 the requirement on s becomes

s = o(n%/logp).

By the same arguments, if for a fited 0 <r <1

1x 2-x
V¥l = o(n"= /log™= p)

one finds

19 =4l = op(1/+/log p)
which yields asymptotic linearity so that the Cramér Rao lower bound applies. If
such ¥ is in addition a model direction after scaling, i.e. if |*|| = O(ngs%TT),
then the Cramer Rao lower bound is achieved whenever 3° stays away from the
boundary.

5. Conclusion

This paper illustrates that ©; ; can be larger than the asymptotic Cramér Rao
lower bound, that for certain ¥ the asymptotic variance of a debiased Lasso is
smaller than ©;; and that in special such cases the asymptotic Cramér Rao
lower bound is achieved. In Examples 1.2 and 1.3 we showed that if 3° stays
away from the boundary, then the asymptotic Cramér Rao lower bound is

( min \E(xlx_lc)2>1

- 2—7
lellr<Mn2s 2
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where M is any fixed value not depending on n. When X is known, Theorem
2.1 shows that up to log-terms this lower bound is achieved as soon as there
exists an eligible pair (v#, \*), with [|7#||" = O(H%S%TT). When ¥ is unknown
the situation is more involved and in particular for model (1.1) sparsity variant
(i) is replaced by the stronger variant (ii). Model (1.2) is too large for the case &
unknown and model (1.3) requires more sparsity then model (1.1): if r is larger
the sparsity s is required to be smaller. Model (1.1) however appears for both
known and unknown ¥ too stringent as results depend on the exact value of
s, not only on its order. Model (1.2) (with ¥ known) or more generally model
(1.3) (with 0 < r < 1 if ¥ is unknown) do not suffer from such a dependence as
long as B° stays away from the boundary.

6. Proofs
6.1. Proof for Section 1

The proof of Proposition 1.1 relies on the results in [8], which allow the argu-
ments to follow those of the low-dimensional case. These arguments are then
rather standard.

Proof of Proposition 1.1. Let h € Hgo, |h1| > p and hTSh < R2. The log-
likelihood ratio £(h) for 8% + h/y/n with respect to 89 is

L(h) = h'XTe/\/n+hTSh/2
= h'XTe/\/n+h"Sh/2 4 op(1)

since hTXh = O(1). Let for (z,y) € RPH!
[ dpo(z,y)
lﬁo (:my) = (:ET(y - 93[‘30)>

I

and define

Qgo :=Egolgo(x,y)lgo(x,y
By the Lindeberg condition, we can apply Lindeberg’s central limit theorem to
conclude that for any sequence a := (1,c¢7)T € RPH! with ¢T'Yc = O(1) it holds

that .
a” Zi:1 Z,BO (X5,Y5)

VnatQpoa

Therefore, by Wold’s device
—-1/2 n
1 0 10 1 0
((O hT) Qgo (0 h) (0 hT> Zlﬁ‘)(XzaYz)/\/ﬁ
i=1
D

oo 1)

Dgo

—N(0,1).

)
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We now apply a slight modification of Lemmas 16 and 23 in [8], where we drop
the assumption of bounded eigenvalues of ¥ (which is possible because we have
RTSh < R? = O(1)). The asymptotic linearity of T and the 2-dimensional
central limit theorem just obtained imply that at the alternative 8° + h/\/n it
holds that

T —(BY +hi/\/n)+hy — hT]EBOiBO (x,y)x"(y —x°) Dﬁ%_h;ﬁN
A /nvgo

As T is assumed to be regular at 5 we conclude that

0,1).

W Egoigo(x,y)x" (y — x8°) = h1 + o(1).

But by the Cauchy-Schwarz inequality

2
(hTEgoiﬁo (x,y)x" (y — xﬁo)> < Vih"Sh.
Moreover,
2
(1 +o0)) =2 + o)

so that we obtain

h2to(l) k2
> = 1 1
= sy~ pren oW (6.1)
where in the last step we used hTSh > ||h||3/A2,;, > p? so that 1/hTSh = O(1).
Since the result is true for all h € Hgo, |h1| > p and hTYh < R?, we may
maximize the right hand side of (6.1) over all such h. O

Vi

6.2. Proofs for Section 2

Proof of Lemma 2.1. Because x_17° is the projection of x; on x_; we know
that

]E(Xl — Xfl’yﬁ)2 Z]E(Xl — X,l’yO)Q = 1/@1’1.

Moreover
@171 = e{e)el S Ar2nax(®) = 1/A?nm
Thus
E(xi —x_17%)2 = A2, (6.2)
‘We now rewrite
E(x; —x_17%)? = 1+ vuTE,L,lfyﬁ — ExTx_1~*

1+A7TS 4 17 = 29778 4
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where in the second equality we used that x; — x_17° is the anti-projection of
x; on x_7 and hence orthogonal to x_wﬁ. For the cross-product we have by
the two conditions on the pair (v#, \f)

FTE vt = ATEL i+ (7° —AHTS_ 1yt
SIS0, -1 (=79 [ I SAH 7l =o(1)

= 'yﬁTE_L_lfyﬁ +o(1).

Thus
E(x; —x_179)? =1-7T%_; 4% +0o(1).

Combining this with inequality (6.2) proves the first result of the lemma. The
second result:

12(6% — 01|l < A

follows trivially from this. For the third result, we compute and re-use the
already obtained results:

1 -8 19 — TS 1 (7% — )
(1—=AT3_; _17%)2
1

= 1
1—A0TS | _j4f +o(1)

olvel =

292,1
1/E(x: —x-17%)% +o(1)
1/E(x; —x_17°)% +o(1).
=011

IN

To show the final statement of the lemma, assume on the contrary that ~° is
sparse:
Nl = 0.

Then
_ 1
) 1= 70T271,71’Yﬁ
1
1=9TS 1 17° + 71,1 (2° =)
[[|<AE |70 li=0(1)
= @1)1 + 0(1). 0

Proof of Theorem 2.1. We use the decomposition of the beginning of this section
applied to bﬁL1

by — BY =201 XTer/n + (e — O S1)(Brr — BY)

remaindery
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where remainder; is

(el — S (Brr — 8°) = 04 (2 — 1) (Bir — B°) + (e — O ) (Brr — 5°).
=(1) :=(i1)

Here, e; := Y7 — X;° and ¥; := 2X7 X;/n. But, given (X;7, Y1),
O S (Brr — B°) = 2087 XT X1 (B1r — B°) /m

is the average of n/2 i.i.d. random variables which are the product of a random
variable with the A(0, 04" £6%)-distribution and a N(0, (|2, /2(8rr — 8°)[3)-
distributed random variable. Since the variances satisfy @gTZ(%g = (9'{,1 +o(1) =
O(1) and || 2(B11 — B°)|I3 = op, (1) uniformly in 5° € B we see that

(i) = op . (1/V/n)
uniformly in 3° € B. For the term (ii) we use that
126 — el = O(N)

and the assumption M|8;; — 8, = op, (1/y/n) uniformly in B° € B. This
gives that uniformly in 8% € B

Bﬁ[,l - 5(1) = 2@§TXIT€I/TL + OP/BO (1/\/ﬁ)
In the same way one derives that uniformly in 8° € B
Vg — B =201 Xfierr/n+ op, (1/v/n)

with €77 := Y71 — X778°. Since if{ = (bﬁL1 + buH,l)/Q is the average of the two,
this proves the asymptotic linearity. Further var(©fXTe/\/n) = 0/ 0% =
@g)l + o(1) by Lemma 2.1. The central limit theorem completes the proof. O

6.3. Proofs for Section 3

Proof of Lemma 3.1. We have

(V=) So (7 =) < I = B = )l
< 22y ="
< 22|yl + 20|y [l — . 0

Proof of Lemma 3.2. By the KKT conditions

(’VLasso - ’Yﬁ)Tzfl,fl(’yLasso - 70) S )\Lasson'yﬁnl - )\Lasso”’yLassoHL
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Therefore,

(’)/Lasso — ’Yﬁ)Tz—l,—l(’YLasSo — ,yﬁ)
(fyLaSSO - ’yﬁ)Tzflyfl( YLasso — ’YO) + (’YLasso - 'yu)TE—l,*l(,yO - 711)

S ALaSSOH’Yﬁ”l - )\Lasso”’yLasso”l + ”’yLasso - WﬁHlHEfol(’YO - Wﬁ)Hoo
S ALaSSOH’Yﬁnl - ALasso”'}/Lasso”l + )\ﬁ”'}/Lasso - '}/ﬁHl
S ()\Lasso + )\ﬂ)H’Yqu - ()\Lasso - )\ﬁ)H’YLaSSO||1~

Thus

('YLasso_’Yﬁ)TE—L—l('YLasso_'Yﬁ)'i'()\Lasso_)‘u)||’7Lasso||1 < (>\Lasso+)‘ﬁ)||7ﬁ”1 —0

where we used that Apasso > AF and )\LassoH')’qu — 0. We also know that by the
KKT conditions
||E—1,—1(7Lasso - 'YO)HOO S ALasso~

If Aasso > 2A\", we obtain from the above

/\LaSSOH'YLasso”l < 3/\Lasso||'}’ﬁ||1/2 — 0.
S0 (VLasso» ALasso) 18 an eligible pair. 0

Proof of Lemma 3.3. Note that
ExT¢x 17y = ExTg {(szOS)AxS]

= Ex’g [xs — XSES}SEs,s} 705

{E—s,—s - Z—S,SZE}SES,—S] 70 5.
We therefore have

[09g]le = H [E—S,—s - E—S,SEE}SES,—S} 7

o0

< 255 =2 55855555172 sl O
Proof of Lemma 3.4/. We have
172 sllee = A%/C,

so that by Lemma 3.3
121,217 loe < A%

Moreover
M7 < Xvs = 0.

Thus (v%,A¥) is an eligible pair. Finally

”(70_5)
C

A0 = AV gl = # 0. O
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Proof of Lemma 3.5. Write
x-17" = xo17F + €0, [ExE €% < AR

It holds that
7§ = Vs sBxgx 17’

So

1/2 _
12 (vE =913 ExLe0) g5 ExEe0)

MBS E° |2/ A

s[Exg€” 1% /ALin — 0.

min

IAIA

O

Proof of Lemma 3.6. For a € R and ¢ € RP~! satisfying a® + ||El_/127_1c|\§ =1,

(2) =0 ()

a’® + QG’YOTE_L_]C + cTE_L_lc

14+ QG’VOTZ_l,_lc

> 1-20allIS2 20127 el
= 1-2ayV1-a?|S7 1"l
2 1_”21—/12,—170”2-
But then
T
aole) =00 (0)
. a2+||217/12’710||§ a r onfa
= TR () 20 )<>
2 2
> S Sl st sop,)
> (12 702) A2 (B ).
Hence A2, (3(7°)) is positive definite and

min

A2in(20°) 2 (1= 22717 2) A (B-1.-0)-
It further holds for all j € {2,...,p} that
Bl 17| < VEG P < 1. =
Proof of Lemma 3.7. By definition

271,71(70 - ’yﬁ) = >‘qu
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so that
12-1,-1(7° = Y lloe < A
Moreover, A*||v¥]l1 < Av/5[|v¥]l2 — 0, since
1/2
¥l < 12227 o/ Amin (B2, -1) = O(1).
So ('yﬁ7 )\ﬁ) is an eligible pair. We further have

(Y =TS 1 (0 =) = A2 TSIz

70T271’7170 = 'yﬁTE,lflfyu + 2(70 — ’yﬁ)TE,l,fl'yﬁ + )xﬁngZj,,lz
< 1+40(1)

and
1/2
1- ||Ef/1,71’70||§ >0

where the positivity is true for large enough n. Therefore, by Lemma 3.6, 4° is
eventually allowed. Finally,

M0 =4l > AT (10 —4F) = AR22T22 2> 0.
So, since Af||7#||; — 0, it must be true that A*[|7°||; > 0. We in fact have
TS,y =TS o = ARTET 2 o(1)

so that
YIS 117 =2l iy > 0. U

Proof of Lemma 3.8. (2) For zg := 257_52]:}97_52'_5 the equality
1,170 = 9h) = Mz

holds. By assumption ||z_s||oo < 1 and by the reversed irrepresentable condition
also [|zs|loo < 1. Thus

11,17 = )l < NP

Moreover,
M7 = A8l < Xv5[Irellz — 0.

So (7%, \f) is eligible.
To see make sure that 7° is allowed we bound v°T¥_; _140:

YT 1, 17° <48 Es,578 + 20 N8l + AP2TD T 2.

Therefore, since A*||72|1 — 0, and in view of Lemma 3.6, the vector 7 is for
large enough n allowed. Finally, we have

Mivollr > M5l
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Y

AﬁZZSVQS
A2 TN _g2-5 > 0.

In fact
YIS 1’ =TS i = AT N T _gzos +0(1) > 0.
(")) If (4%, AF) is an eligible pair we have
11,1 (7 =70 lloe < A%
Define now ¢ = 4% —~% and z = E:i_lc/)\ﬁ. Then
Y_q,-1c= Az

and ||z]|eo < 1, ¢cg = 0. It follows that

ES’,SE:}S’,Szfs =2zs5

so that
1£5,-55"5 _g2-slloo < 1. O

Proof of Lemma 3.9. One readily verifies that all c? with j ¢ S are non-zero.
One thus has the Lagrangrian

2_1,_100 = 5\W§
where X is the Lagrangian parameter. Since (g = 0 this says that

(271’,100)5 = 0

so we know that x_;¢°

The restriction gives

is orthogonal to xg.

IZV2 P13 = M(W) s llae = A/,

S0
3 1/2
A= NIE L,
and inserting this back yields
S, = MY LR
It follows that
1/2 _
= NP LR W

But then
1/2 1/2 —1/2
S22 Pl = A LIRS0 W
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or )

1= 0l = ———e——

MI=Z2, Wl
So now we have 1
S = ——7 - W(
MIZZH2 ¢
and hence
Hw—S”oo

11,210 o0 = e
M= ¢3

Proof of Lemma 3.10. It holds that

o117 =) =ExT x 1 (70 —f) =ExT (x_sAxs)70 g = L1, 1.
So
f
0ty e Mwmsle_ Nlwosle
12117 = 7)o = MNISV2_ w2 s w| < AR
1-1 2 —1,-1 2
Moreover

NIl < VslFlle — 0.
Thus (7%, Af) is an eligible pair. Furthermore
TS 1 =TS i+ T8 i
1
_ AT #
="YX 1+ —7 .
22712, W3

So by Lemma 3.6 7° is allowed. Finally, A*||7°[|; > A||[(WA")_g||1 = 1 and in
fact
ﬁ 1

LEDY) 1 = >0
4 —1/2
A2(|271 2 W3

O

T8 17° — —1Y

6.4. Proofs for Section 4

Proof of Lemma 4.1. We recall the notation 2_1,_1 = Xle_l/n. The event

- 1
{||Xfleﬁ||oo/n < /\g} N { inf ISy 1e> 5}

1mn
c: Abasso|c||1<4n2, cTE_y _1c=1

has probability converging to one so in the rest of the proof we may assume that
we are on this event. By the KKT conditions

21,18 =% = XTie/n — AWe¢
where ¢ € 9||9||1, with 8]|c||; the sub-differential of the map ¢+~ ||¢/|;. Thus

So1a(F =) = XTjetn— Abeog,
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Therefore

(7 = )T XT e fn — ALasso(§ — 4)T¢
D Rl P e [ [P ed 7
(AF2s=0 L AD)||y# ]|y — (B0 — AL) || 4|y
(ALas=o L AL ||y ¥y

3ALas0||yH||1 /2 < 3n /2.

(¥ - Vﬁ)Ti—l,—l(“AY - Vﬁ)

VAN VAN VAN VAN

It moreover follows from the above that

A )\Lasso +>\ﬁ
Il < <7€)Wn1

)\Lasso _ )\g
and so
)\Lasso”;yHl S )\Lasso /\LaSSO + /\6 S 3773”
)\Lasso _ )\g
and also
Las
)\Lasso”A _ till < )\Lasso 2)\asse H ull < 4 2
Y Y = \Lasso )\u Y1 > 21,
- 1

If |SY2(5 = 4%)|l2 < 21, we are done. Otherwise, if || 2Y/2(5 — ~4%)||2 > 27, it
holds that 472 < 21, ||2'/2(% — 4)||2. But then

1, . . . - R
(=7 (=9 < =TS 11 (5 — %)
< (AP LA 1Y
< 2AM |y < 2n.

Proof of Theorem 4.1. We rewrite

Bl — 6? = élXTe/n + (ef — éfﬁ)(ﬁ — ﬁo) .

remainder

By the KKT conditions

loT — 6T S0 < AL /(| Xy — X_17[3/n + AL=04]]1).
But by Lemma 4.1

1X1 — X_14]3/m 4+ AU 3]1y = B(x; —x-17%)% + o(1)

which stays away from zero. Moreover, by assumption, /nAX°(|3 — fo|l; =
op ,, (1) uniformly in BY € B. Thus, for the remainder we find

[(ef —OTE)(5 — B < llef — Tl — 81 = 0p 0 (1/ V)
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uniformly in 3% € B. For the main term, we have after standardization

It further holds that 76, = @g)l + op(1) by Lemma 4.1, which stays away
from zero. Therefore, for the standardized remainder term

Vil(ef — OFS)(5 — %)

o150

= 0P, (1)
1

uniformly in 3% € B. The final result thus follows from Slutsky’s Theorem. [

7. Probability inequalities

In this section we present some probability inequalities for products of Gaus-
sians. Such results are known (for example as Hanson-Wright inequalities for
sub-Gaussians, see [21]) and only presented here for completeness.

Lemma 7.1. Let U and W be two independent N (0,1)-distributed random
variables. Then for all L > 1

B[ UW] - 1
ST =P lge o |

Proof. We have for L > 1

Uw (U +W)2—(U-W)?
| <
Eexp{ L] < ]Eexp_ i
(U +W)2% —2] 2—(U-W)?
o[22 2o W]
- 2 o o (U 2
oI g 22 U WY
1 12— (U - W)?
< eXp[zzf“zz}EeXp “‘Szzf“l}v

(see Lemma 1 and its proof in [13]) or Section 8.4 in [24]). But
2—(U-W)? 1 1—0? v?
]E -_— = —_— —_— —_—
exp[ 1L } \/%/exp[ 5T exp 5 dv
17 1 / L, 1Y o],
Xp|—|—== [ exp|—2 —
XP| o7 | 5 [ P73 7 )v|dv

1 1\ 12
= CXpﬁ 1—|—z
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1 1
= exp {ﬁ —5 log(1 + 1/L)].
Since
log(1+1/L) >1/L — %(1/L?)
we obtain
2—(U+W)? 1
Eexp{T] < expLLz]

It follows that

Uw 2 1
< - | = —_— .
Eexp[ 7 } _expLL2_4L} exp[2L2_2L} |

Lemma 7.2. Let U = (Uy,...,U,)T and W = (Wy,...,W,)T be two indepen-
dent standard Gaussian n-dimensional random vectors. Then for all t > 0

]P(UTW/n > \/2t/n + t/n) < exp|—1].

Proof. By Lemma 7.1 and using the independence

T

n
]Eexp §exp m .

This gives for all ¢ > 0
P (UTW > /2nt + t) < exp[—t]

(see e.g. Lemma 8.3 in [24]). O

Lemma 7.3. Let {(U;, V;)}1 be i.i.d. two-dimensional Gaussians with mean
zero. Suppose var(Uy) = 1. Define M= EU Vi and o2 = EV2. Then for all
t>0

]P<UTV/n > N+ (V20 + 20)/t/n + (oF + WW”) < 2exp[—t].

Proof. For all i the projection of V; on U; is [EU;V; /var(U;)]U; = A*U;. Hence
we may write for all 4
Vi = MU + W,

where W; is a zero-mean Gaussian random variable independent of U;. It follows
that
UTV/n = U|3/n+ UTW/n.
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Since var(W;) < % for all i we see from Lemma 7.2 that

]P(UTW/n > V208 /t/n + o%/n) < exp[—t].

Moreover (see Lemma in [13], also given in [24] as Lemma 8.6)

P10/~ 12 24+ 2t/n) < expl-)

Thus

]P<UTV/n > M4 (V20! + 205 /t/n + (of + 2)\ﬁ)t/n) < 2exp[—t]. O
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