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Abstract: In this paper, the problem of maximizing a black-box function
[+ X — R is studied in the Bayesian framework with a Gaussian Process
prior. In particular, a new algorithm for this problem is proposed, and high
probability bounds on its simple and cumulative regret are established. The
query point selection rule in most existing methods involves an exhaustive
search over an increasingly fine sequence of uniform discretizations of X.
The proposed algorithm, in contrast, adaptively refines X which leads to
a lower computational complexity, particularly when X is a subset of a
high dimensional Euclidean space. In addition to the computational gains,
sufficient conditions are identified under which the regret bounds of the
new algorithm improve upon the known results. Finally, an extension of the
algorithm to the case of contextual bandits is proposed, and high probability
bounds on the contextual regret are presented.
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1. Introduction

We consider the problem of maximizing a function f : X — R from its noisy
observations of the form

Yt :f(ﬂft)—FT}t, t= 1,2,...,717 (11)

where 7, is the observation noise at time t. We work in the Bayesian setting,
assuming that the function f is a sample from a zero mean Gaussian Process
(GP) indexed by the space X, and n, for t > 1 are i.i.d. N(0,0?) Gaussian ran-
dom variables. We further assume that the function f is expensive to evaluate,
and we are allocated a budget of n function evaluations.

This problem can be thought of as an extension of the multi-armed bandit
(MAB) problem to the case of infinite (possibly uncountable) arms indexed by
the set X. The goal is to design a strategy of sequentially selecting query points
x¢ € X based on the past observations {(x;,y;);1 < i <t — 1} and the prior
on f. As in the case of MAB with finitely many arms, the performance of any
query point selection strategy is usually measured by the cumulative regret R,,:

Ro = fla*) = flz). (1.2)

An alternative measure of performance is the simple regret S,, which is used in
the the pure exploration problem:

Sn = f(z") = f(z(n)), (1.3)
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where x(n) is the point recommended by the algorithm after n noisy function
evaluations.

We note here that cumulative regret is a more stringent measure of perfor-
mance than the simple regret, as it forces the agent to address the exploration-
exploitation dilemma.

1.1. Prior work

Optimizing a black-box function from its noisy observations is an active area of
research with a large body of literature. Here, we review existing methods which
take a Bayesian approach with GP prior to this problem, and have provable
guarantees on their performance.

Srinivas et al. (2012) formulated the task of black-box function optimization
as a MAB problem and proposed the GP-UCB algorithm which is a modification
of the Upper Confidence Bound (UCB) strategy widely used in bandit literature.
The algorithm constructs high probability UCBs on the function values using
the GP posterior and selects the evaluation points by maximizing the UCB over
X. For finite search spaces X they showed that the GP-UCB algorithm admits
a high probability upper bound on the cumulative regret of the form:

R, < O(y/nlog(n)vyn,), (1.4)

where 7, is the mazimum information gain with n evaluations. We will refer to
cumulative regret bounds of this form as information-type regret bounds in this
paper. In addition, to make the dependence on n explicit, Srinivas et al. (2012)
further derived bounds on the term -, for some commonly used kernels. Finally,
they presented an extension of the GP-UCB algorithm to the case of continuous
X by applying it on a sequence of increasingly fine uniform discretizations of X.

Follow up works to Srinivas et al. (2012) have extended the GP-UCB algo-
rithm in several ways. Contal and Vayatis (2016) proposed a method of con-
structing a sequence of uniform discretizations with tight control over the ap-
proximation error, which allowed the extension of the GP-UCB algorithm to
arbitrary compact metric spaces X. Desautels et al. (2014) and Contal et al.
(2013) considered the GP bandits problem with the additional assumption that
the evaluations can be performed in parallel. Desautels et al. (2014) proposed the
GP-BUCB algorithm which selects the points in a batch sequentially by maxi-
mizing a variant of the UCB, which is computed by keeping the mean function
fixed and only updating the posterior variance. Contal et al. (2013) proposed
the GP-UCB-PE which uses the UCB function for selecting the first point of a
batch, and then proceeds in a greedy manner selecting the remaining points by
maximizing the posterior variance. Krause and Ong (2011) proposed and ana-
lyzed the CGP-UCB algorithm for the contextual GP bandits problem, where
the mean reward function corresponding to context-action pairs is modeled as
a sample from a GP on the context-action product space. Kandasamy et al.
(2016) considered a multi-fidelity version of the GP bandits problem in which
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they assumed the availability of a sequence of approximations of the true func-
tion f with increasing accuracies which were cheaper to evaluate. They proposed
an extension of GP-UCB called the MF-GP-UCB and derived information-type
bounds on its cumulative regret.

Wang et al. (2016) proposed the GP-EST algorithm which looks at the op-
timization problem through the lens of estimation. In particular, the algorithm
constructs an estimate of the maximum function value f(z*), and then selects
a point for evaluation which has the largest probability of attaining this value.
Russo and Van Roy (2014) analyzed the performance of the Thompson Sam-
pling algorithm to a large class of problems, including the GP bandits problem.
Thompson Sampling is a randomized strategy in which query points are sampled
according to the posterior distribution on z*. Since computing the posterior on
x* may be complicated, in practice, the query points are selected in the following
two step procedure: first, a sample f; of the unknown function f is generated,
and then the query point x; is chosen by maximizing ft over X. For the case of
continuous X, the function samples are generated over uniform discretizations
X, of X. By deriving a relation between the expected regret of Thompson Sam-
pling and UCB strategies, Russo and Van Roy (2014) obtained information-type
bounds on the expected cumulative regret of the Thompson Sampling algorithm
for GP bandits.

As observed in (Bubeck et al., 2011a), bounding the cumulative regret au-
tomatically gives us a bound on the expected simple regret by employing a
randomized point recommendation strategy. Additionally, for the pure explo-
ration setting, several algorithms specifically geared towards minimizing S,,
such as FEzxpected Improvement (GP-EI), Probability of Improvement(GP-PI),
Entropy Search and Bayesian Multi-Scale Optimistic Optimization (BaMS0OO)
have been proposed (see (Shahriari et al., 2016) for a recent survey). Bogunovic
et al. (2016b) considered the BO and Level Set Estimation problems in a unified
manner and proposed the Truncated Variance Reduction (TRUVAR) algorithm
which selects evaluation points greedily to obtain the largest reduction in the
sum of truncated variances of the potential maximizers. The performance of all
these algorithms have been empirically studied over various synthetic as well
as real-world datasets. Furthermore, theoretical guarantees are also known for
GP-EI (Bull, 2011) (in non-Bayesian setting) and BaMSOO(Wang et al., 2014)
with noiseless observations, and for TRUVAR (Bogunovic et al., 2016b) with
noisy observations and non-uniform cost of evaluations.

All the algorithms above, with the exception of BaMSOO, require solving
an auziliary optimization problem in each round ¢ for selecting the query point
z¢. The objective function of this auxiliary optimization problem is usually
non-convex and multi-modal and hence requires an exhaustive search over an
increasingly fine sequence of uniform discretizations to guarantee that a close
approximation of the true optimum is found (Srinivas et al., 2012; Contal and
Vayatis, 2016). The size of these uniform discretizations increases exponentially
with the dimension of X. This is because these discretizations are chosen off-line
and do not depend on the function evaluations made up to round ¢. In contrast,
BaMSOO adaptively constructs discretizations by locally refining the regions of
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X in which f is more likely to take higher values based on the observations.
As a result, the size of the discretizations under BaMSOO are independent
of the dimension of X which leads to significantly lower computational costs
when X is high dimensional. Our work is strongly motivated by this aspect of
BaMSOO to provide the first algorithm for GP bandits with noisy observations
whose computational complexity has a linear dependence on the dimension of
the search space X.

1.2. Our contributions

In this paper, we address two issues with existing approaches to the GP bandits
problem:

1. As discussed above, all the existing GP bandit algorithms which mini-
mize the cumulative regret require solving an auxiliary optimization prob-
lem over the entire search space for selecting a query point which may
be computationally infeasible, and thus practical implementations resort
to various approximation techniques which do not come with theoretical
guarantees.

2. Furthermore, by constructing specific Gaussian Processes in Section 1.3,
we show that the information-type regret bounds can be too pessimistic;
thus motivating the need for designing algorithms that admit alternative
analysis techniques.

To tackle these two problems, we design algorithms for GP bandits which utilize
ideas from existing works in the Lipschitz function optimization literature, such
as (Bubeck et al., 2011b; Munos, 2011; Munos et al., 2014; Kleinberg et al.,
2013). More specifically, our main contributions are as follows:

e We first present an algorithm for GP bandits which employs a tree of par-
titions of the search space X’ to adaptively refine it based on observations.
We show that because of the adaptive discretization, when X ¢ R” and
D is large, our algorithm has significantly less computational complexity
than algorithms requiring auxiliary optimization.

e We obtain high probability bounds on the cumulative regret of our al-
gorithm which are always as good as, and in some cases strictly better
than, the existing regret bounds. In particular, we obtain the first explicit
sublinear regret bounds for the GP with exponential kernel (Ornstein-
Uhlenbeck process) and also identify sufficient conditions under which our
bounds improve upon the current ones for Matérn family of kernels.

e We also derive high probability bounds on the simple regret for our al-
gorithm. To the best of our knowledge, BAMSOO (Wang et al., 2014) is
the only adaptive' algorithm for the black-box optimization problem in
the Bayesian setting, for which theoretical guarantees on simple regret

lwe use the term adaptive to refer to algorithms which adaptively discretize the search

space X based on earlier observations
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are known. Our algorithm matches BaMSOQ’s performance with the ad-
ditional advantages that it requires fewer assumptions on the covariance
functions and can work with noisy observations.

e We also study two extensions of our algorithm. First, we present a Bayesian
Zooming algorithm based on (Kleinberg et al., 2013; Slivkins, 2014) and
obtain theoretical guarantees on its regret performance. This algorithm
assumes a covering oracle access to the metric space X instead of requiring
a hierarchical tree of partitions of X. We then extend our algorithm for GP
bandits to the contextual GP bandits and obtain bounds on the contextual
regret.

e Finally, our algorithms and the theoretical bounds rely on a set of technical
results about Gaussian Process which may be of independent interest. We
provide these results and discuss their implications in Section 6.

1.3. Toy examples

As mentioned earlier, our cumulative regret bounds for Matérn kernels improve
upon the known information type bounds for GP bandits. In this section, we
attempt to provide some intuition for this result. In particular, we construct two
toy examples which serve to highlight a potential drawback of the information
type regret bounds for GP bandit problems shown in (1.4).

The information-type regret bounds (1.4) depend on the mazimum informa-
tion gain -y, which is defined as:

Yn =  SUp I(fa yac[lzn])a (15)
z[l:n]exn

Here I(f; Yz[1:n]) is the mutual information between the unknown function f and
vector of observations y,1.,) corresponding to the n query points z[1 : n]. This
term depends on the covariance function? of the Gaussian Process (GP), and
upper bounds on -, for many commonly used GPs are given in (Srinivas et al.,
2012). We note that since our aim is to gather information about a maximizer
z* of f, and not necessarily about the behavior of f over the entire space X,
information-type regret bounds can be quite loose. We present two examples
which have been specifically constructed to illustrate the scenarios where the
regret bounds implied by (1.4) are very pessimistic. Both examples utilize the
fact that the maximum information gain (7,) can be large if the Gaussian
Process has many independent components, even when the maximizer may be
simple to learn.

For our first example, we construct a GP whose samples have simple struc-
ture around the maximum despite the highly complex structure away from the
maximizer. More specifically, we begin by dividing the interval [0, 1] into three
equal subintervals. Over the second and third intervals, the GP sample varies
smoothly as scaled and shifted versions of a smooth function ¢(-), modulated by

2we will use the terms covariance functions and kernels interchangeably
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a Standard Normal random variable X;. The first subinterval is further divided
into three parts, and this process continues infinitely.

Example 1. Suppose X = [0,1] and let us define a GP = {f(z)|x € X} as

follows:
f(I)—iaiXi(w<Zl>w<z2>), (1.6)

where (a;)i>1 i a non-increasing positive sequence, b; = 37" for i > 1, and
(X:)$2, is a sequence of independent Standard Normal random variables. The
function ¢ is defined as p(x) = (1 — 4(x — 1/2)%) 1 3 (2).

For this GP, we can claim the following (details in Appendiz A.1):

e For the choice of a; described in Appendix A.1, we have -y, = Q(%),
which means that the information-type bound (1.4) on the cumulative re-
gret is linear in n.

e On the other hand, if ay >> a; for i > 2, then the true mazimizer
x* € {1/2,5/6} with high probability, and it can be identified with just one

function evaluation implying a constant cumulative regret, R,, = O(1).

For our second example, we construct a GP in which the search space is par-
titioned at different scales, and statistically equivalent components are assigned
to the sets of a given partition. This process is repeated with increasingly finer
partitions, and we show that for certain choice of parameters, each observation
of the GP sample results in diminishing the region of uncertainty associated
with z* by a constant factor. However, the information-type bound again is
dominated by the information obtained from the large number of independent
components of the GP and gives a linear upper bound on the cumulative regret.

Example 2. We again take X = [0,1] and let vy denote the following function

©(3x) if x €0,1/3)
() =qpBr—1) ifxe(l/3,2/3)
—p(Bz—2) ifxe[2/3,1]

where p is the function used in Example 1. Let us now define a GP = {f(x)|z €
X'} recursively as follows:

fiz) = a;i Xip1(z) + fir1(3z) + fiz1(3(x — 2/3))  fori>2 (L)
J@) = mXagon (@) + F2(32) + Fo(3(x — 2/3)). |
As before (a;);>1 is a decreasing sequence of positive real numbers, and (X;)i>1
are i.i.d. Standard Normal random variables. For this example, we can claim
the following:

e If the noise variance o? is small enough, we have 7y, = Q(n) which implies

a linear in n information-type bound on cumulative regret.
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Fic 1. An instance of the sample paths of the two toy Gaussian Processes.

o With the choice of parameters (a;);>1 described in Appendiz A.2, we can
select the evaluation points in such a way that with high probability after
every observation, the size of the region containing x* shrinks by a factor of
3, which in turn implies that the cumulative regret satisfies R,, = O(logn).

Both our examples have been specifically crafted to highlight scenarios in
which the information type upper bounds given in (1.4) may not reflect the ac-
tual performance of the algorithms due to its dependence on the term ~,,. In Sec-
tion 4.2 we further strengthen this observation by showing that the information-
type regret bounds are loose for a practically relevant class of Gaussian Pro-
cesses.

The rest of the paper is organized as follows: In Section 2 we introduce the
required definitions and present some background for the problem. We then
describe our algorithm for GP bandits and analyze its regret in Section 3. We
discuss the behavior of our algorithm in some specific problem instances in
Section 4. In Section 5 we study two extensions of our approach and analyze
their performance. Finally, Section 6 contains some technical results which were
used in designing our algorithms.

2. Preliminaries

In this section we recall some definitions required for stating the results, and fix
the notations used.

Definition 1. A Gaussian Process is a collection of random variables { f(z);x €
X} which satisfy the property that (f(z1), f(z2),..., f(zm)) is a jointly Gaus-
sian random variable for all {x1,z2,...,2m} C X and m € N. A Gaussian
Process is completely specified by its mean function p(x) = E[f(z)] and its co-
variance function K (z1,3) = E(f(z1) — p(z1)) (f(22) — p(22))]
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For a comprehensive discussion about Gaussian Processes and their applica-
tions in machine learning, see (Rasmussen and Williams, 2006).

Remark 1. Any zero mean Gaussian Process with covariance function K in-
duces a metric® d on its index set X, defined as

d(x1, x2) = E[(f(21) — f(22))*]"/? (2.1)
= (K (21,71) + K (2, 12) — 2K (21, 2)) /. (2.2)

which gives us the following useful tail bound for any z1,29 € X and a > 0:

a2

PT(|f($1)—f(5€2)|>a)<26xp(—m)~ (2.3)

As mentioned earlier, in this paper we assume that the black-box function f

is a sample from a zero mean Gaussian process with known covariance function

K(-,-). Suppose Dy = {(z;,v;);1 < i < t} represents the data collected by

agent after ¢ function evaluations, and let ®[1.4) and Yg[1.4) denote the vector

of evaluation points and the observed values respectively. Then the posterior

distribution distribution of f(z) for any = € X is a univariate Gaussian with
mean () and variance o2 (z) defined as:

-1
pe(z) = K (2, p1.0) (K (T, ) + 0°L) Yap.y
-1
op(z) = K(z,z) + K(z, iB[1=t])(K(CE[1:t]a$[1:t]) + J2It) K(x[1:4), 7).

In the above display, K (z,%[1.) is a t X 1 row vector with ith entry K(z,z;),
K (x[1.4), ) is the transpose of K(z,2[1.4)), K(T[1:4], T[1:4)) IS a ¢ X ¢ matrix
with (4,7)"" entry K(z;,2;) and Z; is the ¢ x ¢ identity matrix.

Next, we introduce some properties of any metric space (X,!) which will be
used later on.

Definition 2. Suppose X is a non-empty set and l is a metric on X. Then we
have the following:

o A subset X1 of X is called an r-covering set of X if for any v € X, we
have l(x, X)) < r where l(x, X1) == inf{l(z,y) : y € X1}. The cardinality
of the smallest such Xy is called the r-covering number of X with respect
to l, denoted by N(X,r,l).

o The metric dimension of a space X with associated metric I, denoted by
Dy, is then defined as follows:

Dy :=inf{a>0]3C > 0,Vr > 0:log(N(X,r1)) < C —alog(r)}

Remark 2. If a metric space (X,1) has a finite metric dimension Dy, then the
above definition implies that for any D > D;, we can find a constant C' < oo
depending on D, such that for all r > 0, we have N(X,r,1) < Cr~P. Further-
more, for the special case when X is a bounded subset of R” with [ being the

3d is a pseudo-metric for general K, and is a metric only for non-degenerate K
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Euclidean metric, the metric dimension D; is equal to D (van Handel, 2014,
page 125) and for any r > 0, we have N(X,r,1) < Cr—P where the constant C
depends on the dimension D.

The metric dimension D; gives us a notion of dimensionality intrinsic to the
metric space (X, ). We now present a function specific measure of dimensionality
of (X,1).

Definition 3. Suppose X is a non-empty set, l is a metric on X and f is a
function from X to R. Then

o A subset Xy of X is called an r-separated set of X if for any x1,29 € Xy
we have l(x1,x2) > r. The cardinality of the largest such set Xy is called
the r-packing number of X with respect to I, and is denoted by M (X, r,1).

e Foranyr >0 and(:RT — R*, consider the ((r) near-optimal set Xery
={xc X: f(x) > f(x*) = ((r)} and its r-packing number M (X¢y,7,1).
Then we define the (Ao, ¢)-near-optimality dimension (D' (Ag,()) asso-
ciated with (X,1) and the function [ as

DI (Ag,¢) :=inf{a>0]3C >0,Y0 <7 < Ag:
log(M(X¢(ry,7,1)) < C — alog(r)} (2.4)

Our definition of the near-optimality dimension is based on similar definitions
used in existing works in literature such as (Bubeck et al., 2011b; Munos, 2011;
Valko et al., 2013).

Remark 3. We note that for any (X,l) with finite metric dimension Dy, by
using volume arguments (van Handel, 2014, Lemma 5.13) we can show that
Df(Ap,¢) < D;. An example (Bubeck et al., 2011b, Example 3) where this
inequality is strict is the following: consider X = [—1,1], I(z1,22) = |21 — 2|
and f(z) = 1 —|z|%, and {(r) = r® for some 0 < b < a. Then D/(1,¢) =
1 —0b/a<1= D, and in particular D¥(1,¢) = 0 for a = b.

Definition 4. We will call a compact metric space (X,1) well-behaved if there
exists a sequence of subsets (Xp)n>0 of X satisfying the following properties:

P1 Each subset Xy, has N" elements for some N > 1, d.e. X = {xp,1<i<
N"Y, and to each element xy,; € X, is associated a cell X, ; = {x € X :

Wz, zpn,) <(z,xp,;) for all j #i}.
P2 Forallh>0 and 0 < i < N", we have

X = Uy (o 1) 418415 (2.5)

The nodes xp41,; for N(i—1)+1 < j < Ni are called the children of x, ;,
which in turn is referred to as the parent.

P3 We assume that the cells have geometrically decaying radii, i.e., there ex-
1sts 0 < p <1 and 0 <wvy <1< vy such that we have

B(.’Ehﬂ',’l}gph,l) C Xy, C B(acm,vlph,l). (2.6)
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From P1 we can see that the cells {X}),;;1 < i < N"} partition the space
X for every h > 0, while P2 implies that we get an increasingly fine sequence
of partitions with increasing h. Finally P3 imposes the condition that for any
h, the points zj ; are evenly spread out in the space X. The subsets (X})r>0
satisfying these properties are said to form a tree of partitions (Munos et al.,
2014; Bubeck et al., 2011b).

Remark 4. We note that if X = [a,b]” C RP, and [ is any metric on X, then
X is well-behaved according to the above definition. The cells X}, ; in this case
are D dimensional hyper-rectangles such that Aj4q; for 1 < j < N h can be
constructed from &}, ; by dividing it along its longest edge into N equal parts.

3. Algorithm for GP bandits

In Section 3.1, we describe the general template followed by all the algorithms
studied in this paper. We then introduce our tree based algorithm for GP bandits
in Section 3.2 and obtain high probability bounds on its regret in Section 3.3.

3.1. General approach

At any time ¢, we maintain a discretization (i.e., a finite subset) of X, denoted
by X:. To each x € &}, we have an associated confidence region denoted by
Regi(x), which is a non-empty set containing z such that for all ¢, we have
X C Ugex, Regi(x). Furthermore, we also associate an index Ind;(x) with each
x € X, which is a high probability upper bound on the maximum value of the
function f in Reg:(x). The index Ind:(x) depends on three quantities: (a) the
actual function value at x, (b) the amount of uncertainty in the function value
at x, and (c) the amount of variation in the function value in Reg:(x), defined
as SUDP,, .. cReg, (z) |/ (21) — f(22)]. We proceed as follows:

e In each round, we select a candidate point x; optimistically by maximizing
Ind:(z) over X;.

e If the uncertainty in the function value at x; is smaller than an upper
bound on the variation of f in the confidence region, it means that we
must refine our discretization in the confidence region associated with ;.

e If on the other hand, the uncertainty in the function value at x; is larger
than the variation of f in the associated confidence region, our algorithm
evaluates the function at this point to reduce this uncertainty.

The second and third steps ensure that for a given z € A}, the uncertainty
in the value of f(x) and the variation of f in Reg;(x) are comparable to each
other. Combined with the optimistic point selection rule, these two steps favor
a coarse discretization of the regions of X with small values of f(z), and finer
exploration in the near-optimal regions.

Both the algorithms for GP bandits studied in this paper follow the general
outline described above. However, they differ from each other in the manner
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TABLE 1
Table of symbols used in the paper
Symbol Description Introduced in
f black-box function Section 1
n function evaluation budget —"—
nt, o2 observation noise distributed as N (0, o?) —"—
GP(0,K) | prior on f with covariance function K —"—
K class of covariance functions considered Section 3.3.1
0k ,a,Ck, g | parameters associated with K € K —"—
Ht—1, 075271 posterior mean and variance functions
Rn Cumulative regret Section 1,(1.2)
Sp Simple regret Section 1,(1.3)
Yn Maximum Information gain Section 1.3, (1.5)
RE Contextual regret Section 5.2, (5.7)
A@) | f@*) - fla)
Ac(zr) SUpgacy, f(o5,2%) — f(xg,z3) Section 5.2
(x,0) Compact search space X with metric [
B(z,r,l) | l-ball with center z, and radius r (2.6)
d metric induced by GP(0, K) on X Section 2, (2.1)
Dy Metric dimension —"— Definition 2
N(X,r1) | Covering number —— "
M(X,r,1) | Packing number —"—, Definition 3
D (Ao, ¢) | (Ao, ¢)-near-optimality dimension —_ —"—
D,Dy instances of Df(Ag, ¢) Remark 10, Remark 15
N,v1,v2,p | Parameters of the tree of partitions Section 2, Definition 4
Parameters of Algorithm 1 and Algorithm 3
L the set of leaf nodes Section 3.2
It(xp ) Index used for point selection in Algorithm 1 —"— (3.1)
Ui(zn,:) upper bound on f(zp, ;) —"— (3.2)
p(Th,i) parent node of xy, ;
Bn multiplicative factor for confidence intervals Section 3.3.2, Claim 1
hmax maximum depth of the tree —"—, (3.4)
(Vi)r>o0 upper bound on maximum variation of f in a cell at | —"—, Claim 2
B level h
Lret relevant leaf nodes Section 5.2.1
0 o
I{j Index used for action selection in Algorithm 3 —"—, (5.9)
Xe, Xa Context space and Action space Section 5.2
Parameters of Algorithm 2
Ay Set of active points Section 5.1
r(z) radius associated with a point z € Ay —"—
Tk diam(Xx)2~F ——
W (rg) upper bound on variation of f in B(zx,rg,l) for any | Claim 7
reX

in which the discretization X}, the confidence region Reg:(z) and the index
Indi(zx) are constructed. In Section 3.2 we present an algorithm for GP bandits
which uses a hierarchical partitioning scheme for locally refining the search space
similar to (Munos et al., 2014; Bubeck et al., 2011b; Wang et al., 2014). Alter-
natively, the covering oracle based approach used by Slivkins (2014); Kleinberg
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et al. (2013) can also be employed for refining the discretization, and we de-
scribe such an algorithm in Section 5.1. We also apply this approach to design
an adaptive algorithm for the Contextual GP bandits problem in Section 5.2.

3.2. Tree based algorithm

We now describe our tree based algorithm for GP bandits and derive high prob-
ability bounds on its regret. Our algorithm is motivated by several tree based
methods that have been proposed for function optimization under Lipschitz-like
assumptions, such as (Bubeck et al., 2011b; Munos, 2011; Munos et al., 2014).
Assuming that the metric space (X,1) is well behaved, i.e., we have a sequence
of subsets (Xp)n>0 whose associated cells form a tree of partitions of X, we
proceed as follows:

e In every round ¢, the algorithm maintains an active set of leaf nodes de-
noted by L, such that the cells of the nodes in £; partition X'. This active
set is initialized to Lo = {x0,1} with the associated cell Xp1 = X.

e The algorithm selects a node from £; by maximizing an index I; over its
elements. The term z; represents the i'” node in the tree at depth h,
with 1 <i < N". The index I;(z} ;) is an upper confidence bound (UCB)
on the maximum function value in cell X} ; and is defined as

ILi(wns) = Ui(zhi) + V. (3.1)

The term U, (xh,;) in the above equation is a high probability upper bound
on the function value at xj ; and is defined as

Up(zn,i) = min (pe—1(@h:) + Broi—1(hs), pe—1(p(Th,))
+ Bnoi—1(p(xn,i) + Vi-1) (3.2)

where p(xy, ;) is the parent node of zj, ;. For any h > 0, the term V}, is an
upper bound (with high probability) on the maximum function variation
in any cell Ay ; at level h, i.e., SUP., e, f(z1) = f(22)] < Vi Thus, we
see that Ut(xh,i) computes an upper bound on the value of f(xy;) in two
ways and takes their minimum, while adding V}, to it gives us an upper
bound on the maximum function value in the cell &7, ;.

e Having chosen the point (zp, ;,) according to the selection rule (Line 2 of
Algorithm 1) we take one of the following two actions:

— Refine: If B,00-1(h, i,) < Vi, then the node z, ;, is expanded, i.e.,
the N children nodes {xp,+1,; : N(it —1)+1 < j < Ni,} of the node
Zh,,i, are added to the set of leaves, and xj,;, is removed from it.
(Lines 4-5 of Algorithm 1)

— FEwaluate: Otherwise, then the function is evaluated at the point
Zh, i, , .., we observe the noisy function value y; = f(zp, s, ) +n: and
update the posterior distribution of f. (Lines 7-9 of Algorithm 1)
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We note that this algorithm follows the general template of Section 3.1, with
L; representing the discretization Ay, I;() playing the role of Ind;(-) and the
cell Ay ; associated with a point zp,; playing the role of Reg:(xp ;).

The steps of the algorithm are shown as a pseudo-code in Algorithm 1. The
exact expression of the terms 3,,, V;, and hy,q, will be described in Section 3.3.
The algorithm maintains two counters, ¢ which counts the total number of func-
tion evaluations and refinements, and n. which keeps track of the number of
function evaluations. The algorithm stops after n function evaluations, and rec-
ommends a point from one of the deepest expanded cells (for minimizing S,,).
The second condition on Line 3 of Algorithm 1 is added to prevent the (unlikely)
scenario in which the algorithm keeps refining indefinitely without evaluating
the function.

Algorithm 1: Tree based Algorithm for GP bandits
Input :n >0, (Xn)r>0, Bn, (Va)r>05 Amax, N
Initialize: Lo = {z0,1},t =1, n. =0

while n. < n do
choose zp,,;, = argmax, ¢, Ii(zp )
if Bnatfl(xhhit) S Vh AND ht S hmax then

‘ Liyr = Le\A{zn, i}

Liv1 = Leg1 U{zp,41,5IN@ —1) +1 <5 < Nig}

else
Yyt = f(@hy i) + Mt
update posterior pu¢(z) and o¢(z)
Ne — Ne + 1

© 0 N0 ks W@ N K

end
t—t+1

o
= O

end
Output : z(n): the deepest expanded node

o
N

Remark 5. The parameter 3, of Algorithm 1 requires the knowledge of the
horizon or the budget n. However, we can use the well known doubling trick(Cesa-
Bianchi and Lugosi, 2006, Section 2.3) to make our algorithm anytime without
any change in the theoretical regret guarantees. The trick is to work in phases
of exponentially increasing lengths, and applying the algorithm with known
horizon (equal to the duration of the phase) in each phase.

3.3. Analysis of Algorithm 1

In this section, we first specify the assumptions on the covariance functions
required for the theoretical analysis and then furnish the missing details of our
tree based algorithm for GP bandits. Finally, we derive high probability bounds
on the cumulative and simple regret for our algorithm.
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3.8.1. Assumptions on the covariance functions

To analyze our algorithm, we will restrict our attention to a class of covariance
functions, denoted by K, such that for any K € K, we have:

A1l For any z,y € X, we have d(z,y) < g(l(z,y)) for some non-decreasing
continuous function g : Rt — RT, such that g(0) = 0. Recall that [ is
assumed to be any metric on the space X, and d is the natural metric
induced on X by the zero mean GP with covariance function K.

A2 Moreover, we require that there exists a dx > 0 such that for all r» < J,
we have for constants Cx > 0 and 0 < o < 1 satisfying

g(r) < Ckr®. (3.3)

Assumption A2 informally requires that at least for small distances, points
which are close in the metric [ are also close in d. These assumptions are satisfied
by all the commonly used kernels such as squared exponential (SE), and the
Matérn family of kernels. It also includes other kernels such as K (r) = max(0, 1—
r) and the rational quadratic kernel K(r) = (1 + ¢;72)~* for some ¢y, cg > 0.

Remark 6. We note that I is closed under finite addition and multiplication
operations. This is an important property as in many practical applications,
often more than one kernels are combined through addition or multiplication
to provide more accurate models (Duvenaud, 2014, Chapter-2),(Rasmussen and
Williams, 2006).

Remark 7. Assumption A2 implies that if (X,) has a finite metric dimension
Dy, then the metric space (X, d) (where d is defined in (2.1)) has a finite metric
dimension D] = D;/a. This fact is used in Proposition 1 in Section 6.

8.8.2. Details of the algorithm

To complete the description of Algorithm 1, we need to specify the choice of the
parameters hmax, Bn, and (V)p>o.

First we observe that for all ¢, we have |£;| < M (X, 2vgp™max 1), This follows
from the assumption P3 in Definition 4. As will be evident in the proof of
Theorem 1, an appropriate choice of the parameter Ay is:

logn

hmax - m (1 + 1/0&) (34)

We begin by describing the form of the constant 3,,.

Claim 1. With 8, = O(y/log(n) + u), the following event occurs with proba-
bility at least 1 —e™™ for any u > 0:

Qus = {V1 <t <t,,Vzely:|f(x)—p_1(z)] < Bnor_1(z)}, (3.5)

where t,, is the (random) number of rounds required by the algorithm to complete
n function evaluations.



3844 S.Shekhar and T.Javidi

Proof. The largest value that the random variable ¢, can take is hpyaxn,
and for any t < t, we have |Li| < M(X,2vsp"mas ). Following the discus-
sion in Remark 2 with D = 2D, there exists a constant C' < oo such that
M (X, 2vgphmas 1) < N(X, vgphmas 1) < C(vgphmas)=2P1,

Based on these two observations, we can claim the following:

1 — Pr(Qus) =Pr(3t < tn,3xn; € Lyt |pe—1(xhi) — f(@hi)| > Bnor—1(xh,i))

tn

< > Pr(lpe1(zng) = f@ni)| > Buoe1(zn.i))
t=1xp €L
tn

< Z 2e=Pn/?
t=1xp ;€L

§2(hmaxn) (Op72D1 hm"")efﬁi /2

Finally, we get the required bound by selecting 82 = O(u + 2log(hmaxn) +
2D hunax log(1/p)). O

Remark 8. The calculation of 3, above is based on the worst case assump-
tion that |L;] = M(X,2vep"mex 1). In the case of X C RP and for odd val-
ues of N, we can use a tighter bound |£;| < nNhpax which gives us 8, =
O(\/u + log(nhmax)) which allows us to consider larger values of hy,qq.

Next, we obtain the expressions for the parameters (V3,),>0 as an immediate
consequence of Corollary 1 in Section 6.

Claim 2. Suppose the metric space (X,1) is well-behaved in the sense of Def-
inition 4 with subsets (Xp)n>0 and associated parameters vi,vy and p. Let us
define the event Q¢ as

Qug ={V¥h > 0;V1 <i < N": sup |f(z) = flzna)l < Vi) (3.6)

z€B(xn,i,v1p",1)

Then for the choice of Vp,

Vi = dg(v1p")(y/2u+ Cs + hlog N + 4D, log(1/g(v1p")) + Cs),

we have Pr(Q,s) > 1 —e™™ for any u > 0. Here Cs5 and Cy are the positive
constants defined in Corollary 1 in Section 6.

Remark 9. We note that that for h > hg = log(v1/dk)/log(1/p), the ratio
Vi/Vih41 can be upper bounded by p~¢. Thus for all values of h > 0, we have
the condition Vj, < N1V 41, where the term N7 is defined as

P~} 3.7)

N7 = max{ max
{oghghOA Vi1
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3.83.3. Regret bounds
Before presenting the regret bounds, we first characterize the sub-optimality as

well as the number of times points are evaluated by Algorithm 1.

Lemma 1. Under the events Qs (3.5), and Qyue (5.6), the following statements
are true:

o If at time t a point xy, ;, s evaluated by the algorithm, then the subopti-
mality of the selected point (denoted by A(xp,:,)) can be upper bounded
using Vi, as follows:

Azn, a,) = f(@7) = f(zn,q,) < (AN + 1)V, (3.8)

o Furthermore, if the evaluated point xp, ;, satisfies the condition that hy <
hmax, then we have another bound on A(zy, s, ) in terms of the posterior
standard deviation:

Az, i,) < 3Bnoi—1(Th, q,)- (3.9)

o A point xp;, with h < hmax, may be evaluated no more than qp times
before it is expanded, where

o*By
V2o

gn =

Furthermore for h large enough so that vip" < 6, we have

o?p2
g(vi1p")2Cs’

using the assumptions on the covariance function K.

gn <

Proof. We recall that under the event 2,5 we have |f(zn;) — pu—1(zn)| <
Bnoi—1(zn;) for all zp, ; € £, and for all ¢t > 1. Furthermore, from the definition
of event Q,, we have the following for all h > 0 and 1 < i < N”:

sup  [f(21) = f(z2)] < Va.

1,22€Xn i

Using these two facts we can prove the first part of this lemma in the following
way:
e Suppose at time Z, the true maximizer z* lies in the cell X}y ;,. associated

with the point zps ;», and the algorithm selects and evaluates the point
Zh,.i,- Then we have the following sequence of inequalities:

f(@*) < Li(xn: ix) < Li(zn, i) = U(@n, i) + Vi,

(a)
< /J‘tfl(p(whtyit)) + Bno—tfl(p(xht,it)) + Vhtfl + Vht
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(b)

< f(p(thit)) + Qﬂno—t—l(p(thit)) + Vht—l + Vht
(¢)

< (f(pn,.i,) + Vi,—1) + 2V, -1 + Vi,

(d)

< f(zn,i,) +4Vh,—1 + Vi,

(e)
S f(thit) + (4N1 + I)Vht

The inequality (a) follows from the definition of Uy (xy, ;,), while (b) uses
the fact that f(p(xn, ) > pe—1(P(xh,.:,)) — Bnor—1(p(zh, i,) under event
Qu5. For (c), we use the fact that p(zp,;) must have been expanded
which means 3,0¢—1(p(n, i, )) must be smaller than V},,_;. For inequality
(d) we observe that xp, ;, must lie in the cell associated with p(zp, ;,) and
then use the definition of V},,_1, while (e) follows from the property that
Vi < N1 Vi1 (see Remark 9).

For obtaining the bound in (3.9), we again use the definition of U;(zp, 4,)
to now upper bound it by the other term in its definition to get:

@) < Li(anyar) < I(wn,i,) = U(@n,i) + Vi,
< pre—1(Zh, i,) + Bror—1(xh, i) + Vi,
< f(xht,it) + 25n0—t71(xht,it) + Vht

()
S f(l‘ht’it) + 3Bnat71(mh1,it)

The inequality (f) above uses the fact that since the function is evaluated
at time ¢, we must have Bpoi_1(2p, i,) > Va,.

A point x; must be evaluated by the algorithm sufficiently many times
to reduce the uncertainty in the function value at z, ; from below V},_; to
below V},. We provide a loose upper bound on this quantity, by providing
an upper bound on the number of function evaluations sufficient to reduce
the uncertainty in the value of f(zp;) to below V},. Using the first part of
Proposition 3, we define ¢, as follows to get the required result.

o

gn, = min{m : B”\/ﬁ <Vp} O

Remark 10. From Lemma 1, we can see that the algorithm only selects points
lying in Xyn,41yv, = {z € & : f(x) > f(2*) — (4N1 + 1)V, } for h > 0}. Now,
for r < 6k, let us define (i (r) = Vj,, where h, = min{h > 0 : v1p" > r} and

D =

D' (8x,(x) where the term D/(-,-) was introduced in Definition 3. We

will use this term D for presenting our regret bounds, and will refer to it as the
near optimality dimension of X associated with the function f.

The term D defined above is, in general, a complicated random variable
bounded above by D;. However, in some cases we can show that it is strictly
smaller than the metric dimension D;. Our next result shows that this indeed
is true for a large class of Gaussian Processes.
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Claim 3. For X C RP, and Matérn kernels with v > 2, we have with high
probability

- 3D
D < —
-4

where D is defined in Remark 10.

Proof. We show the result for any covariance function K € K which also satisfies
both the assumptions in (Wang et al., 2014, Section 5). This, then implies (from
the discussion following Assumption 2 in Wang et al. (2014)) that the samples of
such GPs have quadratic behavior near the maximum. More specifically, there
exist constants ¢, ca, 0 > 0 and a; € {1,2} such that the following holds with
high probability for all x € B(z*, ,1):

cillw —2*[|* < f(2") = f(2) < coflz — 27|

Now, with ((r) = c3r®*y/log(1/r) + ¢4 for constants c3,cs > 0, and replacing
0k with min{dg, ¢} in the definition of D in Remark 10, we get that

Xe={z: f(x) > f(x*)=((r)} C B(x*’ (Z_?ra\/m)l/m>

Now, setting a = 52—, and using the fact that c, = supg.,<,r*(ca +
log(1/r))!/(241) < o0, we can conclude by using volume arguments (van Handel,
2014, Lemma 5.13) that D < D;y(1 — ﬁ) More specifically for X ¢ RP, and
considering Matérn kernels with v > 2, we have o = 1 and oy € {1,2}. This

implies that with high probability for these kernels we must have D < %. O

We can now state the main result of this section which gives us high proba-
bility bounds on the cumulative as well as simple regret of Algorithm 1.

Theorem 1. Suppose the unknown function f is a sample from a GP(0,K),
with K € K and X is a well behaved metric space (in the sense of Definition 4)
with finite metric dimension (see Definition 3) D;.

For any u > 0, and for any D' > D (defined in Remark 10), the following
bounds are true with probability at least 1 — 2e™" for Algorithm 1:

e The cumulative regret incurred by Algorithm 1 satisfies
R, = O(n' 2tp7), (3.10)

e Furthermore, if we make the assumption that K(x,z) <1 for allz € X,
we have an information type bound on the cumulative regret:

Ry = O(v/ny,log(n)). (3.11)

e Finally, we also have an upper bound on the simple regret:
S, = O(n " 2i07). (3.12)

The proof of this result is given in Appendix C.
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Remark 11. The bounds in (3.10) and (3.12) which depend on near-optimality
dimension will be referred to as dimension-type regret bounds in accordance
with the terminology used by Slivkins (2014). The hidden multiplicative con-
stant terms in (3.10) and (3.12) depend on D’ as well as all the other parameters
associated with (X,1) and the covariance function. We note that since the cu-
mulative regret of the algorithm can be bounded in two ways, by taking the
minimum of the bounds in (3.10) and (3.11), we can get a uniformly better
upper bound on the cumulative regret for our algorithms for all GPs with ad-
missible covariance functions with K(z,z) < 1.

4. Discussion

The analysis of Algorithm 1 presented in the previous section is valid for arbi-
trary well-behaved search space X', any covariance function K € K and in the
presence of observation noise. In this section, we discuss the performance of our
algorithm under some specific problem instances. In particular, we first show
that our adaptive approach leads to computational requirements which do not
explode with the dimension D when X C R, unlike the existing algorithms
for GP bandits. We then validate the intuition provided by our toy examples in
Section 1.3 by showing that the information-type bounds are indeed loose for an
important family of Gaussian Processes. Finally, we specialize our results to the
noiseless case, and show that our algorithm compares favorably with BaMSOO
in the pure exploration problem.

4.1. Computational benefits of adaptivity

As an upshot of the adaptive discretization of the search space, the computa-
tional complexity of Algorithm 1 does not grow exponentially with the dimension
of the search space, as shown in the following result.

Claim 4. If X = [a,b]P for a,b € R and D < oo, and N is an odd positive
integer, then the computational complexity of running Algorithm 1 with a budget
of n evaluations is O(Nhmaxn® + NDnhpas) = O(Nn*logn + NDnlogn).

Proof. Recall that the search space considered here is well-behaved in the sense
of Definition 4, and has a finite metric dimension D; = D. Furthermore, since
N is odd, we observe that the sequence of partitions (X)s>0 are nested. More
specifically, if the cell associated with a node zj,; is refined to add the nodes
{Zhy1,5; (N—1)i+1<j < Ni} to the leaf set, then we have xj, 11 (N—1)i+(N+1)/2=
Thi-

Let t,, denote the number of rounds required for n function evaluations by
the algorithm, and let (7;)7_; denote the round numbers in which function
evaluations are performed. Now, if we define 79 = 1, then we claim that the
following:

e The posterior distribution is recomputed in rounds (7; + 1)j_, based on
the observations. The computational task of updating the posterior based
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on j observations in the round 7;+1 can be performed in O(j?) operations
by using the Cholesky Decomposition. Thus the total cost for posterior
computation is O(n?).

e For all ¢ such that 7; +1 < ¢ < 7541, the index I; at a given point can
be computed in O(j?) operations. Since every refinement step adds N — 1
new points to the leaf set and 741 — 7; < hmax for all j7 > 0, the total
cost of computing the index in this time interval is O((N — 1)hmyaxj?). For
t € {r; +1;0 < j < n}, the index must be recomputed for the entire leaf
set £y whose cardinality is upper bounded by (N — 1)hpaxj, and thus the
computational cost is O(52(N — 1)hmaxj) = O(hmaxj®). Thus the total
cost of computing the index I; for all ¢ < ¢,, is O((N — 1)hpmaxn?).

e For selecting the candidate points xp, ;, for t € {r; + 1,0 < j < n}, we
need to perform an exhaustive search over the entire leaf set £; which is a
O((N —1)hmaxj) operation. At all other times, we only need to search over
the (IN—1) new descendants of the previous candidate point. Thus the total
cost of selecting zp, ;, for 1 <t < t,, is O((N —1)hmaxn®+ (N —1) hypaxn) =
O((N — 1)hmaxn?).

e As mentioned earlier, the refinement of a cell A, ; when X' C RP is per-
formed by dividing it equally in N parts along its longest side. This op-
eration involves specifying the centers and the D side lengths each of the
N new cells, and is thus a O(DN) operation. So the total cost of refining
the search space is O(hmaxnDN).

Thus the overall computational cost of running the algorithm with a budget
of n function evaluations for fixed D and N is O(hmaxn?), which is equal to
O(n*logn) using the constraint on Anya.y given in (3.4). O

As shown above, the computational complexity of our algorithm scales lin-
early with the dimension of the search space. This is in contrast to the existing
algorithms for GP bandits with guarantees on cumulative regret, which perform
a global maximization of an acquisition function (¢(-)) for selecting a query
point:

xp € argmax ().
rzeX
The computational cost of performing this operation exactly can be exponen-
tial in D. For example in the GP-UCB algorithm the acquisition function is the
upper confidence bound at each point 2 € X. Over a search space X C R”, for
the theoretical results to be valid, the GP-UCB algorithm must select a query
point at time ¢ by calculating and then maximizing the UCB over a uniform
grid of size O(¢?P) (Srinivas et al., 2012). Thus the overall computational cost
of running this algorithm for n rounds is O( Y, t?P*2) = O(n?P*3). In the
case of the algorithm for GP bandits studied in (Contal and Vayatis, 2016),

the query point at time ¢ is chosen by maximizing a UCB over a % cover of

X. The size of such a cover is O(tP/?) and the cost of computing the UCB
for these points is O(t” / 2+2) which leads to an overall computational complex-
ity of O(n”/?+3). Similarly, the Thompson Sampling approach of Russo and



3850 S.Shekhar and T.Javidi

Van Roy (2014) as well as the GP-EST algorithm of Wang et al. (2016) also
involve maximizing the acquisition function over uniform grids which results in
an exponential dependence of the computational complexity on D.

4.2. Improved bounds for Matérn kernels

Matérn kernels are a widely used class of kernels parameterized by a smoothness
parameter v. For half integer values of v = m + 1/2, the Matérn kernels have
the form:

K(r) = K(0)(1+ pu(r))e V",

where p,,, = Z;”:l a;r* for some a; > 0 for all 1 <4 < m. Thus we can write for
any z,y € X such that I(z,y) =

d(z,y) = 2K (0)(1 = (1 + pm(r))e V") /2
< Cr(v)re.

It is easy to check that for v = 1/2, we have a = 1/2, and for all other half-
integer values of v, we have o = 1. So, for Matérn kernels, our algorithm has a
dimension-type upper bound on regret of the form @(n(D/"’O‘)/(D/”‘“)) for any
D’ > D and for all v = m 4 1/2 with m > 0 and a € {1/2,1}. This improves
upon the existing upper bounds on Matérn kernels in the following two ways
(since the existing bounds are true only when X C R”, we will restrict our
comparison to this case, and so we have D1 = D here):

e The existing regret bounds are only valid for the case of v > 1 (Srinivas
et al., 2012; Contal and Vayatis, 2016), whereas the dimension-type regret
bounds of our algorithm is valid for all v > 1/2. In particular, for the
exponential kernel (v = 1/2, also referred to as the Ornstein-Uhlenbeck
process), Srinivas et al. (2012) conjectured that it may not be possible
to derive a regret bound of the form shown in (1.4). This conjecture was
refuted by Contal and Vayatis (2016), but the authors did not provide
an explicit characterization of R, as no suitable bounds for -y, for this
kernel are known. Our result provides an upper bound on the cumulative
regret for the exponential kernel of the form R, < O(n(2P'+1)/(2D'+2))
for any D’ > D, which is, to the best of our knowledge, the first explicit
sublinear bound on the cumulative regret for the GP bandits problem with

exponential kernel.
~ D(D+1)+v
e The existing regret bounds for Matérn kernels have the form O (n D(D+D+2v )

(Srinivas et al., 2012; Contal and Vayatis, 2016) for v > 1. As compared
to this, the bounds obtained by our algorithm, after substituting @ = 1
for Matérn kernels with v > 1 depend upon D, which itself is a random
variable dependent on the sample function f of the Gaussian Process and
can take values anywhere from 0 to D. Assuming the worst case value of
D = D, we observe that for D > v — 1, we have

D+1_ D(D+1)+v
D+2 -~ DD+1)+2v
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Thus D > v — 1 is a sufficient condition for our upper bounds to be
tighter than the best known bounds for Matérn kernels. The two most
commonly used Matérn kernels in Machine learning correspond to v = 3/2
and v = 5/2 (Rasmussen and Williams, 2006, Chapter 4), for which the
sufficient condition reduces to D > 1 and D > 2 respectively.

4.3. Regret under noiseless observations

In this section, we consider the special case where there is no observation noise,
and specialize the regret bounds of our algorithm to this setting. In particular
we have the following bounds:

Claim 5. If in addition to the assumptions of Theorem 1, we further assume
that the observations are noiseless, i.e., 0 = 0, we get with high probability for
any D' > D

Ry = O(n'~77), (4.1)
Sp = @(nia/D/)a (42)

if D> 0, and
R, =0(1), )

S, = (5(6701 log(l/P)n)’

if D=0 and hmax = Q(n), for some constant ¢; > 0.

Remark 12. We note that unlike Theorem 1, we do not present information-
type bounds on the cumulative regret in Claim 5. This is because the information-
type bounds given by (1.4) are not directly applicable in the noiseless setting as
the term ~,, becomes undefined for o = 0.

As mentioned earlier, our work is motivated by BaMSOOQO, an adaptive algo-
rithm for the Bayesian optimization problem which works only with noiseless
observations (Wang et al., 2014). BaMSOO builds upon the Simultaneous Op-
timistic Optimization(SOO) algorithm of Munos (2011) by making the further
assumption that the unknown function is a sample from a GP, and then uti-
lizes the posterior confidence intervals in selection of points. Wang et al. (2014)
obtained an upper bound on the simple regret of the order @(n‘c/ D) for some
¢ > 0 which is similar to our simple regret bound in Claim 5. However, our
approach extracts more information about the function from the GP prior and
has some advantages over BaMSOO in the pure exploration setting. In par-
ticular, the derivation of regret bounds for BaMSOO required the assumption
(Wang et al., 2014, Assumption 2) that the unknown function is approximately
quadratic in the region around the maximum z*, which for example is ensured if
the covariance function has continuous partial derivative of order 6. Our result
does not require this quadratic behavior, and is valid for kernels not satisfying
the smoothness requirements, such as the exponential kernel K (r) = ce™“'", and
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the Slepian kernel K(r) = (1 — r)* (Slepian, 1961). Furthermore, if for some
instances of the function f, the random variable D equals zero, then we obtain
an exponentially decaying simple regret bound for Algorithm 1. This is unlike
the simple regret bounds for BaMSOO which decay polynomially in n for all
admissible kernels.

5. Extensions

In this section, we first present an algorithm for GP bandits which uses an alter-
native approach to locally refining the search space as compared to Algorithm 1.
While Algorithm 1 requires a tree of partitions to adaptively discretize the space
X, the algorithm presented in Section 5.1 instead utilizes a covering oracle to
explore the search space.

Next, in Section 5.2 we apply our general approach to design an adaptive
algorithm for the problem of contextual GP bandits, an extension of the usual
GP bandits problem first studied in (Krause and Ong, 2011).

5.1. Bayesian zooming algorithm

We now present a Bayesian version of the zooming algorithm for Lipschitz op-
timization introduced by Kleinberg et al. (2013) and analyze its regret. In par-
ticular, instead of assuming that the metric space (X,[) is well-behaved in the
sense of Definition 4, this algorithm requires access to the space (X, 1) through a
covering oracle (see Remark 14 for definition) to locally refine the discretization.

The algorithm proceeds by constructing an increasing sequence of active sub-
sets of X denoted by (A;);>1. As with Algorithm 1, we can compute upper and
lower confidence intervals for the function values at points in A; for all ¢ > 1
such that

f(x) € [w—1(z) — Bror—1(x), pp—1 + Bnor—1(z)]

with high probability for a suitable factor S3,,.

Also, to each point x that has been evaluated at least once, we assign a
radius denoted by r(z). The radius r(x) can take values in a set S = {r;, =
diam(X)27%; k € N}, where

diam(X) = sup I(x1,x2)
T1,T2€EX

is the diameter of the metric space (X, 1) and is assumed to be finite. For imple-
menting the algorithm, we further require bounds (W (rg))ren such that for all
x € X and for all k € N, W (rg) is a bound on the variation of the GP sample in
the ball B(x,rg,l) with high probability. We obtain these W (ry) using Propo-
sition 2. We also require a parameter i, as input, which plays a role similar
t0 hmax in Algorithm 1. The details behind the choice of these parameters are
provided in Appendix D.

Corresponding to each point that has been evaluated at least once, we have
an associated confidence region B(z,r(x),[), and furthermore, we also have an
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upper bound on the maximum value of the function in that region (w.h.p.) given
by the index:

Ji(@) = pe-1(2) + Bror-1(z) + W(r(z)). (5.1)

In each round ¢, a candidate point is selected in an optimistic manner from
the set Ay, i.e.,
xy € argmax  Jy(x). (5.2)
TEAL
The index J¢(x) can take a large values if:

e the point z has been evaluated very few times, in which case the uncer-
tainty at = (i.e., B,0¢—1(x)) as well as the bound on the variation of f in
the confidence region (W (r(z))) are large.

e or if the point x has been observed many times, and the true function
value f(z) is large.

In this way the selection rule strikes a balance between exploration of poorly
understood regions, and exploitation of well explored regions with high function
values.

Having chosen a candidate point z; at time ¢, the algorithm takes one of two
actions:

e Refine: If the uncertainty in the function value a point z; is smaller than
the bound on the variation of the function in the confidence region asso-
ciated with point z;, then the algorithm locally refines the search space,
that is, it shrinks the radius of the confidence region associated with x;
by a factor of 2.

e Fualuate: Otherwise, if the uncertainty in the function value is larger than
the variation in the confidence region, the function is evaluated at the
candidate point x;.

In order to ensure that the entire search space is taken into consideration,
the algorithm maintains at all times the following invariant:

X C Ugea,B(z,r(x), ). (5.3)

If this invariant is violated, a point from the wuncovered region (i.e., X \
Uzea, B(z,r(x),l) is added to the active set of points with an associated ra-
dius rg = diam(X).

All the steps described above are formally stated as a pseudo-code in Algo-
rithm 2.

Remark 13. A key difference between Algorithm 2 and the zooming algorithm
for Lipschitz functions is that our algorithm only evaluates a point if the confi-
dence radius associated with it is small enough (Lines 3-4 of Algorithm 2). This
is unlike the zooming algorithm in (Kleinberg et al., 2013), in which a point is
evaluated every round. This modification is necessary to obtain the information
type bounds on the cumulative regret for our algorithm.
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Algorithm 2: Zooming Algorithm for GP bandits

Input :n >0, (re)r>0, (W(rk))k>0 » "min
Initialize: t = 1, ne = 0, A; = {}

1 while n. < n do

2 choose z¢ = argmax, ca, Ht—1(%i) + Brot—1(z;) + W(r(z;))
3 if (Bnoi—1(w) < W(r(zt))) AND (r(xt) > rmin) then

4 | r(@t) « r(wt)/2

5

6 else

7 evaluate y¢ = f(z¢) + ¢

8 update posterior p¢(z) and o¢(x)

9 update ne < ne + 1
10 end
11 if X ¢ Uy,ea,B(xi,r(x;),l) then
12 | Add a point x € X \ Uz, eca, B(wi, r(x;),1) to At, with r(z) = ro = diam(X).
13 end
14 t+—t+1
15 end

Output : z(n): point with the smallest radius

Remark 14. For maintaining the invariant described in (5.3) and in Lines 10-
12 of Algorithm 2, we assume the existence of a covering oracle (Kleinberg
et al., 2013, Section 1.5), which takes in as inputs a finite set of balls and
outputs whether these balls cover the entire space X’ or not. In the latter case,
the covering oracle also returns an arbitrary point from the uncovered region
of X. In our case, if at the beginning of round ¢ the entire space is covered
by the balls (this is true at ¢ = 2), and suppose a point z is selected by the
algorithm and its confidence radius is shrunk from r(z) to r(x)/2. Then at the
beginning of the next round, we only need to check whether the annular region
B(x,r(x),0) \ B(z,r(x)/2,1) is fully covered by the other balls or not.

Our next result shows that we can obtain the same regret performance for
Algorithm 2 as we did for the tree-based algorithm.

Theorem 2. Suppose the unknown function f is a sample from a GP(0,K),
with K € K. (X,1) is assumed to be a compact metric space with finite metric
dimension Dy (see Definition 3). Moreover, we assume that we can access the
metric space (X,1) through a covering oracle.

Then, for any u > 0 and for D' > Dy (defined in Remark 15), the following
bounds are true with probability at least 1 — 2e™" for Algorithm 2:

o We have the following dimension-type bound on the cumulative regret.

R, = O(n' " 54p7), (5.4)

e Under the extra assumption that K(x,z) <1 for all x € X, we also have
an information type bound on the cumulative regret:

R, = O(v/nvy, log(n)). (5.5)
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o Finally, we also have an upper bound on the simple regret:
S, = O(n~ 2a+07). (5.6)

The details of the choice of the parameters of Algorithm 2 as well as an
outline of the proof of Theorem 2 is provided in Appendix D.

Remark 15. The near-optimality dimension Dy used in the statement of
Theorem 2 can be defined similar to the definition of D introduced in Re-
mark 10. More specifically, by Lemma 2 in Appendix D we know that Algo-
rithm 2 only selects evaluation points from sets of the form X5y () = {z € & :
flx*)— f(x) <5W(rg)} for k > 0. So we can proceed as in Remark 10 to define
Dy = D¥(6k, (), with i (2) = 5W (ry,) and k, == min{k > 0: 7 < 2}.

5.2. Extension to contextual GP bandits

The contextual bandit problem is a generalization of the multi-armed bandit
(MAB) problem in which at the beginning of each round, the agent receives a
context, and the task is to select an action (or arm) which is optimal for the
context received. This problem was studied in the non-Bayesian framework by
Rigollet and Zeevi (2010) for the case of two arms under certain smoothness
and margin assumptions on the reward function. It was further extended to the
case of finitely many arms by Perchet and Rigollet (2013), and to the contin-
uum armed setting under Lipschitz assumptions by Slivkins (2014). Krause and
Ong (2011) considered this problem in the Bayesian framework with GP prior
and proposed the CGP-UCB algorithm which is a variant of the GP-UCB algo-
rithm. They obtained information-type regret bounds on the contextual regret
for CGP-UCB and additionally, provided bounds on the maximum information
gain (,) for composite kernels over the product space.

For this problem, the set X is a product of two sets, X, the context set and X,
the action set, and f : X — R is the mean reward observed for a context-action
pair. As before, we will assume that the unknown function f is a sample from
a Gaussian process GP(0, K) now indexed by the product set X = X, x X,. In
each round 7, the agent receives a context x5 € X, and must select an action
2 € X, corresponding to that context and observe the reward y, = f(z.) + 7,
where 2, = (2¢,2%) € X. The goal of the agent is to design a strategy of
selecting actions to minimize the contextual cumulative regret defined as

RE =Y A(x,), (5.7)
=1
where we have
A(x;) = sup f(zf,2%) — f(zg,22). (5.8)

TrEX,
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5.2.1. Tree based algorithm for contextual GP bandits

We again make the assumption that the space X admits a tree of partitions
satisfying the properties described in Definition 4. To simplify the description
of the algorithm, we will assume that the metric space admits a binary tree of
partitions (i.e., N = 2). We show that with a small modification to the point
selection rule and the cell expansion strategy, we can easily adapt Algorithm 1
to the problem of contextual GP bandits.

We need to introduce a couple of definitions in order to describe the algo-
rithm. We call a cell &}, ; active with respect to a context ¢ € A, if there exists
an action z* € X, such that (z°, z%) € A} ;. Now, given a context z°, for every
active cell A}, ; (corresponding to a point zj; € £;) we find a point of the from
(z¢, 2 ;) € X, and we will refer the collection of these points as a leaf set

relevant to the context z¢ denoted by L7

Suppose a cell X, ; with 0 < h < hpax is expanded by the algorithm at time
to. Then for all ¢t > tg, we use :fglf)z to denote the candidate point in the cell &, ;
which was chosen by the algorithm at time tg. This point has the property that
ﬂnat_l(a_:s)i) < Vi + Bng(viph) for all t > tq. Clearly, this property is true at
time t = ¢y (by Line 6 of Algorithm 3). Furthermore, since the posterior variance
at a point cannot increase as more observations are made, the inequality holds
for all t > tg as well.

For all points in £7¢, we define as index as follows:

I (zn,i) = min{p—1(xn,i) + Brot—1(n,i), Nt—l(jzt117\_i/2j)
+ 5n0t71(f§21,W2J) + Vh—l} + WV (5.9)

The rest of the algorithm proceeds in a manner similar to Algorithm 1. We
select a candidate point by maximizing the index If over the relevant leaf set
Lrel. Having selected the candidate point, we either evaluate the function or
refine the discretization depending on the uncertainty in the function value at
the chosen point.

The steps of the algorithm are shown as a pseudo-code in Algorithm 3. The
values of the parameters hmax, 5, and (V3)n>0 used here are the same as those
used in the algorithms for GP bandits, with the modification that n now repre-
sents the total number of context arrivals and X = X, x X,.

5.2.2. Bounds on contextual regret

For the algorithm for contextual GP bandits described above, we now present
high probability bounds on the contextual regret R¢:

Theorem 3. Suppose Algorithm 3 is applied to a contextual GP bandits prob-
lem, where the reward function f is a sample from a zero mean GP with co-
variance function K € K and furthermore K is assumed to be isotropic* The

4 j.e., covariance between two points 1 and zo satisfies K(z1,z2) = K(l(z1,z2))
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Algorithm 3: Tree based Algorithm for Contextual GP bandits
Input :n>0, (X)r>0, (Va)r>0s hmax
Initialize: Lo = {201}, t =0, 7 =1, flag=TRUE

1 while 7 < n do

2 Observe a context ¢

3 while flag do

a Obtain £}¢

5 choose zp, i, = (z$,2¢) € argmax,, ¢ pret It (xh,;)
o if Buot—1(2hyi,) < Vh, + Bng(v1ph) AND hy < hmax then
7 Liyr =Lt \{zn, i}

8 Lit1 = Lop1 U{Thy11,200—1,Thye+1,2i |

9 else
10 play the action z¢
11 observe the reward y¢ = f(xn, i) + ¢
12 update posterior pu¢(z) and o¢(x)
13 flag = FALSE
14 end
15 t—t+1
16 end
17 T+ T1T+1
18 flag = TRUE
19 end

product space X = X. X X, is assumed to be well-behaved (Definition /) with
finite metric dimension Dy. Then after observing n contexts, for any u > 0 and
D’ > D we have with probability at least 1 — 2e™%

RE = O(nl=o/(D+20)y, (5.10)

In addition if we further assume that K(z,x) < 1 for all x € X, then we can
also have an information type bound on the contextual regret:

R; = O(y/nvy, log(n)). (5.11)

The proof of the above result essentially follows the same arguments used in
the proof of Theorem 1, and we omit the details here. For deriving the dimension
type contextual regret bound, we will require an intermediate lemma analogous
to Lemma 1. The derivation of this result differs from Lemma 1 in the following
two ways:

e Unlike Algorithm 1, a single point cannot be evaluated repeatedly in the
contextual case as the contexts are not chosen by the algorithm. Thus
to get a bound on the term ¢; here, we need to upper bound the poste-
rior variance at a point given a certain number of function evaluations at
points in a ball B(z,r,!). For this we use the result in the second part of
Proposition 3.

e The definition of igf)l introduced earlier is crucial in obtaining a bound
on the sub-optimality of the chosen action analogous to that in (3.8).
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Suppose the algorithm selects an action z{ which is at level h; of the tree,
in response to a context x¢ and let 27 = (2, argsup acy, f(2%,2%)) and
Thy i, = (S, xf) (note that 7 is the index of the context (i.e.,1 <7 < n)
and t is the index of the round (i.e.,1 < ¢ < nhmax) in Algorithm 3). We
then proceed as follows:

f@7) < w1 (T, —1,1i0/21) + Bnot—1(Tn,—1,15,/21) + Vie—1 + Vi,
< f(fgztt)—l,ﬁ,,/ﬂ) + 2ﬂn0t—1(j§1tt)—1,[it/2]) + Vht—l + Vht

< f(xht,it) + Vht_l + Qﬂnat_l('fgt)—l,fit/ﬂ) + Vht—l + Vht

(a)
S f(xhtyit) + 2(Vht71 + ﬁng(vlpht_l)) + 2Vht71 + Vht

(b)
< f(xht,it) + 5Vht—1 + 2ﬂn9<1}1pht_1)
= Az, 2y) < 5Vp,—1 + 2Bpg(v1p" 1Y)

The inequality (a) above uses the definition of 962?71 i, 21 and (b) uses
the fact that Vj, <V, 1.

With these results available, the remainder of the proof of Theorem 3 mirrors
the proof of Theorem 1.

Remark 16. Compared to the CGP-UCB algorithm of Krause and Ong (2011),
Algorithm 3 again has two benefits. First, if X € RP, then the computational
cost of running the algorithm does not depend on the dimension of the space,
unlike the CGP-UCB whose practical implementation cost increases exponen-
tially with D. Second, as with Algorithm 1, our theoretical regret bounds are
tighter for Matérn kernels when we have D > v — 1.

Remark 17. Krause and Ong (2011) considered composite covariance functions
formed either by taking products K (z¢, ¢*) = K.(x¢) x K,(z*) or by taking sums
K(x¢ 2%) = Ko(2¢) + K, (x®) of different covariance functions over the context
space and the action space. Since our class of covariance functions K is closed
under such operations, if K, and K, lie in I then their combination will also
be in K, and thus our dimension-type bounds on the contextual regret is valid
for such composite covariance functions. In addition, for the information type
bound we can use (Krause and Ong, 2011, Theorem 2 and Theorem 3) to get
the required explicit upper bound on ~,,.

6. Technical results

In this section, we present some analytical results about the Gaussian Processes
satisfying the assumptions described in Section 3.3.1, which were used in the
design of our algorithms.

We begin by deriving a high probability bound on the maximum variation of
the sample functions of a Gaussian Process within a d-ball of radius b around
some fixed point x.



Adaptive GP bandits 3859

Proposition 1. Suppose {f(z);x € X} is a separable zero mean Gaussian
Process GP(0, K), and let d denote the usual metric on X induced by the GP.
Let B(zo,b,d) C X be a d-ball of radius b > 0. Then we have for any u > 0:

Pr( sup  |f(z) = f(wo)| > wp) < e, (6.1)
2E€B(z0,b,d)

with wy, < 4b(1/Ca + 2u + 4D} log(1/b) + C3). Here Cy and Cs are positive
constants and D7 is the metric dimension of B(xg,b,d) with respect to d.

The details of the proof of this statement is given in Appendix B.1. The
proof uses the classical chaining technique for bounding the suprema of Gaus-
sian Processes, and follows the same line of arguments used in some existing
results in literature such as (Contal, 2016, Theorem 3.3) and (van Handel, 2014,
Theorem 5.24).

The previous result gives us a bound on the variation of the samples of a
given Gaussian process within a given d-ball of radius b. Using this and the
union bound, we can easily extend this to a sequence of discretizations of X:

Corollary 1. Suppose {f(z);xz € X'} is a zero mean Gaussian Process which
induces the metric d on X. Let (Xi)k>0 be a sequence of finite subsets of X,
and to every point in Xj we associate a radius by with respect to the metric d.
Then we have Pr(€,) > 1 —e™*, where the event 0, is defined as

Q,={m>0VzeX,: sup |f(y) —f(z) <w}, (6.2)
yEB(m,bk,d)

with the value of wy given by:

wp < by (/O + 20+ 2log(|1]/674)) + Ca), (63

where Cy = Cy + 2log(n*72/6), and D} is the metric dimension of (X,d).

Proof. The result is obtained by replacing uy < ux +log(n?72/6) + log(|Xx|) in
the proof of Proposition 1 and then taking two union bounds, one over points
in X}, for a fixed n and the other over all values of n € N. O

Specializing this result to the class of Gaussian Processes with covariance
functions K € K, we can obtain bounds on the variation of the GP samples in
[-balls.

Corollary 2. Suppose {f(x);x € X} is a Gaussian Process with its covariance
function K € IC, and let | be a metric defined on X. Then for (Xi)r>o subsets
of X, and (ri)r>0 the associated radius values, we have for any u > 0:

P(Qu)>1—e",
where the event Q1 is defined as

Q1 ={vn >0V e Xy: sup |f(y)—f(z)] <w(r)}, (6.4)
yeB(x,rk,1)
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with the value of w(ry) given by:

w(ry) < 49(7”k)(\/04 + 2u + 2log(| X%[/ (g(rx)?P1) + C3). (6.5)

This result gives us control over the variation of the Gaussian process samples
in balls centered at points in (X%)x>0-

Now suppose we want to obtain high probability bounds on the variation of
the GP samples in [-balls of radius (ry)r>o for all points z € X and not just
those in (X%)g>0. Our next result shows that we can obtain this by a small
modification of the previous result.

Proposition 2. For a given sequence (1) x>0, we have for any u>0, Pr({y,2) >
1 —e ", where the event (s is defined as

Qua={Vk>1VeeX: sup |f(z)— fy) <}, (6.6)
yEB(x,rk,l)
and Wy = 2w(Ry), where w(Ry) is as defined in 6.5 by selecting Xy, to be an
e cover (for any e > 0) of X, and choosing Ry, satisfying Ry > 7y + €.

This result is crucial in the design of Algorithm 2 as the covering oracle can
return an arbitrary point in the uncovered region of the search space X', and
thus we need to bound the variation of f in ball centered at any point x € X
with radius r, for k > 0.

Remark 18. The result follows by application of Corollary-2 for the given
choice of Rj and €. However, the idea behind this result can be better under-
stood through Figure.2. Let us consider a fixed radius 7. We want a bound by,
such that for all z € X we know that with high probability the variation of a
Gaussian process sample within the ball B(z, ) is no more than . Since the
set X' in general can be uncountable, we cannot directly use union bound to get
this result. However, we can get a bound in the following way: For some € > 0,
consider an e, covering of X', denoted by &, . Now for every point z € X, , we as-
sociate a ball B(x, Ry, 1) with Ry, > ri+¢; and compute the corresponding vari-
ation (w(Ry)) within this ball for all z € X, by using Corollary 2. By definition
of X, , for all x € X there exists a z, within ¢, distance of z, and by the choice of
radius Ry, we know that B(x,r,l) C B(zs, Rk, ). Now, by the triangle inequal-

ity, we have for all y € B(z, 1), |f(z) = f(y)| < [f(2) = f(z2)|+ | (y) = f(z)];
which gives us the required bound Wy < 2w(Rg).

Finally, we present a result about the posterior variance at a point x at which
we have multiple noisy observations.

Proposition 3. Suppose the unknown function f is a sample from GP(0, K)
with K € K.

e If a point x has been evaluated n(x) times before time t according to the
observation model y(x) = f(x) +n where the noise term n is distributed
according to N(0,02). Then we have

(2

ng(x)

O't(x) §

: (6.7)



Adaptive GP bandits 3861

Fia 2. If X¢ is an € cover of X, then for any x € X there exists a zz € X within € distance
of z. A ball of radius R > r + € will contain the ball B(x,r) and so twice the variation of f
in B(zz, R) (denoted by w(R)) is an upper bound on the variation of f in B(x,r)

where oy(x) is the posterior variance at the point x after t observations.

e Suppose, we make the further assumption that the covariance function K is
isotropic, i.e., K(x,y) = K(r) where r = l(z,y). Now, if ni(z,r) denotes
the number of times a point from the ball B(x,r,l) has been evaluated up
to time t, then we have

atx_L dr_L r). 6.8
(z) < nt(x7r)+ (r) < nt(x)r)ﬂLg() (6.8)

This result allows us to estimate the number of evaluations required to bring
the uncertainty about the function value at a point below a certain threshold.
The first part of the above result is used in the analysis of the two algorithms
proposed for GP bandits (Algorithm 1 and Algorithm 2), while the second part
is used in the analysis of Algorithm 3 for Contextual GP bandits.

7. Conclusion

In this paper, we considered the problem of optimizing an unknown function
under noisy bandit feedback, and presented an algorithm which adaptively dis-
cretizes the search space using a hierarchical tree of partitions. We then ob-
tained high probability bounds on the cumulative and simple regret for our
algorithm. Because of adaptive refinement of the search space, our algorithms
can be computationally much cheaper than the existing approaches using uni-
form discretizations. Furthermore, we also identified sufficient conditions under
which the regret bounds of our algorithms improve upon the existing theoretical
results.

Finally, we note that the tools described in Section 6, along with some
stronger bounds on suprema of GPs such as those presented in (Contal and Vay-
atis, 2016; Van Handel, 2015) may be useful for designing adaptive algorithms
for some other settings, such as time varying GP bandits problem (Bogunovic
et al., 2016a).
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Appendix A: Details of toy examples in Section 1.3
A.1. Example 1

First we note that the covariance function of the Gaussian Process is uniformly
upper bounded by a? which implies that the information type regret bound is
valid for it (Srinivas et al., 2012). Before obtaining the lower bound on ~,, let
us select the parameters (a;);>1 in the following way for a fixed 6 > 0:

1
(@)1 ((1+4)/2)
1

2\/210g(”62§2)

where ®(.) is the cdf of Standard Normal random variable.
Now, we have the following:

[

(a) & azz (b) a%
Yn = ;log (1 + ﬁ) > nlog (1 + ;)
(@ a? n

n = .
T ai+o0? 14 802log (T2

The inequality (a) is obtained by the following observations: by definition ~,, is
greater than or equal to the mutual information between f and the observations
at any set of n points. In particular, the inequality holds if the n observation
points are z; = 1/3* + 1/(2 % 3%) for i = 1,2,...,n. Finally, we use (Srinivas
et al., 2012, Lemma 5.3) to write the mutual information between f and the
observations at these points in terms of the predictive variances, which in this
case are just (a?)™_; because of the independence assumption. The inequality
(b) uses the fact that (a;);>0 is a decreasing sequence, and (c) follows from the
inequality log(l + z) > Trs for x > 0. From the above, we get the following
bound:

1 1
p2>nmax | —, ———————5—5— |.
! € waﬂog%))

This implies that for all 02 > 0, the information type regret bound for this
Gaussian Process increases linearly with n.

Now we show that for the given choice of parameters for this Gaussian
Process, the global maximizer of the sample function f can be found from
just one evaluation with high probability. Let us define the following events:
E1 = {\ale\ 2 1}, E2 = {V’L 2 2: |G1XZ| S ]./2} and E3 = {"171| S ]./2} where
771 is the observation noise at time ¢t = 1. Then, we have Pr(E1NFE2NE3) > 1-30,
and it is easy to see that the global maximum of the function f under the event
E; N Ey N E; will lie either at * = 1/2 or x = 5/6. Since, by construction we
have f(1/2) = —f(5/6), a single evaluation of the function at either of these two
points is sufficient to find the global maximum, and hence the regret R,, < O(1).
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A.2. Example 2

We observe that the covariance function of the Gaussian Process is upper
bounded by Z;’il a? which for our choice of parameters a; will be finite. If
we make the extra assumption that the noise variance is smaller than a2, we
get that v, > nlog(2) which implies that the information type regret bound
increases linearly with n.
Now, for a fixed § > 0, let us define the event
7242
Ey = {|Xi] <y/2log (W) for all 4 > 1}.

By using the tail bounds for Gaussian random variables and the union bound,
we get that Pr(Ey) > 1 — 0. We now set the parameters as follows:

a4 = —F——— forall7>1

Next, suppose (1;);>1 denote the i.i.d. N(0,0?%) noise random variables. We
define the following event which also occurs with probability at least 1 — §

Es = {|n| <1/(V2t?) for all £ > 1}.

Now, we need to show that there exists a strategy which will ensure with
high probability that the cumulative regret is upper bounded by O(log(n)).
Assuming that the events F4 and Fs hold (which happens with probability at
least 1 — 26), we proceed as follows:

e We first note that we can construct a ternary tree of intervals ({Z; 5 : j >
0, and 1 < k < 3/}) which form an increasing sequence of partition of
the input space X = [0,1]. The root of the tree is the entire unit interval
Zo1 = [0, 1] while the nodes at level 1 are obtained by partitioning 7 ; into
three equal intervals Z; 1 = [0,1/3), Z1 2 = [1/3,2/3) and Z 3 = [2/3,1].
This process is repeated indefinitely to get an infinite ternary tree.

e Because of the definition of the Gaussian Process, the function value in the
interval Z; 1 is a1 X19(3x)+ f2(3x) and in the interval Z; 3 is —a1 X1¢(3z—
2) + f2(3(x — 2/3)), we note that z* must lie either in Zy ; or Z; 3. To
decide which one, we need to know the sign of X; for which we observe
the function at the mid point of the interval Z; ». If the observed value is
positive, we can conclude that z* must lie in 7; ;. Otherwise, 2* lies in
Z,1,3. Thus our region of uncertainty shrinks from Zy ; to Zy,; or Z; 3.

e For ¢t > 1, we proceed similarly by evaluating the function at a point x; in
the middle sub-interval of the current region of uncertainty. Based on the
observed value, we can infer the sign of a; X; which allows us the pick the
next subinterval. Thus at any time ¢, the suboptimality of the evaluated
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point is upper bounded by

FG) = fe) < S lasXil +lnl <Y 5 <

i>t i>t

H~|l\3

where the second inequality follows from the definition of event F, and
the choice of (a;);>1.

e Finally, summing up all such terms gives us the required bound on the
cumulative regret

R < Z% < 2log(n).

t=1

Appendix B: Deferred proofs from Section 6
B.1. Proof of Proposition 1

Proof. Let T = B(xg,r,d) and let us assume we have a sequence of increasingly
fine discretizations (T},)n>0 of T with Ty = {zo}, and let 7, : T — T,, represent
the projection operator onto T}, i.e., m,(z) = argmin, ¢y, d(z,y). Then we have
the following:

f(@) = fao)l =1 ) f(ma(@)) = flmar(@))] < Y 1f (@) = f(mna(@)]:

n>1 n>1

Now we use the concentration property of Gaussian Process (2.3) and union
bounds, to get:

Pr(|f(mn(x)) = f(mn-1(2))| > Vitnd(mn (2), 701 (2)))

< 2exp(—up/2)

= Pr(3 € T |f(mn()) — F(mn 1 ()] > Vmd(ma (@), 701 (1))
< 2|7 |[Th—1| exp(—un/2)

= Pr(3neN,Jz e T:|f(mn(2)) = f(mn-1(2))| > Vnd(m, (), Tno1(z)))
< 3 9Ty (T exp(—un/2)

n>1

= P,.

Let us define the event Eq = {3In € N,Jz € T : |f(mn(2)) — f(mp—1(2))] >
VUnd(my (x), mr—1(2))}. Then under the event Ef, we know that for all z and
n, we have | f(m,(2)) — f(mn-1(z))| < Jund(mn(z), 7p—1(x)), which means that

sup |f(x) — f(zo)] < bup Z |f(mn(z)) = f(mn—1(z))]

z€T T, >1

< sup Z \/Ed 7Tn ) anl(x))'

z€T n>1
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Now, let us choose T,, to be the €, = r2™" covering of T with respect to the
metric d. Since T has a finite metric dimension Dj, there exists a constant
(4 < oo depending on 2D such that for all z < diam(X'), we have N (X, z,1) <
C1272P1. Thus we have [T < 0122"D1/T2D3. Now in order to keep P, below
e~ for some u > 0, we set u, = 2(u + v,) with v, to be defined later. This
gives us

24nD1
T4D£

e un/2,

P, < Z 2(01222(2n—1)D1 /7"4D/1)6_u”/2 < Z 2012
n>1 n>1
Now by choosing
4nD’1

2
v, = log (QC%W) + log(n?7?/6),
ray

we get the required bound on P,. Now it remains to get the upper bound on
w, for this choice of u,,. We use the fact that d(m, (x), m—1(x)) < d(mn(x),2) +
d(mtp_1(x),z) < 2r2=("=1 to get

w, < 2r Z 2~ (n—1)

n>1

X \/2u + 4D} log(1/r) + 2log(n?) + 4nD log(2) + 21og(2C7n2/6).

Finally, replacing 2log(2C77/6) with Cy, and writing >, -, 2= (=1 /logn =
ayand Y, -, 277D /i = ag, we get

w, < 4r(\/Ca + 2u+ 4D} log(1/r) + Cs), (B.1)

where C3 = aq + as4/2D] log 2. O

B.2. Proof of Proposition 3

Proof. Let y1.4—1 denote all the observations before time ¢, and 7, be the vector
of observations at x. Also, let ¢, be the vector of observations at points other
than 2. Then by the non-negativity of mutual information we have

1 (a)
= log (—) —log(ot(z)) > 0
n(z) + 1

o2 K(z,x)

g

nt(z)

= Z O't(l'),
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where h(X) is the differential entropy of X and I(X;Y) denotes the mutual
information between random variables X and Y. For inequality (a), we used
the formula for the differential entropy of a Gaussian random variable.

For the second part, let us define S, = {1,22,...,%p, (2} as the set of
points in B(z,r,1) which have been evaluated up to time ¢. Further introducing
the vector K, = [K(z,2z1), K(x,22),...,K(x,%,,()]" where tr denote the
transpose operation, and the matrix K, = [K(2i,%;)|(2;,2,)e5, x5,, We have
by the formula for the posterior variance at x (Rasmussen and Williams, 2006,
(2.26)):

02(x) < K(0) = KX (Ko + 0?1) ' K,.

Now, based on the assumption that K is isotropic, we can make the following
two observations,

(Kyo +0%1) < (K(0)117 + 0%1)
K(r)l X K,

which gives us
— KN (Kyp +0*)7'K, < K(r)?1T(K(0)117 + %) 1. (B.2)

Now, using the Woodbury matrix inversion identity, and some simplification,
we get:

K(0)o? + ny(z,r)(K(0)? — K(r)?

0152(33) < o + g, 1) K (0)
o2
= 03(z) € T 4 2(K(0) - K(r))
(a) o
oi(x) < ——— +d(r
o= e

()
= o(x) < g

where (a) uses the inequality \/z1 + 22 < /z1 + /22 for 21,22 > 0 and (b)
follows from the fact that K € K. O

Appendix C: Proof of Theorem 1

For the entirety of this proof, we will assume that the events 2,5 and €, hold,
which is true with probability at least 1 — 2e™". Let (73)5-‘21 denote the rounds
in which the function evaluations were performed, and let @, = {mhg,z}j 1 <

Jj < n} denote the multiset of points evaluated by the algorithm.
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C.1. Information-type bound on R,

To obtain the information-type cumulative regret bound, we divide the set @,
into @Q,1 and Q.,2, where

in = {xh,i S Qn|h < hmax}

and Qn2 = Qn \ @Qn1. For bounding the regret due to the elements of Q,2, we
use the fact that all nodes in @, are at most (4N7 + 1)V}, suboptimal and
then trivially bound |Q,2| with n. For the nodes in @1, we can bound the
sub-optimality of the points in terms of their predictive variance which allows
us to obtain information type bounds for them. The term h,,q; is then chosen
to balance the contribution of these two terms to the overall cumulative regret.

From Lemma 1, we know that for all z;,; € Qp2, we have A(z, ;) < (4N7 +

1)V}, and assuming n is large enough so that hyax > ho = % (which is

true for n > (g—;)Qa), we can upper bound the contribution of the terms in Q2
to the cumulative regret (denoted by R,2) as follows:

Ruvim 3 J") — flan)
Th,i €EQn2
S (4N1 + 1)Vh1!lax|Qn2‘
< (4N1 + ].)Vh n

< O(phmaxa V hmax”)a

where the last inequality relies on the assumption that hp.x > ho and the
properties of the covariance functions in the class K. Now, using the fact that
Rmax > % we get that R,2 < O(y/nlog(n)).

Now, for the terms zp, ;. in Q1 we observe from Lemma 1 that f(z*) —
flzn, i) <3Bnor—1(zh, s, ). If |Qni| = n1, then by using (Srinivas et al., 2012,
Lemma 5.3 and Lemma 5.4), and the assumption that K(z,z) < 1forallz € X,

we get
Rn1 < O(v/ 117, log(n1)) < O(y/nyn log(n)).

On adding the two terms, we get the required information type bound R,, <

O(v/nyn log(n)).

C.2. Dimension-type regret bounds

To obtain the dimension-type bounds, we upper bound the number of times
the algorithm selects points at some level h of the tree, and the sub-optimality
of such points using Lemma 1. Furthermore, by using the near-optimality di-
mension, we can upper bound the number of unique points evaluated by the
algorithm at level h of the tree. Combining these results with an appropriate
choice of hy,q,, We obtain the required bounds on cumulative and simple regret
of the algorithm.
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We first describe the steps for bounding the cumulative regret. Recall that
the algorithm only selects points for evaluation from the sets of the form
Xuni+nyv, = {zne € X ¢ f(2*) — f(zni) < (4N1 + 1)V}, and further-
more, by the assumption on the metric space that any two points in X} are
separated by at least 2uop™. These two facts imply that | XN, +1)v, N | <
M (XN, +1)v, - 2020", 1) < N(Xan,+1yv,, v20" 1)

We first consider the contribution of the terms xj ; for which h < hy:

Ri= > f@) = flens)
Th,i €EQn:h<hg
ho—1
< Z |Xan, +1)vi N Xnlan
h=0

(@ el
< 0( > P_2hD1Qh)

h=0
ho—1

(2)0( Oz: p*Qth JQﬂfL )

N o g(vapho)

= O(log(n)).

In the above display, the inequality (a) relies on the fact that X’ has a finite
metric dimension D and thus there exists a constant C' < oo such that for all
r > 0, we have N(X,r,1) < Cr=2P1. The inequality (b) uses Lemma 1 and the
fact that g is a non-decreasing function.

Now, we fix an H such that hg < H < hmax. Then for D’ > D, we have the
following:

Ro = Z f@®) = f(n,)
Th,i €Qnitho<h<H
H
< Z | Xan,+1)v, N XR[(4N1 + 1) Vign
h=ho
H
< Z M (XN, +1)v;,» 2020", 1) Vign
h=hg
(c) u
2o( $ sy o)
h=ho
= O<pH(“+D’)\/ﬁlog(n)>.

In the inequality (c) above, we use the fact that for h > hg, and for any D’ > D,
there exists a C' < oo such that for all r < va, we have M (Xyun, 41)v,,71) <

’ 2
Cr~P". Furthermore, we upper bound V;, with O(p"*v/h) and ¢, with O(pf,*;a)
by the assumptions on the covariance function.
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Finally, the contribution of the remaining points in @,, can be trivially upper
bounded as:

Rs = Z f@) = f(zng) <nVu

Th,i€Qn:h>H

< O(np"*VH).

log(n)

loa(1/p)a(Dr2a) < [max: We get

Now, if we select H =

R, <O ( log(n)*/*n'~ Dlim)

as required.
To obtain the bound on the simple regret, we introduce the terms @) =
Q. N Xy for h > 0. for any H > 0, we have the following:

H ho—1 H
dolQul =D 1Qul+ > 1Qul <n
h=0 h=0 h=ho

H
<om+o( 3 pHeg)

h=ho
< O(p PG,

Now, if we find the largest H (denoted by H) such that the upper bound on
ZhH:(J |Qn| given above is smaller than n, then H will be a lower bound on the
maximum depth explored by the algorithm. From the definition of H, we can
show that there exists some constant C’ > 0, such that

C'log(n) ) /72 Jir < 1(Cllog(n) Hprze)
n p n '

Assuming that n is large enough so that H > hy and that hya, > H (which is

true if hpax > 2;%%)7 we can now upper bound the simple regret as follows:

S, < (4N + 1)V < O(p"*VH)
O(n_ D’i2a (log n) D’iza +%>

@(n_ D7+7a )

IN

IN

Remark 19. The condition on A4, given in (3.4) in Section 3 follows by
summing up the two lower bounds on h,,,, required by the two parts of the
proof of Theorem 1.
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Appendix D: Deferred proofs from Section 5.1
D.1. Details of the algorithm

To complete the description of the algorithm, we need to calculate the terms g3,
and the term (W (ry))g>o for radius rx = diam(X)27F.

We begin with the following simple claim which gives us the appropriate
choice of f3,.

Claim 6. For the choice of B, = O(y/(D1/a + 1)log(n) + u), we have for any
u > 0:

Pr(Qus)>1—e"
where the event Q3 is defined as
Quz ={Vt <tn, Vo € Ay : [f(2) — pu—1(2)| < Bnor—1(2)} (D.1)

with t,, is the (random) number of rounds of the algorithm required for n function
evaluations.

Proof. Let M,, = M(X,n=* %) [) be the n=/(2*) packing number of X’ with
respect to the metric [. Then by the design of the algorithm, at any time ¢ we
have |A;| < M, and also t,, < M,, + n almost surely. So, we get by two union
bounds:

tn
Pr(cy) <30 3 2e7P/2 < 2n?2e7 /2

t=1x€cA;
< 2M, (M, + n)e*ﬂi/z.

Now, by using the fact that X has a finite metric dimension D; we have
M, < Cn?P1/(2%) for some constant C' > 0. This implies that M, (M, +n) <
C2pit2Di/a for p > 1.

Thus for any u > 0, the choice of 8, =/2(u + 21og(C) + (2D1 /a + 1) log(n))
ensures that Pr(Q,3) >1—e . O

Now, we obtain the terms W (ry) which denotes a high probability upper
bound on the maximum variation in the GP sample within any ball of radius
Tk in X.

Claim 7. Consider the choice of radius values v, = 2~ *diam(X) for k > 0.
Then we have for any u > 0, Pr(Qyu4) > 1—e™%, where the event Q4 is defined
as

Qua ={Vk >0,Vz € X : BS(up ) |f(z) = f(y)] < W(re)}. (D.2)
yeB(x,rk,

The term W (ry) is given by
W (ry) = 2w(2ry)

< 8g(re) (y/Ca + 2 + 2log(| Xy ]) + 4D log(2* /diam(X)) + Cs),

with Xy being the ry cover of X.
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Proof. The result follows immediately by applying Proposition 2 with ¢; = rg
and Rk = 2?"k. O

Without loss of generality, we can assume that the diameter of the search
space X is 1. Then, in the expression for W (rj) above, we can upper bound the
term || for all k by C22+P1 due to the assumption of finite metric dimension of
X. Thus for all k> 0 we have W (ry) < O(g(ry)y/u + 4D1klog(C?/diam(X)))
and in particular for k > log,(1/0k) we have

W(ry) < 0275 \/u + 4D klog(C?/diam(X))).

Having described the algorithm parameters, we now present an outline of
the derivation of the regret bounds for the Bayesian Zooming algorithm. We
characterize the properties of the points selected by the algorithm in the follow-
ing lemma. The proof of the regret bounds can be completed in an analogous
manner to the proof of Theorem 1

Lemma 2. Under the events Q3 and 4, the following statements are true:

o Any point x at which the function is evaluated by the algorithm satisfies

f@®) = flz) <5W(r(x)). (D-3)

o Ifin roundt, the function value is evaluated at a point x with r(x) > Tmin,
then we have

f(@*) = f(2) < 3Bu01-1(2). (D.4)

o Any two points x1 and xo which have been evaluated at least k times each
must satisfy 1(x1,x2) > rg.

o A point x with radius ry, will be evaluated no more than q,, times before
its radius is shrunk, where g, is defined as

o? ﬂ%

= SO (D.5)

qry,

Proof. The results stated above follow directly from the point selection and
refinement strategy used in the algorithm:

e Suppose z} denotes the point which contains the maximizer z* in its
confidence region. Then we have the following:

flz*) < Ji(xf) < Ji(z)
< J(2) + 2Bu0r-1 () + W(r(2))
Y f@) + W (2r(@) + W)
< f(x) +5W(r(x)),

where (a) follows from the condition required for shrinking the radius
associated with x from 2r(x) to r(z), assuming r(x) < diam(X). If r(z) =
diam(X) then the inequality is trivially true by the definition of W (r(x)).
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o If r(z) is strictly greater than r,,;, and the point z is evaluated by the
algorithm, then we must have B,0._1(x) > W(r(z)) which gives us the
required inequality.

e Since the covering oracle only adds points from the uncovered region, the
distance between two points with associated radius r; must be greater
than 7.

e Finally, the maximum number of times a point is evaluated by the algo-
rithm before shrinking the radius is upper bounded by using the result in
the first part of Proposition 3 to get the required expression of g, . O

Having obtained the above results, we can retrace the steps in the proof of
Theorem 1 to obtain similar regret bounds for the Bayesian Zooming algorithm.
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