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In this paper, we construct an adaptive-to-model residual-marked empir-
ical process as the base of constructing a goodness-of-fit test for parametric
single-index models with diverging number of predictors. To study the rele-
vant asymptotic properties, we first investigate, under the null and alternative
hypothesis, the estimation consistency and asymptotically linear representa-
tion of the nonlinear least squares estimator for the parameters of interest
and then the convergence of the empirical process to a Gaussian process. We
prove that under the null hypothesis the convergence of the process holds
when the number of predictors diverges to infinity at a certain rate that can
be of order, in some cases, o(nl/ 3 /logn) where n is the sample size. The
convergence is also studied under the local and global alternative hypothesis.
These results are readily applied to other model checking problems. Further,
by modifying the approach in the literature to suit the diverging dimension
settings, we construct a martingale transformation and then the asymptotic
properties of the test statistic are investigated. Numerical studies are con-
ducted to examine the performance of the test.

1. Introduction. Parametric regression models have been widely used in
practice. It is however necessary to check the model adequacy to prevent possi-
ble wrong conclusions in any further analysis. This issue has been well studied
when the dimension p of the predictor vector is fixed. Yet, for the cases with large
dimension that may be regarded as a diverging number as the sample size goes to
infinity, there are no tests for parametric models available in the literature. We now
specify this problem.

Let Y, be a response variable associated with a p,-dimensional predictor vector
X, € RP» where p, diverges as the sample size n tends to infinity. The regression
function m, (x) = E(Y,|X, = x) is the conditional expectation of Y, given X,,.
Let G, ={g(B'-,0): B R 0 e R} be a given parametric family of functions
where g(-,-) is a given function. The study herewith is motivated by checking
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whether m;,(-) belongs to G, or not. Thus the null hypothesis we want to test is
that (Y,, X,,) follows a parametric single-index model as

(1.1 Y, = g(,BnTOXn, 6o) + &, for some B0 € RP", ) € RY.

Here ¢, =Y, — E(Y,,|X,,) is the error term with g, = V] (ﬁ,%Xn)én where &, is
independent of X, and has zero mean, V| is a squared integrable nonparametric
function, d is fixed and T denotes the transposition. In this paper, we call this
model the parametric single-index model. Although they are in form a generalized
linear model, we do not use this name as generalized linear models have their own
definitions in the literature.

To make full use of the model structures under both the null and the alternative
hypothesis, we consider the following alternative model

(1.2) Y, = G(B, X,) + én.

Here ¢, = Y, — E(Y,|X}) is the error term with &, = Vz(BnTXn)én where &, is in-
dependent of X,, and has zero mean, V> is also a squared integrable nonparametric
function, G(-) is an unknown smooth function and B, is a p, X g, orthonormal
matrix with an unknown ¢, with 1 < g, < p,. Note that this is a more general
model than the nonparametric model Y,, = G(X,,) + &, that is a special case when
B, is an p, x p, identity matrix with g, = pj.

We now review the existing methodologies in the literature when the dimen-
sion p, = p is fixed. Two major classes of tests are: locally smoothing tests and
globally smoothing tests. Locally smoothing tests use nonparametric smoothing
estimators to construct test statistics; see Héardle and Mammen (1993), Zheng
(1996), Fan and Li (1996), Dette (1999), Fan and Huang (2001), Koul and Ni
(2004) and Van Keilegom, Gonzalez Manteiga and Sanchez Sellero (2008) as ex-
amples. Globally smoothing tests construct test statistics based on averages of
functionals of empirical processes and thus avoid nonparametric estimation. They
are called globally smoothing tests as averaging is a globally smoothing step. Ex-
amples include Bierens (1982, 1990), Stute (1997), Stute, Thies, and Zhu (1998),
Stute, Gonzélez Manteiga and Presedo Quindimil (1998) and Khmaladze and Koul
(2004). Gonzdlez-Manteiga and Crujeiras (2013) is a nice review paper.

When the dimension p is fixed but large (even moderate), most existing tests,
especially locally smoothing tests, perform badly due to the use of nonparamet-
ric estimations. Globally smoothing tests also suffer from the data sparseness in
high-dimensional space. Several efforts have been devoted to solving this prob-
lem. Stute and Zhu (2002) can be regarded as a dimension reduction-based test.
A martingale transformation leads it to be asymptotically distribution-free. This
test has been proved to be powerful in many cases, even when p is large. But it
is not omnibus while is a directional test. Escanciano (2006) gave some detailed
comments on this issue, and proposed a test that is based on projected predictors.
Lavergne and Patilea (2008, 2012) also suggested projection-based tests. An early
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relevant reference is Zhu and An (1992). Guo, Wang and Zhu (2016) also com-
mented on this issue and put forward to a model adaptation notion in hypothesis
testing. This innovative notion provides a deep insight into model checking for re-
gressions and the adaptive-to-model approach can fully use the model structures
under both the null and alternative hypothesis. Recently, with the assistance of
sufficient dimension reduction techniques, Tan, Zhu and Zhu (2018) generalized
Stute and Zhu’s (2002) method and obtained an omnibus test which is asymptoti-
cally distribution-free and inherits the dimension reduction properties.

However, extending the existing methods to diverging dimension cases is by
no means trivial. In this paper, we devote the effort on this issue to construct an
adaptive-to-model residual-marked empirical process as the base of constructing
a test. Under the null hypothesis, the process is similar to that of Stute and Zhu
(2002). However, it is of importance to investigate at which rate of p, to infinity,
the convergence of the empirical process to a Gaussian process can be achieved.
As there are no relevant results in the literature about this, investigating this issue
is one of the main focuses in this paper. We find that the leading rate n'/3 of p,, for
ensuring the convergence of the empirical processes would not be easy to improve
as the technical proof shows this, although we cannot give a definitive answer
right now. A brief comment will be given in Section 3. The results are of particular
interest as the theoretical results can be applied to other model checking problems
when any residual-marked empirical process is used to construct test statistic in
diverging dimension settings.

This study also relates to parameter estimation when p,, is divergent. For linear
models, this issue has been paid much attention in the literature. Huber (1973)
was a pioneer work that provided norm consistency and asymptotic normality of
the least squares estimator for linear models when p, goes to infinity at the rate
of order o(n'/?) where n is the sample size. Portnoy (1984, 1985) refined the
results under some more conditions. There are many developments afterwards. For
instance, Zou and Zhang (2009) greatly improved the diverging rate of p,, also for
linear models. All these methods assume fixed designs that are different from the
case in the present paper. When the model is nonlinear, there are few estimation
results available in the literature. Thus, we also give a study on this.

Another interesting issue is that even its limiting Gaussian process can be de-
rived, the shift term created by estimating the parameters of interest has no close
form. Thus, we cannot directly follow the martingale transformation as Stute and
Zhu (2002) did. This is a typical problem when p, is divergent, which does not
happen when p,, = p is fixed. Then a modified approach is suggested to define a
martingale transformation in this scenario. The asymptotic properties of the mar-
tingale transformation-based innovation process under both the null and alterna-
tives are also studied. We show that when p, = p is fixed, this transformation is
equivalent to that in Stute and Zhu (2002). The test based on the constructed pro-
cess can be consistent against all global alternatives as well as the local alternatives
distinct from the null at the rate slower than 1/./n. We also prove that it can detect
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the local alternatives converging to the null at the rate of 1/4/n, a fastest possible
rate in hypothesis testing. These are interesting results, that the sensitivity of the
test to the local alternatives can still be at a parametric rate even when p, is di-
vergent. Further, the test statistic construction is also under the model adaptation
framework such that the test is still omnibus even when the one-dimensional di-
mension reduction structure under the null has been fully used like Stute and Zhu
(2002). This inherits the properties of Tan, Zhu and Zhu’s (2018) test.

The paper is organized as follows. Section 2 contains the asymptotic properties
of the ordinary least squares estimator with diverging dimension. Based on the es-
timator, we define an adaptive-to-model residual-marked empirical process. Since
sufficient dimension reduction theory plays a crucial role to achieve the model
adaptation property, we give a brief review in this section and study the conver-
gence rate of the relevant estimators. In Section 3, we present the result that the
adaptive-to-model empirical process converges weakly to a Gaussian process un-
der the null hypothesis and the asymptotic properties under the local and global
alternative hypothesis. We also give the test statistic for practical use. In Section 4,
several simulation studies are conducted to examine the performance of the test
and a real data example is analysed for illustration. Section 5 contains some dis-
cussions and topics in the future study. As Theorem 3.1 is an important result to
show the convergence of the empirical process when the dimension p, is divergent,
we give the proof in the Appendix. The regularity conditions and the proofs for the
other theorems and propositions are contained in the Supplementary Material (Tan
and Zhu (2019)) for saving space.

2. An adaptive-to-model residual-marked empirical process.

2.1. Parameter estimation. Let {(X,;, Yyni),i = 1,...,n} be an i.i.d. sample
with the same distribution as (X,,, ¥;) and let ¢, = Y,, — E(Y,|X;,) be the unpre-
dictable part of Y, given X,,. Recall that G, = {g(8"-,0) : B € R", 0 e R¢}. We
want to test whether or not

Hy:Y, = g(ﬂ%xn, 0o) + &, for some B0 € RP", 6 € RY.

For estimating the unknown (8,0, 6p), in this paper we restrict ourselves to the
ordinary least squares method. Let

n

(Bns On) = ar%n;in Z[Yni - g(ﬂTXni, 9)]2-
Yi=1

To analyze the asymptotic property of (Bn, ), define

(Bno, o) = ar%no}in E[Y, —g(87 X4, 6)].
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It is easy to see that if m, (-) € G,,, we have (Bno, 50) (Bno, 6p). If mn( ) ¢ gn,
(,Bno, 00) typically depends on the distribution of X,,. Lete, =Y, — g(,BnOX " 90)
Then under the null hypothesis we have e, = ¢,.

To study the asymptotic properties of (Bn, 0,) as pn is divergent, we first give
some notations. The regularity conditions are postponed to the Supplementary Ma-
terial (Tan and Zhu (2019)). Suppose that g(,BTx, 0) is third differentiable with
respect to (8, 6). Let

dg(BTx,0 Y 3 6,
¢ (B.0.x) = 8B x,0) and g"(B.0.x) = g'(B, x).

(B, 0) 3(B.0)

The matrix g” (B, 0, x) is used within the following matrix ¥, which will play a
crucial role in deriving the asymptotic properties of (58,, 6,):

%0 = E[g' (B0, 00, Xn)&' (Bro, B0, Xn) '] — E[eng” (Buo, 60, Xn)] =: Tu1 — 2.

The next two results give the norm consistency of (,3n, én) to (,3~n0, 50) and the
ﬁAn_BnO)

asymptotically linear representation of ( The representation generalizes

the results of White (1981) to the dlverglng dlmensmn settings. For simplicity, we
define hereafter y,, = (,Bn ,Gn )T , Vno = (,8n0, 0 T and Vo = (/8”0, QOT)T

PROPOSITION 1. Assume that conditions (A1)—-(A6) in the Supplementary
Material hold. If p>/n — 0 and g"(B,6,x) =0, or p}/n — 0, then P, is a norm
consistent estimator of Yo in the sense that ||V, — Vnoll = O p(/pn/n), where || - ||
denotes the Frobenius norm.

The convergence rate of order 1/ p,/n is in line with the results in Huber (1973)
and Portnoy (1984) when p,, diverges. For the asymptotically linear representation,
we have the following result.

PROPOSITION 2. Assume that conditions (A1)-(A6) in the Supplementary
Material (Tan and Zhu (2019)) hold. If p2 /n — 0 and g" (B, 6, x) =0, or p) /n —
0, we then have the following asymptotically linear representation:

n

L 1 _ o |
Q1) Vn=VYuo =2, 1; > [Yui = 8(BoXni- 00)18" (Bno. Go, Xni) +0p<ﬁ>,
i=1

where the remaining term o p(ﬁ) is in the sense of norm consistency.

REMARK 1. Both the rate pf{ /n — 0and pg /n — 0 in these two propositions
as n — 00 seem slow. When the condition g”(B, 0, -) = 0 holds, the rates can be
improved to p; 2/n — 0 and D;, 3 /n — 0, respectively as Huber (1973) obtained,
where he only considered linear models. Portnoy (1984, 1985) also obtained the
norm consistency and the normal approximation under a weaker condition where
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he still considered linear models. Note that if g(8T X,0)=8"X, g"(8,0,)=0
Thus, our result is more general, though slightly. Further, for the least squares
estimator for linear models, when fixed design is considered, the rates can be im-
proved to be p, = o(n) and p, = O (n*) for 0 < @ < 1 for the norm consistency
and asymptotically linear representation when some regularity conditions are as-
sumed. See Zou and Zhang (2009). However, for the random design in this paper, it
is still unknown whether these faster rates can achieve or not. More speciﬁcally, if
without other extra conditions, the fastest passible convergence rate is p; 2 /n. This
is because we need the convergence rate of || E — 2] in provmg Propositions 1
and 2 where En is the estlmator of X,. Since each element in X, — X, has an
optimal rate 1/,/n and ||E — X, |l is a square root of the sum of pn elements, it

is easy to see that || I > = 0,( p2/n) as presented in Propositions 1 and 2.

Moreover, for nonlinear models without g”(8, 6, -) = 0, the remainders after the
Taylor expansion involve g” (B, 0, -) and g’ (B, 0, -). Thus, the rate gets slower and
the optimal rate is still unknown.

2.2. Empirical process construction. Recall the null hypothesis:

Hy: P{EX,|Xn) = g(ﬁ,l)Xn, 6o)} =1 for some Buo € R, 6 € RY,
against the alternative hypothesis:

Hi: PlEY,|X,)=G(B) X,)#g(B"Xu,0)} <1 VBeRP, 0eR,
where G(-) is an unknown smooth function and the p, x g, orthonormal ma-
trix B, is given in (1.2). We assume that f,0 € Sg(y,|x,) under both the null
and alternative hypothesis where Sg(y,|x,) is the central mean subspace such
that Sg(y,|x,) = span(B,). Under the null hypothe51s this is obvious. Under
the alternative hypothesis, if g(ﬂTX”,G) ,3 X, is a linear model, we have
ﬂno =[E(X, X;lr)] 1E(X Y,) € SE(v,|x,)- For other models, /3,10 may not be nec-
essarily in Sgy,|x,)- If ,5,10 ¢ SE(v,|x,) under the alternative hypothesis, in Sec-
tion 5 we will give a detailed discussion and provide a partial solution to relax the
assumption we impose. 3 ~

Also recall &, =Y, — E(Y,|X,) and e, = Y, — g(B,},Xn, 6). Under the null
hypothesis, e, = ¢,, ¢ =1 and B, = k, 8,0 With k, = im Therefore, we ob-
tain that £ (en|BTX ) = E(ey| ,8 X,,) = 0. Under the alternative hypothesis, we

have E(e,|B, X,) = G(B,] X») — g(B],Xn.00) # 0. Then it follows that under
the null hypothesis

(2.2) Elenl (B, Xn <u)] = E[enl (knBjoXn <u)] =0.
While under the alternatives, by Lemma 1 of Escanciano (2006), there exists an
ay € S} such that E(eyle, B, X,) # 0, where S = {ay, = (a1,....a4,)" €

R : |lay || = 1 and a; > 0}. Then it follows that
(2.3) EleqI(a, B, X, <u)] 0.
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Note that under the null we have g, = 1 and S(Z = {1}. Thus the quantity

Ele,1 (a; B,;r X, < u)] actually has the same form in both (2.2) and (2.3). Define
an adaptive-to-model residual marked empirical process V,,(x) in the diverging
dimension setting as below

A 1 X o
(2.4) v,,(an,u):ﬁZ[Ym — g(B) Xni.02)]1(&, B, Xni <u),
i=1

(2.5) Vi(u) = sup |Vn(&n’u)

bneST

’

where ,3,, and én are defined as before and én is the sufficient dimension reduction
estimator of B, with an estimated structural dimension g, of g,, which will be
specified later. For V, («), one can also use the integral over S;n to define a test
statistic.

To achieve the model adaptation property of the process, we need sufficient
dimension reduction (SDR) techniques to identify the structural dimension g, and
the matrix B,,. We give a brief review below on this topic and extend the results to
diverging dimension settings.

2.3. The estimation of the matrix B, and its structural dimension. Recall un-
der the alternative hypothesis the model is as

(2.6) Y, = G(B, X,) + &,

where the error term satisfies that E (snlB;— X,) =0, G(+) is an unknown smooth
function and B, is a p, X g, orthonormal matrix with 1 < g, < p,. We can see
that under both the null and alternative hypothesis, the conditional independence
holds respectively:

Yy AL E(YalX0)|BjoXn, and ¥, 1L E(Y,|X,)|B, Xn,

where 1L means statistical independence. Define Sg(y,|x,) as the central mean
subspace of Y, with respect to X, (see Cook and Li (2002)) that is, the in-
tersection of all subspaces span(B,) spanned by the columns of B, such that
Y, 1L E (Yn|Xn)|B;— X,,. The dimension of Sg(y,|x,) is called the structural di-
mension, denoted as dg(y,|x,)- Under mild conditions, such a subspace Sg(y,|x,)
always exists (see Cook and Li (2002)). If Sg(y, |x,) = span(B,), then E(Y,|X,) =
E(Yn|B;er,,). Under the null hypothesis (1.1), dgy,|x,) = 1 and Sgy,|x,) =
span(Bro/llBroll). Under the alternative (1.2), dg(v,|x,) = ¢n» and Sgy,|x,) =
span(B;). There are some methods to estimate the central mean subspace such
that a matrix B, C, can be identified where C, is a ¢ x g orthonormal matrix.
Principal Hessian directions (pHd, Li (1992)) is a popularly used method for this
purpose when p is fixed. However, when p is divergent, there are no correspond-
ing asymptotic results about pHd and we guess that the convergence rates of the
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corresponding estimated eigenvalues and matrix B, would be very slow. Thus, in
this paper we consider a method that is for identifying the central subspace defined
below.

The central subspace is related to the conditional distribution of Y,|X, (see
Cook (1998)), denoted by Sy,|x,. This space is the intersection of all sub-
spaces span(B,) such that Y, I X,,|BJX,,. Obviously, Sy, |x,) C Sy,|x,- Un-
der the conditions on the error term under the null and alternative hypothesis,
SEY,X,) = Sv,|x,- That is, our conditions on the error term can make sure that
SEW,|1X,) = Sv,1x, 8 &n = Vi (,B;BX,I)én under the null and ¢, = Vz(BJXn)én
under the alternative where &, is independent of X,,. In Section 5, we will discuss
how to relax these conditions as well.

There are also several estimation proposals available in the literature. For in-
stance, sliced inverse regression (SIR, Li (1991)), sliced average variance estima-
tion (SAVE, Cook and Weisberg (1991)), directional regression (DR, Li and Wang
(2007)) and discretization-expectation estimation (DEE, Zhu et al. (2010)). All
these methods assumed that p is fixed. Zhu, Miao and Peng (2006) first discussed
the asymptotic properties of SIR when p, diverges to infinity. In this paper, we
adapt cumulative slicing estimation (CSE, Zhu, Zhu and Feng (2010)) to identify
the central subspace. This is because it is very easily implemented and can han-
dle the case where the dimension p, grows to infinity. Note that CSE requires the
linearity condition. This is satisfied if the predictors X, are elliptically symmetric.
Hall and Li (1993) showed that when p, — oo as n — o0, the linear combina-
tions of the covariates are approximately normally distributed. Thus the linearity
condition for CSE is approximately satisfied when the dimension p,, is large.

The procedure of CSE is as follows. For simplicity, we assume E(X,) =0,
Var(X,,) = I,, for a moment. Thus it is easy to see that E[X,h(Y,)] € Sy,|x, for
any function £(-). Theoretically, we obtain infinity amount of vectors in Sy,|x,,.
Zhu et al. (2010) suggested a determining class of indicator functions to replace
h(-).Let h;(Y,,) = 1(Y, <t). It follows that

Yo AL X,|B X, <= h(Y,) A X,|B]X,, VieR.
Define the target matrix
27) My = [ X (V)ELX] hi (V)] d Py, 0,

where Fy, denotes the cumulative distribution function of Y,,. If the rank of M,
is gn, then span(M,,) = Sy, |x,. Based on this, it is easy to obtain the sample ver-
sion of M,,. Let Z,; be the standardized X,,; and é, = % Z;’:l Znil (Y, <t). The
estimator of M, is given by

N 1 . .
2:8) W=~ 3 by &
j=1
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If the structural dimension g, is given, an estimator lA?n (q) of B, consists of the
eigenvectors corresponding to the largest g, eigenvalues of M,

Yet we need a consistent estimator g,, of g, that is usually unknown under the
alternative hypothesis. Later we will see that even when g, is given, we still want
a consistent estimator because we wish the test to have the model adaptation prop-
erty to fully use the dimension reduction structure under the null hypothesis. In-
spired by Xia et al. (2015), we suggest a minimum ridge-type eigenvalue ratio
estimator (MRER) to determine ¢g,,. Let ):m >0 > inpn and A1 > -+ > Ay, be
the eigenvalues of the matrix M, and M, respectively. Since rank(M,) = gy, it
follows that

Apl = > )\nqn > )Mn,qn—i—l = :)\n,p,, =0.

Hence we estimate the structural dimension g, by

22
{i iyt T Cn }

(2.9) qn = arg min =
" )‘ii + ¢y

1<i<py

Here in, a1 = 0 and the ridge ¢, is a positive constant depending on n. The
following result shows that the consistency of MRER is adaptive to the underlying
models. Its proof is given in the Supplementary Material (Tan and Zhu (2019)).

PROPOSITION 3. Suppose that the regularity conditions of Theorem 3 in Zhu
et al. (2010) hold. Let l}n (qn) be a matrix whose columns are the eigenvectors
that are associated with the largest g, eigenvalues of M, Assume further that
0<co=<Ang, < "=y <Cp<ooandcy,=(ogn)/n. Then:

(1) under Ho, we have P(G, = 1) — 1 and | B, (1) — kol = Op(/pn/n);
(2) under Hy, we have P(q, = q,) — 1 and || B,(qn) — Bull = Op(y/Pngn/n).

3. Main results.

3.1. Asymptotic properties of the process. First, we discuss the asymptotic
properties of the process V, (&, u) under the null hypothesis. To facilitate the
study, we define the following process:

1 n
VOu) = NG > [Yui — 8(BoXni- 00) 11 (knBoXni < u).

Put
02 (v) = Var(Yy licn B0 Xn = v),
Y () = E[Var(Yolicn B0 Xn) T (knBao Xn < u)].
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Then we have 02(v) = E(e2[k, 8,0 Xn = v) and ¥, () = [, 02(v) Fi, 0 (dV)
where F, g,, is the camulative distribution function of «;, /3,1) X, Obviously, v, (1)
is a nondecreasing and nonnegative function. Since

Vno(u) = [ ng Kn/gnOXm = ”)

is a centered residual cusum process, it is readily seen that
Cov[V2(s), V()] = Wu(s A 1).

By Theorem 2.11.22 in van der Vaart and Wellner (1996), we obtain that V,? (u) is
asymptotically tight. If v, (1) — ¥ (u) pointwisely in u, it follows that

3.1 V,? (1) —> Voo(u) in distribution,

in the space £>°(R), where V(1) is a centred Gaussian process with the covari-
ance function ¥ (s A t) and £>°(R) is the set of all real bounded functions on R
(see Section 1.5 in van der Vaart and Wellner (1996)). Since v (u) is also nonde-
creasing and nonnegative, it follows that V() = B(¥ (1)) in distribution, where
B(u) is a standard Brownian motion.

We now study V, (&, u) defined in (2.4). By Proposition 3, P(g, = 1) — 1
under the null hypothesis. Thus we only need to work on the event {g, = 1}. Con-
sequently, Sé: = {1} and V,,(&,, u) can be rewritten as

Vi (@, u) = Z ni — ,3 Xm’e )] (B,—,I—Xm‘ SU)-

Under some regularity conditions stated in the Supplementary Material (Tan and
Zhu (2019))and on the event {g,, = 1}, we can show that under the null hypothesis

3.2) Vi@, ) = V() — /1(Pn — Yn0) " R () +0,,(1)

uniformly in u, where R,(u) = E[g'(Bno, 60, X,,)I(/cnﬁ,%X,, < u)]. A proof
of (3.2) is given in the Appendix. Combining (3.2) with Proposition 2, some ele-
mentary calculations yield

(3.3) Vi@ u) =V, () — Ry) '3, f Zg (Bnos 00, Xni)eni + 0p(1)
uniformly in u. Altogether we obtain the following result.
THEOREM 3.1. Suppose that the regularity conditions in the Supplementary

Material hold. When (p,logn)®/n — 0 and g"(B,6,x) =0, or p)/n — 0, then
under the null hypothesis, we have in distribution

V() — VL),
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where Volo (u) is a zero mean Gaussian process with a covariance function K (s, t)
that is the pointwise limit of K, (s, t) as

Ku(s,1) = E[21(knBioXn < s A1)]
— Ru() 2, E[e7.8' (Bro, 00, Xn) I (knByoXn <1)]
— Ry(®) "=, E[eng' (Buo. 00, X) I (knBgXn <5)]
+ Ru(5) S, E[e28' (Buo. 60, Xn)&' (Bnos 00, Xn) 12, ' Ru(2).

REMARK 2. Note that the dimension p, is required to have divergence rate
slower than n'/3 /(logn) under some conditions. From the lemmas in the Supple-
mentary Material (Tan and Zhu (2019)), we can see that the leading term n'!/3
would be close to optimal. This is because when p, is divergent, the covering
number of index functions in the empirical process diverges at an exponential rate
and the equicontinuity of the process requires such a rate. This conjecture is based
on a similar case for the projection pursuit-type Kolmogonov—Smirnov test inves-
tigated by Zhu and Cheng (1994) who gave the same rate for the lower and upper
bound of the tail probability. Of course, when the underlying model has a sparse
structure and a lower-dimensional model can be selected, the rate of p, can be
faster. This is beyond the scope of this paper.

3.2. Martingale transformation. If p is fixed, Volo(u) can be rewritten as
Volo(u) = Vo) + R(u) "V in distribution and its covariance function can be
specified. The shift term Rw)'V is brought out from the second term in (3.3).
Stute, Thies and Zhu (1998) first proposed a martingale transformation to elim-
inate R(u)"V in VolO (1) and then to obtain a tractable limiting distribution of a
functional of Vi (u). This has become one of the basic methodologies in the area
of model checking to derive asymptotically distribution-free tests. It was motivated
by the Khmaladze martingale transformation in constructing goodness of fit tests
for hypothetical distribution functions (Khmaladze (1982)). There are a number
of follow-up studies in the literature to extend this methodology to various high-
dimensional models such as Khmaladze and Koul (2004) and Stute, Xu and Zhu
(2008). However, when p, diverges as n goes to infinity, the shift term does not
have such a close form as that in the fixed dimension case. The martingale transfor-
mation cannot directly target R(u) " V. We then bypass this difficulty by checking
its shift term at the sample level. Note that the shift term comes from the second
term in (3.2) and in the case with the fixed p, Rw)"V is just its weak limit.

Recall that R,(u) = E[g (Bno, 00, X)I (knB)yXn < w)] and v, (u) =
[* o 02 (V) Fy, 0 (dV). Let

IR, (1)
0V (u)

an(u) =
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be the Radon—Nikodym derivative of R, (u) with respect to v, (u). Next, define a
(pn +d) x (py + d) matrix

o0 o0
Ap() = / an()R] (dz) = f (D (2)T02(2) Fe g0 (d2).
u u
It can also be written as

An(u) = E[an(knBoXn)g (Bnos 00 Xn) " 1 (knB o Xn > u)].

Mimicking the martingale transformation in Stute and Zhu (2002) at the sample
level, we have

u

G T =faw - [ Ooan(z)TA;l(z)(/ an(v)fnwv))wn(dz).

Here we should assume that A, («) is nonsingular and the process f,(«) should be
either of bounded variation or a Brownian motion.

Some elementary computations conclude that Ty, (\/n(y, — y,,o)TRn) =0. We
now discuss the asymptotic properties of 7, V,?. Note that

(v =viw - [ L @A) ( / ooan(v)V,?(dv)) Yn(d2)

and
* 0 1 ¢ T T
/ an(v)V, (dv) = 7 Zan (knBoXni) I (knBpoXni = 2)eni-

< i=1

Combining these two formulas, we obtain that
0 0 L& T -1 T
LV =V - =3 [ a4, @k X
vz =177

X 1 (knB o Xni = 2)Vn(d2)eni.

Therefore, T, V? is also a cusum process of i.i.d. centered residuals with the co-
variance function

(3.5) Cov[T, VO (s), T, V2 (1)] = Cov[VI(s), V()] = Yu(s A1),

This means that T, Vn0 (1) admits the same limiting distribution as that of Vn0 (u),
that is,

(3.6) T, VO(u) —> Vo(u) in distribution.

Consequently, we get rid of the annoying shift term \/n($, — ¥»0) ' R, and obtain
the process Voo (u) whose supremum over all u has a tractable distribution. The
assertions (3.5) and (3.6) will be justified in the Supplementary Material (Tan and
Zhu (2019); see Lemma 1).



1972 F. TAN AND L. ZHU

The transformation 7,, obviously contains some unknown quantities and there-
fore needs to be substituted by their empirical analogues. For this, let g{(z,6) =

Bg(t 9 and gh(t,0) = ngtée)‘ It follows that

8" (Bu0: 00, Xn) = (2} (B0 X, 00)X,T . &5(BoXn.00) ).

Consequently, we have

u u T
Ra) = ([ iS00 P, [ 3Gl 000 Frypafda))
—0o0 —00
where 7, (v) = E (X, |k B,oXn = v). Conclude that
a0, (1) = (gﬂ (u/kn, 00)ra ()" gh(u/Kn, 190)T)T
! o2 (u) Lok
Since a, (1) is related to r,, (#) and a,% (1) on which we do not make any assumption

rather than smoothness, we then need to estimate them in a nonparametric way.
Thus, a standard Nadaraya—Watson estimator for r;, (v) is defined by

ni )
K( ni )
where K (-) is an univariate kernel functlon and h is a bandwidth. Similarly for

2(u) Thus we obtain two estimators ad,(u#) and A (u) of a,(u) and A, (u) re-
spectively:

(/R B)R )T gh /R, 0) T\ T
an(u)— ) ’ ~D ’
0 (u) o5 (u)

XmK(v a, B X

vaBX

fn(v):

An(u) Zan ATB an)g (,Bna@na Xni) I(ATBTXm >u)
i=1

Finally, we can give an estimator T, of Ty
7Aﬂn Vi (G, 1)

V@ ) — f L a@TA @) ( f % () Vi (@, dv))@f(z)F&” (d2)

A

1/2 Z ni — ;— nis gn)]l(&,;ré,;l—xni = u)

3/2 Z 1(&,) B Xpi <u)an(@) B X.i)"
i,j=1

x Ay (&) B, Xui)in (G, By Xaj)
X 1@ B Xy = &7 B Xoi) [V — (B Xuj 00)162(@] BY X o).

n
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where &, is an estimator of «, and F, is the empirical distribution function of
&) B X,;, 1 <i <n.Making sure the columns of B, have the same direction as
Bn, we can assume k, = 1/||Bnoll and kn = 1/]1 By ll-

THEOREM 3.2. Suppose that A,(u) is nonsingular and o,%(u) is bounded
away from zero for all n and u. If (pplogn)’/n — 0 and g"(B,0,x) =0, or
pZ /n — 0, under the null hypothesis Hy and the regularity conditions in the Sup-
plementary Material (Tan and Zhu (2019)), we have in distribution

sup |1, Vi (@, )| — Voo (1) |

6(,,653r
in the space £°([—o0, ugl) for any ug € R.

Here £°°([—o00, ug]) is the space of all real bounded functions on [—o0, ug].
Note that we consider the convergence of sup, < $+ |T Vu(@y, u)| in the space

£°([—o00, ug]). This is because A 1(u) in the process T Vu(@y, u) may be un-
bounded for large ©# and thus the dlstrlbutlonal behavior of the underlying process
may become very unstable in the extreme right tails. Therefore, we restrict 7, V,,
in the interval [—o0, ug].

In a special case where the predictor X, follows a spherically contoured distri-
bution or its extension, the elliptically contoured distribution, we can show that the
calculations of the martingale transformation are much simpler. The idea is similar
to Stute and Zhu (2002). Without loss of generality, we only consider spherically
contoured distributions. Here we assume that the regression function g does not
depend on 6. Let g’(¢) be the derivative of g(¢) with respect to 7. It follows that

Ru(u) = E[g'(BoXn) X (knB g Xn < u)]
=T, E[g'(BoXn)TnXnl (knBoXn < u)],

where 'y, is an p, X p, orthonormal matrix with the first row «j, ,B,I) (or

,3 o/ I Broll)- Since the conditional expectation of the other components of I';, X,
given the first is zero, it follows that

IBnO
Il Broll?

_ /3710
lIBnoll?

Ry (u) = E[8'(ByoXn)BaoXnl (kn g Xn < u)]

f_ ¢ (2 J10n) (2 /Kn) Fe, o (d2),

whence,

IBnO g/(u/’cn)u/’cn
1Buoll?>  o2)

J /°° (&' (z/Kn)2/Kn]?

1Broll* Ju 0,7 (2)

an(u) =

Ap(u) =

F’Cn,BnO (dZ) .
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Note that A,(z) is a matrix with rank 1 and is singular when p > 1. Thus the
martingale transformation can not apply directly. However, if we go back to (3.2)
and set

Ra(u) = E[g'(BioXn) Buo Xn 1 (in BioXn < u)],
then (3.2) can be rewritten as

Bno
1 Broll®

Conclude that the new a,, (1) and A,, (1) become real-valued with the formulas as

OR,(u) g (u/in)u/Ky

(3.7) Vi@, 1) = V() — V1(Pn — Yn0) T s Ry (1) + 0, (1),

an(u) = ) 2 and
00 / 2
A () = /u (g (Z/Z;;)((ZZ)/Kn)] Fo g (d2).

Clearly, Theorem 3.2 can be applied to these new functions.

Hall and Li (1993) showed that, if p,, — oo as n — oo, the expectation over
a few linear combinations of the components of X, behaves like the expecta-
tion over multivariate normal distributions. Note that R, («) = E[g’ (,8 X)X, X
I (kp ,BnoX < u)] and a multivariate normal distribution is elliptically- contoured.
Consequently, in large dimension cases, even when X, does not follow a multi-
variate normal distribution, R, (u) can be viewed as an expectation on multivariate
normal distributions and then the martingale transformation 7;, could be applied
with the real-valued a, (1) and A, () in practice.

3.3. The asymptotic properties under the alternative hypotheses. Now we dis-
cuss the asymptotic properties of sup, g+ |7, Va (@n, u)| under a sequence of al-
qn

ternatives. To see how sensitive the test to the alternative hypothesis is, we consider
the alternatives which converge to the null hypothesis at the rate of C,, = 1//sn:

(3.8) Hin: Yy =g(BXn, 00) + CoG (B, X)) + &n,

where 0 < s <1, G(B,—lr X,,) is a random variable with zero mean and satisfies
IP’{G(B;— X,,) =0} < 1. The constant s can be fixed or dependent on n tending to
zero. To derive the limiting distribution of f"n V, (&, u) under Hy,, we need the
asymptotic properties of g, and 9,, as n — oo and p, — oo.

PROPOSITION 4. Assume the regularity conditions of Theorem 3 in Zhu et al.
(2010) hold. Let B (1) be an elgenvector associating with the largest eigenvalues
ofM pr”C — Oandc, = Czlog C , then under Hy,, we have P(g, = 1) — 1

and || By(1) = knBuoll = Op(\/PrCh).
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A special case is that when C, = 1/+/n and ¢, = (logn)/n, we have P(§ =
1) — 1and || B,(1) — kB0l = O, (/p/n). Next, we derive the norm consistency
of P, to y»0 and an asymptotic decomposition of y,, — y,,0 under Hy,. Here 7, =
(BY,6)T and y0 = (B, 6,) " as defined before.

n-’ n

PROPOSITION 5.  Suppose the regularity conditions in the Supplementary Ma-
terial and (3.8) hold. If np,C;} — 0 and g" (B, 6, x) =0, or np>C2 — 0, then P,
is a norm consistent estimator of Vo with ||V, — Ynoll = O »(/DnCn). Moreover,
ifnpf,/zC,? —0and g"(B,0,x)=0, or an/ZCfl — 0, we have

1 n
VI Dn = vn0) =7 =" enig (Bno. 00, Xni)
(3.9) " ﬁ;
+V/nC =, VE[G(Xn)g (Buos 00, Xu)] + 0p(1).
If p2/n — 0 and g”(B,60,x) =0, or p/n — 0, under Hy, with C, = 1//n,

we have y, is a norm consistent estimator of y,,o with [|¥, — yuoll = Op(V/ Pr/n).
Moreover, if p2/n — 0 and g”(B8,6,x) =0, or p)/n — 0, then we have

\/’;();n — ¥Yn0) Zgnlg (Bno, 00, Xni)

(3.10) f
+ E,TIE[G(Xn)g/(ﬂno, 00, Xn)] + 0p(1).
The following theorem states the asymptotic results under various alternatives.
THEOREM 3.3. Suppose the regularity conditions in the the Supplementary
Material hold.

(1) If (pulogn)3/n — 0 and g"(B,6,x) =0, or p)/n — 0, under the global
alternative Hy, we have in probability

1 “
— sup |T,,Vu(a,, w)| —
\/’_l&ne‘%ﬂ n Vi (Qy )|

where L1(u) is some nonzero function.
(2) If n(py logn)%Cn3 — 0and g"(B,0,x) =0, or an/ZC,? — 0, then under
the local alternative Hy, with C, = 1/+/sn and s — 0, we have in probability

Vs sup [T,V (@, u)| —> [Lo@)|.

- +
oy ESén

where Lo (u) is some nonzero function.
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(3) If (pulogn)®/n — 0 and g"(B,6,x) =0, or p)/n — 0, then under the
local alternative Hy, with C,, = 1/./n, we have in distribution

sup |7, Vi (G, )| —> | Voo () + G1(u) — G2 (u)

bpeSt
4qn

’

where Voo(u) is a zero-mean Gaussian process given by (3.1) and G(u) and
G>(u) are the uniform limits of G1,(u) and Gy, (u) respectively, which are as
follows:

Gin(u) = E[G(X) (kn By Xn < u)],

G () = E{G(X,» [ "oo an(2) T AT @ (6Bl X ) (6B o X = 2) (dz)}.

REMARK 3. The results in Theorem 3.3 show that the test is consistent against
all global alternatives with fixed C,, as well as the local alternatives distinct from
the null at the rate of C,, slower than 1/,/n. That is, the process diverges to infinity
at the rate \/nC,. It can also detect the local alternatives converging to the null at
the rate of order 1/4/n in the sense that the process has a shift term from the one
under the null hypothesis. These results include the fixed p cases as special cases.
These results indicate that although p, is divergent, the sensitivity of the test is
identical to that when p,, is fixed in the asymptotic sense.

3.4. Test statistic. In this subsection, we use the Cramér—-von Mises (CM)
functional to construct the test statistic. Consider

uo A~
3.11) CM,%:/ sup |75, Vi@, w)|*Fo(du),

—0g,eST
qn

where F), is the empirical distribution function of ,B,I)Xm- /I Broll, 1 <i <n. Ac-
cording to Theroem 3.2 and the Extended Continuous Mapping Theorem (see The-
orem 1.11.1 in van der Vaart and Wellner (1996)), we obtain, under the null,

w R2
CM,%—>/ 0 BZ(Y(u))

Twl//(du) in distribution,
—0o0

where B(r) is a standard Brownian motion and o%(u) is the pointwise limit of
a,%(u). Since B(tvy(ug))/~/¥ (ug) = B(t) in distribution, it follows that

U 1
[ B =y /0 B dr in distribution.

—o0
Consequently, the resulting test statistic is

1 uo N
(3.12) ACM? = — 2/ sup |5, Vi (@n. u)[*62 () Fyy (dut).
VUn(up)® /-0 g, eSL;;
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Here we use lﬂn(uo) =1 Yo [Yni — g(,BA,;er, én)]zl(&,—lré,—erm < ug) as an es-

n
timator of ¥ (u). Therefore, we obtain

1
ACM% — / Bz(u) du in distribution.
0

In homoscedastic models, crnz (u) is free of u and thus can be estimated by

L 1 A A
O'nz = E Z[Yni - g(ﬂ;;rxnis 9}1)]2-
i=1
We then also have ¥, (ug) = o,%FKn B0 (o) that can be estimated by 6,12Fn (ug).
ACM? becomes

1 uo N R

ACM; = ——— / sup |5, Vi (@, w) > Fy (du).
O'n FI’L (MO) —0o0 &n esj»

qn

For ug, as suggested by Stute and Zhu (2002), we take the 99% quantile of F;, in
practical use.

4. Numerical studies.

4.1. Simulation studies. In this subsection we present the results of several
simulation studies to examine the performance of the proposed test. From the the-
oretical results in this paper and similarly as a relevant setting in Fan and Peng
(2004), we set p, = [4n'/*] — 5 with the sample sizes n = 100, 200, 400 and 800
in Study 1 and 2 and try some bigger dimensions in Study 3. As there are no rel-
evant tests dealing with the diverging dimension case, we give comparisons with
some existing tests that were developed with fixed dimension, as for practical use
they would be workable. Our theoretical investigations also show that the process
has similar properties as Stute and Zhu (2002) under the null hypothesis even when
pn is divergent.

1. Stute and Zhu’s (2002) test:

SZ 1 0 A 112~2
T$ =A7f 17, R} 262 dF,,
Y (xg) /—o0

where

1 _ L . L AT A AT . .
Rn(”) = \/7_2 ;[Ynt g(ﬂn Xnis Qn)]l(,Bn Xni < u)»

fukiw =R - [ 4074 ( [ ooanw)R,i(dv))&,%(z)Fn(dz).

For @n (x0), 6*,%, an(2), A; 1(z), one can refer to their paper for detail.
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2. Bierens’ (1982) integrated conditional moment (ICM) test:

n

1 " 1
ICM, = ~ D0 enin exp(—inxrzi — ann),

i=1j=1

where ¢,,; = Y,; — g(,é,—erni» On).
3. Escanciano’s (2006) test:

1 &L
PCvM,, = fl—2 Z €ni€nj /:5‘1) I(IBTXm' =< ,BTan)I(IBTan =< ,BTan) dp
i,jr=1 "
with the critical value determination by the wild bootstrap. More details can be
found in Escanciano (2006).

4. Zheng’s (1996) test:

T7H _ iz K((Xni — Xnj)/ h)énieén;
TN OKR2(X — X )/ h)e2.82 4172
{Zz;é] (X l’lj)/ )en,‘enj}

Here we use the kernel function K (1) = (15/16)(1 — u®)2I(lu| < 1) and the band-
width 7 = 1.5p~1/@+pn),

The significance level is set to be & = 0.05. We also did some simulations at
o = 0.1 and o = 0.01 that are not reported here for saving space as the conclu-
sions from those simulations are very similar. The simulation results are based
on the averages of 2000 replications. In the following simulation studies, a = 0
corresponds to the null while a # O to the alternatives.

STUDY 1. The data are generated from the following models:

Hy: Y,= ﬁ,ﬂ)Xn + aexp(—(ﬂ,l)Xn)z) + &n;
Hiy: Yy =BXn +acos(0.618,0X,) + en:
Hyz: Yn=ﬁnTan+a(ﬁ,jzXn)2+8n;

Hia: Yy =By Xn +aexp(BnXn) + en;

where B0 = (1,...., D"/ /Pns» Bt = (1,...,1,0,...,00"/ /pn1 and B2 =
Pnl
©,...,0,1,...,1)//pn1 with p,; = [p,/2]. The predictor X,, is from N (0, I,)
h\,_/

Pn1
and ¢, is a Gaussian white noise with variance 1. Hp> is a high-frequency/

oscilating model and the other three are low-frequency models. In Hy; and Hia,
the structural dimension equals 1 under both the null and the alternative, while, in
Hy3 and Hi4, the structural dimension is 2 under the alternatives.
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TABLE 1
Empirical sizes and powers of ACM%, TnSZ , PCvM,,, ICM,, and TnZH for Hyq in Study 1

n =100 n =200 n =400 n =800

a p=17 p=10 p=12 p=16

ACM2, @ =0.05 0.0 0.0500 0.0530 0.0500 0.0505
0.5 0.7770 0.9810 1.0000 1.0000

T3, 0 =0.05 0.0 0.0510 0.0470 0.0420 0.0495
0.5 0.7825 0.9795 1.0000 1.0000

PCvM,,, & = 0.05 0.0 0.0480 0.0590 0.0650 0.0490
0.5 0.8110 0.9860 1.0000 1.0000

ICM,,, & = 0.05 0.0 0.0070 0.0000 0.0000 0.0000
0.5 0.3900 0.0910 0.0180 0.0000

T2H o =0.05 0.0 0.0305 0.0300 0.0330 0.0310
0.5 0.1460 0.1285 0.1445 0.0980

The simulation results are reported in Tables 1 to 4. We can see that both ACM?>
and TnSZ maintain the significance level very well, and reasonably have similar
power performance. The empirical sizes of PCvM,, are also very close to the sig-
nificance level, but slightly more unstable from model to model. TnZH can maintain
the significance level occasionally, but generally, it is conservative with smaller
sizes. ICM,, is the worst among these tests in both the significance level mainte-
nance and power performance. According to our experience, when p,, is smaller
than 5, ICM,, could work well. The powers of ACM%, TnSZ and PCvM,, are all
very high for low frequency models Hy;, Hi3 and His. In contract, TnZH has a

TABLE 2
Empirical sizes and powers of ACM%, TnSZ , PCvM,,, ICM,, and TnZH for Hyp in Study 1

n =100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM2, « =0.05 0.0 0.0520 0.0465 0.0445 0.0515
0.5 0.1445 0.3225 0.7550 1.0000

T2, 0 =0.05 0.0 0.0530 0.0480 0.0515 0.0495
0.5 0.1760 0.3235 0.7350 0.9970

PCvM,,, & = 0.05 0.0 0.0530 0.0590 0.0440 0.0700
0.5 0.1470 0.2320 0.4080 0.6250

ICM,,, & = 0.05 0.0 0.0110 0.0000 0.0000 0.0000
0.5 0.0790 0.0020 0.0000 0.0000

T2H o =0.05 0.0 0.0325 0.0350 0.0320 0.0330

0.5 0.0755 0.0775 0.0940 0.0615
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TABLE 3
Empirical sizes and powers of ACM%, TnSZ, PCvM,,, ICM,, and TnZH for Hy3 in Study 1

n =100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM2, a =0.05 0.00 0.0500 0.0455 0.0435 0.0450
0.25 0.5970 0.8945 0.9980 1.0000

T2, 0 =0.05 0.00 0.0505 0.0420 0.0470 0.0495
0.25 0.5940 0.8980 0.9945 1.0000

PCvM,,, @ = 0.05 0.00 0.0580 0.0600 0.0440 0.0570
0.25 0.6160 0.8980 0.9970 1.0000

ICM,;, o = 0.05 0.00 0.0110 0.0000 0.0000 0.0000
0.25 0.0590 0.0010 0.0000 0.0000

T2H o =0.05 0.00 0.0275 0.0310 0.0315 0.0340
0.25 0.0730 0.0485 0.0745 0.0625

much low power for these three models. For models Hjp, ACM?2 and 7,37 have
much better power performance than PCvM,, and TnZH when p,, is large. Note that
Hj; is a high frequency/oscillating model. The empirical experience in this area
shows that locally smoothing tests could perform better for such models in many
cases. However, in our setting with relatively large dimension p, TnZH that is a
representative of locally smoothing tests, has very low power for model Hj;. This
is because TnZH severely suffers from the dimensionality problem, which further
shows the negative impact from dimensionality for nondimension reduction-type
tests.

TABLE 4
Empirical sizes and powers ofACM,%, TnSZ’ PCvM,,, ICM,, and TnZH for Hyy in Study 1

n =100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM%, a =0.05 0.00 0.0520 0.0460 0.0545 0.0490
0.25 0.9525 1.0000 1.0000 1.0000

TnSZ’ a=0.05 0.00 0.0475 0.0490 0.0460 0.0555
0.25 0.9605 0.9995 1.0000 1.0000

PCvM,;, @ =0.05 0.00 0.0580 0.0540 0.0570 0.0540
0.25 0.9690 0.9990 1.0000 1.0000

ICM,,, a = 0.05 0.00 0.0050 0.0000 0.0000 0.0000
0.25 0.3670 0.0740 0.0120 0.0000

TnZH, a=0.05 0.00 0.0320 0.0295 0.0325 0.0380

0.25 0.1145 0.1195 0.1410 0.1145
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The hypothetical models are all linear in Study 1. We then consider nonlinear
hypothetical models in the next simulation study.

STUDY 2. The data are generated from the following models:
Hy o Yy=exp(B,1Xn) +a(BhXn) +éen:
Hy:  Yy=exp(X)) +a{(X2) +cos(x X3) + X*. X3} +¢,;
Hy: Y, =exp(X)) +a{X?+cos(xX2) + (X} = (x3)* = X0 X7} 4 ¢,.

Here B, = (1,...,1,0,...,0)" //Pn1 and By = (0,...,0,1,.... )" /. /Pn1
Pnl Pnl

with p,1 = [pn/2], Xﬁl is the ith component of X,, ¢, is N(0,1) and X, is

N (0, 1,,) independent of ¢,.

We report the empirical sizes and powers in Tables 5-7. From these tables, we
can obviously see that the empirical sizes of ACM%, TnSZ and PCvM,, are again
very close to the significance level, while TnZH can only maintain the level some-
times. We also did some more simulations that are unreported here and found
that TnZH is in many cases conservative with even smaller empirical sizes. ICM,,
is still the worst one. For these three models the empirical powers of ACM% are
higher than the other competitors, while Tnsz’s empirical powers grow very slow
in models Hp; and Hj,. This would confirm the theoretical result that TnSZ is not
an omnibus test.

As in practical use, the ratio between the dimension p and the sample size n is
hard to be judged whether it has the rate of convergence in theory, we then consider
the next simulation study.

TABLE 5
Empirical sizes and powers of ACM%, TnSZ , PCvM,,, ICM,, and TnZH for Hy1 in Study 2

n =100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM2, « =0.05 0.0 0.0575 0.0550 0.0585 0.0530
0.5 0.1295 0.1895 0.3030 0.5790

T2, 0 =0.05 0.0 0.0650 0.0535 0.0550 0.0550
0.5 0.0755 0.0970 0.0835 0.1195

PCvM,,, & = 0.05 0.0 0.0470 0.0560 0.0690 0.0510
0.5 0.1310 0.2000 0.2760 0.4450

ICM,,, & = 0.05 0.0 0.0050 0.0000 0.0000 0.0000
0.5 0.0210 0.0020 0.0000 0.0000

T2H o =0.05 0.0 0.0445 0.0365 0.0410 0.0380

0.5 0.0690 0.0765 0.0770 0.0545
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TABLE 6
Empirical sizes and powers of ACM%, TnSZ, PCvM,,, ICM,, and TnZH for Hyy in Study 2

n =100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM2, a =0.05 0.00 0.0575 0.0540 0.0550 0.0505
0.25 0.1840 0.2770 0.4725 0.7840

T2, 0 =0.05 0.00 0.0615 0.0560 0.0555 0.0495
0.25 0.1055 0.1350 0.1735 0.2670

PCvM,,, @ = 0.05 0.00 0.0510 0.0620 0.0430 0.0600
0.25 0.0770 0.0870 0.0980 0.1620

ICM,;, o = 0.05 0.00 0.0050 0.0000 0.0000 0.0000
0.25 0.0150 0.0000 0.0000 0.0000

T2H o =0.05 0.00 0.0310 0.0410 0.0310 0.0325
0.25 0.0730 0.0695 0.0770 0.0615

STUDY 3. The data are generated from the following models:
H3 Y, = ﬁyj})Xn +a exp(—ﬂ,%Xn) + &n;
H3 Y, = exp(IBr—lran) + a(ﬂyj—zxn) + &n;

where B0, Bu1, Bn2, X, and g, are the same as in Study 1. We set p =
0.25n in model H3; and p = 0.1n in model H3zp with the sample size n =
100, 200, 300, 400.

TABLE 7
Empirical sizes and powers ofACM,%, TnSZ’ PCvM,,, ICM,, and TnZH for Hp3 in Study 2

n=100 n =200 n =400 n =800

a p=7 p=10 p=12 p=16

ACM2, o =0.05 0.0 0.0545 0.0620 0.0580 0.0520
0.1 0.2310 0.4040 0.5855 0.8645

757, a =0.05 0.0 0.0660 0.0560 0.0500 0.0535
0.1 0.1830 0.3020 0.4580 0.7355

PCVM,,, @ = 0.05 0.0 0.0580 0.0570 0.0580 0.0560
0.1 0.1500 0.2150 0.3440 0.5970

ICM,,, « = 0.05 0.0 0.0110 0.0000 0.0000 0.0000
0.1 0.0210 0.0000 0.0000 0.0000

T2H o =0.05 0.0 0.0430 0.0340 0.0415 0.0340

0.1 0.0480 0.0500 0.0600 0.0525
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TABLE 8
Empirical sizes and powers of ACM%, TnSZ , PCvM,,, ICM,, and TnZH for H3y in Study 3

n=100 n =200 n =300 n =400

a p=25 p=50 p=175 p =100

ACM2, @ =0.05 0.0 0.0455 0.0465 0.0525 0.0580
0.1 03115 0.5695 0.7495 0.8565

T3, 0 =0.05 0.0 0.0525 0.0425 0.0585 0.0525
0.1 0.2780 0.5095 0.7095 0.8210

PCvM,,, & = 0.05 0.0 0.1010 0.0830 0.0830 0.0920
0.1 0.3910 0.6110 0.7640 0.8830

ICM,,, & = 0.05 0.0 0.3860 1.0000 1.0000 1.0000
0.1 0.3400 0.9990 0.9990 0.9990

T2H o =0.05 0.0 0.1950 0.0095 0.0000 0.0000
0.1 0.2115 0.0090 0.0000 0.0000

The simulation results are reported in Tables 8-9. For model H3|, we can see
that ACM2 and 7,57 still perform very well even when the dimension p is much
larger than the cases in Study 1, while the empirical sizes of PCvM,, can not main-
tain the significance level. From our experience, if the hypothetical model is rel-
atively simple such as a linear model, the proposed test can perform well even
when p < 0.4n. For the nonlinear model H3,, although the dimension is smaller
than the case in model H3; with p = 0.1n, the empirical sizes of our test are higher
than the significance level. The other unreported results also tell that the empirical
sizes of our test are even higher when p > 0.1n. These massages indicate that the

TABLE 9
Empirical sizes and powers of ACM%, TnSZ , PCvM,,, ICM,, and TnZH for Hzp in Study 3

n =100 n =200 n =300 n =400

a p=10 p=20 p=30 p =40

ACM2, « =0.05 0.0 0.0650 0.0860 0.0980 0.1295
0.5 0.1500 0.2510 0.3815 0.4960

T2, 0 =0.05 0.0 0.0650 0.0560 0.0535 0.0630
0.5 0.0810 0.1035 0.1215 0.1475

PCvM,,, & = 0.05 0.0 0.0550 0.0640 0.0820 0.0670
0.5 0.0550 0.0810 0.0980 0.0940

ICM,,, & = 0.05 0.0 0.0000 0.0000 0.0000 0.0000
0.5 0.0000 0.0000 0.0000 0.0000

T2H o =0.05 0.0 0.0255 0.0135 0.3290 0.3245

0.5 0.0430 0.0150 0.3585 0.3280
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dimension cannot be too large unless some theory can be developed to handle the
higher-dimensional scenarios. As expected, the competitors TnSZ and PCvM,, can
control the empirical sizes in most cases, while the empirical powers of these two
tests are much lower than our test. The other two tests 72 and ICM,, are still the
worst among these tests and their type I errors are completely out of control.

Therefore, overall, the proposed test in this paper performs well and can detect
different alternatives and in the high-dimensional cases, it shows the advantage
over the other competitors.

4.2. A real data example. In this subsection we analyze the baseball salary
data set that can be obtain through the website http://www4.stat.ncsu.edu/~boos/
var.select/baseball.html. This data set contains 337 Major League Baseball players
on the salary Y from the year 1992 and 16 performance measures from the year
1991. The performance measures are X: Batting average, X»: On-base percent-
age, X3: runs, X4: hits, X5: doubles, Xg: triples, X7: home runs, Xg: runs batted in,
Xo: walks, X1o: strike-outs, X11: stolen bases, X,: errors, X3: Indicator of free
agency eligibility, X14: Indicators of free agent in 1991/2, X5: Indicators of ar-
bitration eligibility and X ¢: Indicators of arbitration in 1991/2. The dummy vari-
ables X (3—X ¢ measure the freedom of movement of a player to another team. For
easy interpretation, we standardize all variables separately. To obtain the regres-
sion relationship between Y and the performance measures X = (X1,..., X16) ',
we first test for a linear regression model by the proposed test. The value of the
test statistic is ACM,Zl = 1.3651 with the p-value equal to 0.077. Since the p-value
is small although it is larger than, say, 0.05, an often-used significance level, we
may consider a more plausible model to better fit this dataset. Hence we apply
the dimension reduction techniques. Recalling in Section 2.3, we claimed that to
estimate the central subspace, the CSE method is used. The estimated structural
dimension of this datset is ¢, = 1. This means that ¥ may be conditionally inde-
pendent of X given the projected covariate ,é ITX where

B1 = (0.0463, —0.1078, 0.0383, 0.2447, —0.0322, —0.0436, 0.0545, 0.2229,
0.1173, —0.1718,0.0491, —0.0494, 0.7479, —0.0965, 0.5022, —0.0165) T,

is the first direction obtained by CSE. The scatter plot of Y against BITX is pre-
sented in Figure 1(a). It indicates that a linear regression model for (¥, X) may
not be reasonable. To further exhaust possible projected covariates, we consider
the second projected covariate /§2T X obtained by CSE. The 3-D plot of Y against

(,élTX , ,BAZT X) is presented in Figure 2. This figure shows that the second projected
covariate ,3; X has no information in predicting the response Y, as the plot along
BZT X is almost invariable. This means that the projection of the data onto the sub-
space ,BAITX would already contain most of the regression information of (Y, X).


http://www4.stat.ncsu.edu/~boos/var.select/baseball.html
http://www4.stat.ncsu.edu/~boos/var.select/baseball.html
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35 35
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FIG. 1. Scatter plots of the response Y, against the projected covariate ﬁrX and the fitted

quadratic polynomial curve where the direction /§1 is obtained by CSE.

Figure 1(a) seems to suggest a quadratic polynomial of ,BAlTX to fit the data. Hence
we use the following regression model:

Y =6, +6:(8"X) +65(8 X)* +e.

Figure 1(b) adds the fitted curve on the scatter plot. The value of the test statistic
ACM% = 0.1038 and the p-value is about 0.83. Therefore the above regression
model is plausible.

5. Discussions. In this paper we investigate model checking for regressions
when the dimension of predictors diverges to infinity as the sample size tends to
infinity. Three remarkable features are worthwhile to discuss. First, although the
empirical process is similar to that in Stute and Zhu (2002), it involves much more

FIG. 2. Scatter plot of the response Yy, against the projected covariates (BFX , ﬁ; X) where the
directions (,31, ﬁz) are obtained by CSE.
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difficult estimation issues in the construction procedure of test statistics. Second, as
the Khmaladze martingale transformation has become an important methodology
for model checking as its asymptotically distribution-free property, we suggest
another way to construct the transformation, rather than directly targeting the limit
of the shift terms in the fixed dimension cases. The transformed process still has
the same limiting Gaussian process as that with fixed dimension. This provides us
an easy way to handle the diverging dimension cases. Third, the model adaptation
property shows its advantage in maintaining the significance level and enhancing
power performance.

The research also leaves some unsolved topics. They are beyond the scope of
this paper and deserve further studies.

The first topic is about how to relax the condition on the diverging rate of the
dimension. In this paper, we cannot have faster rate than p, = O (n'/3/logn) even
when the hypothetical model is linear. From the lemmas, it seems not easy to
improve. We guess that this rate would be close to optimal although we have not
proved this result.

The second topic is about the assumption that ,BNno € Se(y,|x,) under the alter-
natives such that E (e, |B,] X,) = G(B,] X,) — (B}, Xn,00) #0.1f g(BT X,,, 0) =
,BTXn follows a linear regression model, we have shown that ,3~n0 € SEW,|X,)
under the other conditions on the model we assume in the paper. For other
models, this assumption may not hold. A simple solution is that we consider

B, = (,Bno, B, ) It is easy to see that under the null, B, = k, 8,0 and ,BnO = Bno.
Then E (en|Bn X)) = E(ey| ﬂn X;) = 0. Under the alternatives, we can have that
E (e,,|1§,;r X)) = G(BnT X)) — g(B,I()Xn, 50) # 0. Although the theoretical develop-
ments under the alternatives are similar as before, the limiting null distribution is
no longer tractable. This is because the weak limit of the process under the null is
SUPy 55 |B(w(a]“Taz))| and 52+ is not a single point {41} any more, its distribution
is untractable. Here o« = (ay, a2) and B(¢) is a Brownian motion. This destroys the
advantage of the innovative process approach described in this paper.

We now provide a partial solution that is a refined adaptive-to-model method.
The test statistic construction is based on the following fact. Define a new index
set S 1 = {an = (I(gn # Dao, a1, ..., ag,)" € R#*!: |l = 1 and a1 > 0}.

Under the null, S+ +1 =10, 1)T}. For any a, € S 1

ElenI (e, (Bnos Bx) " Xy <u)] = E[en (knBoXn <u)] =0.

Under the alternatives with g, # 1, there exists an o, € S ' +1 such that
E[enl(a;lr(,gnO» Bn)TXn = M)] # 0.

Therefore, the revised test statistic becomes

ACHNE Z wi — 8By Xni On)]1[&) (Bu. Bp) " Xni < u],
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Va(u) = sup ]V Gy, u)|.

ap ES

Then V, (1) can still have the desirable property described in the paper. That is,
under the null, 8+ 1 =10, 1) '} with a probability going to one. This is because
gn =1 1n probab111ty Thus, the limiting null distribution of our test statistic is
tractable. Under the alternatives, the theoretical results can be similar to those in
the previous version.

As we mentioned above, this solution partly relaxes the condition. If the alter-
native model is a semiparametric single-index model with g, = 1, it follows that
SJr 1= ={(0,1)"}. We still need to assume that ,8,10 is proportional to B, other-

wise under the alternatives E (enlaTBTX )=FE (e,,lBTX ) would not be neces-
sarily equal to G(BTX )— g(ﬁ X,) # 0. Thus, how to obtain a complete solution
is still an interesting topic.

The third topic is about the assumption on the error term. We have assumed that
the error term ¢, has dimension reduction structures under the null and alternatives:
e, =W (,B%Xn)é and g, = VQ(B,,T X,)&, respectively. In effect, if the methods for
identifying the central mean subspace can be applied, such as pHd (Li (1992)),
these conditions can be removed. However, as we mentioned in the main context,
when p,, is divergent, we have no relevant asymptotic results about pHd and guess
that even if we can get some results, the convergence rate would be very slow. This
is because it involves the square of Hessian matrix, not Hessian matrix itself and

then the convergence rate of its estimator would have a rate of order ,/ p#/n rather

than ./ pZ/n. The theoretical development in our setting becomes difficult. Thus,
we may discuss this issue in a further study.

APPENDIX

In this section we only give the proof for Theorem 3.1. The regularity conditions
and the proofs of the other theoretical results are put in the Supplementary Material
(Tan and Zhu (2019)). This is because the main focus of this paper is to show at
what diverging rate of p, the convergence of the empirical process can be derived.
This theorem presents the relevant results.

PROOF OF THEOREM 3.1. Under the null hypothesis, we have P(¢, = 1) —

1. Thus we need only to work on the event {g,, = 1}. It follows that &, = 1 and we
can rewrite V,, (@, u) as

Va(Qy,u) = Z ni — nT ni» én)]I(BnTan fu)

Z ni — TXm’en)] (Kn,By—lIE)Xni =< u)
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Z ni — ﬂ Xm’e )]
X [I(B)] Xpi < u) — 1(knfoXni <u)]
=: Va1 + V2.

Recall y = (B7,07)T. Then we obtain that

1
Vil = «/_ ng Kn,Bn()Xm =< M)
1 & N N
- % Z[g( nTXni, On) - g(IByI)Xnia 90)]I(KnﬂnToXni = M)
i=1

1
[ ng Kn/gnOXm = u)

i=1

1 R
-7 Z(yn — ¥10) " &' (Bno» 00, Xni) 1 (i BY X ni < 1)
i=1

1 R
-7 > Fn = 710) "8 Buns O1ns Xuit) P — Vo) (ke B Xni < 1)
= Vu11 — Vaiz — Vs,

where (B1,,01,) lies between (3n, én) and (B0, 6p). For the third term V,13 in
V.1, note that

Esup Zg (Bin, O1n» nl)I(Kn,Bn()Xm = “)

i=1

= Z E sup”g (Bins O1n, nl)[(Knﬂn()an = M)H
i=1

< Z[E supHg (Bin- 01 Xui) I (6 Bao Xni < 1) ]

i=1

SZ( Z Eg;'/k(ﬁlnveln» Xni)2> <Cn(p,+d).

i=1 \j k=1

Therefore Vi3 = = 22n(py + d)Op(1) = 0,(1) uniformly in u. If g” (B, 6, x) =
0, then V,13 = 0. For V,,12, recall that R, («) = E[g'(Bno, 60, X )I(Kn,B X <uw)l.
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Then we decompose V1> as

Vaio = \/ﬁ()}n - VnO)TRn(M)

12
+ \/ﬁ(),’\n - VnO)T(; Zg/(ﬁnO’ 0o, Xni)I(Kn,B;;IE)Xni = u) - Rn(“))

i=1

For the second term in V, 12, Lemma 3 in the Supplementary Material (Tan and

Zhu (2019)) yields
> logn
_ o,,( e )

1 n
NI yno)T<; > &' (Bno. 00, Xui) I (knBap Xni <) — Rn<u>)

i=I

pa* logn
=\ T =0, (1) =0, (D).

Since || R, (#)]| = O(1) uniformly in u, by Proposition 2, we have

1 n
sup| ~ 3 &' (Br0. 60 Xoni) I (kn o Xt < 1) = R (a0

i=1

Conclude that

41
Vaiz=Ruy(w) " 2, 1ﬁ > [Yui = 8(BaoXni- 00)18" (Bro. 00, Xni) + 0p(1).
i=1
Therefore, we obtain that

1 n
Vol = ﬁ ;8nil(’cn,8;,|;)xni = Lt)
(A.1)

1 _ n
- ﬁRn@oTzn lgsmg’wno, 00, Xni) +0p(1).

Now we consider the term V;;». It can be decomposed as

1 & A
Vu2 = > enill (B Xni <u) = 1(kn By Xni < u)]
i=1
1 & s A
T > [8(B) Xui.6) = 8(BoXni. b0)]
i=1

X [1(B, Xpi <u) = I(knBoXni <u)]

1 & A
= ﬁ Zgni[I(B;—Xni =< 14) - I(Kn,B;;IE)Xni = u)]
i=1



1990 F. TAN AND L. ZHU

| L A
-7 > " Pn = 7u0) " & (Buo. B0, Xnt) 1 (B,] Xni < u) — I(knBo Xni < u)]
i=1

1 & N
——=>"Fn = ¥n0) " 8" (Bins O1ns Xui) P — Y0
vz i=1

x [I(B, Xpi <u) — I{knB o Xni <u)]
= Vo1 — V2o — Vios.

By Lemma 6 in the Supplementary Material (Tan and Zhu (2019)), we obtain that
Vi21 = 0p(1) uniformly in u when (p, log n)3/n — 0. For the second term V57,
let

Wn(B,u) = E{g/(,BnOa 0o, Xn)[l(,BTXm' = Lt) — I (kpBroXni < u)]}

By Lemma 7 in the Supplementary Material, we have

sup

1 & A A
28 (Bu0, 00, Xu) 1 (B, Xui < 14) = 1 (ko Xni < 10)] = W (B, )
i=1

pz/zlogn
=\ )

Therefore, we derive that

pi/*logn

n

Let Ry (B, u) = E[g'(Bn0. 60, Xa)I (B Xpi <u)]. Then W, (B, u) = Ry(By, 1) —
Ry, (k4 Bno, u). By Taylor’s expansion around «, 8,0 and condition (B2) in the Sup-
plementary Material, we have

. oR
Vioo = ﬁ(yn - VnO)T<8—IBn

pi* logn
| F———0p(D).

It follows that V22 = 0, (1) uniformly in u.
We can obtain that V23 = 0, (1) uniformly in u similarly as that for V,;13. Com-
bining these with (A.1), we obtain that

Viao = Vn(Pn — vu0) " Wa(By, u) + 0p(1).

(KnBs 1) (B — 60 Bu0) + 0 (| B — xnﬁnou)>

. 1 &
Voo, u) = — ZgniI(Kn,ByI)Xni = “)
ﬁ i=1
(A.2)

1 B n
— ﬁRn(u)Tzn ! i:ZIem-g’(ﬁno, 00, Xni) + 0p(1).
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By Theorem 2.11.22 in van der Vaart and Wellner (1996), we have the first two
terms of the right-hand side of (A.2) are asymptotically tight.

Now we consider the convergence of finite-dimensional distributions. Let Y,; =
(Yni (1), ..., Yo (”m))T where

1 _
Vi () = —=eni[1 (kB0 Xni <u) — Ru(u) "2, &' (Buo, 60, Xni)].

N

For any é > 0, we have

n
S ENYuilPI(1Ynill > 8) = nE{I1 Y1 I*L (Y1 ]l > 8)}
i=1

< n{ BN |4} P11 > 8)}'.

Since
P([Ya1ll > 8) = P(Yu1 (u1)? + - -+ Vo1 (um)* > 82)
m 5 52
< ZP(Y,,l(uj) > —>
N m
j=1
and

82
P(Ynl (u)2 > —)
m

_ né?
= P(e,%l[l(xnﬁ;%xnl <u)— Ry) S, ¢ (Buos 60, Xu1)]* > 7)

_ 2mEey, +2mE{es [Ra() " 3,8 (Buo, 00 Xu)1%)

- né?

_ 2mEeg) +2mig, (Z DRy )| Efe, 18 (Bo- 0. Xn1) 1%}

— naz b

it follows that P(||Y,,1|| > 8) = O (p,/n). Further, it is easy to see that
E(Yutl* < m[EY un)* + -+ EYn1 (um)*].

Since

EY, ()
1
- ;E{sz‘l[l(xnﬁ,l)xnl <u) — R,w)" =g (Buo- 0. Xn1)]*)

< S {E[ep I (knBoXnt <))+ Elem Ru ()" ;"8 (Buo. 0. Xun)]*}

8
n2
8
n2

IA

{E[em 1 (knBioXm < u)]



1992 F. TAN AND L. ZHU

+ Ko (20 ) [ Ra @) | E[e51 |18 (Buo. 0. Xu) [T}

8 - 4
= n_z{Egil +)“?nax(zn I)H Rn(“)“

p+d

x Y 5[8318’}(/3;10,90, Xn1)2 gk (Bnos B0, Xu)?]
k=1

it follows that EY,;(u)* = O(p?/n?). Hence 31| E|Yyi |2 1(|Ynill > 8) =

O(/ps/n)=o(1).
For the covariance matrix ) "_; Cov(Y,;), we only need to consider
11 Cov{Yy;i(s), Y, ()}. It is easy to see that

n
> " Cov{Yni(s), Yi (1)}
i=1
= E[e2,1(kn By X1 <5 A1)]
_ Rn(s)TZn_lE[eﬁlg/(,Bno, 6o, an)I(Kn,ByI)an <1)]
— Ry 5, E[6218 (B0, 60, Xu) (knBo X1 < 5)]
+ Ru() "2 Ee2,8" (Bn0, 00, Xn1) & (Bros 00, Xu1) 1], Ra(2).

Thus Y7 Cov{Y,;(s), Yni (1)} = K, (s,t). Since K,(s,t) — K(s,1), it follows
that Y;,; satisfies the conditions of Lindeberg—Feller Central limit theorem. Hence
the convergence of the finite-dimensional distributions holds. Altogether, we have

Vi(u) — |Volo(u)

9

where VolO (u) is a zero mean Gaussian process with covariance function K (s, t).
Hence we complete the proof. [

SUPPLEMENTARY MATERIAL

Supplementary Material to ‘“Adaptive-to-model checking for regressions
with diverging number of predictors.” (DOI: 10.1214/18-AOS1735SUPP; .pdf).
This Supplementary Material contains three parts with the regularity conditions,
technical lemmas and proofs of the main results.
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