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1 Introduction

Our note is concerned with “mirror” couplings of reflected Brownian motions, defined
in Section 2. These couplings were used many times to prove theorems in potential
theory, see [1, 2, 3, 4, 5, 6]. The main arguments in all of these articles were based on
the analysis of the motion of the “mirror,” i.e., the line of symmetry for two coupled
reflected Brownian motions. Mirror motion analysis is simple and intuitive as long as a
certain simple construction (see Section 2.2) of the mirror coupling can be applied. We
will prove that, unfortunately, the simple construction is limited in its scope because two
mirror coupled reflected Brownian motions can hit the sides of a wedge at the same time.
The mirror-coupling-based proofs in [1, 2, 3, 4, 5, 6] are correct to our best knowledge.
The negative result presented in this paper means that the existing proofs cannot be
simplified and at least some future applications of mirror couplings will have to be based
on less intuitive and less convenient constructions. To our best knowledge, the first
rigorous construction of a mirror coupling in any domain with piecewise C?-boundary
for all positive times was given in [2].

It is known (see [8]) that two reflected Brownian motions in a disc driven by the same
Brownian motion (i.e., a “synchronous coupling”) can hit the boundary of the domain
at the same time. Many results on path properties of the stochastic flow of reflected
Brownian motions can be found in [12] and references therein.

Later in the paper we will need the following representation of a reflected Brownian
motion. Let D C R? be a bounded connected open set with piecewise C?-smooth
boundary. Let n(z) denote the unit inward normal vector at « € dD. Let B be standard
2-dimensional Brownian motion, z € D, and consider the following Skorokhod equation,

t
X, =z+ B, +/ n(X,)dL,, fort > 0. (1.1)
0

*Research supported in part by Simons Foundation Grant 506732.
TDepartment of Mathematics, Box 354350, University of Washington, Seattle, WA 98195. E-mail: burdzy@
uw.edu


https://doi.org/10.1214/19-ECP224
http://www.imstat.org/ecp/
mailto:burdzy@uw.edu
mailto:burdzy@uw.edu

Brownian couplings

Here L is the local time of X on dD. In other words, L is a non-decreasing continuous
process which does not increase when X isin D, i.e., fooo 1p(Xy)dL; = 0, a.s. Equation
(1.1) has a unique pathwise solution (X, L) such that X; € D forall¢t > 0, forall z € D
(see [10]). The reflected Brownian motion X is a strong Markov process.

2 Mirror couplings

We will present three different constructions of “mirror couplings” of Brownian
motions and reflected Brownian motions in planar domains, starting with couplings in
the whole plane and then moving to domains of greater complexity. These constructions
were originally developed in [7] and later applied in [4] and other articles. Our review is
similar to that in [5].

2.1 Mirror couplings in the plane

Suppose that z,y € R? are symmetric with respect to a line M and = # y. Let X be a
Brownian motion starting from z, let Tﬁ =inf{t > 0: X € M}, and let Y; be the mirror
image of X, with respect to M for t < T;x. We let Y; = X, for t > T5". By the strong
Markov property applied at Tﬁ, the process Y is a Brownian motion starting from y. The
pair (X,Y) is a “mirror coupling” of Brownian motions in the plane.

2.2 Mirror couplings in half-planes

Informally speaking, a mirror coupling in a half-plane is the unique coupling of
reflected Brownian motions in the half-plane that behaves exactly as the mirror coupling
in the whole plane when both processes are away from the boundary. Suppose that
D, is a half-plane, z,y € D,, and let M be the line of symmetry for x and y. The case
when M is parallel to D, is essentially a one-dimensional problem, so we focus on
the case when M intersects dD,. By performing rotation and translation, if necessary,
we may suppose that D, is the upper half-plane and M passes through the origin. We
will write z = (r*,60%) and y = (r?,6Y) in polar coordinates. The points xz and y are at
the same distance from the origin so 7* = r¥. Suppose without loss of generality that
0% < 0Y. We first generate a 2-dimensional Bessel process R; starting from r*. Then we
generate two coupled one-dimensional processes on the “half-circle” as follows. Let éf
be a 1-dimensional Brownian motion starting from 6*. Let éi’ = féf + 07 +0Y. Let Of be
reflected Brownian motion on [0, 7], constructed from (:)§7 by the means of the Skorokhod
equation. Thus ©7 solves the stochastic differential equation dO} = d(:)%' + dL;, where L,
is a continuous process that changes only when Of is equal to 0 or 7 and ©7 is always
in the interval [0, 7]. The process OF is constructed in such a way that the difference
o7 — (:)f is constant on every interval of time on which ©f does not hit 0 or 7. The
analogous reflected process obtained from éty will be denoted (:)i’ Let 7© be the smallest
t with ©2 = ©Y. Then we let ©Y = 6! for t < 7© and ©¢ = OF for ¢t > 7©. We define
a “clock” by o(t) = fg R;?ds. Then X; = (R;,©7,)) and Y; = (R, 0} ,) are reflected
Brownian motions in D, with normal reflection—one can prove this using the same ideas
as in the discussion of the skew-product decomposition for 2-dimensional Brownian
motion presented in [9]. Moreover, X and Y behave like free Brownian motions coupled
by the mirror coupling as long as they are both strictly inside D.. The processes will stay
together after the first time they meet. We call (X,Y) a “mirror coupling” of reflected
Brownian motions in half-plane.

The two processes X and Y in the upper half-plane remain at the same distance from
the origin. Suppose now that D, is an arbitrary half-plane, and = and y belong to D.,.
Let M be the line of symmetry for x and y. Then an analogous construction yields a
pair of reflected Brownian motions starting from x and y such that the distance from
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X; to M NID, is always the same as for Y;. Let M, be the line of symmetry for X; and
Y;. Note that M; may move, but only in a continuous way, while the point M; N 9D, will
never move. We will call M, the mirror and the point H := M; N 0D, will be called the
hinge. The absolute value of the angle between the mirror and the normal vector to 0D
at H can only decrease because, assuming that only one of the processes is reflecting
from the boundary at some time, the reflecting process will receive an infinitesimal push
in the direction of the inner normal vector, due to the local time L;, and, therefore, the
mirror will be pushed away from that process.

2.3 Mirror couplings in polygons

We will present an inductive construction of a mirror coupling (X,Y) of reflected
Brownian motions in a planar convex polygonal domain D based on the constructions
presented in Sections 2.1 and 2.2. We will construct a coupling only on a (random) time
interval [0, Soo] such that X; ¢ 0D or Y; ¢ 0D for every t € [0, Sx).

Assume that z,y € D, z # y, and let {(X},Y;'),t > 0} be the mirror coupling of
Brownian motions in the whole plane, starting from (Xg,Yy) = (x,y). Let Sy = 0 and
Sy =inf{t>0: X! €D orY,! € dD}.

If X{ € 9D andYd € dD then we let S, = S; and we end the induction.

Suppose that either X§ ¢ 9D or Yg ¢ dD. In the first case let I; be the edge of D
to which Ysl1 belongs and let K; be the line containing /;. In the second case let I; be
the edge of 9D to which Xél belongs and let K be the line containing /.

Suppose that {(XF,Y}*),t > Si_1}, Sk, I and K} have been defined and either
Xk ¢ 0D or Y} ¢ 0D, for some k > 1. Let {(X;™",Y}™"),t > S,} be the mirror
coupling of Brownian motions starting from (X', v§+!) = (X% , V¥ ), constructed as
in Section 2.2, in the half-plane containing D, with boundary K. Let Si11 = inf{t > S} :
Xkt e dD or Y}t € oD},

If X g:fl € 0D and Yskktll € 0D then we let S = Si11 and we end the induction.

Suppose that either ngtll ¢ 0D or Yskktll ¢ OD. In the first case let I}, be the edge
of 0D to which Yé“;ll belongs and let K be the line containing I ;. In the second case
let I 1 be the edge of D to which X g:fl belongs and let Kj; be the line containing
Tyt

If there is no k£ such that S, = S}, then we let S, = limy_, o0 Sk.

We define (X;,Y;) fort € [0,S.) by (X;,Y;) = (XF,Y}) for t € [Sk_1,Sk) and k such
that Sp_1 < Seo. If Soo < oo then we extend the definition of (X;,Y;) to ¢ = S by
continuity.

The construction of the mirror coupling can be easily continued beyond S, under
some circumstances. For example, if X5 =Ys_ then X and Y can be continued beyond
Sso as a single reflected Brownian motion in D.

Let M, denote the mirror, i.e., the line of symmetry for X; and Y;. Since the process
which hits I, does not “feel” the shape of 9D except for the direction of I, it follows
that the two processes behave as a mirror coupling in a half-plane and, therefore, they
remain at the same distance from the hinge H; := M; N K}, on the interval [Sk, Sk+1).
The mirror M; can move but the hinge H; remains constant on the interval [Sk, Si+1)-
Typically, the hinge H; jumps at times S;,. The hinge H; may lie outside D at some times.

2.4 Mirror couplings of reflected Brownian motions in a wedge

Remark 2.1. Before we state our result, we will list three events. Each one of these
events can occur with strictly positive probability for some polygonal domain and initial
conditions. In each case, X1 € 9D and Yy € 0D for some stopping time 7" > 0, but the
construction of the mirror coupling for times greater than 7" does not pose any technical
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difficulties. Hence these three situations are not interesting.

(i) It may happen that X = Yy € 9D. In this case, one can continue the mirror
coupling as a single reflected Brownian motion in D representing both X and Y after
time T'.

(ii) It may happen that X and Y hit the same edge [ at the same time 7, at different
points. In this case the mirror is orthogonal to I at time 7. One can easily continue the
mirror coupling after 7', on some random time interval, until one of the processes hits a
different edge of 9D.

(iii) If the mirror passes through the intersection point of lines containing two edges
I and J then it may happen that X hits [ and Y hits J at the same time 7. One can
easily continue the mirror coupling after 7', on some random time interval, until one of
the processes hits a different edge of 0D.

Note that one may take T' = 0 in cases (i)-(iii), for some domains and starting positions
for X and Y. Hence, Theorem 2.2 cannot be strenghtened from “some x and y” to “all «
and y.”

We will use complex and vector notation interchangeably.

Theorem 2.2. Consider a wedge D = {re?® € C : r > 0, 0 < 6§ < o} with angle
a € (0,7/2). We will denote the edges of D by Ex = (0,00) and Ey = {re’® : r > 0}.
There exist x,y € D such that if {(X,Y;),t € [0, 5+)} is the mirror coupling of reflected
Brownian motions in D constructed as in Section 2.3 and (X, Yy) = (z,y) then

IP(SOC <OO,XVSoo 6EX7YSOO EEYa|XSOO|7é|YSOC|)>O- (2.1)

Remark 2.3. (i) Recall that if S.; < oo then Xg_ is defined as limys. X;. A similar
remark applies to Yg__.

(ii) It is easy to see that if the event in (2.1) holds then none of the situations listed in
Remark 2.1 (i)-(iii) could have occurred at time S.

(iii) It is clear from the construction given in Section 2.3 that Theorem 2.2 applies
also to polygonal domains. The reason is that the mirror coupling “can only see” the
boundary of the domain locally and, therefore, it evolves in the same way in a polygonal
domain as in a wedge formed by the two sides of the polygon that are the closest to the
two Brownian motions.

Proof of Theorem 2.2. Step 1. This step is devoted to a purely deterministic lemma. We
will study the effect of increasing 5 on the position of A and the logarithmic transforma-
tion of the blue wedge in Fig. 1 (rigorous definitions are given below).

Recall that / denotes an angle; we will adopt the convention that all angles are
in [0, 7]. For any points F' and G in the plane, let |F'G| denote the distance between
them. We will identify points in the plane with complex numbers and points on the real
axis with real numbers. Hence, if F' is a point in the positive part of the real axis then
F=|F|=|0F|. LetU :={z€C:0<Imz<m}.

Fix any o € (0,7/2), consider H > 0, 8 € (a,7/2), and let M = {H + re?? : r € R}.
Define H' by {H'} = M N Ey. Let S be the symmetry with respect to M, and define A
and A’ by {A} = Ex NS(Ey) and {4’} = {S(4)} = By N S(EXx). See Fig. 1.

We will consider o and H to be constants and we will treat [ as a variable. Note that
H’, A and A’ are uniquely determined given H, « and f3.

Elementary geometry shows that Z(0AH') =74+ « — 28 and Z(0A’H) = 25 — «. By
the law of sines,

H |HA'|

sin Z(0A’H)  sin Z(HO0A’)’
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Figure 1: The first step of the proof is devoted to studying the effect of increasing 5 on
the position of A and the logarithmic transformation of the blue wedge.

H _|HA
sin(28—a)  sina’
Hsina
HA|=|HA|= ————
[HA| = | sin(28 — a)’
A= |H|+ |HA| = H(1+sinacsc(26 — a)). (2.2)

Let W be the closed wedge with vertex A, such that its sides contain H and H’, and
A’ lies in its interior. Note that /4 + «/2 < 7/2. For z € W and 8 € (a,7/4 + «/2) let
™

f(B,2z) = (log(z — A) +i(a — 25))m (2.3)

otz o 20) i

The function f(f, z) takes values in U and, informally speaking, sends (3, A) to —occ.
Consider r € (H, A). We use (2.2) to see that

f(B,7) = (log(r — A) + i(a — 25))m
= (log(—r+A) +i(r+a— 26”%

sin o ™ .
= <log <_T+H<l+sin(25—a))>) o _28 + .

We use (2.2) once again to get,

0 27 H sin(a) cot (26 — a) csc(28 — a)

op (Br) = = (m 4+ a—2B8)(H(1 + sin(a) csc(28 — a)) — )
27 .
+ rta—237 log(H (1 + sin(a) csc(28 — a)) — )
_ 2mHsin(a) cot(28 — o) csc(28 — a) 27 ool A — 1
n (m+a—28)(A-r1) + (7T—|—oz—2ﬁ)21 gA-r). 24

Recall that o € (0,7/2) and fix 87 and 55 such that o < 87 < 5 < 7/2 and 285 —
a < /2. If B € [Bf, 03] then sin(a) cot(28 — a) csc(28 — «) > 0. Hence we can find
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¢ = (o, H, B, B3) > 0 such that if § € [, B3] then

%f(ﬂ,r) < —ci(A-r)"h (2.5)

Next we calculate the normal derivative of f with respect to the second variable. If
we write z = e’ then

1 0 ;
v o)

_ i -1
_77+a—25(A r)~L (2.6)

6=0

We will derive an analogous estimate for a mapping corresponding to the other side
of the wedge D. Let v = Z(0H'H) and note that v = 8 — «. We will now consider « and
H’ to be constants and we will treat - as a variable. Note that H, A and A’ are uniquely
determined given H', « and ~.

We have Z(0AH') = 7 — a — 2. By the law of sines,

|H'| |H' Al
sin Z(0AH") - sin Z(H'0A)’
|H'| |H'Al
sin(m — a — 2) ~ sina’
/A = |H'A| = .|H’|sma ’
sin(2y + «)
|A'| = |H'| — |[H'A'| = |H'|(1 — sinaese(2y + a)). (2.7)

Let W’ be the closed wedge with vertex A’, such that its sides contain H and H’, and
A lies in its interior. Let (v)~ denote the complex conjugate of v € C. For z € W’ and
v e (0,m/4— a/2) let

9(v,2) = ((log(z - A) - ia)7ro7:2,y) : (2.8)

The function ¢(v, z) takes values in U and, informally speaking, sends (v, A’) to —oc.
Consider z = re'® with r € (4’|, |H'|). Using (2.7), we obtain

o.2) = ((ostre® = ) ~ia) T )

T™T—oa— 2y
= (log(r —|4)) —
(108t~ 14D =T )
= log(r — |A/) ———
oa(r = |4 —"—-
= IOg(T — |H/|(1 — sinacsc(2’y =+ a)))ﬂ'—o’]j’i—z’y’

so, using (2.7) once again,

0 (7, 2) 27| H'| sin(a) cot(a + 2) esc(a + 27)
el ) = —
879 ” (m—a—2v)(r—|H'|(1 — sin(a) csc(a + 27)))
2mlog(r — |H'|(1 — sin(a) esc(a 4 27)))
+
(r—a -2
_ 2n[H|sin(a) cot(a + 29) esc(a + 27) | 2mlog(r — [A4])
- (m—a—27)(r = [A']) (r—a—2v)*"
ECP 24 (2019), paper 22. http://www.imstat.org/ecp/
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Recall that o € (0,7/2) and let v; = 57 — a and 75 = 85 — . Then
0<9y <7 <7/2—a, 2y +a<m/2 (2.9)

Ify € [vf, 3] then sin(a) cot(2y+a) csc(2y+a) > 0. Hence we can find ¢ = ¢ (a, H' v, 7v5) >

0 such that if v € [7{,~3] then
—g(y,7r) < —c5(r—|A"])"L 2.10
5,901 7) < —cs(r = |4') (2.10)

We will now calculate the normal derivative of g with respect to the second variable.

Write z = re’?. Then

1.9
r 007

U (2.11)

10
(3,7¢)| T

0=«

Recall that v = 8 — « and note that for fixed a, 8 and H, we have for z € W/,
9(v,2) = f(B,5(2)). (2.12)

Step 2. Let LX and LY denote the local times in the representation (1.1) for X and Y,
resp. Recall that M; denotes the line of symmetry for X; and Y;, reflected Brownian
motions in D. Assume that My = {K + re?’ : r € R} for some K € Ex and a < 3y <
T[4+ af2.

Let Ex (Ey) be the straight line containing Ex (Fy). Let {Hx,} = M, N Ex and
{Hy,} = M; N Ey. Let S; be the symmetry with respect to M, for ¢ < S.,. In particular,
we have §;(X;) =Y, forall t < S.

Let j3; be defined by M; = {Hx; + e’ : » € R} and

T'=inf{t>0:X;=Y;0or0€ M;or 3 ¢ (a,7/4+ a/2)}, (2.13)
T" —inf{t >0: X, € 9D and Y, € D}, (2.14)
T=T ANT". (2.15)

The following definitions apply to ¢t € [0,T).

Let Ay, and Ay, be defined by {Ax,;} = Ex NS;(Ey) and {Ay+} = {Si(Ax.)} =
Ey NS;(Ex). See Fig. 2.

We will argue that our assumptions on M, and 3, imply that 0 < Hx, < Ax,o and
0 < |Ay,| < |Hy|. Since a € (0,7/2), we have a < By < 7/4+«/2 < 7/2. Hence, S;(Ey)
must intersect Ex at a point Ay o to the right of Hx ¢ and such that [0Ax | < 2|0Hx .
The bound S, < 7/2 also implies that Ay must lie between 0 and Hyp.

Let Wx : be the closed wedge with vertex Ax ;, such that its sides contain Hx ; and
Hy,, and Ay, lies in its interior. For ¢t € [0,T) and z € Wx , let

™

F(t,z) = (log(z — Ax.¢) + (o — 25t))m'

Let v+ = B+ — a. Let Wy, be the closed wedge with vertex Ay, such that its sides
contain Hy; and Hx ,, and Ax  lies in its interior. Recall that (v)~ denotes the complex
conjugate of v € C. Fort € [0,T) and z € Wy let

61t,) = ((ogz — v) — i) — ) .

T™T—a—2v
It follows from (2.3), (2.8) and (2.12) that

F(t,z) = f(B,z), forte|0,T),z¢€ Wx,,
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H
Mt Xt AX,'[ EX

Figure 2: The proof shows that it is possible for X and Y to visit the boundary
simultaneously at a time ¢ such that X;, = Ax,, ¥; = Ay, and | X,| # |V3].

g(t,Z) = g('ytv Z)7 fort e [O,T), AS Wy’t,
s for z € WY,t,
S(Y) = F(t. X)), forte[0,7).

The function F(¢, z) takes values in U and sends (¢, Ax ) to —oo. The function G (¢, z)
also takes values in U and sends (¢, Ay;) to —occ.

If X; € Ex for some t then we will call X active at time ¢, and similarly for Y. Suppose
that X, is active at time ¢. Then, over a short time interval [¢,¢ + J], the mirror M, will
move from the position M; to M., the angle 3, will increase to 3,5, the wedge Wx .
will be transformed into the wedge Wx ;;5, and the angle of Wx ; will change from
T+ a—26, tom+a—25,45. As aresult, Ax, will move to Ax ;s in the direction of X,.
Analogous remarks apply to the situation when Y is active at time ¢. In that case Ay,
will move to Ay ;s in the direction of Y;. For a point z between 0 and Ax .5, its image
under F will change from F (¢, z) to F(t + 9, z).

Let
Zt* = g(t,Y}) = f(t,Xt), te [OvT)7 (216)
_ td ’
p(t) :/O (dz]:(s,z) z—XS> ds, tel0,T),

Sy = ltlTr%l p(t), (2.17)

p(t) = inf{s > 0 7(s) > 1},
Zs=7Z%(p(s)), se€I0,s4).

The process {Z,;,t € [0,s,)} is reflected Brownian motion in U with (random) oblique
reflection, by an argument very similar to the proof of [11, Thm. 2.3]. We will not
reproduce that proof here but we will point similarities. In [11, Thm. 2.3], a reflected
Brownian motion is transformed by a continuous mapping depending on space and
time. In that paper, there is a non-decreasing process, the norm of the original reflected
Brownian motion, that is constant on time intervals whose union has full Lebesgue
measure. On each of these intervals, the mapping does not depend on time and is
analytic in the space variable. In our case, the local times L* and LY are constant on
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time intervals whose union has full Lebesgue measure. On each of these intervals, the
mapping F (¢, z) does not depend on time and is analytic in the space variable.

The obliquely reflected Brownian motion Z; in U has the following representation.
For some two-dimensional Brownian motion B’ and 2z, = F(0, Xo) € U,

t
Z, =z + B, +/ v(s,Z)dL?,  forte[0,s,). (2.18)
0

Here L is the local time of Z on OU. In other words, L is a non-decreasing continuous
process which does not increase when 7 is in the interior U° of U, i.e., fos* 1y0(Zy)dL? =
0, a.s. The vector of oblique reflection v is normalized in (2.18) so that the absolute
value of its normal component is equal to 1. The vector v is random, i.e., v(s, - ) depends
on {Z;,0 <t < s}. We will write v = (v1,v3) = v1 + vy, for vy, v, € R. Hence, |vg| = 1.
More precisely, v2(z) = 1if z € R and vy(z) = —1 if Im (2) = 7.

We will now determine the first component v; of the vector of oblique reflection v.
We will use the informal differential notation: AS; = a(t)AL;* should be interpreted as
fsu dpy = fs“ a(t)dL;* for all s < u. It follows from the construction of the mirror coupling
in a half-plane outlined in Section 2.2 that at the time when X; is active, this process
gets an infinitesimal push along the inner normal vector of the size AL so the angular
motion of the mirror, in radians, is equal to one half of the angle swept by X, i.e.,

ALY
Afp = ——t (2.19)
P 2|X; — Hx |
Therefore, by the chain rule,
2
v1(p(t), Zsry)) _ Ay o/ (,7) r=|X:|,8= (2.20)

[0o(3(1), Zow))| ALY

1 a9 160
. < re
r 89f(’6’ ) 0=0,r=|X¢|,8=P

. ZF8.7)|
T 21X, — Hyy|

r=|X:|,8=B:

L 5 f(8.re)|

0=0,r=|X:|,8=P

Fix some (7 and f; such that o < 87 < fp < 85 < 7/2 and 2085 — o < 7/2. Let
T, =T ANinf{t > 0: B ¢ [BF,55]}. We combine (2.5), (2.6) and (2.20) to derive the
following estimate for times ¢ € [0, T7) such that X, is active,

v1(p(t), Z51)) < _ ] ' T+ o — 2065 . 671 (2.21)
[02(P(t), Zs))l = 21X; — Hx,y

s | Xt — Hx |
Note that ¢; > 0.

Let 7§ = B —a and 75 = 85 — a. Since v = B — a, we have 7] < v < 75. Note
that Ty = T Ainf{t > 0: v+ ¢ [v7,73]}. The conditions imposed on 5; and 35 imply that
0<~f <9 <7 <m/2—aand 275+« < 7/2. Hence, the assumptions (2.9) are satisfied.
It follows that we can use (2.10) and (2.11) to derive the following estimate, analogous
to (2.21), for times t € [0,7}) such that Y; is active,

wlpl) Zpw) o moaz¥i_ & (2.22)
lv2(p(t), Z51))] 2|Y; — Hy | m |Y; — Hy |
where ¢ > 0.
It is easy to see that we can choose r; > 0 so small that
1
ry < §(|AX,O — Ayo| N |Ax o — Hx | N|Ay,o — Hyl), (2.23)
ECP 24 (2019), paper 22. http://www.imstat.org/ecp/
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and if 7" < oo then ‘XT/ — AX,0| > 3ry and |YT/ — Ay70‘ > 3rq.

It follows from the construction of the mirror coupling given in Sections 2.2-2.3
that on the interval [0, 7], the distance |0Hx .| is non-decreasing, the distance |0Hy | is
non-increasing, and the functions g; and ~; are non-decreasing. This implies that there
exist 3, € (Bo, B3) and 72 € (y0,75) so small that if

Ty =T Ainf{t > 0: B, ¢ [Bo, Bo]} Ainf{t > 0: % ¢ [0, 72]} (2.24)
then for ¢ € [0, T3],

|Hx: — Hx | <71, |Hy+ — Hy,o| <711, (2.25)
[Ax ¢ — Axo| <71, | Ay, — Ayo| < 1. (2.26)

We will now argue that
{T=T"="T,} C {5. = c}. (2.27)

It follows from (2.4), (2.6) and (2.20) that the vector of oblique reflection v(p(t), Z;)
is locally bounded on the upper boundary of U for ¢t < 75 < T. The analogous remark
applies to the lower boundary of U.

Suppose that s, < co and T' = T" = T5. We will show that this leads to a contradiction.
The limit lim,4s, Z, exists and is finite because s, is finite and Z is a reflected Brownian
motion with a locally bounded vector of oblique reflection, a continuous process. If
Xr_ € 0D and Yy_ € 0D then Xp_ = Axr_ and Ypr_ = Ay r_. Hence, (2.16) implies
that limqs, Re Z; = —o0, a contradiction. This implies that either X ¢ 0D or Y ¢ 0D,
hence T # T”, according to the definition (2.14) of T”. This is a contradiction so we
conclude that (2.27) is true.

Let ¢; = (¢4 A ¢)/r1. It follows from (2.21), (2.22) and (2.25)-(2.26) that we have
the bound vy (p(t), Z51)) < —c1 if t < T, and either X; € B(Ax,,r1) N 9D or Y; €
B(Ayﬁo, 7’1) NobD.

It follows from (2.19), a formula analogous to (2.19) for v, (not stated explicitly), and
(2.25)-(2.26) that there exists ¢ > 0 such that

{LZX <o, LY <o, sup |Axo— Xs| <71, sup [Ay,o — Ys| < Tl} (2.28)
0<s<t 0<s<t
clg < 60+627%§ v+
2 2
Let ¢3 > 0 be so small that if
Dx ={w e D :dist(w,0D) < ¢3,|w — Ax | < 2r1}, (2.29)
Dy = {w € D : dist(w,9dD) < c3, |w — Ay,o| < 2r1}, (2.30)
Tx =inf{t >0:X,¢ Dx}, Ty =inf{t>0:Y; ¢ Dy}, (2.31)
Fy = {LX(Tx) < ¢y and LY (Ty) < 3}, (2.32)
then
P(Fy |z € Dx,y € Dy) > 3/4. (2.33)

In view of the definition (2.24)-(2.26), we can fix a deterministic ¢4 € R so small that

ift € [0,T2] and w ¢ Dx then Re F(t,w) > ¢4, and (2.34)
ift € [0,72] and w ¢ Dy then ReG(t,w) > c4. (2.35)
ECP 24 (2019), paper 22. http://www.imstat.org/ecp/
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Assume for a moment that s, defined in (2.17) is infinite, a.s. We will argue that no
matter what oblique vector of reflection is, the local time on the boundary increases at a
linear rate in the sense that for some c; > 0, not depending on the reflection vector,

. 7 _
lim L7/t = cs, as. (2.36)

The process {LZ,t > 0} is the same as the local time of one dimensional reflected
Brownian motion Im Z; in (0,7). The process LZ increases when Im Z; is reflecting
from 0 or 7. Let & be the consecutive hitting times of the boundary, i.e., § = inf{t >
0:ImZ = 0}, & = inf{t > &1 : ImZ;, , —ImZ,| = n}, k > 1. The vectors
(fk —&r1, Lg — Lgﬁl) are i.i.d., by the strong Markov property. Standard methods
show that both components of these vectors have finite expectations so the strong law of
large numbers implies (2.36).

We use (2.36) to see that there exists ¢g < ¢4 such that if the vector of oblique
reflection (vy,vs) satisfies vy (t,2) < —¢y fort > 0 and z € OU with Rez < ¢4, and

Fy = {tlLIEOReZt = —00, ilzll(i))ReZt < 04} (2.37)

then
P(F; | ReZy < ¢g) > 3/4. (2.38)

It follows that if
F3 = { sup Re Z; < 04} (2.39)
0<t<H(T2) A

then

P(F3 | ReZy < cg) > 3/4. (2.40)

Recall that (Xy,Yp) = (x,y). We choose z,y € D such that x € Dx, y € Dy and
Re F(0,x2) =Re G(0,y) < cg.

The event F; N F» N F3 has probability greater than 1/4 because of (2.33), (2.38) and
(2.40). Suppose that Fy N F> N F3 occurred.

Assume that p(7T2) < s.. We will show that this assumption leads to a contradiction.

Since F3 occurred and p(T3) < s,

sup ReZ; = sup ReZ; <ecy. (2.41)
0<t<p(T2) N5 0<t<p(T>)

This, (2.24), (2.31) and (2.34)-(2.35) imply that
Ty < Tx ATy (2.42)

This, the assumption that F; occurred and (2.32) imply that LX (T%) < ¢ and LY (T3) < cs.
Since Ty < Tx A Ty holds, it follows from (2.29)-(2.30) that supg<,<r, [Ax0 — Xs| < 71
and supy<,<7, |[Ay,0 — Ys| < r1 hold. This, coupled with the earlier observations, shows
that the event on the left hand side of (2.28) holds with ¢ replaced with T,. Hence, the
event on the right hand side of (2.28) holds with ¢ replaced with 75. But this contradicts
the definitions of 75 and s, and the assumption that p(75) < s.. The proof that p(73) > s.
is complete.

The fact that p(7) > s, and the definitions of s, and 75 given in (2.17) and (2.24)
imply that T = T, and, therefore, p(7%) = s.. This, in turn implies that (2.41) and (2.42)
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remain vahd The definition of r; (see the paragraph contalnlng (2 23)) and (2.29)-(2.31)
imply that TX A Ty < T'. Hence, the factthat T =T, < TX A Ty implies that T" < T".
Now it follows from (2.15) that 7' = T". According to (2.27), s, = oo. This, the fact that
p(Tz) = s, and the definition (2.39) of F3 imply that sup;<,.., Re Z; < ¢4. Comparing
(2.37) and (2.39), and recalling that we are assuming that F5 holds, we conclude that
T < o0, Xpr = AX,T € Fx and Y = Ay7T € Ey. We have |XT| 7é ‘YT| because T' < T".
The theorem holds with S,, =T O
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