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Community identification in a network is an important problem in fields
such as social science, neuroscience and genetics. Over the past decade,
stochastic block models (SBMs) have emerged as a popular statistical frame-
work for this problem. However, SBMs have an important limitation in that
they are suited only for networks with unweighted edges; in various scientific
applications, disregarding the edge weights may result in a loss of valuable
information. We study a weighted generalization of the SBM, in which ob-
servations are collected in the form of a weighted adjacency matrix and the
weight of each edge is generated independently from an unknown probabil-
ity density determined by the community membership of its endpoints. We
characterize the optimal rate of misclustering error of the weighted SBM in
terms of the Renyi divergence of order 1/2 between the weight distributions of
within-community and between-community edges, substantially generalizing
existing results for unweighted SBMs. Furthermore, we present a computa-
tionally tractable algorithm based on discretization that achieves the optimal
error rate. Our method is adaptive in the sense that the algorithm, without
assuming knowledge of the weight densities, performs as well as the best
algorithm that knows the weight densities.

1. Introduction. The recent explosion of network datasets has created a need for new
statistical methodology [13, 16, 24, 33]. One active area of research with diverse scientific
applications pertains to community detection and estimation, where observations take the
form of edges between nodes in a graph, and the goal is to partition the nodes into disjoint
groups based on their relative connectivity [14, 21, 29, 35, 36, 39].

A standard model assumption in community recovery problems is that—conditioned on
the community labels of the nodes of the graph—each edge is generated independently ac-
cording to a distribution governed solely by the community labels of its endpoints. This is the
setting of the stochastic block model (SBM) [23]. Community recovery may also be viewed
as estimating the latent cluster memberships of the nodes a random graph generated by an
SBM. The last decade has seen great progress on this problem, beginning with the seminal
conjecture of Decelle et al. [12] (see, e.g., the survey paper by Abbe [1]). Various algorithms
for community recovery have been devised with guaranteed optimality properties, measured
in terms of correlated recovery [28, 30, 32], exact recovery [3—5] and minimum misclustering
error rate [15, 42].

However, an important shortcoming of SBMs is that all edges are assumed to be binary. In
contrast, the edges appearing in many real-world networks possess weights reflecting a diver-
sity of strengths or characteristics [10, 34]: Edges in social or cellular networks may quantify
the frequency of interactions between pairs of individuals [9, 38]. Similarly, edges in gene
co-expression networks are assigned weights corresponding to the correlation between ex-
pression levels of pairs of genes [43]; and in brain networks, edge weights may indicate the
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level of neuronal activity between corresponding regions in the brain [37]. Although an un-
weighted adjacency matrix could be constructed by disregarding the edge weight data, this
might result in a loss of valuable information that could be used to recover hidden communi-
ties.

This motivates the weighted stochastic block model, which we study in this paper. Each
edge is generated from a Bernoulli(p) or Bernoulli(g) distribution, depending on whether
its endpoints lie in the same community, and then each edge is assigned an edge weight
generated from one of two arbitrary densities, p(-) or g(-). We study the problem of commu-
nity estimation based on observations of the edge weights in the network, without assuming
knowledge of p, g, p(-) or g(-). Since p(-) and g (-) are allowed to be continuous, our model
strictly generalizes the discrete labeled SBMs considered in previous literature [22, 25, 27],
as well as the censored SBM [2, 17, 18].

We emphasize key differences between the weighted SBM framework and the setting of
other clustering problems involving continuous edge weights [7, 20]. First, we do not assume
that between-cluster edges tend to have heavier weights than within-cluster edges (e.g., in
mean-separation models). Such an assumption is critical to many algorithms for weighted
networks, since it allows existing algorithms for unweighted SBMs, such as spectral cluster-
ing, to be applied in relatively straightforward ways. In contrast, the algorithms in this paper
allow us to exploit other potential differences in p(-) and ¢(-), such as differences in variance
or shape. This is crucial to achieve optimal performance. Second, our setting is nonparamet-
ric in the sense that the densities p(-) and ¢g(-) may be arbitrary and are only required to
satisfy mild regularity conditions, whereas previous approaches generally assume that p(-)
and ¢ (-) belong to a specific parametric family. Nonparametric density estimation is itself a
difficult problem, made even more difficult in the case of weighted SBMs, since we do not
know a priori which edge weights have been drawn from which densities.

Our main theoretical contribution is to characterize the optimal rate of misclustering error
in the weighted SBM. On one side, we derive an information-theoretic lower bound for the
performance of any community recovery algorithm for the weighted SBM. Our lower bound
applies to all parameters in the parameter space (thus is not minimax) and all algorithms
that produce the same output on isomorphic networks—a property that we call permutation
equivariance. On the other side, we present a computationally tractable algorithm with a
rate of convergence that matches the lower bound. Our results show that the optimal rate for
community estimation in a weighted SBM is governed by the Renyi divergence of order %
between two mixed distributions, capturing the discrepancy between the edge probabilities
and edge weight densities for between-community and within-community connections. This
provides a natural but highly nontrivial generalization of the results in Zhang and Zhou [42]
and Gao et al. [15], which show that the optimal rate of the unweighted SBM is characterized
by the Renyi divergence of order % between two Bernoulli distributions corresponding only
to edge probabilities.

Remarkably, our rate-optimal algorithm is fully adaptive and does not require prior knowl-
edge of p(-) and ¢ (-). Thus, even in cases where the densities belong to a parametric family,
it is possible—without making any parametric assumptions—to obtain the same optimal rate
as if one imposes the true parametric form. This is in sharp contrast to most nonparametric
estimation problems in statistics, where nonparametric methods usually lead to a slower rate
of convergence than parametric methods if a specific parametric form is known. The appar-
ent discrepancy is explained by the simply stated observation that in weighted SBMs, one
does not need to estimate edge densities well in order to recover communities to desirable
accuracy. This intuition is also reflected in the work of Abbe and Sandon [5] for the exact
recovery problem and Gao et al. [15] for the unweighted SBM. Our proposed recovery algo-
rithm hinges on a careful discretization technique: When the edge weights are bounded, we
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discretize the distribution via a uniformly spaced binning to convert the weighted SBM into
an instance of a labeled SBM, where each edge possesses a label from a discrete set with
finite (but divergent) cardinality; we then perform community recovery in the labeled SBM
by extending a coarse-to-fine clustering algorithm that computes an initialization through
spectral clustering [11, 26] and then performs refinement through nodewise likelihood maxi-
mization [15]. When the edge weights are unbounded, we reduce the problem to the bounded
case by first applying an appropriate transformation to the edge weight distributions.

The remainder of our paper is organized as follows: Section 2 introduces the mathematical
framework of the weighted SBM, defines the community recovery problem, and formalizes
the notion of permutation equivariance. Section 3 provides an informal summary of our re-
sults, later formalized in Section 5. Section 4 outlines our proposed community estimation
algorithm. The key technical components of our proofs are highlighted in Section 6, and
Section 7 reports the results of various simulations.

Notation. For a positive integer n, we write [n] to denote the set {1, ..., n} and S, to denote
the set of permutations of [n]. For two real numbers a and b, we write a V b to denote
max(a, b) and write a A b to denote min(a, b).

2. Model and problem formulation. We begin with a formal definition of the homoge-
neous weighted SBM and a description of the community recovery problem.

2.1. Weighted stochastic block model. Let n denote the number of nodes in the network
and let K > 2 denote the number of communities. A clustering o is a function [n] — [K].
For each node u € [n], we refer to o (1) as the cluster of node u.

DEFINITION 2.1. For a positive number 8 > 1, we define C(8, K) as the set of clus-
terings with minimum cluster size is at least ﬂLK, that is, o € C(B, K) if and only if

lo = (k)| > ﬂLK for all k € [K]. We refer to 8 as the cluster-imbalance constant.

We first define the homogeneous unweighted SBM, which is characterized by the follow-
ing distribution over adjacency matrices A € {0, 1}"*".

DEFINITION 2.2 (Homogeneous unweighted SBM). Letog € C(8, K) and p, g € [0, 1].
We say that a random binary-valued matrix A has the distribution SBM (oo, p, ¢) if for all
u < v, the entries of A are generated independently according to

_ |Ber(p) if oo(u) = 00(v),
Ber(q) if op(u) # 0oo(v).

uv

Thus, the parameters p and g correspond to the within-cluster and between-cluster edge
probabilities. The more general heterogenous unweighted SBM is characterized by a matrix
P e RE*K of probabilities instead of two scalars p and ¢, and edges are generated indepen-
dently according to A,y ~ Ber(Pyywu),00(v))-

A homogeneous weighted SBM is parametrized by og € C(8, K), the edge absence prob-
abilities Py and Qq, and the edge weight probability densities p(-) and ¢(-) supported on
S C R, where S may be [0, 1], [0, o0), or R. The weighted SBM is then characterized by a
distribution over symmetric matrices A € $"*" in the following manner.

DEFINITION 2.3 (Homogeneous weighted SBM). Let og € C(8, K). A random real-
valued matrix A has the distribution WSBM(oy, (Po, p), (Qo, q)) if forall u < v,
Podo(-) + (1 — Po)p()  if op(u) =oo(v),

6] Ayp ~ : .
Q0o (-) + (1 = Qo)g () if op(u) # oo (v),
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where Pydg(-) + (1 — Py) p(-) denotes a probability distribution whose singular part (with
respect to the Lebesgue measure) is a point mass at O with probability Py and whose con-
tinuous part has (1 — Py) p(-) as its Radon—Nikodym derivative with respect to the Lebesgue
measure; and Qodo(-) + (1 — Qp)q(-) is defined analogously.

Note that if p(-) and g(-) are Dirac delta masses at 1, the weighted SBM reduces to the
unweighted version. We make a few additional remarks about the definition of the weighted
SBM. First, we observe that [E(A) may not exhibit the familiar block structure found in un-
weighted SBMs, since our model includes the case where (P, p(-)) and (Qop, g(-)) have the
same mean. Second, our definition treats an edge with weight O as a missing edge, but it is
straightforward to distinguish the two notions by defining P and Q as probability measures
over S N {x}, where the symbol * denotes a missing edge. Lastly, it is possible to generalize
the weighted SBM to a weighted and labeled SBM with the model

P if og(u) = op(v),
Q if og(u) # oo(v),

where P and Q are general probability distributions over S (and the labels correspond to a
discrete part). The theory derived in this paper extends in a straightforward fashion to the
cases where the discrete portion of P and Q has finite support.

~
uv

2.2. Community estimation. Given an observation A € §"*" generated from a weighted

SBM, the goal of community estimation is to recover the true cluster membership structure
0p. We assume throughout our paper that the number of clusters K is known.

We evaluate the performance of a community recovery algorithm in terms of its miscluster-
ing error. For a clustering algorithm &, let 6 (A) : [n] — [K] denote the clustering produced
by 6 when provided with the input A. We have the following definition.

DEFINITION 2.4. We define the misclustering error to be
. 1 .
1(6(A), 00) := min —dy (7 0 5 (A), 0p),
wteSx n

where dy (-, ) denotes the Hamming distance. The risk of & is defined as R(6,0p) :=
El(6 (A), 0g), where the expectation is taken with respect to both the random network A
and any potential randomness in the algorithm &.

The goal of this paper is to characterize the minimal achievable risk for community recov-
ery on the weighted SBM in terms of the parameters (n, 8, K, (Po, p), (Qo, q)).

2.3. Permutation equivariance. Since the cluster structure in a network does not depend
on how the nodes are labeled, it is natural to focus on estimation algorithms that output
equivalent clusterings when provided with isomorphic inputs. We formalize this property in
the following definition.

DEFINITION 2.5. For an n x n matrix A and a permutation 7 € S, let 7 A denote the
n x n matrix such that A, = [7 Alzw),x(v). Let 6 be a deterministic clustering algorithm.
Then 6 is permutation equivariant if, for any A and any 7 € S,,,

2) To0(mA)omr =6(A) forsomet € Sk.
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Note that 6 (7 A) by itself is not equivalent to 6 (A), since the nodes in 7 A are labeled with
respect to the permutation 7. It is straightforward to extend Definition 2.5 to randomized
algorithms by requiring condition (2) to hold almost everywhere in the probability space
that underlies the algorithmic randomness. Permutation equivariance is a natural property
satisfied by all the clustering algorithms studied in literature except algorithms that leverage
extra side information in addition to the given network. In Section 5.2, we study permutation
equivariance in detail and provide some properties of permutation equivariant estimators.

3. Overview of main results. The difficulty of community recovery depends on the
extent to which (Py, p) and (Qyg, g) are different; it is clearly impossible to have a consistent
clustering algorithm if (P, p) and (Qg, g) are equal. We show in this paper that a natural
measure of discrepancy between (P, p) and (Qoq, ¢)) which governs the optimal rate of
convergence is the Renyi divergence of order %

Given any probability distributions P and Q that are absolutely continuous with respect
to each other, the Renyi divergence of order % is defined as I (P, Q) := —2log [ (Z—g) 1240.
For our setting, the Renyi divergence takes the special form

(P p). (Q0.)) = ~210g( VAo Qo + [ /(1= (T = Qup(g(x) ).

If 1((Po, p), (Qo, q)) is bounded above by a universal constant, the Renyi divergence is of
the same order as the Hellinger distance (cf. Lemma H.2):

1((Po, p), (Q0,9))
< WP=V00? + [ (/1= Ppn) = 1 = 00)g () ax
= (/P =00+ /1= P —V1—-0Q0)

+VT=A)T=00) [ (Jpen) = Jat) dx.

Thus, we can think of 1 ((Py, p), (Qo, g)) as having two components, the first of which cap-
tures the divergence between the edge presence probabilities (and also appears in the analysis
of unweighted SBMs), and the second of which captures the divergence between the edge
weight densities.

The presence of the second term illustrates how the weighted SBM behaves quite differ-
ently from its unweighted counterpart—in particular, dense networks may be interesting in a
weighted setting. For example, even if the weighted network is completely dense in the sense
that 1 — Pp =1 — Qo = 1, a nonzero signal / may still exist if p(-) and ¢ (-) are sufficiently
different. Our results apply simultaneously to dense and sparse settings; it is important to note
that dense weighted networks arise in real-world settings, such as gene co-expression data.

We now provide an informal overview of our main results.

THEOREM (Informal statement). Let A be generated from a weighted SBM. Under regu-
larity conditions on ((Py, p), (Qo, q)), any permutation equivariant estimator & satisfies the
lower bound

EI(5(A), o0) = exp(—(l +0(0) F (o). (@, q))).

THEOREM (Informal statement). Under regularity conditions on the parameters ((Py,
P), (Qo, q)), there exists a permutation equivariant algorithm & achieving the following mis-
clustering error rate:

lim P(l(&(A),ao) < exp(—(l +o(1>)ﬁiK1((Po, ), (Qo,q))>) Y
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Fur thetmo;e, lf—ﬂl llI < 1, we have
(o (A , 00 exp +o0 — ).

Taken together, the theorems imply that in the reglme where <1,the optimal risk is

/SKlog

tightly characterized by the quantlty exp(—(1+ 0(1)) ) On the other hand, if BE logn > 1,
we have exp(—(1 + 0(1)) ) < L for large enough n, so lim,_ o P({(6 (A),00) =0) — 1
(since I(6 (A), 0g) < ﬁ 1mphes l(o (A), 09) = 0). Thus, the regime where % > 11isin

some sense an easier problem, since we can guarantee perfect recovery with high probability.

3.1. Relation to previous work. Our result generalizes the work of Zhang and Zhou [42],
which establishes the minimax rate of

exp(—(l + o(1)) ﬁLKI(Ber(p), Ber(q)))

for the unweighted SBM, where

I(Ber(p), Ber(q)) = —2log(/pq + /(1 = p)(1 — q)).

The optimal algorithm proposed in Zhang and Zhou [42] is intractable, but a computationally
feasible version was developed by Gao et al. [15]; the latter algorithm is a building block for
the estimation algorithm proposed in this paper.

Our result should also be viewed in comparison to Yun and Proutiere [41], who studied
the optimal risk for the heterogenous labeled SBM with finitely many labels, with respect
to a prior on the cluster assignment og. They characterize the optimal rate under a notion of
divergence that reduces to the Renyi divergence of order % between two discrete distributions
over a fixed finite number of labels in the homogeneous setting (cf. Lemma G.2). Since the
discussion is somewhat technical, we provide a more detailed comparison of our work to the
results of Yun and Proutiere in Section 6.1.

Jog and Loh [25] proposed a similar weighted block model and show the exact recovery
threshold to be dependent on the Renyi divergence. They focus on the setting where the distri-
butions are discrete and known, whereas we consider continuous densities that are unknown.
Aicher et al. [6] introduced a version of a weighted SBM that is a special case of the setting
discussed in this paper, where the densities P and Q in equation (1) are drawn from a known
exponential family. Notably, the definition of Aicher et al. [6] cannot incorporate sparsity.
The weighted SBM considered in Hajek et al. [19] is also similar to the one we propose in
our paper, except it only involves a single hidden community and assumes knowledge of the
distributions P and Q. Weighted networks have also received some attention in the physics
community [8, 34], and various ad hoc methods have been proposed; since theoretical prop-
erties are generally unknown, we do not explore these connections in our paper.

Other notions of recovery. A closely related problem is that of finding the exact recovery
threshold. We say that the unweighted SBM has an exact recovery threshold if a function
0(p,q,n, K, B, og) exists such that exact recovery is asymptotically almost always impossi-
ble if 6 < 1, and almost always possible if & > 1. For the homogeneous unweighted SBM,
Abbe et al. [3] show that when =1, K =2,1— Py = “k’%, and 1 — Qg = bl(;g", for some
constants a and b, the exact recovery threshold is </a — +/b. This result was later generalized
to multiple communities with heterogenous edge probabilities in Abbe and Sandon [4], where
a notion of CH-divergence was shown to characterize the threshold for exact recovery. A no-

tion of weak recovery, corresponding to a detection threshold, has also been considered [28,
311
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4. Estimation algorithm. A natural approach to community estimation is to first esti-
mate the edge weight densities p(-) and ¢g(-), but this is hindered by the fact that we do not
know whether an edge weight observation originates from p(-) or g(-). An alternative ap-
proach of applying spectral clustering directly to the weighted adjacency matrix A will also
be ineffective if (Py, p) and (Qg, g) have the same mean, so [E(A) does not exhibit any clus-
ter structure. A third idea is to output the clustering that maximizes the Kolmogorov—Smirnov
distance (or another nonparametric two-sample test statistic) between the empirical CDFs of
within-cluster edge weights and between-cluster edge weights. This idea, though feasible, is
computationally intractable, since it involves searching over all possible clusterings. Our ap-
proach is appreciably different from the methods suggested above, and consists of combining
the idea of discretization from nonparametric density estimation with clustering techniques
for unweighted SBMs.

4.1. Outline of algorithm. We begin by describing the main components of our algo-
rithm. The key ideas are to convert the edge weights into a finite set of labels by discretiza-
tion, and then cluster nodes on the labeled network. Our algorithm is summarized pictorially
in Figure 1.

(1) Transformation and discretization. We take a weighted adjacency matrix A and ap-
ply an invertible transformation function ® : S — [0, 1] (recall S is the support of the edge
weights and can be [0, 1], [0, o) or R) on the nonzero edges to obtain a matrix ®(A) with
weights in [0, 1]. Next, we divide the interval [0, 1] into L equally-spaced subintervals and
replace the entries of ®(A) with categorical labels in [L]. We denote the labeled adjacency
matrix by Ar.

(2) Add noise. We perform the following process on every edge of the labeled graph,
independently of other edges: With probability 1 — § where § = Z(Ln“), keep an edge as it is,
and with probability §, replace the edge label with a new label drawn uniformly from the set
of labels. We continue to denote the modified adjacency matrix as Ay .

(3) Initialization parts 1 and 2. For each label [/, we create a sub-network by including
only edges of label /. We then perform spectral clustering on all subnetworks, and output the
label [/* that induces the maximally separated spectral clustering. Let A;« be the adjacency
matrix for label /*. For each u € {1, ..., n}, we perform spectral clustering on A« \ {u}, which
denotes the adjacency matrix with vertex u removed. We output n clusterings &1, ..., 6;.

(4) Refinement and consensus. From each 6, we generate a clustering 6, on {1,2, ..., n}
that retains the assignments specified by &, for {1,2,...,n}\ {u}, and assigns 6, (u) by
maximizing the likelihood taking into account only the neighborhood of #. We then align the
cluster assignments made in the previous step.

4.2. Transformation and discretization. In the transformation step, we apply an invert-
ible CDF @ : § — [0, 1] as the transformation function on all the edge weights, so that each
entry of ®(A) lies in [0, 1]. In the discretization step, we divide the interval [0, 1] into L
equally-spaced bins of the form [a;, b;], where a1 =0,by = 1, and b; — a; = % An edge

A G1yeey O,
! Initialize | A | Initialize |1 %1
1 2
®(A)_| Discretize & r Refinement —» Consensus
Transform > - .
add noise AL

v
o

FI1G. 1.  Pipeline for our proposed algorithm.
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Algorithm 1 Transformation and discretization
Input: A weighted network A, a positive integer L and an invertible function ® : § — [0, 1]
Output: A labeled network Ay with L labels
Divide [0, 1] into L equally-spaced bins, labeled biny, ..., bing,
for every edge (u, v) such that A,, # 0 do
Let [ be the bin in which ®(A,,) falls
Assign the edge (u, v) the label / in the labeled network Ar
end for

is assigned the label [ if the weight of that edge lies in bin /. These steps are sumarized in
Algorithm 1.

4.3. Add noise. For technical reasons, we inject noise into the network as a form of reg-
ularization. As detailed in the proof of Proposition 6.1 in Appendix A, deliberately forming
a noisy version of the graph barely affects the separation between the distributions of the
within-community and between-community edge labels, but has the desirable effect of en-
suring that all edge labels occur with probability at least % This property is crucial to our
analysis in subsequent steps of the algorithm. In the description of Algorithm 2, we treat the
label O (i.e., an empty edge) as a separate label, so we have a network with L + 1 labels.

4.4. Initialization. The initialization procedure takes as input a network with edges la-
beled {0, 1, ..., L}. The goal of the initialization procedure is to create a rough clustering
& that is consistent but not necessarily optimal. As outlined in Algorithm 3, the rough clus-
tering is based on a single label /*, selected based on the maximum value of the estimated
Renyi divergence between within-community and between-community distributions for the
unweighted SBMs based on individual labels.

For technical reasons, we actually create n separate rough clusterings {6, },=1,...», Where
each g, : [n — 1] — [K] is a clustering of a network of n — 1 nodes with u removed. The
clusterings {0, } will later be combined into a single clustering algorithm. In practice, it is
sufficient to create a single rough clustering (see Remark 4.2 below).

REMARK 4.1. The initialization procedure that we propose is based on choosing a single
best label /* and deriving an initial clustering from the unweighted network associated with
[I*. This is sufficient in theory, but a better initial clustering may be gained in practice by
aggregating information from all labels. Such an aggregation must, however, be performed
with care, so that uninformative labels do not dilute the information content of the informative
labels.

Algorithm 2 Add noise
Input: A labeled network Ay with L + 1 labels
Output: A labeled network A; with L 4 1 labels
for every edge (u, v) do
With probability 1 — @, do nothing
With probability @ , replace the edge label with a label drawn uniformly at random
from {0, 1,2, ..., L}
end for
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Algorithm 3 Initialization
Input: A labeled network Ay with L labels

Output: A set of clusterings {6, },=1....n, Where &, is a clustering on {1,2, ..., n}\ {u}
1: Separate Ay into L networks {A;};—=1,.. 1, where A; ,, =11t Ay, =/ and A}, =0
otherwise > Stage 1
2: for each label / do
3: Perform SPECTRAL CLUSTERING (Algorithm 4) with T =40K dand p = 48, where
d= % > n_ du is the average degree, to obtain &;
. D Zu v:67 (0)=6; (v) (ADuv Zu v:67 ()75 () (ADuv
4 Estmate £y = I{lf#vlt(fl)(u)](;z(v)}\ and Q1 = St s
5 Compute I < (h=0p?
P \/Q[
6: end for
7: Choose [* = argmax; I
8: for each node u do > Stage 2
9: Create network A;« \ {u} by removing node u from A
10 Perform SPECTRAL CLUSTERING (with the same parameter setting as stage 1) on
A+ \ {u} to obtain &,
11: end for

12: Output the set of clusterings {6, }y=1...n

SPECTRAL CLUSTERING. Note that Algorithm 3 involves several applications of SPEC-
TRAL CLUSTERING. We describe the spectral clustering algorithm used as a subroutine in
Algorithm 4 below. Importantly, note that we may always choose the parameter u sufficiently
large such that Algorithm 4 generates a set S with |S| =

4.5. Refinement and consensus. These steps, as outlined in Algorithm 5, parallel Gao et
al. [15]. In the refinement step, we use the set of initial clusterings {6, },=1,....» to generate
a more accurate clustering for the labeled network by locally maximizing an approximate
log-likelihood for each node u. The consensus step resolves any cluster label inconsistencies
present after the refinement stage.

REMARK 4.2. Inoursimulation studies, we find that it is sufficient to output a single clus-
tering ¢ on the whole of A;« in the initialization stage. In the refinement stage, we simply esti-

mate { Py, Qi}icqo.....L) based on 7, assign & (u) = argmaXyc[g| > v:5 (v)=k, vu ZzL:() log % X
1(A,y = 1), and then output & directly. We also note that one could in practice use a dis-
cretization level for the refinement stage that is different from that of the initialization stage
(see discussions in Section 6).

5. Optimal misclustering error. We analyze the rate of convergence of the estimation
algorithm from Section 4 in Section 5.1. In Section 5.2, we provide a matching information-
theoretic lower bound. In both sections, we let P denote the set of probability distributions
on § whose singular part is a point mass at 0.

5.1. Upper bound. We begin by stating a condition on the function ®.

DEFINITION 5.1. Let S be [0, 1], R, or R*. We say that ® : § — [0, 1] is a transforma-

tion function if it is a differentiable bijection and ¢ := @’ satisfies |‘Z/((f)) | < o0.
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Algorithm 4 SPECTRAL CLUSTERING
Input: An unweighted network A with columns {A,}, trim threshold t, number of
communities K and tuning parameter u
Output: A clustering o
1: For each ngde u with degree d, > T, set A, =0and (AT)M =0 to obtain 77 (A)
2: Compute A := arg minA:rank(A)SK |A —T:(A)|l2 by SVD
3: For each node u, index the other nodes by v(y), ..., v(;—1) such that

”Au - Av(l) ”2 = ”Au - Av(z) ”2 <= ”A v(n 1 ”2’
and define
D(M) = ”Au - AU((,,/H[(]) ”2

Initialize S < 0
Select node u; := argmin, D(«) and add u; to S as S[1]
fori=2,...,K do
Among all u such that |[D(u)| < (1 — LK)—quantile{D(v) :v € [n]}, select

Nk

= arg,inaxve{su]r,n...,sp ) 140 = Aullz
8: Add u; to S as S[i]
9: end for
10: foru=1,...,ndo
11: Assign o (1) = argmin; ||Au — As[i] 2
12: end for

Algorithm 5 Refinement

Input: A labeled network Ay, and a set of clusterings {0, },=1....n, Where G, is a clustering
on the set {1,2,...,n}\ {u}, for each u

Output: A clustering 6 over the whole network

1: for each node u do

2: Estimate {}31, Ql}lzo ,,,,, 1, from 6,
3: Let 6, : [n] — [K], where 6,(v) = 6, (v) for all v ;é u and

6y (u) = argmax Z Zlog 5 1A, =10

kelK] v:6y (v)=k,v#u [=0

4: end for
5: Leto (1) =o01(1) > Consensus Stage
6: for each node u # 1 do
6 (u) =argmax|{v:o1(v) =k} N{v:6,(v) =6,w)}|
ke[K]
7: end for
8: Output &
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For § = [0, 1], we always take ® to be the identity. For S = R or [0, 0co), we choose the
function @ so that all moments exist and ¢ has a subexponential tail. The specific choice of
@ is not crucial, and we will use the following definitions:

el—«/x-i—l el—«/le—l
3) ¢(X)ZT it § =10, 00), ¢<X):T it §=R.
These expressions are similar to a generalized normal density, modified so that |<§;((§)) | is

bounded. It is easy to verify that ®(x) = [y ¢(r)dt (resp., P(x) = [* P (t)dt) is a valid
transformation function. We let ®{-} denote the probability measure induced by ®.

We describe our regularity conditions by defining an appropriate subset of P2. For
Ce[l,00), c1,c2 €int(S), r >2,and t € (2/r, 1), we define Go.C,c;,co.rt C P2 such that
((Po, P) (QO CI)) € gd> C,c1,c2,1,t if and OIlly if:

A0 Wehavef 11 50<Cand 50<C
A1l For all x in the interior of S, we have 0<px),qx) <Cod(x).

A2 There exists a quasi-convex function g : S — [0, co) such that g(x) > |log Z (x)| and
Jsg(x) ¢p(x)dx <C.
: 2._ 2 . P(X)—q(x)
A3 Denoting o := [¢(v/p(x) — /q(x))*dx and y (x) := ==L we have

vy
/S<P(X) +q(x)> (p(x)+qx))dx <C.

A4 There exists a quasi-convex function 4 : § — [0, 0o) such that

I 1 { y(x) ‘ y'(x) q'(x)
(x) > —— max ;

¢ (x) P(x) +g(x) Il p(x) +gx) Il g(x)
and [ |h(x)|’ ¢>(x)dx <C.

A5 We have!
(log p)'(x), (logq)'(x) = (log¢)'(x) forallx <ci and

(log p)'(x), (logq)'(x) < (log¢)'(x) forall x > c;.

The above conditions depend on the choice of @, but it generally suffices to choose & such
that its derivative ¢ is a heavy-tailed density where all moments exist. In particular, we show
in Section 5.1.3 that choosing ® according to equation (3) allows G¢ to encompass Gaussian,
Laplace and other broad classes of densities. We also provide an intuitive discussion of the
regularity conditions in Section 5.1.1 below.

We now state our upper bound. For a given ((Py, p), (Qo,q)) € P? and clustering oy, let

A~ WSBM(oo, (Po, p), (Qo,q)).

THEOREM 5.1. LetogeC(B,K).LetC > 1,c1,cr €int(S),r >2,andt € 2/r, 1), and

let ® be a transformation function. Define Go := Go.C.c;.co.rt- Let {In, I }nen be arbitrary

sequences such that I, — 0 and nl — oco. Let L, be a sequence such that LZ/r —

Lyexp(Ly'")
00. Let 6.1, be the algorithm described in Section 4 with transformation function ® and
discretization level L. Then there exists a sequence of real numbers ¢, — 0 such that

lim Sup P(PO,P),{Z(&CD,Ln (A), O‘o)
O (Po,p).(Qo.@)EGe:  (Q0.9)
I, <I((Py,p).(Q0.9))<Iy

‘p/(X)
p(x)

!

< exp(—(l ~ o5 ((Po.p). (0. ‘1))>} -

11f § = 1[0, o0) and g is nondecreasing, we only need (log p)’(x), (logq)’ (x) < (log$) (x) for all x > c5.
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Furthermore, if% <1, we have

sup E(py. p).(00.)[1 (66,1, (A), 00)]
((Po,p),(Q0,9))€G0:
I <I((Py,p),(Qo,q)<Ip

X exp((l - Cn)ﬁLKI((Po, ), (Qo, CI))) <L

We relegate the full proof of Theorem 5.1 to Appendix D.1, but we provide a proof
overview in Section 6. Since Theorem 5.1 involves many technical details, we first make
a few high-level remarks to illustrate its implications.

REMARK 5.1. It is important to observe that the supremum over Gg appears after
the limit. Thus, an equivalent way to understand the theorem is to think of a sequence
((Po.ns Pn)» (Qo.ns qn)), each term of which is a member of Go. If 1((Po.n, Pn)s (Q0.n>qn))
is o(l) but w(L, exp(L%/r)n_l), Theorem 5.1 states that P{l(6(A), 0p) < exp(—(1 +
0(1))5LKI((P0,,1, Pn)» (Qo.nsqn)))} — 1. Theorem 5.1 thus applies to the so-called sparse
setting where Py, Qg9 — 1. In particular, suppose there are constants a,b > 0 such that
Po,=1-— “k’% and Qg =1 — bk’%. Then Theorem 5.1 states that perfect recovery is

achievable if (/a — v/b)*> + /ab Js(VPn(x) —/an (x))?dx > BK; this generalizes the pre-
viously known result that perfect recovery for unweighted SBMs when p =1 — “10%

g =1— "1 is possible if (v/a — v/b)> > K.

and

REMARK 5.2. The assumption that there exist sequences I, — 0 and I, = w(1/n)
such that I) < I((Py, p), (Qo, q)) < I, is very mild. As shown by our information-theoretic
lower bound (cf. Section 5.2), estimation consistency is impossible if a sequence I, =
w(1/n) such that I((Po, p), (Qo,q)) > I, does not exist. Moreover, we observe that if

I1((Py, p), (Qo0,q)) > ,BKloffn, then P(I(6(A), op) = 0) — 1, and we are able to perfectly
recover the clustering with high probability. Since the estimation problem is intrinsically eas-
ier when I ((Py, p), (Qo, q)) is larger, we expect the same perfect recovery guarantee to hold

in the case when I ((Py, p), (Qo, q)) is positively bounded away from O.

REMARK 5.3. Since nl, — oo, it is always possible to choose a sequence L, — 00
satisfying the conditions of the theorem. Note that L, must grow very slowly to satisfy the

] nI(an/r) — 00; indeed, our simulation studies (cf. Section 7) confirm that we
n €Xp(Ly

should choose the discretization level to be very small in order to achieve good performance.
We note that L, has a second-order effect on the rate and appears in the ¢, term.

condition that

5.1.1. Additional discussion of the conditions. Itis crucial to note that our algorithm does
not require prior knowledge of the form of p(-) and ¢(-); the same algorithm and guarantees
apply so long as ((Po, p), (Qo,q)) € Go,C,c;,cp,r,t fOr some universal constants C, ¢y, ¢, 7
and ¢. To aid the reader, we now provide a brief, nontechnical interpretation of the regularity
conditions described above.

Condition Al is simple; the last part states that ¢ must have a tail at least as heavy as that of
p(-) and g (-). Condition A2 requires that the likelihood ratio be integrable. It is analogous to
a bounded likelihood ratio condition, but much weaker; we add a mild quasi-convexity con-
straint for technical reasons related to the analysis of binning. In condition A3, the function

y (+) is of constant order in the sense that fs(%)’ (p(x)+¢q(x))dx < C.Requirements

on y(-) translate into convergence statements on |p — ¢g|: For instance, an L.-bound on
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y implies almost uniform convergence (with respect to @) of |p — ¢g| to 0. The integrability
condition we impose on y (-) in condition A3 is analogous to an L,-bound, but much weaker.

Condition A4 controls the smoothness of the derivatives of log p(-) and logg(-). Condi-
tion A5 is a mild shape constraint on p(-) and g(-). When S = R, this condition essentially
requires p(-) and ¢g(-) to be monotonically increasing in x for x — —o00, and decreasing in x
for x — oo.

5.1.2. Examples for S = [0,1]. When S = [0, 1], we can always take @ to be the
identity—we do not need a transformation, but we keep the same notation in order to present
our results in a unified manner. The simplest example of G¢ that satisfies conditions A1-A5
is when, for all ((Py, p), (Qo,q)) € Go, the densities p(-) and ¢g(-) are bounded above and
below by strictly positive universal constants, and when the function x — w and its
derivative are bounded by universal constants.

5.1.3. Examples for S =R or [0,00). We begin with a proposition that characterizes
conditions A1-AS in the setting where p(-) = e/ and q(-) = e/ ) for some parametrized
family { fo}oco. This result allows us to generate several large classes of examples.

PROPOSITION 5.1. Let C** €1, 00), cl cpeS, r>2,andte(2/r,1/2). Let ©® C R4
be compact and suppose diam(®) < 1 A Let { fo}oco be a collection of functions such

that e s a density and:

Bl Forall® € © and all x € S, we have 0 < /0™ < C*¢p(x).

B2 We have infpeo Amin(fs 2V fo (X)(V fo T dx)y > C*! and
SUPgee [s Amax (H (fp)(x))?¢ (x) dx < C*.

B3 There exists a quasi-convex function g* : S — [0,00) such that g*(x) >
supg IV fo(x) |12 and [¢g*(x)"¢(x)dx < C*.

B4 There exists a quasi-convex function h* : S — [0, 00) such that

2c**2

1
h*(x) > —— max{sup|V fg(x)
¢ (x) { e@H

and [ h*(x)2 ¢ (x)dx < C*.

BS For all x < c1, we have inface fy(x) = (log¢)'(x), and for all x > c3, we have
SUpgeg fj(x) < (log @) (x).2

Then there exists C € [1, 00) such that for any 01, 6> € ® and any Py, Qg € [0, 1] such that
& < L 1= < C, we have ((Po, e’), (Qo, ¢7)) € Go.c.c1,c2,11-

2 Sp |V £ (). sup| f5 (o)}
0e® 0e®

In all the examples below, we take & to be the transformation function defined in equa-
tion (3). The proofs of all statements in the examples are provided in Section E.2.

EXAMPLE 5.1 (Location-scale family over R). Let f : R — R be a continuously differ-
entiable function such that /7 e/ ™ dx = 1. Suppose:

(a) |f(k) (x)] is bounded for some k£ > 2, and
(b) there exist ¢, M > 0 such that f'(x) > M for x < —c and f'(x) < —M for x > c.

For any € Rand o > 0, define f,, ,(x) := f(*=F) —logo.

Then there exists C,, > 0 and ¢, > 1 such that, with ® :=[-C,, C,] X [ ,Cs ], the
family { fi.0}(11,0)c® satlsﬁes conditions B1-B5 in Proposition 5.1 with respect to ¢ defined

2If § = [0, c0) and g* is nondecreasing, we only need supgcq fé (x) < (logg)'(x) forall x > c5.
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in equation (3), and some universal constants C**, ¢, ¢p, r, and ¢. As a direct consequence
of Proposition 5.1, for some universal constant C > 0, if we fix any ((i1, 01), (Ko, 00)) € CX
and define

4 px) = Lexp(f<x - ‘“)) and g (x) = Lexp(f(x - “0))
o1 o1 (o4} 00

then ((Po, p), (Q0,q)) € Go,C,c;,cr.rt for any Po, Qo € [0, 1] that satisfy condition AQ.
These assumptions on f are satisfied for Gaussian location-scale families, where the base

density is the standard Gaussian density with f(x) = —x? — %log 2m, and Laplace location-
scale families, where the base density is the standard Laplace density with f(x) = —|x| —
log 2.

EXAMPLE 5.2 (Scale family over [0, 0c0)). Let f :[0, 00) — R be a continuously differ-
entiable function such that f;° e/ ™ dx = 1. Suppose:

@ |f (k) (x)] is bounded for some k > 2, and
(b) there exist ¢, M > 0 such that f'(x) < —M for x > c.

For any o > 0, define fo(x) := f(3) —logo.

Then there exists ¢, > 1 such that, with ® := [i, Co ], the family { f, }»c@ satisfies condi-
tions B1-B5 in Proposition 5.1 with respect to ¢ defined in equation (3), and some universal
constants C**, ¢y, ¢p, r and t. As a direct consequence of Proposition 5.1, for some universal
constant C > 0, if we fix any (o1, 09) € ©? and define

por= (1 (3) s = (2

then ((Po, p), (Qo0,q)) € Go,C,c1,cr.r,t for any Py, Qo € [0, 1] that satisfy condition AQ.
These assumptions on f are satisfied for exponential scale families, where the base density
is the standard exponential density with f(x) = —x.

Proposition 5.1 also applies to the family of Gamma distributions (see Proposition E.3
in the Appendix [40]). In practice, edge weights are often discrete integers, such as counts.
Although Theorem 5.1 does not apply directly to such cases, our analysis is relevant to some
instances of SBMs with discrete edge weights. In Appendix F, we discuss a crude way to
handle count-valued edge weights, with particular attention toward Poisson-distributed edge
weights.

5.2. Lower bound. Our information-theoretic lower bound applies to any permutation
equivariant estimators (Definition 2.5). Before stating the result, we define an appropriate
subset of P2 to capture the conditions we need on ((Py, p), (Qo, q)). Let C* € [1, 00), and
let G&. C P? be such that ((Po, p), (Qo, q)) € G* if and only if

1 P
A0* & < Q—% < C*, and

AT [5(p(x) +q(0))llog 222 dx < C* [5(p(x)'/? — g (x)!/*)? dx.

Condition A1* is similar to A2 and A3 in the definition of the set of regular distribu-
tions Go,C.¢; .., that appears in the upper bound (Theorem 5.1). In fact, if [( pl/ 2(x) —
q 172(x))? dx is bounded away from 0, then there exists C* such that A1* is equivalent to A2.
Thus, although G{. is in general not a superset of Go ¢, ,c.r.1> the set G&NGo ¢y, cr,r,r CON-
tains important and interesting examples. For instance, any family that satisfies the conditions
of Proposition 5.1 belongs to the intersection, as is verified in the proof (cf. Appendix E).
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THEOREM 5.2. Let C* > 1 and let og : [n] — [K] be a clustering such that one cluster is
of size ﬁLK and another is of size ,BLK + 1. Let 1) be any sequence such that nl) — oo, and let
C = 2log2. Then there exists ¢, — 0 and ¢’ > 0 such that, for any permutation equivariant
algorithm &,

inf E(p,.» [£(6(A), 00
((P0.p).(Q0.9))€G -« EQOOZ))[ ( )

I <I1((Py,p),(Qo,9))=<C
n
x exp(ﬂ—KI«Po, ). (00, ) (1 + qn)) >,

Furthermore, for any ¢ > 0, there exists ¢’ > 0 such that for any permutation equivariant
algorithm &,

inf Epy. ) [£(6(A), 00)] = ¢
((Po,p),(Q0,9)€G EQOO,Z))[ ( )]

I((Po,p),(Qo,g))=c/n

Theorem 5.2 shows that if n1,, — oo, the misclustering risk of any permutation equivariant
algorithm is at least exp(—(1 + o(1))HILLLeD) If [ ((Py, p), (Qo, q)) = O(1), no
permutation equivariant algorithm is consistent.

REMARK 5.4. Rather than being a minimax lower bound that applies to the worst case,
Theorem 5.2 applies to any parameter ((Po,q), (Qoq)) € G«; we thus have an infimum
over the parameter space rather than a supremum. This is possible because the permutation
equivariance condition excludes the trivial case where 6 = oy.

The full proof of Theorem 5.2 is provided in Appendix G. The proof borrows elements
from Yun and Proutiere [41] and Zhang and Zhou [42]. One key difference is that The-
orem 5.2 holds for any parameters in the parameter space, rather than adopting a mini-
max framework, as in Zhang and Zhou [42], or assuming a prior on og, as in Yun and
Proutiere [41].

5.3. Adaptivity. Let F“ be the class of permutation equivariant clustering algorithm on
networks with n nodes. Theorems 5.1 and 5.2 directly imply the following corollary, which
sharply characterizes the optimal performance of F, .

COROLLARY 5.1. Let oy : [n] = [K], and suppose one cluster is of size ﬂLK and another
is of size ﬂLK +1.Let C*,C>1,c1,c2>0,r >0,andt € 2/r, 1), and let O be a transfor-
mation function. Write Go := Go.C.c;,c2,r,1- 9% =G and A :={B, K, C*,C, c1,ca,1,t, P},
Let ((Po,n> pn)> (Qo.n>qn)) € Go NG for every n € N.

(i) Iflimsup, I ((Po.n, Pn), (Qo.n, qn))m <1, there exists ¢, — 0, depending only
on A, such that

_inf Bp,.p,) [1(6(A), 00)]
O n™" (Qonrqn)
nl ((Po,n, pn), (Qo,ns qn))
=exp( — 5K
(i) If liminf, I ((Po.u, pn)s (Qo.n, q"))ﬂK?—ogn > 1, there exists ¢, — 0, depending only
on A, such that inf&e]_-’ge' PPy . pu).(Q0nrgn) L (G (A), 00) > 0) < &y

a +¢n)).
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(iii) If there exists ¢ > 0 such that limsup, I ((Po n, pn). (Qo.n,qn))n < c, there exists
¢’ > 0 such that
liminf inf E(p,, p,).(00nan0[(6(A), 00)] > ¢

=00 s Fhe

The algorithm & described in Section 4.1 with discretization level L, diverging sufficiently
slowly achieves the optimal rate in part (i) and (ii) for any ((Pon, pn), (Qo.n, qn)) € Go NG*.
Thus, ¢ adapts to the edge probabilities Py, and Qo , and the edge weight densities p, and
qn: Although & has no knowledge of the parameters ((Py ,,, pn), (Qo.n, Gn)), it achieves the
same optimal rate as if ((Poy ., pn), (Qo.n, gn)) Were known.

In particular, this implies that one does not have to pay a price for taking the non-
parametric approach. This seemingly counterintuitive phenomenon arises because the cost
of discretization is reflected in the lower-order ¢, term in the exponent. As an illustra-

tive example, suppose 1 — Py, =1 — Qo = alog" for some a > 0, and the densities p,

a log "0, where

and g, are of N(,ul,cr ) and N (g, 60) respectively. Then I, = (1 + o(1))—=
35722 zlt(ﬂlz 1)

0=2(1—- 62:702 ot +ag ), and the optimal rate is n (o) g% , which is attained by the
1 0

nonparametric discretization estimator & .

Similarly, if 1 — Py, =1 — Qo = “°2" and the densities p, and g, are Exp(1) and

Exp(Lo), respectively, then I,, = (1 + 0(1))1°g"9/ where 6’ = 2(1 — A)Ilﬁ)o)' The optimal

rate n_(1+0(1))ﬁ7 is again achieved by the nonparametric discretization estimator 6.

6. Proof sketch: Recovery algorithm. A large portion of the Appendix is devoted to
proving that our recovery algorithm succeeds and achieves the optimal error rates. We provide
an outline of the proofs here.

We divide our argument into propositions that focus on successive stages of our algorithm.
A birds-eye view of our method reveals that it contains two major components: (1) convert
a weighted network into a labeled network, and then (2) run a community recovery algo-
rithm on the labeled network. The first component involves two steps, transformation and
discretization. Step (1) comprises the red and green steps in Figure 2 and outputs an adja-
cency matrix with discrete edge weights. Step (2) is denoted in blue.

In our algorithm, we use a single discretization level L throughout for ease of presenta-
tion. In practice, one could use different discretization levels for the initialization stage and
for the refinement stage. By comparing Proposition 6.1, Proposition 6.2 and Theorem 5.1,
we can see that the bias introduced by discretization is a second-order effect compared to
the variance, which is why the discretization level should be small in both stages. The dis-
cretization level for the initialization stage can, however, be chosen to be larger than that of
the refinement stage, because the initialization stage aims to produce a consistent estimator

A T,
. U Initialize | Ar-| Initialize |51 5
: : F 1 2 ‘ :
Transform =¢(A?‘ Discretize & : Refinement — Consensus| :
: i | addnoise |::4,
i ;
o

C B
..............
.......................................................................

FI1G. 2. Analysis of the right-most blue region is contained in Section 6.1, of the middle green region in Sec-
tion 6.2, and of the red region in Section 6.3.
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rather than an optimal one, and can thus tolerate greater variance. More precisely, the theo-
retical requirements on discretization for the initialization stage are L — oo and % — oo,
whereas the requirements for the refinement stage are L — oo and Llr 7 —> 00 (note that 7,

is defined in Theorem 5.1); L is required to be of smaller order to control the ratio 5’ of the
discretized probabilities.

6.1. Analysis of community recovery on a labeled network. We first examine the sec-
ond component of our algorithm, which is a subroutine (right-most region in Figure 1) for
recovering communities in a network where the edges have discrete labels [ =1, ..., L,.
The following proposition characterizes the rate of convergence of the output of the subrou-
tine, where within-community edges are assigned edge labels with probabilities {P;}, and
between-community edges are assigned edge labels according to {Q;}. For convenience, if
an edge does not exist between u and v, we assign the label 0 to A,,, so Py and Qg are the
edge absence probabilities.

Formally, for L € N, define Py, := {(Po, ..., Pr) € [0, 11571 : S°F P = 1}. For a clus-
tering og : [n] — [K] and ({P;},{QO}}) € 77%, we define a labeled stochastic block model
LSBM(oy, {P1}, {QO;}) as a distribution on {0, ..., L}"*" such that if A ~ LSBM(oy, {F;},
{O1}), then for any u, v € [n] such that u > v,

{P} if op(u) =o0(v),
{01} if op(u) # op(v).

For p > 1,let G , C 73% be such that ({ P}, {Q}) € G1,, if and only if % < % < p for all

[=0,...,L.Forapair ({P},{0;}) € PL, we define I ({P;},{Q;}) := —210ngI‘:O«/P1 0.
In the next proposition, for a given clustering og and ({ P;}, {Q;}) € 73%, we let the random

network A have the distribution LSBM(og, { P}, {Q1}).

Ayy ~

PROPOSITION 6.1.  Letog € C(B, K). Let {I,,, I, pn, Ln}nen be any sequences such that

I, —0,0,>2,L,>1,and nl, — 00. Then there exists a sequence ¢, — 0 such

(Ln+1)p2log p,
that
lim sup Pypy.om (l (6 (A), 00)
O (P AQINEG Ly o

L=<I{P}{QiD<In
< exp<_(1 — Cn)ﬁLKI({Pl}, {Qz}))) =

nl
Furthermore, lfﬂKlgg <1, then

~ n
sup E[I(3(A), o—o)]exp(a — o) 1P, {Qz})) <1
{PYAQIDESGL, om BK
L <I{P} QiD=

REMARK 6.1. This result resembles that of Yun and Proutiere [41], who also study an
SBM where the edges carry discrete labels. They state their results using a seemingly differ-
ent divergence, but it coincides with the Renyi divergence when specialized to our setting (cf.
Lemma G.2). Proposition 6.1 differs critically from Yun and Proutiere [41] in two respects,
however. First, they hold the number of labels L, to be fixed and assume that the bound p;,

on the probability ratio 5 to diverge. Second,

they assume that lel (Prn—0, n)2 is sufficiently large when compared tomax;=1,..., Pr.n,
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whereas we do not make any assumptions of this form. These generalizations are crucial in
analyzing the weighted SBM, since in order to achieve consistency for continuous distribu-
tions, the discretization level L, and the bound p, must increase with n.

6.2. Discretization of the Renyi divergence. We now analyze the discretization step of
the algorithm (green box in Figure 1). The input to this step is the weighted network ®(A)
in which all the edge weights are in [0, 1]. We use p(z) and g (z) for z € [0, 1] to denote the
densities of the transformed edge weights; the next section shows the relationship between
p(z) and p(x) and ¢ (z) and g (x). The discretization step of the algorithm divides [0, 1] into
L, uniform bins, denoted by [a;, b;], for 1 <! < L,. The output is a network A, , where
each edge is assigned label / =1, ..., L, with probability either

by by
5) P11=(1—P0)f 52 dz or Q1:=(1—Qo)/ G()dz.
aj a

A missing edge is assigned the label 0. It is easy to show that discretization always leads to a
loss of information; that is, I ({7}, {Q;}) < I ((Po, p), (Qo, q))-

Let P denote the set of probablhty distributions on [0, 1] whose singular part is a point
mass at 0. Let C € (0,00),¢1,¢2€(0,1/2), r > 2, and t > 0, and define the setQC iyt C

P2 such that ((Py, D), (Qo,q)) € G if and only if the following hold:

Cco Wehave% 11 Po Cand < g‘(’) <C.
C1 For all z € (0, 1), we have 0 < p(z), qg(z) <C.
C2 There exists a quasi-convex function g : [0, 1] — [0, co) such that g(z) > |log %l
and fol () dz<C.

C3 Denoting & := { [ (v/P(2) ~ V4 (@)*dz}/* and 7 (2) := % we have
1 . . ]
_/0 {%} (P(2)+q(z))dz <C.

p(2)+q(z)
C4 There exists a quasi-convex function h: [0, 1] — [0, oco) such that
o) > max{ _ )7(1)~ ’ ﬁ:(z) , é:(z) |- )7’(z)~ }
P@+q@ 1 I p@ 1 1@ 1 1p2)+4q(2)

and fO h(z)'dz <C.
C5 We have p/(z),§'(z) > 0 forall z < &, and p'(z),§'(z) <Oforall z > 1 —&.3

PROPOSITION 6.2. Let C € 0,00), ¢1,¢2 € (0,1/2), r > 2 and t > 0. For any
((Po, §), (Q0,3)) € G ;, ¢, p.p» Jor any L € N such that L > &t v et and for (P, Q)
defined in equation (5), we have

! i <2Cexp((2CL)VT),
2C exp((zéL)l/r) o1~

foralll €{0,...L}. Furthermore,

5 TP} {Qi)
im sup — ~ ——|=
L—o0 ((Po’ﬁ)’(QO’é))egéﬁ,52,r,t I((Po, p), (Qo,q))

We prove Proposition 6.2 in Appendix C.

6.3. Analysis of the transformation function. Proposition 6.2 considers densities sup-
ported on [0, 1]. In conjunction with Proposition 6.1, this suffices to obtain Theorem 5.1,

31f § is nondecreasing, we need only '(z),§'(z) <0 forall z > 1 — ch.
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because the densities of the transformed edge weights are compactly supported and, impor-
tantly, the Renyi divergence is invariant with respect to the transformation function ®.
To be precise, let p(-) and g () denote probability densities on S, and for X ~ pand ¥ ~ g,

let p(-) and g (-) denote the densities of ®(X) and ®(Y). We then have p(z) = ggjgi and
q(@~ ')

CRIE) for z € [0, 1]. Therefore, via the change of variable z = ®~!(x), we have

[S gy dx = fo ' Jp@i@dz and

I((Po, p), (Qo.9)) =1((Po, p), (Qo,q)).

q(z) =

7. Simulation studies. We start with a toy example that illustrates the intuition behind
our discretization-based algorithm. In this example, we have n = 1000 nodes, K = 2 clusters
and Pp = Qg =0.5. We also set p(-) and ¢g(-) as the normal density N (0, 1.32 4+ 1) and mix-
ture of normals %N(—1.3, D+ %N(1.3, 1), respectively. Observe that [pxdP = [rxdQ =

Oand [Rx?dP = [px*dQ = %(1.32 + 1). The true clustering oy maps the first 500 nodes to
cluster 1 and the rest to cluster 2.

In Figure 3(a), we generate a random weighted network A and display the adjacency matrix
without randomly permuting the rows and columns. It is difficult to discern the block structure
because (Py, p) and (Qog, g) have equal mean and variance. In Figures 3(b), 3(c) and 3(d),
we discretize A using the transformation ®(x) = ffoo }te“”/z dt and L = 3 bins and show
the discretized networks A!, A> and A3; recall that A! is a binary adjacency matrix, where
Ablw =1if A,y #0and ¢(A,,) €10, 1/3), and A}w = 0 otherwise, and likewise for A2 and
A>. We observe that the block structure is clearly distinguishable in A2 because the densities
p(-) and ¢(-) differ most around the origin; the block structure is somewhat visible in A!
and A3, but to a lesser extent. These figures illustrate why the discretization and initialization
stages are useful.

In Figure 4(a), we test how the performance of our algorithm scales with the network size
n. We use the same setting as our first simulation, except we let n € {400, 600, 800, ..., 2000}
and L, = [0.4(log(log n))*]. For each value of n, we perform 100 trials, where we generate

(c) A2 (d) A3

FI1G. 3.  Effect of discretization on a weighted network.
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(a) Misclustering error versus n. (b) Misclustering error versus L.

FIG. 4. Misclustering errors in simulation experiments.

arandom network A, perform our clustering algorithm, and calculate the misclustering error.
The misclustering errors are averaged across the 100 random trials; the aggregated medians
are shown, with deviations, in Figure 4(a). In Figure 4(a), we observe the same threshold be-
havior that arises in the unweighted setting: the misclustering error is around 0.5—equivalent
to random guessing—for small n, and drops sharply to O as the value of n passes a threshold
(around n = 1000 in this case). We note that for this and our next simulation study, we use a
simplified version of our algorithm as described in Remark 4.2; we observed no difference in
performance between the full version and the simplified version of the algorithm.

In Figure 4(b), we study the sensitivity of our algorithm to the choice of discretization
level L. We let K =3, n =2100, Py = 0.3 and Q¢ = 0.27, and let p(-) be the density of
N(O.3,O.82), and ¢(-) be the density of N(0,1). We let L € {1,2,3,...,12,13} and, for
each setting of L, we perform 100 random trials in which we generate a random network A,
perform our clustering algorithm, and calculate the misclustering error. The results are shown
in Figure 4(b); the error for L = 1, in which we discard the edge weights, exceeds 0.56 and
is thus omitted from the plot. We observe that the algorithm performs best when L is chosen
to be small, though not too small, as is suggested by our theoretical analysis.

In Figure 5(a), we compare our approach against treating a weighted network as an un-
weighted one by discarding the edge weights. In this setting, we let n = 1500, Py = 0.3, Q¢ =
0.23 and K = 3. We choose ¢ (-) as the density of N(0, 1) and p(-) as the density of N(u, 1)
where we let u € {0, 0.05,0.1,0.15,0.2, 0.25}. We perform 100 trials and aggregate the re-
sult in Figure 5(a). In red, we plot the misclustering error incurred by our WSBM clustering
algorithm with L = 5; in blue, we plot the misclustering error incurred by ignoring the edge
weights entirely and treating the network as an unweighted one. As we expect, when u is
close to 0, the edge weights are uninformative and it is better to ignore the edge weights. As
W increases, however, the advantage of using the weights become significant.

0.03 \
0.03 \
5 Method 5 Method
= —WSBM £0.02 —threshold
W02 —Ignore_weights LU —WSBM
0.01 \\
\\,
T
0.01 600 B e 0 S M
000 005 010 015 020 0.25 1200 1400 1600 1800 2000
mu n

(a) (b)

F1G. 5. Comparison against naive approaches.
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In Figure 5(b), we compare our algorithm against clustering an unweighted network
formed by optimally thresholding the edge weights. We let K =3, Py = 0.3 and Q9 =0.27,
and let p(-) be the density of N(0.3,0.8) and ¢(-) be the density of N(0, 1). For T € R, we
define the thresholded network A, € {0, 1}"*" as A;,, =1 if A,y #0 and A,, > 7, and
Arww=0if A,y =0orif A,y < 7. Foreach 7 € {—-2,—-1.8,—-1.6,...,1.6,1.8,2.0}, we
form A;, extract the cluster, and compute the misclustering error. We then report the lowest
misclustering error among all A; for r € {—2, 1.8, —1.6,...,1.6,1.8,2.0} as the red line
in Figure 5(b); this approach is of course impossible to implement in practice, and we use it
only for the purpose of comparison. The turquoise line is the misclustering error incurred by
our algorithm, using L, = |0.4(log(logn))*|.
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SUPPLEMENTARY MATERIAL

Supplement to “Optimal rates for community estimation in the weighted stochastic
block model” (DOI: 10.1214/18-A0S1797SUPP; .pdf). We provide detailed proofs of the
theorems and propositions in the main paper.
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