Electron. Commun. Probab. 23 (2018), no. 53, 1-12. ELECTRONIC
https . //dOl . org/10 .1214/18-ECP161 COMMUNICATIONS

ISSN: 1083-589X in PROBABILITY

Fluctuations for block spin Ising models
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Abstract
We analyze the high temperature fluctuations of the magnetization of the so-called
Ising block model. This model was recently introduced by Berthet et al. in [2]. We
prove a Central Limit Theorems (CLT) for the magnetization in the high temperature
regime. At the same time we show that this CLT breaks down at a line of critical
temperatures. At this line we prove a non-standard CLT for the magnetization.

Keywords: Ising model; Curie-Weiss model; fluctuations; Central Limit Theorem; block model.
AMS MSC 2010: 60F05; 82B05; 60G09.
Submitted to ECP on June 22, 2018, final version accepted on August 6, 2018.

1 Introduction

In a recent paper Berthet, Rigollet and Srivastavaz studied a block version of the
Curie-Weiss-Ising model [2]. This model is inspired by extensive studies of block models
in the recent past, see e.g. [1], [4], [5], [17], [22]. On the other hand, similar models were
considered a bit earlier in the statistical mechanics literature, see [6], [7], [14], [15], [16].
To define our model, we partition the set {1,..., N} for N even intoaset S C {1,...,N}
with |S| = % and its complement S°. This segmentation induces a partitioning of the
binary hypercube {—1,+1}", N € IN, the state space of the Ising block model. For 3 > 0
and 0 < a < 8 the model we will consider is defined by the Hamiltonian

B - N
HN,oz,B,S(U) = —WZUiO'j—ﬁZO'in, 06{—1,+1} .
i ity
Here we write ¢ ~ j, if either i,j € S ori,j € 5S¢ and i ¢ j otherwise. This Hamiltonian
induces a Gibbs measure

e*HN,a,ﬁ(U) e*HN,a,zs(U)

[N,0,6(0) = piNa8,5(0) TN e Hves)  Znas -

A closely related version of this model has been investigated in [19]. However, the
couplings in [19] between the blocks have the same strength of interaction as the
couplings within a block. We were informed that a more general version of the model
will be studied in [20]. Similar to the Curie-Weiss model the Ising block model has an

order parameter: the vector of block magnetizations, m := m” := (m¥, m%’), where

2 2
my i=my :=my (o) := N Zoi and  my :=mb :=my(o) = i Zoi.
ies i¢s
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Fluctuations for block spin Ising models

Indeed, the Hamiltonian is handily rewritten as

N (1 1 1
H o)=——|(-amm —-m2+-pm3 ).
N,a,ﬁ,S( ) 9 <2 1 2+ﬁ4 1+45 2)
This observation is not only a convenient way to analyze the block spin Ising model, it
also makes m an obvious choice to describe its behaviour and its phase transitions. To
characterize them, recall that with the above notation for & = 5 one reobtains the Curie-
Weiss or mean-field Ising model at inverse temperature 3, i.e. the model on {—1,+1}¥

given by How (o) = 3 >, ; 0i0; and Gibbs measure ;" () = %C‘XV(O)
([11]) that the Curie-Weiss model undergoes a phase transition at 5 — 1. This phase
transition can be described by saying that the distribution of the parameter m = % >0
(also called the magnetization) weakly converges to the Dirac measure in 0, &y, if 5 < 1
while it converges to the mixture %(5m+(5) +0_pt(p)), if B > 1. Here m™ () is the largest
solution of the so-called Curie-Weiss equation z = tanh(/5z). A similar result was proven
for the block spin Ising model in [2] (the authors also allow for negative values of «).
There the authors (implicitly) show

. Also, recall

Theorem 1.1. cf. [2, Proposition 1] In the above assume that 0 < « < 8 and denote by
PN,«,5 the distribution of m under the Gibbs measure [N, 3. Then

e If 3+ a < 2, then pn . Weakly converges to the Dirac measure in (0,0).
e If 3 +a > 2 and a = 0 then py,. 3 weakly converges to the mixture of Dirac

1
MEASUTES § D, sye{—+} Osimt (8/2).52m* (5/2))-
e If 3+ a > 2 and a > 0 then pn,. 3 Weakly converges to the mixture of Dirac

measures %(5(m+(a; Jmt (22 )y T O (a8 s (a))-

Theorem 1.1 is the trigger for another question: In the Curie-Weiss model the phase
transition can also be observed on the level of fluctuations of the magnetization: As is
shown in [13], [12] orin [11, Theorems V.9.4 and V.9.5] or [10], for 8 < 1 the parameter
v/ N obeys a standard CLT with expectation 0 and variance 1% while for § = 1 one

has to scale differently: Then N'/47 converges in distribution to a random variable that
has Lebesgue density proportional to exp(—%m‘l). Our question in this note is, whether
a similar behaviour can be observed for the block spin Ising model and how the limit

distribution depends on the relation between « and . To answer this question we show

Theorem 1.2. For the block spin Ising model assume that) < o < f and that 5+ «a < 2.
Then, vV Nm converges in distribution to a 2-dimensional Gaussian random variable with
;) with s? = 7(27857);%0[2 andr = 3%;.
Remark 1.3. It is well known that in the standard Curie-Weiss a CLT also holds in
the presence of an external field [12], i.e. with a Hamiltonian of the form Hew (o) =
ﬁ >, ;0i0;+h >, oi with h > 0. We are firmly convinced that a similar result is true for
our model as well. However, we did not try to prove it. Finally, one might ask, whether -
in the spirit of [10] - Stein’s method may be applied to our situation as well. We consider
this a more challenging question, because a multi-dimensional version of Stein’s method
would be needed. We may consider this problem in a different paper.

: . . 5 (1
expectation 0 and covariance matrix > = s
r

On the other hand, if § + a = 2 the fluctuations are no longer Gaussian

Theorem 1.4. For the block spin Ising model assume that 0 < o < § and that 8 + a = 2.
Then, Nim, converges in distribution to a probability measure p on R. The measure
p is absolutely continuous with Lebesgue-density g(z) = exp(—15a*)/Z, where Z is
a normalizing constant. The difference between m, and mo multiplied by VN, ie.
My —me = VN (m1 —ms), however, is asymptotically Gaussian with mean 0 and variance

2
2—(B—a)"
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We will show Theorems 1.2 and 1.4 in Section 3 using a Hubbard-Stratonovich
transformation for an appropriate function of m. Before, in Section 2, however, we will
give an alternative proof of Theorem 1.1 using the theory of large deviations. This is
not only interesting in its own right, but also provides a way to derive limit theorems in
more complicated settings, see e.g [21].

2 An LDP for the vector of block magnetizations

Differing from the line of arguments in [2], Theorem 1.1 can also be shown by proving
a large deviation principle (LDP) for 0 < o < . To this end, we will slightly change our

variables and consider the vector v = (v1,v2) with v; := 2m; and vy := 2my. We show

Theorem 2.1. For every S C {1,...,N} with |S| = & the vector v obeys a principle of
large deviations (LDP) under the Gibbs measure [N .3 := [iN,a,3,5, With speed N and
rate function J,(x) := sup,cg:[F,(y) — J(y)] — [Fo(z) — J(x)]. Here F, : R* — R is defined
by

F,(x):= % (Ba:% + B3 + anlxg) (2.1)

and for x € R?

1 1
J(x) := sup |(t,z) — = logcosh(t;) — = log cosh(tz)
tE]R2 2 2

This implies that the convergence in Theorem 1.1 (for 0 < a < ) is exponentially fast.

Proof. We will prove this theorem in two steps, first we show the LDP, then, how one
derives Theorem 1.1 from it.
Step 1:
First, note that the case a = 0 is trivial. Then, the system consists of two independent
Curie-Weiss models on % spins at temperature 3. The LDP for the magnetization in each
of the systems is known (cf. e.g. [11]) and transferring these LDPs to the vector v (with
independent components) is trivial. We will thus assume that a > 0.

Let us consider the moment generating function of the vector v. To this end let
t = (t1,t2) € R% Then the moment generating function of v in ¢ is given by

v
vz

Eexp(N(t,v)) = cosh(t1) 2 cosh(ts) 2,

where here [E denotes the expectation with respect to the a priori measure %(6,1 +d41).
This readily yields limy_, + log Eexp(N{t,v)) = logcosh(t;) + 3 logcosh(ts). As the
right hand side of this expression is finite and differentiable on all of R?, by the Gartner-
Ellis Theorem [8, Theorem 2.3.6] this computation implies an LDP for v under the

uniform distribution with speed N and rate function

1 1 1 1
J(x) := sup |{t,z) — = logcosh(t1) — = logcosh(ts) | = =T (2z1) + =1 (2x2)
e 2 2 2 2

for z € R?. Here I(z) := (14 2)log(1 4+ z) + (1 — z)log(1 — z). Now the Hamiltonian
Hy o,3,5(0) of our model can also be rewritten in terms of v:

N
HN,o,p,5(0) = -5

(ﬁv%(a) + ﬁv%(a) + 2aw1 (0)ve (U)) .

This fact, together with the above LDP and the exponential form of the Gibbs measure
and the LDP for integrals of exponential functions (see e.g. [9, Theorem III.17] - a direct
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consequence of Varadhan’s Lemma [8, Theorem 4.3.1] — implies that the distribution of v
under pin 3,5 satisfies an LDP with speed N and rate function

Jo(x) = sup, [Fo(y) — J(y)] — [Fu(z) — J(x)],

where F, : R? — R is given by (2.1). A change of variables yields the desired LDP.

Step 2:

If M denotes the set of minima of J, and B:(M) := ¢, B:(y) (where B.(y) are open
balls of radius € > 0 centered around y) we obtain from the upper bound of the LDP that

N .
Pog B0 <o (-5t o)
for N large enough. The inf on the right hand side of the inequality is positive. In this
sense, v concentrates in the minima of J, exponentially fast. By a change of variables,
again, this implies that m concentrates exponentially fast in the (global) minima of .J,,
defined by

1 1 1 1 1 1
J(x) = §I(x1) + 5[(1'2) and Fp(z) = 3 (54:@ + Bzxg + 2a$1x2> .

The minima of .J,, are the maxima of F},,(z) — J(x). These satisfy V(F,, — J)(z) = 0, i.e.

1 1 1 1
55:171 + 50Tz = artanh(xy) and iﬂ:rg + 50T = artanh(xs). (2.2)

Note that the vector (0,0) is always a solution to this system of equations and hence a
critical point of F,,, — J.
We start with the high temperature regime, i.e. we consider 5 + a < 2. By an easy

calculation we find that the Hesse matrix of F,,(z,y) — J(z,y) is given by

1 1 1
1 (38 T 2%
2 0 b= 1=

Hence, the Hesse matrix in the point (0,0) is negative definite, i.e. (0,0) is a local
maximum of F,(z) — J(z), f 0 < a < B < 2and (1 -1 )2 — +a? > 0. This is true, if
o+ B <2

Next, we will see that, in this case, the point (0,0) is the only solution to the system
of equations in (2.2), and hence the global maximum of F,,(z) — .J(x). To this end, we
rewrite the equations in (2.2) as

2 1 2 1
Ty = — (artanh(ml) - 26301) and z; = o (artanh(xg) - 263:2) .

o
Hence, for |z| < 1 and f(z) := 2 (artanh(z) — 38z) we have
21 = f(x2), w2 = f(z1) resp. x1 = f*(11), x3=f*(22).

This means we are looking for the fixed points of f2. We note that for 0 < 3 < 2, we have
forall |z| <1
2 1 1
e — — R
F@) =2 (25 - 58) >0
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and hence f is invertible. The fixed points of f? are thus the same as the fixed points
of (f~1)? resp. of (f~!). We see that f~! is a strong contraction for a + 3 < 2 from
(f7')' = ¢ and forall y € (~1,1)

1
f'(y)

1
()
1—y2 2
for € > 0 small enough. Thus, by Banach’s fixed point theorem, there is a single fixed
point, which has to be equal to zero.

Next consider the critical line 5 + o = 2. Here the arguments are almost the same.
The only difference is, that now %fy:o =1, while % < 1 for all other y. Hence f~!
is a weak contraction for « + 8 = 2. However, the magnetizations m; and ms live on the
compact interval [—1, 1], such that we can again conclude that f~! has the unique fixed
point 0.

Now we consider « + 8 > 2. In this case (0, 0) is still a solution to (2.2). However, in

this case, it is either a saddle point or a local minimum of F},, — J, because it is not a
maximum. Indeed, choose x = y, i.e.

67 67
= — < —
2 -2

1
(1-38)

Fo(z,z) — J(z,2) = % <ﬂ ;— a> z? — I(x).

From the one dimensional Curie-Weiss model we know that for o + 5 > 2 the maximum
at attained away from zero. Hence, (0,0) is not a maximum of F,,, — J. Recalling that
a > 0, we see directly from the definition of F;,, and J that a point (z,y) can only be a
maximum, if z and y have the same sign. We will see that f and thus f? has exactly one
positive fixed point m* and one negative fixed point —m*. This again is shown using a
fixed point argument for f~!. Note that now % > 1. However, the function y — ﬁ
is always non-negative on [0, 1], it is decreasing, and depends continuously on y and by
the intermediate value theorem there is yo such that ﬁ < 1forall y € [yo,1]. Thus,
f~! restricted to [yo, 1] is a weakly contracting self-map and therefore has a unique fixed
point. But this fixed point of f~! is the fixed point of f and is easily checked to satisfy

tanh (Oé;—ﬁm*> =m".

This proves the claim. O

Remark 2.2. In the spirit of [19], one can also allow for other sizes of S, i.e. for0 < v < 1
we can consider sets S C {1,..., N} with |S| = vNN. Here, we assume, for simplicity, vV
to be an integer. In this case, the Hamiltonian Hy . g s is the same as in (1.1) and the
magnetizations are m; (o) = 5 >;cs 07, and ma(0) := =555 2z oi- The Hamiltonian
can then be rewritten as Hy o, 5,5(0) = =% (2v(1 — y)amims + By*m3 + (1 — v)2Bm3).
We believe that a result analogue to Theorem 1.1 can be shown by generalizing the
large deviation techniques in the proof of Theorem 2.1. In the same spirit as in Theorem
1.2 and Theorem 1.4, one can also show a Central Limit Theorem for this generalized
setting. The technical problems are, however, more demanding. We will return to these
questions in a later publication.

3 Proof of Theorem 1.2 and 1.4

The proofs of Theorems 1.2 and 1.4 rely on the same idea. We will first prove limit
theorems for two other parameters, that are closely related to m; and ms. To this end

ECP 23 (2018), paper 53. http://www.imstat.org/ecp/
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we introduce the random variables

N
wy = wq(0) 1= %Zoi and wq 1= wa(o % (Z o; — Zm>
i=1

€S ¢S

and the corresponding standardized versions
12)1 = \/N’LU1 and ﬁ)g = \/N’LUQ.

Note that m; = w; + ws and my = w; — w9 and thus limit theorems for w = (wy, wy) will
imply limit theorems for m and vice versa.

Again, note that the Hamiltonian Hy . g,s can also be rewritten in terms of the
variables w; and ws resp. in terms of w; and w9 as

N 1 1 1 1 - .
HN,a,ﬁ,S(U) = 75 <2a4m1m2 + ﬂsz + B4m§) = 71((OZ + 6)11)12 + (ﬂ - a)w22).
Next we will show a Central Limit Theorem for the vector & := (w;,ws) in the high
temperature region 0 < a < f<2and a+ 5 < 2.

Lemma 3.1. Assume that 0 < a <  and 8+ « < 2. Then, as N — oo, under the Gibbs
measure [i, 8,5 the vector w converges to a 2-dimensional Gaussian distribution with

1
. . . 1—ots 0
expectation 0 and covariance matrix ¥ = 02 1 .
1-852
2

Proof. Our principal strategy consists of computing a suitable Hubbard-Stratonovich

transform of our measure of interest (as e.g. in [18]) and expanding it. To this end,

let N(0,C) denote a two-dimensional Gaussian distribution with expectation 0 and
2

covariance matrix C given by C' = ﬂgo‘ 2 > . We will now compute the density of
B—a
XN.a.p = pN,aps(@)" x N(0,C): Let A be a Borel subset of R? and let gy 5(c) denote

the density of pn,q,3. Then

XNap(A) = (@) T+ N(O,0)(A) = Y N(0,C)(A~d)un,ap(0)

oe{-1 l}N
=K, Z / _exp <; <a—|—ﬁ 24 5 ayz)) on,g(o)dxdy
oce{—-1,1}N
1 Y [oew (-5 (5w 002+ Pt i) ) avslo)dedy
oce{-1,1}N
=Ky Z /exp (— <a;—ﬁ(x—lﬁ1)2+5;a(y—lﬁ2)2)>
oce{—-1,1}N

X exp (i (e + B)un® + (B — a)wgz)) dxdy
g

atf o B—a a+pB _ fB-a
=K> Z / exp( 1 1 y )exp( 5 Tw + 5 yws | dxdy
B—

ce{—1,1}N

:K3Aexp (al‘ﬂxz 1 y)exp <];[10gCOSh(\/1N (a;—ﬁx+ﬂ;ay)>

N 1 a+ 8-«
| _ =
+ 5 ogcosh( ( 5 z 5 y>> dxdy
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Here, we used K; := and K3 := K,2". Denote by

1 Ko = 1
2w/ det C’ 2 27V det CZn, o8

O(z,y) :=PnN,a,8,5(,Y)
::i(aH?)zQ + i(ﬂ —a)y’ - %logcosh ( ! <a+5az+ b - ay)>

2 2
—Elo cosh L OH—ﬁx—ﬁ_a
9 8 JN U2 2 V)]

Now recall the second order Taylor expansion log cosh(z) = %x2 + O(z*). Thus

2 2 _ 2 _ 2
e =S S} (5 Py O

B CLN L

B

N—

xYy +

1 ° 2 1
22 [a+p a+B\2 y2 [ B—« B—a\? B
_2< 2 _< 2 >>+2< 2 _( 2 >>+O(N1)’

where the constant in the O(N~!)-term depends on z and y. However, the convergence
is uniform on compact subsets of R?. Thus

)2y2) +O(NTY),

XN,a,p(A4) = Kg/ e_q)(””’y)dxdy
A

2 2 2 2
x* [a+p a+f y [ B—« B —« _1
—-K -z — - - O(N dzd
3/AeXpl2<2 <2>> 2 {2 2 +OWT) | dedy
and the convergence in the O(N ~!)-term is uniform on compact subsets of R2.
To turn this into a weak convergence statement, we need to control integrals over

unbounded sets as well, in particular, we need to treat the case A = RR? to see that K3
_ 1
converges to vy for

e (3.1)

Hence, for any measurable set A C R? we write

/ V(z,y)dz dy
A

:/ \P(J;,y)dxdy—i-/ \If(x,y)dxdy+/ U (z,y)dz dy,
ANB(0,R) ANB(0,R)cNB(0,7VN) ANB(0,rvVN)e¢
(3.2)

where we set
U(x,y) = e~ ®@y),

Here for any | > 0 we denote by B(0,1) the ball in R? with center in 0 and radius .
Further, we consider numbers R > 0 and » > 0 and we will send R to oo and consider
r sufficiently small. We will refer to the summands on the right hand of (3.2) as inner
region, intermediate region and outer region, respectively. The goal is to see that the
inner region contributes all mass to the integral as R — oo.

ECP 23 (2018), paper 53. http://www.imstat.org/ecp/
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As already marked above for fixed R > 0

lim U(z,y)dx dy
N—=co JAnB(0,R)

= L a+tp at B\’ 1 B—a B—a\’
_/AQB(&R)eXP[_Qa;z( 5 _< 2 >>—2y2< 5 _( 5 ))]dxdy.

Next, we treat the outer region. Let us rewrite the exponent in this case as

where
~ 1 9 1 )
b(w,y) =7 (a+B)a’ + (8- a)y
1 - 1 _
_QMmm@;%+ﬂa@_£%m%{y%ﬁ %>

2 2

Analyzing ® we see that it becomes minimal only if V& = 0 and

- ( loiz — & tanh(SEFeY) — G ganh(AE_c2y) )
b

@ = 2 —
\Y% (fE,y) %C2y o %tanh(clz;CZy) + %tanh(cleng)

where we abbreviate ¢; := o+ f and ¢2 := 8 — «. This means, we aim to solve

1 1 —
x:Qmm(“ﬁfw)+2mm<”ﬁ;w>
1 1 -
y= Ltann (CETCW) Lo (ar— oy
2 2 2 2

This is done in the spirit of the arguments in Section 2. Indeed, denoting by

)

% tanh( Clwgcw) + % fanh( 252y )
)

G(.’E,y) = ( %tanh( c1x42rCQy) _ %tanh(mz;cgy

we see that its Jacobian is given by

c1 1 + 1 (<3 1 _ 1
J _ 4 COShQ(CNC;rC2y) Cosh2(01'fg62y) 4 coshQ(Clx;C”) Coshz(crt;czy)
G’(xa y) -
c1 1 _ 1 c2 1 + 1
4 Coshz(cwgcw) Coshz(qz;cw) 4 Coshz(qm;wy) Coshz(qﬂ@;cw)

This means that ||J¢(z,y)||; < max ($,%) =% <1, where || - ||; denotes the maximum
absolute column sum of a matrix. Thus G is a (strict) contraction with fixed point (0, 0)

and hence @ is minimal in (0,0). Therefore, for every 7 > 0.

inf ®(z,y) > 0.
(2,9)¢B(0,r) (=:9)

This implies that

lim U(z,y)drdy = lim e fiﬁﬁ) =0
N—=0o J AnB(0,rVN)© N=oo JAnB(0,rvVN)e

for any r > 0. Therefore, the outer region is asymptotically negligible.
Let us turn to the intermediate region. Here we take again a Taylor expansion of the
log cosh on an interval [—zg, 29], z0 > 0, around the origin to first order with a Lagrange
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bound on the remainder: logcosh(z) = é + Cz* with a constant C' that depends on z.
is vi Yy
This yields for U € B(0,r)

Ve (s ) = 2(a+5 L2 (55

N ((e+Bz  (B-a)y\ N ((a+Bfz (B—a)y)’
< 2N NN ) ( VN 2VN )
(g o)

2 2 o B 2 4
> 2 a+B  (a+p LY (B _(b-c 90N || + [y ’
2 | 2 2 2 | 2 2 VN
where we used O‘Tw < 1. However, on A%, := AN B(0, R)° N B(0,7v/N) we can estimate
the last line by

4 2
20,8 (E7H) =0+ (B ) <8064 = Corte® +7)

for C, uniformly on B(0, VN ). Note that Cr2 depends continuously on r and converges

2 -
to 0 asr — 0. In particular, if r is small enough we have that <(12+ﬁ — (“T*'ﬁ) ) —Cr?2 >0

2 . N
as well as (ﬂa — (%) ) — C,r? > 0. But for this choice of » and C, we arrive at

/ ¥(z,y) dz dy

R

2 2 o _ 2
Lo (- () o) -5 (5 () o)

and the right hand side is an integrable function. Thus for R — oo the right hand side as
well as the left hand side converges to 0.

Putting the estimates together, we have seen that y .3 converges weakly to the
2-dimensional Gaussian distribution with expectation 0 and covariance matrix ¥/, where
Y’ is given in (3.1). This weak convergence is equivalent to the convergence of the
characteristic functions.

Computing the characteristic functions of the Gaussian distribution involved in the
above proof, we have therefore shown that the characteristic function of w in the point
t = (t1,t2) € R? satisfies

dxdy

12 2 1. 2 3.2 _142ratB (a+ﬁ) _1y (B a)
11m ]E(eltu})e 2((1+B)t1 Z(B—q)tQ =e 2t1[ 2 2
N —o0

This implies that

lim E(e) = eb (it (s E #1252 - (52) 17 4= - (552) )

N—o0
2 1 1,2 1
t (1_Lﬂ?>_§t2<1_u>
= e 2 2 .

Turning this into a weak convergence statement again, we obtain

N)\»—A

_ 1 0
~ ~ N—o00 1—otb
(wl,wg) %N(O,ZL Y = < 02 1 >
5
in distribution. O
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Proof of Theorem 1.2. The proof of Theorem 1.2 is straightforward from the above
lemma. As observed we have that m; = w; + we and my = w; — wy, thus \/le =
VN (wy + wy) = w; + 1wy as well as vV Nmy = VN (w; — ws) = 1) — . Thus Lemma 3.1
gives that m; and my are asymptotically normal with mean 0 and variance

. 1 | 2 2 42— B)
lim V(vVNm,) = _ _ ,
i, VIVm) B 1_Ea 2-f-a 2-B+a (2-BP-o

Moreover, the same considerations together with Lemma 3.1 show that their covariance
is given by

) R _ 4o B 42 - P) o
]\}gnoo(]ov(\/ﬁml,\/ﬁmz) = Vw, — Vg = 2-BF-a? (2-B2-a22-8

as proposed. O

On the other hand, the proof Lemma 3.1 also inspires the proof of Theorem 1.4.
Indeed, redoing the computations there shows that for a + § = 2 the quadratic term in
the first component of xn .,5 cancels. To this end we have to rescale w; to make the
second term in the Taylor expansion of log cosh appear (as a matter of fact this is very
similar, to what happens in the Curie-Weiss model at its critical temperature 5 = 1).

Proof of Theorem 1.4. As motivated above we will now consider the vector w = (1, W)
consisting of the components

Wy = NV, and 1y = VNwy = 1.

This time we will convolute the distribution of 1 under the Gibbs measure iy o 3,5 With a
1

A . 0
two-dimensional Gaussian distribution A/(0,C), where C' = <\/()N 9 (note that this
B—a
is well defined since > «). Computing the density of Yy .a.5 := fin.a.5(0) " * N(0,C)

as in the proof of Lemma 3.1 we obtain building on the fact that now a + 5 = 2

XN,O(,B(A)
K Y /ex LR =)+ By — ) (o)dzd
= 166{711}N N p 2 1 B) Y 2 ON,a,B Y

X exp <i(2\/]vu312 + (B — a)u722)> dxdy

=K Z /Aexp (—\/N 2 l(ﬁ — a)y2> exp (\/Nmﬁl + %(ﬂ — a)ng) dzdy

X
oe{—1,1}N 2 4

:RS/AeXp <_\/2Nx2 - i(ﬁ - O‘)y2> exp (27 log cosh ( r o B - ay)

NY4 2 /N
N x 8 —«
+§ log cosh <N1/4 - my)) dxdy

with the normalizing constants Kl, f(g, and f(g chosen similarly to K;, K5, and K3 in
the proof of Lemma 3.1. Now we expand the logcosh to fourth order: logcosh(z) =

% — L 2% + O(2%). We thus see that the 2 terms in the exponent cancel and so do the
ECP 23 (2018), paper 53. http://www.imstat.org/ecp/
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zy-terms (fortunately). For fixed x and y only the z* is of vanishing order. The y? terms
are treated as in the proof of Lemma 3.1. We thus see that

VN 5 1 N 8-« N x 8 —a«a
-5 _Z(B o)y’ +10gcosh<N1/4+2\/Ny>+210gcosh (N1/4_ 2\/Ny>
1, 1 ,(B8—-« B—a\’ _1
= — — —_— - - N 2
127~ 2Y ( 2 ( 2 ) O

with a O(N~2) term that depends on z and y. To conclude the convergence of § N,a,8(A)
we now proceed as in the proof of Lemma 3.1. Here we will only sketch the differences,
because many steps are very similar. The exact steps are left to the reader. The main
differences to the above proof of Lemma 3.1 is that the inner region is again B(0, R),
while the intermediate region now is the rectangle [—, Nir] x [-rv/N,rv/N] to take into
account that the Taylor expansion gives another order for x than for y. Correspondingly
in the intermediate region the integrable function that dominates

exp [—sz i(ﬁ — a)y2]
X exp [ log cosh (N1/4 i%y) —logcosh <N1/4 — g\;ﬁay)]

is given by exp(—d;x* — dyy?) for suitable constants d;, d, > 0. With these changes we
see that Y n,q,3(A) converges to a 2-dimensional distribution with density proportional to

1 4, 1,(f—-a B—a\’
exp | —=—=2" — = -
Pl 729 | 2 2
with respect to the 2-dimensional Lebesgue measure. However, from here we see that
4
wy converges in distribution to a random variable with density proportional to e 17
since the Gaussian measure we convoluted the first coordinate of w with converges to 0

in probability. Moreover, the same computation as in Lemma 3.1 shows that ws = w9
converges to a normal distribution with mean 0 and variance %

However, the latter convergence implies that N Tw, converges to 0 in probability.

Thus N iml =N iwl + N iwg also converges in distribution to a random variable with
4

density proportional to e~ 137 (see e.g. [3, Theorem 3.1]). O
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