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Abstract

In this work we analyse the solution to the recurrence equation

M\p(z + 1) = M\p(z), Mq;(l) =1,

—z
U(=2)
defined on a subset of the imaginary line and where —WV is any continuous negative
definite function. Using the analytic Wiener-Hopf method we solve this equation as
a product of functions that extend the gamma function and are in bijection with the
Bernstein functions. We call these functions Bernstein-gamma functions. We establish
universal Stirling type asymptotic in terms of the constituting Bernstein function. This
allows the full understanding of the decay of |My(z)| along imaginary lines and an
access to quantities important for many studies in probability and analysis.

This functional equation is a central object in several recent studies ranging
from analysis and spectral theory to probability theory. As an application of the
results above, we study from a global perspective the exponential functionals of
Lévy processes whose Mellin transform satisfies the equation above. Although these
variables have been intensively studied, our new approach based on a combination of
probabilistic and analytical techniques enables us to derive comprehensive properties
and strengthen several results on the law of these random variables for some classes of
Lévy processes that could be found in the literature. These encompass smoothness for
its density, regularity and analytical properties, large and small asymptotic behaviour,
including asymptotic expansions and bounds. We furnish a thorough study of the
weak convergence of exponential functionals on a finite time horizon when the latter
expands to infinity. We deliver intertwining relation between members of the class of
positive self-similar semigroups.
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1 Introduction

The main aim of this work is to develop an in-depth analysis of the solution in the
space of analytic functions and in the space of Mellin transforms of random variables
to the functional equation defined, for any function ¥ such that e¥ € P, where P is the
set of positive definite functions or equivalently —V is a continuous negative definite
function, by

—z
¥(—z)

and valid (at least) on the domain iR \ (Z(¥) U {0}), where we set

Zp(V) ={z€iR: ¥(—z) =0}.

The foremost motivation underlying this study is the methodology underpinning an
approach developed by the authors for understanding the spectral decomposition of at
least some non-self-adjoint Markov semigroups. This program has been carried out for a
class of generalized Laguerre semigroups and a class of positive self-similar semigroups,
see the recent papers [61], [62], [63] and [65]. The latter study has revealed that
solutions to equations of the type (1.1) play a central role in obtaining and quantitatively
characterizing the spectral representation of the aforementioned semigroups. Since (1.1)
is defined on a subset of iR, a natural approach to derive and understand its solution
stems from the classical Wiener-Hopf method. It is well-known that for any ¥ € N,
where N stands for the space of the negative of continuous negative definite functions,
see (2.2) below for definition, we have the analytic Wiener-Hopf factorization

U(z) = —¢p(—2)p_(2), z € iR, (1.2)

where ¢, ,¢_ € B, that is ¢, are Bernstein functions, see (2.3) for definition. Note that
¢+ are uniquely defined up to a positive multiplicative constant. The latter as will be seen
is of no significance. Exploiting (1.2) the characterization of the solution of (1.1) in the
space of analytic functions and in the space of Mellin transforms of random variables is,
up to an uniqueness argument, reduced to the solution in the space of Mellin transforms
of random variables of equations of the type

W¢(Z + ].) = ¢(Z)W¢(Z), W¢(1) =1, ¢¢€ B, (1.3)

on the region z € C(,) = {z € C: Re(z) > 0}. In turn the solution to (1.3) can be
represented on C( ) as an infinite Weierstrass product involving ¢ € B, see [61,
Chapter 6]. In Theorem 4.1 we obtain the main complex-analytical properties of W, via a
couple of parameters pertaining to all ¢ € B. Also, new asymptotic representations of W
are contained in Theorem 4.2. From them, the asymptotic of Wy along imaginary lines
of the form a + iR, a > 0, can be related to the geometry of the set ¢ (C(Om)). In many
instances this asymptotic can be computed or well-estimated as it is amply illustrated in
Proposition 5.2.

All results are reminiscent of the Stirling asymptotic for the gamma function which
solves (1.3) with ¢(z) = z. For this purpose we call the functions Wy Bernstein-gamma
functions. Due to their ubiquitous presence in many theoretical studies they are an
important class of special functions. If RT = (0, c0) the restriction of (1.3) on R has
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been considered in a larger generality by Webster in [77] and for the class of Bernstein
functions by Hirsch and Yor [36]. More information on the literature can be found in
Section 4.

The results on the solution Wy of (1.3) lead to asymptotic representation and charac-
terization of particular, generic solution My of (1.1). The complex-analytical properties
of My are then described fully in terms of four global parameters describing the analytic-
ity and the roots of ¢. The latter are related to the properties of ¥ as stated by Remark
2.2. In Theorem 2.3 we also conduct asymptotic analysis of |My(z)|. We emphasize that
(1.2) does not reduce the study of (1.1) to the decoupled investigation of (1.3) for ¢..
In fact the interplay between ¢ and ¢_ induced by (1.2) is the key to get exhaustive
results on the properties of My as illustrated by (2.18) of Theorem 2.3. The latter gives
explicit information regarding the rate of polynomial decay of |My(z)| along complex
lines of the type a + iR.

As a major application of our results we present a general and unified study of
the exponential functionals of Lévy processes. To facilitate the discussion of our main
motivation, aims and achievements in light of the existing body of literature we recall
that a possibly killed Lévy process £ = (§):>0 is an a.s. right-continuous, real-valued
stochastic process which possesses stationary and independent increments that is killed
at an independent of the conservative version of £ exponential random variable (time) e,
of parameter ¢ > 0 and & = oo for any ¢t > e,. Note that ey = co. The law of a possibly
killed Lévy process ¢ is characterized via its characteristic exponent ¥ € A with killing
rate —U(0) =g, i.e.

E [ezét] =¥ 2 e iR,

which defines a bijection between the class of possibly killed Lévy processes and N.
Denote the exponential functional of the Lévy process £ by

¢
Iy (¢) :/ e Sds, t>0,

0

and its associated perpetuity by

) e,
Iy :/ e Sds :/ e~ ds. (1.4)
0 0

The study of Iy has been initiated by Urbanik in [76] and proceeded by M. Yor with
various co-authors, see e.g. [18, 36, 78]. There is also a number of subsequent and
intermediate contributions to the study of these random variables, a small sample of
which comprises of [2, 4, 53, 57, 59, 60, 61]. The interest in these variables seems to be
due to the fact that they appear and play a crucial role in various theoretical and applied
contexts such as the spectral theory of some non-reversible Markov semigroups ([61, 62]),
the study of random planar maps ([12]), limit theorems of Markov chains ([13]), positive
self-similar Markov processes ([11, 16, 20, 56]), financial and insurance mathematics
([34, 58]), branching processes with immigration ([55]), fragmentation processes ([18]),
random affine equations, perpetuities, etc.. Starting from [47] it has become gradually
evident that studying the Mellin transform of the exponential functional is the right tool
in many contexts. For particular subclasses, that include and allow the study of the
supremum of the stable process, this transform has been evaluated and sometimes via
inversion the law of exponential functional has been obtained, see [8, 40, 42, 57]. In this
paper, as a consequence of the study of My and Wy, and the fact that whenever Iy < oo
the Mellin transform of Iy, denoted by M, satisfies M, (z) = ¢_(0)My(z) at least on
Re(z) € (0,1), we obtain, refine and complement various results on the law of Iy, which
we now briefly summarize.
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a) Deriving information on the decay of | My (z)| along complex lines allows us to show
that the law of Iy is infinitely differentiable unless £ is a compound Poisson process
with strictly positive drift. In the latter case (2.18) of Theorem 2.3 evaluates the
minimum number of smooth derivatives the law of Iy possesses.

b) Under no restriction we provide a Mellin-Barnes representation for the law of Iy and
thereby bounds for the law of Iy and its derivatives. In Theorem 2.4(4) and Corollary
2.9 we show that polynomial small asymptotic expansion is possible if and only if the
Lévy process is killed, in which case we obtain explicit evaluation of the terms of this
expansion.

c) In Theorem 2.11 general results on the tail of the law are offered. These include
the computation of both the Pareto index for any exponential functional and under
Cramér’s condition, depending on the decay of |M,(z)| and under minute additional
requirements, the asymptotic of the tail and its derivatives. The latter for example
immediately recovers the asymptotic behaviour of the density of the supremum of a
stable Lévy process as investigated in [8, 25, 40, 57].

d) In Theorem 2.15 comprehensive results are also presented for the behaviour of the
law at zero.

e) Next, when tlim Iy(t) = fooo e $ds = oo and under the Spitzer’s condition for &
—00

we establish the weak convergence of the probability measures P (Iy(¢) € dx) after
proper rescaling in time and space. This result is particularly relevant in the world
of random processes in random environments, where such information strengthens
significantly the results of [45, 51]. To achieve this we have developed necessary and
sufficient conditions for the finiteness of the positive and negative moments of Iy ().

f) We proceed by showing that the Wiener-Hopf type factorization of the law of I'y which
was proved, under some moderate technical conditions, in [53, 59] holds in fact in
complete generality, see Theorem 2.22 which also contains additional interesting
factorizations.

g) Finally, by means of a classical relation between the entrance law of positive self-
similar Markov processes and the law of the exponential functional of Lévy processes,
we compute explicitly the Mellin transform of the former, see Theorem 2.24(1).
Moreover, exploiting this relation and the Wiener-Hopf decomposition of the law of Iy
mentioned earlier, we derive intertwining relations between the positive self-similar
semigroups, see Theorem 2.24(2).

The Mellin transform M, turns out to be the key tool for understanding the expo-
nential functional of a Lévy process. The reason for the latter is the representation of
M, as a product combination of the Bernstein-gamma functions Wy_ and Wy, . Thus
the complex-analytical and asymptotic properties of M, are accessible. However, as it
can be most notably seen in the proofs of Theorem 2.3, Theorem 2.11 and Theorem 2.15,
the most precise results depend on mixing analytical tools with probabilistic techniques
and the properties of Lévy processes.

The paper is structured as follows. Section 2 is dedicated to the main results and
their statements. Section 3 outlines the main properties of the Bernstein functions
and proves some new results on them. Section 4 introduces and studies in detail the
Bernstein-gamma functions. Section 5 furnishes the proof regarding the statements of
Sections 3 and 4. Section 6 considers the proofs of the results related to the functional
equation (1.1). Section 7 furnishes the proofs for the results regarding the exponential
functionals of Lévy processes. Section 8 deals with the factorizations of the law of the
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exponential functional and the intertwinings between positive self-similar semigroups.
The Appendix provides some additional information on Lévy processes and results on
them that cannot be easily detected in the literature, e.g. the version of équation amicale
inversée for killed Lévy processes. Also we have included Section D which contains
tables with the main symbols introduced and used throughout the paper.

2 Main results

2.1 Wiener-Hopf factorization, Bernstein-Weierstrass representation and the
asymptotic analysis of the solution of (1.1)

We start by introducing some notation. We use IN for the set of non-negative integers
and the standard notation C*(IK) for the k times differentiable functions on some complex
or real domain K. The space Ck (RT) stands for the k times differentiable functions
which together with their k£ derivatives vanish at infinity, whereas C’bC (R™) requires only
boundedness. When k = 0 we drop the superscript. For any z € C set z = |z]e?®8~
with the branch of the argument function defined via the convention arg : C — (—m, 7).
For any —oco < a < b < oo, we denote by C(,p) = {z € C: a <Re(z) < b} and for any
a € (—oo,00) we set C, = {z € C: Re(z) = a}. We use A(, ) for the set of holomorphic
functions on C(, ;), whereas if —co < a then A[, ;) stands for the holomorphic functions
on C(, ) that can be extended continuously to C,. Similarly, we have the spaces A,
and A, ). Finally, we use M, ;) for the set of meromorphic functions on C, ).

We proceed by recalling the definition of the set of positive definite functions

P={M:iR— C; Vn €N, Z M(sj — sp)zjzr > 0 for s1,...,8, € iR, 21,...,2, € C},
Jk=1

that is M € P is the characteristic function of a real-valued random variable, or, equiva-
lently, the Mellin transform of a positive random variable.

It is well-known, see [37], that a function V¥ : iR — C is such that e? € P, i.e. —¥
is a continuous negative definite function, if and only if it admits the following Lévy-
Khintchine representation

2 o)
U(z) = %zQ + vz + / (e*" =1 — zrly<1y) H(dr) + ¥(0), (2.1)

where ¥(0) <0, 02 > 0, v € R, and, the sigma-finite measure II satisfies the integrability
condition

/00 (1A r?) TI(dr) < oo.

We then write
N ={¥ :iR — C; ¥ is of the form (2.1)}. (2.2)

As a subset of continuous negative definite functions we have the set of Bernstein
functions B which consists of all functions ¢ # 0 represented as follows

o) =00 +ast [ (=) uldy) = 00) +as+z [T Ay @2
0 0
at least for z € Cjg ), where ¢(0) > 0, d > 0,  is a sigma-finite measure satisfying
(oo} oo
/ (LAy)u(dy) <oo and p(y) = / pu(dr), y > 0.
0 Y

We then set
B={¢:Cpe)— C; ¢is of the form (2.3)} . (2.4)
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With any function ¢ € B since ¢ € A ), see (2.3), we associate the quantities

ap = inf {u<0:¢€ A(u,oo)} € [—0,0], (2.5)
ug =sup{u € [ay,0] : p(u) =0} € [—00,0], (2.6)
ay = max{a¢,u¢} € [~0,0], (2.7)
which are well defined thanks to the form of ¢, see (2.3), and the convention sup ) = —co
and inf ) = 0. Note that ¢ is a non-zero constant if and only if (iff) ay = —oo. Indeed,
otherwise, if a, = —oo then necessarily from (2.3), ali_)ngo ¢(—a) = —oco. Hence, Uy > —00

and d, = uy € (—00,0]. For these three quantities associated to ¢, ¢_ in (1.2) for the
sake of clarity we drop the subscript ¢ and use uy,u_,a;,a_,a;,a_. For ¢ € B, we write
the generalized Weierstrass product

Y9z 22
Wi( _6 H¢k+z ¢k) » 2 € C0,00),
where
Vo = nh*>oo (Z ¢! : — log ¢( )) € {— In¢(1), il((i)) —Ing(1)|. (2.8)

For more information on the existence and properties of Wy and 4 we refer to Section 4.
Observe that if ¢(z) = z, then W, corresponds to the Weierstrass product representation
of the gamma function I, valid on C\ {0, -1, —2,...}, and 7, is the Euler-Mascheroni
constant, see e.g. [44], justifying both the terminology and notation. Note also that when

z=mn € IN then
n—|—1 H

We are ready to state the first of our central results which, for any ¥ € N, provides an
explicit representation of My in terms of generalized Bernstein-gamma functions.
Theorem 2.1. Let ¥ € N and recall that ¥(z) = —¢,(—2)$_(z), z € iR. Then, the
mapping My defined by

I'(2)
W¢+(2)
satisfies the recurrence relation (1.1) at least on iR \ (Zy(¥) U {0}), where we recall that
Zo(¥) = {z €iR : ¥(—z) = 0}. Setting ay = a;l(g, oy <0, we have that

M\p(z) =

W, (1-2) (2.9)

My € A(a\p,l—ﬁ,)- (2.10)

Ifay = 0, then My extends continuously to iR \ {0} provided additionally ¢,(0") = co or
ay <0, and otherwise My € A ;_5_). In any case

M\p GM(qu,l—a,)- (2.11)

Letay <ap <0. Ifuy = —o0 or —uy ¢ IN then on C(a,,1-a_), My has simple poles
at all points —n such that —n > ay, n € IN. Otherwise, if —u; € N, on C(,, 1_5_) the
function Mg has simple poles at all points —n such thatn € N\ {Juy|,juy|+1,...}. In
both cases the residue at each simple pole —n is of value ¢+(O)w where we apply
the convention H2:1 = 1. Finally (2.9) is invariant of the choice of the Wiener-Hopf

factors up to a multiplicative constant, that is ¢ + co,,¢_ +— c tp_,c > 0.

This theorem is proved in Section 6.1.
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Remark 2.2. We note, from (1.2) and (2.6)-(2.7), that the quantities a,a_,u;,u_,a,,a_
can be computed from the analytical properties of ¥. For example, if ¥ ¢ A(, o) for any

u < 0 then a_ = 0. Similarly, if tm & = — lim & = co a.s. then clearlya_ =a, =0 as
00 t—00

¢+(0) = _(0) = 0. The latter indicates that the ladder height processes of £, which are
defined in Appendix A are not killed, see e.g. [9, Chapter VI].

In view of the fact that, for any ¢ € B, W, has a Stirling type asymptotic representa-
tion, see Theorem 4.2 below, and (2.9) holds, we proceed with a definition of two classes
that will encapsulate different modes of decay of | My (z)| along complex lines. For any
B € [0, 00|, we write
e . o Me(a+ib)| o]~ -
Np(ﬂ):{\ll eN :‘bllgnwwz‘bllgnwm =0,Vae (0,1 —a_),Ve > O},

(2.12)

where if 5 = co we understand
Np(oo) = {\II eN: |bl‘im |b|/3 |My(a+ib)| =0, YVae (0,1 —a_),V3 > 0} . (2.13)
—00
Moreover, for any © > 0 we set

Ng(@)z{\lfe/\/: g Mu(a+ib)|

< -0, VYaec(0,1-d_)%. (2.14)

Finally, we shall also need the set of regularly varying functions at 0. For this purpose we
introduce some more notation. We use in the standard manner f ~ g (resp. f = O(g)) for

_ im L) Tim | L&)
any a € [—00, 00|, to denote that ilir(ll o) = 1 (resp. ilgz ’ ()
o(.) specifies that in the previous relations the constants are zero. We shall drop the
superscripts if it is explicitly stated or clear that x — a. Let us introduce the regularly

varying functions. We say that, for some a € [0, 1),

= (C < o0). The notation

fE€RV, < fly) 2 y*L(y),

where ¢ € RV, is a slowly varying function, that is, ¢(cy) R {(y) for any ¢ > 0. Fur-
thermore, ¢ € RV, is said to be quasi-monotone, if ¢ is of bounded variation in a
neighbourhood of zero and for any v > 0

[ a2 0@ eta)). 215)
0
Define, after recalling that f(y) = f;o wu(dr), see (2.3),

B, = {(b €B:d=0,0€ RV, and y — M is quasi-monotone} . (2.16)

Next, we define the class of Bernstein functions with a positive drift that is
Bys={¢€B:d>0}. (2.17)

Finally, we denote by 4, 14— the measures associated to ¢, ¢_ € B stemming from (1.2)
and

1Ly (dy) = I(dy)l{y>oy, - (dy) = TI(—dy)L(ys0
for the measure in (2.1). Finally, f(z%) will stand throughout for the right, respectively

left, limit at . We are now ready to provide an exhaustive claim concerning the decay of
| Mg| along complex lines.
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Theorem 2.3. Let U € V.
1. ¥ € Np(Ny) with

v_(0%) ¢+ (0)+74(0) : _ TN — [°
Ny =4 7- O+ + o < oo ifdy >0,d_=0andII(0)=["_ TI(dy) < oo,
00 otherwise,

(2.18)

where we have used implicitly the fact that if d, > 0 and II(0) < oo hold, then
p—(dy) = v_(y)dyl,~oy with v_ right-continuous on [0,00) and v_(0") € [0,00).
Moreover, we have that

Ny =0 <= I(0)=0,¢_(2) = ¢_(0) >0 and ¢, (z) = d 2.
2. Moreover, if ¢_ € Bqy, thatisd_ > 0, or ¢ = cd_, ¢ > 0, then ¥ € Ng(3). If

¢_ € By or ¢ € Bi_,, with « € (0,1), see (2.16) for the definition of these sets
involving regularly varying functions, then ¥ € N¢(%«). Finally, if

04 = g —|—@¢7 —@¢+ > 0,
where
|b] . [b] .
1+iu)d - 1 +iu)d
0, = lim o argd(1+iu)du and ©,— Tm o arg (1 +iu) u’
b— 00 |b| b—oo |b|

then ¥ € N¢(O4).

This theorem is proved in Section 6.2.

2.2 Exponential functionals of Lévy processes
We now introduce the following subclasses of A/
N=A{VeN: ¥(z)=—¢,(—2)¢_(2),2z € iR, with ¢_(0) >0} (2.19)
and
N; = {\I/ eEN: U(0)=—¢,(0)p_(0) < O} CWN. (2.20)
We note that, with —¥(0) =¢ > 0,

Iq,:/ e Sds<oocas = VeN < ¢ _(0)>0, (2.21)
0

which is evident when ¢ > 0 and is due to the strong law of large numbers when ¢ = 0.
The latter includes the case

E [&ilge,>03] = B [~&1l(g,<0y] = 00
but yet a.s. tlim & = oo since in this case a.s. tlim & — ct = oo for any ¢ > 0, see
— 00 —00

[24, Chapter IV]. The latter is known as the Erickson’s test, for more information and
discussion, see also [24, Section 6.7]. Let us write for any « > 0,

From [14], we know that the law of Iy is absolute continuous with density denoted by fy,
i.e. Fj(x) = fu(z) a.e.. Introduce the Mellin transform of the positive random variable
Iy defined formally, for some z € C, as follows

M, (2)=E [I\?l} = /ij ¥ fy () d. (2.22)

0
We also use the ceiling function [.] : [0,00) — I, that is [2] = min{n € N: n > z}.
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2.2.1 Regularity, analyticity and representations of the density and its succes-
sive derivatives

We start our results on the exponential functional of Lévy processes by providing a result
that can be regarded as a corollary to Theorem 2.3.

Theorem 2.4. Let U € N.

1. We have

I'(2)

Wy (1-2) € A( ) N My, 1-a2)

(2.23)

Tz, —oy,1-a-

and M, satisfies the recurrence relation (1.1) at least on iR \ (Z,(¥) U {0}).
2. If ¢_ is a constant, that is ¢_(z) = ¢_(o0) € (0,00), then Supp [y = [0, M}

unless ¢4 (z) =dyz, dy € (0,00), in which case Supp Iy = {M} If¢_ is not

identical to a constant and ¢, (z) = d;z then Supp [y = oo} , where we

1
¢—(oc0)dy?
use the convention that é = 0. In all other cases Supp Iy = [0, c0].

3. Fy € CgNﬂ_l (RT) and if Ny > 1 (resp. Ny > 1) foranyn =0,...,[Ny] — 2 and any
a < (Cl+]I{a+:0}, 1— ﬁ_),

N z) = (—1)" dz, (2.24)

—z=np
o Sy T I TR

where the integral is absolutely convergent for any x > 0 (resp. is defined in the
L?-sense, as in the book of Titchmarsh [74]).

¢-0) / e W (1-2)

4. Let ¥ € N;, i.e. ¥(0) < 0, and let

Ny = up[Luyjewy + (Tlag] + 17) Ly gy -

Then, we have, for any 0 < n < Ny, any positive integer M such that N, > M, any
a€((—-M —-1)V (ay —1),—M) and = > 0,

k—1 .
M Hj:l (j) k—n

FiM(z) = —(0) k; T
=lvn " ( ) (2.25)
na1 0—(0) [OT Wy (—=
+ (*1) Tm ‘/aiiOO x F(Z + Tl) Wdz,

where by convention H(l) =1 and the sum vanishes if 1V n > M.

5. If¥ € Ng(©) N N, © € (0,7, then fy is holomorphic in the complex sector
{z € C: |argz| < O}.
This theorem is proved in Section 7.

Remark 2.5. Item (3) confirms the conjecture that fy € C° (R*) when either o2 > 0
and/or ffooo TI(dy) = oo hold in (2.1) or equivalently ¢ has infinite activity of the jumps.
Indeed, from Theorem 2.3(1), under each of these conditions ¥ € Ap(oo), where

Np(o0) = Np(0)NN. (2.26)
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The surprising fact is that ¥ € Np(oo) and hence fy € CF (R1) even when ¢ is a pure
compound Poisson process with a non-positive drift, whereas if the drift is positive then
U e Np(Ng), Ng < co. Finally, if ¢ =1, ¢ (2) = g+ 2, ¢ > 0, then & = ¢ is killed at rate
gand Fy(z) =1— (1 —2)?, z € (0,1), which since Ny = ¢, see (2.18), shows that the
claim Fy € CgNM_l (RT) is sharp unless ¢ € IN. In the latter case evidently fy € A(_oo,00)-

Remark 2.6. Let ¢, (z) = z € B4 and ¢_(0) > 0 so that ¥U(z) = z¢_(z) € N. Then
Iy = fooo e Stdt is a self-decomposable random variable, see [61, Chapter 5]. The rate
of decay of the Fourier transform of Iy is A in the notation of [69]. One can check that
A =Ng.
Remark 2.7. If a, = 0, (2.23) evaluates the moments E [I3“] for a € (0,1 — a ). This
extends [17, Proposition 2], which gives the entire negative moments of Iy when E [¢] =
v'(0") € (0,00) and ay = —oo.
Remark 2.8. The proof of (2.23) shows that, provided ¢_(0) > 0, My, is the unique
solution to (1.1) in the space of Mellin transforms of random variables. When a_ < 0 this
is shown for ¥ € A\ N; in [47] and for ¥ € NV in [4]. In the latter cases the recurrent
equation (1.1) holds at least on the strip Co _5_).

Item (4) of Theorem 2.4 can be refined as follows.

Corollary 2.9. Let ¥ € NV}, |ay| = co and —uy ¢ IN. Then —¥(0) > 0 and

00 k—1 .
Fy(a) & ~0(0)Y ka

k=1

is the asymptotic expansion of Fy at zero in the sense that, for any N € N,

N TRl (s
Fy(z) + ¥(0) Z ka 2 o(z).
k=1 ’

The asymptotic expansion cannot be a convergent series for any x > 0 unless ¢ (z) =
¢4 (00) € (0,00) or ¢, (2) = ¢4 (0) +dy,dy >0, and ¢_(o0) < co. Then in the first case it

converges for xz < and diverges for x > and in the second it converges

1 1
¢4 (00)d— ¢4 (c0)d—’

1 i !
forx < Ty and diverges for x > P_(co)dy

)+
Remark 2.10. When ¢ (z) = ¢4 (00) € (0,00) it is known from [59, Corollary 1.3] and

implicitly from [54] that the asymptotic expansion is convergent if and only if z < m.

Therefore, the series is convergent on R™ if and only if d_ = 0.
2.2.2 Large asymptotic behaviour of the distribution of Iy and its successive
derivatives

We introduce the well-known non-lattice subclass of B and A. Recall that
Zo(¥)={z€iR: ¥(—2)=0}={z€iR: ¥(z) =0}, (2.27)

where the latter identity follows from ¥(z) = ¥(z), see (2.1). For any ¥ € N/, ¢ € B set
WH(2) = W(z) — ¥(0) and ¢ (2) = ¢(2) — $(0).
Then the non-lattice subclass is defined as follows
U eNz < Zo(%) ={0}. (2.28)

We note that we use the terminology non-lattice class since the underlying Lévy processes
does not live on a sublattice of R, e.g. if ¥ € Nz then the support of the distribution of

EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
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the underlying Lévy process ¢ is either R or RT. If u_ € (—00,0), see (2.6), we introduce
the weak non-lattice class as follows
U eMNy < u_€(—o0,0) and Ik € N such that lim [b|* |[¥(u_ +ib)| > 0
b
it . (2.29)
<= u_ € (—00,0) and 3k € N such that lim |b]” |¢_(u_ +ib)| > 0.

[b|] =00
We note that the weak non-lattice class seems not to have been introduced in the
literature yet. Clearly, N\ Nz C N\ \yy since ¥¥ € N'\ Nz vanishes on {27ki/h : k € Z},
where h > 0 is the span of the lattice that supports the distribution of the conservative
Lévy process &, Indeed the latter ensures that for any [ € Z

Y-+ [e(u_+2’,§”)£§} = [e”‘gﬂ = V') = 6_\1/(0)7
where the last identity follows since from (1.2) and (2.6) we get that

U(u_) = —p_ (u_) (—u_) = 0.

Therefore, U#(u_ + 27%) = —¥(0) and hence from the definition of U# we arrive at
the identity \If(u, + QWT“) = 0. Since the latter is valid for any /[ € IN, (2.29) cannot be
satisfied for any k¥ € IN and hence ' \ Nz C N \ M.

We phrase our first main result which encompasses virtually all exponential function-
als. We write throughout, for z > 0,

F\p(ib) =1- F\p($) =P (Lp > l’)
for the tail of Iy.
Theorem 2.11. Let ¥ € N.
1. In all cases

InF
lim 2Ew@) g (2.30)
z—oo  Inx
2. Ifin addition ¥ € Nz, - = u_ € (—00,0) and |¥'(ut)| < oo then

Foe) 3 S2OLCUu)Wo (1 4u)
¢L(uf) W¢+(1—u7) .

Moreover, if U € Np(co) NNy (resp. ¥ € Np(Ny), Ny < oo) and |¥” (ut)| < oo
then for every n € IN (resp. n < [Ng]| — 2)

(2.31)

n o n - (O)'n+1—-u_)Wy_(1+u_) _ _
§@) = (1) ¢-(0) E - ) Wo._( ) gon-t (2.32)
oL (u—) Ws., (1-u)
This theorem is proved in Section 7.5.
Remark 2.12. The requirement ¥ € Nz, - = u_ < 0 and |¥'(u’)| < oo is known as

the Cramér’s condition for the underlying Lévy process £. In this case

nglgo x4 Fy(z) =C € (0,00)
or (2.31) holds is known from [67, Lemma 4]. Here, C' is explicit. We emphasize that the
refinement of (2.31) to derivatives of the tail, see (2.32), is due to the decay of | M, (z)|
along C;_,_. The latter is an extension of (2.18) in Theorem 2.3 which is valid only when
¥ € My and |\II” (uf)| < oo. The latter is always satisfied if u_ > a_. The requirements
¥ € My and |¥”(ut)| < oo are not needed for the non-increasing function Fy (z) since
the Wiener-Ikehara theorem is applicable in this instance.
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Remark 2.13. Relation (2.30) strengthens [4, Lemma 2] by quantifying the rate of the
power decay of Fy(z) as x — co. Since Iy is also a perpetuity with thin tails, see [31],
we provide precise estimates for the tail behaviour of this class of perpetuities.

Remark 2.14. Since the supremum of a stable Lévy process is related to an exponential
functional for which the asymptotic (2.32) is valid, then our result recovers the main
statements about the asymptotic of the density of the supremum of a stable Lévy process
and its derivatives that appear in [25, 40].

Under specific conditions, see [57, 59] for the class of (possibly killed) spectrally
negative Lévy processes and [40, 41] for some special instances, the density fy can
be expanded into a converging series of negative powers of x. This is achieved by a
subtle pushing to infinity of the contour of the Mellin inversion when the meromorphic
extension My, € Mg, is available. Our Theorem 2.3, which ensures a priori knowledge
for the decay of |My,(z)|, allows for various asymptotic expansions or evaluation of
the speed of convergence of fy at infinity as long as ¥ € Ny and My, extends to
the right of C;_,_. However, for sake of generality, we leave this line of research
aside.

2.2.3 Small asymptotic behaviour of the distribution of /y and its successive
derivatives

We proceed with the small asymptotic behaviour.
Theorem 2.15. Let ¥ € AV. Then

F\
lim 2@ _ g 0) (2.33)
x—0 X
with fy(0"7) = —¥(0). Hence, if fy is continuous at zero or ¥ € Np(Ny) with Ny > 1, we
have that

lim fo(z) = fu(0) = —¥(0). (2.34)

This theorem is proved in Section 7.6.

Remark 2.16. When ¥ (0) < 0, the limit (2.33) has been proved in [4, Theorem 7(i)]
using the non-trivial [54, Theorem 2.5]. We note that (2.34) is a new result for general
exponential functionals Iy. For exponential functionals based on an increasing Lévy
process (2.34) has already appeared in [54, Theorem 2.5] without any assumptions. This
can be deducted from (2.33) if fy is continuous at zero. When Ny < 1 then from (2.18)
in Theorem 2.3 it is valid that 4 (0) < d4 < oo. Then from its functional equation in [54,
Theorem 2.4] fy is continuous at zero and fy(0) = —¥(0) from (2.33).

Remark 2.17. Denote by N = {¥ e N': ¢,(z) = ¢, (0) +d;z} the class of Lévy-
Khintchine exponents of the so-called spectrally negative Lévy processes, that is Lévy
processes that do not jump upwards. Assume that ¢, (0) = 0. Then ¥ (z) = z¢_(z) and if
¢_(o0) = oo the small-time asymptotic of fy and its derivatives, according to [61] reads
off, with ¢_ such that ¢_(¢_(u)) = u, as follows

n Cy_d_(0) " (£ 1\ —[F o9 (i
fia) 2 y’;f Wxn(ﬁ) oL (m>e S -5, (2.35)

If ¢_(00) < oo then according to Theorem 2.4(2) we have that Supp fy € {m, oo).
Comparing the small asymptotic behaviour of fy in (2.35) with the one in (2.34) reveals
that a simple killing of the underlying Lévy process leads to a drastic change in the small
time asymptotic.
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2.2.4 Finiteness of negative and positive moments, and asymptotic behaviour
of the exponential functionals on a finite time horizon

Forany U € AN and t > 0let
t
Iy(t) = / e S ds.
0

We have the following claim which furnishes necessary and sufficient conditions for the
finiteness of the negative and positive moments of Iy (t).

Theorem 2.18. Let ¥ € N\ N; that is ¥(0) = 0.

1. Then, for any t > 0, we have the following relations for the negative moments of

Ty(t)
E[I;°t)] <o <= a€(0,1—ay), (2.36)
E [1;1+“+(t)] <oo = |U(—ay)| <o <= |¢s(ay)] <oo,  (2.37)
E[I,'(t)] <o < |¥(0")] <o, (2.38)
E[I;%t)] =00 <= a>1-a;. (2.39)

Finally, we have that for any a € (0,1 — ay)

lim t°E [15%(t)] = 1. (2.40)

t—0

2. Then, for any t > 0, we have the following relations for the positive moments of

Ty(1)
E[I§({#)] <o < a€(0,—a_), (2.41)
E [1;“*@)} <o = [T(al)] < oo == |¢_(a)| < oo, (2.42)
E[lgt)] =00 <= a>—a_. (2.43)

This theorem is proved in Section 7.7

Remark 2.19. Results on the finiteness of E [I,*(¢)] appear in [51] where the authors
limit their attention on the range a € (0, —ay ) which is substantially easier to prove via
the relation (7.36) in the proof below.

Next, we consider the case of conservative Lévy processes such that lim & = —oo
t—o0

a.s. or equivalently ¢_(0) = 0. In the setting of the next claim we use superscript tq for
UiI(2) = W(z) — g = =414 (—2)¢!(2), ¢ > 0,

and all related quantities. From Lemma A.1 and (A.2) we have that ¢'%(z) = x_ (¢, 2),
where k_ is associated to the descending ladder height process. Recall that RV, stands
for the class of regularly varying functions of index o € R at zero. Then the following
result elucidates the behaviour of the measures P (Iy(t) € dz) as t — oo in quite a
general framework.

Theorem 2.20. Let ¥ ¢ AV and ¢_(0) = 0.

1. Foranyx>0,1—ay >ne€Nanda € (n,max{n+1,1—a;}),—a ¢ N, we get

n k=1 g /-
-1 P <) _ o OISO
Jim i < ¢4 (0) Z T *
(& o] K_ T ) 1 ! (2‘44)
+£a e |M\P(_a+1+ib)‘db,
27 —00 V Cl2 + b2
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where we recall that k_(g,0) = ¢'%(0),
Ny = up | Tgjuy jeny + (Tlag | + 17) Ty ¢y
and we use the convention 2(1) =0.

2. Let now — lim & = tli}rn & = oo a.s. or equivalently ¢ (0) = ¢_(0) = 0. Assume
t—o0 0
that
Jim P (& < 0) =pe[0,1),

that is the Spitzer’s condition holds. Then r_(q,0) = ¢19(0) € RV,. Also, for any
a € (0,1 —ay) and any f € C,(R™)

B[ fTe@)] [
lim v ) = /0 f(z)04(dz), (2.45)

t—o00 K_ (

where 19, is a finite positive measure on (0, c0) such that, for any c € (a — 1+ a,0)
and any x > 0,

.z < _aMu(c+1—a+ibd)
Ua((0,2)) = 57— =7 /_OO x P db. (2.46)
Finally

g ®) = L TU=a) g (2.47)

T p) Wo,(1 - a)

This theorem is proved in Section 7.9.

Remark 2.21. Note that if E[¢;] = 0, E [¢7] < oo then k_(g,0) L Cq* with C extracted
from the Fristedt’s formula, [9, Chapter VI]. Therefore, if f(x) = z~*fi(x) with a €
(0,1 —ay) and f; € Cy (RT) then

tin CVAB[F(0] = [ (e)a(d).

This result is at the core of the studies [45] and [51] on the large temporal asymptotic be-
haviour of extinction and explosion probabilities of continuous state branching processes
in Lévy random environment. However, in [45, 51] some very stringent restrictions
are imposed on f. Also ¢ is required to have some two-sided exponential moments.
These requirements are due to reduction to more general results on specific random
sums/random walks, which can be found in [1, 39]. Thus, Theorem 2.20 can significantly
extend the aforementioned results of [45, 51] and furnish new ones when E [Eﬂ =00
and lim P (& <0)=pe0,1).

2.3 Intertwining relations of self-similar semigroups and factorization of laws

By Mellin identification, we obtain as a straightforward consequence of the rep-
resentation (2.23), the following probabilistic factorizations of the distribution of the
exponential functional.

Theorem 2.22. For any ¥ € N, the following multiplicative Wiener-Hopf factorizations
of the exponential functional hold

Iy £ Iy, x Xo £ R)Culk) (BrXy x B_1Yy), (2.48)
k=0
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where x stands for the product of independent random variables and X,_ is with
distribution
P (X, € dz)=¢_(0)aP (qu € dx) x>0,

where Yy _ is the random variable whose Mellin transform is Wy_, see the exact definition
below (4.2). The laws of the positive variables Xy, Yy are given by

-
o) (fig (—Inz)dz + ¢4 (0)dx + d401(dx)), x € (0,1), (2.49)

P (Yy €dz) =¢_(0)Y_(dx), x > 1,

P (Xy € dz) =

where Y _(dx) = U_ (dIn(x)), x > 1, is the image of the potential measure U_, associated
to ¢_, see Proposition 3.1 (6), by the mapping y — Iny,

where we recall that Yoy and 4_ were defined in (2.8) and vy is the Euler-Mascheroni
constant, and for integer k,8, X is the variable defined by

B[X7(X)]

Remark 2.23. The first factorization in (2.48) is proved in [53, 59] under the assumption
that I1(dx)L{,~0} = 74 (z)dz with 7, being non-decreasing on R*. Then X4 = I, with
¥(z) = z¢_(2) € N. The factorization (2.48) has been announced in generality in [60].
The second factorization of (2.48) is new. When ¥(z) = —¢,(—2) € B thatis { is a
subordinator then (2.48) is contained in [2, Theorem 3]. For the class of meromorphic
Lévy processes, Iy has been factorized in an infinite product of independent Beta random
variables, see [34].

Next, we discuss some immediate results for the positive self-similar Markov pro-
cesses whose semigroups we call for brevity the positive self-similar semigroups and
are denoted by KV = (K}),. .. The dependence on ¥ € N is due to the Lamperti trans-
formation which establishes a bijection between the positive self-similar semigroups
and N, see [43]. We recall that for some a > 0, any f € Cy([0,)) and any z,c > 0,
K'f(cx) = KX ,d.f(z), where d.f(z) = f(cz) is the dilation operator. Without loss of
generality we set o = 1 and write

Nent = {W € N1 U(0) = 0, ¢, (07) < 00, Zo(¥) = {0}}.

From (1.2), (2.19) and Theorem 4.1(2), it is clear that the class Ny stands for the
characteristic exponents of conservative Lévy processes that do not live on a lattice,
which either drift to infinity and possess a finite positive mean, or oscillate, but the
ascending ladder height process has a finite mean, that is ¢/, (07) < oco. It is well-known
from [15] that ¥ € Ny, if and only if K'¥ possesses an entrance law from zero. More
specifically, for each ¥ € Ay, there exists a family of probability measures v¥ = (1/;1’

such that }ir% v = §p and for any f € Cy([0,00)) and any ¢,s > 0,
—

)i

vl f = / @)y (de) = / KYf 2y (dx) = v KYF.

We denote by Vi the random variable whose law is vy.

Theorem 2.24. Let U € Np.
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1. Then the Mellin transform My, of Vg is the unique solution in the space of Mellin
transforms of non-negative random variables to the following functional equation

z

My, (z+1) = My, (2), z € iR, (2.50)

with initial condition My, (1) = 1, and admits the representation

1 I'(l-=2)
¢ (0%) Wy, (1 = 2)

MV\I, (Z) = W¢7(Z), zZ e C(E_,l)' (251)

2. Let in addition II(dx)l{,~0} = 7y (2)dx, with 7, non-increasing on R*, see (2.1).
Then Ay, f(x) = E [f (#V,, )] is a continuous linear operator from Cy([0,0)), en-
dowed with the uniform topology, into itself and we have the following intertwining
identity on Cy([0, c0))

K{/Ag, f= 0o KPf, t2>0, (2.52)

where ¢(z) = z¢_(z) € N_, see Remark 2.17.

This theorem is proved in Section 8.2.

Remark 2.25. The literature on intertwining of Markov semigroups is very rich and
reveals that it is useful in a variety of contexts, see e.g. Diaconis and Fill [23] in relation
with strong uniform times, by Carmona, Petit and Yor [21] in relation to the so-called
selfsimilar saw tooth-processes, by Borodin and Corwin [19] in the context of Macdonald
processes, by Pal and Shkolnikov [50] for linking diffusion operators, and, by Patie and
Simon [64] to relate classical fractional operators. In this direction, it seems that the
family of intertwining relations (2.52) are the first instances involving Markov processes
with two-sided jumps.

Remark 2.26. Recently, this type of commutation relations proved to be a natural
concept in some new developments of spectral theory. We refer to the work of Miclo [48]
where it is shown that the notions of isospectrality and intertwining of some self-adjoint
Markov operators are equivalent leading to an alternative view of the work of Bérard
[5] on isospectral compact Riemanian manifolds, see also Arendt et al. [3] for similar
developments that enable them to give counterexamples to the famous Kac’s problem.
Intertwining is also the central idea in the recent works of the authors [62, 61] on
the spectral analysis of classes of non-self-adjoint, non-local Markov semigroups and
also in the extension of Krein’s theory offered by Patie et al. [63]. We stress that the
intertwining relation (2.52) and more generally the analytical properties of the solution
of the recurrence equation (1.1), studied in this paper, are critical in the spectral theory
of the full class of positive self-similar Markov semigroups developed in [63].

3 Known and new results on Bernstein functions and some re-
lated functions

Recall from (2.3) that ¢ € B if and only if ¢ # 0 and, for z € C[O,oo)r

ma=wm+w+éwu—fwmwm
(3.1)

wm+m+zéwewmw@,

where ¢(0) > 0,d > 0 and p is a sigma-finite measure satisfying [;*(1 A y)u(dy) < co.

Also here and hereafter we denote the tail of a measure \ by A(z) = f\y\>x A(dy), provided
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it exists. Due to its importance, the class B has been studied extensively in several
monographs and papers, see e.g. [61, 70]. Recall the definitions of ay, u4, as respectively
in (2.5), (2.6) and (2.7).

We start by providing some basic functional properties for ¢ € B most of which can
be found in [70] and [61, Section 4].

Proposition 3.1. Let ¢ € B.

1. For any z € C( ),
¢'(2) =d+/ ye ' u(dy) =d+/ e’zyﬁ(y)dy—Z/ e Pyu(y)dy.  (3.2)
0 0 0

2. For anyu € R™,

$(u)

0<ug'(u) <¢(u) and |[¢"(u)] < 27.

(3.3)

3. Ifug € (—o0,0) then for any u > uys we have that ¢p(u + ) € B.

4. ¢(u) = duto(u) and ¢'(u) = d+o(1). Fixa > ag, then |¢ (a +ib)| = |a + ib| (d + o(1))
as |b| — oo. The latter extends to a = ay provided |¢(a,)| < oo. Moreover,
¢(z) = dz (1 + o(1)) uniformly on Cy, -

5. If ¢ (00) < oo and p is absolutely continuous then for any fixed a > a,, we have that

lim ¢ (a+ib) = ¢ (c0).
|b] =00

6. The mapping u +— ﬁ, u € R™, is completely monotone, i.e. there exists a positive
measure U, whose support is contained in [0,0), called the potential measure,
such that the Laplace transform of U is given via the identity

1 S
¢(u)/0 e" U (dy).

Moreover, if ¢ € By, that isd > 0, then U has a density u € C([0, 00)) with u(0) = 3
andu >0 onR*.

7. ¢ is zero-free on C g o).
8. In any case,

lim L(u +a)

=1 uniformly for a-compact intervals on R™. (3.4)
U—00 ¢)(u)

9. Forany ¢ € B anda > 1y
Re(¢(a +ib)) = ¢(0) + da + / (1 —e " cos (by)) u(dy) > ¢(a) > 0. (3.5)
0
10. For any ¢ € B and z € C(g o)

larg ¢(2)| < |arg(2)] . (3.6)

11. Let ¢ € BS, that isd = 0. Fix any a > 0. Then, for any v > 0, there is u(v) > 0 such
that, for any u > u(v),

larg (p(a +iu))| < = — arctan(v(bu@> . (3.7)

vl 3
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Next, we define important functions based on ¢ which play a key role in the under-
standing of the asymptotic behaviour of the Bernstein-gamma functions. Let ¢ € B.
Define formally, for any z = a +ib € C(g ),

b
A¢(z):/() arg ¢ (a + iu) du. (3.8)

The following functions are defined for a > 0
14+a
Gy (a) = / In ¢(u)du,
1

) oy (Blat D =0l
Hy(a) = /1 Cu and () = ( o )

Next, recall the floor and ceiling functions defined as follows |u] = max{n € N: n < u}
and [u] = min{n € N: u > n}. For z = a 4 ib € C( ), Writing

P(u) = (u—[u]) (1 = (u = [u])),

(3.9)

we set "
1 [ |¢(u + 2)|
E == P In ———— 1
0(2) = 3 /0 (u) ( Ny ) M (3.10)
1 [ o(u+ a))”
Ry(a :f/ P(u <1n du, (3.11)
o) =3 | P (=5
where the derivatives under the integrals are with respect to u and
1 oo
Ty = _5/ P(u) (In p(u))” du. (3.12)
1

We start by proving some general properties of these functions.
Theorem 3.2. Let ¢ € B.

1. Forz=a+ib € C(g )

Aga+ib) = /aoo In <|¢(Z(Z)lb)|) du € [o, g|b|] . (3.13)

As a result, for any b € R, a — Ay(a + ib) is non-increasing on R and if

quq(z) =q+ ¢(0) +dz + / (1 — e_zy) w(dy), ¢ >0,
0
then q — Aytq(2) is non-increasing for any z € C(g o).
2. For any a > 0, we have that

sup sup |E4(z)] <oo and supsup|Re(c)| < oo. (3.14)
PEB ZEC(QYOQ) peEB c>a

3. We have the asymptotic relations

H¢(a) < Tim H¢(a) <1

0 < lim <
a—oo @ ameea (3.15)
< 1 * < Ii * <
0< a%H¢<a) < ali)nOlOH(b(a) <1,
and, for large a,
1
Gyla) = alng(a) — Hy(a) + Hj(a) + Ind(a) — Ing(1) + O(a> . (3.16)
4. For any b € R we have T, = ILm (Eg(a+1ib) + Ry(a)).
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We note that the last result of Theorem 3.2 (1) concerning the monotonicity of A4
upon Kkilling can be significantly extended when ¢ is a Wiener-Hopf factor in the sense of
(1.2), see Lemma A.2. The next result gives explicit estimates on A, in some special but
important cases.

Theorem 3.3. Let ¢ € 5.

1. If ¢ € By, that isd > 0, then, for any a > 0 fixed and as |b| — oo,
Ag(a+ib) = %Ib\ +o(|b]) . (3.17)

Even more precisely, as |b| — oo,

o0)  A(h) (+o(1)

bl —
|b] a+d+ q

Agla+ib) < 7

In [b. (3.18)

2. Next, let ¢ € B, see (2.16), with « € (0,1). Then, for any fixed a > 0,

Ay(a+ib) = ga|b| (1+0(1)). (3.19)

3. Let ¢ € BS, that is d = 0, with u(dy) = v(y)dy. Ifv(0") < co exists and ||v||o =
sup, > v(y) < oo then, for any a > 0,
Ap(a+ib)  v(0T)

il In(b)  #(c0)’

Otherwise, if v(07) = oo, v(y) = vi(y) + v2(y), vi,v2 € L' (RT), v; > 0 is non-
increasing in R,

/OOO va(y)dy > 0 and |va(y)| < (/yoo ’Ul(T)dT‘> v C

for some C' > 0, then

 Aglatib)
Y S E

This result is proved mainly in Section 5 with item (3) established at the end of Section
6, see page 59.

Remark 3.4. Proposition 5.2 below gives more detailed information for A4 when ¢ € By
which we have omitted here for the sake of clarity.

Remark 3.5. The requirements for item (3) are not stringent. They impose that in a
neighbourhood of 0, the density can be decomposed as a non-increasing function and

an oscillating function vy of order O( fyoo vl(r)dr). This is the case when v itself is
non-increasing and therefore v, = 0.

4 The class of Bernstein-Gamma functions

Perhaps one of the most used special functions is the gamma function I" introduced
by Euler in [28]. Amongst various properties it satisfies the recurrence equation

I(z+1)=2I'(z), I'(l)=1, 4.1)
valid on C \ N~. For example, relation (4.1) allows for the derivation of both the

Weierstrass product representation of I'(z) and the precise Stirling asymptotic expression
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for the behaviour of the gamma function as |z| — oo, see e.g. [44] for more information.
Here, we use it to introduce the class of Bernstein-gamma functions denoted by Wg,
which appear in most of the results above.

W = {(WeP:W(1)=1,W(z+1) = ¢(2)W(z), Re(z) > 0, for some ¢ €B}.(4.2)

It means that W, € Wg, for some ¢ € B if there exists a positive random variable Y
such that W(z + 1) = B [V , Re() > 0.

Note that, when in (4.1), ¢(2) = z € B, then W, boils down to the gamma function
with Y the standard exponential random variable This yields to the well known integral
representation of the gamma function, i.e. I'(z) = [;~ 2 'e~"dx valid on Re(z) > 0. The
functions W, € Wg have already appeared exphc1tly, see [2, 36, 60, 61], or implicitly,
see [18, 47], in the literature. However, with the exception of [61, Chapter 6] we are
not aware of other studies that focus on the understanding of W, as a holomorphic
function on the complex half-plane Cy ). The latter is of importance at least for the
following reasons. First, the class WWj arises in the spectral study of some Markov
semigroups and the quantification of its analytic properties in terms of ¢ € B opens the
door to obtaining explicit information about most of the spectral objects and quantities
of interest, see [61]. Then, the class Wy appears in the description of Mg and hence
of My,, see (2.9) and (2.23). Thus, the understanding of the analytic properties of W
yields detailed information about the law of the exponential functionals. Also, the class
Wy contains some well-known special functions, e.g. the Barnes-gamma function and
the g-gamma function related to the g-calculus, see [10, 22], [61, Remark 6.4], and
the derivation of the analytic properties of Wy renders many special computations to
a direct application of the results concerning the functions W,. Equations of the type
(1.3) have been considered on R™ in greater generality. For example when ¢ is merely a
log-concave function on R*, Webster [77] has provided comprehensive results on the
solution to (1.3), which we use readily throughout this work since ¢ € B is a log-concave
function on R itself.

In this Section, we start by stating the main results of our work concerning the class
Wy and postpone their proofs to the subsections 5.5-5.11. In particular, we derive and
state representations, asymptotic and analytical properties of W,. To do so we introduce
some notation. For any ¢ € B and any a > a4 we set

Zi(d)={2€C,: ¢(2)=0}={2€C,: ¢(Z) =0}. (4.3)

Also, we recall (2.5), (2.6) and (2.7), that is

ay = inf{u <0:¢¢€ A(u’oo)} € [—OO, 0], (4.4)
ug =sup {u € [ay,0] : ¢(u) =0} € [—00,0], (4.5)
s = max {ag,uy} € [—00,0]. (4.6)

The next theorem contains some easy but useful results which stem from the existing
literature. Before we state them we recall from [61, Chapter 6] that the class B is in
bijection with W via the absolutely convergent product on (at least) C g )

e = o(k) @) .
Wole) =y g™ @7

where
~ ¢'(k) [ ¢'(1)
= lim —Ing( € [—Ineo(1), —Ing(1)] . (4.8)
7T S (k_l o(k) ") W) (1) W)
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Theorem 4.1. Let ¢ € B.

1. Wy € A(Hd,,oo) n M(a¢,oo) and Wy is zero-free on C(c%,oo)- If(f)(O) > 0 then W, ¢ A[O,oo)
and Wy is zero-free on Cjg ). If $(0) = 0 (resp. ¢(0) = 0 and ¢'(0") < oo) then Wy,
(resp. z — zWy(z)) extends continuously to iR\ Z(¢) (resp. (iR \ Zy(¢)) U{0}) and
if3 € Zy(¢) then

lim ¢(2)Wy(2) =Wy (3+1).

Re(2)>0
z—3

Finally, if $(0) = 0,¢"(0%) < co then Wy (z) — m extends continuously to the
region (iR \ Zy(¢)) U {0}.

2. There exists 3 € Zy(¢) with 3 # 0 if and only if $(0) =d =0 and p = >~ ¢n0nk,
with > °° ¢, < 0o, h > 0, k, € N and ¢, > 0 for all n € N. In this case, the

mappings
s elen¢(00)W¢(z) and z — |W¢(Z)‘

are periodic with period % on Cg,0)-

3. Assume that uy; € (—o0,0), Z,,(¢) = {uy} and
always true if uy > as. Then

d)”(u(‘g)‘ < oo, the latter being

Wys(1
Z W¢(Z) — ¢( + uqb) ) S A[u¢,oo)~

¢'(uf) (z —ug
In this setting gb’(u;f) =d+ fooo ye MY u(dy) € (0,00).
4. Assume that ay < uy <0 and put

N,

a, =max{n € IN: uy —n>as} € NU{oo}.

Then there exists an open set O C C such that [uy — N,,,1] C O, if Ny, < oo,
and (—oo,1] C O, if N,, = oo, and Wy is meromorphic on O with simple poles

We(1+ug)

¢ (ug) [T5—q d(up—7) with the

at {uy — k]fOS,K]\,%+1 and residues {i)‘{k = }
0<k<Nq,+1

convention H? =1.
5. Let ¢ € B and ¢ > 0. Then W, (z) = ¢~ 'Wy(z).

This result is proved mainly in Section 5.5.

Theorem 4.1 and especially representation (4.7) allow for the understanding of the
asymptotic behaviour of |W; (z)|, as |z|] — oco. The main functions that control the
asymptotic are Ay, G4 introduced in (3.8) and (3.9), but before stating the main results,
we introduce subclasses of 1 equivalent to N'»(3) and N¢(0), see (2.12) and (2.14). For
any S € [0,00)

o Wela+ib)|] 1 _
= | =1 = 4.9
B {¢ S T T e We(a t )] T e e > 0p (49)

and

Bp(c0) = {¢ €eB: |b1‘im b]° [Wy(a +ib)| = 0, Ya > @4, VS > o} )
— 00

Also, for any ¢ € (0, Z],

55(9)_{¢€3: lim M

<—0,VYa>d,.. (4.10)
|b| =00 || 45}
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Recalling that the functions Ay, Gy, Eg, Rg, Hy, HZ, T, were introduced in (3.8), (3.9),
(3.10), (3.11) and (3.12), we now state our second main result which can be thought of
as the Stirling asymptotic for the Bernstein-gamma functions.

Theorem 4.2. 1. Forany ¢ € B and any z = a +ib € C(g ), we have that

Wy(2)| = ¢(1) eGo(a)=Ag(2) o= Eo(2)—Ro(a) (4.11)
Vo(a)o(1+a)o(2)]
Foranya > 0
sup sup ‘e_E¢(Z)_R¢(Re(Z))‘ = 1. 4.12)
PEB 2€C (4, 00)

2. For any fixed b € R and large a, we have that

-
Wis(a +ib)| = e’ g In 6(a)= Hy(a) +-Hj ()= Ay (a+ib) (1 40 <1)> ’
|¢(a +ib)| ¢(1) a
(4.13)

where lim Ay(a +1ib) = 0.
a— o0
3. Letp B

(a) if ¢ € By then ¢ € Be(F);
(b) if ¢ € By, fora € (0,1), then ¢ € Be(5a);

(c) under the conditions of Theorem 3.3(3) with u(dy) = v(y)dy then ¢ € Bp(Ny)
v + . .
with N, = % provided v(0T) < co, whereas ¢ € Bp(co) otherwise.
The proof of this result starts with Section 5.6.
Remark 4.3. Note the dependence of (4.11) on the geometry of ¢(C(g,)) € C(0,0)- The
more ¢ shrinks C(g ) the smaller the contribution of Ay4. In fact %A¢(a +1b), as b — oo,
measures the fluctuations of the average angle along the contour ¢(C,), which due to
averaging are necessarily of lesser order than those of arg ¢(a + ib) along C,. Overall,
Ay codes the asymptotic associated to changes of Im(z), G, reflects the asymptotic
purely due to change of Re(z) and the functions Ry, £y control uniformly the error of

approximation on C(, ), Va > 0, and on the space of Bernstein functions.

Remark 4.4. When z = a, modulo to the specifications of the constants, the central re-
sult (4.11) has appeared for log-concave functions in [77, Theorem 6.3] and for Bernstein
functions in [61, Theorem 5.1]. Here, we provide an explicit representation of the terms
of the asymptotics of |Wy(a + ¢b)|, as simultaneously ¢ — co and |b| — oo.

Remark 4.5. Since W, € A, o) N M(a,,00) ONE can extend, via the recurrent equation
(1.3), the estimate (4.11), away from the poles residing in C,,, 7,), t0 2 € C(q,, ). Indeed,
let @ > a4, z = a + b not a pole and take n € IN such that n 4 a > 0, then one has

n—1 1

with the convention that [ ], ' = 1. Note that under these assumption H?;Ol ¢ (a+j+ib)
# 0 because otherwise if ¢ (a + k +ib) = 0,1 < k < n—1, then via Wy(z+1) = ¢(2)Wy(z)
the points a + j + ib,0 < j < k would all be poles and hence a contradiction.

The next result shows that often it suffices to check the decay of |IW,| along a
single C,, ¢ > a4, to ensure that it decays with the same speed along any complex line
Cq,a > H¢.
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Lemma 4.6. Let ¢ € B and assume that there exists a > a, such that for alln € NN,

. llun |b|™ [Wy(a + ib)| = 0 (resp. there exists 6 € (0, %] such that |bl‘iTm W —6)
—00

then ¢ € Bp(oo) (resp. ¢ € Be(0)).
The next theorem contains alternative representation of Wy, which modulo to an easy

extension to C(g ) is due to [36], as well as a number of mappings that can be useful in
a variety of contexts.

Theorem 4.7. Let ¢, ¢ € B.

1. z— log Wy(z+ 1) € N with

logW¢(z+1):(ln¢(1))z+/O°°( 1 (e y_l))y(Z%)U’ (4.15)

where k(dy) = fo (dy — r) (ru(dr) + d4(dr)), U is the potential measure associated
to ¢, see Proposition 3.1(6), and d is the drift of ¢.

2. z+—log <W¢(z + D)We(1 - z)) eN.

3. If u — (¢/9) (u) is a non-zero completely monotone function then there exists
a positive variable I which is moment determinate and such that, for alln > 0,
E[I"] = Wy(n +1)/Wy(n + 1). Next, assume that ¢ € Bp(Ng) and ¢ € Bp(Ny). If
N =Ng—Ng > % then the law of I is absolutely continuous with density f; € L? (R*)

and if N > 1 then f; € C(ENH (RT).

4. u— (In(¢/9)) (u) = (¢/'/¢ — &' /¢) (u) is completely monotone if and only if = r
log %(z +1) € N. Note that since (In (¢/¢))" completely monotone implies the

same property for $/¢, then, with the notation of the previous item, I is well-
defined and log I is infinitely divisible on R. An equivalent condition is that with
the measure k as defined in item (1) we have that kK — k > 0.

The proof of this result is in Section 5.10.

Remark 4.8. Note that in the trivial case ¢(z) = z then k(dy) = dy and the representa-
tion (4.15) yields to the classical Malmstén formula for the gamma function, see [27].
With the recurrence equation (1.3), the Weierstrass product (4.7) and the Mellin trans-
form of a positive random variable, see Definition 4.2, this integral provides a fourth
representation W, share with the classical gamma function, justifying our choice to
name them the Bernstein-gamma functions.

Remark 4.9. We mention that when ¢(0) = 0 the representation (4.15) for z € (0, c0)
appears in [36, Theorem 3.1] and for any ¢ € B in [6, Theorem 2.2]. We emphasize that
to get detailed information regarding bounds and asymptotic behaviour of |Wy(z)|,
Theorem 4.2, we found the Weierstrass product representation more informative to work
with. However, as it is illustrated by the authors of [36], the integral representation is
useful for other purposes such as, for instance, for proving the multiplicative infinite
divisibility property of some random variables.

The final claim shows that the mapping ¢ € B — W, € Wz is continuous with respect
to the pointwise topology in B. This handy result is widely used throughout.

Lemma 4.10. Let (¢y,)n>0, ¢ € B and lim ¢,(a) = ¢(a) for all a > 0. Then pointwise
- - n—oo -
lim | Pn ( ) ”f(z)a S C(Ooo)

n—oo
We proceed now with the proofs of the statements of the last two sections.
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5 Proofs for Sections 3 and 4

5.1 Proof of Proposition 3.1

We furnish some comments for the claims that cannot be directly found in [70] and
[61, Section 4]. First we look at the case ¢ € B, of item (6). If ¢(0) = 0 then the fact that
U has a density u € C([0, 00)) with u(0) = % and v > 0 on RT is known from [9, Chapter
II1]. If ¢(0) = g > 0, then from [26, p.10] we get that

du(z) =P ({ﬁTu =z,e, > T[i‘,’oo)> ,

[z,00)

where ¢* is the conservative Lévy process (subordinator) associated to ¢#(-) = ¢(-) — ¢(0)
and T[iwo) = infssq {gf > x} Hence, we get immediately that v > 0 on R* since
otherwise

oo
P (gfpu =z,8, > T[‘L)Oo)> = q/ e "'P (5’;[” =at> T[i’oo)) dt=0
0 x,00

[,00)

for some = > 0, would imply, for any ¢ > 0,

# _ # _
P <§T[i,m> —at> T[Loo)) =0
which contradicts duf(z) = P (gﬁTu = x) > 0 with u* the density of U¥. Also u (0) =
[.00)
u? (0) = % follows from
: _ % # _ # _ 1 # _ — gt —
ili% du(z) = ili%]P (gT[,;m) =x,€, > T[m,oo)) = i%IP <€T[nm,oo) = x) =du’ (0) = 1.

The continuity of u follows from its series representation in [26, Proposition 1]. Next, we
consider item (11). Clearly, Re (¢(a + b)) > ¢(a) > 0, see (3.5). Next, for any a > 0,
I .
L I (e + b))

b—oo b

—0, (5.1)

follows from Proposition 3.1(4). These facts allow us to deduct that, for any v > 0 and

any u > u (v) >0,
<Im (
arctan

|larg (¢(a + iu))| = ReZizuB)’
a+i

CoT
arctan(W) = % - a“‘tan<u Im f;(fgi iu))|)
g - arctan(vu@> ;

where the last inequality follows from (5.1). This proves (3.7) and thus item (11) is
settled. The rest is in the existing literature.

IN

IN

5.2 Proof of Theorem 3.2

We start with item (1). From (3.5) of Proposition 3.1, which is valid at least on C(o,oo),
we conclude that

¢ Clo,00) = C(0,00)- (5.2)

Therefore, log ¢ € Ag,). We proceed to establish the first identity of (3.13). By means
of the integral expression in (3.13) and an application, in the third equality below, of
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the Cauchy integral theorem to log ¢ on the closed rectangular contour with vertices
a +ib,u +ib,u and a, for any z = a +ib € C(g,o0), b > 0, u > a, we deduct that

- |¢(y+ib)|> o “ <|¢>(y+ib)|)
Inf| ——————|dy = 1 Inf ————=— | d
/a n( ¢(y) Y oo Jy T\ 0() Y
- ([ o) e
b b
= /arg¢(a+iy)dyf lim / arg o(u + iy)dy
0 uU—r 00 0
b
_ / arg $(a + iy)dy — lim Ay(u + ib).
0 u—r 00

We investigate the last limit. From (3.6) of Proposition 3.1 we have that

lim |arg ¢ (a +iy)| < lim arctan(|y> =0, uniformly on y-compact sets.
a— 00 a— 00 a
Henceforth,
b
lim Ay (u+ib) = lim arg ¢(u + iy)dy =0 (5.3)
U—r 00 U— 00 0

and we conclude the first identity of (3.13) for b > 0. For b = 0 there is nothing to
prove whereas if b < 0 the same follows noting that arg ¢ (a + ib) = — arg ¢(a — ib) implies
that Ay (a +ib) = Ay (a — ib). Next, for b > 0, [61, Proposition 6.10(1) and (6.27)] give

immediately that
1= (o(y+ib) m
3 1“( s ) el

and (3.13) is thus proved in its entirety. To conclude item (1) it remains to prove the two
monotonicity properties. The monotonicity, for fixed b € R, of the mapping a — Ay (a + ib)
on R follows from (3.13) right away since for all u > 0, 1n(%) > 0, which follows
from (3.5) and has been also derived in [61, Proposition 6.10, (6.32)]. Next, recalling the
notation ¢(z) = ¢(0) + ¢*(z), we get that the mapping

g+ et _ |, ¢ utid) ¢
W“( 7+ o) )‘1 ‘” g+ 6(0) + o (w)

is non-increasing on R* and (3.13) closes the proof of item (1). Next, we consider item
(2). First, the proof and claim of [61, Proposition 6.10(2)] show that, for any ¢ > 0 and
any ¢ € B, sup.cc,, ., |Eg (2)| < 22, from where we get the first global bound in (3.14).

It follows from the immediate sup,,- [P(u)| < &, where P(u) = (u — [u]) (1 — (u — [u])),

that
e ro . (N (dut)\®  [¢"W)]|, |¢"(u+c)
Zgg?gg [By(c)] < 8 322335/1 (( o(u) ) + <¢(u +c) ) + ’ o(u) + ‘ d(u+ a) ) du
3 [*du 3
< 1/1 ? = 17 (5-4)

where for the second inequality we have used (3.3) of Proposition 3.1. This shows the
second bound in (3.14) and concludes the proof of item (2). Next, consider item (3). For
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any ¢ € B, we deduce by integration by parts in the expression of G in (3.9), that, for
any a > 0,

Gyla)=(a+1)Ing(a+1) —Inp(1) — Hy(a). (5.5)
Next, note that, for large a,

oat1) _ (0 dat ) —o@Y _ o of (dlat) —d@))?
5@ ‘1<” ola) )‘HW* O(( ola) ))

where the last asymptotic relation follows from lim ¢f;(+)1) =1, see (3.4). This shows
a—r o0

also the relation (3.15) for H;; However, from (3.3) we get that a‘:;((g)) <1,a>0,and,
since ¢’ is non-increasing, we conclude further that

alnd’(;(z)“) — H3(a) +o(i> .

These considerations also establish (3.15) for H, because

e ug (u) .
Ho(@) _ h "o du<1/1+ du =1
a a “a )y ’

Thus, putting the pieces together, we deduce from (5.5) that

Go(a) = alng(a) — Hyla) + Hj(a) +Iné(a) — n (1) + o(l) (5.6)

which is (3.16). We continue with item (4). Note that, for z = a + b € C(O,oo)' some
elementary algebra yields that

1 nlo(u+ 2)\" oo n|o(u+2)\"
L= E¢(2) + E¢(2)

Then, noting that (In |¢(u + 2)|)"” < |(log ¢(u + 2))"|,

|E¢ <‘¢ U+Z )du

Clearly, from the proof of [61, Lemma 4.5(2)] combined with (3.3), we get that

Jr(gf)(u+a) ’d)”quz
o(u+a) (u+ 2)

¢//u+a
u+a

Slat®) L pde) I

(a+ib) OEEE 5.7

and

’QM’ < vig?@ _ 2v1o (5.8)

¢(a +1id) ¢(a)
from where we deduce that lim 4 |E4(z)| = 0. Next, we look into Ry(z). Note that

Ro(2) =3 [ Plu)ulour o)) du—3 [ Plu) tno(w)” du
1 1
= El (Z) + Eg.
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Clearly, Ry = Ty, see (3.12), and we proceed to show that lim,_, ]§1(2)| = 0. To do so
we simply repeat the work done for F(z) above to conclude that

_ L (¢ (ut2)
Ri(2)] < = / ’ du.
mel=g ) <¢><u+>

Since each integrand converges to zero as a — oo, see (5.7) and (5.8), we invoke again

(5.7) and (5.8) to employ the dominated convergence theorem. Therefore, for any fixed
beR,

¢"(u+2)
$(u+z)

"

l;m E¢(a + Zb) + R¢(a) = T¢

and item (4) is established. This concludes the proof of the theorem.

5.3 Proof of Theorem 3.3(1)

We start the proof by introducing some notation and quantities. For a measure (or a
function) i on R, -
Fo(—ib) = / e u(dy), b e R,
— 00
stands for its Fourier transform. Also, we use A x v (resp. A*",n € IN) to denote the
convolution (resp. the nt" convolution) of measures and/or functions. Next, for any
measure A on R such that ||Al|zy := [7_|[M(dy)| < 1 we define

dyzz

Clearly, ||€x||lrv < oo and ||£,]|7v < oo. Finally, we use for a measure (resp. function)
Aa(dy) = e ¥A(dy) (resp. Ao(y) = e ¥A(y)) with ¢ € R. Let from now on A be a
measure on R*. If || \,||7v < 1 for some a > 0, then by virtue of the fact that A" (dy) =
e~ A" (dy), y € (0,00), (5.9) holds vaguely on (0,00) for Ay = A. Let next \(dy) =
Ay)dy, y € (0,00), and A € L' (R"), i.e. the C* algebra of the integrable functions on
R*, that is L! (R*) considered as a subalgebra of L! (R) which is endowed with the
convolution operation as a multiplication. Note that formally

*TL

n

) and £, (dy) = Z 1 ATdy) (5.9)

oo o0

fn n— f’n
—logy (1 —Fy) = Fe, = 3 TA and log, (1+Fy) =Fe, =y (-1)"" 7* (5.10)

n=1 n=1
We then have the following claim which is a simple restatement of several results from
the existing literature. A good references on the topic are for example [35, 52].

Proposition 5.1. Let \ be a real-valued measure on (0,00). If||\||ry < 1 then both
[|€xllTv < oo and ||£,|lrv < oo and (5.11), (5.12) hold true. Furthermore, let \ €
LY(R™). If logy(1 + Fa(—2)) € Ajg,00) (resp. logy(1 — Fx(—z)) € Ajg,) then £, € L'(RY)
(resp. £, € LY(R™)) and

logy (1 + Fa(—ib)) = Fe, (—ib) if £, € L'(R™) (5.11)
—logy(1 — Fa(—ib)) = Fe, (—ib) if £, € L'(RT). (5.12)

Al < [Ny and sup [3) < [\

then (5.9), (5.10) and the Taylor expansion about zero of log,(1+ z) yield all results in the
case ||A||rv < 1. Next, for general A € L' (R*) assuming that log,(1 + Fa(—2)) € Ajp.o0)
(resp. logy(1 — Fa(—2)) € Ajp,~)) We can apply [71, Theorem 2], which refers to [52],
to the semisimple Banach algebra L! (R) and thus conclude the claims contained in
relations (5.11) and (5.12). O

EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
Page 27/101


http://dx.doi.org/10.1214/18-EJP202
http://www.imstat.org/ejp/

Bernstein-gamma functions and exponential functionals

Let us assume that d > 0. Then, for each z = a + ¢b,a > 0, we have from the second
expression in (3.1) that

#(0)
dz

P(z) =dz (1 + + fml,d(—z'b)> ; (5.13)

where we have set fiq,a(y) = 2e""Yi(y), y € (0,00). With the preceding notation we can
state the next result which with the help of Lemma 4.6 concludes the proof of Theorem
3.3(1).

Proposition 5.2. Assume that ¢ € By and z = a + ib € C,, with a > 0 fixed. We have

#(0)

Ay (2) = |b| arctan <b|) - (sz) In (1 4 ZZ) - /OOO Locosb) g (dy) + Ay(a,b)

a y
< glbl +o(b]) , (5.14)

where £, (dy) is related to ji,,a(y)dy = d"'e”“Y[i(y)dy via (5.11) and for any a > 0 fixed

| Ay(a,b)| = o(in|b]) .

For all a > 0 big enough,
Also, for those a > 0 such that ||fis.q||1 < 1, we have that

1 — cos(by) B /bl Im(Fp, . (iu))
/0 7:(} gﬁa,d (dy) = ; arctan T e (]__ﬁa,d(w)) du (5.15)

fia.all1 <1 and (5.9) relates £, ,(dy) to fiaa (y)dy, y € (0,00).

,d

with, as b — oo,

Im(F, ,(ib)) ) 2
arctan(l - Re(}'#ayd(ib))> = In(Fp, , (ib)) (1 + O((Im(}'ﬁayd(zb))) )) (5.16)

and

) d 1 — cos(by)
lim / £, (dy) > 1. (5.17)
PR b e

Remark 5.3. We note that (5.15) coupled with (5.16) give a more tractable way to
compute Ay in (5.14). When ||fiq.q/|1 < 1 thanks to (5.9) we have that

> 1 — cos(by) [ 1= cos(by) -1 fats(dy)
|,y = [ S e

*ﬁa d
? n
Yy Yy n=1

and thus via (5.14) we have precise information for the asymptotic expansion of Ay
when the convolutions of fi, 4(y) = d~'e~%/i(y) or equivalently of ji are accessible. For
example, if fiq4(y) 2 d~ly=® a € (0,1), then with B(a,b), a,b > 0, standing for the
classical Beta function, with the relations

n—1

-n . . — %M 0 n—1—noa
Co=a"[[BG-jol—a), @4y ~Cuy™?
j=1

and, with the obvious notation for asymptotic behaviour of densities of measures, we
arrive at the following asymptotc expansion

£ LY (e e oy ) | ay,

L_>n>1

l—a=
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where n* is the minimum integer strictly larger then ﬁ A substitution in (3.17) and
elementary calculations yield that as b — oo

o0 1— S b [ee] =
/ Lo (@)= 3D (1P T Olnb) + O(1)

y L_>n>1

1—a -

et

with C,, = C,, [;° %ﬁ’(fz)dv, ne [1 L ) and the asymptotic expansion of A, follows.

Proof of Proposition 5.2. Since Ay(a +ib) = Ag(a —ib) without loss of generality we
assume throughout that b > 0. From (3.6) of Proposition 3.1 we have that arg ¢(z)—arg z €
(—m,7) and then from (5.13) we have that

$(0)

arg ¢ (z) = argz + arg <1 + e + fua,d(—ib)> . (5.18)

However, an application of the Riemann-Lebesgue lemma to the function i, 4 € L}(R*)
yields, as b — oo, that
| P a(=ib)] = 0(1). (5.19)

Therefore, for all b big enough, the Taylor expansion of the arg function leads to

$(0) o) : (0)
arg (1 + darib) + fum(—zb)) = arg (1 + Fz, .(—ib)) + Im(d(a—i—ib)) (1+0(1))

= arg (1 + Fu, . (—ib)) — c% + 0<i> . (5.20)

Also foranya’ > 0and b > 0

In (]:ﬁa,d (—a' — z‘b)) = 7/ sin (by) e*“'yﬂa,d(y)dy
0

1

N (5.21)
- 75/0 (1 — cos(by)) ta+tar,a(dy) <0,

since fora +a’ > 0,
Y fatara(y) =€ Vigaly) = a e TV p(y)

is strictly decreasing on R* and hence pg4q4(dy) = d (e_a/yﬂa,d(y» ,y € (0,00), is

not supported on a lattice. Also Im(Fj, , (—a’ —ib)) > 0 for b < 0 and Fj, ,(—a’) > 0.
Therefore, from (5.19), (5.21) and the fact that b — F, ,(—ib) is continuous we deduct
that Fj, , (iR) N (—oco, —1] = 0 and log, (1 + Fu,, (—2)) € Ajp,). Henceforth, Proposition
5.1 gives that £, € LY(R™*). From (5.11), for all b > 0,
arg (1 + ‘F;]a,d(_ib)) = Im(log()(l + ‘Fﬂa.d(_ib)))
b (5.22)
= 1n(Fe, (~ib)) = - /O sin(by)L5, ,(dy).

Then, from (3.8) due to (5.18), (5.20) and (5.22) we deduce that, for any a,b > 0,

b b
A¢(a+ib)=/0 arg(a+iU)du+/0 arg(”d(j(f)im

b 2 %)
_ W 6(0) Py [T Lt .
= /0 arctan (E) du 53 In <1 + a2> ; ” £,..(dy) + Agp(a,b),

+ ]:M’d(—iu)> du
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and Ay(a,b) = o(Inb), as b — oo. Then the first relation in (5.14) follows by a simple

integration by parts of fo arctan ( ) du. The asymptotic relation in (5.14) comes from
the fact that £, , € L'(R™") and the auxiliary claim that for any h € L' (R*)

/ “‘fg‘js’”’”hwy\ — o), (5.23)

which follows from the Riemann-Lebesgue lemma invoked in the middle term of

/Oolfcos(by ’ /bd
ul .
0 Y 0

Finally, since lim fooo e~ "(y)dy = 0 then lim [|fia.a|l1 = 0 and thus eventually, for some

sin (uy) h(y)dydu| < o(1)

iia.s(ib)| < 1. Choose such a > 0. Then, from

(5.19) w1thz€(Da, b>0

arg (1 + Fu, ,(—ib)) = arctan(

In(Fp, ,(—ib)) )

1+ Re(Fj, .(—ib))

= arctan( LICTCD)) > ,

1+ Re(Fj, .(ib))

(5.24)

and using the latter in (5.22) then (5.15) follows upon simple integration of (5.22). The
asymptotic relation (5.16) follows from (5.19), i.e. | Fj, ,(—ib)| = o(1), combined with the
Taylor expansion of arctanx. Next, consider the bound (5.17). Since from (5.21) with
a’ =0, we have that Im(F;, ,(ib)) (Fiiaa(ib))| = o(1) we get from
(5.15), (5.16), (5.24) and (5.22) that

1 — cos(by) B b In(Fp, , (iu))
/0 Y £i..(dy) = /0 aur(:tarl(1 n Re(}—ua,d(iu))> du
b
<1+ 0(1))/0 Im(Fp, . (iu)) du

— (11 0(1)) / h l‘cy‘”(@)ﬂa,d@)dy

> (1+0(1)) / ““;S“’y)ua,dw)dy

> (1+4o0(1)) ud(2> /lb 1(;08(y)dy ~ ud(2> In(b),

where in the third line we have used (5.21). This proves (5.17) since

A AT -
Haaly ) =€ "a"\p) ~a"\b )

5.4 Proof of Theorem 3.3(2)

Let ¢ € B, with a € (0,1) and let z = a +ib € C,, a > 0. Then, a(y) =y~ “4(y) and £
is quasi-monotone, see (2.15) and (2.16). Recall the second relation of (3.1) which, since
in this setting d = 0, takes the form

6(2) = $(0) + 2 / e (y)dy
(5.25)

= ¢(0) + z/ e_ibyy_o‘e_“yﬁ(y)dy.
0
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Since the mapping y — #(y)e~*¥ is clearly quasi-monotone we conclude from [72, Theo-
rem 1.39] that, for fixed ¢ > 0 and b — oo,

o0 . i a—1 a
[ e rtay e - o) () 6”(2)
0

) (5).

Therefore, from (5.25) and the last relation we obtain, as b — oo, that

(5.26)

i

vl

ST (1-a) (be

arg ¢(z) = arg z + arg </ e~y em W (y)dy + ¢(ZO)>
0
0o n m(a—1) o E
argz 72 2 O[,

which proves (3.19) by using the definition of A, in (3.8). This together with Lemma 4.6
establishes the claim.

5.5 Proof of Theorem 4.1

We start with item (1). The fact that W, ¢ A@,,00) is a consequence of [61, Theorem
6.1] and is essentially due to the recurrence equation (1.3) and the fact that ¢ is zero-free
on Cg, 0)- Also, Wy € M(g, ) comes from the observation that 0 # ¢ € Ay, ), that is
¢ can only have zeros of finite order, and (1.3) which allows a recurrent meromorphic
extension to C(q, o). Wy is zero-free on C(, ) follows from [61, Theorem 6.1 and
Corollary 7.8]. The fact that Wy is zero-free on C(q, ) is thanks to ¢ € A(,, ) and

_ W¢(Z + 1)
- 0(2)

which comes from (1.3). If ¢(0) > 0 then Zy(¢) = 0 and hence the facts that W, is
zero-free on Cjy ) and Wy € Ajg ) are immediate from W, being zero-free on (0, cc)
and (5.27). However, when ¢(0) = 0 relation (5.27) ensures that Wy extends continuously
to iR\ Zy(¢) and clearly if 3 € Zy(¢) then

Wy (2) (5.27)

lim  9(2) W (2) = Wy 3+ 1).

Re(2)>0,z—;

Finally, let us assume that ¢/(0) = d + [~ yu(dy) < co and {0} € Zy(¢), that is ¢(0) = 0.
From the assumption ¢'(0%) < oo and the dominated convergence theorem, we get that
¢’ extends to iR, see (3.2). Therefore, from (1.3) and the assumption ¢(0) = 0 we get,
for any z € C(p,o0), that

Ws(z +1) = ¢(2) Wy(2) = (8(2) — 6(0)) Wy(2)
= (¢'(07)z +o(l2])) W(2) -

Thus z — zWy(z) extends continuously to iR \ (Zy(¢) \ {0}) provided ¢'(07) = d +
fooo yu(dy) > 0, which is apparently true. If in addition ¢"(0") < oo then

Wi (z + 1) = ¢(2) Wy (2) = (¢(2) — ¢(0)) W (2)
= (¢107)2 + ¢"(07)2 + o(|2*)) Wa(2) .

Clearly, then the mapping z — Wy(z) — m extends continuously to iR\ (Zy (¢) \ {0}).
Let us deal with item (2). We note that

e %) = | [6_251] , 2 € Co,00),
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where ¢ = (&),>, is a non-decreasing Lévy process (subordinator) as —¢(—z) = ¥(z) € N,
see (2.1). Thus, if ¢(z9) = 0 then E [e7*0%1] = 1. If in addition, zy € Cjp ) \ {0} then
#(0) = 0 and 2 € iR. Next, ¢(z9) = 0 also triggers that ¢ lives on a lattice of size, say
h > 0, which immediately gives that d = 0 and p = > -, ¢,0,, with >>° | ¢, < oo and
Vn € IN we have that z,, = hk,, k, € N, ¢, > 0. Finally, h can be chosen to be the largest
such that ¢ lives on (hn), . Thus,

_ — —zhk,
z) = Z e (l—e )
n=1

and we conclude that ¢ is periodic with period % on C,). Next, note that

¢(00) = lim ¢(u) = lim D ey (1—e ") =3 e, < oo (5.28)
n=1 n=1

Then (4.8) implies that

S k)
D Sy~ 2 g e Ine(oo)

=
—

Thus, from (4.7) we get that

et I (k) 20 erIne(e0) 2 o (k)
W) =Sy Ugav o™ = e oo

Hence, the claim for the 2’” periodicity of the mappings
2 e 2RI, (2) and 2 [Wy(2)]

follows immediately from the periodicity of ¢. Thus, item (2) is proved. Item (3) follows
in the same manner as item (1) noting that when us < 0 then a4 = uy, see (4.5) and (4.6).
The last item (4) is an immediate result from (1.3) and the fact that ¢’ > 0 on (a4, 00),
see (3.2), that is uy is the unique zero of order one of ¢ on (a¢7 00). Item (5) follows by
simply changing ¢ — c¢ in (4.7) and (4.8), and elementary algebra. This ends the proof
of Theorem 4.1.

5.6 Proof of Theorem 4.2(1)

Next, we know from the proof of [61, Proposition 6.10] and see in particular the
expressions obtained for the quantities in [61, (6.33) and (6.34)], that, for any z = a+1b €
C(O,oo)a b>0,

(2)| = S5 ] 255557 | - g o)
Walo)l = Wala) oy |55 -
#(a o |n ¢<u+zb) du B (s
— W,y(a) ’¢8 — 137 0] 2 e ()

We note that the term —F,(z) is the limit in n of the error terms Ef(n, a) — Ef(n, a +ib)
in the notation of the proof of [61, Proposition 6.10] and is formulated in (3.10). Thus,
the last three terms of the second expression in (5.29) are in fact the quantity %Z¢(Z)
in the notation of [61, Proposition 6.10, (6.33)]. Thanks to Theorem 3.2(1), for z =

a—+1ib € (13(0700)7 b > 0, we deduce substituting (3.13) in (5.29) that

Wiy(2)] = Wis(a) @g;eAﬂmz%@» (5.30)
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Since ‘Wd) (z)’ = |Wy (2)| we conclude (5.30), for any z = a+ib € C(g ), b # 0. Since from
(3.8) and (3.10), A4(Re(z)) = E(Re(z)) = 0, we deduct that (5.30) holds for z = a € R
too. Next, let us investigate W, (a) in (5.30). Recall that, from (4.7) and (4.8), we get, for
a > 0, that

e~ Vs > ¢’ (k)
W( D
1 aln¢(n (Zk 1 %—lndn)—w)
¢(a n~>ooH (Z) k—‘r )6 (5.31)
1 ﬁ 6alnd)(n) — 1 lim efsn,(a)qtalnqb(n)
~ o(a) i - o( k+ a) p(a) n—oo ’
where S, (a) = ,In ¢f;(;)’“> Then, we get, from [49, Section 8.2, (2.01), (2.03)] applied
to the function f ( ) :=1n gf(i:;‘ ) w > 0, with m = 1 in their notation, that
n
¢ (a+u) 1. ¢(l4+a) 1. ¢(n+a)
Sy (a :/ In—du+-In—F——~4+ —In—+—=+ Ro(n,a (5.32)
@=f 5w " am T e R
1 ¢(1+a) /““ / 1. ¢(n+a)
=—In— — In ¢(u)du + In¢(n + u)du + = In —————= + Rz(n,a),
2Ty Sy Mot ) el et gin Ty F el a)
where, recalling that P(u) = (v — |[u]) (1 — (v — |u])), for any a > 0,
1/ ¢(a+u)
Ry(n,a :f/ P(u ( ) du. (5.33)
2( ) 2 L ( ) QS(U)

Using (3.4) in Proposition 3.1 and (5.32), we get that

a a+1
lim (Sp(a) —alng(n)) = 1 In g+a) /1 In ¢(u)du

2, 2" o)
. 4o+ u)
+ nlgl;o </0 In o) du + Rg(n,a))
1. ¢(1+a) )
=5 In o) Gyl(a) + nh_}ngo Ry(n,a),

where G, is defined in (3.16). Let us show that R4(a) = lim Rs(n,a) exists with
n—oo

R, defined in (3.11). It follows from (5.33), the inequality sup,.  |[P(u)| < i and the
dominated convergence theorem since

12 (PN, |8 W)
sup sup |Rz2(n,a <fsup/ ( +
n>1 qBEB‘ 2(n, )] 4 4eB ( o(u) o(u)
where the finiteness follows from (3.3). Therefore, from (5.31), (5.33) and the existence
of Ry(a), we get that

) du < 2, (5.34)

o= L) G-
Wolo) = SV aaral

Substituting this in (5.30) we prove (4.11). Finally, the asymptotic relation (4.12) follows
from the application of (3.14).

5.7 Proof of Theorem 4.2(2)

The proof of this claim follows from representation of |[Wy| in (4.11), the form of G
as expressed in (3.16) and Theorem 3.2(4). Finally, the fact that lim Ag(a + ib) = 0 has
a— o0

already been proved in (5.3). This concludes the proof of this item.
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5.8 Proof of Theorem 4.2(3)

The proof is straightforward. Since ¢ € B4 item (3a) follows immediately from (3.17),
the definition of B¢, see (4.10), and Lemma 4.6, which allows to extend the exponential
decay to all complex lines C,, a > dg. In the same fashion since ¢ € B, item (3b)
is deducted from (3.19) and Lemma 4.6. Finally, item (3c) is merely a rephrasing of
Theorem 3.3(3) for a > 0 which is then augmented by Lemma 4.6 to a > a4.

5.9 Proof of Lemma 4.6

To prove the claims we rely on the Phragmén-Lindel6f’s principle combined with the
functional equation (1.3), which also appears in Definition 4.2. First, assume that there
exists a > @y such that o

lim |b" |Wy(a +1ib)| =0, Vn € I,
[b|]— o0
and since |Wy(a + ib)| = |Wy(a — ib)| consider b > 0 only. The recurrent equation (1.3)
and |¢ (@ + ib)| = db+ o(|b]), as b — oo and @ > @y fixed, see Proposition 3.1(4), yield for
all n € IN that
lim o™ |[Ws(1+a+ib)| = |blliTn [b]" |¢(@ + ib)| |We(a + ib)| = 0.
—00

|b] =00

Then, we apply the Phragmén-Lindel6f’s principle to the strip (D[; atl] = Cpa,a+1"{b > 0}
and to the functions f,(z) = 2"Wy(2), n € N, which are holomorphic on C[% a+1)- Indeed,
from our assumptions and the observation above, we have that, for every n € IN and

some finite positive constants C,,,

sup | fu(2)| < Cn

+
zEBC[aﬁJrll

and clearly, since W, € Wg, see (4.2), is a Mellin transform of a random variable,

z
sup fLEL) sup  |[Wy(z)]= sup Wy(v) < co.
€€ a4y ‘ €0 aty vel@ a+i]

Thus, we conclude from the Phragmén-Lindel6f’s principle that

sup  |fu(2)| = sup  [2"Wy(2)| < C,
Zec[t?,aﬂ] ZECE,a+11

see [73] or [30, Theorem 1.0.1], which is a discussion of the paper by Phragmén and
Lindelof, that is [66]. Finally, (1.3) and |¢(a + ib)|] = db + o(b), as b — oo, allow us to
deduce that

lim [b|™ |Wg(a+ib)| =0, Vn € N, Va > a.

|b|] =00
To conclude the claim for a € (a4, @) we use (1.3) in the opposite direction and (3.5), that
is Re(¢ (@ + b)) > ¢(a) > 0, for any a > @y, to get that

1 ) 1 . .

Thus, ¢ € Bp(co). Next, assume that there exists @ > d,, 0 € (O7 g] such that

o In|Wy(a + ib)| <o,
|b| =00 D]

Then, arguing as above, we conclude that this relation holds for @ + 1 too. Then, on

CJ%’ a11)- for the functions
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fo(2) = Wy(2)e 79 2 € (0,0),
we have again from the Definition (4.2) with some C > 0, D = D(a) > 0, that

sup  |f-(2)| <C and sup sup |fo(v+ib)| < DelP79b < De3b,

ZESC[E a+1] b>0 vela, a+1]

This suffices for the application of the Phragmén Lindelof’s principle with f.(z) = f. (iz).
Therefore, we conclude that |f.(z)| < C on (D 1 and thus, for all v € [a,a+ 1],

o In|W (v + ib)|

b—o0 b

< —0+e.

Sending ¢ — 0 we conclude that, for all v € [a,a + 1],

m In |Wy (v + ib)| <

b—oco b -

—6. (5.36)

Therefore, from the identities |Wy(a +ib)| = |Wy(a —ib)| and (1.3), the widely used
relation |¢(a + ib)| = db+ o(b), as b — oo and a > @, fixed, see Proposition 3.1(4), and
(5.35) we deduct that (5.36) holds for a > a,. Thus, we deduce that ¢ € Bg(6) and
conclude the entire proof of the lemma.

5.10 Proof of Theorem 4.7

The first item is proved, for any ¢ € B, by Berg in [6, Theorem 2.2]. The second
item follows readily from the first one after recalling that if ¥ € N then ¥(—:) €
N. For the item (3), since ¢/¢ is completely monotone, and we recall that for any
n €N, Wy(n +1) = [[f_, ¢(k), we first get from [7, Theorem 1.3] that the sequence

(fn =Wy(n+1)/Wy(n+ 1)) is the moment sequence of a positive variable /. Next,
- n>0

from the recurrence equation (1.3) combined with the estimates stated in Proposition
3.1(4), we deduce that f,41/f, = ¢(n)/é(n) = O(n). Thus, there exists A > 0 such that
forany a < A,

implying that I is moment determinate. Next, with the notation of the statement, if
N7N¢—N¢> then, as

W (ib+ 3
‘Mz(ib—l>’_|¢(l 1) |

2 Wy (ib+ 1)

O(JbI™)

and, from Theorem 4.1, for any ¢ € B, Wy € A g ) and is zero-free on C(g ), we obtain
that b — M I(zb - 7) € L2(R) and hence by the Parseval identity for Mellin transform we
conclude that f; € L2(R™"). Finally if N > 1 then the result follows from a similar estimate
for the Mellin transform which allows to use a Mellin inversion technique to prove the
claim in this case. For the last item, we first observe, from (3.2) and Proposition 3.1(6),

that for any ¢ € B and u > 0,
¢/(U) /OO —uy
= d (5.37)
o)~ Jo ¢

where we recall that x(dy) = [ U (dy — r) (ru(dr) + 6a(dr)). Thus,

2) — an)(Z"‘]-) _ n¢(1)z o0 e~ _ 1 — zle VY — M
V(z) 1W£(2+1) 1@1) +/0 ( 1—( 1)) 1) (5.38)
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where, as in (5.37), we have set <;5 fo ~“Wk(dy). Next, since plainly Q’(l)/@(l)
—¢'(1)/p(1) < oo, we have that the measure e YK(dy) = e ¥ (k(dy) — k(dy)) is finite
on RT. Thus, by the Lévy-Khintchine formula, see [9], ¥ € N if and only if K is a
non-negative measure, which by Bernstein theorem, see e.g. [29], is equivalent to the
mapping u — In (¢/¢) (u) = (¢'/¢ — ¢'/®) (u) to be completely monotone. Note that
this latter condition implies that ¢/ ¢ is completely monotone and hence with I as in the
previous item, we deduce easily that IE [e!°8/] = ¢2(2) which shows that log I is infinitely
divisible on R. The last equivalent condition being immediate from the definition of K,
the proof of the theorem is completed.

5.11 Proof of Lemma 4.10

Let Yy, , Yy, n € N, be the random variables associated to Wy, , Wy, n € N, see the
Definition (4.2). Clearly, since for any ¢ € B,

[et%] Ztk [ ] ZkW¢k+ ang 1 0(7)

and Proposition 3.1(4) holds, we conclude that E [¢"**] is well defined for t < 1 €

(0,00]. However, lim ¢,(a) = ¢(a) implies that d* = sup,,>od, < oo, where d,, are
n—oo - -

the linear terms of ¢, in (3.1). Therefore, E [¢”"%], E [¢*¥#» |, n € N, are analytic in

C( . }) 2 C(_,0- Moreover, for any k € IN,

—oo.,min{a7 ke

lim IE[Yd) | = lim Wy, (k+1)

n—oo n—roo

~ lim U Oulld) = Wylk+1) =E [vf]

The last two observations trigger that lim Yj, 4 Yy, see [29, p.269, Example (b)].
Therefore since on a suitable probabiﬁt_gfoospace one can choose random variables
Y, = Y%,n >0,and Y = Y¢ such that nll)H;OY =Y a.s., see [38, Theorem 3.30], one
gets by the dominated convergence theorem and the fact that the family of measures
y*P (Y, € dy),a > 0, are uniformly integrable that nl;rrgo W, (2) = Wy(2), 2 € C(g,00)

which concludes the proof. To check the uniform integrability for ¢ > 1 note that for

N > 2a
E [Yy,]
li E Y I <1 E[Y2N\ —— =
A B ilnzm] < i oup B = =0
since E[Y,] = Wy, (2) and E [Y,2V] = W, (2N + 1) converge as n — oco. For a < 1 the

convergence follows from the recurrence equation Wy, (z 4+ 1) = ¢, (2) Wy, (2).

6 The functional equation (1.1)

6.1 Proof of Theorem 2.1

Recall that by definition My(z) = VVI;(Z()Z) Wy (1 —2), see (2.9). From (1.2) and (1.3)
+

it is clear that formally for z € iR

I'z+1)
My 1 —_— —
B 2I(2) Wy (1—-2) -z Ma(2) '
o4+ (:IWe, () o-(=2) — W(=2) "
EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
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However, from Theorem 4.1(1) it is clear that Wy ., (resp. Wy_) extend continuously to
iR\ 2y (¢+) (resp. iR\ Zy (¢-)). Since from (1.2) we have that Z,(¥) = Z5(¢4+) U Zo(¢-),
see (2.27) and (4.3) for the definition of the sets of zeros, we conclude that My satisfies
(6.1) on iR \ Zo(¥). The claim that My € A, 1—5_) N M(a,,1—a_) then follows from the
facts that Wy € A, 00) N M(ay,00) @and Wy, is zero-free on C(q, o) for any ¢ € B, see
Theorem 4.1(1), lead to

€A, 00), T €A40,00) MTM(_o0,00) @and
Wy, () e (e o) (6.2)

W¢—(1 - ) € A(—oo,l—ﬁ,) n M(—oo,l—a,)~

Thus, (2.11), that is My € M(a,, 1-qa_), In general, and (2.10), that is My € Ay, 1-3_),
when ay = a;lz, —og; = 0 follow. Note that when 0 =a; > a4, i.e. ag = ay <0, then
necessarily

¢l (a™) = d+/0 ye™uy (dy) € (0,00), for any a > ay,

see (3.2), and ay = 0, see (4.6), is the only zero of ¢, on (a;,o0). Therefore, Theorem
4.1(4) applies and yields that at = = 0, W, has a simple pole. Via the recurrence relation
(1.3) combined with the fact that ¢, < 0 on (ay,0) this simple pole is propagated to a
simple pole at all negative integers n such that n > a,. These simple poles however are
simple zeros for ﬁ € A(a, ,00) Which cancel the poles of I'. Thus, My € A(,,,1-5_) and

(2.10) is established. For z € C(o,oo) we have that

DG gy $5() TG+

Mol2) = 570 e Wy (st 1)

Wy (1—2). (6.3)

From Theorem 4.1(1) if ¢, (0) > 0 then Wy, € Aj o) and Wy, is zero-free on Cp o),
and the pole of I at zero is uncontested, see (6.3). Therefore, My extends continuously
to iR \ {0} in this case. The same follows from (6.3) when ¢/ (07) = oco. Let next
#+(0) =0 =ay and ¢/, (0%) < co. Then (6.3) shows that the claim My € Ajg, 1_4_) clearly
follows. The fact that My € Mo, 1—q_), that is (2.11) is apparent from (6.2). We proceed
with the final assertions. Let ay < a; < 0. If —u; ¢ IN then u is the only zero of ¢, on
(at,00) and if uy = —oo since a; < 0 then ¢ has no zeros on (ay,o0) at all. Henceforth,
from (1.3) we see that W, does not possess poles at the negative integers. Thus, the
poles of the function I' are uncontested. If —u; € IN and u; = a; there is nothing to
prove, whereas if —u, € IN and u; > a; then Theorem 4.1(3) shows that W¢+ has a
simple pole at uy. Thus ﬁ has a simple zero at u,. Then, (1.3) propagates the zeros to

all a; < —n < uy cancelling the poles of I' at those locations. The values of the residues
are easily computed via the recurrent equation (1.3) for Wy ,Wy_, the Wiener-Hopf
factorization (1.2), the form of My, see (2.9), and the residues of the gamma function
which are of value =2 at —n. Indeed let —n be a pole and choose 0 < € < 1. Then

n!

~ T(-n+e)
[y e(—k+eo 1 _ ¢+ (e)T(1 +¢) _
= (}}]mkﬂﬂ”k 6>> . rq -9
L (T, Yk = )\ ¢ (T + ) B
- (T0=9) Saza e -9
Then T
lim My (~n + €) = .. (0) L=t TV
EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
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and the term on the right-hand side is the residue at —n. Finally, if we alter the Wiener-
Hopf factors as ¢, +— chy,¢_ + ¢ 1¢_,c > 0 then Theorem 4.1(5) gives that

Weg, (2) ='Wy, (2) and W1y (1 —2) = Wy (1 - 2).

Plugging these identities in relation (2.9) furnishes the invariance. This concludes the
proof of this theorem.

6.2 Proof of Theorem 2.3

Before we commence the proof we introduce some more notation. We use f < g to
denote the existence of two positive constants 0 < C'; < Cy < oo such that

f@)| _ = | f(®)

Gr=lmliw o(2)

r—a

>~ L2,

T xz—a

where « is usually 0 or co. The relation f < g, that will be employed from now on,

f(x)

@) < (3 < oo. Note that the relation f < g is equivalent to

requires only that lim,_,,
the relation f = O(g).

We recall from (2.17) that B4 = {¢ € B: d > 0} and BS is its complement in B. Ap-
pealing to various auxiliary results below we consider Theorem 2.3(1) first. Throughout
the proof we use (2.9), that is

I'(z)
Wy, (2)

We note from Definition 4.2 and (2.48) of Theorem 2.22 that W, (z) and WI;(Z()Z) are
+

M\I}(Z) = W¢7(1 - Z) S A(O,l—a_)‘ (64)

Mellin transforms of positive random variables. Therefore the bounds

My (2)] < Wif“) W, (1 2) ©.5)
()

| M ()\_‘ ‘|W (1—a) (6.6)

hold for z € C,, a € (0,1 —a_). From (6.5) and (6.6) we have that ¥ € N'p(c0), see
(2.13), if and only if ¢_ € Bp(c0) and/or |- (Z>
a+ iR, Va € (0,1 —a_). The former certalnly holds if p_ € By, thatis d_ > 0, since from
Theorem 4.2 (3a) or Proposition 6.3(1), we have the even stronger ¢_ € Bg(5) C Bp(c0),
and the latter if ¢, € B, see (6.12) in Proposition 6.2. Also, if ¢ € By then, for any
a > 0, (6.12) in Proposition 6.2 holds for all v > 0 iff fi; (0) = co and hence from (6.6) we

deduce that ¥ € N'p(oo) provided ji; (0) = oo. Next, from (6.5), (6.6), Proposition 6.2
and Proposition 6.3(2) if ¢4 € By, i+ (0) < co and ¢_ € BS then

¢_ € BP(OO) — U GNP(OO) <~ ﬁ_(O) = 00.

Therefore to confirm the second line of (2.18) we ought to check only that if ¥ € N,
¢+ € By and ¢_ € BS then

I1(0) = 00 <= TI_(0) = oo or ji; (0) = oo. (6.7)

However, if II_(0) < oo and fi4 (0) < oo then since ¢, € By the Lévy process is a positive
linear drift plus compound Poisson process which proves the forward direction of (6.7).
The backward part is immediate as it precludes right away the possibility of compound
Poisson process with drift. In fact the expression for Ny in the first line of (2.18) is
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L(z)
W (2)

|Ws_(z)| in Proposition 6.3(3) coupled with (6.4) and subsequent simplification. Indeed
immediately, we have that

derived as the sum of the rate of polynomial decay of ‘ in Proposition 6.2 and of

Jo ur@I-(dy) =~ 1

¢—(0) + a-(0) a4
where since d; > 0, uy is the potential density associated to the potential measure of ¢,
see Proposition 3.1 (6). Since d; > 0 and ﬁ,(O) < oo from Proposition B.2 we have that

Ny =

(¢+(0) + £4(0)), (6.8)

v-0%) = [Ty (6.9)

and the first line of (2.18) for Ny follows from a substitution of (6.9) in (6.8). However,
as it is known again from Proposition 3.1 (6) that u, > 0 on R™, whenever d, > 0, then
v_(0") =0 if and only if IT_ is the zero measure. Then from (2.18) we see that

Ny =0 <= ¢:(0) =1 (0) = v (0%) =0,

The relation ¢ (0) = i1 (0) = 0 is valid if and only if ¢, (2) = d 2. This proves the claim
and ends the proof of item (1). The assertions

b_ €By = \Ifeﬁg(g) and ¢_ € Bo, ¢y € Bi_o = \Ifeﬁg(ga>

of item (2) follow from (6.5) and (6.6) with the help of items (1) and (2) of Theorem 4.2
and the standard asymptotic for the gamma function

IT(a+ib)| = V2r|b|* e 501 (1 + o(1)), (6.10)

which holds as b — oo and « fixed, see [32, (8.328.1)]. Let ¢, = C¢p_,C > 0, hold. Then
clearly arg ¢, = arg¢_ and hence A,, = A,_. Choose a = % Then from (4.11) and (6.4)
we see that modulo two constants, as b — oo,

. |6+ (5 +ib)| ‘
o) T )

From (3.5), that is Re(¢_ (3 —ib)) > ¢_ (3) > 0 and (6.10) we see that ¥ € N¢(3).
Finally, the last claim of ¥ € N £(©1) follows readily from (6.4) and (4.11). This ends the
proof. O

The next sequence of results are used in the proof above. Recall that the classes
Bp(co) and Bg () are defined in (4.9) and (4.10) respectively.

The proof of Theorem 2.3 via (6.5) and (6.6) hinges upon the assertions of Proposition
6.2 and Proposition 6.3. Before stating and proving them, we have the following simple
result, for which we need to recall that for any @ > 0 and any function f : Rt — R we
use the notation f,(y) = e~ ¥ f(y), y > 0.

Proposition 6.1. For any function f and n € N, we have that f}"(y) = e~ f*"(y), y €
(0,00). If for € L°(R™) for some o’ > 0 then for any a > o, alln > 1 and y > 0,

n—1 7(a7a')y
)l <l (6.11)

Proof. First fi"(y) = e~ f*"(y), y € (0,00), is a triviality. Then, (6.11) is proved by an
elementary inductive hypothesis based on the immediate observation that, for any y > 0,

|[fa2 ()| = e

/o Py =) f(0)dv| < ||fuwllZoye ") 0
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Let us examine F( () 71

Proposition 6.2. Let ¢ € B¢ then for any u > 0 and a > 0 fixed

(6.12)

If ¢ € Bs then (6.12) holds for any u < % (¢(0) + ji(0)) € (0,00]. In fact, if ji(0) < oo the
limit in (6.12) is infinity for all u > % (¢(0) + M(O)) Finally, regardless of the value of
7i(0), we have, for any a > 0 such thatd~" [ e™*Y[i(y) dy < 1, that as b — oo,

1
““b)’ pott) e~ L (6.13)

Wg(a +ib)| ™~

Proof. Let ¢ € B. Fix a > 0 and without loss of generality assume that b > 0. Applying
(6.10) to T (a +ib)| and (4.11) to |Wy (a + ib)| we get, as b — oo, that

TOED | ot gla T s+ -5, (6.14)
W¢ +Zb)

It therefore remains to estimate A4(a + ¢b) in the different scenarios stated. Let us start
with d = 0 or equivalently ¢ € BS. Let v > 0. From (3.6) we have that |arg ¢(a + iu)| < 7/2
and from (3.7) of Proposition 3.1(11) we conclude that there is u(v) > 0 such that, for

u > u(v),
140

Therefore, from the definition of Ay, see (3.8), we get that for any b > u (v),

b b
Ag(a+ib) < / larg ¢(a + iu)| du < gb - / arctan(wbu(a)) du.
0 u(v)

larg ¢(a + iu)| <

B

However, since arctan x 2 x, we see that there exists u’ big enough such that for any
b > u’ > u(v) we have the inequality

Agla+ib) < Zb—

(a+1ib)| = o(|a + ib]),

when d = 0, see Proposition 3.1(4), we easily get that, as b — oo,

B 'me(a) Inb

¢(a)
b=

['(a + ib) <o
Wy(a+ib)| ™

Since v is arbitrary we conclude (6.12) when ¢ € BS. Assume next that ¢ € B4 and
without loss of generality that b > 0. Then from (5.14) of Proposition 5.2 we get for the
exponent of (6.14) that, as b — oo and any fixed a > 0,

Ag(a+ib) — gb = —barctan(%) - (a + qﬁg”)lnb

( 2)(1( P i) - [T
0

1 — cos(by)
s [T ay),
0
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where we have used implicitly that arctan § + arctang = 2 and A4(a,b) = o(Inb), see

Proposition 5.2. Therefore, as b — oo, (6.14) is simplified to
b) at 20 o n oo 1—cos(by) o
I'(a 4 ib) ‘ ba”me (+ + (1))1 b=Js v g ()

W (a + ib)

We recall that gﬂavd(dy) is the measure associated to the absolutely continuous measure
flaa(y)dy = d~te”"¥i(y)dy as defined via its Fourier transform in (5.11). When ¢ € By
we have that |¢(a + ib)| ~ db, as b — oo and a > 0 fixed, see Proposition 3.1(4), and thus
(6.14) is simplified further to

Tatib) | =(5 o) - fo= 2he, (), (6.15)
Wy (a + ib)

Next, choose a > ag > 0 so as to have

[ee]
Iaalh = a7t [ ey < 1.
0
Then (5.17) of Proposition 5.2 applies and yields

a+ ib)

oy E(E)
W¢ a +ib) '

’<50()

This is precisely (6.13) regardless of the value of i(0). Moreover, (6.13) also settles
(6.12) for those a > ap and any u > 0, whenever fi(0) = oo. However, since

F(1+a+ib) | |a+idl I(a + ib)
Wy(1+a+ib)|  |d(a+ib)| |Wy(a+ ib)
and hm \;Fatfll)l = d~!, see Proposition 3.1(4), we trivially conclude (6.12), when

[L(O) = oo, for any a > 0, u > 0. Next, let i(0) < oo and choose again a > ag so that
[fia,all1 < 1. Then (5.9) holds and thanks to Proposition 6.1 we have that ji;"y(y) =

e‘“y”din(y). Therefore, on (0, 00),

£, (dy) = (i (—1)" NZTi(?J)) dy

n=1

e ( (-1 My)) dy = Ze~Vly)dy + h(y)dy

We will use this decomposition to simplify the last term in (6.15). Now since fi(0) < oo
and therefore i € L>°(R") we have from (6.11) in Proposition 6.1 applied with o’ = 0

that -
B ﬂ*n(y B ,LL n 2
ay ay
y)| <e Z arn Z d”n'
n=2
Thus
> 1 — cos(by) (0
/ COb(y y)dy <22:—1<oo<:>a>M
0 Y n(n — 1)dna® d

Therefore, if we choose a > ag V @ we see that the term above does not contribute to
the asymptotic in (6.15). We are then left with the relation

Tlatib) |~ (5 o) mo-j = =550 e ay)ay (6.16)
Wy(a + ib)
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To investigate the integral term in the exponent of (6.16) we split up the range of
integration in three regions: (0, 3], (3,1),(1,00). First, since y e‘“y# is integrable
on (1,00), the Riemann-Lebesgue lemma yields that

i 1 — cos(by) —
b— o0 1 Yy

dy
-

Next, recall that i(0) < co. Henceforth, from the dominated convergence theorem

)y = [ e nt) 6.17)
1

51— cos(b 11— y
fm [0V sy = i [ 2O ﬁ(y) dy
b—oo 0 Yy b—oo 0 Yy b (6 18)
X .
B 1—-cosy
= 1(0) / —=dy.
0 Y

Recall that y +— i, (y) = e"*¥[i(y) is decreasing on RT, thus defining a measure i, (dy)
on (0,00). Therefore, the remaining portion of the integral in the exponent of relation
(6.16) can be written as

/; 1_Cyos(by)e‘“yu(y)dy = /: Hy)s(by) (ua(y) — fla (2) + fia (i)) dy

)5
-/ (#a(3) ) L [0 [y

b b (6.19)

-

-

Clearly, then

1

lim

b—oo

< lim
b—oo J1

:D‘(l (d’l}) = 07

1 b
cos(b v cos
/M/ fa(dv)dy / Yy
1 Y 1 b Y

b 1
/ cosydy — / cos bydy‘ 0
b Y v Yy

and the validity of the dominated convergence theorem which is due to

> cos
/ ydy‘ < 00
x Yy

since, for all v € (0,1),

sup
r>1

and X
/0 |fia(dv)| = (0) — e ?fi(1) < oo.

Henceforth, from (6.17), (6.18) and (6.19), we obtain, as b — oo, that
1 —cos(by) _,. - _ _ (1
/ Je Yi(y)dy — p(0) Inb| < (,u(O) — [l (b)) Inb
0

Yy
1 - ~ dy
T / (1(0) = fula)) <L+ O(1).

However, since lin(l) i(y) = [(0), it can be seen easily that the first and the second term
Yy—

on the right-hand side are of order o(lnb) and therefore, as b — oo,

/ 1_C;ﬁ(by)e_“y,u(y)dy =7(0)Inb + o(lnb).
0
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This fed in (6.16) yields that

I'(a + ib) ’ - e—@mb—@mzﬂro(lnb), (6.20)

W¢ a+zb) -

which proves (6.12) for u < 1 (¢(0) + /i(0)) and shows that the limit in (6.12) is infinity
for u > 1 (¢(0) + 72(0)). This concludes the proof of Proposition 6.2. O

Proposition 6.2 essentially deals exhaustively with the proof of Theorem 2.3 via the
I'(z)
W¢+(Z)

¢+ € By and [i4(0) < oo, it remains to discuss this scenario. Before stating and proving
Proposition 6.3 we introduce some more notation needed throughout below. We recall
that with any ¢ € B we have an associated non-decreasing (possibly killed at independent
exponential rate of parameter ¢(0) > 0) Lévy process £. Then the potential measure of £
and therefore of ¢ is defined as

term ‘ in (6.6). Since WI;(Z()Z) ‘ decays faster than any polynomial except when
+

Ul(dy) = / e ?OP(¢, € dy)dt, y > 0. (6.21)
0

The latter combined with Fubini’s theorem gives, for z € C(g,«),

j— _ b
/0 e U (dy) o) (6.22)
which is the expression in Proposition 3.1(6). The renewal or potential function U(y) =
J; U(dz), y > 0, is subadditive on (0, c0). Recall that if ¥ € N then ¥(z) = —¢,(—2)¢_(z)
and we have two potential measures U related to ¢ respectively. If in addition ¢ € By
then it is well known from [9, Chapter III] or from Proposition 3.1(6) that the potential
density u(y) = U( u) exists. Moreover, it is continuous, strictly positive and bounded on
[0,00), that is \|u||OO < oo. Furthermore, [26, Proposition 1] establishes that in this case

- i
1
R o (1 (000 + 1)) (y) = S +a(y), y > 0, (6.23)
7=0
where 1(y) = I;,~0} stands for the Heavyside function and recall that f  g(x fo

v)g(v)dv represents the convolution of two functions supported on R*. We keep the last
notation for convolutions of measures too. Then we have the result.

Proposition 6.3. Let ¢ € B, and [i1(0) < co. Then, we have the following scenarios.
1. If _ € By then ¢_ € Be(%).
2. If¢_ € BS then ¢_ € Bp(co) <= M _(0) = oo.

3. If _ € BS and T1_(0) < oo then for any u < S W= (dy) g any a > 0 we have

¢—(0)+n—(0)
that
‘blllm b]" [Wy_(a + ib)| = 0.
Ifu > Lo~ ur UL (dy) then for any a > 0 the following limit is valid
¢ (0)+7—(0) y g

lim [b]*|Wy_(a+ib)| =

|b] =00

Remark 6.4. For general ¢ € B the relation ¢ € Bp(co) can be established as long as
the following three conditions are satisfied. First, the Lévy measure of ¢ is absolutely
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continuous with right-continuous density, that is u(dy) = v(y)dy, y > 0, and v(0T) = cc.
Secondly, v(y) = v1(y) + va(y) such that v1,v € L}(R") and v; > 0 is non-increasing
on RT. Finally, [;°vs(y)dy > 0 and |va(z)| < (J° vi(y)dy) v C for some C > 0 on
R*. Imposing ¢y € By and i, (0) < oo ensures precisely those conditions for ¢_. In
fact Lemma 6.5, Lemma 6.5(4) and Lemma 6.6 modulo to (6.39), (6.40) serve only the
purpose to check the validity of those conditions. For item (3) for general ¢ € B it
suffices to assume that u(dy) = v(y)dy, y > 0, v(0") = ;1_% v(y) < oo and v € L (R ™).

We split the proof into several steps and start with a sequence of lemmas. The first
auxiliary result uses the expansion (6.23) of the potential density v, and an extension to
killed Lévy processes of Vigon's équation amicale inversée that is stated in Proposition
B.1, to decompose and relate the Lévy measure of ¢_ to the Lévy measure associated to
the Lévy process underlying ¥ € A. The essential aim of this decomposition is to obtain
a Bernstein function whose Lévy measure possesses a non-increasing density. This will
lead us into a setting with well-understood results.

Lemma 6.5. Let ¥ € N such that ¢, € By and Ji,(0) < oo and recall, from (6.23), the

decomposition of the potential density u, (y) = i +44(y), y > 0. Then, there exists

co = ¢o(¥) > 0 such that for any c € (0, ¢y) the following holds.

(1) We have the identity of measures on (0, c)

T y) + T () =TT (y + )

p—(dy) = a4 dy (6.24)
+ / (i1 ()L ey + 4 () e )T (y + dv)dy
) © (c)
= — Ay + 7" (y)dy + " (y)dy, (6.25)
+
where ﬁ(_c)(y) = (ﬁ— (y) — ﬁ_(c)) Liy<cy
S /O i ()1 (y + do) (6.26)

and

TZ(C)(y) - (/0 Uy (v)II_(y + dv)ﬂ{ye(g,c)} +/C

(&

iy (o) (y + dv)ﬂ{y«})

- _ 2 (6.27)
H_(c) -H_(y+¢) >
+ ( dy )]I{y<c} + / U+(U)H, (y + d’U) ]I{y<c}-
(2) sup Téc)(y)‘ < 0, and, for some Cy > 0,
y€(0,c)
¢ 5 (o) —(e) (¢
H )(y)‘ <O </0 T +y) —T° (5 —|—y) dp) Tiy<s)- (6.28)

(3) Tl(c) and TQ(C) are absolutely integrable on (0, c).

(4) Finally, for any d € [0, i—(0)) there exists ¢; = ¢1(d, ¥) € (0,¢o) (with ¢y as above)
such that [;° 7(Ny)dy € (d, i—(0)) for all ¢ € (0, ¢1), where

TOy) == 7N y) + 15Ay) + - (1) Lysey (6.29)

and v_(y) is the density of u_(dy).
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Proof. Since ¢, € B4 and the underlying Lévy process is not a compound Poisson process,
from (B.2) of Proposition B.2 we that

u_(dy) = v_(y) dy = ( / T u )y + dv>) dy. (6.30)

Note from (B.1) that

[eS) 1
0= [Cemdy =00 = [Ty = x

17
<:>/H_
0

because u; > 0 on [0,1]. Next, for any ¢ > 0, we decompose (6.30) when y € (0,¢) as
follows

p—(dy) = v_(y) dy = (/OOO ug () (y + dv)) dy

(6.31)

c o (6.32)
. ( / u+(v)H_(y+dv)> dy + ( / u+(v)H_(y+dv)> dy.
0 c
Next recalling from (6.23) that
=S Y (1 6,0 7)) = 2+ ), (6.33)
dj“ + M ) d; +\Y :

7=0

one gets, by plugging the right-hand side of (6.33) in the first term of the last identity
of (6.32), the first identity in (6.24). The expressions for Tl(c), 7-2(6), see (6.26) and (6.27),
are up to a mere choice. Trivially, for the second term to the right-hand side of (6.27),

we get that
1 = — 1 —
R (H, (¢) —H_(y+ C)) H{y<c} < ?H* (C)]I{yﬁc}
+ +
and it is finite and integrable on (0,c¢). Also since [|u4|/oc < oo, which is thanks to
¢+ € By, we deduce that

( [ uom dv>) Tyeey < sl locTT (9 + ey < lluslocTT (OTgy<ep-

Clearly, the upper bound is finite and integrable on (0,c¢). Thus, the last term to the
right-hand side of (6.27) has been dealt with as well. Finally, using in an evident
manner (6.33), we study the first term to the right-hand side of (6.27), to get, writing
Cap 00 = i + [|u4||oo With [|ii4||oe < Cq, o0, that

A Uy (v) (H{v<g}ﬂ{g<y<c} + H{g<v<c}ﬂ{y<c}) I_(y + dv)

< Cavoo (- () Wz cyeey + T (5) Tye ) (6.34)
< 2Cq, o0 IT- (%) Ly<e}-

However, the upper bound in (6.34) is clearly both bounded and integrable on (0, ¢).
( ) s

Thus, we have proved that sup,¢ g 72(6) (y)‘ < oo and T

is absolutely integrable on

0, c). It remains to investigate 79 Note that the term defining (6.33) has, for any x > 0,
1
the form

x

*(¢+(0) + iy ) (w) = /Of” (¢+(0) + i1+ (y)) dy = ¢+ (0)z +/ A+ (y) dy.

0
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Since fi4(0) < co we conclude that

5 (64(0) + fig) () ~ (64.(0) + fiy (0))a

Then, since 1 * (¢, (0) + i1 ) is non-decreasing on R™, [26, (4.2)] gives, for any j € N,
that

(14040 + )7 ) (@) < (1% (94:(0) + i ()’
and we conclude that for some h > 0 and all = € (0, h),
(1% (64(0) + 1)) () <27 (64(0) + fi (0)) .

Therefore from (6.33), for x < Ah,

1
4(¢+(0)+2+(0))

|ty ()] < Chx, (6.35)

where C > 0 is some positive constant. Hence, from now on, we choose an arbitrary
c<cy= A h. Using (6.35) in (6.26) we get that

‘7’1(0)@)‘ < (/O oIl (y + dv)) H{ygg}

and (6.28) follows by integration by parts. However, from (6.28) we get for y € (0, §)
that

1
4(6+(0)+1(0))

(C)(

W < [ (M0 -T (5 +0)) o

e (6.36)
<My = [ 1%
Yy

and since

/ //H(") dvdy<// dvdy—/ocvl'[(u)dv<oo7

we conclude that ’Tl(c)‘ is integrable on (0, §). This completes item 3. To show item (4),

we note, from (6.29) and Lemma 6.5, since T( °) 2(6)

c€(0,c0),

are supported on (0, ¢), that for all

/COO TN y)dy = /:o v_(y)dy = fi—(c).

By a simple inspection of (6.26) and (6.27) we note that the only potential negative
contribution to 7(°) comes from the terms whose integrands are ... Since (6.35), that is
|ty (x)] < Ciz, holds for all z € (0,¢p) clearly an upper bound of the absolute value of
any of those terms is the following expression

T(y) = C4 /OC —(y+dv)lyy <o

Therefore, integrating by parts, we get that

/ dy—Cl/ / (y+w) —II_(y + ¢)) dwdy

<C / / _(y +w)dwdy < Cy / _(y)dy + CycIl_(c).

EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
Page 46/101


http://dx.doi.org/10.1214/18-EJP202
http://www.imstat.org/ejp/

Bernstein-gamma functions and exponential functionals

As the upper bound tends to 0, as ¢ — 0, we conclude the claim as the negative

contribution of Tl(c), 7-2(6) cannot exceed in absolute value this quantity. Indeed, since

c —=(c)
v- (y) = 79 (y) + £ (y)L <.y and

iy [ )y =0 = [ o)y

c—0 c
the claim follows. O

Lemma 6.5 allows us to prove the following result which transforms the decomposition
of u_ on (0,¢) to a decomposition of ¢_. We stress that although one of the terms in the
aforementioned decomposition is a Bernstein function, the second term need not belong
to B.

Lemma 6.6. Let ¥ € N such that ¢, € By and i, (0) < oo. Let ¢ € (0,cp) so that Lemma
6.5 is valid. Then with p = min {1, 2(0) /4} I{4_(0)=0}. the function

c =(c)
N z)=¢_(0) +p+d_z+ / (1— =) H;li(wdy €B (6.37)
0 +

and with the definition of 7(9), see (6.29),
6-2) =06+ [ (1= ) 1Oy —p =) + 5. 638)
0

For any such choice and a > 0 fixed

lim Im(aS(f)(a + ib)) =0 and lim Re (qB(f)(a + ib)) = ¢! (c0) = / " O (y)dy — p,

|b] =00 |b]— 00 0
(6.39)
whereas
lim Re (qs(f)(a + ib)) = ¢'%(00) and ifb > 0 then Im(qb(f)(a + ib)) > 0. (6.40)
|b]— o0

Finally, there exists ca = co (d, ¥) € (0, c1) such that for any ¢ € (0, cz) we have that

3 o0) = /0 7 (y)dy —p > 0. (6.41)

Proof. Note that (6.37) can be defined for any ¢ > 0 but we fix ¢ € (0,¢p) ensuring the
validity of Lemma 6.5. The validity of (6.38) is a simple rearrangement. Next, (6.39)
follows from the application of the Riemann-Lebesgue lemma to the function 7(¢) €
LY(R*). The latter is a consequence from the absolute integrability of its constituting

components Tl(c), TQ(C), see Lemma 6.5 and (6.29), and the fact that

fi-(c) = /oo v-(y) dy < oo,

see (3.1). Next, recall that (6.31) states that
e’} 1 o
g-(0) = / v_(y)dy = 0 = / II_(y)dy = oc. (6.42)
0 0

Thus, if i—(0) = oo, (6.42) shows that the Lévy measure of qﬁ(_c), that is the quantity

1

I (y)dy = — (T (y) ~ TL-(9)) Ly<eydy,
+
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assigns infinite mass on (0, ¢) and is absolutely continuous therein. However, the latter
facts trigger the validity of [68, Theorem 27.7] and thus the distribution of the non-
decreasing Lévy process underlying qb(f) is absolutely continuous. This, in turn, thanks
to the Riemann-Lebesgue lemma yields to

lim e 9@+ — iy E [e—@“b) 5"’} = lim e =R (2)dy = 0, (6.43)
|b]— 00 |b] =00 |b] =00 0

where 5@ is the non-decreasing Lévy process associated to ¢>(f) taken at time 1 with

probability density on (0, c0)

R (z)dz = P ({10) € dx) .
Thus, from (6.43) we have that

lim Re (gi)(_c)(a + zb)) =00

[b|] =00
and the first assertion of (6.40) is valid with qb(f)(oo) = oco. Relation (6.43) is clearly
valid with qb(f)(oo) = oo if d_ > 0 as well. It remains to settle the first statement of
(6.40) when fi_(0) < oo and d_ = 0. It follows from consideration of (6.37), wherein by
assumption d_ = 0 and the Riemann-Lebesgue lemma, which since (6.42) implies that
Iy o (y)dy < oo, gives that

c 7(6)
lim e—ay—i\blyudy —0.

Regardless of fi_(0) being finite or not the second claim of (6.40) follows by integration

by parts ofﬁ(_c)(y) = f; II_(dr), y € (0,c),in (6.37) or the proof of [61, Lemma 4.6] since

ﬁ(_c) is non-increasing on R™. The final claim of the lemma, that is (6.41), follows easily

from the assertion of Lemma 6.5(4) and the definition of p. O

The next result is the first step to the understanding of the quantity A4 via studying
its integrand arg ¢_, see (3.8). We always fix ¢ such that qNS(f) (c0) > 0in Lemma 6.6 and all
claims of Lemma 6.5 hold, which from the final assertion of Lemma 6.6 is always possible
as long as i (0) > 0. We then decompose arg ¢_ as a sum of arg qﬁ(_c) and an error term
and we simplify the latter. For this purpose we introduce some further notation. Let
assume in the sequel that (6.38) holds. Then we denote by U(C)(dy), y > 0, the potential
measure of the Lévy process associated to gb(_c) € B and by uld (dy) = e~ U (dy). Recall
that Téc)(y) = e~ 7 (y), y > 0, where 7(°) is defined in (6.29). Then, the following claim
holds.

Lemma 6.7. Let ¥ € N such that ¢, € By and ji, (0) < co. Assume furthermore that
fi—(0) = oo or equivalently fol TI_(y)dy = oo, see (6.42). Fixa > 0 and ¢ € (0, cq) so that
both Lemma 6.5 and Lemma 6.6 are valid. Then, modulo to (—n, ] for all b > 0 and
directly for all b large enough

7(c) .
o - . 1. 500

a + ib)
= arg ¢'Va + ib) + arg (1 + 6'(00) Fy oo —ib) - ny)*Téc)(fib)) ,

(6.44)

where (b(_c), (ZS(_C) are as in the decomposition (6.38). For any ¢ € (0, ¢2) there exists a. > 0
such that for any a > a. and as b —
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arg ¢_(a + ib) = (arg ¢'“(a + ib)) (1 + o(1)) + arg (1 - ng@(—ib)) : (6.45)

where El(f) is an absolutely continuous finite measure on R™. Moreover, its density ch)

is such that x\” € LY(R*) N L®(R*) and lim I1E |7y = 0.

Proof. Since the assumptions of Lemma 6.5 and Lemma 6.6 are satisfied we conclude
that ¢_(z2) = (b(f)(z) + ¢(f)(z), see (6.38). Then, modulo to (—m, 7], the first identity of
(6.44) is immediate whereas the second one follows from the fact that
qg(f) a+ib 1 ® e , (;NS(,C) 00 F_(e(—1b)
(c)( . ) ) : / 7l )(y)dy —p—F (=) | = © ( ) - (c)a .
o a+1ib) ¢ (a+1ib) \Jo ¢ ¢ (a+ib) ¢ (a+1ib)

see (6.38), and (6.22), which we have restated as

1

_ OO —iby ,—ayrr(c) _
—_ = e "em WU \Ndy) = F
¢Ya + ib) /0

U((f)(_ib)' (6.46)

Note that (6.40) implies that arg gf)(_c) (a+1b) € [O, g] at least for b large enough. Moreover,
since fi—(0) = co we note that

lim Re (qs(f)(a + z’b)) = 6!9(00) = o0, (6.47)

|b] =00

see (6.40). Also, (6.47) together with (6.39) yields that
Z(c) b
arg [ 1+ w e (-2.0)
¢-“(a + ib) 2°2
at least for b large enough. Henceforth, (6.44) holds directly for such b. From (6.46),

(6.47), qg(f)(oo) > 0 and Re <¢(f)(a - zb)) > 0, see (3.5) of Proposition 3.1, we get that, for
allb € R,

~(c N a(c 1
G S o)

o me(6%a— ) (649
= fb(_c)(oo) —= >0
6 Na+ib)|
Therefore, we conclude that, for all b large enough,
1+ ¢V 00) Fyo(—ib) — F, —ib
arg ( 1+ ¢(00)F o —ib) — Fiyo, o —ib)
]:Uz(f)*n(f> (—ib) (6-49)

7 Z(c) -
= arg (1 - (OO)]:UC(LC>(—Zb)> I 1+ qg(_c)(oo)}_wc)(*ib)

because from (6.47) and (6.48)
]1 + 01 (00) Fyyio (<) 2 1+ Re(600) Fyo(—ib) ) > 1

and
bli}lilo ]:U((f)*v-éc)(_ib) = bliglo fUéc)(—ib)fTéc)(—ib) =0.

From (6.46), as b — oo, we get with the help of the second fact in (6.40), that is
Im(qs(f)(a n ib)) > 0, and (6.47) that
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- ’Im((b(f)(a —H’b))‘

 [¢harin)|

) Im(dD(_c)(a + z‘b)) o,
(Re(#“la+ ib)))2 + (10 (6 a+ z’b)))2

From (6.40) and (6.47) we have again that

H(b) = ‘Im(fUé(:)(—z‘b))‘

(6.50)

In (qs@ (a+ ib))

arg ¢ (a + ib) = arctan
Re (6\(a + b))

and we aim to show, as b — oo, that
H(b) = ‘Im(]-"Uéc)(—ib)) ’ - o<arg (¢(f>(a n ib))) . (6.51)

To this end, fix n € IN and note from (6.50) that blim nH(b) = 0. Therefore, from the
— 00
second fact in (6.40), (6.47) and (6.50), for all b large enough,

tan(nH (b)) < 2nH(b) < 2n Im(¢(_c)(a—|—ib)> B M
B G [ G R G|

Therefore, since from (6.40), Im(qb(_c)(a + zb)) >0, as b — oo, taking arctan in the last
inequality we deduct that
arctan o(1) (@)
= Re (¢(_C)(a+ib))
" bggo arg (gb(_c)(a + zb)) b—roo arg (qﬁ(_c)(a + zb))

arctan <Im (¢(*C)(a+ib)) )

o Re( ¢\ a+ib)
< lim ( ) =1
b= arg (¢(f)(a + Zb))
Hence, since n € N is arbitrary we conclude (6.51). However, from (6.48), that is the
: : 7(c)
inequality Re( ¢-"/(c0) F

U,
(6.50), as b — oo, we arrive at

arg 1+ 61(00) Fyo(~ib) )| =

<

<c)(—ib)> > 0, elementary geometry in the complex plane and

arg(1 + ¢ (c0)Re (]—"Uéc>(—ib)> +i6'9(00)In (]—"Up(—ib)))‘
arg (1 +i6(o0) In (7, (i) ) \

- ’arctan(&Y)(w)lm(fw)(—ib))) ’

< 4Y(0) ‘Im<fU§c>(—ib)) ’

— o(arg (<z>(f>(a + ib))) ,

where we used (6.50) for the last inequality and (6.51) for the last equality. Therefore
we deduce easily for the right-hand side of (6.49) that, as b — oo,

arg (1 + dN)(_C)(OO)}_ULgc)(—ib) — .FU((IC)*T{SC)(—Z'I)))

F o) ) (—1ib (6.52)
_ f(fg() ! (=) . + o(arg (ri)(_c)(a + zb))) )
1+ 6(00) Fiy (i)

=arg |1
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To confirm (6.45) we need to study the first term in the second line of (6.52). From
Lemma 6.8 below we know that for any a > 0,

G (dy) = UL « 749 (dy) = 9 (y)dy

with ¢{” € LY(R+) N L®(R™). Also, for fixed ¢ € (0, c) from (6.46) we get that

e 1
Ul (RT) = / e~ WU N dy) = :
0 ¢'a)
However, since foli (y)dy = oo then we obtain from ﬁ(c)( ) = (II_(y) —I_(¢)) Ljy<c}
that ;- fo y)dy = oo and thus from (6.37) we conclude that hm ) C)(a = o0 and

hence lim Uac)(]RJF) = 0. Thus, we choose a, > 0 such that
a—r 00

o
46 (o0)

for all a > a. and work with arbitrary such a. This leads to

URY) <

. ‘ 1
sup (b&c)(oo)fU(c)(fzb)’ <1
beR “

and then we can deduct that

fG(c)(_ib) B y o0 o N(C)OO n _; n
1+ 6900) Fyeo(—ib) ate b);( D" (69%00)) " (Fygol-in))

Since G (dy) = ga ( )dy, formally, the right-hand side is the Fourier transform of a
measure H,(l ) supported on Rt with density

oo

X () = g8 Z (aﬁ(”) )) /O ’ 9y —v) (ULSC))*" (dv). (6.53)

However, it is immediate with the assumptions and observations above that

I8l < 1587+ 10 e 3= (3 01)) " < 67 3 5 <
n=1
and,
=9 = Il = [ ewldrs [ 6wl (HZ(«%C’ UORT)) )
< 2lgiN = 201G |7y < oo (6.54)

Therefore, = is a well-defined finite measure with density x) € L1(R*) N L®°(R*) and
from (6.52) we get for all a > a. and any b € R that
FU(SC>*T(§,C)(_ib)

arg [ 1 — 0 .
1+ ¢- (OO).T"U((LC) (—1b)

= arg (1 - .FEEL@(fib)) .

Combining this, (6.52) and (6.44) we conclude (6.45) for any a > a. and as b — co. The
final claims are also immediate from the discussion above. We just note from (6.54) that
||”(c)||TV < 2||G(C)||TV and Lemma 6.8 shows that hm ||”(c)||TV =0. O
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In the next result we discuss the properties of the measure UL(LC) * TCEC) used in the

proof above.

Lemma 6.8. Fixa > 0. The measure G\ (dy) = US® 7\ (dy) has the following bounded

density on (0, 00)

Y
gykw::eﬂéé Oy — U dv) = e g y)

and g € L (R*) with lim ||G¢”|lzv = lim [lg6” |1 = 0.

Proof. The existence and the form of gc(f) is immediate from the definition of convolution
and the fact that Téc)(y)dy = e~ 7 (y)dy, y > 0. Recall from (6.29) that

7 (y)dy = (117() + 757 4) + Tgysyv-(v) ) dy.

Then, A; = HTQC)HOO + [[v_I{ysc}lloe < oo follows from Lemma 6.5 and (6.30) since then

supu () =sup ([~ s I+ ) = s L (0) < o

y>c y>c

Therefore, we have with some constant A3 > 0

xr
sup e_‘””/
x>0 0

where we have used the fact that U(®) : Rt — Rt is subadditive, see [9, p.74]. Also note
that since ¢(f)(0) =¢_(0) +p >0, see (6.37), then

UNdy) < sup Are " U'“)(z)
>0 (6.55)

< Agsupxe”** < Ag,
x>0

7—2(0)($ - y) +v- (l‘ - y) ]I{xfy>c}

U@ (RT) = 1 < .
(77) (0)

It remains to study the portion coming from Tl(c), which according to (6.26) in Lemma

6.5 is supported on ((), g) and is bounded by the expression in (6.28). Thus, recalling

that TT'” (y) = (I-(y) — II_(c)) I{y<.}, we get that

sup efam/ ‘Tl(c)(x - y)‘ Udy) = supe™** / ‘Tl(C)(x ; y)‘ UNdy)
>0 0 x>0 max{U,zfg}
T 5 R — (¢
§Clsupe_‘”/ / H(_)(p—&-x—y)—ﬂ(_)(E—Fx—y) dp U(C)(dy)
z>0 max{O,zfg} 0 2
x 5 . 6.56
< Cisupe " / /2 H(,)(p +a—y)dp U(C)(dy) ( :
x>0 max{0,z— %} 0

*=(c)
< Oy sup e‘“m/ I (z —y) U'Ydy)
0

x>0
< (Cidysupe ** = (Chdy,
x>0
where for the first inequality we have used the bound (6.28) and for the very last one we
have employed that from [9, Chapter III, Proposition 2]

LY (= y) UNdy) = P (e¢<c>(0) > T, m)> <1,
dJr O — b
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where e is an exponential random variable with parameter ¢(_C)(O) =¢_(0)+p>0,

'(0)
see (6.37), T(ﬁI 50) is the first passage time above =z > 0 of the unkilled subordinator
related to

(¢(_C)>ﬁ(z) — 69%) - ¢90) € B
and, from (6.37),

1 = 1 [
T (y):—/ ' (v)dv
d. .

i
is the tail of the Lévy measure associated to ((;5(_6)) . Summing (6.55) and (6.56) yields

that ||g{”||oc < A3 + C1d; < oco. Finally, ¢{” € L(R*) follows immediately from the
estimates before the last estimates in (6.55) and (6.56). Clearly, from them we also get
lim ||GS?||ry = 0 which ends the proof. O
a—r 00

Proof of Proposition 6.3. When ¢_ € B, it follows immediately from (5.14) of Proposition
5.2 that ¢_ € Bg(g) and item (1) is proved. Let us proceed with item (2). First, from
(6.30), note that, forany y < 1,

(dnt, s 0)) () = TL-(1) < 0-0) < s TE- 1)

0<v<1

Then info<y,<; uy(v) > 0 since u4(0) = i > 0, ur € C([0,00)) and u4 never touches 0

whenever d; > 0, see Proposition 3.1 (6), and (6.31) is established. Next ¢, € By and
f+(0) < oo trigger the simultaneous validity of Lemma 6.5, Lemma 6.6 and Lemma 6.7
provided fi—(0) = oo or equivalently fol II_(y)dy = oo, see (6.31) above. Assume the

latter and note that fi_(0) = oo is only needed for Lemma 6.7 so that gb(_c)(oo) = oo is
valid when d_ = 0, as it is the case in item (2) here. Then, we can always choose c € R+
such that (6.45) holds for any a > a. > 0, namely, for all b large enough

arg ¢_(a + ib) = arg (gb(_c)(a + ib)) (1+0(1)) + arg (1 ~ Foo (—ib))

with E((f) as in Lemma 6.7. Thus, from the definition of A,, see (3.8), we get that, as
b — oo,

b
Ay (a+ib) = A ofa+ib) (1+o(1)) + / arg (1 — Fo (—iu)) du.
— O a
However, since in (4.11) of Theorem 4.2,

* G4 does not depend on b,

* the term containing £ and R4 is uniformly bounded for the whole class B on C,,
see (4.12),

. qb(_c) € Band A, > 0 for any ¢ € B, see (3.13),

we conclude that, for every a > a. fixed, as b — oo,

, 1 —A ib)
|W¢7(a + Zb)| X —————=e¢ o(ati
[¢—(a + ib)]
1 7A¢(C)(a+ib)(1+o(1))7.f0b arg(lf}_g(n) (7iu)>du
= —c¢ - a .
¢ (a +ib)|
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Therefore, using (4.11) for W 50 with the same remarks as above, we get that for every

a > a, fixed and any € (0,1), as b — oo,

-1
’QS(—(‘)(G’ + Zb) ’ — [Parg(1-F o(—iu) ) du 1-2n
(Wy_(a+ib)| S ——e—xr—¢ Jo g( = ) Wo(a + ib)’
[¢_(a + ib)] -
" Lin (6.57)
’¢f (a’ + Zb) — [Parg(1-F_(o) (—iu) ) du 1429
’W¢7(a + Zb)! Z e Jo g( sl ) W¢(C) (a + ’Lb)‘
|¢0—(a + ib)] -

However, the Lévy measure of ¢(_c) is u(_c) (dy) = ]I{y<c}d;1ﬁ(_c)(y)dy, see (6.37), and then
since ﬁ(f) (y) is non-increasing on (0, co) we deduce via integration by parts of (6.37) that
1 /0 .
T (z) = qu(f)(z) =(¢_(0)+p)z+ n (" =1 —zr) I —dr) e N.
+ J—c
Since from Lemma 6.6 we have that ¢_(0) + p > 0 we conclude that ¥(®) ¢ N/. Then,
however, [61, Theorem 5.1(5.3)] shows that
69 € Bp(co) «= I(0) = 0o
(the latter being equivalent to N, = oo in the notation of [61] and W s = Mw therein).

Moreover, since ﬁ(f)(y) = (II_(y) — II_(c)) I{y<c}, see Lemma 6.5, we obtain that

¢ € Bp(co) = TI_(0) = cc.
It remains henceforth to understand the terms to the right-hand side of (6.57) and
show that they cannot disrupt the faster than any polynomial decay brought in by

1+2

n
w 5(© (a + ib) . With the notation and the claim of Lemma 6.7 we have that

lim [|29]|py =0
a—r 00

and thus there exists ag > a. such that for all a > ay, ||E,(1C)\|TV < 1. Therefore, from
(5.12) of Proposition 5.1 we get that for all u € R,

log, (1 - .7:5‘(1@ (—zu)) = —}'SE(C) (—iu).

=(c)
a

—

Moreover, ll7v < 1 implies that the first expression in (5.9) holds. Henceforth,

arg (1 - ]:E{(lc)(—iu)> = Im(log0 (1 - ]:Eff’(_iu)»
= Tn(Fep(-i) - > M (6.58)

n=2

B _Im<}_Egc)(_iu)) ) f: Im <f(5gc))*n(—iu)) |

We work with the term in the exponent of (6.57), that is f(f arg (1 — }'E@) (—iu)) du and
b > 0. We start with the infinite sum in (6.58) clarifying that, for each n > 1,

Im<f (asp)*"(—iu)) ks /0 " sin (uy) (xff))m(y)dy, (6.59)
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where from Lemma 6.7 X( )( Ydy = e~ %x ) (y)dy is the density of ”(0)(dy) and for any
a > ae, Hxa )Hoo < 00. By definition a¢ > ag > a.. Next, note that, for each b > 0, from

(6.11) in Proposition 6.1, we have that

167(a7a0)y

(c)
Xa (y) y"
/ / sin uy ( ) dydu<b/ ZHX [ Tdy
o Jo '

©)n
||X |5 (c)
7bE (@ —ao)” 7 <00 <= a—ao > ||xg7|oo-

n=2
(6.60)

So since (6.57) is valid for any a > ag > a. we, from now on, fix a > 2\|X,(lf, oo + ao. Then
(6.60) allows via Fubini’s theorem and integration by parts in (6.61) below to conclude,

using (6.58), (6.59) and again (6.11) that, for any b > 0,

/b o Im( <c>)*"(iu)) .

b oo [o” sin (uy) (xff))*?y)dy 1 (by) & ( )L(y)
_ / Z 0 dul = / — cos(by) Z
0 n=2 n 0 n=2
-2 ,—(a—ag)y 0 n
y"%e HXao H
§2/ Xeg n —dy =2 — < 0. (6.61)
0 ZH | ;_:Qn(n—l)(a—ao) !

Slnce the right-hand side of (6.61) is independent of b > 0 we deduct that for a >
||Oo + ag, (6.57) is simplified to

2|Ix5
37
('ZS(—C) a-+ ib ’ b Im —iu u -
|W¢7(a 4 ib)] < ’|i§(+)~b)|ef0 I (Fgfp( ))d olat ib)‘l 21
(a+1 -
(6.62)
l_;’_n
‘(b(_(‘)(aﬂ-%b) ’ bm( F —iu) | du 142
|W¢_(CL + Zb)| Z |¢(+_b)€f0 ! ( 5516)( )) W¢<c)(a + Zb)’ !
(a+1 -
Next, from (6.59)
b [
. 1 — cos(b
/ Im(f5<c>(—zu)) du| = / (y)x((f)(y)dy’ (6.63)
0 ¢ 0 Yy
1 e’}
1 — cos(b 1 —cos(b
< / y(y)xif) (y)dy‘ + / y(y)xﬁﬁ (y)dy‘ .
0 1

From the Riemann-Lebesgue lemma applied to the absolutely integrable function
Xff‘)(y)yflll{yx} we get that
(c)

o 1 _ {
lim / Cos(by)x{(f)(y)dy‘ _ / X (y)dy _. D,.
b—oo [ /g Y 1 Y

Therefore, using the fact that ||Xa )Hoo < 00, see Lemma 6.7, we conclude, for all b > 1
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big enough, that

/Ob Im(]—'Eé@(—iu)) du

b
<[ =
0 Y
() 1l—cosy bl—cosy
e ([ [1Z) o,
0 Y 1 Y

1
¢ 1 —cosy
S\Ixfﬂlloo/o Tdy+\|x Moo Inb + D,

b
/ Cosydy <o
1Y

( ) ( dy + 2D, (6.64)

where

Da = 2D, + |Ix{]ls Sup

This allows us to conclude in (6.62), as b — oo,

¢ 1 1-2n
Wy (a+ib)| S bl llet3-n ‘W¢<c>(a + ib)(
- . (6.65)
(e) 1 +2n
Wy (a+ib)| = b~ IXE = Wd)(c)(aJrz‘b)’ :

where we have also used the standard relation |¢(a + ib)| ~ db + o(b), see Proposition
(a +1b)| > Re(d(a + b)) > ¢(a) > 0, see (3.5),

to estimate

37

[6a + ib) 1
e 5 b2~" and —
|9—(a +1ib)] |p—(a +1ib)]
Hence, as mentioned below (6.57) from [61, Theorem 5.1 (5.3)] we have that

¢\ € Bp(oo) ﬁ(_c)(

3+n
‘qb(f)(a v ib)’ 1
>p3,

0) = o

and since ﬁ(_c)(y) = (TI_(y) — I_(c)) I{y<c}, see Lemma 6.5, we conclude that
¢ € Bp(co) <= TI_(0) = co.

This together with (6.65) and Lemma 4.6 shows that

/0 II_(y)dy =00 = TI_(0) =00 = ¢_ € Bp(c0).

Let next fol IT_(y)dy < oo, but II_(0) = co. Unfortunately, we cannot easily use similar

comparison as above despite that QS(_C) € Bp(0) < ﬁ(f)(()) = o0o. In fact Lemma 6.7

fails to give a good and quick approximation of arg ¢_ with arg qﬁ(_c). We choose a different
route. From the last claim of Proposition B.2 since II_(0) = oo we get that

v_ (0+) = ;gno v_(y) = 0. (6.66)

Since we aim to show that ¢_ € Bp(oo) from Lemma 4.6 we can work again with a single
a which we will choose later. From |Wy_(a + ib)| = |Wy_(a — ib)| we can focus on b > 0
only as well. From the alternative expression for A,_, see (3.13) in the claim of Theorem
3.2(1), we get that

Ay (a+1ib) = (‘ 9-(u +)Zb) ) du
S . (6.67)
2/ In (‘H e(¢—(u +zb)—¢(u))D o
a ¢—(u)
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Next, we note that since d_ = 0,

Re(¢—(u+ib) —¢_(u) _ [y (1—cos(by)) e "v_(y)dy
o (u) o—(u)

Moreover, since ji_(0) = [~ v_(y) dy < oo,

o o0
lim sup/ (1 —cos(by))e""ou_(y)dy < lim 2/ e Wu_(y)dy =0
0 0

and lim ¢_(u) = ¢_(00) < oo, see (3.1). We choose a > 0 large enough so that, for all

uU—r 00
u > a,

$—(o0)
4

and sup/ (1 —cos(by)) e Wu_(y)dy <
2 beR Jo

so that
Re(¢(u+i8) ~ ¢-(w) _ 1
¢—(u) T2
Therefore from (6.67) and In (14 z) > Cxz, for all z < % with some C > 0, we deduce
that for any ¢ > 0 and b > 1

uy d
A a/+7/b >C/ fO — CO8 y)?uj UV (y) ydu

r / o))t

- _ v cos —ay_ &

= (OO)/O (1 —cos(by)) e (y) Y
C c —ay,, dy

> qb_(oo)/;? (1 —cos(by)) e ~(y) Y
C

_ be
> ¢_(oo)e—a5)( (1= cosy)v-(¥) %?

C e . be B dﬁ
> . (oo)e (ve%fﬁ)v(v))/l (1 —cosy) )

However, since [;™ 22dy < oo we conclude that for any € > 0, as b — oo,

Ay (@+ib) o
> ag s . X
R P T (6.68)

Now (6.66), that is limoinfve(oﬁ) v_(v) = oo, and (6.68) prove the claim ¢_ € Bp(c0),
E—>
since for the fixed @ and as b — oo
[Wo_(@+b)| x e Ao @ ¢ L~y ™ (nfuq v ()t
|¢—(a+ib)| |9 (a)]

see (4.11) and |¢_(a + ib)| > ¢—(a) > 0, see (3.5). We conclude item (2). We proceed with
the proof of item (3). Assume then that II_(0) < cc. In this case we study directly A, .
Since (6.30) holds in any situation when ¢ € By then p_(dy) = v_(y) dy, y € (0,00), and

[[0-lloe = sup v (y) < [l |loo sUPTI_ () = [fu [T (0) = A < ox.
y>0 y>0
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—ay

Note that ¢_(c0) = ¢_(0) + fi—(0) and put v} (y) = 7 o0y V- (y), y > 0. Then, clearly from
the first expression in (3.1), for z = a + ib € C(O,oo)7 a>0,

0-2) = 6-O) i (0) = [T e )y =6 () (1~ Fg(-iD) . (669

From ||v_||cc < A then for all a big enough we have that ||v}||; < 1. Fix such a. Then for
all b € R we deduce from (5.12) of Proposition 5.1 and (5.10) that

arg¢_(a+ib) = Im(logy(1 — Fo:(—ib)))

>, Im(Fps (—ib))"
= —Im(Fpy(—ib)) = % = —In(Fp: (—ib)) + ga(b). (6.70)
n=2
Since ||[v*||eo < ﬁ < oo with v* = v we can show, repeating without modification

(6.60) and (6.61) above and in the process estimating the convolutions (v¥)™, n > 2,
using (6.11) in Proposition 6.1 with ' = 0, that

/Ob ga(v)dv

Thus the latter does not contribute more than a constant to A,_ at least for this fixed a
big enough. Without loss of generality work with b > 0. Then, from the definition of A4 _,
see (3.8), (6.70) and the preceding discussion, we get that

sup < Q.

b>0

b b b
A¢_(a+ib):/0 arg¢_(a+iu)du:/0 ga(u)du—/o Im(Fys (—iu)) du

b o)
1 —cos(by) .
=/ ga(U)du+/ 1~ coslby) y)va(y)dy,
0 0 Yy

where sup,- ‘fob ga(u)du’ < oo. Estimating precisely as in (6.63) and (6.64), since

y = us(y)y 'Iys1y € LYRY) and [[v*]| < ﬁ < o0, one gets that for some positive
constant C,
b
1—
Ay_(a +1ib) —/ ﬂug(%) dy| < C". (6.71)
1 Y

We investigate the contribution of the integral as b — oo. Next, note that

v;(0) = lim fooo ut (VI (y + dv) _ f(;)o u (V)1 (dv)
’ y=0 ¢—(o0) ¢_(0) + ji_ (0)

which follows Proposition B.2 because II_(0) < co. Thus, v} is right-continuous at zero.
Set U, (y) = vi(y) — v (0), for y € (0,00). Then, clearly,

b1 —cosy /1y B b1 —cosy_ (y N N b cos(y)
/1 7%(5) dy = /1 71)(1(5) dy + v (0) In(b) — Ua(())/ . (6.72)

Y Y 1 Y
Fix p € (0,1). Then,

< o0,

b
1 _ Q
sup/ ﬂ@a(y> dy < 4||vi]|eo [Inp]| . (6.73)
b>1 Jbp Y b

However, since v} is right-continuous at zero we are able to immediately conclude that

ia(%)‘ = limo(p) =0,

lim sup 1
p—

P=04<pp

EJP 23 (2018), paper 75. http://www.imstat.org/ejp/
Page 58/101


http://dx.doi.org/10.1214/18-EJP202
http://www.imstat.org/ejp/

Bernstein-gamma functions and exponential functionals

where T (p) = sup, <, [TUa(v)|. Therefore

bp 1 _
[
1 Y b

Since sup,.; v} (0) f; “2 dy < oo we then combine (6.72), (6.73) and (6.74) in (6.71) to

get for any p € (0,1) and C, , := 4[|v}|| |In p| > 0 that

<2 (sup |Ua(y)> Inb = 20(p) Inbd. (6.74)
y<p

|Ap_(a+ib) — v} (0)Inb| < Cqp + 20(p) Inb. (6.75)

Thus, for all a big enough and all p € (0,1) we have from (4.11) of Theorem 4.2 that

. 1 —v* nb—2v nb—
‘W¢7(a+zb)‘ = m@ 0 (0) Inb—20(p) Inb Ca’p. (676)

Since lim v (p) = 0 and
p—0

el (0 us )T (dy)
uO=v0= 57 = T )

relation (6.76) settles the proof of item (3) at least for all a big enough. However, since
w1 is absolutely continuous, for any a > 0 fixed, we have from Proposition 3.1(5) that
lim ¢_(a+1b) = ¢_ (00). From Wy (14 a +ib) = ¢_(a + ib) Wy _(a + ib), see (1.3), we

|b] =00
then get that (6.76) holds for any a > 0 up to a multiplicative constant. This concludes
the proof of item (3) and therefore of Proposition 6.3.

6.3 Proof of Theorem 3.3(3)

The proof is based on the observations of Remark 6.4 which collects the main
ingredients under which the lengthy proof of Proposition 6.3 is valid. We will sketch
the idea here as well. The requirements p(dy) = v(y)dy = (v1(y) + v2(y)) dy, v1 > 0 and
non-increasing on R*, and v1,vy € LY (RY), and |va(y)| < (fyoo vy (r)dr) v C, for some
C > 0, ensure that we can write

o=¢ +7
with ¢¢ € B such that p(dy) = v°(y)dy, where v¢ = vl ) is non-increasing on
R™. Then, it is known that Wj. is the Mellin transform of a self-decomposable random
variable and its decay along complex lines is evaluated in [61, Theorem 5.1, Section 5].
The final part is to show that the speed of decay of Wy. and W, along complex lines
coincide and are equal to the quantities in item (3). All these details are made rigorous
in the proof of Proposition 6.3. O

7 Proofs for exponential functionals of Lévy processes

7.1 Regularity, analyticity and representations of the density: proof of Theo-
rem 2.4(1)
Recall that for any ¥ € N and we have that My satisfies (1.1) that is
—z

U(—2z)

at least for z € iR\ (Zy(¥)U{0}), see Theorem 2.1. Recall that the quantity a_ is
defined in (2.7), and assume that a_ < 0. Then My satisfies (1.1) at least on z € @(o,fa,)'
Therefore, for any ¥ € N' C N such that a_ < 0, one has, see Remark 2.8, that M,
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solves (7.1) at least for z € C(y,_5_), which in the case ¥ € '\ N; is thanks to [47] and
for ¥ € N thanks to [4] (in fact the extension from A \ N; to N is a simple analytical
exercise). Since by definition ¥ ¢ N' < ¢_ (0) > 0, see (2.19), we proceed to show
that My, (z) = ¢_(0)My(z) or that the identities in (2.23) hold. First, thanks to [61,
Proposition 6.8] we have that
- I'(z)
IE[IZ 1} = Y e
& W¢+(2) (0,20)

Furthermore, it is immediate to verify that ¢_(0)Wy_(1—2), z € C(_,1-7_), is the
Mellin transform of the random variable X,_ defined via the identity

E[g(Xs_)] =¢-(0)E [Yig (Yiﬂ (7.2)

where from Definition 4.2, Y,_ is the random variable associated to W,;_ € Wg and
g € Cp(R™T). Therefore

6-(0)My(z) =B [I57'| B [ X5 7]
r (7.3)
WQ:_Z()Z), z e C(O,lfﬁf)a

= 6_(O)W,_(1-2)

is the Mellin transform of Iy, x X;_ and it therefore solves (7.1) on @(o,fa,) with the
condition ¢_(0)My(1) = 1. Therefore, both ¢_(0)My and My, solve (7.1) on C(y 7 )
with ¢_(0)Myg(1) = My, (1) = 1 and are holomorphic on C(;_5_). However, note that
¢—(0)My is zero-free on (0,1 — a_) since T is zero-free and, according to Theorem 4.1,
W, _ is zero-free on (a_,0). Thus, we conclude that

MI\I/ (Z)
¢ (0)My(z)
with f some entire holomorphic periodic function of period one, that is f(z + 1) =

f(2), z € C,1), and f(1) = 1. Next, considering z = a + ib € C(,1—3_), a fixed and
|b| = oo, we get that

f(z) =

_ MI\I/ (Z) E [I\CILI71]
=)= ‘¢<0>M¢<z> < [6_(0)Ma (2]
B Wl . WOl
- (0) [DCE)Wo(1—2)] TEW, (1—2)]

Since a > 0 is fixed, we apply (4.11) to |W_ ()| and (4.14) and (4.11) to |W,_ (1 — 2)|
to obtain the inequality

e*A¢+(a+ib)+A¢7(17a+n7ib) n—1

o L0+ VBl 0.0

where in (4.14) we have taken n = (|a — 1] +1)I{;_,<o} and z = a + ib. Also, we have
regarded any term in (4.11) and (4.14) depending on a solely as a constant included in
O(1). From Proposition 3.1(4) we have, for a > 0 fixed, that |¢(a +i|b])| < [b] (d + o(1)).
We recall, from (3.5), that, for any a > 0,

If(2)] <0O(1)

ofa-+ )] = Rofo(a +i8)) = (0) +-aa+ [~ (1) u(d) = o) > .
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Applying these observations to ¢, ¢_, in (7.4) and invoking (3.13), that is A, > 0 and
Ag(a+1ib) < T|b[, we get, as [b] — oo,

L elE
1f(2)] < b| +zm0(1). (7.5)

However, from the well-known Stirling asymptotic for the gamma functions, see (6.10),
(7.5) is further simplified, as |b| — oo, to

1) < b=+ 1ePlm0(1) = o)

However, the fact that f is entire periodic with period 1 and |f(2)| = o (e*"I*!), [b] — oo,
for z € C(p,1—5_) implies by a celebrated criterion for the maximal growth of periodic en-
tire functions, see [46, p.96, (36)], that f(z) = f(1) = 1. Hence, My, (2) = ¢_(0) Mg (z),
which concludes the proof of Theorem 2.1 verifying (2.23), whenever a_ < 0. Recall,
from (2.1), that ¥ € A takes the form

2 e’}
\I’(Z) = %zQ + vz + / (ezr -1 ZT]I{|T|<1}) H(d’l‘) + W(O) (7.6)

Next, assume that a_ = 0, see (2.7), and that either —0(0) =¢ > 0or ¥/ (07) = E[&] €
(0, 00] with ¢ = 0 hold in the definition of ¥ € N, i.e. (2.19). For any > 0 modify the
Lévy measure II in (7.6) as follows

I (dr) = LipsoyI(dr) + (Lip<_1ye™ + Lpe(—1,0yy) L(dr) = e o<-n1I(dr).  (7.7)

Plainly II( is a Lévy measure and we denote by (") € A (resp. £() the Lévy-Khintchine
exponent (resp. the Lévy process associated to U(")) with parameters o2, ~ and \I'(")(O) =
T(0) taken from ¥ and Lévy measure I1(". Then set

TO(2) = —4(=2)8"(2),

see (1.2). However, (7.7) and (7.6) imply that P (resp. gb(_")) extends holomorphically
at least to C(_, o) (resp. C(_, ), which immediately triggers that EW’ < 0if —¥(0) =
—¥(0) > 01n (7.6), see (2.7). However, when ¥'(0%) = E[¢] € (0, 00] and ¥(0) = 0 are
valid, then we get that

(WY(©0F) = E[¢"] = v(07) = B[] > 0

since relation (7.7) shows that £(") is derived from ¢ via a removal of negative jumps
only. Henceforth, a.s. tlim 5,5") = oo which shows that the downgoing ladder height
— 00

process associated to (/)@ is killed, that is (b(f’)(()) > 0. This combined with qs(j’) € A_y0)
gives that ﬁ¢<n) < 0, see (2.7). Therefore, we have that (2.23) is valid for I, and the
probabilistic interpretation of M Iy above gives that
d
Iyan = X

o x I (7.8)

¢ P

However, since (7.7) corresponds to the thinning of the negative jumps of £ we conclude
that Iy < Iy a.s. and clearly a.s.

lim I\p(n) = I\p
n—0
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Moreover, the truncation functions hn(r) = e"l{r<-1} in (7.7) satisfies the conditions of
[53, Lemma 4.9] and therefore we have that lir% ¢(ll’)(u) = ¢4 (u), u > 0. Therefore, with
n—

the help of Lemma 4.10 we deduce that

lim W0 (2) = Ws.(2), 2 € Co,00);

n—0 ®

and establish (2.23) via

_ myey_ L (2)
iﬂ% #-"(0) Wﬂ})(z) W (1= z)
r
6O Wo (1=3). 2 € Cany

E [6lie,>03] = B [~&1l1g, <0y] = 00
and tlim & = oo a.s. hold. We do so by killing the Lévy process £ at rate ¢ > 0. Therefore,
with the obvious notation, ¥9(z) = —(biq(—z)qiq(z) and lirr%) qSTiq(z) = ¢+(2), z € C(0,0),
q—

since ¢f,f are the exponents of the bivariate ladder height processes (¢*, H*) as intro-
duced in Section A and Proposition C.1 holds. Also a.s. lirr%) Iy+¢ = I'y. However, since
q—

(2.23) holds whenever —¥(0) = ¢ > 0 we conclude (2.23) in this case by again virtue of
Lemma 4.10 since the latter transfers 1irr(1) QSJf(z) = ¢+(2), 2 € Cp,00) tO
q—

i W,10(2) = W (2), 2 € Com. .

7.2 Proof of Theorem 2.4(2)
We use the identity (2.48), which has been implicitly established in Section 7.1, that
is
Io 1, x Xy, (7.9)

where [, is the exponential functional of the possibly killed negative subordinator

associated to ¢, € B. It is well known from [33, Lemma 2.1] that Supply, = [0, i]

unless ¢4 (z) = dyz,dy > 0, in which case Supply, = {ﬁ} When d; = 0 then
Supp Iy = Supp Iy, = [0,00] in any case. Assume that d > 0 and note from (4.13), (3.15)
and (3.16) that

nE [Ygf} =W, (n+1) Znlné_(n+1),

which clearly shows that SuppY, C [0,¢_(o0)] and SuppYy ¢ [0,y], for any 0 <
y < ¢_(00), where Y, is the random variable associated to Wy_, see Definition 4.2.
From Theorem 4.7(1) we have that InY,_ is infinitely divisible with Lévy measure

k(dx) = [ U_(dx — y)yu—(dy). However, when d > 0 from (B.2) we have

- (dy) = v_(y)dy = ( | won+ dv)) dy

and as uy > 0 on R*, as mentioned in the proof of Lemma 6.6, then v_ > ¢ > 0 at least
in a neighbourhood of zero, say [0, €). Also, in this case v_(y) = [, us(v)II_(y + dv) is
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at least a cadlag function, see [24, Chapter 5, Theorem 16] or in more generality the
differentiated version of Proposition B.2 below. Thus, for any ¢ > 0,

/oc w(dx) = /C /C(x —Yv-(z — y)deU-(dy)
. /O /““’“) y)dzU_(dy)

>4 U_(dy)
0

2“% ()

and a criterion in [75] shows that Supp InY;, = [—00,1n¢_(o0)]. Finally, from (7.2) we
deduct that Supp Xy_ = {m, oo}. From (7.9) this concludes the proof taking into
account that Supp I, = [O, i } or Supp Iy, = {i} and Supp X4 = {m} when
¢ (2) = ¢—(0) € (0,00). O

7.3 Proof of items (3) and (5) of Theorem 2.4

The smoothness and the analyticity in each of the cases follow by a utilization of the
dominated convergence theorem in the simple Mellin inversion, which yields

(n) _M/m —a-nL(n +atib) .
v (@)= o a1 i) My, (a+ib) db, (7.10)

is Ny € (0,00], [0,%].
Thus, (7.10) above, which is the expression (2.24) in Theorem 2.4, follows in the ordinary
sense. To prove its validity in the L2-sense it is sufficient, according to [74], to have that
the mapping b — M, (a + ib) € L? (R), which is the case whenever Ny > 1/2. O

7.4 Proof of Theorem 2.4(4)

We start with an auxiliary result. It shows that the decay of |My| can be extended to
the left provided a; < 0.
Proposition 7.1. Let ¥ € N. Then, ()| has a power-law decay with exponent
Ny > 0, see (2.18), which is preserved along C, for any a € (a4, 0].

Proof. Let a; < 0 and take any a € (max{ay,—1},0). Then, since a + ib # 0, we can
extend meromorphically the function My via (1.1) and (1.2) to derive that

bi(a+ib) g (—a—ib)
a+ b

U(—a — ib)

My (a+1ib) = — 7

My(a+1+1b) =

Mg(a+1+1ib).
(7.11)
Then, Proposition 3.1(4) gives that

W (~a—ib)| = O(1?)

and the result when ¥ € A p(co) follows. If ¥ € Np(Ng), Ny < oo, then according

to Theorem 2.3 we have that ¢, € Bq, - € BS, I1(0) < oo and v_(y) = u_(dy)/dy.
Therefore, again from Proposition 3.1(4), it follows that |bl‘lm w‘ixb‘ =dy > 0 and
—00

from Proposition 3.1(5), \b1|im ¢_(—a —ib) = ¢_(o0). With these observations, the rate
—00
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of decay Ny is preserved through (7.11). We recur this argument for any a € (ay, —1), if
a4 < —1. For the case a = 0 taking b # 0 and then using the recurrence equation (1.3)
applied to (2.9) we observe that

_ ¢4(ib) T(1+ib)

My (ib
i) == Wy, (1 + ib)

We_ (1—1d).

I(1+ib)
W¢+ (144b)
any polynomial. Then Proposition 3.1(4) shows the same rapid decay for |My (ib)|. If
¥ € Np(Ny), Ny < oo, then as above ¢, € By and thus |bl‘im d’%gfb)‘ =dy > 0 and we

— 00
conclude the proof of the statement. O

However, if ¥ € N'p(c0) then ¢_ € Bp(co) and/or the decay of ‘ is faster than

We are ready to start the proof of Theorem 2.4(4). A standard relation of Mellin
transforms gives that the restriction on C_, o) of

1 —(0
Mp,(2) = —;M[\I, (z+1) = —¢7(>Mq,(z +1) e Ac10) MM —1,-a_)s (7.12)

is the Mellin transform in the distributional sense of Fiy(z) = P(Iy < z), where we use
the expression (2.23) for the form and the analytical properties of M, . Next note that
in this assertion we only consider ¥ € N;, that is —W¥(0) > 0 and this implies that Ng > 0.
From Theorem 2.1 and (7.12) we get that if u; = —oo or —uy ¢ IN then M, has simple
poles at all points in the set {—1,--- ,—[—1 — a;] + 1} and otherwise if —u; € IN simple
poles at all points in the set {—1,--- ,u;}. The decay of |Mp, (z)| along C,, a € (—1,0)
is Ny + 1 since the decay of My, (%)| along C,, a € (0,1), is of polynomial order with
exponent Ny > 0, see Theorem 2.3(1). However, thanks to Proposition 7.1 the decay
of [Mpg,(2)| is of polynomial order with exponent Ny + 1 > 1 along C,, a € (ay — 1,0).
Therefore, (7.12) is the Mellin transform of Fiy in the ordinary sense. Moreover, with

N = Jup [ Tguyjemy + (Tlag + 11) Ly ey
N>M«<Nianda€ (M —-1)V (ay —1),—M) so that a + M € (—1,0) we apply the
Cauchy theorem to the Mellin inversion of Fy(z) to get that

a+M—+ioco Py
Fo () = ,L(O)/ e Muz+1)

2mi +M—ico z

M yrk—1 . X
IT;= ¥ () ~(0) [t Mg(z+1
“WO) Y e ¢27§i) /,HOO “ #d'z (7.13)

k=1

M Hf;lqj(j) (0 a+i00 . T(z
_W(O); }g! @~ ¢27§i) /a_m o W¢+((z)+1)W¢(_Z) dz,

since the residues at each of those poles at —k are of values

L s 10
=04 (0) H{kl_ 1)(;7 ) —W(O)L*}d )

They have been computed in turn as the residues of My, see Theorem 2.1, and the
contribution of the other terms of (7.12), that is (—¢_(0)/2) |.=—r. We recall that by
convention 23:1 =0and H(;:l = 1. Thus, we prove (2.25) for n = 0. The derivative of
order n is easily established via differentiating (7.13) as long as 0 < n < Nyg.
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Proof of Corollary 2.9. We sketch the proof of Corollary 2.9. If |ay| = co and —u; ¢ IN
then it is immediate that the infinite sum (2.25), that is

Qe

SN ) e ¢
Fy(z) =~ —9(0) > wzk =: Fj (),
k=1

is an asymptotic expansion. From the identity ¥(j) = —¢4(—j)¢—(j) and (3.1) we see
that

6+(-0) =040 ~dsi = [ (e = 1) ()
0
and clearly |¢4(—j)| has an exponential growth in j if p; is not identically zero. In

the latter case the asymptotic series cannot be a convergent series for any x > 0. If
b1 (2) = ¢4 (0) +d, 2 then ¥(j) < d,jé_(j) and hence

2 WG| o ab i

! i
Therefore, Fy, is absolutely convergent if x <
Finally, if ¢4 = ¢4 (c0) € (0,00) then

I 190)]
k! -

and divergent if x >

1 1
d; ¢ (o0) dy¢p—(00)”

1521 o-(5)

¢4(00)" 1 A

and since from Proposition 3.1(4), ¢_(j) < j (d— + o(1)), we deduct that F}} is absolutely

convergent for x < ﬁ and divergent for x > O O

1
b+ ( ¢4 (c0)d—*

7.5 Proof of Theorem 2.11

Recall the definitions of the lattice class and the weak non-lattice class, see around
(2.29). We start with a result which discusses when the decay of |[My(z)| can be extended
to the line C;_, .

Proposition 7.2. Let ¥ € N. If ¥ € Np(co) N Ny then the rapid decay of | My, (z)]
along C1_,_ is preserved. Otherwise, if ¥ € Np (Ny), Ny < oo, then the same power-law
decay is valid for |My, | along C;_,,_.

Proof. Let —u_ = —a_ € (0,00), thatis ¢_(u_) = 0. Using (1.2) we write for b # 0
My(l—u_+ib) = "= prcu +ib) (7.14)
T T sy T T '

Assume first that ¥ € Ap(o0). Then we choose ko € IN, whose existence is guaranteed
since ¥ € Ay, such that
lim [b|* |[W(u_ +ib)| > 0.
[b] =00
Premultiplying (7.14) with |b| =% and taking absolute values we conclude that the func-
tions |My (1 — u_ + ib)| inherits the rapid decay of |My(—u_ + ib)|. Recall from Theorem
2.3(1) that ¥ € Np (Ny) with

Ny < 00 <= ¢ € Ba, ¢ € BS, T1(0) < <

and from (6.32) that the Lévy measure behind ¢_ is absolutely continuous. Then, we

conclude from Proposition 3.1(4) that |bl‘im Wiﬁaﬂ’)‘ = dy > 0 and from an easy
— 00
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extension of Proposition 3.1(5) that lim ¢_(u_ +ib) = ¢_(c0) > 0. Therefore, we

|b] =00
conclude that in (7.14),
|u_ — ib| 1

lim —— = > 0.
ol —o0 [¥(u— —ib)|  dyo_(o0)

This shows that the speed of decay of | My (—u_ + ib)| and therefore, via (2.23) the speed
of decay of | My, (z)| are preserved. O

We start with the proof of (2.31) of item (2). Note that an easy computation related
to Mellin transforms shows that the restriction of

1
Mf\[j (z) = ;M]\I, (z+1) € Ac—10) MM, —1,—a_); (7.15)

to C(g,—g_), if —4_ > 0, is the Mellin transform of F'y(z) = P (Iy > ) in the distributional
sense. Next, note from Theorem 2.3(1) that since Ny > 0 along C,, a € (0,—a_), as long
as ¥(z) # dyz, then |[M%_(2)| decays either faster than any power-law, if ¥ € NVp(c0), or
by polynomial order with exponent Ny + 1 > 1. Therefore, Mz is the Mellin transform

of F'y in the ordinary sense. When ¥ € Nz, (2.31) is known modulo to an unknown
¢— ()T (—u_ )Wy _(1+u_)

o (v )W, (1-u-)
can be immediately computed as in (7.23) below. We proceed to establish (2.32). For
this purpose we assume that either ¥ € Np(c0) NNy or ¥ € Np(Ng), Ny < co. In any
case, whenever Ny > 1, the Mellin inversion theorem applies and yields that, for any
z2€Cq,ae (0,1 —1a_),

constant, see [67, Lemma 4]. The value of this constant, that is

’

fo(z) = %/ 7 My, (a + ib) db. (7.16)
However, the assumptions a_ = u_ € (—00,0), ¥ (u_) = —¢1(—u_)p_(u_) = 0 and

| ¥’ (u)| < oo of item (2), together with (1.2), lead to
U'(ut) =¢_ (ul) ¢y (—u_).
Hence | ¥/ (u)| < oo implies that |¢"_(ut)| < co. Differentiating once more we arrive at
/() = 6 (uF) s () — o () ¢ ().
Since
6. (62) 0y (-u )] < oo
then |¥”(u")| < oo implies that |¢” (u¥)| < co. This observation, the form of My, see
(6.4), and the fact that ¥ € My, C Mz permit us to write

r
Miy (2) = 0O L5, (1-2)
" (7.17)
- T() o0 . 0-(OWe (1+u) 1 T(z)
= O P T TR T e W)
with P from Theorem 4.1(3) having the form and the property that
o _ W¢7 (1 + u,)
P(Z) = W¢7 (Z) (;5/_ (uJ_r) (Z — u,) S A[u_,oo)-

Therefore, (7.17) shows that M, € A« 1—,_) extends continuously to C;_,_ \ {1 —u_}.
Next, we show that the contour in (7.16) can be partly moved to the line C;_,_ at
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least for |b| > ¢ > 0, for any ¢ > 0. For this purpose we observe from Proposition
7.2 that whenever ¥ € ANy N ANp(oo) (resp. ¥ € Np(Ng) NN, Ny < oo ) the decay of
|M,(2)| extends with the same speed to the complex line C;_, . Then, for any ¢ > 0,
a € (0,1 —u_) and x > 0, thanks to the Cauchy integral theorem valid because Ny > 1,

1 —z
folo) = 2mi /z—a+ib My (2) dz
1 . 1
_ xu——lf/ P My (1 — u_ +ib)db + —/ e My (2)dz (7-18)
27 [b]>c 2mi B~ (1-u_,c)

= g‘ll(l'7c) + hq;(%,C),

where
B (1-u_,¢c)={2€C:|z—14u_|=candRe(z —1+u_) <0}

that is a semi-circle centered at 1 — u_. We note that the Riemann-Lebesgue lemma
applied to the absolutely integrable function M, (1 —u_ +4b) I;;|~} yields that

T[>
lim_ ' gy (z,0) = Jim %/ e PMIM, (1 —u_ +ib) Ijpsepdb=0.  (7.19)

— 00

Using (7.17) we write that

hy(z,c) = ¢-(0) /3(1 );1:72 I') P(1-—2z)dz

2mi Wy (2)
1 ¢—(0)W¢(1+u—)/ .1 I'(z) (7.20)
5= T x dz
2mi L (ul) B-(mu_ LU =2 Wy (2)
= hy1(z,c)+ hoo(z, c).
Since r()
z
Wp(l — Z) S A(071_u7]

we can use the Cauchy integral theorem to shift the contour of integration to the set
[l —u_ —ic,1 —u_ +ic] to show that, for every ¢ > 0 fixed,

haa(z,0)| = \‘7527@ [ o U A0 p ib)db’

c W¢+(1 —u- +7’b) (7 21)
< ‘,L,U.ffl C¢_ (0) F(Z) P(l _ )’ ’
a ™ z=1—u_+1ib; be(—c,c) W¢+(Z)
Therefore
_ r
lim lim '™ |hg1(z,c)| < lim c¢-(0) sup (2) P(1- z)’ =0. (7.22)
c=0z—o0 c—=0 ™ z=1—u_+ib;bE(—c,c) W¢+(Z)

Next, we consider hy 2(z,c). Since

z
—" _cA ,
W¢+( 2) (0,00)
choosing c small enough we have by the Cauchy’s residual theorem that

- ()W, (1+u)T(1—u)

hya(z,c) = u-—1
O () W, (1)
Lo-OWpllru) ¢ e LT
2mi ¢ (uf) BH(1—u_.c) T—u_ —zWy,(2)
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where
Bt(1—u_,e)={2€C: |z—14+u_|=candRe(z — 1+u_) > 0}.

However, on BT (1 —u_,c), we have that z =1 —u_ + ce’’, § € (=%, Z), and thus for any
such value of §

lim ‘;tl*”*:c*ﬂ = lim 2-°%%% = (.
Tr—r 00 Tr—r 00
Therefore, since
1 I'(z) I'(z)
sup < - o0,
2€B*(1—u_,c) I—u_—=2 W¢+<Z) C 2eB+(1—u_,c) W¢'+(Z)

we can apply the dominated convergence theorem to the integral term in the representa-
tion of hy 2 above to conclude that for all ¢ > 0 small enough

lim ' ™" hyo(z,c) = ¢-(O)Ws_ (1+u )1 —u)
et T A ) W, (1w

Combining (7.23) and (7.22), we get from (7.20) that

(7.23)

_(0O)W,_ (1 )1 —u_
lim lim '™ hy(z,¢) = lim lim 2’ hyo(x,c) = ¢-(0) (ﬁ( u-) I u-)
c—0 x—00 c—0 z—00 ’ gbL (Ll,) W¢,+(1 — u,)

However, since (7.19) holds too, we get from (7.18) that

R - 6-(O)Wo_ (1 +u)T(1—u)
i 7 ) =l Ji (g (r,0) + ha(r,0) = S

This completes the proof of (2.32) of item (2) for n = 0. Its claim for any n € IN, n <
[Ng] — 2, follows by the same techniques as above after differentiating (7.18) and
observing that we have thanks to Proposition 7.1 that for every n € N, n < [Ng| — 2,

lim B My (1 — u_ +ib)| = 0
b—o0

and |b|" My, (1 — u_ +ib)| is integrable.

Let us proceed with the proof of item (1). Clearly, it is equivalent to showing that
if [a_| < oo (resp. [a_| = oo, that is —¥(—z) = ¢, (z) € B), then forany d < [a_| < d
(resp. d < o), we have that

lim 2¢ Fy(z) =0, (7.24)
T—r00
lim a:df\p(x) = 00. (7.25)
T—r00

We immediately rule out the case ¥(z) = d z since in this case Iy = i a.s., see Theorem
2.4(2), and hence (7.24) and (2.30) hold true. We consider the remaining cases. Clearly,
from (7.15) and (2.10) of Theorem 2.1, one deducts that

1
Mz, (2) = ;MIQ(Z +1) € Apa.)

provided —a_ > 0. We also note that M has a power-law decay with exponent Ny +1 >
1 along C,, a € (0,—a_), if —a_ > 0. Consider first (7.24), that is z@ 24 Fy(z) =0
ford < |a_|. Let —a_ > 0, as otherwise there is nothing to prove in (7.24), and choose
d € (0, —a_). By Mellin inversion as in (7.18) and witha = d+ ¢ < —a_, ¢ > 0, we get
that on R*

/ 2™ Mg (d+ e +ib) db| < Cqu™47°
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and (7.24) follows. The latter suffices for the claim (2.30) when —W¥(—2) = ¢, (2) € B,
since then

1 T(2)
Mz = - €A ,
Fyg (Z) 2 W¢+ (Z) (0,00)
[6_| = oo and we can choose d as big as we wish. It remains therefore to prove

(7.25) assuming that —U(—z) # ¢, (z). If H(dy) = 0dy on (—o0,0) then necessarily
¢_(z) =¢_(0)+d_z, d_ > 0,. In this case the even stronger item (2) is applicable since
it can be immediately shown that its conditions are satisfied that is

e since u_ = ¢-(0) and |b1‘1m |¢7 (ui + ’Lb)| = oo then (229) holds and hence ¥ €
- —00

—2-©)
Nw;
* and |¢' (uF)| =d_ < oo, |¢” (uF)| = 0 ensure |¥" (u)| < oco.

We can assume from now that II(dy) #Z 0dy on (—o0,0) and ¥ € Nz. If the conditions
of item (2) are present then they immediately imply (7.25) as then a stronger version
of the asymptotic holds true. If the conditions of item (2) are violated we proceed by
approximation to furnish them. To this end, we define, recalling the expression of ¥ in
(7.6), for each n > 0,

2
w)(z) = %,ZQ +yz4 / (e — 1 — zrly) <1y) I (dr) + W(0) (7.26)
R

where we set I (dr) = e~ Lir<-0TI(dr). Since II™ is equivalent to II it is clear that
for each n > 0,
\IJENZ - \I/(n) GNZ

and set from (1.2), U((z) = ¢\ (—2)¢" (2). Let ¢ be the Lévy process underlying
¥, Note that the transformation ¥ +— (") leaves the killing rate ¢ := —¥(0) invariant
and has the sole effect of truncating at the level of paths some of the negative jumps
smaller than —1 of the underlying Lévy process £. Therefore, pathwise

€q €q ,
Iy = / e S5ds > / 6_5g 7>als = Igm. (7.27)
0 0

Next, it is clear from (7.26) that U(m e A0 and then it is immediate that (\I!("))N >0
on R, and thus ¥ is convex on R~. Moreover, clearly

U—r—00

1 0
lim m/ (e"" =1 —rullfj;j<1}) "(dr) = oo

since II is not identically the zero measure on R~. Therefore,

lim UM(y) = lim (b@(—u) = o0.

U—r—0Q U— 00

Thus, we conclude immediately, writing here T o that M e (0,00) if ¥(0) =
—q < 0. Also, if ¢ = 0, then, regardless of whether E [£;] € (0,00] or E [, 503 =

E [—&1g, <o) = oo with aus. Jim & = oo hold for £, we necessarily have I {d")} € (0,00,
—00
see (7.26), and thus qS@(O) > 0 leads to —u™ € (0,00). However, from (7.27) we get that
P(ly > .17) >P (g > .’L‘)

Hence, from (2.31) of item (2) we obtain, for any € > 0 and fixed n > 0, that, with some
C >0,

_— _,m —_— L (m _—
im 2% P (Ig > x) > lim = wtep (Igem > x) = C lim z¢ = oc. (7.28)
Tr—r00 Tr—r00 Tr—r00

EJP 23 (2018), paper 75. http://www.imstat.org/ejp/

Page 69/101


http://dx.doi.org/10.1214/18-EJP202
http://www.imstat.org/ejp/

Bernstein-gamma functions and exponential functionals

Therefore (7.25) holds with d = —1” + e. Thus, it remains to show that

lim u(j)

n—0 =a_-c (—O0,0] )

where a_ > —oo is evident since z — —WU(—z) ¢ B. It is clear from the identity

o2
W (y) = ?uQ +cu +/

2
(e 1wl e (CO Lo}

that for any u <0, \Il(”)(u) is increasing in n with

lim O(u) = U (u).

n—0

)

Fix no > 0 small enough. Recall that, for any n > 0, u(f = Uy Then, clearly,

@ (u) = tim WO (W) > Wi (y0)) — 0,

n—0 -

If \I/(u(:m)) = oo then from (1.2) we get that ¢_ (u(_””)) = —oo and thus u(_"U) <a_, see
the definition (2.7). Similarly, if

\I/(u&"‘”) =—¢_ (u@°)> by (—u(,"(’)) € 10, 00)
then ¢_ (u(,%)) < 0 and again () < @a_. Therefore,

u=TImu"” <a_.
n—0

Assume that u < a_ and choose u € (u,a_). Then for any n > 0 small enough T

hence ¢ (u) > 0. Therefore, ¥("M(u) = —¢Sf)(—u)¢(,n) (u) < 0 and thus

< u and

W(u) = lim ¥ (u) < 0.

n—0

However, for u < a_,
U(u) = —¢4(—u)gp—(u) € (0,00],

which is a contradiction and triggers the validity of u = a_. Moreover, the monotonicity
of (" when 7 | 0 shows that in fact

and from (7.28) valid for any 7, ¢ > 0 we conclude the statement (7.25) when ¥ € N=.
Hence, (2.30) holds true for ¥ € Nz. Next, if ¥ ¢ Nz then as in Theorem 4.1(2) one can
check that

I(dr) = Y cadun(dr), Y cn<00,¢, >0, h>0, and 0® =~ =0in (7.6).

n=—oo n=—oo

The underlying Lévy process, &, is a possibly killed compound Poisson process living on
the lattice {hn},- _ . We proceed by approximation. Set

U@ (2) = ¥(2) +dz, d> 0,
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with underlying Lévy process &(@. Clearly, ,Ed) =¢ +dt, t >0, and hence Iy > Iy and,
for any x > 0,
IP([\I, > ac) > IP([q,(d) > .Z’)
Set
V() = =Y —2)pY2), a9 =7 4@, see (4.6).

However, U@ ¢ Nz and therefore from (7.25), for any d> ‘ﬁ(_d) , we deduct that

lim z?P (Iy > x) > lim 2P (Ig@w > z) = o0.

Tr—r00 Tr—r00

To establish (7.25) for ¥ it remains to confirm that lim ﬁ(f) = a_. Note that adding dz to

d—0
U (z) does not alter its range of analyticity and hence with the obvious notation a_ = a

Set

o
T=inf{t>0: & <0} € (0,00 and T@ =inf {t > 0: ¥ <0} € (0,00].
Clearly, from §fd) = & + dt we get that a.s.

lim (T<d>, éw) = (T,¢r).

d—0

However, (T,¢r) and (T, &rw) define the distribution of the bivariate descending
ladder time and height processes of ¥ and ¥(?), see Section A. Therefore, since from
Lemma A.1 we can choose ¢_, qb(_d) to represent the descending ladder height process,
thatis ¢_ = r_, 'Y = k*) in the notation therein, we conclude that &ig(l) qS(_d)(z) =¢_(2)
(4)

for any z € C(q_ ) and hence limu,« = u_. Thus lima*’ = a_. This, concludes
? d—0 %= d—0

Theorem 2.11. O

7.6 Proof of Theorem 2.15

Recall from (7.12) that Mg, (2) is the Mellin transform of Fy(z) at least on C(_; ).
We record and re-express it with the help of (2.9) and (1.3) as

Mey(2) = ~2Miy (+ 1) = = 2= gy (o 1)

_9-(0) T(z+1)
2z Wi (2+1)

(7.29)

W¢_(*Z), A C(—1,0)~

From Theorem 2.1 we deduct that M, € A 1_,_) and that it extends continuously to
Co \ {0}. Moreover, Proposition 7.1 applied to My, (z) for z € iR shows that the decay
of My, (z)] is preserved along Cy. Therefore, either the rate of decay of | Mg, (z)| is
faster than any power along C,, a € [-1,0), or it decays with power-like exponent of
value Ny + 1 > 1. Via a Mellin inversion, choosing a contour, based on the line C_; and a
semi-circle, as in the proof of Theorem 2.11, see (7.18) and (7.19), we get that, for any
ce(0,%),asz—0,
1 —z
Fy(z) = — T Mpy(2)dz + o(x) , (7.30)
2777/ B+(7155)
where only the contour is changed to BT (—1,¢) = {2 € C: |z + 1| = cand Re(z + 1) > 0}.
Apply (1.3) to write from (7.29)
- (0) d4(z2+1) T(2+2)

M, (2) = — z z+1 Wy, (2+2) Wo (=2) =

¢4 (2 +1)
z+1

Hy(2). (7.31)
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Clearly, Hy € A(_3,). Recall that qﬁ(z) = ¢+ (2) — ¢4+(0) € B. Then, we have, noting
Hy(—1) = ¢_(0), that

_ 220960 , H:+1) Hy(2) = Hy(-1)

Hy(—1 1
Mpy (2) o) 1 v(=1) + ¢4 (2 +1) P
= H\I;71(Z) + H\IJ,Q(Z) + H\I/73(Z).
Plugging this in (7.30) we get and set
1 3 3 “
Fy(x) = — x? Hy i(2)dz +o(x) = F%) +o(x) . 7.32
v =55 L Z w,(2)dz + o) ;ju () (7.32)
Since = I I .
Lo, Huas(z) _ Hu(z) - He(-1) € A_s)
¢4+ (z+1) z+1 ’

and ¢ (0) € [0,00) then precisely as in (7.21) and (7.22), that is by shifting the contour
from BT (—1,¢) to [-1 — ic, —1 + ic], we get that

ST —1p(e) .y
lg% ili%x F;9(z) =0. (7.33)
Next, from (3.1) and the identity Hy(—1) = ¢_(0) we get that
¢ (2 +1) ® ety
Hua(2) = T (1) = 6-0) [ e () dy + o-0)a
0
Clearly, if

()0 =00 = [ ne s <o

then the same arguments and shift of contour used above to prove (7.33) yield that
-1
lim lim xilFQ(C)(x) = lim lim x—/ x *Hy s(z)dz = 0. (7.34)
B+(—1,c)

c—0xz—0 c—0x—0 271

Also, similarly, we deduce that in any case the term ¢_(0)d. does not contribute to (7.34)
and therefore assume that d; = 0 in the sequel. However, if

!/
(64) (07) = ¢, (0%) = o0
we could not apply this argument. We then split

Py (y) = e () Lysay + iy (y) Tpy<ny
and write accordingly

[e'e) 1
Hy () = 6 (0) / GOV (y)dy + §_(0) / GOV (y) dy

1
=Hy21(2) + Hy 22(2).

However, |Hy 2 2(—1)| = ¢_(0) fol i+ (y) dy < oo and the same arguments show that the

portion of Hy 2 in FQ(C) is negligible in the sense of (7.34). Then, we need discuss solely
the contribution of Hy 51 to F\® that is

c ¢— 0 —z >~ —(z =
F2(1)(x) = (©) / x / e TV (y) dydz
B+(—1,) 1

2m
_ ¢ / [ ez, ) ay
2m J1 JBt(-1,0)
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The interchange is possible since evidently on B (—1,c) we have that

sup  |Hy2,1(2)| < 0.
z€B+(—1,c)
The latter in turn follows from
6%z +1)]

Lz +1
sup  |Hyo1(2)|= sup ¢_(0)—— = sup ¢(0‘¢+(z)‘

< 0.
z€Bt(—1,c) zeBT(—1,c) |z + 1] z€B+(—1,¢) c

However, for any x,y > 0, z — =~ %e~(*T1¥ is an entire function and an application of the
Cauchy theorem to the closed contour B*(—1,¢) U{—1+18, 8 € [—¢,c|} implies that

/ s DYy = iy / " emiBinaty) gg _ o ST +Y)),
B+(—1,c)

e Inz+y
Therefore, integrating by parts after representing fi4 (y f 1+ (dv), we get that
A .
(e) ¢—(0) / sin(c(Inz+y)) _
F. _— d
21( )= . Ajnm . nz+y i+ (y) dy
c(v+lnz)
¢ ¢-(0) lim / / sin )d Y4 (dv)
T A—oo 1+lnz)
c(A+In :r)
00 / sin(y)
T A= (Inz+1) Y
¢ 0 c(v+lnx) sin
¢-0) = s ()
™ c(1+Inz)

where we have used that the second limit in the second relation to the right-hand side

vanishes because
b .
S
[ s,
a Y

the mass of y4 (dv) on (1, 00) is simply i+ (1) < oo and Alim fi+(A) = 0. Also, this allows
—00
via the dominated convergence theorem to deduce that

sup
a<b;a,beR

< 00,

c(v+lnz)
lim aleQ(Cl)( ) = hm / / sin )dy,u_,_(dv) =0.
z—0 z—0 (1+Inz)

Thus with the reasoning above we verify that (7.34) holds, that is hm hm T 1F(C)( )=0.

c—=0z—0

The latter together with (7.33) applied in (7.32) allows us to understand the asymptotic
of 271 Fy(x), as ¢ — 0, in terms of F\”. However, from its very definition, (7.32) and

U(0) = —¢_(0)p(0), see (1.2),
() () — _@ T~ I - v (0) x* ;
FOw =52 [ &= v+ 50 [ dz,

27 +(=1,e) 2 +1 271 ~(=1,0) 7+ 1

where we recall that
B7(-1,¢)={2€C: |z+ 1 =cand Re(z+ 1) < 0}.
Clearly, if z € B~ (—1,¢) \ {~1 £ ic} then lim |z~ '2*| = 0. Therefore, for any c € (0, 1),
r—

lim 2~ Fy(2) = lim 27" F{ (2) = —0(0) € [0, ). (7.35)

z—0 x—0
Thus (2.33) holds true. When ¥ € ANp(Ny), for some Ng > 1, all arguments above applied

to Mp, can be carried over directly to M, but at z = 0. When fy is continuous at zero
then the result is immediate from (2.33). Thus, we obtain (2.34). O
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7.7 Proof of Theorem 2.181
Let U € A\ A; that is ¥(0) = 0, see (2.20). Recall that Iy(t) = f(f e %ds. Then, if
ay < 0, we get that, for any a € (0, —ay),
E [I31)] < t7°E [e*®"Pr<t&] < oo, (7.36)

where the finiteness of the exponential moments of sup, <, {, of order less than —a
follows from the definition of a, see (2.5), thatis ¢ € A(_, ) fora € (0, —a ), see e.g.
[9, Chapter VI] or [24, Chapter 4]. This of course settles (2.36), that is

a€(0,1—a;) = E[I;(t)] < oo,
when a; = —oco. Next, we rewrite (7.6) as follows

U(z) = Uy(z) + Ua(z)

o2 1 ) o ) (7.37)
= (222 +WZ+/ (e — 1 — zrIg<1y) H(dr)> +/ (e — 1) II(dr),
1

— 00

where U1, Uy € N\ N; and from (7.37) (fs)SZO = ( §1) +§§2)> - where ¢ ¢(2) are

S

independent Lévy processes with Lévy-Khintchine exponents ¥, ¥, respectively. Set
as usual Uy(z) = — S_l)(—z)gzb(_l)(z) and note from (7.37) that ¥; € A(g,) and hence

¢$) € A(_,0) Or equivalently a

g = 00, see (2.5). Also note that Gy = 0. Similarly
+ +
to (7.36) we get that, forany a € (0,1 — ay),

B [1;4(0)] < B [esres € B [10(0). (7.38)
However, since Gy = —00 we conclude from (7.36) that in fact |E [ea SUPy <y 55’1)} < oo, for

i
any a > 0. If U5 = 0 there is nothing to prove. So let

h=T1I({1,00}) >0

h > 0and (X});., are independent and identically distributed random variables with law

and write §§2) = Zjvzl X;, where (Ny),~, is a Poisson counting process with parameter

II(dx)
h
It is a well-known fact that A < —a; = E [e**!] < c0. Set, forn € IN,

P (X1 € d:L') = ]I{x>1}

j=1
Then
Ny Ny
Iy, (t) = t]I{Nt:O} + ]I{Nt>0} Z(ﬁeisj_l + 7 Zej e SN
Jj=1 j=1

with (ej)j>1 a sequence of independent and identically distributed random variables
with exponential law of parameter h. Clearly then

—a

E[[\I,z(t)—“] =t P (N 20)+ZE Zeje_sf*l + t—Zej e n Ny =n
Jj=1 j=1

n=1
o0
=t P (N, =0)+ Y An(t). (7.39)
n=1
EJP 23 (2018), paper 75. http://www.imstat.org/ejp/

Page 74/101


http://dx.doi.org/10.1214/18-EJP202
http://www.imstat.org/ejp/

Bernstein-gamma functions and exponential functionals

Note that

n n+1 n n+1
Wi=np={>e <! DICERV Zeje( )Zej>t
j=1 j=1

We observe, since N, follows a Poisson distribution with parameter hs, that, for any ¢ > 0
andn —1€ N,

tn—lhn—l
sup P(N;>n—1) < et ——

. 7.4
5€(0,t] (n—1)! (7.40)

We split the quantity A, (¢) = ASP (t) + Ag) (t) by considering the two possible mutually
exclusive cases for the event {IV; = n} discussed above. In the first scenario we have the
following sequence of relations, where we use the bound (7.40) in the third line below,

- —a

n n n n+1
AD(t) =E E:eje_sf'*1 + t—Zej e n Zej Ze] >t
| \J=t j=1 j=1
<E el+£€_5" h el<£'zn:e <t
D) ’ =9 : j
=2
- . —a .
<E <e1+2e_5"> ;e1<]IP(Nt>n—1)
prgn—1 L t g —a e
hntn—l % t —a
ht _Sn
hntn71 20,71
ht a—1)S,
(n—1)! ((a _ 1>ta—1IE {6( ) } Lios1y + (E[Sh] +In(4)) ]I{a—l})

ht hntn71 tl a
(n =111 =g leco}
=t 2/t ! n
= elt (a—1)X,
(n—1)! ( (a—1) (E [e D Lia>1y + (nE[X3] + 111(4))]I{a—1}>

hntn 1 tl a
—|—€ (n_ 1)'1 {aE(O 1)} (7.41)

+e

where for the terms containing II;,—;} and Ij,¢(0,1)} in the derivation of the last inequality
we have used that S,, > n > 0 a.s. since a.s. X; > 1. Summing over n we get that

i A(l) (t) - tl_a2a71hE I:e(afl)leI eh/t<E[e(a71>X1}+1)
" B a—1

+ (E[X4] (1 4 2ht) e + he*™ In(4)) Liozry- (7.42)

o b
Iios1y +t 1 a a€2htﬂ{ae(071)}

In the second scenario we observe that the following inclusion holds

éeﬁ()%egﬂ CJ { Zn}ﬂ Sooei<ty ] (7.43)

= 1<i<n;iZj
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Clearly then for any j, the events {e; > 7} and {Zlgign;i;éj e < t} are independent
and moreover

P dooei<t|=P| > e<t|=P(N;=n-1).

1<i<n;itj 1<i<n—1

We are therefore able to estimate A (t) using the relation between events in (7.43) in
the following manner

n+1

a n t
Deie (Q,t);zej>t
Jj=1 Jj=1

ADt) =T Zejefsjfl + | t— Zej e Sn
j=1 j=1

t n
<E |e]%t>e > %;Zej <t
j=2

n —a n

t _gq. t
—+ ]I{n>1} ZE <e1 + %6 Syl> ;€5 Z %, Z e; < t;e1 <t
Jj=2 ; iF

1 o1
= h<‘1_a (20)" " Mpazery + (20) Ty | P(Ne 20— 1)
n t 1
+ I, h]E/ gdr| | P(Ny=2n-2),
{n>1} Jz:; 0 (x+2ine_sf*1) ( t )

where the terms in last estimate are derived in the first case by disintegration of e;
on {t > e > ﬁ} and the independence of 2?22 e; from e; and in the second case by
disintegration of e; on (0,t), removing the set {ej > ﬁ} and invoking independence
again for the remaining term Z?:Q’i ~; €. However, performing the integration and
estimating precisely as in (7.41) we get with the help of (7.40) applied only to the term
P (N; > n — 2) that

—a

A0 < (|2

(2n)a tlfa]I{a?ﬂ} —+ 111(271)]I{a—1}) P (Nt >n— 1)

tn—2pn—1 n (Qn)a_l j—1
I I ht (E[ (a—l)xl})
T e T 2 fa - et L

i tn—2hn—1 n )
+ Iins1yla=1ye NEETE (JE[X1] + In (4n))
| =

ht tn—2hn—1 n tl—a
+ Lins13fac(o,1)1€ =2 T aH{ae(O,l)}

j=2
<h<’ !
1—a

Pl (o e

(2n)a tlia]I{a;él} —+ 1n(2n)]I{a_1}) P (Nt >n— 1)

i tn—th—l n tn—l—ahn—l

2 ht
E[X In (4n)) Ig,e I, )
+e n—2) (n’E[X1] +nln(4n)) Lja=1} + e [0 (n 2y Heco)
(7.44)
Summing over n we arrive with the help of (7.40) at
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S 401 < gopi-e VBTN & R+ 2) (B 7] + 1)

_ |
a—1 = n!

a1y

(n+2)°E[X1] + (n + 3)In(4n)) Ije1y

1-a € (h + 1 t"h"
+4 - Z n— 1 lac1}- (7.45)
n=0

Therefore from A,, = A,(ll)( t)+ A 2)( t), (7.42) and (7.45) applied in (7.39) we easily get
that

E [Is, ()] = P (N, = 0) + i (4D +APW) < o,
n=1
whenever either @ € (0,1) ora = 1 and E[X;] < co or @ > 1 and E [e*"DX1] < oc.
However, it is a very well-known fact that
E[X1] <00 <= E[max{£,0} <oo < |[¥V'(07)] < o0
and if a; < 0 then
E [e(“_l)xl} <oo <= a€(0,1—ay)
and

E [e(cur*l)xl} < 00 = |\If(*a+)| <0 <=~ |¢+(a+)| < 0.

Hence via (7.38) and the fact that | |¢?WPo<: &7 | < o0, for any a > 0, the relation (2.36)

and the backward directions of (2.37) and (2.38) follow. Let us provide a lower bound
for E [I;“(t)] whenever a > 1. We again utilize the processes ¢, £(2) in the manner

E[ly(t) ] > E [I@(t)“;sup €V < LN, = 1]
v<t

>E |:6atsupv<t lg’(’l)‘f\l_,f(t);sup |£1(}1)| <1;N, = 1}

e P (sup €M) < 1) =1]
v<t
¢ —a
e P (sup €V <1 ) (ex > t) he ™ E [/ (z+ te_Xl) dm}
v<t 0
B (sup €] < 1) (ea > t)he Mt
v<t

- .
x ((a — 1E [e( I)Xl} - 1) o1y +E [X1]]I{a_1}> .

The very last term is infinity if and only ifa—1 > a; ora=1land E[X ] =occora—1=ay
and E [¢*+**] = oco. This shows the forward directions of (2.37) and (2.38) and relation
(2.37) and (2.39). It remains to show (2.40). From (7.42) and (7.45) we get that, for any
a>0andast—0,

i An(t) < i AW () + i AP () =0(t'"").

Therefore from (7.39) we get that

lim t°IE [I5%(t)] = lim (]P(Nt :0)+t“iAn(t)> =1lim P (N, =0) = 1.

t—0 t—0 t—0

This establishes the validity of (2.40) and concludes the proof of the whole theorem.
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7.8 Proof of Theorem 2.18(2)
Let U € N\ V; that is ¥(0) = 0. Let a > 0 and note that

I&, (t) < $3eaSUPs<t —&s tae—ainfSSt 55.

The finiteness of the negative exponential moments of inf,<; {, of order greater than
a_ follows from the definition of a_, see (2.5), thatis ¢_ € A(_, o) fora € (0,—a_), see
e.g. [9, Chapter VI] or [24, Chapter 4]. Thus (2.41) is established as well as (2.42) when
|¥ (a_)| < oco. To prove the opposite direction of (2.42) and (2.43) we find a suitable
lower bound. As in the previous proof we decompose the Lévy process ¢ underlying ¥ as
€ = ¢ + &% where ¢! collects all positive jumps and all jumps of value between (—1,0)
and £? is a compound Poisson process of jumps less than —1. Then clearly

t a
I3 (t) > e oinfesi & ( / e_£3d5>
0

and because ¢! has all negative exponential moments then, for any a > 0,
J(a):=E {e‘“infsif&i} < 0.

Let Ty = inf,>o {|¢2 — ¢2_| > 0} and 75 stand for the time of the second jump of ¢. Also
let X; = &7, . Then

e\ t
e Ssds | Ty < =Ty >t
0 2

The left hand is infinite provided a < a_ or a = a_ and |¥ (a_)| = oo because in this case
E [e*“ﬁ] = oo and hence E [e™*%1] = oco.

a

Elly(#t)] 2 J(a)E 2 J(a);—aIP (Tl < %;Tz > t)lE [efaxl} .

7.9 Proof of Theorem 2.20
Recall that o B
VeN\N={VeN:¢_(0)=0}

and as above we write, for any ¢ > 0,
Ui(z) = U(z) — g = —pl1(—2)p!"(2) e N.

We also repeat that I'y () = jg e~%ds, t > 0, and Iy(t) is non-decreasing in t. The relation
(2.44) then follows from the immediate bound

P(Igie <z)= q/ooo e U'P (Iy(t) <a)dt > (1—e )P (Iy (1/q) < ),

combined with the representation (2.25) with n = 0 for P (I v, < x) the identity

K- (q,0)017(0) = ¢17(0)317(0) = —¥(0) = g,

which is valid since (A.4) and Lemma A.1 hold. Thus, Theorem 2.20(1) is settled and we
proceed with Theorem 2.20(2). We consider two separate cases.

Case a € (0,1). Denote by My, a € (0,1), the Mellin transform of V¢ which denotes
the cumulative distribution function of the measure y =P (Iyts € dy) I{,~0y. Following

(7.29) and noting from Lemma A.1 that x_(q,0) = ¢'%0) we conclude that

k—(g,0)

1
MVG‘I (Z) = _;M[ (Z +1- a) = — M\Ijtq (Z +1-— a) , 2 € C(a—l,O)v (74:6)

wta
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and at least My« € A(,_1 0y since My+q € A(g,1), see Theorem 2.1(2.10). Similarly, as for

any ¥ € N such that ¥(z) # d, z, which is the case under the conditions of this item, we

have that Ny > 0 and we deduct that ‘bllim |b]% | Mya(c+ib)| = 0 for some B € (1,1 + Nyg)
—00

and any ¢ € (a — 1,0). Therefore, by Mellin inversion, for any = > 0,

—C

Vaq(a:) :/ yia]P (I\I]Tq c dy) = o / Iiib./\/lvfil (C+ Zb)db
0 —o0

x~¢ /°° b Myta(c+1—a+ib)
oo c+1ib

(7.47)

= —k- (Q7O) db.

However, since also

_q/ . qt/ 1) € dy) dt, (7.48)
we have that

q
TP (1 dy) dt
qaon q,O)/ / w(t) € dy)
" Myta(c+1—a+ib) db)

( 2m /Oo c+ib
_hm< - /oo Zb(Mqﬁq(c—Fl—a—i—ib)—.Mq,(c+1—a+ib))db>
q—0 c+ib

—cC

db.

C/Oo _apMy(c+1—a-+ib)
27 c—+1ib

— 00

From (7.64), (7.65) and (7.66) of Lemma 7.3 with g € (0,Ny) we conclude that the
dominated convergence theorem applies and yields that

A e M 1—
lim ———— / e / ) € dy)dt = -z / —an Male+ a+b) db.
—0 k_(q,0 21 J_ o c+ b
(7.49)

The latter means that the renormalized Laplace transform of fow y P (Iy(t) € dy) con-
verges. Let — lim & = hm & = oo a.s. or alternatively ¢,(0) = ¢_(0) = k_(0,0) = 0.

t—o0

Assume also that thm P (& < 0)=p€[0,1). Then from the discussion succeeding [24,
— 00

Chapter 7, (7.2.3)] (a chapter dedicated to equivalent statements related to the Spitzer’s
condition) we have that x_(-,0) € RV,. Since

Ro(q.0) _ 00 _ 1
q ¢ ¢l%0)

then ¢1(0) € RVi_, with 1 — p > 0, and since

t |—>/ ) € dy) =E [I3" ()1, (1) <o) (7.50)

is non-increasing for any fixed > 0 and « € (0,1), from a classical Tauberian theorem
and the monotone density theorem, see [9, Section 0.7], we conclude from (7.47) and
(7.49) that, for any « > 0 and any ¢ € (a — 1,0),

. z”° < _apMy(c+1—a+ib)
lim ¢ ‘Ply(t)edy) = ———— i db.
Jim 10l ()/0 y P (lu(t) € dy) 27rr(1—p)/,of ¢+ ib
(7.51)
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With tqbfj (0) = ﬁ we deduce that
y~ P (Iy(t) € dy)
k_(1,0)

t?

converges vaguely to 9,,

whose distribution function is simply the integral to the right-hand side of (7.51). To
show that it converges weakly, and thus prove (2.45) and (2.46), we need only show that

E I, y P (Iy( d
lim 7[ v ()] = lim fo w(t) € dy)

t—00 /@_(%’O) t—00 [{/_(170)

However, this is immediate from the fact that M; ., (2), ¢ > 0, is always well defined
on C(g 1), see (2.23) of Theorem 2.1, lir% Myia(1 —a) = Myg(1 —a), a € (0,1), justified in
q—

(7.64) below, and utilizing again a Tauberian theorem and the monotone density theorem
in

M, (1—a)= q/ e "E [I5%(t)] dt = £_(q,0) Myt (1 — a). (7.52)
0

Relation (2.47), for any a € (0, 1), also follows from (7.52).

Case a € (0,1 — ay). This case is more convoluted. The main problem is that we
study the moments of Iy (¢) at infinity via the Laplace transform Iy, which depends
on Iy(t),t | 0, as well. The latter is different from the large time behaviour. Our
approach is based on separation of the Laplace transform, see (7.54), and the subsequent
understanding of both parts using the analytical information for the Mellin transform
MIWJ, see (7.55).

Assume that a; < 0 and fix any ¢ > 0. For any a € (0,1 — a,) set

H(g,a) = /1oo e 9 [15%(¢)] dt. (7.53)

From Theorem 2.18 we have that E [I;%(t)] < oo forallt > 0 and any a € (0,1 — ay).
Therefore from E [I5%(1)] > E [I;°(t)], for t > 1, we conclude that

H(q,a) <E [I5%(1)] /100 e”dt < oo

and thus H(q, —z) can be extended analytically so that H(q,-) € A¢q, —1,0]- From (7.50)
we immediately see that, for any « > 0,

0o > H(q, a) / / t) € dy) dt := Wa(q, —a)

and hence with a + 2 we conclude that W,(q,") € A(a, —1,0)- We re-express (7.48) as

qu /eqt/ P (Iy(t) € dy) dt+/ eqt/ t) € dy)dt
/eqt/ t) € dy) dt + W,(q,—a)

and the finiteness of %Vaq(:v) can solely fail thanks to the first term in the last identity. We

proceed to understand it. Next, since the analyticity of U? obviously coincides with that
of ¥ we conclude that a; = Qgta and a_ = Qgta for any ¢ > 0. Moreover, from ¢, (0) =0
I I

(7.54)

then ¢ < 0on (at,0) and uy =0, and since lir% qﬁf(a) = ¢4 (a) for any a > a4, see (C.2),
q—r

we easily deduct that

31_Y>T(1)U¢Tq =Uup = 0.
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Then there exists g > 0 such that, for all ¢ < qo, w1« € (max{-1,a;},0). Therefore
+

since, for ¢ < qp, —u e is not an integer, from Theorem 2.1 we conclude that for all
+

n +
q < qo, Mr,,, €M, ,1-a_) @and My_. has simple poles with residues qﬁJﬂf(O)w,

with ngl =1, at all non-positive integers —n such that —n > a;. Henceforth, for any
—ng > a4, ng € IN, we have that

\:[;’rq 1 N
Myia(z) = Z Hk 1 ot M(z) (7.55)

with M&n‘;) € Amax{-no—1,a,},1-a_)- Also since for any ¥ € N that does not corre-
spond to a pure drift, conservative Lévy process , we have that Ny > 0, see Theo-
rem 2.3, we conclude from (7.55) that at least for any § € (0, min {Ng+,1}) and any

¢ € (max{-ng—1,a4},1—a_)

Uik 1
Mg+d(c+ ib) — an L c—l—ib—i—n =0

(7.56)

Jim )7 | M0 e + ib) = Jim_ 1b|#

For a € (0,1), ¢ € (a—1,0) and —ng > ay,ng € IN, (7.47) together with (7.54), (7.55),
(7.56) and gzbiq(O)/i,(q, 0)= Jﬂf(O)(bE](O) = ¢, allow us to re-express (7.47) as follows

! 4 = 1e_qt : —a
Lya(a) —/O / (T (t) € dy) dt + Wa(q, —a)
k—(q,0) 1

P (Iy
S @D L Mtz
q 2ms z€C. Z

k)

1 (7.57)

_ i Z:]_ \I/Tq( (xlfaJrn]I < + ]I )
n! l—a+n (o<1} T Ha>1})

n=0

_(g,0) 1 M (241 -
_ K (q7 )7/ .’E_Z Wta (Z a) dZ,
ec,

q 27 z

where the first term in the very last identity stems from the fact that for a € (0,1) the

function —m for Re(z) € (a —n — 1,0) is the Mellin transform of
S — (@' M <y + Losay)
l—a+n =

and the integral in (7.57) is its Mellin inversion. Also as Méﬁ?,) € A(max{—no—1,a4},1—a_)
the fact that we can choose ¢ < 0 as close to zero as we wish and (7.56) together with
Fubini’s and Morera’s theorem allow us to conclude that
MU 4140
/ x~ ‘Iﬂ—dz S A(max{—ng—Q,cur—l},O]' (7.58)
z€C,. z
However, since W,(q,-) € A(a,—1,0) @s noted beneath (7.54), and (7.58) hold true, we
deduct upon substitution —a — ( in (7.57) and equating the second and forth terms in
(7.57) that as a function of ¢

Walq Oﬁ_(q,m;/ - Mé’i‘;)(z+1+<>
D q 211 2€C,
Hk . ‘I’*" k) (@ e cry + ]I{x>1} —qt
Z 1+¢+n N ) € dy)dt
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\IIJW 1+¢+n . I,
Z Hk 1 k) (« o<1} + Las1y) — Go(q,0) (7.59)

1+¢+n

L= Gz(qan(b C) € A(max{—7zo—2,u+—1},0]7

e [0 [ e cana

Therefore, G, has no poles on the region (max{—ng —2,a, —1},0] and the poles of
G, are cancelled by those of the sum above. We stress that we have started the
considerations with a € (0, 1), see (7.57), but the resulting identity (7.59) extends to
analytic function on Cyax{-n,—2,a,-1},0,- Note that, for any k£ € IN, by means of the
Taylor formula for e™*, one gets

where

k A 1 T 1 T

Galq,¢) = Z(*l)ﬂf/ [y P (Iy(t) € dy) dt+/ fk+1(Q7t)/ y*P (Iy(t) € dy)dt

= o Jo 0 0
k -qj

= DL 0.0 + Fua(20.0) (7.60)

Since | [ 4P (Iy(t) € dy)| < E [Iy(t)*©)], one gets from Theorem 2.18(2.40) that

im +—Re(C) Re(ﬂ —
lim t(OF [Iqu (t) 1,

for Re(¢) € (a4 — 1,0). Hence, for Re(¢) € (max{—1—j,—-1+ay},0)

1 T
/ thrRe(C)t*Re(C)/ y°P (Iy(t) € dy) dt’ < 00.
0 0

Also ﬁt_k_lfkﬂ(% t) < oo implies that for Re(¢) € (max{—2 —k,—1 +a,},0)
t—

1 x
/ 22 f 1 (q, 1)) / P (I (t) € dy) dt‘ < .
0 0
Therefore, with these inequalities and Morera’s theorem we can deduce that

Hj (Sﬂ, ) € A(max{—l—j,—l+a+},0) and -HkJrl (.’E, q, ) € A(max{—2—k,—1+a+},0)' (7.61)

Set n’ the largest integer smaller than 1 — a,. Then, from (7.59) applied with ny = n’ we
conclude that G,(q, ) € M(a, —1,0) With simple poles only at the locations {—n' —1,---, —=1}.
From (7.60) applied with £ = n’ we can deduct that H; (z,-), 0 < j < n/, is mero-
morphic on (a; —1,0), that is H;(z,-) € M, —1,) with simple poles at the points
{-n—=1,---,—j —1}. Let us sketch how this is inferred. From (7.60) and (7.61) we
check that Hy(z,-) € M(_2,0) as all other quantities involved there are meromorphic on
the strip Re(¢) € (—2,0). Also using the same arguments we deduct that

Hy(z,-) — qHi(z,-) € M(_30)-

Since the latter is valid for any ¢ < go by choosing different ¢’, ¢ € R* with max {¢’, ¢"} <
qo by subtraction we end up with

(¢" —q") Hi(z,-) € M(_3,0).
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Feeding back this information we arrive at Ho(z,-) € M(_3). This procedure can be
continued. Set, for k < n’,

NN bk | g
Hy(z,¢) = ’ + Hy(, ()

with Hy(z,-) € A(a,—1,0)- Then

Gala,0) = S L (5,0) + Hyr (,0,€)

with Pj(z,q),j = 1,--- ,n’ + 1, polynomials in ¢ and Hyyi(z,q,-) € A(a, —1,0).- However,
since ¥1(z) = ¥(z) — ¢ we deduce that [],_, ¥1%(k) are polynomials in ¢ and since from
the definition of n/, (7.59) defines analytic function, that is G,(¢,n/,-) € A(a —1,0, W€
conclude that

M, v 1 -
2(q,n', () = Z = 131 (+j+1 (@ Lpcry + Lasy) — Ga(4,€)

H \mq () 1 1+¢+n ;+1 z,q)
Z:: jl C+]+1(x ]I{xfl}+]l{x>1} Z C+]+1

Jq] 7
.T, C) - Hn’+1(x7Qa C)

7<) - ﬁn’-ﬁ-l(m?qaC)

e
e

as the poles evidently have to cancel to ensure that G, (¢,n’,-) € A(a,—1,0- Clearly, then
we are able to deduct that the following limit holds

lim ém(‘]a n/a C) = lim - Z( 1)j q| H (l’ C) - I:In/—l-l(zvqa C)
q—0 q—0 0 7:
j:
= _I:IO (.’177 C)
since from (7.60) we have the limit lin%) farx1(g,t) = 0 and the asymptotic relation
q—r

fars1(g,t) =< ¢ 17" +1 which yield the validity of

1 T
lim fn/+1(Q7t)/ Yy P (Iy(t) € dy) dt = ;i_% Hyry1(z,q,¢) = 0.
0

q—0

Henceforth, from (7.59) we conclude that, for any —a € (a4 — 1,0), we have the following
limit in ¢

dz | = —Hy(z,—a). (7.62)

. 1 MU (41—
lim ”rm(% 7@) + K (Qa 0) . / = Pta (Z a)
q—0 q 27 J,eq, z

Since it is true that qﬁq(O)n_(q,O) = ¢>L‘1(0)¢ﬂ1(0) = ¢ then from (7.55) we have the
ensuing set of relations valid when ¢ — 0,
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[Ty PH(k) 1

00 |y ) - M )] < o) 2D S

vta ¢ = n! z+n
_ nz w1 U(k)—q 1
|
—re n z24+n
n’ n
U(k 1
— Z (Hk-ll ( ) —|—O(1)) ]
s n! zZ24+n

Therefore, by our freedom, for fixed a € (0,1 — a4 ), to choose |c+ 1 — a| to be non-integer
and ¢ € (a — 1+ a4,0) we get that

)| [ Mo, [ M) Gr1-a)
q 2€C, z z€C, z

[ Z (T ) o) I

n! l—a+c+ib+n
where in the last step we have invoked the dominated convergence theorem. From these
observations we deduct from (7.62) and (7.63) that as ¢ approaches zero

(7.63)
db

= 1
|c + ib] 0@,

Wa(q,—a) = / / =P (Iy (1) € da) dt

(n")

M 1-— X

_ LL/ e Man Gt 1) o
q 27 J.ec, z

dz

:ML/ [ Maet1-0) ME)E+1-a)
zeC

q 21 z z

. _ 1 Myiq 1-—
_ H()(IE, *CL) + 0(1) o K (q,O) 27‘/ T ? wt (Z + a) dz
q T 2€C z

Q_Mi/ g Mynletl=za),
q 2mi J.ec, z

Finally, using this asymptotic relation and employing (7.64), (7.65) and (7.66) of Lemma
7.3 we further arrive at the following asymptotic behaviour

rov_l-z_(q,())i/ o (M\I,fq(z+1a)_Mq,(z+1a)>dZ
eC.

Wx(Qa _a)

q 2 z z
Lm0 L M),
q 2m z€C z
oned) LML),
q 2m J.ec, z

However, from (7.57) we then get that

/ / ) € dy) dt
N (q, 7/ o M‘I’(z—'_l_a)dz
q 27 J e, z

or the behaviour of the Laplace transform of the function I;>1} fox y P (Iy(t) € dy). We
then conclude (2.45) and(2.46) as in the case a € (0, 1), see the arguments around (7.50)
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and (7.51). Finally, we show, for a € (0,1 — a.), that

o B )]
e ke (4,0)

t?

=0, (RY) < o0

by decomposing (7.52) precisely as VZ(x) in (7.57) and proceeding as there. This also
verifies the expression for 9, (RT) in (2.47).
The proof above relies on the ensuing claims.

Lemma 7.3. Let ¥ € N and recall that for any q > 0, ¥19(z) = ¥(2) — q. Fixa € (ay,1)
such that —a ¢ IN. Then for any z € C, we have that

liII(l) Myiq(z) = My(2). (7.64)
q—r

Moreover, for any/l; >0andt < oo,

sup sup | Mg+ (a + ib)| < oo. (7.65)
0<g<rv|p|<p

Finally, for any 0 < 8 < Ny, we have that

lim [b]? sup |Mgiq(a+ib) — My (a + ib)| = 0. (7.66)
[b| =00 0<qg<t

Proof. Let ¢ > 0. Set
Wi(2) = () — g = =419 (—2)$"(2).

Since the analyticity of W7 obviously coincides with that of ¥ we conclude that a, = a sha
+
anda_ =a st for any ¢ > 0. We start with some preparatory work by noting that for

a € (ag,1) and any ¢ > 0,

sup [W14(1 — a — z’b)‘ < W,i(l - a), (7.67)
beR -

since, from Definition 4.2, (W ab”(" + 1)) is the moment sequence of the random
- n>0

variable Y¢+q. Also, for any non-integer a € (_a+, 1), z=a+ib e C, and any q > 0 we get
from (4.14) that

(7.68)

T(a+ib) Ilfua+g+w) T(a+ 1+ ib)
Wiq(a—kz'b)_ a+j+ib W(ﬂq(a—l-l—kib)’

where [ =0ifa > 0and !+ a > 0,I € IN otherwise. The convention Hgl = lisalsoin
force. This leads to

gt L
D(a+ib) | _ ll%f®+]+w) T(a+1) .
el | W a(a+ib) | = hek lat+j+ib| | Woa(a+1) (7.69)
beR | Wyta beR \ 72 J 1
T'(a+1b)

since for a > 0, W (atib) is the Mellin transform of I, see the proof of Theorem 2.22 in
section 7.1. Next, observe from (4.11) that forany 0 < ¢ <, z = a + ib and fixed a > 0,

¢¥(1) G 1al@) =4 1a(2) —F,1a(2)—R,1a)
sup qu( = sup e Miq «p‘riq e <¢>Tiq qﬁiq
osasel T osase | ola)ol(1 + )lold(z)
(7.70)
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First, the error term, namely the last product term above, is uniformly bounded over the
whole class of Bernstein functions, see (3.14). Second, from Proposition C.1, we have
that

; Tar1y — ; taq _ ; tq _

limy (1) = ¢4(1), lim ¢ (a) = ¢+ (a) and lim ¢ (1+a)=0¢+(1+a).
Similarly, from (3.9), lin% szl"(a) = Gy, (a). Therefore, (7.70) is simplified to

q—

1 —A Tq(z)

Wia(2)| X sup ————=e ** .
P 0z ol v

sup
0<q<t

However, according to Lemma A.2, g — A gia (z) are non-increasing on R*. Henceforth,
(7.71) yields that, for any z = a + ib, a > 0,

o (2)
W@q(z)‘SCaOSSI;I;t ‘jéz(z)‘ ‘Wﬁr(z)

|9+ (2)]

Cogil | S | Wesla)l < jsup
== e

b

(7.72)

where C,, C/, are two absolute constants. Next, from Proposition C.1(C.2) we have, for
any 2z € C( ), that liH(l) gﬂf(z) = ¢+ (z) and hence from Lemma 4.10 one obtains, for any
; e

2 € C(g,c), that the next limit holds
‘}g% W¢¥1 (2) = Wy, (2).

Also from Proposition C.1(C.2) and (7.68) we get that, for any non-integer a € (ay,1) and
fixed z € C,,

ii W(z+7) T(z+1)

lim —E lim
|z + j| W¢jrq(z+l)

q—0 W¢1q (2)  q—0

|z 4+ 7] Wy, (2 +1)
_I()
W¢+(Z)

_ )
W¢+(Z)

= z+3) T(z+1
:Hom j) TG+

Recalling, from (2.9), that My(2)
that, for any z € C,,

Wy (1 — z), one gets from the last two limits

. T N C))
Mo () = iy gy Ve =9

_ T2
W¢+(2)
and (7.64) follows. Next, (7.68) and (7.72) give with the help of (2.9) that, for any v € R™
and for any non-integer a € (ay, 1),

W¢— (1 - Z) = M‘I’(Z)v

1|t .
lle@+y+wﬂ I(a + 1+ ib)|

sup |Mytq(a +ib)| = sup )‘ ‘Wq&f}(l—a—ib)‘

0<g<r 0<g<eizg o+ j+ib] ’vv&m(a-+l-+ib
+
|61 (a+ 1+ 3b) J]ol = a—)
< 4| sup , sup
0<g<r v/ |¢+(a +1+ Zb)‘ 0<g<r ‘¢TQ(1 —a— Zb)’
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gl (a+ o+ ib)|
X sup —_—
0<q<eizg la+j+ib]

IT'(a+14ib)| .
W (a+ 1+ ) ‘ij(l —a— zb)’]

= Ca (Jl(b) X Jg(b) X Jg(b)) (7.73)

However, (C.2) in Proposition C.1 triggers that

ol(a+ 1+ )| (1~ a —ib)
sup Ji(b) = sup | sup TV oo
<5 bi<b | 0<a<e /oy (a+1+ib)| 0<g<e o1 — a — ib)
‘¢E(a+l+z‘b)‘ I (1 —a—ib)
< sup | sup sup < o0
pi<h | 0Sest  Vor(a+l)  o<ese | fate(q g

since 1 —a > 0, a + 1 > 0 and (3.5) holds, that is Re (¢ (a + b)) > ¢(a) > 0. The same
is valid for sup, J3(b) (resp. sup, 5 J2(b)) thanks to (7.67), (7.69) and lir%W ;q(z) =
< < e

W, (2) (resp. (C.2) and a not an integer). Henceforth, (7.65) follows. It remains to show
(7.66). Let Ny = oo first. We note that for any ¢ > 0,

U € Np(o0) <= W7 e Np(c0), or, equivalently, Ny = oo <= Nytq = 00.

This is due to the fact that the decay of |My| along complex lines is only determined by
the Lévy triplet (v,02,1I), see (7.6), which is unaffected in this case. Henceforth, we are
ready to consider the terms in (7.73) and observe that, for any 5 > 0,

Clati+d)l |, (1—a—ib)|=o0, (7.74)

T [b°J5(b) = Tim |p]? W,
o J5(6) \bwoo" Wy (a+i+ib)] | ¢"

|b] =00

because if

— T l+1b
T [pff L@t i+ ib)]
blsoo ' |We, (a+1+ib)|
then from Theorem 2.3(1) we have that ¢ € By, ii+(0) < oo. However, then Proposition
C.1 implies that ¢ € By, i, (0) < oo. Henceforth, necessarily, for any 5 > 0,
lim |b|? ’W¢.‘.t(1 —a-— ib)’ —0,

|b] =00

as otherwise we would have Ngi. < oo and Ny = co which we have seen to be impossible.
Next from (C.3) and Proposition 3.1(4) we deduct that

gl a+ j + i)

lim Jo(b) = lim su —
[b] =00 2( ) |b\—>ooo§q2r |(l+]+lb|

Jj=0

j—1 Sup ()&ﬂ(aﬂﬂb)—¢+(a+j+z'b)D+\¢>+(a+j+z'b)\
T 0<g<e
< lim H

E B 0]
j=0
< 00. (7.75)
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Finally, from (3.5), (C.2), (C.3) and Proposition 3.1(4) we conclude that

Tt _
A — 1 ’qﬁ (a +l+zb qS —a zb
\blllin |b]2 - Ibl\lin 62| Os<ug Vb (a+1+ib)] 0< /
e o] [e’e} T T<'C
== +a ¢T¢1 l1—a-— Zb (7.76)

Cq sup

0<g<t \/‘¢+ a+l ‘ \/¢Tq >

where we also recall that 1 —a € (0,1 — a4). Collecting the estimates (7.74), (7.75) and
(7.76) we prove (7.66) when Ny = oo since from (7.73)

lim |b\ﬂ sup |/\/l\1,1q(a—|—zb)|<0 lim 1(b)

o 0 (0) =0

Assume next that Ny < oo which triggers from Theorem 2.3(1) and Proposition C.1 that
o4, gzﬂq € By withdy =d%,Vg>0, ¢_, <;ST_q € B§ and II(0) < co. The latter implies that
ﬂif(o) < 00, g > 0. Thus, from (C.1) and (C.2) of Proposition C.1, we conclude from (2.18)

that
fa 0+ Ta 0 ~ta 0
q—0 q—0 qbtl(() + ﬂTq(O) g—0 d+

_ v_(07) _ ¢+ (0) + i1 (0) (7.77)
_(¢>< (0>)+

wherein it has not only been checked yet that

+y — +
%13(1)1) 2(07) =v_(07).

However, whenever Ny, < 0o, from (B.2) we have that
o0 = [l ()
0

since ITt? = TI. Also, in this case since d; = de from (6.23) we have that, for any y > 0,

o

1 ~T14q
p=t di“ <1* (0) + 1)) (9) = =+l ().

The infinite sum above is locally uniformly convergent, see the proof of [26, Proposition

11, and therefore we can show using that lim qﬂ_q(()) = ¢4+ (0), lim ﬂTﬂ = i+ and (C.1) and
q—0 q—0

(C.2) of Proposition C.1, that for any y > 0,

TQ(

lim u!(y) = u4(y)

q—0

and hence liH(lJ v19(0%) = v_(0%) follows. Thus, (7.77) holds true. Note that since d > 0
q—

the Lévy process underlying ¥? is not a compound Poisson process and hence from
Lemma A.1 we have that that

19(dy) = / YO (dt, dy),
0
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where ,LE,E stands for the Lévy measure of the ladder height processes of the conservative

Lévy process underlying ¥¥(z) = ¥(z) — ¥(0) = (¥19)%(2). Therefore, in the sense of
measures on (0,00), pi(dy) < p’.(dy), for all ¢ > 0. Since fi'%(0) < oo, ¢ > 0, and
o, ¢Jf] € B¢ we conclude from Proposition C.1(C.2) that for any ¢ > a; and v > 0

sup sup
beR 0<g<t

¢T_q(a+ib)‘ < sup (61°(0)) + / T (e 1)t (dy) < 0. (7.78)
0

0<g<rt

Also from diq =d4 > 0and pfﬁ(o) < 00, ¢ > 0, we obtain, for fixed a > a;, —a ¢ IN, that

’aﬁq(a“b)‘ 1(0) 1 [
< Tt |

sup sup ——————
beR0<q<c |a+ib| 0<q<c @l

(e +1) it (dy) < o0.  (7.79)

Therefore from (7.79)

6T (a+ o+ ib)|
la + j + ib|

lim Jo(b) = lim sup < 00 (7.80)

[b]—00 [b|—o00 p<g<t <0

and from (7.78), (7.79), (3.5) and the fact that

|6+ (a+141ib)]

inf
beER v |a + b

f( +l+ib ,/¢T‘1—a—zb
(b) = su

lim J lim

[b[—o00 ! _‘b|~>000<q<1: |¢+ + 1+ b)] 0<q<r\/¢m—
(7.81)

|61 (ati+ib) |
< Ca sup v/ |a+1+ib|

a+l+zb
0<g<r \/‘¢+( )| ¢Tq 1—a)
|a+l+zb

we arrive at

< 00.

Relations (7.80) and (7.81) allow the usage of (7.73) to the effect that

I( l b)|
sup_sup [ My (a4 b)) < 0 T IOy

—a—1b ’ .
02a%t <5 |W¢+ a—|—l—|—zb ’ ) (7.82)

Then (7.66) follows from (7.82) and (7.77) as t can be chosen as small as we wish so
that each of the two summands computing Nyi. is as close as we need to each of the

summands evaluating Ny. This means that the exponent of the power decay of ‘W ol

can be as close to the exponent of ]W(z,f‘ and (7.66) is indeed verified. This concludes
the proof of this lemma. O

8 Factorization of laws and intertwining between self-similar
semigroups
8.1 Proof of Theorem 2.22
As in the case a_ < 0, see section 7.1, we recognize % as the Mellin transform of
+

the random variable I, and ¢_(0)W,_(1 — z) as the Mellin transform of X;_ as defined
in (7.2). This leads to the first factorization (2.48) of Theorem 2.22. Next, we proceed
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with the proof of the second identity in law of Theorem 2.22. The product representations
of the functions Wy, ,W,_,T', see (4.7) and the recurrent equation (1.3), allow us to
obtain that for any Bernstein function Wy and 2z € Cg )

oo

We(z+1) = ¢(2)Wy(z) = e [[ ————

k=1

which by obvious analytic extension is valid even on C(_; o). Next, we simply substitute
the latter and invoke the product representation (4.7) in (2.23), for z € C(_ o), to get
that

I'(z+1)

Mi, (2 +1) = E[I3] = QS_(O)W o (=2)

=e (7¢++7¢—_’Y) ¢ z) H ¢ 0 r2) Cy (k) (8.1)

k—2) ¢ (k)(k + 2)

ﬁ k+1)¢>+(k+1+z)
kE—2z)or(k+1)(k+1+2)

Cy (k),

where, for k > 1,

(1 Pl (k) 9l (k)

C\Il(k') —e k¢4 (k) ¢_(k)> and C\I/(O) — e(7¢++"/<ﬁ, 7'7’).

Performing a change of variables in Proposition 3.1(6) (resp. in the expression (3.1)),
we get, recalling that T_(dy) = U_ (In(dy)), y > 1, is the image of U_ via the mapping
y — Iny, that the following identities hold true

/100 y*Y_(dy) = /000 e*U_(dy) = ¢_(1_Z)

/0 v (i (— Iny)dy + 64 (0)dy + .61 (dy)) =

Note that the last identities prove (2.49), that is

¢+ (1 +2)
(1+2)

P(Xg €dx) = (i (—Inz)dz + ¢4 (0)dx + dy 1 (dx)), x € (0,1),

1
o1 (1)
P(Yy €dz) =¢_(0)Y_(dz), x > 1,
are probability measures on R*. Next, it is trivial that, for any z € iR,
9-(0) ¢+(1+2)
¢+(1) - (—2)(1 + 2)

Then it is clear that for £k = 0, ..., we have that for any bounded measurable function f

(k+ Doy (1) o (k)
¢r(k+1) ¢-(0)

/ ]P(X\Ij XYy € d.’t)
0

E[f(BrXo)] E[f(B_rYy)] = E[X§f(Xe)] B[V f(Ye)],

E[x*f(X)] .
where we recall that E [f(B,X)] = —greer— and evidently

k1 Or(k+1) —x_ 0-(0)
Setting f(x) = «* for some z € iR we deduce that for k =0,1,---
o— (k) (k+1) ¢op(k+142)
p_(k—2)pr(k+1) (E+1+2)

Therefore the second identity in law of (2.48) follows immediately by inspecting the
terms in the last expression of (8.1). O

E[(BrXe)* | E[(B_1Ye)*] =
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8.2 Proof of Theorem 2.24

Let U € Nept. If ¥/ (0) € (0, 00), that is, the underlying Lévy process drifts to infinity,
(2.51) and hence (2.50) can be verified directly from (2.23) and [16] wherein it is shown

that
1 1 1
ElfVo)] = =—=—FE |—f| —
0= gre® | 5 (7))
for any f € Cy(]0,00)). Indeed from the latter we easily get that
E[1y'] = ¢-(0)¢. (07),

where we recall that ¥’ (0) € (0,00) triggers ¢_(0) > 0 since the Lévy process goes
to infinity. Then a substitution yields the result. If ¥/(0) = 0 that is the underlying
process oscillates we proceed by approximation. Set ¥.(z) = ¥(z) + tz and note that
¥’ (0) = v > 0. Then (2.51) and hence (2.50) are valid for

Ui(2) = P ()0 (2).

From the Fristedt’s formula, see (A.2) below, Lemma A.1 and fact that the underlying
process is conservative, that is ¥(0) = 0, we get that

e—zm) lP(étJr:tEdm) di

(bgf)(z) = h(f) (O)efom f[O,oo)(e_t7 , 2 € @[0700)7

where h(r)(()) = 1 since the Lévy process (Y corresponding to ¥, is not a compound
Poisson process, see (A.3). Then as

lir%IP (& + vt € +dx) =P (& € +dx)
t—

weakly on [0, 00) we conclude that lirr(1J (bﬂf)(z) = ¢4(2), z € Cjp o). This together with the
T

obvious 111% V. (z) = ¥(z) gives that lingJ qﬁ(_r)(z) = ¢_(2), z € Cjp,o). Thus, from Lemma
T— tT—
4.10 we get that
lim W (2) = Wo, (2)

on C(o,oo)- Therefore, (2.51), that is

1 I'(1-2z)
Aoz e )

lim My, (2) = li

1 I'(l--=2)
= Wy (2), z€Cg_ 1),
GO Wy =z o) 2€ G

!
holds provided that lim (¢>§f> (0+)) — ¢/, (0+). However, from lim ¢\ (2) = ¢, () we
t—0 t—0

deduct from the second expression in (3.1) with ¢ (0) = qb(j)(()) = 0 that on C(g )

t—0

lim (d(j) + / e VA (y) dy> =dy + / e iy (y) dy.
0 0

!/
Since by assumption ¢/, (0*) < oo and hence ( $))(O+) < oo. Then, in an obvious

manner from (3.2) we can get that

lim (¢$>)’<o+>=}.%(d$)+ / ﬂ$)<y>dy)=d++ / s (y) dy = ¢/, (07).

t—0
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Thus, item (1) is settled. All the claims of item (2) follow from the following sequence of
arguments. First under the condition that II(dy) = 71 (y)dy, y > 0, 74 non-increasing on

R™ from [53] we get that (2.48) is refined to Iy 4 Iy, x Iy, where 9(z) = z¢_(2) € Nont.

Secondly, this factorization is transferred to Vy 4 Ve, x Vy via (2.51). Finally the
arguments in the proof of [61, Theorem 7.1] depend on the latter factorization of the
entrance laws and the zero-free property of My, (z) for z € C(o,1) which via (2.51) is a
consequence of Theorem 4.1 which yields that W(z) is zero free on C (g ) for any ¢ € B.

Appendix

A Some fluctuation details on Lévy processes and their exponen-
tial functional

Recall that a Lévy process £ = (§):>0 is a real-valued stochastic process which
possesses stationary and independent increments with a.s. right-continuous paths. We
allow killing of the Lévy process by means of the following procedure. Consider the con-
servative that is unkilled version of £. Then, writing —¥(0) = ¢ > 0 pick an exponential
variable e,, of parameter ¢, independent of {, and set {; = oo for any ¢ > e,. Note that
ey = oo a.s. and in this case the Lévy process coincides with its conservative version.
The law of a possibly killed Lévy process ¢ is characterized via its characteristic expo-
nent, i.e. log E [e*] = ¥(z)t, where V¥ : iR — C admits the following Lévy-Khintchine
representation

2 oo
U(z) = %22 + vz Jr/ (e — 1 — zrly, <1y) I(dr) + ©(0), (A1)

— 00
where ¥(0) < 0 is the killing rate, o2 >0, v € R, and, the Lévy measure II satisfies
the integrability condition ffooo(l A 7?) II(dr) < +oo. With each Lévy process, say &,
there are the bivariate ascending and descending ladder time and height processes
(¢, H) = (Cti,Hti)tzo associated to ¢ via (Hti)tzo = (fgti)tzo and we refer to [9,
Chapter VI] for more information on these processes. Let us consider the bivariate
ladder height processes related to the conservative version of ¢, that is £f. Then since
these processes are bivariate subordinators we denote by x4 their Laplace exponents.
The Fristedt’s formula, see [9, Chapter VI, Corollary 10], then evaluates those on
2 € Cpp,00),4 > 0, as

) _ efooo f[O,oo) (e—he—”—qt)n)(igﬁedz) dt

K+ (q, 2 , (A.2)

where ¢ is the conservative Lévy process constructed from ¢ by letting it evolve on an
infinite time horizon. Set

h(g) = e o (T e P (sf=0) (A.3)

and note that & : [0,00) — R is a decreasing, positive function. Then, the analytical
form of the Wiener-Hopf factorization of ¥ € A is given by the expressions

\IJ(Z) = 7¢+(7Z)¢—(Z) = 7h(q)’€+(Q7 72) K—(sz)a z € iRa (A.4)

where ¢ € B with ¢4(0) > 0 and the characteristics of ¢, that is (¢4 (0),d+, us),
depend on ¢ = —¥(0) > 0. Then we have the result.

Lemma A.1. For any ¥ € N it is possible to choose ¢, (z) = h(q)r+(q,2) and ¢_(z) =
k_(q,z). The function h : [0,0) — R is not identical to 1 if and only if TI(0) < oo, 02 =
v =0, see (A.1), that is £ is a compound Poisson process. Then, on R,
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p—(dy) = / e~ it (dy, dy) and i (dy) = h(q) / e 1 (dyy, dy),
0 0

where ui(dyh dy) are the Lévy measures of the bivariate ascending and descending

ladder height and time processes (¢*, H*) = (Cti, Hti)t>0 associated to the conservative

Lévy process &,

Proof. The proof is straightforward from [24, p.27] and the fact that for fixed ¢ > 0,
Kkt € B. O

We refer to the excellent monographs [9] and [68] for background on the probabilistic
and path-wise properties of general Lévy processes and their associated Lévy-Khintchine
exponent ¥ € N. Also they contain the bulk of the fluctuation theory of Lévy processes.

We proceed with providing an alternative expression for A4, (z) = fob arg ¢ (a + iu) du,
z = a + ib, see (3.8) when ¢ is a Wiener-Hopf factor of some ¥ ¢ V.

Lemma A.2. Let ¥ € N and take ¢ from (A.4). Then, for any z = a +ib € C(g ), We
have that the following identity holds

o 1- b dt
A¢i (Z) :/ / Me—aa?eﬁ/(o)t]P(ié-g c d(l?) ? (AS)
0 [0,00)

T

Also if, for any ¢ > 0, ¥19(.) = ¥(.) — ¢ = —¢f(—-)q§i‘1(-), then for any fixed z = a +ib €
C(0,) the functions q A¢Tiq (z) are non-increasing.

Proof. It suffices to consider z = a + b with b > 0 only. Clearly, from (A.2) and Lemma
A.1, we have that, for any v > 0,

o ) dt
arg ¢4 (a +iu) = Im (/ / (e_t - e_(“+’“)”“+‘l'(o)t) IP(:I:Qj € da:) >
0o J[0,00) 3

= / / sin (ux) e*‘”e\p(o)tIP(:I:ff € dx) @
0o Jio,00) t

A simple integration then leads to
b
Ay (2) = / arg ¢4 (a + iu) du
0

_ / / 1= o8 00) o vt (1} € ar) &
0 J[0,00) r t

or (A.5) is recovered. If U14(0) = ¥(0) — ¢ then the monotonicity in ¢ is clear from (A.5)
since all terms are non-negative, do not depend on ¢ and e¥'*(0t = ¢¥(0t=at decreases in
the variable q. 0

B A simple extension of the équation amicale inversée

Let ¥ € N and recall its Wiener-Hopf factorization ¥(z) = —¢ (—2)¢_(z), z € iR.
When in addition ¥(0) = 0, then the Vigon’s équation amicale inversée, see [24, 5.3.4],
states that

o) = i) [ Ty 0)Us(do), y >0, B.1)
0
where p_ is the Lévy measure of ¢_ or of the descending ladder height process and U,

is the potential measure associated to ¢ or of the ascending ladder height process, see
Section A and relation (6.22). We now extend (B.1) to all ¥ € N.
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Proposition B.1. Let ¥ € N. Then (B.1) holds.

Proof. Recall that ¥¥(z) = ¥(z) — ¥(0) € N and ¥* corresponds to a conservative Lévy
process. Set —¥(0) = ¢. From Lemma A.1 we have that y_(dy) = [;° e~ Uyt (dt,dy), y >
0. However, from [24, Corollary 6, Chapter 5] we have that

pt (dt, dy) = / Ui(dt,dv)ﬂ_(v + dy),
0

where U* is the bivariate potential measure associated to ((C‘)ﬁ , (H‘)ﬁ), see [24,
Chapter 5] for more details. Therefore,

A (y) = /0 /0 e~ UL (dt, dv)TT_ (v + y).
Assume first that the underlying Lévy process is not a compound Poisson process. Then
from [24, p. 50] and Lemma A.1, we have, for any n > 0,
1 1 /°° _ /°° _
= = e e~ U (dt, dv)
o+(m)  wilam)  Jo 0 *

and from Proposition 3.1(6) we conclude that U, (dv) = [~ e~ a'U* (dt, dv) since

1 S
<25+(77)/0 e~ "U4 (dv).

Thus by plugging the espression for U, in the relation for i_(y) above, (B.1) is estab-
lished for any ¥ € N such that the underlying Lévy process is not a compound Poisson
process. In the case of compound Poisson process the claim of (B.1) follows easily by
noting that ¢, (n) = h(q)x+(g,n) and hence the relation

1 o)
Ul (dv) = —/ e UL (dt, dv).
Hldo) = s [ e U dv)
This concludes the proof of the statement. O

Next we investigate when from (B.1) it can be deduced that ;1 has a density. When
¥(0) = 0 the ensuing result has been established by Vigon, see [24, 5.3.4].

Proposition B.2. Let ¥ € N and d, > 0. Then U, (dx) = uy (z)dz,z > 0, and
)= [ @Iy do) = [ o () 6.2)
0 y

is a right-continuous version of the density of pu_. If I1_(0) < oo then v_(07) =
J5 us(v)II_(dv) € [0,00) and otherwise v_(0") = <.

Proof. When d; > 0 we know from Proposition 3.1 6 that the potential density exists and
uy € C([0,00)). Next, for any = > 0 we integrate the second relation in (B.2) on (z, o) to

get
/;O /yoo uy (v —y)_(dv)dy = /:0 /; (v — y)dyIl_ (dv)

N / Uy (v — )T (dv) = / TH (0 o) us (0)do "2 ().

Thus relation (B.2) is established since d; > 0 leads to h(g) = 1 in (6.30). When
II_(0) < oo then since uy € C([0,00)) we can take right limit in (B.2) and thus v_(0F) =
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JoS us(v)II-(dv) € [0,00). Let II_(0) < oo and choose ¢ > 0 small enough such that

ut > g4 on (0,¢). Then from (B.2)

o0 1 €

+ = 1 - > i

v_(07) ?}gr(l) ; uy (v —y)_(dv) Sa. %li%/y IT_(dv)
| - —

E ;E}I}] (H_ (y) —1II_ (6)) = Q.

This concludes the proof of the proposition. O

C Some remarks on killed Lévy processes

The next claim is also a general fact that seems not to have been recorded in the
literature at least in such a condensed form.

Proposition C.1. Let ¥V € \ and for any ¢ > 0,
Ule(2) = U(z) — g = ¢l9(—2)9!(2), z € iR,
with the notation ( Tf(()), dl", ul") for the triplets defining the Bernstein functions QSEI.
Then, for any q > 0, dif =dy and
fil9(0) = 0o <= [i;(0) = oo and 3'(0) = 00 <= ji_(0) = oc.

Moreover, we have that vaguely on (0, 00) in general and weakly on (0, c0) when some of
the measures y is finite, the convergence

lim 117 (dy) = pi+(dy) (C.1)
qg—0
holds. Therefore for any a > a4 and [by,bs] C R with —co < b; <0 < by < 00

lim sup sup
*=0beby,b5] 0<g<r

19(a + ib) —¢+(a+ib)‘ =0 (C.2)

and
. 017 (a+ib) — 64 (a+b)|
lim  sup sup

=0. (C.3)
£20beR\ [by ,by] 0<g<t |0

Relations (C.2) and (C.3) also hold with ¢_, ¢1q for any fixeda > a_.

Proof. The Lévy process £17 underlying ¥4 is killed at rate —¥(0) + ¢ but otherwise
possesses the same Lévy triplet (v,02,1I) as &. Therefore, for any ¢ > 0, ald =dy,

fil9(0) = 0o <= fiy (0) = oo and i'?(0) = 0o <= fi_ (0) = o0

since those are local properties unaffected by the additional killing rate. Moreover, even
Agia = dg.., SE€ (4.4), since the analyticity of ¥ and hence of ¢4 is unaltered. Next, the

weak convergence lin(1) uif(dy) = p+(dy) in (C.1) follows immediately from Lemma A.1
q—

as it represents /ﬂf in terms of the Lévy measure of the ladder height processes of the
conservative process underlying ¥#, that is the relations

MT_‘I(dy) :/ ef(qqu(o))yluﬁ_(dyl,dy)
0

i1 (dy) = hg - (0)) / YO (dy, dy),
0
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and by a simple application of the monotone convergence theorem liH(l) h(g—9(0)) =
q—r

h (—=¥(0)), see (A.3). It remains to prove (C.2) and (C.3). Fix a > a; and [by, b2] as in the
statement. Then from the second expression of (3.1) and the fact that dirf = d4 we arrive
at

sup  sup
be[by,bz] 0<g<t

+2(max{\b1\,b2}+\a|)/ e sup
0 0<g<r

P(a+ib) ~ 64(a+ )| < sup

0<g<re

(0) - 6. (0)|
(C.4)

fiy (y) — ﬂi"(y)‘ dy.

Clearly, from the Fristedt’s formula, see (A.2), Lemma A.1, and the monotone conver-
gence theorem when ¥(0) = 0 or the dominated convergence theorem when ¥(0) < 0
we get that

lim ¢17(0) = lim 7 (¢ = ¥(0)) (¢ — ¥(0),0)

oo g (a—wione) Plefedr)
= lim h (g — U(0)) o Ji0,00y (67t memtam o) 222 gy
q—0

= h(~T(0)) el oy (e~ @) PEEE2)
= h(=(0)) iy (~(0),0) = 6:.(0),

where ¢! is the conservative Lévy process underlying ¥#(z) = ¥(z) — ¥(0). Next, from
Lemma A.1 it follows that for any y > 0 and any v > 0

sup e~ al(y) < h(—0(0) e~ VR (y) (C.5)
0<g<r

with the latter being integrable on (0, o) since a > a,. Moreover, again from Lemma
A.1 we get that, for any y > 0,

sup [f () — ()| = sup | [ (1= e 1) HONE i, 0, 00))
0<q<r 0<g<r|JO

<t /O tuf (dt, (y, 00)) + /1 h (1—e™™) uh (dt, (y, 00))

provided £ underlying ¥ is not a compound Poisson process and

sup
0<g<rt

<o) (x [ 16O oo + [ (1) O a1 (.0

+ (h(t — ¥ (0)) — h(—¥(0))) /OOO YO (dt, RY)

() = il )|

otherwise. Evidently, in both cases, the right-hand side goes to zero, for any y > 0, as
t — 0, and this together with (C.5) and the dominated convergence theorem show from
(C.4) that (C.2) holds true. In fact (C.3) follows in the same manner from (C.4) by first
dividing by 2max {|b| + |a|} for b € R\ [b1, b2] and then taking supremum in b. O

D Tables with frequently used symbols

The first table describes different subclasses of the negative definite functions (NDFs)
usually denoted by ¥ with underlying Lévy process ¢ and Wiener-Hopf factors ¢ .
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Notation Meaning Page of Appearance

N space of NDFs 2

N space of NDFs such that Iy = [~ e Sds < o0 8
N; space of NDFs with ¥(0) < 0 8
Np(B) NDFs with |My| decaying polynomially of power 7
Ng(©) | NDFs with | My | decaying exponentially of speed © 7
Nz NDFs with ¢ not supported by a lattice 10
Ny NDFs in Nz with a minute analytical requirement 11
Nent NDFs with finite moment of ascending height of ¢ 15
P space of positive definite functions 2

The next table collects some commonly used symbols that depend on different

functions.
Notation Meaning Page of Appearance
Z.(f) the zeros of the function f(—-) on the line a + iR 2
Iy the exponential functional of Lévy processes 3
My, the Mellin transform of Iy 3
ags,Up, g | analiticity and roots of the Bernstein functions ¢ 6
Ve generalized Euler-Mascheroni constant for ¢ € B 6

The next table presents subclasses of Bernstein functions (BFs) and contains generic
quantities pertaining to ¢ € B.

Notation Meaning Page of Appearance
B the space of BFs 2
Ba subset of BFs with positive linear term, i.e. d > 0 7
B the complement of By, thatisd =0 17
Bp(5) BFs with |W,| decaying polynomially of power 21
Bz (0) BFs with |W,| decaying exponentially of speed 6 21
B, BFs with d = 0 and regular variation of p 7

The next table gathers some functional spaces and domains.

Notation Meaning Page of Appearance
C; complex numbers z € C such thatRe(z) € I C R 2
C, z € Cwith Re(z) = a 5

Cap) z € Cwith a <Re(2) <b 5
A the space of holomorphic functions on C(, ) 5
Ay functions in A(, ;) with continuous extension to C, 5
M(a,b) the space of meromorphic functions on C, ) 5
CH(K) k-times differentiable functions on K 5
C¢ (R*) | C*(R') functions with derivatives vanishing at oo 5
¢y (RT) functions in C*(R*) with bounded derivatives 5
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