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Abstract: We study nonparametric maximum likelihood estimation of
a log-concave density function fy which is known to satisfy further con-
straints, where either (a) the mode m of fo is known, or (b) fo is known
to be symmetric about a fixed point m. We develop asymptotic theory for
both constrained log-concave maximum likelihood estimators (MLE’s), in-
cluding consistency, global rates of convergence, and local limit distribution
theory. In both cases, we find the MLE’s pointwise limit distribution at m
(either the known mode or the known center of symmetry) and at a point
xo # m. Software to compute the constrained estimators is available in the
R package logcondens.mode.

The symmetry-constrained MLE is particularly useful in contexts of lo-
cation estimation. The mode-constrained MLE is useful for mode-regression.
The mode-constrained MLE can also be used to form a likelihood ratio test
for the location of the mode of fy. These problems are studied in separate
papers. In particular, in a separate paper we show that, under a curvature
assumption, the likelihood ratio statistic for the location of the mode can
be used for hypothesis tests or confidence intervals that do not depend on
either tuning parameters or nuisance parameters.
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1. Introduction and overview

The classes of log-concave densities on R (and on R?) have great importance in
statistics for a variety of reasons including their many natural closure proper-
ties, including closure under convolution, affine transformations, convergence in
distribution, and marginalization. These classes are also unimodal and serve as
important nonparametric generalizations of the class of Gaussian distributions.

Nonparametric estimation in the unconstrained classes of log-concave densi-
ties has developed rapidly in the past 10-15 years. Existence of maximum likeli-
hood estimators for log-concave densities on R was provided by Walther (2002),
while Pal, Woodroofe and Meyer (2007) established consistency. Diimbgen and
Rufibach (2009) gave rates of convergence in certain uniform metrics, and pro-
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vided efficient algorithms based on “active set” methods (see also Diimbgen and
Rufibach (2011)). Balabdaoui, Rufibach and Wellner (2009) established point-
wise limit distribution theory for the MLE’s, while Doss and Wellner (2016)
established rates of convergence of the MLE in the Hellinger metric. There has
also been rapid progress in estimation of log-concave densities on R?: see e.g.
Cule, Samworth and Stewart (2010), Cule and Samworth (2010), Diimbgen,
Samworth and Schuhmacher (2011), Seregin and Wellner (2010), and Han and
Wellner (2016).

Interesting uses of the unconstrained log-concave MLE’s in more complicated
models, mostly in mixture modeling and clustering, have been considered by
Chang and Walther (2007), Eilers and Borgdorff (2007), Walther (2009), and
Cule and Samworth (2010).

On the other hand, for a number of important statistical problems it is of
great interest to understand estimation in several important sub-classes of the
class of all log-concave densities on R.

e For testing that a log-concave density on R is symmetric about a known
point, for example 0, we need know how to estimate the log-concave density
both with and without the constraint of symmetry.

e For the basic problem of estimation of location with a symmetric error
density, it is important to know how to estimate a symmetric log-concave
density with mode (and median and mean) equal to 0.

e For inference about the mode of a log-concave density it is necessary to
understand how to estimate a log-concave density with a known mode m
(but without the constraint of symmetry).

Once the properties of nonparametric estimators within these sub-classes is
understood, then the estimators can be used to develop statistical methods with
known properties for other more complex statistical problems. For example: the
basic procedures we study here can be viewed as building blocks to be used for,
among others:

(a) Testing the hypothesis of symmetry of a log-concave density.

(b) Estimation of the location of a symmetric log-concave density.

(c) Inference about the mode of a log-concave density.

(d) Nonparametric modal regression (as in Chen et al. (2016), but using log-
concavity).

(e) Semiparametric estimation in mixture models based on symmetric log-
concave distributions; see e.g. Balabdaoui and Doss (2018), Pu and Arias-
Castro (2017), and Eilers and Borgdorff (2007).

(f) Modal clustering (as in Chacén (2018a), but using log-concavity).

(g) Estimation of a spherically symmetric multivariate log-concave density,
which is pursued in Xu and Samworth (2017).

(h) Inference about the center of an elliptical multivariate distribution based
on the assumption of a log-concave underlying shape.

Thus our focus here is on estimation of a log-concave density in two important
sub-classes: Let LC denote the class of all log-concave densities on the real line R.
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The two subclasses we study here are:

(1) The class LC(m) = LC,, of all log-concave densities with mode a fixed
number m.
(2) The class SLC(0) = SLCy of all log-concave densities symmetric at 0.

We let f,? denote the maximum likelihood estimator of fy € LC,, based on an
i.i.d. sample X1, ..., X, from fy; and we let §° denote the maximum likelihood
estimator of gy € SLC), based on an i.i.d. sample from gg.

We rely on the methods and properties developed here for the subclass £C(m)
to derive new inference procedures for the mode in Doss and Wellner (2019).
The sub-class SLC(0) has already been used in Balabdaoui and Doss (2018) to
study semiparametric mixture models. The methods developed here for SLC(0)
are also being used in an on-going study by Laha (2019) of efficient estima-
tion of a location parameter in the classical semiparametric symmetric location
model with the (very natural) assumption of a symmetric log-concave error dis-
tribution. Methodology based on modes or local maxima of nonparametrically
estimated functions has seen a resurgence in recent years; see, e.g., Chen et al.
(2016), Chen, Genovese and Wasserman (2015), and Qiao and Polonik (2016).
A recent survey on estimation and inference for the mode and on mode-based
methodology is given by Chacén (2018b).

Thus our main goals here are the following:

(a) To show that the mode-constrained MLE’s f0 € £C(m) and §° € S£C(0)
exist and to provide useful characterizations thereof.

(b) Establish useful finite-sample properties of fg and g°.

(c) Establish consistency of the mode-constrained and symmetric mode-con-
strained MLE’s with respect to the Hellinger metric.

(d) Establish local rates of convergence of the constrained estimators f,? and g9
and establish the (pointwise) asymptotic distributions of the constrained
estimators.

(e) Establish global rates of convergence of the constrained estimators.

Here is a brief summary of the paper: In Section 2 we show that the con-
strained estimators exist and satisfy useful characterizations. Section 3 provides
plots of the constrained estimators and provides comparisons to each other and
to the unconstrained maximum likelihood estimators fn € LC. In Section 4
we summarize results concerning consistency and global rates of convergence,
while Section 5 addresses local rates of convergence and limiting distributions
at fixed points. Section 6 summarizes some problems and difficulties concerning
extensions to higher dimensions. All the proofs are given in Sections 7 and 8.

Many of our theorems have parts labeled “A”, “B”, and “C.” In general
the “A parts” of results here have been proved by other authors (as noted in
the theorem statements), the “B parts” were proved (for the most part) in the
University of Washington Ph.D. dissertation of the first author, Doss (2013b).
The “C parts” are new findings by the present authors, whose proofs are in
some cases (as noted in text near the corresponding results) related to proofs
developed by Balabdaoui and Doss (2018).



Mode- or symmetry-constrained LC MLE 2395

2. Maximum likelihood estimator finite sample properties:
Unconstrained and mode-constrained

2.1. Notation and terminology

Several classes of concave functions will play a central role in this paper. In
particular, we let

C:={p: R—[-00,00) | ¢ is concave, closed, and proper} (2.1)
and, for any fixed m € R,
Co i={p €C|o(m)>¢p(x) foral zeR} (2.2)
is the class of concave functions on R with mode at m. We also let
SCo:={p €| p(—x) = ¢(z) forall z e R}. (2.3)

Here proper and closed concave functions are as defined in Rockafellar (1970),
pages 24 and 50. We will follow the convention that all concave functions ¢ are
defined on all of R and take the value —oo off of their effective domains where
dom(y) := {z : ¢(z) > —oo} (Rockafellar (1970), page 40). The classes of
unconstrained and constrained log-concave densities are then

EC’:—{e*" : /e“"d)\zl, <p€C},

ECm = {690 : /e%’d)\ = ]-, pe Cm} ) and

SLCy := {e‘p :/e‘pdz\zl, <p€SC0},

where A is Lebesgue measure on R. We let X;,..., X,, be the observations, in-
dependent and identically distributed with density fy with respect to Lebesgue
measure. Here we assume throughout that fy € £C and frequently that f, =
€0 € LCy, for some m € R or fo = e?° € SLCo. We let X(q) < -+ < X(p)
denote the order statistics of the X;’s, and write |X|(1 - < |X |y for the or-
der statistics of |Xql,...,|X,|. Welet P, =n"t> ", 6X denote the empirical
measure, let F,,(z) = nil >i1 (00,21 (Xi) denote the empirical distribution
function, and let Gy, (z) = n=' 7" 1j0.4)(|Xs]) denote the empirical distribu-
tion function of | X1, ..., |X|
We define the log-likelihood criterion function ¥,, : C — R by

1 n
— Z / PO dy =P, o — / e¥dA (2.4)
ne R

where we have used the standard device of including the Lagrange term
fR e?@)dz in ¥,, to avoid the normalization constraints involved in the classes
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LC,, and SLCy. This is as in Silverman (1982), Diimbgen and Rufibach (2009),
and other current literature.

__ We will denote the unconstrained MLE’s of ¢, fo, and Fy by Py fn, and
F,, respectively. The corresponding constrained estimators with mode m and
symmetric estimators with mode at 0 will be denoted by &9, ﬁnﬂ 0 and 2,
a9, C:'?L respectively. Thus

Pn = argmax ¥, (), @0 = argmax ¥, (p), and 122 = argmax U, (¢).
pel ©ECm PESCo

Before proceeding to results concerning existence and uniqueness of the con-
strained estimators @9 and ¥, we first explain some undesirable properties of
“naive” constrained estimators based on the unconstrained MLE’s f,, and @,.

2.2. Naive estimators

We can easily construct “naive” estimators under our two classes of constraints.
For instance, a naive mode-constrained estimator based on the unconstrained
log-concave MLE is fO(z) = f,(z — (m — 1)), where 1, is the mode of f,.
Then fg indeed has mode m. Let $° = log fg Unfortunately, these estimators
have quite undesirable properties. For example, when ¢{(z9) # 0, we can see
that

n?/% (@9 (x0) — o(0)) = n*/®(Bn(wo + (11 —m)) — @o(w0) — @ (w0) (1 — m))
+ n*Pgp (o) (1 — m)
= 0,(1) +n°0,(1

since 1, —m = Op(n*1/5) by Theorem 3.6 of Balabdaoui, Rufibach and Wellner
(2009), so the first summand is O,(1) by Corollary 2.2 of Balabdaoui, Rufibach
and Wellner (2009) (and its proof, see their (4.34)). Thus, away from the mode,
this naive estimator in fact converges at a slower rate than n—2/5.

Similarly, a naive 0-symmetric estimator can be constructed. Let g3 (y) =
(Fu (i + ) fr (12, — y))/2. Then g5 is symmetric about its mode 0. (It is not
necessarily a bona fide density that integrates to 1, but its integral converges to
1.) Again, unfortunately, a similar analysis as above shows that if zy # m, then

n*/®(log 5, (x0) = po(0)) = Op(1) + 0/ rinnipp (o)

since @) (o) = —h(—x0). Since n'/?

that the naive estimator converges at a slower rate than n

1, = Op(1) and f(xo) # 0, we again see
~3/5
In summary, naive plug-in estimation for the mode and symmetry constraints
does not work. The poor performance of these and other “naive” or “plug-in”
estimators motivates study of the constrained MLE’s, which we now pursue.
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2.3. The unconstrained and the constrained MLE’s

To develop theory for the mode-constrained estimators @, AS, and ﬁ? it will

be helpful to consider mode-augmented data Zi,...,Zy with N =norn+1
as follows:

(1) If m = Xy for some k € {1,...,n} then Z; = X(; for j € {1,...,n} and
N =n.

(2) f m € (X(4—1), Xy) for some k € {1,...,n + 1} (where X = —o0
and X(,11) = +00), then we define Z; = X;) for i € {1,...,k — 1},
Zry = m, and Z; = X_y for i € {k+1,...,n + 1}. In this case
Z = (X(l)a~'-7X(k,—1)7m,X(k)7‘-‘,X(n)) €eR" and N =n+ 1.

Theorem 2.1. The following statements hold almost surely when Xq,..., X,
are i.i.d. from a density on R.

A. (Pal, Woodroofe and Meyer (2007), Rufibach (2006)) For n > 2 the (un-
constrained) nonparametric MLE @, exists and is unique. It is linear on all
intervals [X(jy, X(j+1)), j = 1,...,n. Moreover, §,, = —oc and J/C;L =0 on
R\ [X(1), X(n))-

B. (Doss (2013b)) For N > 2 the mode-constrained MLE @° exists and is
unique. It is piecewise linear with knots at the Z;’s and domain [Z1, Zy]. If
m is not a data point, then at least one of (@%)'(m+) or (%) (m—) is 0.

C. The constrained MLE 7,;2 € SCq exists for n > 1 and is unique. It is piece-
wise linear with knots contained in the set of 2n + 1 points —\X|(n),...,
—1X11),0,[X11), - -+ [ X|(n), and is —co for x & [—|X|m), | X|m)]. Further-
more, (Jg)’(O:I:) =0.

The previous result shows that the MLE’s exist. Unfortunately, there is no
closed form expression for the MLE’s. However, since they are solutions to op-
timization problems, they satisfy certain optimality conditions. Thus, the next
two theorems we present provide systems of inequalities and equalities that
characterize the MLE’s.

Theorem 2.2.
A. (Rufibach (2006), Diimbgen and Rufibach (2009) ) Let @, be a concave func-

~

tion such that {x : $,(z) > —oo} = [X(1), X(n)]. Then f,, = e®» € LC is
the unconstrained MLE if and only if

/ A(2)dF,(z) < / A(2) exp(n(2))dz = / A(z)dPy(z)

for any function A : R — R such thaéoﬁn + AA is concave for some A > 0.
B. (Doss (2013b)) Suppose that ﬁ = e € LCy,. Then ﬁ is the MLE over
LC,, if and only if

/ AdF,, < / AdF° (2.5)

for all A such that 3% +tA € C,, for somet > 0.
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C. Suppose that g0 = ¥ € SLCo and @%(w) = [*__Gn(y)dy. Then G2 is the
MLE over SLCy if and only if

/ AdF,, < / AdG° (2.6)

for all A such that 122 +tA € 8Cy for some t > 0.

To state the second characterization theorem for the MLE’s, we first introduce
some further notation and definitions. For a continuous and piecewise linear
function h : [A, B] — R we define its knots to be

Sn(h):={t€ (A,B): W (t—)#K(t+)}U{A, B}.
Note that @, @", and 1ZO are all continuous and piecewise linear functions

(with A = X(1), B = X(», ) in the case of $, and @Y, and with A = —|X]|,),
B = |X]|() in the case of ), and we have

S”(@TL) - {X(1)7 X(2)7 s aX(n)}a
Su(@n) CH{X(1), X2)5- > Xy}
S ( 91) - { ‘X|(n)a BRRE) |X|(n)}
Now suppose that @2 is piecewise linear with knots at the (mode-augmented)
data, let m € R, and assume that ‘]?B = exp(@2) € LC,,. For t € R define

(t)zf(oot]dF() IFnRt)Ef[too)dIF()
ni(®) = [, Far(@)dz, Yor(t)= [ Fyr(w)de, (2.7)
wszf <>@, FO o) = [ R(y)dy, '

Xy
H?L,L(t fx( s L( )dz, 2,R(t) = j;g ( )FS,R(x)dm-

Definition 2.3. With m considered as a possible knot of 3" we say that m
is a left knot (or LK) if (%) (m—) > 0 and that m is a right knot (or RK) if
(@) (m+) < 0. We say that m is not a knot (or NK) if (¢2)"(m) = 0. All other
knots are considered to be left knots (LKs) or right knots (RKs) depending on
whether they are strictly smaller or strictly larger than m.

Theorem 2.4.
A. (Rufibach (2006), Diimbgen and Rufibach (2009)) Let F, (z) = [F ePnWay,

and assume further that ﬁL = e%n € LC. Then ﬁL is the MLE in LC if and
only if

t t
A= [ Fawdy< [ F@y=val) foral e
X X

with equality if t € S, (Pn)-
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B. (Doss, 2013b) With the notation in (2.7), f/\s = ¢ is the MLE of fo € LCy,
if and only if

ﬁg,L(t) <Ynr(t) for Xgy<t<m (2.8)
H) () < Yar(t) for m<t< Xy (2.9)

with equality in (2.8) if t is a left knot of 3° and equality in (2.9) if t is a
right knot of PV

C. g0 = e¥n € SLCy is the MLE if and only if gf = 29" satisfies, with
o X (n)y ~ . n
i @) = [[Y G (n)dy and B p(w) =0~ 1L, 1{|X ) 2 @),

/Xm) &+ (2)d < ft\Xl(m ]F:R(o:)d:v, if telo, ‘X|(n)]7
n, X )axr " ’ . ~
' f = [Kleomt (@)da, if t € Su(B) N[0, 1X](ny)-

Remark 2.5. The conditions (2.8) and (2.9) only involve data from the left and
right sides of m, and hence are separate characterizations in a sense. But they
are coupled by way of the (global) constraint F)(X,)) = 1 (or, equivalently,
@Y € C,,) which involves the data on both sides of m.

Remark 2.6. The “C parts” of Theorems 2.1, 2.2, and 2.4 will be proved here in
detail via methods similar to those introduced briefly in Balabdaoui and Doss
(2018) in the course of a study of two-component mixture models based on
symmetric log-concave components.

These characterization theorems have two important corollaries. (Recall that
G, denotes the empirical distribution function of the | X;|’s.)

Corollary 2.7 (MLE’s related to F,, at knot points). Fach of the following
holds almost surely.
A . F,—n"1< 1:"\,1 <F, on S, (on).
B. F,—n ' <F?<F, onS,(#°)\ {m}.
C. Gy —nt <GF <Gy on Sp(¥) N[0, X |(m))-

Now for any distribution function F on R let u(F) = [ adF(x) and Var(F) =
[ (@ — u(F))?dP (z).

Corollary 2.8 (Mean and variance inequalities).

A. u(ﬁn) = p(Fy) and Var(ﬁn) < Var(F,).
B. u(G%) =0 and Var(G2) < [ 2*dF,(z).
Because A4 (x) = 4 does not have mode m, and because —(z — u)? only

has mode m if 4 = m, we cannot make comparisons between the mean and
variances of F,, and F?.

3. Hellinger consistency and rates

Pal, Woodroofe and Meyer (2007) showed that the unconstrained MLE’s {fn}
are a.s. consistent in the Hellinger metric H where H?(p,q) = (1/2) [{\/P —
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\/6}2d)\, and their methods also yield consistency for the MLE’s over any sub-
class § C LC for which the MLE’s {g,,} exist and satisfy

supsuplogg,(z) < oo a.s..
n xr

This nicely includes the subclass S = LC,,, when fy € LC,,; i.e. the mode m
has been correctly specified. Further consistency results are due to Cule and
Samworth (2010), Rufibach (2006), and Diimbgen and Rufibach (2009). To the
best of our knowledge, this is the first treatment of the consistency and global
rate properties of the constrained estimators.

Theorem 3.1 (Hellinger consistency and rates of convergence).

A. (Doss and Wellner (2016)) If fo € £C, then H(fn, fo) = Op(n=2/5).
B. (Doss (2018b)) If fo € LCy, then H(fy, fo) = Op(n=2/%).
C. (Balabdaoui and Doss (2018)) If fo € SLCy, then H (32, fo) = Op(n=2/%).

Remark 3.2. Kim and Samworth (2016) extend Part A of Theorem 3.1 by
upper bounding the maximal risk of fn: their Theorem 5 implies that
SUP e EfH?(fn, f) is O(n=*%) (considering squared Hellinger rather than
Hellinger distance). They also provide a matching lower bound: their Theorem 1
implies

inf sup EfHZ(fmf) >en 5,

fn fELC

for some ¢ > 0, where the infimum is over all (measurable) estimators f, of
f. Neither upper nor lower bounds for the (Hellinger) minimax risk are known
for either of the constrained density classes we consider in the present paper,
although we conjecture that n~*/5 is the minimax rate of convergence in both
cases.

Remark 3.3. When fy € LC\ LC,,, then we can show that H%fgfg) —as 0
where f§ satisfies

m

K(fo, fo) = qelgg K(fo,9)-

Similarly, when fy € £C \ SLCy, then we can show that H?(3%,g3) —as O
where g¢; satisfies

K(fOugS) = geiéllf':co K(f079)7

but we will not pursue this here since our goal in this paper is to understand the
null hypothesis (or correctly specified) behavior of the constrained estimators
Y, f9, and F?. See Doss and Wellner (2019) for some initial steps concerning

the power of a likelihood ratio test based on 2log A\, when fy € LC \ LC,,.

In addition to considering Hellinger distance, one can consider the sup norm
(on compact sets) as a metric for global convergence. It turns out that the
proofs in Doss and Wellner (2019) rely crucially on knowing the rate of sup-
norm convergence for 3° (as well as for @,,). Thus we study the sup-norm rate
of convergence for ¢° in that paper. In Theorem 4.1 of that paper we find, when
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the true log-density satisfies a Holder condition of order 2 and <,062) (m) < 0, that
the rate of convergence is (log n/n)2/ 5 on compact sets interior to the support

of fo.

4. Local limit processes and limiting distributions at fixed points

Our goal in this section is to describe the limiting distributions of our estimators,
both unconstrained and constrained, at fixed points z¢ (and m and 0) at which
the true density fy satisfies a curvature condition. We also want to compare and
contrast the behavior of the three different estimators.

4.1. The limit processes, unconstrained and constrained

We first need to introduce the local limit proceses which are needed to treat
the local (at a single point or in a neighorhood of a point) limiting distributions
of the estimators, unconstrained and constrained. For all of our estimators (in-
cluding the unconstrained and the two different mode-constrained estimators),
the limit distributions are not Gaussian. Rather, they are defined in terms of
so-called invelope processes of integrated Brownian motion. We first recall the
invelope process related to the limit distribution for the unconstrained esti-
mators; this process was first presented and studied in Groeneboom, Jongbloed
and Wellner (2001a) (and shown to yield the limit distribution in several convex
function estimation problems in Groeneboom, Jongbloed and Wellner (2001b)).
Let W be a two-sided standard Brownian motion starting at 0 and for any ¢ € R
let

X(t)=W(E) -4, Y(@) = /tX(s)ds = /t W(s)ds —t*. (4.1)
0 0

Theorem 4.1 (Groeneboom, Jongbloed and Wellner (2001a)). Let W, X, and
Y be as in (4.1). Then there exists an almost surely uniquely defined random
continuous function H satisfying the following conditions:

(i) The function H is everywhere below Y :
H(t) <Y(t) forallteR.

(i) H has a concave second derivative.
(ii) H satisfies
oo
| e -y -o
— o0
The random variables H(?)(0) and H®)(0) give the universal component of
the limit distribution of f,(z¢) and (f,) (zo); see Theorem 4.5, below.
Theorem 4.1 concerns a process H, related to the unconstrained concave es-

timation problem. In the mode constrained estimation problem, fy € £LC,,, in-
stead of having one process we have two, one for the left-hand side of 0 (negative
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axis) and one for the right-hand side of 0 (positive axis). (Here, 0 corresponds
to the mode m, by a translation.) The definitions of the left- and right-hand
processes depend on a random starting point for the corresponding integrals
involved, which we will eventually denote 7, and 7z (this is made clear in
(4.3)—(4.5), below). To define 71, and 7, we must define rigorously the possible
‘bend points’ of P°. To describe the situation exactly, we also will define ‘bend
points’ 79 and 72, satisfying 79 < 7z and 70 > 7, where the inequality may or
may not be strict; these bend points arise in (4.10) below. For a concave function
g, we let ¢’(-—) and ¢'(-+) be the left and right derivatives, respectively (which
are always well defined).

Theorem 4.2. Assume that {HL(t): t <0} and {Hg(t) : t > 0} are random
processes with concave second derivatives so that @°(t) = Hg)(t)l(,oo’o) (t) +
H}g)(t)l[o’oo) (t) satisfies " € Cy. Define the ‘bend points’ 50 by

(8°(87)° = (8)° = {t e R: (2@ (1) = 0} (4.2)

Neat, define
(@) =0 =sup{t e 80 (B (t—2)=) >0 foralle >0}, (43)
(@) =79 =inf {te 80 (@) ((t+e)+) <0 foralle >0}, (44)
1 =sup (87N (=00,0)) and rp = inf (§°01(0,00)) . (4.5)

Let W be a standard two-sided Brownian motion with W(0) =0, and fort € R
let
X(t) = W(t) —4t?,

TL TL t u
YL (t) :/ / dX(v)du and Yg(t) :/ / dX (v)du. (4.6)
t u TR YTR
With these definitions, we assume that:

(i) —co <71, <0 and 0 < 7r < 0o and

/TR(QEO(U)dv — dX(v)) = 0. (4.7)

(i)
Hi(t) — Yi.(t) <0 fort <0, (4.8)
Hp(t) — Ya(t) <0 for t >0, (4.9)

(i)
[ Vi@ 0= [ ()Y )
i . (4.10)

Then, Hy, and Hgr are unique, as are 17, and TR.
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Theorem 4.2 shows that processes with the given properties are unique; that
they exist follows from the proofs of Theorem 4.8 and Theorem 4.9, which show
that Hy and Hp_exist since they are limit versions of certain finite sample
processes (H 1, HY &).

If 20 is, in fact, piecewise linear, then 70 is just the last knot point 7 of &
with (@%)'(t—) > 0. By Theorem 23.1 of Rockafellar (1970), a finite, concave
function on R such as @° has well-defined right- and left-derivatives at all of R;
the specification of left- and right- derivatives in the definitions of 70 and T_?_
are for concreteness but not necessary since we consider all € > 0.

The distinction between 7 and 7'3 depends only on the behavior of @° at
0, and can be understood by considering the case where the infima in (4.4)
and in (4.5) are actually minima (the infima are attained). In that case, we see
that 7'2 can be thought of as the smallest “right-knot” in the sense that °
has a strictly negative slope to the right of Tﬂ. And 7r can be thought of as
the smallest positive knot. Note that (by concavity) all positive knots are right-
knots, so that 7z > 7{. Note that the infimum defining 75 in (4.5) is taken over
knots that are strictly larger than 0, so that (when the infima are attained) we
have 7 > 0. On the other hand, if 0 is a right-knot then 7'_?_ = 0, so that then
TR and TJOF are distinct. If 0 is not a right-knot, then we will have 7'3 = 7. These
statements are slightly complicated by the fact that T?r and 7r are defined as
infima rather than minima, but the intuitive differences are captured by the
previous description. Corresponding statements hold for 77, and 7.

The distinction between the two sets of knots pairs is important because many
of our arguments depend on constructing “perturbations” of 3", and we can use
different types of perturbations at each pair. This means that the different knot
pairs have different properties: if we replace 71,7 by 72, 7'3 in (4.7), then that
display may not hold, and similarly, if we replace TE,T_?_ by 71,7r in (4.10),
then that display may not hold. The following lemma holds for 72,79 but not
necessarily for 77, 7r.

Lemma 4.3. With the definitions and assumptions as in Theorem 4.2,
@) (t) =0 fort e (r2,79). (4.11)

Now we introduce the appropriate limit processes for the symmetric about
0 mode-constrained estimators. The characterization is similar to that for the
mode-constrained (but not symmetric) processes, but since it is defined only on
[0,00) the processes are not the same.

Theorem 4.4. Assume H™ is a random process on [0,00), and assume that
Y0 = (H)@ € Cy. Define

(8%)°= 5% = {¢>0: (@) D(t4) =0} \ {0},
7§ =inf {t e St (@0)’(15 +e+) <0 foralle > O} ; and

TH = inf ST N (0, 00).
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Fort >0, let W(t) be a one-sided standard Brownian motion with W(0) = 0,
let X(t) = W(t) — 4t3, and let

YH(t) = /Ti /: dX (v)du.

Suppose that TE < oo and

(i)

/O 20 (W) du — dX (u)) = 0, (4.12)
(i)
HT(t)-YT () <0 forallt>0, (4.13)
(iii)
/ (Ht —Y1)d(@°) = 0. (4.14)
[ ,00)

Then HY is unique.

4.2. Unconstrained and constrained pointwise limit theory at
To £ m

The two main limit theorems below will concern the limiting distributions of our
estimators and their derivatives. Recall, we assume that Xy, ..., X, £ fo = e¥o,
where fj is a non-degenerate density on R. The three sets of estimators of fg,

©o, b, and ¢ to be considered are:

A Fuy @y (fa), and (2n)'.
B 2, % (£2), and (85,
C g, ¥n, (gp)'s and (¥))".

Then the corresponding curvature assumptions are:

Curvature Assumption 1. ¢j (o) < 0, where zo € int {z : fo(x) > 0}.
Curvature Assumption 2a. () (z¢) < 0 with zg # m and z¢ € int {z : fo(z) > 0}.
Curvature Assumption 2b. ¢g(m) < 0.

Note that Hall (1984) shows that Curvature Assumption 2b holds for the class
of symmetric a-stable densities on R for all 0 < a < 2. Assumption 1 will be
used for the estimators in A, whereas for the estimators in B and C we will use
Assumptions 2a and 2b. In all three cases we assume Xq,..., X, i fo-

To state our theorem we first define some constants as follows:

@) 1/5 a2 1/5
(o, po) = (fo(fco)3|4fo (x0)|> ) d(zo, o) = <f0(330)(|49ﬁ!7)03 ($0)3>




Mode- or symmetry-constrained LC MLE 2405

(12 1@\
C(x07900) - <f0($0)24'> ) D(:L'Oaw()) - fO(mO)(4l)3 .

Theorem 4.5 (Limiting distributions at a fixed point xg # m).

A. Balabdaoui, Rufibach and Wellner (2009). Suppose that fo € LC and that
the Curvature Assumption 1 holds at xg. Then with H as in Theorem /.1
and p = H",

an@(xo) — folo)) 5(@:0, @0))%5((0))
'3 (fl (o) — fo(z0)) | 20,07 (0
W)~ el | | Clangopo) | O
n/5(@r,(x0) — (o)) D(zo,90)%'(0)

B. Suppose that fo € LCp, and that the Curvature Assumption 2a holds at xo
with xg # m. Then (4.15) continues to hold with f,, @n, (fn), and (@,)’
replaced by f°, 2%, (f°), and (2°)'.

C. Suppose that fo € SLCo and that the Curvature Assumption 2a holds at xo
with ©y # 0. Then (4.15) continues to hold with fn, @n, (fn), and (&n)
Teplaced by /g\gn 1,//;2, (/g\’(r)L)/? and ({/;2),} and C(mOvQOO)’ d(mOvQOO)f C(x()vQOO);
and D(zq, o) replaced by 272/%c(xg, ¢0), 27/5d(x0, p0), 272/°C(x0, o),
and 2_1/5D(l’0, (po)

Remark 4.6. (i) Comparing the MLE’s for £C and £C,,: Note that the limiting
distributions in A and B at a point zy # m are the same. At a fixed point
xo # m, the constraint that the mode is known does not help in estimating the
function at zy. As we will see below, this picture changes when zg = m.

(ii) Note that the rate of convergence of fg and g% as z9 # m (or zg # 0
in the case of g°) is n=2/% in contrast to the n~!/® rate achieved by the naive
estimators discussed in Subsection 2.2.

(iii) Comparing the MLE’s for £C and L£C,, with the MLE for SLC,,: The
limiting distributions for the symmetric log-concave class SLC in C are smaller
than the limiting distributions of the MLE’s for the possibly asymmetric log-
concave classes £C and £C,, by a factor of 272/5 ~ 757858 . .. for the functions
themselves and by a factor of 271/% ~ .870551... for the derivatives of the
functions. Thus the symmetry constraint substantially reduces the variability of
the estimators (see also Figure 3).

4.3. Mode-constrained and symmetry-constrained pointwise limat
theory at o = m

The limit distribution of the mode-constrained estimators at a point xy depends
on whether xqg = m or zy # m. In the latter case the asymptotics are the same
as the unconstrained estimator, but in the former case they depend on the
mode-constrained limit process.
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Theorem 4.7 (Limiting distributions at m).

B. Let Curvature Assumption 2b hold. Let constants c(xo, o), d(zo,¢0),
C(wo,¢0), and D(zg, o) be as given in Theorem 4.5. Let @° be as in The-
orem 4.2. Then

n2/3(f3(m) - fo(m)) c(m, 0)3°(0)
() (m) = fo(m)) | 4 | d(m. o) (@°)'(0) (4.16)
n2/%(39,(m) — o(m)) C(m, ¢0)3°(0) '
nMP((@0) (m) — gh(m)) D(m, ¢0)(@°)'(0)

C. Suppose that fy € SLCy and that the Curvature Assumption 2b holds at
m = 0. Then

n2P@0) ~ fo(0) Y 4 [ 272/%(0,0)3°(0)
( n?/5 (19 (0) — ¥0(0)) > 7 ( 272/5C(0, ¢0)¢°(0) ) i

where 120 18 giwen by Theorem 4.4.

We label the parts of Theorem 4.7 as “B” and “C” to be in parallel with
the labeling in Theorem 4.5. Notice that for the symmetric MLE, ((g%)'(0)
and ((¢2)'(0) are always both equal to 0, the value of 14(0) and of ¢}(0), so
we do not state a limit theorem for these estimators. Theorems 4.5 and 4.7
follow from more general theorems about the estimators not just at x¢ but in
local n~1/5 neighborhoods of g, stated below as Theorems 4.8 and 4.9. The
“local neighborhood” Theorem 4.8 is the version from which we can derive
the limit distribution of the mode likelihood ratio statistic 2log A, studied in
Doss and Wellner (2019). Monte Carlo estimates of the distribution functions
of @’(0) and of ($°)'(0) are presented in Figure 1 (left plot). Note that ($°)'(0)
is stochastically smaller than @'(0).

4.4. Local process limit theory, mode- and symmetry-constrained

Here we state the local process limit theorems behind Theorem 4.7 B, where
xo = m. In this subsection we will formulate a more general version of that
theorem which applies to our estimators in n~'/® neighborhoods of m.

Recall the definition of Y in (4.1). Now, for positive numbers a and o, Let

Yoot) =0 / t W(s)ds — at* < o(c/a)*/*Y ((a/0)*/5),  (4.18)
0
YO () = oW (t) — dat® £ 6(a/o) /Y D ((a)0)¥/5¢). (4.19)

a,o

Let Hy »,Hp 4,6, and Hp 4, denote the unconstrained and mode-constrained
left- and right-processes for Y, ,. Then

Hoo(t) £ o(0/a)*PH((a/o)?/5t),
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HM(t) £ 0(0/a) P HY ((a/0)?/5t),
and

Pao = HED LoV H®) (af0)?.) (4.20)

a,o

Identical scaling relationships hold for Hp, , +, Hp a0, and the corresponding
)

a,o”
< 04/5(11/5H](;L.2)((a/0)2/5~). (4.21)

Theorem 4.8. Let Curvature Assumption 2b hold. Let H be as in Theorem 4.1
and let = H" and let @° be as in Theorem 4.2. Let o = 1/\/fo(m) and

a= |<p52)(m |/4!. Then

derivatives, including &) , = HE

R = HE

R,a,0

n?/%(@n(m +n=/2t) — go(m)) Pao(t)

n!5(@, (m+ 07 —gh(m) | a4 | Pholt)

n?/2(85 (m +n~2t) — po(m)) oo (t)
n!O((80) (m +n=1/5t) — g (m)) (@a,0)' (1)

as processes in (Coo X Doo)?, where Co is the set of continuous functions on
(—00,00) with the topology of uniform convergence on compact sets and Do
is the set of right-continuous with limits from the left (“cadlag”) functions on
(—00, 00) with the topology of My convergence on compacta. (The My topology
is discussed in detail in Subsection 8.2.4).

A similar useful result for the symmetry constrained problem which general-
izes or extends Theorem 4.7 part C is as follows.

Theorem 4.9. Suppose that the Curvature Assumption 2b holds and fo €
SLCy. Let 0 = 1/4/2f0(0), and a = |<p(()2)(0)\/4!. We let Y, , and Yaq,) be as
in (4.18) and (4.19), and HJ ,(|t]) be the corresponding symmetry-constrained

process for t € R as in Theorem 4.4, and let 12)\20(|t\) = (H;S,)"(|t]). Then
0?20 (n=1/%4) = o (0)) 00 (1t)) 199
<n1/5<<w2>'<n1/5t) — e ) 7\ @Ry (422)

as processes in Coo X Doy with the topology of uniform convergence on compacts
on Co, and the My topology on De.

Remark 4.10. To this point we have focused on the case in which the point
of symmetry m is known (and equal to 0). If m is unknown (and possibly
different from 0) and fo € SLC,,, then it is well-known that m is also the mean
and median of fy and hence it can be estimated in several different ways by
estimators 1 satisfying \/n(m —m) = O,(1). For example, we could take m =
X, or m = F,;(1/2), the sample median. Then we can proceed by assuming
that fy € SLC; and carrying out the estimation as described above with the

X,’s shifted by m. Denote the resulting estimators of g and ¥ by §2 and 1&2
Then since n=/2 = o(n=2/°) it is easily seen that that Theorems 4.5 C, 4.7 C

and 4.9 continue to hold with g% replaced by é,ol and 1&2 replaced by 1&2
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Fic 1. Monte Carlo estimates of limit distributions for estimation of the derivative and the
mazimum. The left plot gives Monte Carlo estimates of distribution functions of |2’ (0)| and
[(@°)/(0)|. The right plot gives density estimates of N(p) and N(@°). The number of Monte
Carlos used is 103, each with sample size 10*. Here, we sampled from N(0,1) (although this
is inconsequential).

4.4.1. Asymptotics for the mazimum

We now consider the asymptotic distribution of estimators of the maximum
functional N(f) = sup,cp f(z). The maximum functional is of interest, for
instance, in Polonik (1995) (see page 872). An estimate of N(fp) is needed for
estimation of functionals of the form [ f¥(z)dz. In the mode constrained case
where fo € LCo, n?/3(N(f2)=N(fo)) = n?/5(f°(m)— fo(m)). In the symmetry-
constrained case with fo € SLCy, n?/°(N(3%) — N(fo)) = n?/°(g2(0) — £o(0)).
Thus the asymptotic distribution in those two cases is given by Theorem 4.7.
We present the asymptotic distribution in the unconstrained case here. In fact,
in the unconstrained case, we can present a somewhat stronger result, where we
allow the possibility of increasingly flat modal regions.

Theorem 4.11. Let W denote two-sided Brownian motion starting at 0, and
define Yi(t) = f; W (s)ds — t**2 for k > 2 an even integer. Let Hy be the
lower invelope of Y, as defined in Theorem 2.1 of Balabdaoui, Rufibach and
Wellner (2009), and let oy, = H}gz). Suppose fo € LC and that ng)(m) =0 for
ji=2,...,k—1, gp(()k)(m) < 0 and wgk) is continuous in a neighborhood of m.
Then

! CEED (L, — M(fo)) ) ( ex(100) M (Pr) )

nb/CHD(N, = N(fo) )

where

L k+2)12 ) fo(m)k+1 ) (m
ex (o) = (W) (o) ( sl T | ”).

We compared, by Monte Carlo, the densities of N(p) (note @ = @) and of
N($°). See estimates in Figure 1 (right plot); those estimates are log-concave
MLE’s (based on Monte Carlo simulations, as described in the caption).
Additionally, simulations not presented here indicate that P(|N(g%) < t) >
P(IN(p)| <t) for all t > 0 (i.e., [N(3%)] is stochastically smaller than |N(3)]).
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The estimated density of N(®) in Figure 1 should be compared with the es-
timated density of (0) given in Figure 1 of Azadbakhsh, Jankowski and Gao
(2014), noting that their C(0) is our $(0).

Remark 4.12. As is well known, one can see from Theorem 4.11 that the rate of
convergence of the mode decreases as k increases, while the rate of convergence
of the maximum increases (and gets closer to n'/2). One can also check that
ex(log f) \( 1 and cp(log f) 1 when f(z) = Cyexp(—|z|*/k) where k is an

even integer.

5. Simulation results

Software to compute the mode-constrained estimator, and also to implement
the likelihood ratio test and corresponding confidence intervals studied in Doss
and Wellner (2019), is available in the package logcondens.mode (Doss, 2013a)
in R (R Core Team, 2016). Here we illustrate the existence and characterization
results on simulated data in Figure 2. There are two columns of four plots. The
left column includes the mode-constrained log-concave MLE. The right column
includes the 0-symmetric log-concave MLE. The data points are represented by
vertical hash lines along the bottom of each plot. The density, log density, and
distribution function are plotted in the top three rows, with the unconstrained
log-concave MLE in red and the true (unknown) function in black. On the left
the mode-constrained MLE is in blue, and on the right the 0-symmetric MLE
is in blue. The emplrlcal df F,, is plotted in green in the third row. In the last
row, we plot Y,, , — . (blue) and Y, g — H 0 - (purple) to illustrate The-
orem 2.4 B (left plot) the corresponding bymmetry constrained process (blue)
to illustrate Theorem 2.4 C (right plot), and Y,, — Hn in red (both plots) to
illustrate Theorem 2.4 A. In all the plots, dashed vertical red lines give S, (%)
and dashed vertical blue lines give knots of the constrained estimator (which
frequently overlap). The solid blue line is the specified mode value for the mode-
constrained MLE. R R

Figure 3 gives plots of \/n(GY — Fy) (“SC”), /n(F° — Fy) (“MC”), \/n(F, —

Fy) (“UC”), and /n(F,, — Fy) (“E”). The left and right plot are each one
simulation with sample size n = 200 and n = 2000, respectively, from a N(0,1)
distribution. The plots show improvements by @0 and ﬁ 0 over ﬁ The MC and
UC lines are indistinguishable when n = 2000 since one needs to plot locally to
the mode 0 to see differences between F}, FO and F when n is large.

6. Outlook and further problems

Motivated by likelihood ratio test considerations as well as potential uses in sev-
eral semiparametric settings, we have introduced estimators for a log-concave
density known to satisfy a further constraint of either having a known mode or
of being symmetric (about 0). Our estimators are based on the maximum like-
lihood principle. The constrained MLE’s that we develop are more challenging
to compute and to study theoretically than certain naive estimators discussed
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Fia 2. Left: Log-concave MLE and mode-constrained MLE of Gamma with density ze™ 7,
x > 0, with n = 50 and m = 1 well-specified. Right: Log-concave MLE and 0-symmetric MLE
of N(0,1) with n = 50.

in Subsection 2.2, but have much better theoretical behavior. We developed a
fast algorithm for computation of the estimators which is made available in the
logcondens.mode package for the R programming language. We found that the
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F1G 3. Empirical processes for the symmetry constrained (SC) log-concave MLE, mode con-
strained (MC) log-concave MLE, unconstrained (UC) log-concave MLE, and empirical (E)
distribution. We used a sample of n = 200 (left) and n = 2000 (right) from a N(0,1) distri-
bution.

constrained MLE’s are consistent and indeed we presented the n~=2/® rate of

convergence, globally and locally (with some proofs given in Doss (2013b)). We
found the pointwise asymptotic distribution of the MLE’s, in fact; this necessi-
tated studying and characterizing certain limit processes that govern the limit
distributions of the MLE’s. Studying the limit processes in the constrained cases
seems to be somewhat more challenging than in the unconstrained case (i.e.,
than in the case given in Theorem 4.1), because the definitions and characteriz-
ing conditions for the constrained limit processes depend on certain knots (of the
limit process) in complicated ways. Nonetheless, our proofs of Theorem 4.2 and
Theorem 4.4 are different and shorter than the proof of Theorem 4.1; for the
latter, Groeneboom, Jongbloed and Wellner (2001a) initially characterized the
process on an interval [—c, ¢] and then through further tightness-type arguments
they showed that one can let ¢ — co. In the proofs of Theorem 4.2 and Theo-
rem 4.4, we argue directly about a process on (—o0, 00), skipping the step of con-
sidering the process on [—c¢, ¢] and allowing for more direct proofs of the results.

The following are interesting questions beyond those already posed in the
introduction that are motivated by the present work.

(a) One motivation for the study of ]”E given here has been the likelihood ra-
tio tests and confidence intervals for the mode introduced in Doss and Wellner
(2019). But the constrained estimators may be of interest for the study of semi-
parametric two- and k—sample problems with (constrained) log-concave errors.

For example suppose that X,..., X, are i.i.d. with X; L ptei,i=1,...,m,
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while Y7,...,Y,, are ii.d. with Y} <y + 0; where p,v € R and ¢;, J; are i.i.d.
with log-concave density f with mode at 0. Other variants of this problem might
involve constraining f to be log-concave with mean or median at 0 rather than
mode at 0. Constraining f to be symmetric about its mode of 0 and log-concave,
as in Balabdaoui and Doss (2018), is also of interest.

(b) In Balabdaoui and Doss (2018), a mixture density go(x) = Zle 7 folx —
i) is estimated where fy is constrained to be in SLCy, k = 2, pu1 < pa, and
m = 1—my ¢ {0,1/2,1}. Restriction to the case k = 2 is made for identifiability
reasons. Can the asymptotic distribution theory we developed in the present
paper be extended to the MLE of fy (and of gp) in the semiparametric mixture
setting? Extensions to the case k > 2 could also be possible and would certainly
be interesting.

7. Proof sketches and outlines

In this section we give some outlines of the proofs of the results in Section 4. Full
proofs are given in Section 8. Here we outline the material in each subsection of
Section 8.

Subsection 8.2.1:
The main goal of Subsection 8.2.1 is to show the following proposition.

Proposition 7.1. Suppose either Assumption 2a holds (at xo # m) or Assump-
tion 2b holds (at xo = m). Let C >0 and let I,, = [xg — Cn~/5 o + Cn~1/7].
Then

sup [(B5)'(t) — ¢b(x0)| = Op(n™1/%), (7.1)

where (20)' denotes either the right or left derivative, and

sup |85,(t) — po(0) — (t — m0)h(w0)| = Op(n~?/7). (7.2)

We may replace the interval I,, by [€, — Cn='>, &, +Cn='°] for any &, — m.
Then the random variables implied by the O, upper bounds depend on C but not
on &y.

This proposition is of crucial importance for showing the results in Subsec-

tion 4.3 (Theorems 4.7, 4.8, and 4.9). The proof of Proposition 7.1 depends on
the following two propositions.

Proposition 7.2. Let K = [b,c] be a closed interval contained in the interior
of the support of fo € LCy,. Then

sup |ﬁl(t) — @o(t)] =4.s. 0 and sup |f3(t) — fot)] as. 0 as n— oo
teK teK

Proposition 7.3. Suppose that Curvature Assumption 2b holds so ¢ (m) < 0.
Let 79 (&) denote the smallest knot of @Y strictly greater than &,, and let 7°(&,)
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denote the largest knot of @2 strictly smaller than &,. Then for all € > 0 there
exists CY > 0 such that for any random variables &, —p M

Pn5(r0(&,) —72(€,)) > C0) < &

for n > N° for some N°. The integer N° may depend on &, but C° does not
depend on &, .

Proposition 7.2 is proved in Doss (2013b). It is needed to show Proposi-
tion 7.3, which is needed to prove Proposition 7.1. The proof of Proposition 7.1
depends on Proposition 7.3, finding points of closeness of @, and ¢°, and prop-
erties of convex functions. The full proof of Proposition 7.1 is given in Doss
(2013b) (see Corollary 4.2.7 there). Thus the main goal of Subsection 8.2.1 is
to prove Proposition 7.3 about the “gap problem” (a term coined in Balab-
daoui and Wellner (2007)) for the constrained MLE near m. The proof depends
on constructing certain (somewhat complicated) classes of perturbation func-
tions which can be related to Tfﬂ (€,) — 7°(&,), and then applying an argument
pioneered by Kim and Pollard (1990) to these perturbations (see Lemma 8.2).

Subsections 8.2.1 and 8.2.5:
Subsection 8.2.1 is devoted to the proof of Theorem 4.2. The proof proceeds
by defining an “objective function”

b b
susle) =5 [ Pt~ [ gwix(o (73)

for a < 0 < b. Now, @° is not a minimizer of this objective function (which
has finite bounds of integration) but we can show that @° behaves in a sense
as if it were a minimizer of ¢, over a the space of concave functions with
mode at 0. We show that, for certain values a < 0 < b, directional derivatives
of ¢ap, ff A(t)(@°(t)dt — dX (t)), in the direction of a function A (assumed to
be concave with mode at 0), are either nonnegative or in some cases are zero
(see Propositions 8.7 and 8.8 for exact statements). This allows us to argue as
follows. We want to show the uniqueness of any ¢ satisfying the characterizing
conditions of Theorem 4.2. We assume there exist ¢1 and ¢y both satisfying the
characterizing conditions. We examine ¢q, b, (91) — @Pay,bs (¢2) and @, p, (02) —
®as b, (p1) where a;,b; are certain knot points for ¢;. By Propositions 8.7 and
8.8, we are able to show that both of these differences are no smaller than
I" (@1(t) — @2(t))%dt > 0 for n > 0 related to the knot points a;,b;. On the
other hand, after deriving results about the knots a;, b; and relating the processes
@; to the “observed” process Y (see Lemma 8.9), we are able to show that
¢a2,b2 (901) - ¢a2,b2 (502) and ¢a1,b1 (@2) - ¢a1,b1 (901) are also nonpositive, by using
properties of Brownian motion. Thus the difference [ (p1(t) — ¢2(t))?dt = 0.
By letting n — oo, we see @1 = o so the proof is complete. The proof is
somewhat complicated by the fact that the “knots” of the concave function
@° are not separated but rather could be a complicated “Cantor-type” set, as
described in Sinai (1992), and so their behavior requires careful analysis. The
proof of Theorem 4.4 in Subsection 8.2.3 follows a similar argument.
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Subsection 8.2./:

Theorem 4.5 A about the unconstrained estimator is Theorem 2.1 of Balab-
daoui, Rufibach and Wellner (2009). Part B of the theorem is then proved in
an identical fashion as that theorem, because for n large enough, in an n~1/%
neighborhood of xg # m, the constrained and unconstrained estimators satisfy
the same characterization. Part C then follows from Part B. The main focus
of Subsection 8.2.4 is to show Theorem 4.8. Theorem 4.9 follows in a similar
fashion. Theorem 4.8 proves Theorem 4.7 B, which we show now. A similar
argument shows that Theorem 4.9 proves Theorem 4.7 C.

Proof of Theorem 4.7 B. Note that, now with ¢ = 1/y/fo(m) and ¢ =
|<p(()2) (m)]/4!, (4.21) equals

where

and we note that

_ _ 4!
’YWS/Q =o' = V fo(m), ’ng =a = —r (7.7)

4! fo(m)? ) o .

— =C(m, = 2
o) <|soé’<m>|

T3

This gives the constant in the limit distribution for @2 (m). For (@9)'(m), we
see from (7.4) that

@) =o =5 (@) (/). (7.9

and 1/v1v3 = D(m, o). Thus Theorem 4.7 B follows from Theorem 4.8. O

Next we briefly outline the proof of Theorem 4.8. We define two sets of
localized processes. We need to define left-side and right-side processes; for ease
of exposition, here we only discuss right-side processes. We let ¢,, ;, = m+bn=1/%.
We let s, r be any knot (sequence) of @2 strictly larger than m satisfying
n/5 (s, r —m) = O,(1). The first set of localized processes is the “f-processes”
(written in terms of the densities and the empirical distribution):

tnb v
Y] (b)) =0/ / ( / (dF,, — fo(m)d)\)> dv,
Sn,R Sn,R
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~ tn,b v 2
H;, p(b) =0 / / (F5 = fo(m)dX | dv+ Apgn"/? (b = sn.1),
Sn,R Sn,R

where A, p = n3/5 (Fn7R(sn7R) — ﬁ,?)R(sn,R)) and An7Rn1/5(tn,b — Sp.Rr) I8
shown to be asymptotically negligible. These processes are needed because we
can show that

Y/ 7 () = Vfo(m) / dev_f(g%(m)/ / u;dudv (7.10)

Yn,R

where v, p = n'/®(s, r—m) and W is a standard Brownian motion with W (0) =
0 (see Lemma 8.17). Furthermore, the characterization from Theorem 2.4 B
applies to Yf;R and ﬁf;R, SO Yfl,R(b) — fIiR(b) > 0 for b > 0, with equality at
certain points (see Lemma 8.18).

On the other hand, the tightness proposition from above, Proposition 7.1,
applies to the log-densities. Thus we define the second set of processes, the
“p-processes”, written in terms of log-densities:

Y! L (b) tne
Y (b) = L,n‘lﬁ/ / R (u)dudwv,
n,R( ) fo(m) R ( )

tn,b v An n1/5 tn — Sp
Az = [ [ (@800~ olm) dudo 4 At = )
Sn,R Sn,R

fo(m)

where RY is a remainder term. These are related to the f-processes by a Taylor
expansion (the delta method). One can translate the characterizing inequalities
from the f-processes to the p-processes, to see that Y}, (b) — ﬁf’R(b) > 0 for
b > 0 with equality at certain points. By (7.10), Yﬁ,R can be shown to converge
to a limiting Gaussian process. Furthermore, we can apply Proposition 7.1 and
the Arzela-Ascoli theorem (after analyzing various remainder terms) to see that
ﬁ:f’R is tight (Lemma 8.24).

Finally, we make a subsequence argument using tightness. By tightness, Pro-
horov’s theorem, and the Skorokhod construction, for any subsequence we can
find a further subsubsequence that converges almost surely to a limit process. By
using the characterization (Lemma 8.21, and by analysis of various remainder
terms), we show that the limit process must satisfy the unique characterizing
conditions given by Theorem 4.2. This shows the limit is the same along all
subsequences and so the unique process @° given in Theorem 4.2 is the limit,
which completes the proof. The argument showing that the characterizing con-
ditions pass from the finite sample processes to the limit process is somewhat
complicated by the fact that the integrands in question are defined to begin at
random knot points.

Another issue of note is that (%)’ is a discontinuous function. We must
choose or find an appropriate metric space in which to study its convergence; the
metric we choose is the so-called M; Skorokhod metric, which differs from the
(perhaps more standard) J; Skorokhod metric (referred to as “the” Skorokhod
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metric in chapter 12 of Billingsley (1999)). The J; metric unfortunately does not
allow multiple jumps to approximate a single jump, whereas the M7 metric does.
Since we do not have a proof that multiple jumps of (#?)’ do not approximate
a single jump in the limit, we must use the M; metric. See Lemma 8.23 and the
preceding text for further discussion.

8. Proofs
8.1. Proofs for Section 2

Proofs of Theorems 2.1 A, 2.2 A, 2.4 A and Corollaries 2.7 A and 2.8 A may
be found in Pal, Woodroofe and Meyer (2007), Rufibach (2006), and Diimbgen
and Rufibach (2009). Proofs of parts B and C of Corollary 2.7 and part B of
Corollary 2.8 follow from the corresponding parts of Theorems 2.2 and 2.4, much
as in the unconstrained case, A. It remains to prove parts B and C of Theorems
2.1, 2.2, and 2.4.

In the following proofs, we let C, ,, denote the (random) class of concave
functions with knots at the Z;’s and support on [X (1), X(,)], and let K, ,,, denote
the class of concave functions ¢ with knots at the Z;’s and where e is a density
with support [ X1y, Xn)].

Proof of Theorem 2.1. Proof of Theorem 2.1 B: As in the unconstrained case
(Theorem 2.1 of Diimbgen and Rufibach (2009)), it is easy to argue that the
solution is piecewise linear with knots at the Z;’s, and that @° is flat either
directly to the left of the mode or directly to the right of the mode as long as
the mode is not a data point. If the mode is equal to one of the X;’s then the
proof given by Rufibach (2006) for the unconstrained MLE existence applies
directly. Thus assume the mode is not one of the X;. Consider a sequence {v;}
which has limit coordinates v = (71,...,7n) which may be +oo. Let ¢, be
the piecewise linear function given by linearly interpolating . Then ¢, has a
flat modal region on [Z;, Z;] for some ¢ < j. Since fe%(z)dx = 1, we have
oy(m) < log(1/(Z; — Z;)). Since m is the mode of ¥ no coordinate of v is
positive infinity, if one of the coordinates is —oo then ¥,,(¢~) = —oo. This shows
we can consider the continuous function ¥,, on a compact set S0 it achieves a
maximum. The proof that if @n maximizes ¥,, over C,, then f e¥n@)dy = 1 as

well as the proof that v, is unique are as in the unconstrained case (Rufibach
(2006)).
For Theorem 2.1 C, note that

I I I
argmax — log g(X;) = argmax — log g(|X;|) = argmax — log g(| X;
g 3 log (X)) = argmax 3 log (1) 2 2 loga(1i)

where the last argmax is over log-concave functions with mode at 0 and which
integrate to 1/2 on [0, 00). O
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The proof of Theorem 2.2 B is standard. See Doss (2013b). For the proof of
Theorem 2.4 B we need to introduce a certain cone C C R? (defined, e.g., on
page 13 of Rockafellar (1970)). We say the cone C is (finitely) generated by a
set {b; € C:i=1,...,k < oo} if for all ¢ € C' we can write ¢ = Zleaibi for
some nonnegative numbers «; > 0. Let (z)— = min(z,0) and (z)4 = max(z,0).

Proposition 8.1. C, ,, is a convex cone with finite generating set given by

{(x = Zi)Yaci<k | J{(Zi — 2)_hrcion 1 [ J{£1}
Proof. 1t is clear that C,,, is a cone because concavity and the mode are
preserved under positive scaling. For ¢ € Cp m, with ¢/(Z;—) = Zf:l a; for
i < k, with, ¢'(Z;+) = Z;:k b; for i > k, and with ¢(m) = C, we can write
pa) = C+ Xy aile = Z) + XI5 bi(Zi —x) . O
Proof of Theorem 2.4. Proof of Part B: First we assume @Y is the MLE and use
(2.5) to show that (2.8) and (2.9) hold. Using the generating functions described

in Proposition 8.1 as our A yields equations (2.8) and (2.9) via integration by

parts. That is, for ¢ < m, we choose A(x) = (x — t)_ (which is concave with m as

a mode). Then integration by parts yields — f;(l) F(z)dx = ;,(((1’;) (z—t)_dF(x),

by Lemma 9.1 B, for F equal to either F,, or F since Fn(Xy—) = ﬁ,?(X(l)—) =
0. Thus, by our initial characterization (2.5), we get (2.8). Similarly, for ¢ > m,
let A(xz) = (¢t — z)_; this yields

Xn)
(t*Xm))]Fn(X(n))*/t Fp(z)d(—z)

. Xny
< (t=Xmy) B (X)) —/t F(z)d(—z),

and, recalling that we have already shown ﬁ,?(X(n)) = 1, this is equivalent to

ftX(") F(z)dz < ftXm) FY(x)dz, so we have (2.9). We get equality at some knot
points also: set A(x) = (z — b), where b > m is any RK. Then, by the definition
of a RK, A is an allowable perturbation because @9 (b+) — @%(b—) > 0 so for
some d small enough, @2 + JA is still concave with mode at m. Using this A we

get
X

- [ < [y

X X )

~ Xy
= B(X0) (X = 8) = [ Bo(o)ie
so that be("’ F,(z)dx > be(”) FY(x)dz, and thus for any b > m that is a RK we
have the inequality both ways, be(") F,(z)dx = be(") F9(x)dz. We have thus
shown that (2.8) and (2.9) hold with the appropriate equalities.
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Now we will show the reverse implication. We assume (2.8) and (2.9) hold
and consider A with support [X (1), X(,,)] and piecewise linear with knots at the
Z;. These are all the A’s we need to consider, since the rest were ruled out
previously by elementary considerations. We also need @9 + A to be concave
with mode m. Now, we do not know if m will be a NK or a LK or a RK, so we
argue by cases. If m is a knot for ¢2 in one direction, Without loss of generality,
we can say that m is a RK and we have [ F,(z)dz = [ F(z)dx for any ¢ > m
that is also a knot. Recall that we have deﬁned the 1nd1ces 1 =J1,...,J10 =N
so that Z;, are the knots. We write

l Ji
=Y —Ciliz,_,<r<z )+ Y. Biliz,_<r<z,) (8.1)

i=2 J=jio1+1

with 8; > 0 and all C; > 0. Since m is a RK, m is not also a LK (otherwise
m is simply a knot and @° coincides with the unconstrained MLE and the
characterization of the unconstrained MLE in (Diimbgen and Rufibach, 2009)
implies we are done). This forces C}, = 0 (which refers to the interval (Z;, _1,m =
Z;,]). We thus have

/AdIFnzA(X(n)) c/ 2) dz + Z ﬁj/ F, (z)dz

j=ji—1+1 Zji—1
< A(X(n) — Z c/ ) dz+ Z ﬂ]/ 7O (2) da

Jj=Jji—1+1 Zj; -1
:/Adﬁg

as desired, where the inequality follows from noting that —3; [ ZZ I Fp(z)dx <

—B; f z, (x)dz by assumption and because 8; > 0. We also have
Zj; di 70
C; z)dx = C; /
Zji—l Zj;—1

for all ¢ except for ¢ = p, by the equality-at-knots assumption. However, for
i = p, we have C; = 0. An analogous argument holds for the case where m is an
LK and for the case where m is neither an LK nor an RK.

Part C follows as in the proof of Theorem 2.1 C; g is the MLE over £Cq
of | X1|,...,|Xn|. Thus we apply the result of Part B. Note that 0 € Sn(ﬂg) N
[0, | X ()] only if (19)(0+) < 0 (so that 0 is a right knot). This is only possible
if 0 is an observed data point. O

Proof of Corollary 2.7 B and C follow as in the unconstrained case (Corol-
lary 2.5, Diimbgen and Rufibach (2009)).
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8.2. Proofs for local rates of convergence, limit processes, and limit
theory

8.2.1. Proofs for local rates of convergence

This section is devoted to showing, Proposition 7.1, stated above, which is
needed for proving Theorems 4.8, and 4.9. See 7 for a discussion of the proof
of Proposition 7.1, the full details of which are given in Doss (2013b) (Corol-
lary 4.2.7). Our main goal here is to prove Proposition 7.3.

Proof of Proposition 7.3. We first consider the case &,, = m. For ease of notation
and without loss of generality, we assume m = 0 and abbreviate 727 +(0) by 727 4
and 7., _ by 70 _. We will argue via a family of perturbations which can be
separated into subfamilies, depending on whether 0 is a left-knot (LK), 0 is a
right-knot (RK), or 0 is not a knot (NK). If 0 is a one-sided knot (LK or RK),
we have different perturbation subfamilies depending on whether 77?7 > - T
or not. We will start with the case in which 0 is a LK and we construct A that

has the two properties

/T"'+ A(t)dt = 0, (8.2)

0
/ EA(t)dE = 0, (8.3)
T

Whereas in the unconstrained case construction of such an acceptable perturba-
tion function was straightforward (Balabdaoui, Rufibach and Wellner, 2009), in
the constrained case, construction of such a A that is an acceptable perturba-
tion (i.e. keeps the mode fixed) is much less straightforward. We consider several

cases separately.

Case 1 7., > —7, _.In this case we define
0
n, 0
70 +Imz( ) (ti,rgy_), TS,— <t< -rn4,,
ER
(0]
Arko(t) =79 +my-(—t), T <t <0 (8.4)
(7o 4 — 1), 0<t<7y,
0, otherwise,
where .
—9 — 3 nt -0
L 0 0 _ “Tn,— n,+
my i=ma(T, _, T, ) = " —5 )
1 -5 n n,—
This function has integral
0 0 0 0 0
(Tn,+)(57n,+ — Tn,—)(Tn# _ T"a‘) = Mpk 1(7’0 — 70 )
= ,case n,+ n,—/*

2050 4+ 710 )
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Case 2 7)), < —7, _.In this case we define

n,

0
(t—70_), <t T
’TD ’TO TO
ne — 1) 4+ my - (= — 1), 5= <t<0
Arko(t) = - .- (8.5)
k) —_ 2 + _
% (7'7(3,+ —t), 0<t<r, ’;L,—‘r
0, otherwise,
where 0 0
21, _ 4+,
0 0 n,— n,+
mo (=M , e S ——
2 Q(Tn,f Tn,+) 27_7(2,_ . 57_7(3,+
is defined so that (8.3) holds. This function has integral
_TS,—(3TS,+ - TS,—)(TS,+ - 7'7?,—) _ 0

0
107_0 - 47_0 = MLK,ca552(7n7+ - Tn,_)~
n,

n,—

Then we define

ALK,l(t) = ALK@(t) — MLKI[TS,—VTS,Jr](t)’ (86)
where
(1o +)(5Tn+ ), —Tn B3 L — 7 )
M = 2 2 ) s s 1
LK 2579, +70_) Lro >0 1070, — 40 _ (10 <70 _1s

is 0,(1) by uniform consistency of @2 and is the appropriate shift so that (8.2)
holds. Then Apgk, is an acceptable perturbation for @Y, since we can have
mg > 1 when 0 is a LK, and Ak 1 has the properties (8.2) and (8.3). We also
define Ak 1 analogously as Ak 1, with analogous constant Mprg-.

Now consider the case in which 0 is not a knot (NK). In this case, because
(@9) (t) =0 for all t € (1) _, 7)) ,), we only need A to have the property

/T" T A()dt = 0. (8.7)

So, if 7 y > —7, _ define

0

T (t -7l ), fortelr) 0]

Ankolt) = (70, —1), for ¢ € 0,79 ] (88)
0, otherwise,

and if 7)) , < =77 _, define

(t—70_), for t € [0 _,0]

Anrolt) = § 0= (T — 1), fort €0, ] (8.9)
0, otherwise.
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Denote h; = max( 3+, —7',3 _) and h, = min(7) ,,—77 ). We then compute
[ Ango(z)dz = hy(r0 3 )/2, so set
Iy
ANK,l(x) = ANK’O(J;) — _1[Tn _).,_n +]($), (810)

so that (8.7) is satisfied. Let
Ao(2) = Ark,0(T) 1 is RK] + ALk ,0(T) 1 pm is Lk] + ANK,0(2) 1m is NK]»
My, = MRk 1y is RK) + MLk Lpm is LK) + Ml is NK]»

and let

A (2) = Ark,1 (%) 1 is RK] + ALk,1(2) 1pm is Lk] + AN (2) 10 is NK]

— Ao(e) - M. (8.11)

Note that M, is 0,(1) by uniform consistency in a neighborhood of m. By the
characterization Theorem 2.2B and Corollary 2.7, we see that

/Ald(]Fn—Fo) = /Ald(ﬂ?n—ﬁ,?) +/A1d(ﬁ3—Fo)
7_0
~ n,+ ~ ~
:/Aod(Fn_Fg)_Mn/ d(Fn_Fr(L))+/A1d(F£_FO)

0
Tn, +

<M,

/A1 (P~ fo)(@)de

< 2, / Av(@)(F — fo)(@)dz (8.12)

Then Lemma 8.2 yields

‘/Ald(lﬁ‘n — Fy)

[ MR~ oo < ~Khi + o,(h)

for some K > 0 and where we picked e from Lemma 8.2 to be K/2. So, by
rearranging (8.12), we have

.. K
< 0,(n~4%) + 5h;‘, (8.13)

K(1+o,(hf < - / Ay (2)(Fo — fo)(@)dz

2M, 2M,

IN

/AldIF —Fy) <

- K
Op(”74/0) + Ehilv

‘/AldIF ~R)

IN

and hence
(K/2+ 0p(1))h) < Op(n=*/7)
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are both bounded by

which yields 0 < hy = Op(n~"/%). Since 70 , and —70 _
h;, we are done for the case &, = m.

Extending to the case where &, — m rather than being fixed and equal to m
follows from considering the event m € [7) _(&,), 7 | (£x)] and its complement

separately, and then by showing on the event m ¢ [10 (&), 70 4 (£n)] that
T,?’Jr(fn) - Tg,(gn) = 0,(n~1/%). This is straightforward. O

The following lemmas were used.

Lemma 8.2. We continue with the setup of Proposition 7.3. That is, we define
h = max(r) , —m,m — 1) _), hy = min(r) | —m,m — 77 _) and Ay as in

(8.11). Then for all e > 0, ;

‘/ Ad(F, — Fy)| < ehf + 0,(n~4/%) (8.14)
and oVl (0
[ @@ - e < - 2SO o), 5.9

where K > 0 is from Lemma 8.3, and does not depend on fy.

Proof. We examine [ Aq(x) (ﬁ — fo)(z)dz by repeated Taylor expansions, where
we let A1 be Apk 1 or Aygk 1, and we will expand at m, which we again take to
be 0, without loss of generality. Write (0 — fo) = fo((f°/fo)—1) = fo(exp{®? —
o} — 1). Then write d,, = 2% — g so we can expand

exp(dn(t) =1 = Y d”i(!t)z n efl,n,,,%’

=

D) P (o)t
1 + |
il 21

folt) =

for t € [72’7, TPL#], where &, is between 0 and d,,(¢) and & ,, ¢ is between 0
and t. So, writing || - ||s as the uniform norm over [r0 _ 79 . ], we can see that

n,—> Tn,+
fo(t)(e®® — 1) equals

= (fo) @ (0)# @) (0,17 \ [ = dn(t)’ d, (1)
(Z(fo)i!() + )2 Ean) ><Z (0 o 2<!>>

=0
= fo(0)dn () + 0p([[dn(t)|oc)

since fo(0) > 0, féi) is continuous and thus bounded on a neighborhood of 0 for
i € {0,1,2}, and, by uniform consistency, d,(t)* and ¢* both go to 0 uniformly
in a neighborhood of 0. Then we examine

1

7'70“ ('L) Tf{, . 72, (2)
/ T AL(#)dn ()dt = > d”‘(O) / THAL ()t +/ : thAl(t)dt
70 il 70 70 2!

n,— 1=0 v, — n,—
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where &0 € [70_,70 . Note that di)(t) = —p{ (), and that since dy is
continuous at 0 we can write dﬁg)(gg)n,t) —d? (0) +&,,(t) where ||en(t)]|co —p O

since 7. . — 7 _ —, 0. Now we consider the different possible forms A; may

take.
If 0 is NK, then (22)®)(0) = 0 = ¢}(0), so
0

Tn,+
/ " A (t)dn(t)de

22 a0y [ Tt en(t)
i—0 I . 2!

To -

) T ™
0 n,+ mt e (t
- _%21( )/U ANk ()dt + /0 #tQANK,l(t)dt (8.16)

Now we show that we get the same expansion if 0 is a LK. Note that for ¢t €
[O,Tfl)#], PV(t) = 2(0) and for t € [7',?)7,0], PV () = @2(0) + (8%) (0—)t. Thus
0

T+ 0 T+
/ Apica (O (t)dt = / Aprcr (O3 ()dt + / Apica (O (t)dt
Tgyf 7'2)7 0

0 0
:‘52(0)/0 ALK,l(t)dtJr(ﬁ;)’(O—)/ tA LK1 (t)dt

0
To

0

To o+
+ @%(0)/ Apga(t)dt
0
=0.

Hence,
0

Tn,+
/ O Ak () (1)t

7—2’+ o TSFF
= [ a0~ [ Auca@en(oi
TO o

n,+

ALK,l (t)(pg (t)dt

I
—

0

2 gy -0
0 n,+ n,+ €n t
= - %i'( : /U t'Apka(t)dt + /(J %ﬁALK,I(t)dt
izo v I 0. &

90(()2)(0) . 2 T+ en(t) o
= — ol /0 t ALK,I(t)dt-i-/o 91 t ALK’l(t)dt. (817)

1, — n,—

Since an analogous statement holds for A 1, we have shown

0

Tn,+ (2) 73,+ Tg,
/0 AL(B)dn(t)dt = _%2!@) / AL (D)dt + / +6"2(!t)t2A1(t)dt

n,— n,— Tn,—
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where ||ey, ||oc —+p 0. Thus

/ M@ (P~ fo)@)de = fo(0)(1+0p(1)) / A () (1)

Fo0)(1 40,1220 / RN

n,—

Lemma 8.3 shows that

n
/‘ t2A(t)dt < —Kh} (8.18)
7_U

which yields (8.15), our desired conclusion:

o+ (2)
/ &@Nﬁgﬁﬂ@wtﬁ 7@Q¥?£MK%+“%)

Now we show (8.14). First for a fixed § > 0, we know that 70 | and 7 _ will
be in [—§, ] eventually, with high probability. Now we consider three families of
functions, analogous to Ark, ARK 1, and Ak 1, respectively. Define Apg 1p.¢
by replacing 70 _ with b and 70 + with cin (8.6). Define Ang 1,5, by replacing
Tg WlthbandT 4+ with cin (8 10). Define Fri p,r := {ALk, b,y|b <a<y, 0<

—b<R}and]:NKbR—{ANKb7y|b<(l<y,O<y—b<R}f01"R> —b.
Deﬁne FRKb,R analogously to Frrpr Let F = FriprUYUFrrb,RYUFNKLR,
and note that F is VC-class with VC-index of 4. Thus Theorem 2.6.7 on page
141 of van der Vaart and Wellner (1996) shows that the entropy bound condition
in Lemma A.1 on page 2560 of Balabdaoui and Wellner (2007) holds for 7. Then
the function F, r(x), defined to be constant equal to (7/4)R on [b,b+ R] and
0 otherwise, is an envelope for F. That Fb R is an envelope is immediate for
A € Fygp,r and for the setting where 7, n+ < — m— and A € Frgp r (and
analogously when 70 4 > —7'27 and A € Frrpr) (For A € Fyrp,r, the
longer interval has slope +1 and the other interval has opposite sign slope. For
the case 7., . < —75 _ and A € Frk g, the interval [70 77 /2] has slope 1
and the slope on the rest is opposite sign (and analogously for Frip.r).) For

the case Tg,+ > 79 and A€ FrK,p,r, We need only note

n,—

0
70 -9 — 3zt
n,+ T —
0<my=— ’ <3,
—Tn7_ 1— 5 Tn +
so that (=7, _/4)ma < (3/4)7) , . Next, we compute the integral of the envelope

squared

b+R
EF2(X) = /b R2 fo(x)dz < || fol| o R®,
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where || folloo is the supremum over R of the (log-concave) density fo, and is
thus universal across b and R. Thus, we can conclude from Lemma A.1 on page
2560 of Balabdaoui and Wellner (2007) that for € > 0 and with s =2 and d = 2,

IN

(70 )+ Oy,

’/Ald(]Fn )

IN

24} + 0, (n™4/%)
as desired. O

Lemma 8.3. For hy = max(r) , —m,m—1)) ), hy =min(r, , —m,m—1) _)
and A1 defined by (8.11), we have

/Al(t)(tfm)2dt < —Kh},

for some K > 0.

Proof. First, we consider Ay 1, assume without loss of generality that m = 0,

and assume 7 | > —7 . Direct computation shows

7'2,+ 0 _ .0 0 \3
/ tALk(t)dt = 5 <(T”’+ 7, ) (Ta 1) )

0 12 57',?7Jr + 7'0,_
_ 5 ()R
- 12 5(7p )
and this is bounded above by
5 ()t () B
12 570, 12 12’

since 7'7?74_ > —70

0
We break f:&“* t2Ap k. 1(t)dt into two pieces. First we see

0 —3(70 )40 | 19(—(70 ))3(s0 )2
/ tzALK’l(t)dt _ (n, ) 9’rg+ 5 ( (On, )) (n.,Jr) < 0.
0 (57—77,7-',- + Tn7—)
Next we see that
0
R 3(=r0 ()~ 5(r0,)°
/ t2ALK,1(t)dt = lé 0 — 0 —
0 (57n + +710 )
< _3(_73,7)(73&)4 +5(70 4 )° - (0 )
- 12-5(79 ) - 12
Thus,

0
Tn,+ (TO )4 h4
£2A tdt < — ot = L
/To T 12
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as desired.
Now we consider Apx ;1 when 7'27 < 7727_, and again split the computation
into two pieces. First we see

0
2, 2070 )2(70 )3 — 3(s0 )
PALa()dt = =t .-
/0 Lx(t) 12(570 , — 270 _)

n,—

Next we find that

0 \5 0 4.0
“ “in,— +95 n,— n
/ t2ALK,1(t)dt _ _( T, s ) . (T s 0) T ,+
20 48(57, 4 — 271, _)
so that
0 0 5 0 4.0 0 3 3 0 \5
Tt n,— -5 n,— n -8 n,— n +12 n
[5 anuatar = Ao =508 ke S e+ 0k
20 ’ 48(57, , — 271, _)
< Lm) 8.19
- 48 - 7 (8.19)

and it remains only to prove the last inequality. To do this, let a = Tg,_ <0<
7'7[27_,_ = b where —a > b. Thus we want to show that

K(a,b) = —5a® + 30a*b + 56a%b> — 84b° > 0

for all a < 0 < b with —a > b. But this holds if and only if J(v, ¢) = K(—v, cv) >
O holds for all v >0 and 0 < ¢ < 1. But

J(v,¢) = K(—v,cv) > v°(5¢® + 30¢” + 56¢° — 84c¢°) = v°c® - 7> 0.

Thus (8.19) holds.
Identical calculations hold for Agrk 1. Now we examine Ay g 1. Direct com-
putation shows

0
Tn.+ 1
2A Hdt = ——
/To () 12

1
(hhe+ hif) < — s hif- 0

8.2.2. Proofs for mode-constrained limit process

This entire section is devoted to the proof of Theorem 4.2, and thus throughout
this section we take the definitions and assumptions as given in that theorem.

Proof of Lemma 4.3. If 0 € SO then one of 79 or 79 is 0, because then (@"H®@
is not constant-equal-to-0 on any open neighborhood of 0; if it is not constant-
equal-to-0 on [0, d) for any 0 < § then (")’ is also not constant on [0, §), so since
0 > (2°)'(0+), we have (2°)/(6+) < 0 for all § > 0, i.e. 7¢ = 0 (of course 7 > 0
since 0 is the mode of @°). Similarly, if (3°)®) is not 0 on any neighborhood
below 0, then 70 = 0.
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Now, if 0 ¢ S then 7° = sup 5° N (—o0, 0] and 79 = inf 59110, 00). If 0 € S°
then we have shown that one of 79 equals 0. Thus, in either case, it is clear that
(@)@ (t£) =0 for 0 <t < 72 and for 7% < ¢ < 0. Thus, regardless of whether
0€ 5% (%)@ and so ($°) are constant and equal to 0 on (12,72), i.e. (4.11)

holds (and so (72, 79) is the modal interval of 3°). B O

The next lemma gives the sense in which @° is piecewise affine.
Lemma 8.4. Assume that Hy, Hg, and 3° are as in Theorem 4.2. Define
Sp={t<0:Hy(t)=YL(t), HL(t) = Y[ (1)},
Sr={t>0: Hg(t) = Yr(t), Hg(t) = Yx(1)},
and S = S;, U S U{0}. (8.20)

Then (¢°)" is a monotonically nonincreasing function and the ‘bend points’ of
@, §0, defined in (4.2), satisfy S0 80, Additionally, with probability 1 the
following statements hold. The sets Sp,Sg, and S° are all closed and have
Lebesque measure 0. For any fived t # 0, t ¢ SO and so (H°)®)(t) is well-
defined.

The lemma says that for any knot 7 < Tg, if 7 < 0 then 7 € Sp. Similarly
if 7 > 7% and 7 > 0 then 7 € Sg. It is possible but not guaranteed that 0 is a
knot and lies in either Sy, or Sg.

Proof. By Theorem 4.2, displays (4.8) and (4.9), H® — Y° < 0, which allows us
to conclude
{t<0:HLt)=YL(t)} ={t <0: H(t) =Y (t),H.(t) =Y/ ()},

{t>0:Hr(t) =Yr(t)} ={t >0: Hg(t) = YR(t),Hﬁ(t) — Yé(t)}; (8.21)

the first line follows since Hy — Yz, is differentiable on (—o0,0), and a differen-
tiable function has derivative 0 at a local maximum (see, e.g., Dieudonné (1969),
page 153, Problem 3, part (a)). The same argument applies to the second line
of (8.21).

Now, the following argument holds with probability 1 and for any fixed ¢ > 0.
On [0, ¢], Hg has a bounded second derivative, so that there exists a constant
a > 0such that Hg(t) := Hg(t)+at? is convex on [0, ¢]. Let Yg(t) := Yg(t)+at?.
Now, Yg + A = Y for an affine function A and where Y (¢) = fot o dX (2)du.
Let Y (t) = Y (t) + at®> = Yr(t) + A(t) so that

{z €[0,¢: Hr(x) = Yr(z)} = {z € [0,c] : Hr(x) + A(zx) = Yr(z) + A(z)}
={ze(0,d: Hr(z) + Alx) =Y (z)} (822

We also have Hr+A < Yp+A =Y by (4.9), so that, letting My be the greatest
convex minorant of ¥ on [0, ¢|, we have Hr + A < My < Y, since Hg + A is
convex and below Y.

Let T = {z € [0,d : My(z) = 57(33)} By the proof of Corollary 2.1 of
Groeneboom, Jongbloed and Wellner (2001a) (see also Definition 1 and Theo-
rem 1 of Sinai (1992)), T' is a (Cantor-type) set which has Lebesgue measure 0;
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(8.22) is contained in T', and thus (by (8.21) and) by letting ¢ — co, we see that
Sk is contained in a set which has Lebesgue measure 0. Finally, Sg is closed
because Hr — Yg and (Hr — Yg)' are both continuous functions. By an analo-
gous argument, we can conclude that S, is closed and has Lebesgue measure 0
and thus also S is closed and has Lebesgue measure 0. By (4.10),

dAO

(@) d(@%)'(¢),

(8.23)

/ wW=o=[
{te(—oo, 70 |:Hp ()#YL(t)} {tE[T_?_7oo):HR(t)7éYR(t)}

(regardless of whether one of 70 or 7% is 0 or not).

__ Thus we now conclude that S0 S0 as follows. If 7 is an element of the set
SO then for any € > 0 (p°)'(r —&,7 + ) < 0 (here (3°) refers to the signed
measure corresponding to (¢°)’). This is by the definition of derivative; since

(%)’ is nonincreasing, & — (%) (7 +d) — (#°)'(r — &) < 0 is nonincreasing.

Thus if
(@) (r+9) = (@°)(r = 9)
20
does not converge to 0 as § N\, 0, then for all ¢ > 0 there is 0 < § < € such that
(8.24) is < const., i.e.,

(8.24)

(@) (7 +e) = (@) (=€) < (@) (r+6) = (§")(r = 8) < 0. (8.25)

Since Hi — YR is continuous on all of R, if Hg(7) — Ygr(7) <0 for 7 > Tﬂ, then
on a neighborhood (7 —¢,7 + ¢) for some € > 0 we have Hrp — Yr < 0 and
so the integral on the right-hand side of (8.23) is strictly less than 0. Thus if
T > 79, then (Hg — Yg)(7) = 0. For 7 > 0, this implies that 7 € Sg by (8.21).
Similarly, if 7 < 79 and 7 < 0, then (Hy — Y7)(7) = 0 and 7 € S;. We have
(2,79 n S0 = by Lemma 4.3, so we have shown that if 7 € §0, then 7 is
either 0 (if one of 70 or 7¥ is 0) or is in S, or Sg, i.e. 7 € S°.

Now, by the proof of Theorem 1 of Sinai (1992), any fixed point ¢ > 0 belongs
to T' D Sk with probability zero. An analogous statement holds for ¢ < 0 and
Sp. Thus, ift # 0, t ¢ S° and so (Hy)®) is concave and affine in a neighborhood

of t, so (Hp)®(t) is well-defined. O
By Lemma 8.4,
HL(TL) :YL(TL) :O7 and Hi(TL) :Y[/,(TL) =0. (826)

This is because, by its definition, either 77, < 0, in which case 7, € S, or there
is a sequence {727"} C Sp with Tgm < 0 for all n. In this latter case, since
Hp — Yy and Hj — Y/ are both continuous, we still conclude that Hp(rz) =
Yi(rr) = 0, and H} (1) = Y/ (7)) = 0. Analogously, Hr(7r) = Yr(7r) and
Hp(mr) = Y} (7r). This suggests the following definitions:

Fu(u) = / " Ow)dy  and  Fa(u) = /uﬁ)(u)dv, (8.27)

Xr(u) = /TL dX(v) and Xg(u)= /u dX (v). (8.28)

R
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It is then true by definition that

:/ Xp(u)du, and Yg(t /XR (8.29)
t

It is furthermore true that

/ / o)dvdu = / P (u (8.30)

Hp( /TR 5 (v )dvduf/ Fr(u)du, (8.31)

TR
since Hp (t U T @0 (v)dudu+ AL (t) where A (t) is an affine function, and
we just verlﬁed 1n (8.26) that Ap(t) = 0. An analogous statement holds for Hg.
Remark 8.5. Note that since S is closed, 74, 7_ are both elements of S°. Also,

it is possible for Hf’) to have a point of increase at 0 without H7 (0) = Y/ (0),

since the inequality (4.8) only holds on (—o0, 0], so not in an open neighborhood
of 0. Similarly for HI(:?). This is why we add the point 0 to S°.

Lemma 8.4 suggests that we can think of 3" as being piecewise affine (with
a potentially uncountable number of knot points), because with probability 1
the union of the open intervals on which @V is affine has full Lebesgue measure
on the real line (meaning its complement has Lebesgue measure 0). For ¢ € R,
we let 79 (¢) be the first knot larger than ¢, and analogously for 72 (%),

Tg(t) = inf (§0 N [t, oo)) and  7°(t) = sup (§0 N (—oo,t]) ) (8.32)

Lemma 8.6. We again assume the full setup of Theorem 4.2. Then, for any
(fized or random) T > 0, with probability 1 there are ‘knot points’ 79(T) and

70(T) in S°.

Proof. We fix T > 0, and we will show that there exists 7 (T) € 5% with
7.(T) > T > 0. We assume for contradiction that ¢° has no knots on (T, cc),
and thus is linear. Thus Hp is cubic on [T, 00), so can be written as Hg(t) =
S, Ai(t — T)* for some random A;. By definition, we have

-/ Xntudu = [ i(X(w — X(rp))du
= /t X (u)du — /OTR X(u)du — (t — 7r) X (TR).

In other WOI"db YR (t) is fo u)du = V(t) + t* plus a random affine function,
where V(¢ fo w)du. Thus we can write

3
Yr(t)— Hr(t) =V(t) +t* =Y Bi(t—T

for some new random coefficients, B; (where only for ¢ = 0,1 are B; not equal

to A;). Now, let o(t) = 1/ 2t3loglogt. Then by page 1714 of Lachal (1997) (or
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from page 238 of Watanabe (1970)), we know that almost surely

t
W (u)d

lim sup 7f0 (u) ¢

t—o00 Qﬁ(t)

Thus,
Yr(t) — Hr(t) V()  t'=3) Bi(t—T)

= EON o) |
which gets larger than 0 for ¢ large enough, as it is almost surely bounded
below by a quadratic polynomial (with positive first coefficient) minus 1. This
contradicts the fact that Yr(f) — Hg(t) < 0 for all ¢, so we are done. Our
argument applies with probability 1 to any 7" > 0, and thus to the entire sample
space of any random 7" > 0. An identical argument works for showing there
exists a knot less than —7'. O

We will not speak of ¢° as a minimizer of an objective function, but we will
instead show that for acceptable A perturbations that [ A(¢)(@"(t)dt—dX (t)) >
0, i.e. ¥° behaves as we would expect a minimizer to behave.

Proposition 8.7. We assume the full setup of Theorem 4.2. Let A : R — R be
concave with mazimum at 0. If a,b € S° with —0o < a < 0 < b < 0o then

/ab A) (@O (t)dt — dX (1)) > 0, (8.33)
and thus, by Lemma 8.6, limsup,_,o, [ A(t)(@°(t)dt —dX (t)) > 0.
Proof. We use the notation g(a,b] = g(b) — g(a) here. We have
/ W@ @t - ax (1)
-/ " AW@FL() - XL () + / " A ER (D) — dXn(t)
.

= [(A(FL - X1))(a,0] 7/

a

((Fi = X0) &) 0|
b
(AR = X)0.8 ~ [ (Fn = X)) (Ot
0
By Lemma 8.4, a € S, b € Sk, and since neither a nor b is 0, we have (Fr —

Xgr)(b) =0= (Fr—X)(a) and we recall (4.10). Also recalling that (Hy,—Y) =
—(FL — X1), we see that the above display equals

—A0)((Fr — X)(0) + (Fr — Xr)(0))

b
— |(Tn = V) ()0 = [ (= Vi) () ()
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0
- [((HL ~ YDA )00 [ (L - n)(t)dA’(t)]
N ( / “ @ -axo)+ [ @ - dX(t)))
+ (HR — YR)(O)A/(O+) — (HL — YL)(O)A/(O—)

b 0
+ [t = Yo nax' @ + [ - viman'o

>0

0

9

where the inequality follows because each of the three lines in the final expression
is < 0, as follows. The first line is equal to 0 by (4.7); the third line is > 0 by (4.8)
and (4.9), and the fact that A is concave so A’ is monotonically nonincreasing
so dA’ is a nonpositive measure; similarly, the second line is > 0 because A has
maximum at 0, so that (Hg — Yg)(0), A’(0+), (Hr, — Y1)(0), and —A’(0—) are
nonpositive. O

The above proof can be extended to A such that @°(¢) + eA(t) € G°, where

GO is the set of concave functions with maximum at 0, but we will not need this
per se. Rather, in the next result we will express the same idea by showing for

knots a < 0 < b that ff@o(t) (P°(t)dt —dX(t)) = 0, and re-express this via
integration by parts formulae.

Proposition 8.8. We again assume the full setup of Theorem 4.2 and assume
that a,b € S°, and a < 0 < b. Then

b
[ 0@ @ - ax)
’ 0 b
= [ = x0@nma - [ (Fr - Xe)@))ea

b

-/ "L - Yo (0d@) () + [ =iy

TR

=0.

Proof. Since a < 0 < b, we again have F1(a) — X (a) = 0 = Fr(b) — Xr(b) by
Lemma 8.4, so

which equals

- [(ﬁ)(FL - Xu))(a0) - [ (P~ Xﬂ(@”)’)(t)dt]
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b
+ @ (Fn = Xa) 0.0 = [ (= Xu)(@)) 00
which equals
0
- @ - xo) - [ (m - x0@od
b
~ @(Fr = X)(0) = [ ((Fr = Xu)(@)) (00t
0 b

= [ = xn@nma - [ (Fn - Xn)@))wa,

where the last equality is by (4.7). Since @° is constant on (7°

0.79), and using
the notation g[c, d] = g(d) — g(c—), we can write the last expression above as

b

| = xn@nwan- [ (Fn - x0@) )0

Hyp —Y1))[a, 0] — / (Hp — Y)(t)d(2°)'(t)

[a7T9]

= (@)
- [«w)'(HR = Yl b - /[ , , =Y i) 0

which equals

‘/['a)TE]

using integration by parts formula (see Lemma 9.1) for the first equality since
Hj;, — Y, and Hg — Yg are continuous, and using (4.10) for the third equality.
The second equality follows from Lemma 8.4, since a knot a and limit of knots
7_ are elements of Sy, and similarly b, 7, are elements of Sg. O

(Hy, — Y1) ()d(@°) (1) + / (Hr — Yr)(H)d(@)' (t) = 0,

[7.b]

Next we prove a representation lemma, analogous to the midpoint result for
the unconstrained (and compact support) case in Lemma 2.3 on page 1631 of
Groeneboom, Jongbloed and Wellner (2001a).

Lemma 8.9. We again assume the full setup of Theorem 4.2. Let 71,75 € S0be
such that @° is affine on [11, 7], and let t € [11,72]. For any function g, we define

Ag = g(12) — g(71) and g = 79(“);9(72), including in particular, AT = 19 — Ty
and T = (11 + 72)/2. Then if 0 < 11 < T2, we can conclude

(Yr(r2)(t — 1) + YR(11)(12 — 1))

)= ar (8.34)
-3 (% + (ALT)?)(XRAT — AVR)(E - ?)) (t—7)(r2 — ),



Mode- or symmetry-constrained LC MLE 2433

and thus )
HR(7_’) = YR - gAXRAT. (835)

If 1 < 15 <0, we can conclude

Yi(r2)(t — 1) + Yi(11)(12 — t)

HL(t): AT
5 (B2 + - Xuar - av) (- 7)) (- ) - 0
2 \Tar T ans ST TSR TT TOATE )
(8.36)
and thus )
HL(’TT) == YL + gAXLAT (837)

Proof. We assume that on |11, 7], that ¥ is linear and thus Hy and Hp are
cubic polynomials. Thus, taking 71 < 75 < 0, Hp, is defined by its values and its
derivative’s values at 7;, for ¢ = 1,2. Thus, if we name the polynomial on the
right hand side of (8.36) Pr, it suffices to check that Pp(7;) and Pj(7;) equal
Hp (1) and H} (7;), respectively, for i = 1,2, to conclude that Hy (t) = Pr(t) for
t € [11,72]. We know that Hp(m;) = Y.(7;) by (4.10) and it is immediate that
Pr(7;) = Y.(7), so we only need to check the derivative values. To differentiate,
we denote

At) = L (‘XL + L(—XLAT — AYL)(t — ﬂ) ,

"2\ Ar (A7)
so that
O T S T L S Y
and
Py = 2O )4 ) - 1)~ A~ 1)~ (7)),
so that
Py(r) = i—}f — A(m)Ar
= % ; { *2? (A4 5 (- X1AT - AYL) <AT) } AT
=—-Xr(m).

This equals H} (71), as desired, since H} (71) = Y/ (71) by Lemma 8.4 since 7 is
strictly less than 0, and Y/ () = —X (7). Similarly, P (7)) = —X(72) and,
letting Pr be the polynomial on the right hand side of (8.36), Pr(7;) = Xr(7)
and Pr(1;) = Yr(m;). Then (8.35) and (8.37) follow immediately. O
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Next, we show a tightness-type of results for the bend points. Recall the
definition (8.32) of 79 (¢) and 70 (¢).

Lemma 8.10. Let the assumptions of Theorem 4.2 hold. Then, for all € > 0
there exists M. such that for all t > 0,

P(r0t) >t+ M) <e, (8.38)
P(r(—t) < —t — M,) <, (8.39)
P((t—MH)VO<TO(t)V0)>1—¢, (8.40)
P(rl(—t) A0 < (—t+ M.)A0) > 1—¢, (8.41)

where M. does not depend on t.

Proof. We will show for all ¢,& > 0 there exists M = M, such that P(r(t) >
t+ M) < e. The statement for 7° (—t) is analogous. By Lemma 8.6, for any ¢ we

can find 75 € S° where 7, < 0o is taken to be 70 (t); similarly, we can take ¢ = ¢,
large enough such that with probability 1 — e there exists a knot 0 < 7 < t. To
match notation up with Lemma 8.9, we will define Ag and g, for any function g,
as in the lemma. Since @ is affine on [r1, 73], Lemma 8.9 allows us to conclude
that Yz(7) < Hg(7) = Yr — AXrA7/8 which is if and only if

Y(7) <Y - LAXA7, (8.42)

oo

where Y (t) = [} X (u)du = V(t) + t* and V(¢ fo u)du. The “if and only
if” follows because Yg(t) = Y (t) + A(t) where A( )isa random affine function.
Since for any affine function A(7) =: A, we see that

Yr(F) = Yr=Y (@) +AF) - (Y +A) =Y (7) - Y.

Since AX trivially equals AXg, we have shown (8.42). Let M, > 0 and let B;
be the event {0 < 71 < t, 70 >t + M.}. We then see

Plrs > t. + M.) < P(r < 0) + P(B..)
— 1
<e+P <YR(T) SHR(%) =Yr— gAXRAT;BtE>
< 2e¢, (8.43)

where we now show that the last inequality follows from page 1633 in the proof
of Lemma 2.4 in Groeneboom, Jongbloed and Wellner (2001a). We have al-
ready noted that Yr(7) < Yz — tAXRAT if and only if Y(7) <V — JAXA7.
Then Groeneboom, Jongbloed and Wellner (2001a) show algebraically that this
inequality can be rewritten as

_ 1 Ar\*
V(T)—V+§AWAT§—(TT) .
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Thus we have shown for any ¢ > 0,
- 1
P (YR(T) < Hp(7) = Yr — gAXRAT, Bt)
B _ 1 Ar\?
Groeneboom, Jongbloed and Wellner (2001a) show that
B _ 1 Ar\?
P|lV(F) -V + gAWAT < - - ) < M., > M, | <e, (8.44)

and thus that

_1 Ar\*
P(V(T)—V—I—gAWATS—(TT) ,T1<t—ME,TQ>t+ME><€.

(8.45)
This independence from t follows because

{(W(s) =W(t),V(s) =V(t) = (s = t)W(t))} ser
is equal in distribution to {W(u —t), [ W(u —t)du)} o, since [ W (u)du =
JS(W(u) = W(t))du + (s — t)W (t), and thus V(5) — V 4+ § AW As equals
V(s)=V(t)—W(t)(5—1t)

- G(V(sl) - V(@) -=W(t)(s1 —t)) + %(V(Sz) V()= W(t)(s2 — t))>

+ W (s2) = W(0) = (W (s1) = W) (52— £ = (51— 1)

v (m +r2> V) V() L

5 5 8(W(7"2) = W(r1))(r2 — 1)

where 5 = (51 +52)/2, V = (V(s1) + V(s2))/2, AW = W(sg) — W(s1), and
As = s9 — s9 and r; = s; —t for ¢ = 1,2. This shows that the left hand sides of
both of (8.44) and (8.45) are, regardless of ¢, bounded by

4
P (V(E) -V+ éAWAs < - (%) , for some s; < —M,,s9 > M, |.
(8.46)
This probability is defined in (2.27) on page 1633 of Groeneboom, Jongbloed
and Wellner (2001a), and is shown to be less than € at the top of page 1634, so,
using this fact, we have now shown (8.44) and (8.45).
The probability we consider in (8.43) is on the event By, = {0 < 11 < t., 72 >
te + M.} rather than Cy. = {0 <1 <. — M., 72 > t.+ M_.}. The only cost for
this is we need to double our M, for this to correspond with the probability in
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(8.45). Thus (8.43) holds, but we do not yet have independence from ¢ because
of the . in the expression. We easily circumvent this by replacing M, by t.+ M-.
Now we have shown (8.38) holds with M, independent of ¢.

Now we show (8.39). Note that we can write an analogous version of (8.43)
for t > M, as

PO<7 <t—M,) <P(re>t+M.)+ P(Cy) (8.47)
<ege+ P (YR(’T_') SHR(’I_') :YR— éAXRAT,Ctg)
< 2¢

because, by the argument we just went through, the probability in the third
line is again bounded by (8.46). Note we have ¢ in place of t. in (8.47), so
the above statement is already independent of ¢ as long as t > M.. Thus we
have shown P((t — M)V 0 < t2(t) VO < t) > 1 — ¢, since if t < M, this
probability is trivially 1. Showing the analogous statements for the left side, the
existence of M, not depending on ¢, such that P(7%(—t) < —t — M) < ¢ and
P(—t <79(=t) A0 < (=t + M) A0) > 1 —¢, can be done analogously. O

The next result will relate the unconstrained and constrained limit estimators
in the Gaussian setting.

Corollary 8.11. Let the definitions and assumptions of Theorem 4.2 hold, and
let Y and H be as in Theorem 4.1. Let p = H"”. For any t € R, define

st(t) = inf{s € [t,00) : $°(s) = B(s)} (8.48)
57 (t) = sup{s € (—o0,t] : P(s) = B(s)}. (8.49)

Then we can say that for all € > 0, there exists M., not depending on t, such
that

Pit—s(t)>M.)<e (8.50)
P(sT(t)—t>M.) <e. (8.51)

Proof. Define a right-side sequence of knots to be a sequence of points
0<l/1<1/9<1/2<1/g<1/3,

where v; are knots for @ and 1 are knots for $°. Similarly, define a left-side
sequence of knots

vy <1, <vy<1? <v_i<0.
Then we argue by the Intermediate Value Theorem and the Mean Value Theo-

rem. First, we assume we are given such a sequence, without loss of generality
take it to be a right-side sequence (on the probability 1 event on which Theo-
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rem 4.1 holds). Then we can say, by our hypotheses, that

(Hr —YR)(V))=0< (H-Y)(?) fori=1,2 (8.52)
(Hp —Yr)(v;) >0=(H-Y)(v;) fori=123. (8.53)

By the Intermediate Value Theorem we can pick points z; € [vq,19],20 €
[, 1s], 23 € [va,18] such that (Hg — Yg)(z;) = (H —Y)(x;) for i = 1,2,3.
Since Ygr(t) — Y (t) = A(t) is a (random) affine function, we can conclude for
i =1,2,3 that

Hp(zi) — H(z;) — A(z;) = 0.

We apply the Mean Value Theorem and get t; € (x;,x;4+1) for ¢ = 1,2 such that
Fr(t;) — H'(t;) — A'(t;) = 0.

Again applying the Mean Value Theorem, we get s € (f1,t2) C (x1,23) C
[v1,19] C [v1, v3).

Now we will construct right-side sequences or left-side sequences of knots
and be done. Note that by Lemma 8.10 and the analogous lemma for the un-
constrained case, Lemma 2.7, page 1638, of Groeneboom, Jongbloed and Wellner
(2001a), there exists a large M > 0 such that with probability 1 — ¢ there exists
a right-side sequence of knots contained in any interval of length > M that lies
in [0, 00) and a left-side sequence of knots in any interval of length > M that lies
in (—o0,0]. For any t > 0, note that the interval [t — 2M, ¢] contains an interval
of length at least M which lies either entirely in (—oo, 0] or entirely in [0, c0).
Thus, [t —2M,t] contains a one-sided sequence of knots, and thus an s < ¢t such
that 3%(s) = @(s), with probability 1 — e. Similarly, there exists a one-sided
sequence of knots in [t,t + M], and thus an s > ¢ such that 3%(s) = $(s), with
probability 1 — e. Thus, for ¢t > 0, we have shown (8.50) and (8.51). Similarly,
for t < 0, we consider intervals [t — M,t] and [t,t + 2M] in which there exist
one-sided sequences of knots, which allows us to conclude that $%(s) = @(s) for
an s >t and an s < t. U

Lemma 8.12. Let the assumptions of Theorem 4.2 hold. For all € > 0 there
exists M., not depending on t, such that

P(|e°(t) = ()] > Mz) < e and P (|(8°) (1) = &'(1)] > M) <&, (8.54)
where the derivatives can be taken to be right or left derivatives.

Proof. This follows from Lemma 8.10 and an argument similar to the finite
sample tightness results. We can pick, by Corollary 8.11,t —2M < s_5 < s_1 <
t < 81 < 89 <t+2M where $%(s;) = §(s;) for i = —2,—1,1,2, with probability
1 — ¢ for M appropriately large. Then

(Q/D\O)/(t) < @O(SQ):@O(Sl) _ 9/0\(82) : 9/0\(51) < @’(82),
S92 S1 S9 S1

and, similarly,
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where ¢’ and (©°)" can be either the left or right derivatives. Thus

(@) (1) = &'(t) < F'(s2) = ' (t) < §'(52) — ' (5-2)
and
@) () =) > & (s-2) =P (t) > §'(5-2) — F(s2),
that is,

(@) (t) = &' ()] < & (s2) — &' (5-2)- (8.55)
Let ho(t) = —12t2. With high probability, the right side of (8.55) is bounded by

P'(t+2M)— &' (t—2M)
< |P'(t+2M) — hy(t + 2M)| + |ho(t + 2M) — hi(t — 2M )| (8.56)
+ [By(t = 20) — F'(¢ — 200),

which is less than M + M + 24 - 2M with probability 1 — e, independently of ¢,
by (2.36) or (2.37) of Lemma 2.7 on page 1638 of Groeneboom, Jongbloed and
Wellner (2001a). Thus we have shown the second statement in (8.54), which we

will now use to show the first statement in (8.54).
We first apply Lemma 9.2 to the difference |3%(t) — @(t)| by applying (9.1) to

both @ — % and to % — @°, using the points s_; and s; as a and b, respectively.
Then by (9.1), we can bound both of these differences if we can bound both

(89 (s1) = (&%) (s-1) < (@%)'(t + M) — (&°)'(t — M) (8.57)
and
P'(s1) = @(s-1) <@ (t+ M) - @'t - M), (8.58)
since all the other terms are 0 by the definition of the s;. Here we can take
the derivatives to be either left or right derivatives. As in (8.56), we can bound
(@) (t+ M) — (#°)'(t — M) from above by
(8 (t+ M) = @' (t + M)| + |/ (t + M) — &' (t — M)
+I@'(t = M) = (2°)(t — M).
The first and last terms are bounded by the second statement in (8.54). The

middle term is shown to be bounded by (8.56). The middle term also bounds
(8.58). All of this is with probability 1 —& and uniformly in ¢, so we are done. [

For the next lemma, let ho(t) = —12t2 be the “true” concave function.

Lemma 8.13. Let the definitions and assumptions of Theorem 4.2 hold. Then,
for all € > 0 there exists M., independent of t, such that

P(12°(t) — ho(t)| > M.) < ¢ (8.59)
P ([(@°)(t) = ho(t)] > Me) <e. (8.60)

where the derivatives can be right or left derivatives.
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Proof. This is immediate from Lemma 2.7, page 1638, of Groeneboom, Jong-
bloed and Wellner (2001a) and Lemma 8.12. O

We are now in a position to prove Theorem 4.2.

Proof of Theorem 4.2. We define objective functions with variable bounds of
integration,

b b
busl) =5 [ Pt~ [ gwaxo. (3.61)

where we will always take a < 0 < b. For i = 1,2, we will take Hr, ; and Hg; to
satisfy the hypotheses stated in the theorem, and we need to show Hy 1 = Hp o
and Hr1 = Hp o almost surely. We will denote Fy, ; = —H’L,i and Fr,; = Hf-?,,i
and

Pi = H,L/,'i = %z (8.62)

We also will use the notation dF;(t) = ¢;(t)dt. Now, using that ¢3 — @3 =
(01— @2)2 + 2(p1 — v2)p2, we see that

b

b
Susl01) = busloa) =5 [ (o1 = g2l dht [ (1(®) — pa(t) d(Fa(t) - X()

where ) is Lebesgue measure. Now, we specify that a?, and b¢, are knots for ¢;,
and, using Lemma 8.6, we take a? < a}, < —n < 0 <n < b, < b2. Then

1 [ 1"
baz 52 (1) — Daz 12 (p2) > —/ (p1 — @2)* dX > 5/ (o1 — p2)? dA

2 (L% -n

by Propositions 8.7 and 8.8, and, similarly,

1 n
bapaso0) = iy (21) 2 5 [ (a®) = ()"t

Now, we see directly from (8.61) that ¢.2 42 (1) — @a1 b1 (¢1) equals

1 b?}, 9 1 bi‘L 9 b?z b}L
5 [ etwde— 5 [T dwa- | [Cawixe - [ awdxe

:%/An gp%(t)dt—/An e1(t)dX (1),

where A, = [a2,al] U[bL,b2]. Thus we have

n»vn

/ (01— 92)2 AN < Paz 12 (01) = Bar p1 (1) — (a2 12 (92) — bar b1 (02))

—-n
— /
2 A

(=B [ (er0) - ) ax ()

A’IL

n
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Recalling ho(t) = 12t2, we see the previous display equals

1
[ 5 (1= 10 = (o2 = )?) dr = (1 = ) .
Thus we can conclude that

0 S lim ((pl — @2)2 dA

]

< lim inf (%/A ((<P1 — ho)® = (02 — h0)2> dX — /A (1 — ¥2) dW) :
' (8.63)

n

The proof will now proceed as follows. We first will show that the right hand
side of (8.63) is finite. For a function g: R — R, we let ||g||% = SUP¢e(a,p) 9(2)]
and ||g([3° = supse(q,00) [9(t)|- Using that 25 (1 — ©2)? d\ is finite we will then
conclude that ||¢1(t) — @2(t)]|2° — 0 as n — co. We then will revisit our earlier
argument which showed the right hand side of (8.63) was finite and use this new
fact to show that (8.63) is, in fact, 0. This will finish the proof.

Thus, our next step is to show that [*_(¢1(t) — ¢2 (t))? dt < co. Note that
we only need to control the liminf, of the right hand side of (8.63) since
ffn(apl — )2 d)\ is non-negative and non-decreasing in n. We will first show

2 2
that fbbl" (p1—p2) dW < co. An identical argument shows f:l" (p1—p2)dW < co.
By integration by parts,

[ = e @aww = [ o= pa) )dWw) - W(BL)

b b;,
= (W(b3) = W(by,) (#1(b7) — p2(b7)) (8.64)

b?
—A(W@—W@»Mwwwmmm

1
n

1
n

where we can take ¢/ to be the right-derivative, but this choice is inconsequential
because of the almost sure continuity of W. Thus, by (8.69) and (8.70), for all

2
n, with probability 1 — €, we can conclude that |fbb1 (p1 — p2) (u)dW (u)] is

) |

2
Lemma 8.14 shows for ¢ = 1, 2 that fbbl” (0i—ho)?d\ < K. 2 with probability 1—e.

Thus since, by (8.68), (|W(b3) — WL+ ‘ (W () — W(b,lb))duD is 0, (1),
and since this argument is perfectly symmetrical and applies to the interval
[al,a2], we have now shown that the right hand side of (8.63) is O,(1) and thus
finite almost surely, as desired.

bounded above by
2

&QW@%M%M+AﬂWW—W@Mu
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Now that we have shown that ffooo(gol — p2)2d\ < oo almost surely, we can
conclude that

o1 = palln” — 0 (8.65)
almost surely as n — oo, and now using (8.65) with arguments similar to
those used above, we will show ffooo (p1 — 302)2 dX = 0 almost surely. By (8.65),
Lemma 8.14 below allows us to conclude that almost surely fblf‘ |p) —holdA — 0.
Thus we can reexamine (8.64) and see that the right side is bounded above by

2

2 bn
W) =W 182 = 2| + W) =W [ 7 164 0) = et

n

< (IWE2) - Wb +IWe) - wehs)

where we may choose n large enough to make the inequality occur with probabil-
2

ity 1—e for any positive e. Thus, since (|W (b2)—W (b},)|+||W (-)— W (b}) ) =

Op(1), we have shown that we may choose n large enough that with probability

1—¢

by,
[ a0 = patw) aw)| <. (5.66)

n

Next we show that the other term in (8.63), fAn ((p1 = ho)? = (2 — ho)?) dA/2,
is small. By Lemma 8.14, for any € > 0 we may pick an M. such that both
| fbbf‘ (p1 — ho) d\| and b2 — bl are bounded by M. with probability 1 —e. Thus,
defining 5 = /M, we take n large enough such that with probability 1 — e we
have ||¢1 — ¢2]|3° < 2. Then let §(t) = p1(t) — @2(t) and conclude that

b2 b2
/1 (g1 — ho)?d\ = / (¢2 — ho + 6)%dA
b b

1
n n

b2 b2
< / (2 — ho)2dA + 22, / |92 — holdA + €262 — b1,
b bl

1
n

and that the above display is bounded above by

by, 2 by,
/ ((pg—hO)Qd/\+€+<]\Z> Msg/ (02 — ho)? dX + 2,
b b

1 € 1
n n

2
with probability 1 — 2¢ and n large enough. Similarly, f;l"(gpg — ho)2d\ <
fbbl?”' (o1 — ho)2d\ + 2¢, and thus

’% /An ((<P1 — ho)? — (p2 — h0)2> dA‘ <e (8.67)

with probability 1—2¢. Thus we have shown that with probability approaching 1
both terms in (8.63) are bounded by ¢ as n goes to infinity. Thus since ffn(cpl —
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©2)2d\ is non decreasing in n, [ (1 — ¢2)%dA < € with probability 1 — ¢ and
thus it must be 0 almost surely. O

The following lemma translates Lemma 8.13 into a more direct tightness
result.

Lemma 8.14. Let the definitions and assumptions of Theorem 4.2 hold and let
ho(t) = —12t2. Let ¢;, i = 1,2, be as in (8.62) and al, and b}, as defined on
page 2439. We then have

b2 — bl = 0,(1). (8.68)

Furthermore, for i = 1,2 and any € > 0 and k > 0, there exist K., K.} > 0
such that with probability greater than 1 — e we have

b2
< K. (8.69)

l[i — ho
b2
< K, (8.70)

i — ho

(in which we take @} to be either the right of the left derivative) and thus that

b,
/ lpi — hol*d\ < K, (8.71)
b

1
n

where K. and K, i, do not depend on n. Further, if almost surely ||o1—g2||5° — 0
as n — oo then we can conclude that almost surely

b2
[0 =mjax—o (8.72)

1
n

as n — oo, for i =1,2. The statements also hold if we replace bl by a? and b?
by al.

Proof. (8.68) follows immediately from Lemma 8.10.
Next we will show (8.69) and (8.70). Let g1 and go be monotone functions.
Then for any t € [a, b], we have that

91(t) = g9o(t) < g1(b) — go(a) = g1(b) — go(b) + go(b) — go(a)
and similarly go(t) — g1(¢) < go(b) — go(a) + g1(a) — go(a). Thus
(91 = 90)(®)] < |(91 — 90)(B)] + [(91 — g0)(@)| + g0(b) — go(a).
By monotonicity and Lemma 8.13, we can say
h = BplI%g < 2M. + iy (n + M) — hy(n) = 2M, + 24D,

where ¢} refers to either the left or the right derivative. This is independent of
n thanks to the linearity of k(. Thus we have shown (8.70).

Now we establish (8.69). Fix ¢ € {1,2}. We will apply Lemma 9.2 twice,
with ¢; as g1 and hy as gg, and then with the reverse assignments. We let
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[a,b] = [n,n + M]. Regardless of the choice of which is g1 and which is gg, we
can bound the first two terms in (9.1), the weighted differences A(gi(n + M) —
go(n+M))+(1—=A)(g1(n)—go(n)), by 2M, with probability 1—e&, independently
of n, by Lemma 8.13. If hg is go then for the third term of (9.1) we have to
bound (h{(n+) — hy(n + M—)) = 24M which is independent of n. If ¢; is go,
then for the third term of (9.1) we have that |@}(n+M—)—¢.(n+))| is bounded
above by

lpi(n+ M—) — ho(n + M)| + |ho(n) — @;(n+)] + ho(n + M) — hy(n)

which we can again bound independently of n by the linearity of h{, and Lemma
8.13 with probability 1 — . Since [b,b2] C [n,n + M] with probability 1 — ¢
for appropriately large M, and since (n+ M —t)(t —n)/M < (M/2)? /M which
is independent of n and ¢, the bound is independent of n or ¢. Thus we have
shown (8.69). Then (8.71) follows immediately from (8.69) and (8.68), since we

can bound [ [¢; — ho[FdA < [¥* K*d\ < K . K., with probability 1 —¢.
Finally, we show that if for a random outcome w, |y — 5| — 0 as
n — oo then (8.72) follows. First, note for any a, b that if ¢ < f;((go;")’—h’o)d/\ =
(5 = ho) (b) = (¢ —ho)(a), and if (pf —ho)(b) > £/2 then (gf —ho)(a) < —&/2.
Similarly, if —e > fab((go;")’ — h{)d\ we can conclude that (¢¥ —hg) at a or at b is

larger than £/2 in absolute value. Since we can take n large enough that |¢% —hg|
/

is less than /2 at any a,b > n, by contradiction we have that \f:((gpf) —
hg)dA| < € for such a and b. Now, since {t € [bh,b2) : (%) (t) > (¢%)'(t)} and
{t € b, 02) : (¢%)'(t) < (¢%)'(t)} are both intervals by monotonicity of (%)’

and linearity of (%)’ on [bl,b2], we can conclude that fab [(0) — hpldA < € as

n»-n

desired. O

8.2.3. Proof for symmetric limit process

Proof of Theorem 4.4. The proof follows as in the proof of Theorem 4.2 in the
previous section, where we replace Hr by H™, ’T_?_ by Tj_', T}% by Tg, and we take
Hy to be 0, and also replace 7, and TJ? by 0.

In particular, we can see that analogs of the characterizing equalities and in-
equalities hold, and that an analog of Lemma 4.3 holds. The analog of Lemma 4.3
can immediately be seen to hold since by definition (1/°)(?)(¢) = 0 for t € (0, 7).
Proofs similar to the proofs of Proposition 8.8 and Proposition 8.7 show the fol-
lowing characterizing proposition holds.

Proposition 8.15. If A: [0,00) — R is concave with mazimum at 0 and if
0<be ST, then

b ~,
/0 A(t) (;p%)dt - dX(t)) > 0.

And if A = {/;0 then the inequality is an equality.
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In the proof of this proposition we define Fi} (u) = f% ﬁo(v)dv and X7, (u) =
[+ dX (v) and then use the fact that by (4.12), (Fjf — X})(0) = 0. The proof
R

of Theorem 4.4 then proceeds analogously to the proof of Theorem 4.2. This
completes the proof of Theorem 4.4. O

8.2.4. Proofs for pointwise limit theory

Theorem 4.5 A about the unconstrained estimator is Theorem 2.1 of Balab-
daoui, Rufibach and Wellner (2009). Part B of the theorem is then proved in
an identical fashion as that theorem, because for n large enough, in an n~1/5
neighborhood of xg # m, the constrained and unconstrained estimators satisfy
the same characterization. Part C then follows from Part B. Thus we focus first
on proving Theorem 4.7 B, where x¢y = m, which follows from Theorem 4.8.

The statements in (4.16) about the limit distribution of f2 and (f) now
follow from the delta method (Taylor expansion). We devote the entire remain-
der of this subsection to proving Theorem 4.8. All the lemmas contained in the
proof use the same notation, and have the same hypotheses as the theorem. An
outline of the structure of the proof can be found in Section 7.

Proof of Theorem 4.8. Let b € R denote our “local” parameter and let

by =m +bn1/0 (8.73)
be the “global” parameter. We also let s,, 1, be any knot (sequence) of @2 strictly
less than m satisfying n'/®(s, , — m) = O,(1) and let s, g be any knot (se-

quence) of @ strictly larger than m satisfying n'/(s, r —m) = O,(1). Recall
A is Lebesgue measure, and define

VI () = nt/5 /m ([ am - ) o,

HI (b) = n/? /t"’b </v(fn — fo(m))d)\> dv + A,b+ By,

Y/ (b) = n'? / i ( / " (dF, - fo(m)dA)> v,

dv + An,Ln1/5(sn7L - tn7b)7

tn,b v
HrJ:,R(b) = 4/5/ (/ (f2 - fo(m))d)\> dv + A mn'?(tny — sn.R),
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where
A, =n/® (ﬁn(m) - Fn(m)> and B, =n*/° (ﬁn(m) - Yn(m)) ,
and
Anp =1 (Fan(snn) = FY p(sn1)) (8.74)
App =n®® (EL,R(SH,R) - ﬁ27R(sn7R)> (8.75)

(recalling the definitions of F,, ;, and F,, g from (2.7)). Additionally, let

X5 (5) = (V1Y (5) = n¥/5 / " — fo(m)dN) .

X, (b) = —(Y/ ,)/(b) = n¥/5 /  (dFn — folm)dN).,

;
tn,b

XS a(6) = (Y] )/ (b) = /5 / " dFy — fo(m)dn) .

Sn,R

The terms for the constrained processes which would correspond to B,, turn out
to be 0. Also, A, 1 and A, r appear to be off by a sign change when compared
with A;,: this is because of the definitions of our left- and right-processes, which
entails, e.g., (H)) p — Yy, r)'(t) = —(F;) g — Fn r)(t). Note that in Balabdaoui,
Rufibach and Wellner (2009), Y{ is denoted by Y'¢ and similarly for I;U: .

The proof proceeds as follows. We will derive the limit distribution for the
empirical process-type Y and X terms. We will show that the estimator-type H
terms (and appropriate derivatives) are tight, and also satisfy characterizations
analogous to those given in Theorem 4.1 and Theorem 4.2. We argue then
(by a continuous mapping argument) that a characterization must hold in the
limit (along subsequences, using tightness of the H processes) and then apply
Theorem 4.1 and Theorem 4.2 to conclude that the limit is as desired.

For 0 < ¢ < o0, define

C. = {h|h: [—¢,c] = R, h is continuous}
D. ={hlh: (—¢,c) = R, h is cadlag and bounded},

where “cadlag” means right-continuous functions which have limits from the
left. If ¢ = oo then we we interpret the definition of C., to mean continuous
functions h defined on (—oo,00). We let ||f|| be the supremum of f over its
domain, and this is the distance we use in C. when ¢ < oco. When ¢ = oo
we use the topology of convergence on all compacta (see Whitt (1970)). For
D, the uniform norm is too strong, so generally one uses a Skorokhod norm
(Skorokhod (1956), see also Billingsley (1999)). We endow, for the moment,
D, with the J; Skorokhod norm (referred to as “the” Skorokhod topology in
chapter 12 of Billingsley (1999)). When we come to proving tightness of our H-
type processes we will further discuss topological details. Now we focus on the
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empirical processes. We let “A,, = A” mean that A,, converges weakly to A in a
space that will be specified in each context (Billingsley, 1999). The proof of the
following lemma is standard but we will refer to it several times so we provide it
here. Recall t,, ;, = m—i—bn_1/57 for b € R, and recall that s, 1, s, r are chosen to
be of order n~/® from m in probability. Let D,, = FF,, — Fy, and define processes
B,(5) = (Ani(B), An2(b), Ans(b)) and B (b) = (Bui(b),Buz(b), Bua(b)) for

beR by
n3/5 tn,b Sn,L tn,b
b0 =—F— [T, [, [,
fO(m) m tn,b Sn,R
and

n4/5 tn,b v Sn,L Sn,L tn,b v
B,(b) = —— / / d]D)ndv,/ / andv,/ / dD,,dv | .
( ) vV fO(m) m m tnb v Sn,R Y Sn,R

Let v, r = n'/5(sy.r —m) and v, 1 = n'/?(s, — m). For a (sequence of)
Brownian motion processes W = W,, on R we also define corresponding approx-
imating (nearly Gaussian) processes G,, = (Gy.1,...,Gn6) by

(GnlaGn27Gn3 (/ dW/ dW/ dW)
and
unn o= ([ [ awan [ [ e [ [ ).
Yn,R

Lemma 8.16. The vector of processes (A (b), B, (b)) can be defined on a com-
mon probability space with a sequence of Brownian motion processes W = W,
so that
sup [(An(b), B (b)) — G,,(b)] —=p 0.
be[—c,c]

Proof. We prove that the difference of A, 1(b) = n3/5 f " dD,, and G, 1 con-
verges to 0 in probability uniformly in |b| < ¢ and that the difference of Bn’l( ) =
ni/5 f;"b . dDyndv and Gy, 4(b) converges to 0 in probability uniformly in [b] <

¢. The proofs for the other components are analogous. We can see n3/° f": * dD,,
is equal in distribution to

n10 (U, (Fo(tnp)) — Un(Fo(m))) (8.76)

where U, (t) = +/n(F(t)—t) is the empirical process corresponding to FZ (¢), the
empirical d.f. for n i.i.d. uniform random variables. By a Skorokhod construction
(see e.g. Theorem 12.3.4, page 502, of Shorack and Wellner (2009); or see Mason
and van Zwet (1987)) there exist a sequence of Brownian bridge processes B,
such that ||U, — B,|| = O(log(n)n~'/?) almost surely. Thus, (8.76) is equal to

n (B, (Fo(tnp)) — Bn(Fo(m))) +n~410log(n) M, (b), (8.77)
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where for all |b] < ¢, 0 < M,(b) < M = O(1) almost surely. Next we use that
B, (t) = Wy (t) — tW, (1) where W,,(t) = By, (t) + tN is a Brownian motion and
N is a standard Normal random variable. Thus (8.77) equals

n10 (W (Fo(tnp)) = Wa(Fo(m)) = (Fo(tn) = Fo(m))Wa (1)) + 0,(1),

which is equal to

W ()03 (Fo(tn ) = Fo(m)) /b — Wi (1) fo (m)bn /10 + 0, (1)
= Wa(B)/fo(m) + 0,(1).

This shows that sup,e(_c, ¢ [An,1(b) — G 1(b)| = 0p(1). Using this, we see that
the process n*/? f;""” [ dDydv defined on this probability space equals

nl/s/n:tn’b<mwn(nl/5(v —m)) + op(l)) dv = \/W/Obwn(v)dv—kop(l)

with the o, (1) error still uniform in [b] < c. Thus supye(_c ¢ [Bn,1(0) —Gn,4(b)| =
0p(1). This completes the proof for two of the terms and the other four are
analogous. O

Lemma 8.17. Let P, = (P, 1,...,Pn6) be a vector of drift terms where we let

1 nt/ (sn,L—m) 1
Pn71(b) = 6b37 Pn,?(b) = /b iuzdua
b
1 1
Pps(b) = —u?d P, a(b) = —b*
o= [ G R = gt

and

nY%(sp.—m)  pnt/%(sp.—m) 1
P 5(b) = / / ~u?dudv,
b v 2

b v
1
P,s(b) :/ / —u?dudv.
’ /5 (5, ) Jn1/5 (5 p—m) 2

Then the vector of processes (X!, Y/) = (X{;,XQL,Xin,Yﬁ,YiyL?Yﬁ’R) can

be defined on a common probability space with a sequence of Brownian motion
processes W = W, such that for 0 < ¢ < oo

sup (X, (0), Y1(8) = V/ fo(m)G,, (b) = f5 (m) P, (b)] =, 0 asn— oo,

be[—c,c]
where G,, is as in Lemma 8.16.

Proof. We will show that the statement holds for XTfL - The proof for the other X

terms and for all the Y terms are similar. Now, n_3/5X£ r(b) equals fst”’b dD,, +
s n,R
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/. 0 (fo — fo(m))dA; by a second-order Taylor expansion of fy, since f)(m) = 0,

Sn,R
the second term equals

b 2

dw =0~/ (f{ (m) + o<1>>/ 7 du

n1/5(sn.n—m) 2

(w—m)?*

[ om0y

Sn,R

where the o(1) is uniform in |b| < ¢. By Lemma 8.16, we have shown X;i,R has
the desired limit. O

The next lemma shows that the localized processes still satisfy the char-
acterizing system of equalities/inequalities of the global estimators; once these
characterizing equalities/inequalities are carried over to the limit they will allow
us to identify the limit distribution, via Theorems 4.1 and 4.2.

Lemma 8.18. Forb e R,

Y7, (b) = HY () >0, 8.78)
YY, (b)) = HY 5(b) >0, 8.79)
and
7',0 _
[ (v - BLm) ad] ) O m —o. (880
[ (¥a)— B ) et )0 ) =0 (3.51)
T+
where T _ is the largest left-knot of @° (no larger than m) and T,?,Jr s the

smallest right-knot of @Y (no smaller than m).

Proof. We consider the right-side process, and the left-side ones are analogous.
The difference Yi’R(b) - H/;R(b) equals

tn,b v
n4/5/ (/ dF,, — f}}dA) dv — (b —n"(sp.r —m))Ap.g,
Sn,R Sn,R

which, by the definition of A,, g, equals

e [ ( [, (et~ o= [ (dﬂ(u)—ﬁ)(u)du)) dv

Sn,R

Xn
— 14 (ty — $n 1) / " (@ () — F(u)du),

Sn,R

which equals

/s / e ( / N B () f?@(u)du)> dv,
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e /t o < / B () f}g(u)du)> do, (8.82)

n

which equals

since ﬁgyR(sn,R) — Y, r(Sn,r) =0 by Theorem 2.4 B Thus,

VI p(0) = B 5(b) = " (Yo mltas) = HY pltns)) =0

s

for all b > 0, with equality if ¢, ; is a right-knot, by Theorem 2.4 B We have
thus shown (8.79) and (8.81). Showing (8.78) and (8.80) is analogous. O

In order to show tightness of our H-processes, we want to apply Proposi-
tion 7.1, which is at the log-density level. To do this, we need to translate from
the f-processes to processes defined at the log level, which we will refer to as
(p-processes. Let

o) = Ya®) / " / " R(u)dud,

fo(m) m Jm
() = ﬁfg _ /5 /:’b/iRn(u)dudv,
Y¥ ,(b) = ifg(ﬁ) PRTE /tnbL / " RO (w)dudo,
Y7 r(b) = if;gg) — i/ /s:: /S:R RY (w)dudv, (55
ﬁfL(b) = ?ff(ﬁ:))) — /o /tij /vsn ’ R? (u)dudov,
T2 o(b) = i’f(frgl;) il tR / R RO (u)dud,
where
mw:i%ww—mm% mi@wzi%mw—MM)
e y
Also let
x40 = (70 @) = o [ gy,
Xh@)@hﬂwiﬁ?ﬁ“:jR%Mm
m¢m=wmwm=%§?—¢“iﬁmwmh

The above definitions are motivated by the following identities.
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Lemma 8.19 (f to ¢ identities). We have
Jolm)™* (Jalw) = fo(m)) = @) = wo(m) + Ru(u) (8.84)
folm) ™ (o) = folm)) = &(u) = wo(m) + Ro(u).  (885)

The p-processes thus satisfy

7 e [ Aub+ B
H7 () = 4/5/ / on(u) — dudv + ———" 8.86
"(b) =n ] (Pn (1) — po(m)) dudv ) (8.86)
~ Sn,L Sn,L A 1/5 _
HfL(b):n%/ / (B0w) — o(m)) dudy + 2 (En.t = tnp)
’ tny Jv fo(m)

(8.87)
~ tnb U A nl/S(t —s )
H? b) = 4/5/ / o _ dudv + n,R n,b n,R

nr(0) =1 - (@n(w) = po(m)) dudv fo(m)

(8.88)

Proof. The identities (8.84) and (8.85) are just the exponential series expansion
about the density at m,

G(w)=fo(m) = fo(m)(el?W=#e(m}—1) = fo(m) Y %(@(U)—wo(m))j» (8.89)
j=1""

where § is either f,, or ﬁn)’ and ¢ is either @, or @, respectively. Now (8.86),

(8.87), and (8.88) follow directly from either (8.84) or (8.85) and the definitions
of the processes. O

Lemma 8.20. Taking b € [m —cen=/5,m + en='/%] for any ¢ > 0, we have
R, (b) = 0,(n™%)  and  R(b) = 0,(n"2/%), (8.90)
uniformly for b € [m —cen=Y% m + en=1/5].

Proof. Note (¢(u) —@o(m))? = O, (n=2/5), for j > 2, from by (7.2) for ¢ = @2,
and the analogous (4.17) on page 1319 of Balabdaoui, Rufibach and Wellner
(2009) for ¢ = @y, since ¢ (m) = 0. Thus, we have shown (8.90). O

Lemma 8.21. We have

YE,(b) — HE (b)) >0, forb<0, (8.91)
Y (b)) — HY (b)) >0, forb>0, (8.92)

and

/ e (2 ,(0) — FZ,(0) d(HZ ) ) =0, (8.93)
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[, (200 = 240) (i )0 = 0 (5.99)

where 7'27_ is the largest left-knot of @0 (no larger than m) and TS_’_’_ is the

smallest right-knot of @° (no smaller than m).
Proof. By the process definitions,

¥ p(0) = 7 (0) = o (0, (0) = L )

so by Lemma 8.18 we can conclude for b > 0 that
Y7 r(b) = H7 g(b) >0,

with equality if ¢, ; is a right-knot, as desired. We have thus shown (8.92) and
(8.94), and (8.91) and (8.93) are similar. O

Lemma 8.22. The vector of processes (X7,Y?) = (Xﬁ,XﬁL,Xi Y2, Y?
Yf,R) can be defined on a common probability space with a sequence of Brownian
motion processes W = Wy, such that for 0 < ¢ < oo

sup | (X7 (b), Y7 (b)) — #Qn(b) — @0 (m)P,(b)| = 0 asn — oo,
be[—c,c] fO(m)

(8.95)

where G,, and P, are as in Lemma 8.16 and Lemma 8.17.

Proof. By (8.90), since ¢j(m) = f{'(m)/fo(m), we can conclude that (8.95)
holds. |

We have established the appropriate characterizing properties of the y-pro-
cesses, and the limit distribution of the Y¥ processes. It remains to prove tight-
ness of the H¥-processes. To begin, we discuss the spaces in which our conver-
gences will occur. For 0 < ¢ < 0o, define

Fert = {f € D.|f is non-increasing and ||f|] < M},

where “cadlag” means right-continuous functions which have limits from the
left. Our H, HV, and H® functions (for the constrained and unconstrained
estimators) are continuous and the uniform norm is appropriate for them. The
H®) type functions lie in Fe,m, and the uniform norm is too strong. For the
convergence of the Y-processes we used the J; Skorokhod metric. Unfortunately
this also is too strong as it does not allow multiple jumps to approximate a
single jump in F. s (see Remark B.0.10 in Appendix B of Doss (2013b)). Thus,
we will use the so-called M; Skorokhod metric on F; ;. This is defined in
Section 12.3 of Whitt (2002), and discussed in the following sections. We give a
brief introduction here. The M metric is defined as follows. For a set A C R, let
|lz—A| :=infyca |z —y|. (Note that we have also taken | f|| to be the supremum
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of a function f over its domain. It will be clear from context which usage is
intended.) For a function x and § > 0, let wy(x,0) = sup ||z (t2) — [z(t1), z(t3)]|l,
where the sup is taken over ¢y, t2, and ¢3 such that —cV (to —0) <t <ty <3 <
c A (ta + 6).! Note that since sequences that converge in the .J; topology also
converge in the M; topology (Whitt (2002)), the weak convergences proved for
the empirical processes in Lemma 8.22 still hold when we use the M; topology.
By Whitt (1980) (see Theorem B.0.2 of Doss (2013b)), F.ar is a complete,
separable metric space. And furthermore we have the following.

Proposition 8.23 (Lemma B.0.9 of Doss (2013b)). F. ar is precompact, mean-
ing that every sequence in F. pr has a convergent subsequence (not necessarily
lying in Fepr ).

This is the fundamental property we need for tightness arguments, to which
we now proceed.

Lemma 8.24. The processes (I/{Tf’L)”’, (I?Tf’L)”, (I?;f’L)’ and I;T;f’L are tight in
D, xC3 when 0 < ¢ < co. The same tightness holds if we replace the L-processes
by the R—processes.

Proof. We will discuss the tightness for the left-side processes. The argument for
the right-side processes is analogous. Proposition 7.1 shows that for any e, we can
take M > 0 large enough that (H:f’L)’” lies in F. ps with probability 1 —e. Since
Fe.m is precompact in D, by Proposition 8.23, (}AIZ’,L)”’ is tight. Then (ﬁﬁf’L)”
is uniformly bounded by Proposition 7.1, and since its derivative is uniformly
bounded, and since the set of functions with their values as well as the values
of their derivatives uniformly bounded by M is compact in C. (via the Arzela-
Ascoli theorem, see e.g. Royden (1988)), we can conclude that (I?;’fL)” is tight
in F ar. Similarly, since integrals on bounded intervals of uniforrr{ly bounded
functions are also uniformly bounded, and by Lemma 8.25 below, together with
the fact that n'/®(s, 1 —b) is O,(1) by assumption we see that (Hy ) and HY |
are uniformly bounded, and their respective derivatives are uniformly bounded,
so we can again conclude that they are tight. An identical argument works for
the right-side processes. O

We will want to consider our processes in Cy, and in D.. For the continuous
processes in Co,, Corollary 5 of Whitt (1970) says that processes that are tight
in C. for all 0 < ¢ < oo are then tight in Cs. By Theorem 12.9.3 of Whitt
(2002) (with Prohorov’s theorem, e.g. van der Vaart and Wellner (1996) page
21), processes that are tight in D., 0 < ¢ < oo, are tight in D,. For the next
lemma, recall the definitions of A, 1, A, g in (8.74) and (8.75).

Lemma 8.25. Asn — oo,

|An | = 0 and |A, r| — 0, almost surely. (8.96)

!Note that ws coincides with the definition of Ay, in Skorokhod (1956).
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Proof. Because sy, 1, is strictly less than m, we can apply Corollary 2.7 B, so that
|A, | = n3/5 ‘IFmL(sn,L) - ﬁ7?7L(sn,L)‘ < n~2/5 - 0 almost surely. Similarly,

since F,, (X)) = 1 = F,(X(,)), by the same corollary, |4, r| — 0 almost
surely. O

With Lemmas 8.21, 8.22, and 8.24 in hand, we can now finish the proof of
the theorem. Fix a subsequence n’. Let

Zn = (U5 ) (HF )@ ()WY X6 Y L)
Zoe = (7 ) (AL )@, ()Y HE X5 0 Y6 1)

By Lemmas 8.22 and 8.24, Z,, r and Z,, 1, are both tight in the space E. = D, x
C3xD.xC. with 0 < ¢ < oo. This means they are also tight in E,, by the discus-
sion after Lemma 8.24. Thus there exists a subsubsequence n”” such that Z,~ g
and Z,,» 1, converge weakly. By the Skorokhod construction (see e.g., Chapter
14 of Shorack (2000)), we may assume that the convergence is almost sure (a.s.).
Let (Zo.1, Zo.r) be the limit and let Zo , = (H, H® HY Hp, X,,Y.), and
Zor = (HY HY Hy) Hg, Xg,Yg). Note that (H? ) = (Hf )@ and

this function is of course concave with mode at 0, so Hl(f) = Hf) must also be
concave with mode at 0. Let

1, = sup (§0(H§§>) N (—oo,O)) and 7 = inf (§0(H§§>) N (o,oo)) (8.97)

with §0(H}(§)) defined as in (4.2). There must be a sequence of knots 7,,» g €
(S,(7%) N (m,00)) such that n'/5(r,n g —m) — T as. To see that we can
take 7, g strictly greater than m, by (8.97) we see the only way g = 0 is if
there exists a sequence of points of SO(Hg)) strictly greater than 0 and con-
verging to 0. Similarly there is a sequence 7,/ € (S,(p2) N (—oo,m)) such
that n1/5(7n~7L — 71, a.s. In our definitions of the (f- and ¢-) processes, s, g
was any knot strictly greater than m satisfying n'/®(s, p —m) = Op(1), and
analogously for s, ;. Take s, r = T, r and sp» 1, = T .. Then let

Spir = ()17 (Twr, — M,y Tt R — M, TO//,_ - m,TS,,7+ —m),
let sy — (10, TR, 7—, 74) and let Zy = (Zo,1, Zo,r, TL, TR, T—, T+ ), Where 7_ and
74 are the limits of the corresponding terms again by tightness from Proposi-
tion 7.3. By Lemma 8.22, if we let Y = Y, , as defined in (4.18) with a =

|<p(()2)(m)|/4! and o = 1/4/ fo(m), then

b

YR(b):/TZ /R 4y (v)dv, Xn(b) = Y4(b) :/ vy,

TR

Yi(b) = /b " / " Ay’ (v)dv, Xp(b) = —Y}(b) = /b "y,
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Let ¢ : E? x R* — R be defined by

Z14
P(z1,. .., 216) = / 28dA — dz11

Z13
giving
n'/®(rn r—m)
oz = [ (B2 ) A~ d(¥ )

I/S(Tn,L_m)

= (HY p =Y}, ) (02 (o, — m)) = (H = Y ) (02 (7,1, — m)).

n

By Lemma 8.26 below, ¢(Z,,») — 0 a.s., and Z,,» — Zj a.s., and ¢ is continuous
at z such that zg and 217 are continuous functions, so a.s. ¢(Zp) = 0, i.e.

TR
/ HYd\—dy ) =0 as.,

so condition (4.7) of Theorem 4.2 holds. Now, let ¢, : E2xR* — R be defined by

e(z) = infyefo,q)(24(b) = 26(b)) A0 giving ¢c(Zn) = infyepo,q (H,7 L (0) =Y} (b)) A
0. This ¢. is continuous since z4 and zg are continuous, and ¢.(Z,) = 0 a.s. by
Lemma 8.21, so ¢.(Zp) = 0 a.s., for all ¢. An analogous argument holds for the
right-side processes. Thus,

(Hp —=Yr)(b) <

(Hr — YR)(b) <
so (4.8) and (4.9) hold. Now, let ¢g (2 fﬂ[zw,c] (210 — 212)dzy (where z16
corresponds to 74, 219 to Hg, 212 to YR, and 27 to HS)). Let

0 for <0,
0 for >0,

¢R(Z) = / (2’10 - 212)d277
[79 (22),00)

where 79 (22) is defined as in (4.4) (and thus 59(z,) is defined as in (4.2)). We
want to show ¢z (Zo) = 0 a.s. Note that 7. < 79(Zp2), although a priori we may
not have equality. This is because a linear function may be well approximated by
a nonlinear function, but the reverse is not true. Thus @ could potentially have
knots strictly between the limit knot 79(Z2) and m (on an n=1/% scale) so 74
could be smaller than 79 (Zy,2), but 3% must have knots approaching 79 (Zy 2)
(on an n~%/? scale), so 71 cannot be larger than 79(Z ). By Lemma 8.21,
or.c(Z,) =0 as., and by Lemma 8.27 below we can conclude ¢ .(Zp) =0 a.s.
Now, let ¢ — oo to see

/]l[zo,w,oo)(zo,lo — Zp12)dZo7 =0

and since the integrand is nonpositive and the integrating measure is nonposi-
tive, this implies

/1[73(20,2),00)(Z0,10 — Zo,12)dZo7 =0
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as desired. An analogous argument holds for the functional
¢)L(Z) = / (2’4 — 26)d2:1
(—00,70 (22)]

with 79(23) defined as in (4.3). Thus we can a.s. conclude ¢r(Zy) = 0 and
¢1(Zy) =0, so we have shown condition (4.10) of Theorem 4.2 holds. We have
shown that as n” — oo, Z,» ¢ converge a.s., so weakly, to Z, which satisfies
the uniqueness criteria of Theorem 4.2. Thus we conclude that the limit does
not depend on the choice of subsequence, and so can conclude Z, 1, = Zy 1, and
Zn,r = Zo,r both in E, as desired. This ends the proof of Theorem 4.8. [

Here are the two remaining lemmas we used in the proof of Theorem 4.8.
Lemma 8.26. Let v, p = n1/5(sn,R —m) and vy, = nl/s(sn,L —m). Then

almost surely, recalling the notation g(a,b] = g(b) — g(a), we have

n-2/5

N /
‘ (Hf,R - Yﬁ,pz) (Un,Ls Vn,R]

< 4
= fo(m)
Proof. We have

(B =Y Ly (b) =nd/? /t"’b(f“,;(u)du — dF,(u)) + An.r

Sn,R
so that
(H ¢ =Y ) () — (HL 5 = Y ) (vn1)
Sn,R
_ n3/5/ (7 (w)du — dF, (u)).
Sn,L
Thus,

—~ / n3/5 Sn,R “
(in =) s = s [ Gty — )

which is bounded in absolute value by 2n~2/%/ fo(m) almost surely, by applying
Corollary 2.7 (recall, by definition, s, r and s, 1 are not equal to m). O

In the definition of ¢ . in the lemma below, 216 corresponds to 74, 219 to

Hpg, z12 to Yg, and 27 to H](%g). The variables defining ¢r . are the analogous
left-side terms.

Lemma 8.27. Forn > 0, assume z, € Ef x R* is such that z, converges to 2.
Assume zo,1 and zo7 are nonincreasing. Let ¢pr (2) = f]l[zl&c](zm—zlg)dm and
OL.c(z) = f]l[,c,zl5](z4 — zg)dz1. Assume further that ¢r.c(zn) =0, ¢r.c(2n) =
0, 2n,10 — Zn,12 < 0 and zp 4 — 26 < 0. Then for ¢ >0, ¢r.(20) =0 if ¢ is not
a discontinuity point of zo7 and ¢r c(z0) = 0 if —c is not a discontinuity point
Of 20,1-



2456 C. R. Doss and J. A. Wellner

Proof. We consider ¢ ., the proof for ¢r . is analogous. For convenience, let
hc(z) = ]l[zls’c](zlo — 2’12), and then fh('(Zn)dZn’? — fhc(Zo)dZOJ equals

/(hc(zn) — he(20)) dzn,7 — /hc(zo)d(zw — Zn,7)- (8.98)

The integrand of the first term in (8.98) is uniformly converging to 0. If we
let z; and x5 be any fixed continuity points of zy satisfying z; < zgo2 <
¢ < x5 then, for large enough n the measure z, 7 has total mass bounded by
20,7(x1) — 20,7(x2) + 2 < oo. Thus the first term in (8.98) converges to 0 as
n — oo since dz, 7 is a nonpositive measure (Royden (1988), Chapter 11.5).
Now since z,5 converges to zp5 in the M; topology, 2,5 converges weakly
to zs, in the sense that for all ¢ € (—c,c¢) that are continuity points of zg s,
Zn,5(t) = 20,5(t) as n — oo (Lemma 12.5.1, Whitt (2002)). The integrand of the
second term in (8.98) is uniformly bounded and has discontinuity points at zg 22
and ¢, so [ L(z9.16,c)Pe(20)d(20,7 — 2n,7) converges to 0. By assumption c is not
a discontinuity point of zg 7 so [ Tgeyhe(20)d(20,7 — 2n,7) goes to 0 as n — oo. If
Z0,16 is not a discontinuity point of zo 7 then similarly [ 1420161 Pe(20)d(20,7 —
Zn,7) goes to 0. Thus, assume zp 16 is a discontinuity point of zg 7. Then by the
M convergence of 2, 7 to zp 7, there exists a sequence z,, of discontinuity points
of z,7 such that x,, — zp16. By the assumption that ¢r .(z,) = 0, we know
(2n,10 — Zn,12(xn) = 0 (since 2,10 — 2n,12 < 0), and by uniform convergence, we
see that (20,10 — 20,12)(20,16) = 0. Thus [ 1429161 Pe(20)d(20,7 — 2n,7) converges
to 0, and so (8.98) converges to 0 as n — 0o, so we are done. (I

Next we prove Theorem 4.9.
Proof of Theorem 4.9. We argue by considering | X1],...,|Xyn] s 2Fy — 1 on
[0,00) with density gar = 2foljg,00)- Note that gar is log-concave with mode
known to be at 0 and so we can use the results based on the mode-constrained
MLE. Let ¢ = log g5 = @0 + log 2 on [0, 00). Recall that

n . [XT(n)
Fial@) =0 Y txzn md Gia)= [0 g a
i=1 T

where gF = 24919 o). Let sz{ =logg, . Let s, r > 0 be a knot of sz{ satisfying
n1/53n,R = 0,(1). The proof proceeds as in the proof of Theorem 4.8, except
we replace 137? r by @:{ s Fn,r by Fx s and fo by gar , and we consider only
“right-side” processes on [0, 00). To make things line up fully, we can take s, 1,
to be 0 and define left side analogs of é;r g and JF; r to be identically 0. O

See the scaling relations in (7.5) and (7.6), and the three following displays,
to see how Theorem 4.9 proves Theorem 4.7 C. Note that in Theorem 4.9,
o = 1/4/2f0(0), whereas in (7.8) and (7.9), ¢ is 1/4/f0(0). This modification
yields the factors of 272/5 and 2-1/5 appearing (twice each) on the right side of
(4.15), as explained in Theorem 4.5 C.
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8.2.5. Proof for the mazimum functional limit theory

Proof of Theorem 4.11. If {F,} is a concave function sequence on R that con-
verges uniformly on compacta to a function F, where F' has a unique maxi-
mizer, then N(F,) — N(F). Thus N is continuous on the subset of convex
functions in Co, with the topology of uniform convergence on compacta. Let

o =1//To(m). a = [ (m)| /41, Fu(t) = n?/*(@a(m + n~/%t) —go(m)), and
F(t) = @4, (t). Then by Theorem 4.8, F,, converges weakly to F' so by the con-
tinuous mapping theorem N(F,) —4 N(F). Now, by the scaling relationship
(4.20), N(F) =4 0*/5a*>N(3((a/o)?/>-)) = 0*/5a*/> N($). We can check that
o4/5a/5 = C(m, py). Thus we have shown

n*/5(log N (fn) — log N(fo)) —a C(m,@0)N(3)

since N(F},) is the left side of the above display. Applying the delta rule, we see
also

n2/5(N(]?n) — N(fo)) =a c(m, o) N(P). O

9. Technical lemmas

Here is a statement of the general integration by parts formulas for functions of
bounded variation, used in our proof of Proposition 8.8. See, e.g., page 102 of
Folland (1999) for the definition of bounded variation.

Lemma 9.1 (Folland (1999)). Assume that F and G are of bounded variation
on a set [a,b] where —o0o < a <b < o0

A. If at least one of F and G is continuous, then
/ FdG + / GdF = F(b)G(b) — F(a)G(a).
(a,b] (a,b]
B. If there are no points in [a,b] where F' and G are both discontinuous, then

FAG+ | GdF = FB)G®) — Fla—)Gla—).
[a,b] [a,b]

The next lemma is proved in Doss (2013b), page 143, for convex rather than
concave functions.

Lemma 9.2 (Doss (2013b)). Let g1 and go be concave functions on [a,b], and
let t € [a,b]. Then

9o(t) —~ 91(6) < T (g0(a) — 91() + & (g0(0) ~ 61(b))
60—, o
+ = gy — i),

b—a
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