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We study noncompact scaling limits of uniform random planar quadran-
gulations with a boundary when their size tends to infinity. Depending on the
asymptotic behavior of the boundary size and the choice of the scaling fac-
tor, we observe different limiting metric spaces. Among well-known objects
like the Brownian plane or the self-similar continuum random tree, we con-
struct two new one-parameter families of metric spaces that appear as scaling
limits: the Brownian half-plane with skewness parameter 6 and the infinite-
volume Brownian disk of perimeter . We also obtain various coupling and
limit results clarifying the relation between these objects.
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1. Introduction. In this work, we obtain a complete classification of possible
scaling limits of finite random planar quadrangulations with a boundary when their
size tends to infinity.
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Recall that a planar map is a proper embedding of a finite connected graph in the
two-dimensional sphere. The graph may have loops and multiple edges. The faces
of a map are the connected components of the complement of its edges. A planar
quadrangulation with a boundary is a particular planar map where its faces have
degree four, that is, are incident to four edges (an edge is counted twice if it lies
entirely in the face), except possibly one distinguished face which may have an
arbitrary (even) degree. This face is referred to as the external face, whereas the
other faces are called internal faces. The boundary of the map is given by the edges
that are incident to the external face, and the number of such edges is called the
size of the boundary, or the perimeter of the map. The size of the map is given
by the number of its internal faces. We do not demand that the boundary forms a
simple curve. We always consider rooted maps with a boundary, which means that
we distinguish one oriented edge of the boundary such that the root face lies to
the left of that edge. This edge will be called the root edge, and its origin the root
vertex. As usual, two (rooted) maps are considered equivalent if they differ by an
orientation- and root-preserving homeomorphism of the sphere.

We are interested in scaling limits of planar maps picked uniformly at random
among all quadrangulations with a boundary when the size and (possibly) the
perimeter of the map tend to infinity. This means that we view the vertex set of
the quadrangulation as a metric space for the graph distance and consider (under a
suitable rescaling of the distance) distributional limits of such spaces, either in the
global or local Gromov—Hausdorff topology.

In [30] and independently in [34], it was shown that uniformly chosen quad-
rangulations of size n, equipped with the graph distance dg, rescaled by a factor
n~1/4 converge to a random compact metric space called the Brownian map. The
latter turns out to be a universal object which appears as the distributional limit
of many classes of random maps. We refer to the recent overview [35] for various
aspect of the Brownian map and for more references.

Here, we shall deal with quadrangulations of size n having a boundary of size
20,, and we will distinguish three boundary regimes as n tends to infinity:

(@) 0,/s/n—0;
(b) 0,//n — /20 for some o € (0, 00);

(b) O'n/\/r_l_) 00.

Bettinelli [9] showed that in regime (a), the boundary becomes negligible in the
scale n~!/4, and the Brownian map appears in the limit when n tends to infinity. In
regime (b), he obtained under the same rescaling convergence along appropriate
infinite subsequences to a random metric space called the Brownian disk BD,.
Uniqueness of this limit was later established by Bettinelli and Miermont in [11].
For the third regime (c), it is shown in [9] that a rescaling by an_l/ ? leads in the
limit to Aldous’ continuum random tree CRT [1, 2].
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The scaling factors considered by Bettinelli [9] ensure that the diameter of the
rescaled planar map stays bounded in probability. Consequently, the limits he ob-
tains are random compact metric spaces, and the right notion of convergence is
the Gromov—Hausdorff convergence in the space of (isometry classes of) compact
metric spaces.

We will study all possible scalings a, — oo in all the above boundary regimes,
meaning that we replace the graph distance dgr by a,; 1dgr and take the limit
n — o0o. When a,, grows slower than the diameter of the map as » tends to infinity,
the right notion of convergence is the local Gromov—Hausdorff convergence. De-
pending on the ratio of perimeter and scaling parameter, the boundary will in the
limit be either invisible, or of a size comparable to the full map, or dominate the
map.

In the process, we obtain two new one-parameter families of limit spaces: the
Brownian half-plane BHPy with parameter 6 € [0, c0) and the infinite-volume
Brownian disk IBD, with boundary length o € (0, 00). The Brownian disk BD,
and the Brownian half-plane BHP = BHP play a central role in this work. The
latter can be seen as the Gromov—Hausdorff tangent cone in distribution of BD,, at
its root, and also as the scaling limit of the so-called uniform infinite half-planar
quadrangulation UIHPQ. The space BHPg for 6 > 0 can be understood as an in-
terpolation between BHP (when 6 — 0) and the so-called self-similar continuum
random tree SCRT introduced by Aldous [1] (when 6 — o0). The IBD, in turn
interpolates between BHP (when o — 00) and the Brownian plane BP introduced
by Curien and Le Gall [20, 21] (when o — 0).

We begin with a rough overview of our main results on scaling limits of finite-
size quadrangulations with a boundary (including results of [9] and [11]). We then
mention further results that will be obtained below, including limit statements on
BD, . The precise formulations can be found in Section 3, after a proper definition
of the limit spaces and a reminder on the notion of convergence in Section 2.

As in many works in this context, our approach is based on the Bouttier—Di
Francesco—Guitter bijection [13, 14], which establishes a one-to-one correspon-
dence between (finite-size) quadrangulations with a boundary on the one hand and
discrete labeled forests and bridges on the other hand. The bijection is recalled in
Section 4. Section 5 contains some more auxiliary results, mostly convergence re-
sults on forests and bridges when their size tends to infinity. The statements proved
there are of some independent interest, but can also be skipped at first reading. Sec-
tion 6 contains all the proofs of our main statements.

1.1. Overview over the main results. For any o, € N={1,2,...}, we write
Oy for a uniformly distributed rooted quadrangulation with n inner faces and a
boundary of size 20,. The vertex set of 09" is denoted V(QY"), pn represents
the root vertex and dg, stands for the graph distance on V(Quy"). For any two
sequences (a,,n € N), (b,,n € N) of reals, we write a, < b, or b, > a, if and
only if a, /b,, — 0 as n — oo, and we write a,, ~ b,, if a, /b, — 1.
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We denote by o the trivial one-point metric space and write s-Lim (s-Limy) for
the scaling limit in law of (V (Qn"), a, 1a’gr, pn) in the Gromov—Hausdorff topol-
ogy (in the local Gromov—Hausdorff topology) as n tends to infinity.

Regime 0, < /1.

If 1 €a, < /0oy, then s-Limjoc = BHP.

If 1 <a,~ (1/9)4/206,/c, o € (0, 00), then s-Limjoc = IBD,.
If /o, < ay < n'/4, then s-Limjoc = BP.

If a, ~ (8/9)'/4n1/4 then (see [9]) s-Lim = BM.

If a,, > n'/*, then s-Lim = o.

Regime 0,, ~ 0 +/2n, 0 € (0, 00).

o If | «a, < n'/*, then s-Limy,. = BHP.
o If a, ~ (8/9)/*n'/*, then (see [9] and [11]) s-Lim = BD,,.
e If a, > n'/4, then s-Lim = o.

Regime o, > /.

o If 0, < n and lim,_, 50 (9/4)*a, //2n]0, = /6 € [0, 00), then s-Limjo =
BHP;.

e If max{1, \/n/0,} K a, K \/0,, then s-Limj,. = SCRT.

o If a, ~ /20, (see [9]), then s-Lim = CRT.

o Ifa, > ./o,, then s-Lim = o.

The new results in these listings are covered by Theorems 3.1, 3.2, 3.3, 3.4
and 3.5 below. In the regime 0, < +/n in the first list, the last three convergences
include the case of bounded o,. In the last regime o, > /i, we allow o, to grow
faster than n. The scaling constants are chosen in such a way that the description
of the limiting objects is the most natural.

Figure 1 shows all possible regimes in one diagram, in which the x-axis
denotes the limiting possible values for the logarithm of the boundary length
log(oy,)/log(n) in units of log(n), and the y-axis corresponds to the limit of the
logarithm of the scaling factor log(a,)/log(n) in units of log(n). For the specific
value y = 0, it will be assumed that a,, = 1, so that we are in the regime of lo-
cal limits with no rescaling. Similarly, for some specific values of (x, y), that are
shown on the colored lines, we will require some particular scaling behaviors that
are detailed in the list above. For instance, for x = 1/2 and y = 1/4, we really
ask that o, ~ o+/2n for some o > 0 and a, ~ (8/9)1/4n1/4. Note that the portion
x > 1 of the y = 0 axis has been left hashed: indeed it corresponds to a regime of
unrescaled local limits, which are studied in [4].

As it is shown in Theorem 3.6, the BHP can also be obtained from the UIHPQ
by zooming-out around the root: A - UIHPQ — BHP in distribution in the local
Gromov—Hausdorff sense as A — 0. Here, A - UIHPQ is obtained from UIHPQ by
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FIG. 1. The user’s manual to this paper, displaying all possible regimes and limits for the rescaled

pointed space (V(Q3"), a, 1 dgr, pn). Taking the asymptotic cone (tangent cone) of a pointed space
refers to zooming-out (zooming-in) around the distinguished point. We refer to the statements of the
results in Section 3 for the precise meaning.

keeping the same set of points, but rescaling the metric by a factor A; see Sec-
tion 2.4.2 below.

Many of our results, for example, those involving the Brownian half-planes
BHPg, 6 > 0, are based on coupling methods, which yield in fact stronger state-
ments than those mentioned above. In particular, couplings will allow us to deter-
mine the topologies of BHPg and IBD, (Corollaries 3.8 and 3.13).

The above results will moreover enable us to determine the limiting behavior
of the Brownian disk BD7 , with volume T and perimeter o when zooming-in
around its root vertex, or, equivalently by scaling, by blowing up its volume and
perimeter. Depending on the behavior of the “perimeter” function o (+) : (0, co) —
(0, 00) for large volumes T, we observe BP, IBD., BHPy or the SCRT as the
distributional limit in the local Gromov-Hausdorff sense of BD7 (1) when T —
o0; see Figure 4 below and Corollary 3.15.

2. Definitions. In this section, we define our limit objects and recall some
facts about the (local) Gromov—Hausdorff convergence.

All our limit metric spaces will be defined in terms of certain random processes.
To make the presentation unified, we will denote by (X, W) the canonical con-
tinuous process in C(/, R)Z, where I will always denote an interval of the form
I =10, T] for some T > 0, or I =R. In the definitions to come, when we say, for
instance, that X is a Brownian motion, we will really mean that X is considered
under the law of Brownian motion. The set C(/, R) of continuous functions on 7 is



SCALING LIMITS OF QUADRANGULATIONS WITH A BOUNDARY 3403

equipped with the compact-open topology (topology of uniform convergence over
compact subsets of /). For reasons that will become clear later on, we will often
refer to X as the contour process, whereas W will be called the label process.

Fort € I N[0, oo), we write X, =inf[p ;] X, and in case ] =R, we putforz <0
X, = inf(_oo,,] X.

If Y = (Yy, t > 0) is a real-valued process indexed by the positive real half-line,
we write [1(Y) for its Pitman transform defined as T1(Y), =Y; —2Y,, t > 0. We
will often use the fact that if B = (B;, t > 0) is a standard Brownian motion, then
its Pitman transform IT(B) has the law of a three-dimensional Bessel process, and
infj; o) IT1(B) = —infjg ;) B for every ¢t > 0; see [36], Theorem 0.1(ii).

2.1. Metric spaces coded by real functions.

Real trees. Let f € C(I,R). For s, € I, we denote by J (s, 1) the quantity

[mf]f ifs<t,

1) = st

S0 inf f ifs >¢,
I\(,s)

and for s, ¢t € I we let

2.1 de(s,t) = f(s)+ f(1) —2max{i(s,t),i(t,s)}.

The function dy defines a pseudo-metric on /, which is a class function for the
equivalence relation {dy = 0}. Therefore, we can define the quotient space 7y =
I/{dy =0}, on which d induces a true distance, still denoted by d s for simplicity.
Since we assumed that / contains 0, it is natural to “root” the space (77, d ) at the
point p given by the equivalence class [0] ={s € I : d (0, s) =0} of 0.

The metric space (7, dy, p) is called the continuum tree coded by f. In more
precise terms, it is a rooted R-tree, which is also compact if 7 is compact. This
fact is well known in the “classical case” where f is a nonnegative function on
an interval [0, T'], and f(0) = f(T') = O; see, for example, [31], Section 3, and it
remains true in our more general context.

Note that the space (77, dy) comes with a natural Borel o -finite measure, 7,
which is defined as the push-forward of the Lebesgue measure on / by the canon-
ical projection py: I — Ty.

Metric gluing of a real tree on another. Let f, g be two elements of C(I, R).
These functions code two R-trees T, T, in the preceding sense. We define a new
metric space (M, Dy,) by informally quotienting the space (7g,d,) by the
equivalence relation {dy = 0}. Formally, for s,z € I, we let D, (s, ) be given
by

>1,81,...,8H,....,trk €1, 51 =5, =t,

k
22) inf ;dg(si,t,) df(tl’sl+])_0foreveryl€{1 2,k =1)
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This defines a pseudo-metric on I, and we let M, be the quotient space
I/{Dy,¢ =0}, endowed with the true metric inherited from D, (and again, still
denoted by Dy, o). Again, the space (M, Dy ) is naturally pointed at the equiva-
lence class of O for { D 7, = 0} (which we still denote by p), and naturally endowed
with the measure i 7 , defined as the push-forward of the Lebesgue measure on /
by the canonical projection pyrq: 1 — My,.

Note that in the classical definition of the Brownian map and related objects,
one has the extra property that d¢ (s, t) = 0 implies that g(s) = g(¢), and this will
indeed always be the case in all concrete cases considered in this paper. However,
the definition makes sense without this assumption.

2.2. Random snakes. The definition of most of our limiting random spaces de-
pend on the notion of a random snake, which we introduce next. Let f € C(I, R) be
a continuous path on an interval [ satisfying f(0) = f(T') in case I = [0, T]. The
random snake driven by f is a centered Gaussian process (Zsf , s € I satisfying
Z({ =0 a.s. and

E[|z — /| =ds(s.1).

These specifications characterize the law of Z/: roughly speaking, it can be seen
as Brownian motion indexed by the tree 7¢; see, for example, Section 4 of [31]. It
is easy to see and well known that the process Z/ admits a continuous modification
as soon as f is a locally Holder-continuous function on /. In this case, we always
work with this modification.

We will consider random snakes driven by random functions. The snake driven
by a random function Y is simply defined as the random Gaussian process Z¥ con-
ditionally given Y. In all our applications, ¥ will be considered under probability
distributions that make it a Holder-continuous function with probability one. More-
over, Y will almost surely satisfy Yo = Y7 = 0 in the two cases where I = [0, T']
(namely for the Brownian map and disk).

2.3. Limit random metric spaces. We apply the preceding constructions to a
variety of random versions of the functions f, g.

2.3.1. Compact spaces. In this section, the processes considered all take val-
ues in C([0, T'], R) for some T > 0.

DEFINITION 2.1. Let T > 0. The continuum random tree CRT with volume
T is the real tree (Tx, dx, p) where X = (X,,t € [0, T']) is a Brownian excursion
with duration T'.

The CRTr was introduced by Aldous [1, 2]. We simply write CRT instead of
CRT]. Note the scaling relation A - CRT7 =4 CRT, 2 for A > 0. This comes from
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the fact that if e” is a Brownian excursion with duration 7, then Ae” (- /Az) has

same distribution as e*’7. We stress that the point p plays no distinguished role
in the above construction. Indeed, roughly speaking, the rerooting property of
CRT7 [2], (20), states that if p’ is distributed according to wy/ux (1) (the nor-
malized version of the measure defined above), then (7x, dx, p’) has same law as
(Tx,dx., p)-

DEFINITION 2.2. Let T > 0. The Brownian map BMr with volume T is the
metric space (Mx w, Dx w,p) where X is a Brownian excursion of duration T,
and W is the snake driven by X.

See [30, 34] for a description of the Brownian map. We write BM instead
of BM;. The scaling properties of Gaussian processes imply that for A > 0,
A -BM7 =4 BM,47. Just as for CRT7, the point p in BM7 should be seen as a ran-
dom choice according to the normalized measure wx w/ux w (1), which is known
as the rerooting property of the Brownian map (Theorem 8.1 of [29]).

DEFINITION 2.3. Let T > 0, o > 0. The Brownian disk BD7 , with volume
T and boundary length o is the metric space (Mx w, Dx w, p) where X is a first
passage Brownian bridge from O to —o of duration 7', and conditionally given X,
(W;, 0 <t < T) has same distribution as (ﬁy,xt +Z;,0<t<T), where:

e (Z;,0 <t <T)= ZX X is the snake driven by the process (X; — X,,0<¢ <
T);
e (¥x,0<x <o) is a Brownian bridge with duration o, independent of ZX~X,

The Brownian disk has first been constructed in [9, 11]. Note that the conditional
covariances of the snake ZX X are given by

E[ZsZ, | X] =r[nir]1(X - X)), 0<s<r<T.
S,

If T =1, we will simply write BD, instead of BD; ,. The Brownian disks are
homeomorphic to the closed unit disk D, where D = {z € C : |z| < 1}; see [9],
Proposition 21 (cited as Lemma 6.11 below). They enjoy the following scaling
property: For A > 0, A - BD7 =4 BD;47 ;2. Contrary to the Brownian tree or the
Brownian map, p does not play the role of a random point distributed according
to ux, w/mx,w(l). The reason is that p is a.s. a point of the boundary of the disk,
which is of zero measure (see [11] for more details).

2.3.2. Noncompact spaces. In this section, all processes take values in
CR,R).

DEFINITION 2.4. The self-similar continuum random tree SCRT is the real
tree (Tx,dx, p) where X = (X;,t € R) is such that (X;,7 > 0) and (X_,,t > 0)
are two independent three-dimensional Bessel processes started at 0.
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The SCRT appears as process 2 in [1]. It fulfills the self-similarity property X -
SCRT =, SCRT for every A > 0. Note that if we let Y be the canonical process in
C(R, R) under the probability law which turns (¥;, ¢ > 0) and (Y_;, ¢ > 0) into two
independent Brownian motions, then (7y, dy, [0]) has same law as SCRT. This
follows readily from the fact that IT((Y;, ¢ > 0)) has the law of a three-dimensional
Bessel process.

DEFINITION 2.5. The Brownian plane BP is the metric space given by
(Mx.w, Dx.w, p) where:

e (X;,t>0)and (X_;,t>0) are two independent three-dimensional Bessel pro-
cesses;
e given X = (X;,t € R), W has same distribution as the snake ZX driven by X.

The Brownian plane was introduced in [20] (see also [15] for a hyperbolic ver-
sion). It is a.s. homeomorphic to R? and invariant under scaling, in the sense that
for A > 0, A - BP =4 BP.

DEFINITION 2.6. Let 6 > 0. The Brownian half-plane BHPg with skewness
parameter 9 is the metric space (Mx w, Dx w, p) where:

o (X;,t>0) is a Brownian motion with linear drift —0, and (X_;, ¢ > 0) is the
Pitman transform IT(X’) of an independent copy X’ of (X;, t > 0);

e given X, W has same distribution as (ﬁy,xt + Z;,t € R), where:
— (Z;,t € R) = ZX¥~X is the snake driven by the process (X; — X, teR);

— (¥x,x € R) is a two-sided Brownian motion with yy = 0, independent of
z7X-X

The Brownian half-planes are the first truly new limiting metric spaces that we
encounter in this study. The space BHPg enjoys the scaling property A - BHPy =4
BHPy 2 for A > 0. This makes the value 6 = 0 special in the sense that BHP is
self-similar in law (just as SCRT or BP), and we shall often write BHP instead of
BHPg. We will see in Corollary 3.8 that for every 8 > 0, BHPy is a.s. homeomor-
phic to the closed half-plane H =R x R,

REMARK 2.7. A random metric space called the Brownian half-plane first
appeared in the recent work [17], where it is conjectured to arise as the scaling
limit of the uniform infinite half-planar quadrangulation UIHPQ; see Section 4.4.
Theorem 3.6 below states indeed that the scaling limit of UIHPQ is the space BHP.
However, the definition of the Brownian half-plane from [17] differs from ours:
it is still of the form (Mx w, Dx w, p), but for processes (X, W) having a very
different law from that of Definition 2.6 (with 6 = 0). We do not actually prove
that the two definitions coincide, since we believe that this would require some
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specific work. Nonetheless, we prefer to stick to the name “Brownian half-plane”
since we feel that this should be the proper denomination for the scaling limit of
the UIHPQ.

DEFINITION 2.8. Let o0 > 0. The infinite-volume Brownian disk 1BD, with
boundary length o is the metric space (Mx w, Dx,w, p) where:

o (X;,t € R) has the law of (V;_; — U, t € R), where (V;,t >0) and (V_;,t >
0) are two independent three-dimensional Bessel processes with Vo =0, U is
uniform on [0, o] and independent of V,and L =sup{r >0:V_;=U};

e given X, W has same distribution as (v/3y_ xo + Z;,t € R), where:

min{ inf X, inf X+a} ift <0,
(—00,t] [0,00)

min X ift>0
[0,7]

and X7 = X — o on (—00,0), X7 = X on [0, 00);
— (Z;,t € R) = Z¥ £ is the random snake driven by the process X — X;

X =

=t

— (¢x,0 < x <o) is a Brownian bridge with duration o, independent of_Z X=X

The infinite-volume Brownian disk should be thought of as a Brownian disk
with perimeter o filled in with a Brownian plane BP; see Remark 2.9 below. It
enjoys the scaling property A - IBD, =4 IBD,2,, for A > 0. We will prove in Corol-
lary 3.13 that for every o > 0, IBD, is a.s. homeomorphic to the pointed closed
disk D\ {0}.

REMARK 2.9. We give an equivalent description of the contour process X
under the law of the infinite-volume Brownian disk IBD,, which will be useful
for our purpose. Let (B;, t > 0) be a Brownian motion with By =0, T, = inf{r >
0: B; < —x} the first hitting time of (—oo, —x), R, R’ two independent three-
dimensional Bessel processes independent of B, and Uy a uniform random variable
in [0, o], independent of B, R, R'. Letting

R/_t"’_TUO_T(T + o — UO ift S TUO - TO-,

yo_ | Briito if Ty, — T, <1 <0,
! B, if0 <t < Ty,
—Up+ Rt_TUO if t > Ty,,

William’s time-reversal theorem (see, e.g., (0.29) of [36]) entails that (Y7 ,t € R)
has same law as the canonical process (X;,¢ € R) under the law of IBD,. In-
tuitively, at time Ty, the encoding of a Brownian plane in terms of the Bessel
processes R and R’ “inside” a (free pointed) Brownian disk with boundary length
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FIG. 2. The contour process (Y ,t € R) of the infinite-volume Brownian disk |BDy .

o starts. The contour process of the latter is given by (Y7, Ty, — To <t < Ty,).
The denomination “free” means that the volume of the disk is not fixed; we refer
to [11], Section 1.5, for a precise definition. An illustration is shown in Figure 2.

Finally, we will encounter the uniform infinite half-planar quadrangulation
UIHPQ Q3 = (V(QZ), dgr, p), which is an infinite rooted random quadran-
gulation with an infinite boundary. It arises as the distributional limit of Q7",
I € oy K n, for the so-called local metric dpap; see Proposition 3.11. We de-
fer to Section 2.4.3 for a definition of the metric and to Section 4.4 for a precise

construction of the UIHPQ.
2.4. Notions of convergence.

2.4.1. Gromov-Hausdorff convergence. Given two pointed compact metric
spaces E = (E,d, p) and E' = (E',d’, p’), the Gromov-Hausdorff distance be-
tween E and E’ is given by

dou(E, E') = inf{du(e(E), ¢'(E)) v 8(p(p), ¢' ()},

where the infimum is taken over all isometric embeddings ¢ : E — F and ¢’ :
E’ — F of E and E’ into the same metric space (F, ), and dy denotes the Haus-
dorff distance between compact subsets of F. The space of all isometry classes of
pointed compact metric spaces (K, dgy) forms a Polish space.

An alternative characterization of the Gromov—Hausdorff distance can be ob-
tained via correspondences. A correspondence between two pointed metric spaces
E=(E,d,p),E =(E',d, p')isasubset R C E x E’ such that (p, p’) € R, and
for every x € E there exists at least one x’ € E’ such that (x, x) € R as well as for
every y' € E’, there exists at least one y € E such that (y, y') € R. The distortion
of R with respect to d and d’ is given by

dis(R) = sup{|d(x,y) —d'(x", )| : (x,x"), (v, ¥') e R}.
Then it holds that (see, e.g., [16], Theorem 7.3.25)

7 1 . .
dcu(E,E') = > l%deS(R),

where the infimum is taken over all correspondences between E and E’.
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The convergences listed in the overview above which involve compact limiting
spaces, that is, BM, BD,,, CRT and the trivial one-point space, hold in distribution
in (K, dgg).-

2.4.2. Local Gromov-Hausdorff convergence. Noncompact limits like the
spaces BHPy, IBD, or SCRT will be obtained in the local Gromov—Hausdorff
topology. Roughly speaking, local Gromov—Hausdorff convergence requires only
convergence of balls of a fixed radius seen as compact metric spaces.

We give only a quick reminder; for more details, we refer to Chapter 8 of [16].
As in [20], we can restrict ourselves to the case of (pointed) complete and lo-
cally compact length spaces (see our discussion below). Recall that a metric space
(E,d) is a length space if for every pair (x, y) of points in E, the distance d(x, y)
agrees with the infimum over the lengths of all continuous paths from x to y.
Here, a continuous path from x to y is a continuous function y : [0, T] — E with
y(0) =x and y(T) = y for some T > 0, and the length of y is given by

n—1
L(y)=sup)_d(y ).y (1),

k=1
where the supremum is taken over all subdivisions 7 of [0, T'] of the form 0 =¢#; <
tp <---<t, =T for some n € N. A path y for which the infimum over the length
is attained is called a geodesic. Note that in a complete and locally compact length
space (E, d), any two points x, y € E with d(x, y) < oo are joined by a geodesic;
see [16], Theorem 2.5.23.

Now let E = (E, d, p) be a pointed metric space, that is, a metric space with a
distinguished point p € E. We denote by B, (E) the closed ball of radius r around
p in E. Equipped with the restriction of d, we view B, (E) as a pointed compact
metric space.

Given pointed complete and locally compact length spaces (E,), and E, the
sequence (E,), converges to E in the local Gromov—Hausdorff sense if for every
r>0,

dcu (B, (E,), B-(E)) - 0 asn — 0o.

This notion of convergence is metrizable (see [20], Section 2.1, for a possible def-
inition of the metric) and turns the space Ky of isometry classes of pointed com-
plete and locally compact length spaces into a Polish space. In passing, we note
that a length space E is complete and locally compact if and only if it is boundedly
compact, meaning that all closed balls in E are compact; see Proposition 2.5.22
of [16].

As discrete planar maps, quadrangulations are clearly not length spaces. Fol-
lowing [20], we may nonetheless interpret a (finite or infinite) quadrangulation
Q as a complete and locally compact length space Q. Namely, we replace each
edge of O by an Euclidean segment of length one such that two segments can



3410 E. BAUR, G. MIERMONT AND G. RAY

intersect only at their endpoints, and they do so if and only if the corresponding
edges in E share one or two vertices. Equipped with the shortest-path metric, the
resulting metric space Q is then a union of copies of the interval [0, 1], one for
each edge of Q. Moreover, with the root vertex of Q as distinguished point, Q is
a (pointed) complete and locally compact length space, and it is easy to see that
dGu(Br(Q), B;(Q)) < 1 for every r > 0.

NOTATION. Given a pointed metric space E = (E, d, p) and A > 0, we write
A - E for the dilated (or rescaled) space (E, A - d, p). In particular, if 1,8 > O,
A+ Bs(E) = Bys(A - E).

REMARK 2.10. From our observation above, we deduce that our limit results
for quadrangulations Q5" in the local Gromov—Hausdorff sense will follow if we
show that for each r > 0, B, (a,, L. Oy converges in distribution in K toward the
ball of radius r in the corresponding limit space. Note that all our limit spaces
in the local Gromov—Hausdorff sense, that is, the spaces BP, BHPy, IBD, and
SCRT, are already complete locally compact length spaces. Indeed, real trees are
always length spaces, and the metric gluing of length spaces produces again a
length space; see the discussion in [16] after Exercice 3.1.13.

We therefore do not have to deal with the more complicated notion of local
Gromov—Hausdorff convergence for general (pointed) metric spaces; see [16],
Definition 8.1.1.

2.4.3. Local limits of maps. Local limits of maps in the sense of Benjamini
and Schramm [6] concern the convergence of combinatorial balls. More specif-
ically, given a rooted planar map m and r > 0, write Ball,(m) for the combina-
torial of radius r, that is the submap of m formed by all the vertices v of m with
dgr(0, v) < r,together with the edges of m in between such vertices. For two rooted
maps m and m’, the local distance between m and m’ is defined as

dmap(m, m') = (1 + sup{r > 0 : Ball, (m) = Ball, (m')}) "
The metric di,p induces a topology on the set of all finite quadrangulations (with
or without boundary). Infinite quadrangulations are the elements in the completion
of this space with respect to dmap that are not finite quadrangulations (the UIHPQ
is a random infinite quadrangulation with an infinite boundary). See [22] for more
on this.

3. Main results. We formulate now in a proper way our main results, which
cover together with the results of [9, 11] all the convergences listed in the Introduc-
tion. The proofs will be given in Section 6, except for the proof of Theorem 3.5,
which can be found in the Supplementary Material [3].
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3.1. Scaling limits of quadrangulations with a boundary. Recall the notation
introduced in Section 1.1. All convergences in this section are in law, with respect
to the local Gromov—Hausdorff topology. We always consider the limit n — oco.

THEOREM 3.1. Assume 0, < +/n and /o, < a, < n'/*. Then

V(o). an_ldgr, pn) —> BP.

THEOREM 3.2. Assume 1 < 0, < /n and a, ~ (4/9)V/* /o, ]o for some
o € (0, 00). Then

(V(Q%"), a; 'dgr, pn) —> 1BD, .

THEOREM 3.3. Assume 1 € 0, < nand 1 < a, < min{./0,, /n/o,}. Then

(V(Q%"), a; ' dgr, pn) —> BHP.

THEOREM 3.4. Assume /n < o, < n and a, ~ 2+/0n/30, for some 0 €
(0, 00). Then

(V(Q3"), ay ' dgr, pn) —> BHPy.

THEOREM 3.5. Assume o, > «/n and max{1, \/n/o,} < a, < /o,,. Then

(V(Q3"), a; 'dgr, pn) —> SCRT.

n

When the scaling sequence (a,, n € N) satisfies a,, > max{,/oy, nl/ 4}, then the
limiting space is the trivial one-point metric space. This is a direct consequence of
the results in [9], for example.

The Brownian half-plane BHP does also arise as the weak scaling limit of the
UIHPQ (similarly, the Brownian plane BP is the scaling limit of the so-called uni-
form infinite planar quadrangulation UIPQ; see the first part of [20], Theorem 2).
The following result was also obtained by Gwynne and Miller in an independent
and essentially simultaneous work [24]. Their work includes the convergence of
the UIHPQ with a simple boundary toward the BHP, which is left out here.

THEOREM 3.6. A - UHPQ -=% BHP.

In [4], a similar discrete approximation is given for BHPg when 6 > 0.
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3.2. Couplings and topology. For proving Theorem 3.3, we follow a strategy
similar to that in Curien and Le Gall [20]. As an intermediate step, we establish a
coupling between the Brownian disk BD,, and the Brownian half-plane BHPy.

THEOREM 3.7. Lete > 0,r > 0. Let a(-) : (0,00) — (0,00) be a function
satisfying imr 0 (T)/T =0 € [0, 00) and, in case 8 =0, liminfr_, 0 (T)/
VT > 0. Then there exists To = To(e, r, o) such that for all T > Ty, one can con-
struct copies of BDr (1) and BHPg on the same probability space such that with
probability at least 1 — &, there exist two isometric open subsets Ogp, Opnp in
these spaces which are both homeomorphic to the closed half-plane H and con-
tain the balls B, (BDr (1)) and B, (BHPy), respectively.

We remark that for the proof of Theorem 3.3, it would be sufficient to show
that the balls of radius r around the root in the corresponding spaces are isometric.
From the stronger version of the coupling stated above, we can, however, addition-
ally deduce

COROLLARY 3.8. For every 6 > 0, the space BHPy is a.s. homeomorphic to
the closed half-plane H=R x R.

Since the Brownian half-plane BHP = BHPq is scale-invariant, that is, A -
BHP =, BHP for every A > 0, Theorem 3.7 moreover implies that BHP is locally
isometric to the disk BDy (= BDj ).

COROLLARY 3.9. Fixo € (0, 00), and let € > 0. Then one can find 5 > 0 and
construct on the same probability space copies of BD, and BHP such that with
probability at least 1 — ¢, Bs(BHP) and Bs(BD ) are isometric.

The proof of Corollary 3.9 is immediate from the scaling properties of BD7
and BHP, whereas Corollary 3.8 needs an extra argument, which we give in Sec-
tion 6.2.

REMARK 3.10. The local isometry between BHP and BD,, together with the
fact that BHP is scale-invariant uniquely characterizes the law of BHP in the set
of all probability measures on Kyj. This follows from the argument in the proof
of [21], Proposition 3.2, where a similar characterization of the Brownian plane is
given.

For establishing Theorem 3.3, we shall also need a coupling between the UIHPQ
and Q5" when o, grows slower than 7.

PROPOSITION 3.11. Assume 1 < 0, < n, and put ¥, = min{o,,n/o,}.
Given any € > 0, there exist § > 0 and ng € N such that for every n > ng, one
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can construct copies of Qn" and UIHPQ on the same probability space such that
with probability at least 1 — &, the balls Bsm(an) and Bsm(UIHPQ) are iso-
metric. Moreover, we have the local convergence

(V(Qum), dgr, pn) —> UIHPQ

n

in distribution for the metric dmap, as n — oo.

Note that the above mentioned UIPQ is in turn the weak limit in the sense of
dap Tor uniform quadrangulations without a boundary; see Krikun [27].

For proving Theorem 3.2 and determining the topology of the infinite-volume
Brownian disk IBD,, we couple the Brownian disk BDr , for large volumes T
with IBD,,.

THEOREM 3.12. Fix o € (0,00), and let € > 0, r > 0. There exists Ty =
To(e, r, o) such that for all T > Ty, we can construct copies of BDr , and 1BD, on
the same probability space such that with probability at least 1 — g, there exist two
isometric open subsets Agp, Aigp in these spaces which are both homeomorphic
to the pointed closed disk D \ {0} and contain the balls B, (BD71,4) and B,(IBDy),
respectively.

It will be straightforward to deduce the following.

COROLLARY 3.13.  For each o € (0, 00), the space 1BD, is a.s. homeomor-
phic to the pointed closed disk D \ {0}, where D ={z € C:|z| < 1}.

In order to prove Theorem 3.2, we finally need a coupling of balls in the quad-
rangulations Oy and Q;”Jz of a radius of order /o, when 1 < 0, < 4/n and R

is large.

PROPOSITION 3.14. Assume 1 < o, K /n. Givenany ¢ > 0 andr > 0, there
exist Ry > 0 and ng € N such that for every integer R > Ry and every n > ng, one
can construct copies of Q" and Q‘;”Uz on the same probability space such that with

On

probability at least 1 — ¢, the balls B, /5. (Qy") and B, /5 (O

oy . .
Ra,f) are isometric.

Some of our results involving UIHPQ, BHP and BD,, are depicted in Figure 3,
which should be compared with [20], Figure 1.

3.3. Limits of the Brownian disk. Our statements from the last two sections
imply various limit results for the Brownian disk BDr ,(7) when zooming-in
around its root. We let o () : (0,00) — (0, 00) be a function of the volume T
of the Brownian disk that specifies its perimeter, and we write X" for the distri-
butional limit of BD7 ¢ (7) in the local Gromov-Hausdorff topology upon letting
T — oo (if it exists).



3414 E. BAUR, G. MIERMONT AND G. RAY

Uniform quadrangulations

with perimeter o, ~ ov/2n Brownian disk
pu scaling -n /4
n »
i ~ BD,
local e ayt > noA local
\J . 1y
scaling -A — 0
UIHPQ » BHP
Uniform infinite half-planar quadrangulation Brownian half-plane

F1G. 3. Ilustration of [11], Theorem 1, for the regime o, ~ o~/2n, Theorem 3.3, Theorem 3.6,
Corollary 3.15 in the case o (T) = o € (0, 00), and Proposition 3.11. Compare with [20], Figure 1.

COROLLARY 3.15. We have

BP if lim o(T)=0,
T—o00
Y IBD, if Tli_)mooa(T) =c¢ € (0, 00),

BHPg ifo(T) >occando(T)/T — 0 €[0,00)as T — o0,
SCRT ifo(T)/T - occas T — oo.

Note that the third case includes the case o (T) = V/T.Then 6 =0, and since by
scaling, T1/4.BDy =4 BD; /7. it follows that BHP is the tangent cone in distribu-
tion of any disk BD4 . for fixed A, L > 0. See [16], Section 8.2, for an explanation
of this terminology, and compare with [20], Theorem 1, where it is shown that the
Brownian plane is the tangent cone of the Brownian map at its root.

For completeness, but without going into details, let us mention that identically
to the proof of the first (or last) case of Corollary 3.15, a combination of [11],
Theorem 1, and [9], Theorem 4 (or [9], Theorem 4) leads to the convergences

BDr, 2% BM7,  BDro ——% CRT3,
in law in the sense of the global Gromov—Hausdorff topology. The factor 3 in
CRT3, stems from the particular normalization of the Brownian disk.

REMARK/EXERCISE 3.16. We leave it as an exercise to the reader to find the
right combination of our (or Bettinelli’s; cf. [9]) foregoing results to deduce the
following additional results on tangent cones (in distribution, with respect to the
local Gromov—Hausdorff topology):

o—>0Q

CRT; =% SCRT.  BHPy “=% BHP,  IBD, Z=°% BHP.
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IBD,

o(T) =< € (0,00)

SCRT

FIG. 4. Zooming-in around the root of the Brownian disk BD (1) with volume T and perimeter
o (T). The figure shows all possible weak limits in the local Gromov-Hausdorff sense when T — 00
(Corollary 3.15).

Combining results from the regime o, < /7 in the first and from o, > 4/n in the
second case, one may also prove the following scaling results in law:

o—0

BHP, 2=°% scRT,  1BD, 2=% BP.

In the terminology of [16], Section 8.2, the last two results imply that the SCRT
is the asymptotic cone in distribution of BHPy for 6 > 0, and similarly, BP is the
asymptotic cone of IBD, .

4. Encoding of quadrangulations with a boundary. We will use a vari-
ant of the Cori—Vauquelin—Schaeffer [19, 39] bijection developed by Bouttier, Di
Francesco and Guitter [13] to encode quadrangulations with a boundary. More
specifically, we will encode planar quadrangulations of size n with a boundary of
size 20 in terms of o trees with n edges in total, which are attached to a discrete
bridge of length o. We first introduce the encoding objects. Our notation is inspired
by [8, 9].

4.1. Encoding in the finite case.

4.1.1. Well-labeled tree, forest and bridge. A well-labeled tree of size |t1| =n
is a pair (1, (£(u))yev(r)) consisting of a rooted plane tree T with n edges together
with integer labels (£(u)),cv (1) attached to the vertices of 7, such that the root has
label 0, and |€(u) — £(v)| < 1 whenever u and v are neighbors.

A well-labeled forest with o trees and n tree edges is a collection | =
(t0,...,T5—1) of o trees with n edges in total, together with a labeling of ver-
tices [ : U;’:_OI V (t;) — Z, which has the property that for each i =0,...,0 — 1,
the tree 7; together with the restriction [ | V (t;) forms a well-labeled tree.

The vertex set of fis V(f) = U?:_()l V(z;). Note that |V (f)| =n + o. The size
of | is given by |f| = n, that is, its number of edges. We write (0),...,(c — 1)
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for the root vertices of 19, ..., T5,—1. If u is a vertex of a tree of f, t(u#) denotes
the root of this tree. In particular, the vertex set of the jth tree of | is the set
fueV@ :tw)y=G -1}, j=1,...,0. We write ¢(f) = o for the number of
trees of f. We will often identify the root vertices with the integers 0,...,0 — 1
and consequently regard t(u) as a number.

We call the pair (f, [) a well-labeled forest and denote by

Fr={G.D:t() =0 lfl=n}

the set of all well-labeled forests of size n with o trees.

A bridge of length o > 1 is a sequence of numbers (b(0), b(1), ..., b(c)) with
b(0) = 0 and such that b(i + 1) — b(i) e NgU {—1} fori =0,...,0 — 1, and
b(o) <0.

By linear interpolation between integer values, we will view b : [0, 0] — R asa
continuous function and write 8, C C([0, o], R) for the set of all possible bridges
of length o.

The terminal value b(c) of a bridge has a special interpretation: It keeps the
information where to find the root in the quadrangulation associated to a triplet
((f,0),b) € §. x B, ; see Section 4.3 below.

4.1.2. Contour pair and label function. Consider a well-labeled forest (f, [)
of size n with o trees. In order to define its contour pair and label function, it is
convenient to represent (f, [) in the plane, as depicted in Figure 5. We add o — 1
edges which link the root vertices (0), ..., (6 — 1), such that vertex (i — 1) gets
connected to (i) fori =1,...,0 — 1, plus an extra vertex (o) and an extra edge
linking (o — 1) to (o). We extend [ to (o) by setting [((c)) = 0. We refer to the
segment connecting the roots of { and the extra vertex (o) as the floor of f.

The facial sequence §(0), ..., f(2n 4 o) of | is the sequence of vertices obtained
from exploring (the embedding of) f in the contour order, starting from vertex (0).
In other words, §(0),...,f(2n 4+ o — 1) is given by the sequence of vertices of
the discrete contour paths of the trees 79, ..., 7,1, and the sequence terminates

Net)

FIG. 5. On the left: A proper representation of a finite well-labeled forest (f, ) of size 13 with 4
trees, together with its facial sequence. The rightmost vertex indexed by 4 is the added extra vertex.
On the right: Its contour pair.
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with value f(2n + o) = (0); see, for example, [31], Section 2, for more on contour
paths.
Given a well-labeled forest (f, [), we define its contour pair (Cs, Ls) by

Ci(j) = d;(F(j). (0)) — o, Li(j) = 1(f()). j=0,....2n+o.

Here, d; denotes the graph distance on the representation of f in the plane.

We call Cs the contour function of f, since it is obtained from concatenating the
contour paths of the trees 19, ..., T,—1, with an additional —1 step after a tree has
been visited. Note that L;((j)) = 0 if f(;) lies on the floor of f; see again Figure 5
for an illustration.

Now consider additionally a bridge b € B,.. Put C f( J) = mingg_;} Cj. The func-
tion

£(j) = Li(j) +b(-C;(j)).  j=0.....2n+0,

is called the label function associated to ((f, [), b). The label function plays an
important role in measuring distances in the quadrangulation associated through
the Bouttier—Di Francesco—Guitter bijection; see Section 4.5.1.

By linear interpolation between integers, we extend all three functions Cs, Ly
and £; to continuous real-valued functions on [0, 2n +o].

4.2. Encoding in the infinite case. We next introduce the infinite analogs of
the objects from the previous section. They will encode certain infinite quadrangu-
lations with an infinite boundary.

4.2.1. Well-labeled infinite forest and infinite bridge. A well-labeled infinite
Jorest is an infinite collection § = (t;,i € Z) of finite rooted plane trees, together
with a labeling of vertices [ : ;<7 V (ti) = Z such that for each i € Z, t; together
with the restriction of [ to V (t;) forms a well-labeled tree.

We write again (k) for the root vertex of t; and often identify (k) with k € Z.
The set of all well-labeled infinite forests (f, [) will be denoted by Fc.

An infinite bridge is a sequence of numbers b = (b(i),i € Z U {9}) with b(0) =
0,b(i+1)—b@E)eNgU{—1}foralli € Z and b(9d) € {b(—1) — 1, ..., 0}. Note
that b(—1) < 1.

The extra value b(9) will keep track of the position of the root in the quad-
rangulation. Often, we consider only the values b(i), i € Z, and then view b as a
continuous function from R to R, by linear interpolation between integer values.
We write B for the set of all infinite bridges b which have the property that
inf; ey b(i) = —o0, and inf; ey b(—i) = —o0.

4.2.2. Contour pair and label function in the infinite case. 'We consider a well-
labeled infinite forest (f, [) € §~0. Again, we view | as a graph properly embedded
in the plane (Figure 6): We identify the set of roots of the trees of § with Z and
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FIG. 6. On the left: A proper representation of a well-labeled infinite forest (f, ), together with its
facial sequence. On the right: Its contour function.

connect neighboring roots by an edge. We obtain what we call the floor of §. The
trees 7; of § are drawn in the upper half-plane and attached to the floor.

The facial sequence (§(i),i € Z) of § is defined as follows: (f(0), f(1),...) is
the sequence of vertices of the contour paths of the trees t;, i € Np, in the contour
order, starting from the root of the tree 79, and (f(—1), f(—2), ...) is given by the
sequence of vertices of the contour paths 7_y, T_2, ..., in the counterclockwise
order, starting from the root of the tree 7_j.

In analogy to the finite case, given a well-labeled infinite forest (f, [), its contour
pair (Cs, Ly) is the pair of functions defined via

Ci(j) = di (), v(F(1))) — (F(1)), Li(j) =(f())),  JjeZ,

where dj is the graph distance on the embedding of §, and t(f(j)) denotes the
root of the tree §(j) belongs to. Be aware of the small abuse of notation: In the
expression for Cy, v(f(j)) is first viewed as a vertex and then as an integer. As for
a finite forest, we call Cj the contour function of f.

If additionally b € B, we define the label function associated to ((f, [), b) by

£5(j) = Li(j) + b(=C;())), J ez, £4(0) =b(9),

where Qf(j) =inf(_oo, j) Cs for j < 0 and Qf(j) = miny, j) Cs for j > 0, as above.
Again by linear interpolation between integers, we view Cj, Ls and £; as con-
tinuous functions on R.

4.3. Bouttier—Di Francesco—Guitter bijection. Recall that a rooted quadran-
gulation with a boundary comes with a distinguished edge along the boundary, the
root edge, whose origin is the root vertex. We write Q7 for the set of all rooted
quadrangulations with n inner faces and a boundary of size 2o.

A pointed quadrangulation with a boundary is a pair (q, v*®), where q is a rooted
quadrangulation with a boundary and v® € V(q) is a distinguished vertex. The set
of all rooted pointed quadrangulations with » internal faces and 20 boundary edges
is denoted by

O, ={(.v*):q€Q],v* e V(9)}.
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4.3.1. The finite case. The Bouttier—Di Francesco—Guitter bijection [13] pro-
vides us with a bijection

D, :F0 X By — (O

We shall here content ourselves with the description of the mapping from the en-
coding objects to the quadrangulations. We follow largely the presentation in [9],
where also a description of the reverse direction can be found.

In this regard, let ((f, [),b) € 2 x B,. Out of this triplet, we will now con-
struct a rooted pointed quadrangulation (q, v°®) € Q; ;. Recall the facial sequence
§(0), ..., f(2n + o) of f obtained from exploring the trees of § in the contour order,
as well as the associated label function £;. We view f as embedded in the plane
(as explained above) and add an additional vertex v*® inside the only face of §, with
label £;(v*®) = —o0.

The vertex set of q is given by V (f) U{v®}. Note that by definition, the additional
vertex (o) which forms part of the embedding of § is not an element of V(). In
order to specify the edges between the vertices of ¢, we define fori =0, ...,2n +
o — 1 the successor succ(i) € {0, ...,2n+o — 1} U{oo} of i to be the first number
kinthelist ( +1,...,2n+0 —1,0,...,i — 1) with the property that Sf(k) =
£5(i) — 1, with succ(i) = oo if there is no such number. Letting f(c0) = v°, we
now follow the facial sequence of f and draw for everyi =0,...,2n+0 — 1 an
arc between §(i) and f(succ(i)), in such a way that it neither crosses arcs that were
previously drawn, nor edges of the embedding of §. Since any vertex of { which is
not a leaf is visited at least twice in the contour exploration, there can be several
arcs connecting f(i) and f(succ(i)). By a small abuse of language, we therefore
speak of the arc connecting i to succ(i) and write

i ~succ(i) or i succ(i)

for the oriented arc from i toward succ(i) or from succ(i) toward i, respectively.

The arcs between the vertices V (f) U {v®} form the edges of ¢, and it remains to
specify the root edge of q: Denoting by succk the kth functional power of the func-
tion succ (with succ(oco) = 00), the root vertex is given by f(succ_b(“) (0)), and the
root edge is in case b(c) > b(c — 1) — 1 given by succ @) (0) ~ succ 2@ *L(),
and in case b(oc) =b(oc — 1) — 1 by 2n + 0 — 1 ~ succ(2n + o — 1). Note that
in the second case, we have indeed f(succ(2n +o0 — 1)) = f(succ_b(") (0)), that is,
f(succ(2n 4+ o — 1)) is the root vertex; see Figure 7.

4.3.2. The infinite case. Let Q denote the completion of the space of all rooted
finite quadrangulations with a boundary with respect to dmap. We extend ®,, to a

mapping

®: (U 8 %% ) UG x Bo) — Q

n,0eN
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3

F1G. 7. The Bouttier-Di Francesco—Guitter bijection ®, applied to an element ((f,1),
b) € % x By. The forest | is the same as in Figure 5, but the labels are shifted by the values of
the bridge b. The (nonsimple) boundary of the associated quadrangulation on the left is represented
in red. Note that the extra vertex v® is in this example a boundary vertex. The rightmost vertex
§(22) = (4) on the left is not a vertex of the quadrangulation. Its label —2 captures the information
where to find the root edge, which is indicated by an arrow.

as follows. For elements ((f, [), b) € §» x B, we let D((f, [),b) = &, ((f, D), b),
where we view the latter as an element in Q7 , by simply forgetting its distin-
guished vertex.

Now let ((f, [),b) € Foo X Bo. Fori € Z, we define the successor succso (i) to
be the smallest number k greater than i such that £5(k) = £;(i) — 1. Note that since
inf; ey b(i) = —o00, the definition make sense. We consider a proper embedding of
f in the plane as described above and draw an arc between (i) and f(succs (7)), for
any i € Z, as indicated by Figure 8. Again we can do this in a way such that arcs
do not cross. The vertex set of ®((f, [), b) is given by V (f), and the edges are the
arcs we constructed. Finally, we follow a rooting convention which is analogous
to the finite case (we adapt the notion i ™ succ (i) in the obvious way): The root

f(7) = f(succo (0))
D

FI1G. 8. The Bouttier—Di Francesco—Guitter mapping applied to an element ((f, (), b) € Foo X Boo-
The successor of 0 is 7, which is also the successor of —6, —2,1,2,4,6. The vertex labels are given
by L5, as in Figure 1. The root edge of the map is the oriented arc —1 < succoo(—1) indicated by
an arrow.
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vertex is given by f(succ;ob(a)(O)), and the root edge is in case b(d) > b(—1) — 1
given by succgob(a)(O) ~ succgob(d)+1 (0), and in case b(d) =b(—1) — 1 by —1
SUCCoo(—1).

REMARK 4.1. Notice that a triplet ((f, [), b) in §}, X B, or in Foo X Bo
is uniquely determined by its associated contour and label functions (Cj, £5). In
particular, it makes sense to speak of the quadrangulation associated to (Cy, £5).
The distinguished vertex v*® in the finite case will play no particular role in our
statements, since we view quadrangulations as metric spaces pointed at their root
vertices.

4.4. Construction of the UIHPQ. We first introduce an §~-valued random ele-
ment (fo, [oo) together with a 2B ,,-valued random element b, which will encode
the UIHPQ.

4.4.1. Uniformly labeled critical infinite forest. Let T be a finite random plane
tree. Conditionally on 7, we assign a sequence of i.i.d. random variables with the
uniform distribution on {—1, 0, 1} to the edges of . The label £(u) of a vertex u of
7 is defined to be the sum of the random variables along the edges of the (unique)
path from the root to #. Such a random labeling £ : V() — Z is referred to as a
uniform labeling. If the tree 7 is a Galton—Watson tree with a geometric offspring
distribution of parameter 1/2, we say that t is a critical geometric Galton—Watson
tree. If £ is a uniform labeling of 7, we refer to the pair (7, ({(u))ucv(r)) as a
uniformly labeled critical geometric Galton—Watson tree.

A uniformly labeled critical infinite forest is a random element (f., l») taking
values in § o such that the pairs (7;, [ [ V(17)), i € Z, are independent uniformly
labeled critical geometric Galton—Watson trees.

4.4.2. Uniform infinite bridge. Let boo = (boo(i),i € Z) be a two-sided ran-
dom walk starting from O at time 0, that is, by (0) = 0, which has independent
increments given by

P(boo (i) — beo(i — 1) =k) =27572, k e NgU{—1}, fori € Z\ {0},
and
P(—boo(—1) = k) = (k 4 2)2~ ¢+, ke NoU{—1].

Note that —boo(—1) has same law as G + G’ — 1 for G and G’ two independent
geometric random variables of parameter 1/2. This follows from the well-known
fact that G + G’ + 1 is distributed as a size-biased geometric random variable. We
refer to Section 4.5.2 for more explanations. Next, given by, (—1), we let by (0)
be a uniformly distributed random variable in {boo(—1) — 1,..., 0}, independent
of everything else.
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We call the random element by = (boo (i), i € Z U {9}) with values in B, the
uniform infinite bridge.

We review now the construction of the UIHPQ given in [23]. Note that there
the encoding is defined in a slightly different (but equivalent) manner, and the root
edge is oriented in the opposite direction. The following definition is justified by
Proposition 3.11.

DEFINITION 4.2.  Let (fo, lso) be a uniformly labeled critical infinite forest,
and let by, be a uniform infinite bridge independent of (f., lso). The uniform infi-
nite half-planar quadrangulation UIHPQ is the (rooted) random infinite quadrangu-
lation Q% = (V(QZ), dgr, p) with an infinite boundary obtained from applying
the Bouttier—Di Francesco—Guitter mapping @ to ((foo, loo), boo)-

In [23], it was shown that in the sense of dp,p, there are the weak convergences

7" — Q% asn — oo, and Q7 — O as 0 — oo, where Q% is the so-called
(rooted) uniform infinite planar quadrangulation with a boundary of perimeter 2o.
We also point at the recent work [17], where a construction of the UIHPQ with
a positivity constraint on labels is given, similar to the Chassaing—Durhuus con-
struction [18] of the UIPQ.

REMARK 4.3. We stress that while we use the notation (f, [) for both a finite
or infinite (deterministic) well-labeled forest, and similarly, b represents a finite
or infinite bridge, (fuo, loo) € Soo and boy € B will always stand for random
elements with the particular law just described. We will implicitly assume that
bso 1s independent of (f,, loo). Similarly, for given oy, ((f,, l), b,) will denote a
random element with the uniform distribution on F7" x B, ; see Section 4.5.4.

4.5. Some ramifications. We gather here some consequences and remarks
which we will tacitly use in the following. We begin with some observations con-
cerning the Bouttier—Di Francesco—Guitter bijection.

4.5.1. Distances. Let (q,v*) € Q; , be a (rooted) pointed quadrangulation of
size n with a boundary of size 2o. Then (g, v*) corresponds to a pair ((f, [),b) €
§o % B, via the Bouttier-Di Francesco—Guitter bijection, and the sets V (q) \ {v°*}
and V (f) are identified through this bijection. Recall that the label function £ = £
represents the labels shifted tree by tree according to the values of the bridge b.
By a slight abuse of notation, we will view £ also as a function on V(q) \ {v°*} (or
V): If ve V(g) \ {v°*}, there is at least one i € {0, ...,2n + o — 1} such that v
is visited in the ith step of the contour exploration, and we let £(v) = £(i). Note
that this definition makes sense, since £(i) = £(j) if f(i) = §(j).

Write dq for the graph distance on (. From the description of the bijection
above, we deduce that

4.1) dq(u,v®) = £(u) —min £ + 1.
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Moreover, if vg is the root vertex of q, we know that its distance to vertex §(0) = (0)
is

4.2) dq(vo, (0)) = —b(o).

In general, there is no simple formula for distances in q. However, as we explain
next, there exist lower and upper bounds in terms of £.

We first discuss a lower bound. If u, v € V (f) are vertices of the same tree t of
f, that is, t(u) = t(v), we let [u, v] be the vertex set of the unique injective path in
T connecting u to v. If (i), (j) are two tree roots of f with i < j, we let [(i), ()]
denote the sequence of root vertices (i), (i + 1), ..., (j). For the remaining cases,
if t(u) < t(v), we put

[u, v] = [u, c@)] U [t(m), t()] U v, t(v)],

whereas if t(v) < t(u), we let

[u, v] = [u, t@)] U [e(m), (6 — D] U [0), t(v)] U [v, t(v)].
Now let u, v € V(q) \ {v*}. The so-called cactus bound states that
4.3) doq(u,v) > L(u) + L£(v) — Zmax{ [fmrﬁ £, [fnui ﬂ}.

See [35], Proposition 2.3.8, for a proof in a slightly different context, which is
readily adapted to our setting. Since vertex (0) has label £(0) = 0 and £ coincides
with the values of the bridge along the floor of f, the distance dq((0), u) for u €
V() \ {v°*} is lower bounded by

4.4 dq((0),u) > —maxy min b, min bj;.
4 a((0).4) {[O.rwn [¢(u).0—1] }
For an upper bound of dgq(u,v) when u,v € V(q) \ {v*}, choose i, €
{0,...,2n 4 o — 1} such that f(i) = u and f(j) = v. Define
7] {i,....j} ifi < j,
L, jl1= .
=V 2nto—1yu{o,....j)  ifi> .
Then there is the upper bound (see [33], Lemma 3, for a proof)
4.5) doq(u,v) < L(u) + £(v) — 2max{m_i1)1 £(), m_il)l)l(f)} + 2.
(i, j] [J.i]
Bounds similar to (4.3), (4.4) and (4.5) can be formulated for infinite quad-

rangulations ., constructed from triplets ((f, [), b) € Foo X Boo. For example, if
u, v € V(f) with v(u) < t(v), the cactus bound (4.3) reads

(4.6) dgoo (u,v) > L(u) + L(v) —2 [Fmi £.
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4.5.2. Bridges. We will need some properties of elements in B, . First, as it
is shown in [9], Lemma 6, by identifying a bridge (b(i),0 <i <o) € B, with the
sequence

A7) (1, 4L, =1, 41, L, =141, L, =1+, D),
—— ——
b(0)—b(o) b(1)—b(0)+1 b(2)—b(1)+1 b(o)—b(o—1)+1
times times times times

one obtains a one-to-one correspondence between B, and the set of sequences in
{—1, +1}%° counting exactly o times the number —1. As a consequence, | By | =
20
( GI)t is helpful to adopt the following point of view. Imagine that we mark o points
on the discrete circle Z /20 Z uniformly at random. Marked points obtain label —1,
unmarked points label 4+1. Now choose uniformly at random one of the 2o circle
points as the origin. By walking around the circle in the clockwise order starting
from the chosen origin, one observes a sequence of consecutive +1 and —1, which
is distributed as (4.7) when b is chosen uniformly at random in B, . In particular,
(b(o) —b(c —1)4+ 1)+ (b(0) —b(c) + 1) = —b(c — 1) 4+ 2 has the law of a size-
biased pick among all o consecutive segments of the form (+1, +1,...,+1, —1).
When o tends to infinity, it is readily seen that —b(o — 1) converges in distribution
to G + G’ — 1, where G and G’ are two independent geometric random variables
of parameter 1/2. This explains the particular law of the increment —bso(—1) of a
uniform infinite bridge b, that forms part of the encoding of the UIHPQ.
Next, let (X;, i € N) be a sequence of i.i.d. random variables with distribution

P(X, =k)=2"%72, k>—1.

Put ¥; = Y/_, X;, with £y = 0. Fix 0 < k < o, and denote by S® = (s®)(}),
J =0, ..., 0) the discrete bridge distributed as (X, j =0, ..., o) conditioned on
(X = —k}. Then the above considerations imply that S® is uniformly distributed
over the set of all bridges in ‘B, which attain the terminal value —k at time o.
Second, using that b is uniformly distributed over B, , we can compute

1 @o—k-1! o!

(4.8) P(b(o) = —k) = <2k

2 2o—-1! (oc—k!—
and P(b(o) = —k) — 271 as 0 — o00; see [9], Proof of Proposition 7, for a
complete argument.

4.5.3. Forests. In the rest of this paper, we will often use the following well-
known fact (see, e.g., [31], Section 2): If f = (0, ..., To—1) is chosen uniformly at
random among all forests with ¢ trees and n edges, then the corresponding discrete
contour path (C;(j), j =0,...,2n + o), is distributed as a simple random walk
path starting at O and conditioned to end at —o at time 2n 4 ¢. As a consequence,
we have for j € {1, ..., o} and a positive integer k,

Jj—1
(4.9) ]P’(Zh,-l:k):IP(Tj=2k+j|Tg:2n+a),
i=0
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where T_; denotes the first hitting time of —i of a simple random walk started
at 0. Also note that the joint law of the trees (7p, ..., T;—1) is invariant under
permutation of its components. Moreover, the sequence of trees (tp, ..., Ty—1) has
the law of o independent critical geometric Galton—Watson trees conditioned to
have total size n. In this context, we recall (see, e.g., [31], Section 2.2) that if Pgw
is the law of critical geometric Galton—Watson tree and t a given finite tree, then

(4.10) Pow(t) = (1/2)47 171,

Probabilities as in (4.9) can be computed using Kemperman’s formula (see,
e.g., [36], Chapter 6). It tells us that if (S;, i € Np) is a simple random walk started
at 0, then
(4.11) P(Tj:k):%P(Sk:j), j€Z,keN.

By applying Kemperman’s formula to P(7_, = 2n 4 o) and counting paths, we

obtain
5= 3" o <2n+0>
pd .

2n+o n

Note that the factor 3" accounts for the 3" possible labelings of a forest with n tree
edges.

For estimating P(S; = j) when k and j are large, one typically applies a local
central limit theorem. Setting

2 j?
Pk, j)= ex <——> j € Z,k €N,
and p(0, j) = 80(j), one has (see, e.g., [28], Theorem 1.2.1)
4.12) P(Sk = j) = plk. j) + O(1/k*?)

if k 4+ j is even, and P(S; = j) = 0 otherwise. Note that the above display holds
uniformly in the choice of j. For us, it will mostly be sufficient to record that
P(Sx = j) < Ck~—'/? for some C > 0 uniformly in j and k.

However, in the boundary regime o, > 4/n, we will sometimes find ourselves
in an atypical regime for simple random walk, where the control provided by (4.12)
is not good enough. In this case, we use the following asymptotic expression due
to Benes [5], Theorem 1.3, first case. For x << m such that x + m is even,

413) P(S, = x) = | > 3 ! N ivof* 4!
(413) BSm =) = 2 exp _Zzz(zz—l)mﬂ—l (+ (W+%)>’

(=1

uniformly in (x, m). Note that as it is remarked in [5], this expression can also be
obtained from [12], Theorem 6.1.6, by an explicit calculation of the rate function.



3426 E. BAUR, G. MIERMONT AND G. RAY

4.5.4. Remarks on notation. For ease of reading, let us finally specify a (nota-
tional) framework.

THE USUAL SETTING. For each n € N, we let Q3" = (V(Q3"), dgr, pn) be
uniformly distributed over the set Q" of rooted quadrangulations with n internal
faces and 20, boundary edges. Given Q)", we choose vy uniformly at random
among the elements of V(Qy"), and then (Q}", vy) is uniformly distributed over

n.0, and corresponds through the Bouttier-Di Francesco—Guitter bijection to a

triplet ((f,,, In), bn) uniformly distributed over the set §; x B,,. We let (Cy, Ly)
be the contour pair corresponding to (f,, [,) and write

Ly =(Ly(@)+by(—=C,()),0<t <2n+o0y,)

for the label function associated to ((f,, l,), bs).

The random triplet ((fx, loo), Poo) represents a uniformly labeled critical in-
finite forest and an independent uniform infinite bridge and encodes the UIHPQ
0% = (V(0). dgr, p). We write (Coo, Loo) for the corresponding contour pair
and £, for the label function.

While B, (Qy") denotes the closed ball of radius r around the root p, in Q5"
(viewed as a compact metric space), we will also consider the ball Br(o)(QZ”)
around the vertex f,(0) = (0), and similarly for the UIHPQ.

Given a random variable (or sequence) U and an event £, we will write L(U)
and L(U | &) for the law of U and the conditional law of U given &, respectively.
The total variation norm of a probability measure is denoted by || - ||Tv.

5. Auxiliary results. In this part, we collect general results and observations
which will be useful later on. Our statements on Galton—Watson trees might be of
some interest on its own.

5.1. Convergence of forests. The first two lemmas in this section provide the
necessary control over the trees of a forest f, chosen uniformly at random in ;"
in the regime o, < +/n. The proofs are given in the Supplementary Material [3].

LEMMA 5.1. Assume 0, < «/n. Denote by (ti)1<i<o, afamily of o, indepen-
dent critical geometric Galton—Watson trees. Then, for every 0 < < 1,

On
nl_i)rgOIP’(Eli e{l,...,0,) with || > én ‘ z;ml:n) —1.
i=

LEMMA 5.2. Assume 0, < «/n. Denote by (ti)1<i<o, afamily of o, indepen-
dent critical geometric Galton—Watson trees. Write i, for the smallest index such
that |t | > maxi<j<g,,i+i, |Tj|. Then
On

Z 7| = n) — L((t)1<i<o,—1)

i=1

=0.
TV

nli)IIgOH,C((Ti)lsisan,i;ﬁi*
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The next statement will prove useful for the regimes 1 < 0, < +/n and o, ~
o+/2n, o € (0, 00), as well as for the local convergence of Q5" toward the UIHPQ
when 1 < 0, < n. We stress that if 0, < /n, the following lemma is already a
corollary of Lemmas 5.1 and 5.2.

LEMMA 5.3. Assume 1 < 0, < n. Denote by (1;)1<i<s, a family of o, in-
dependent critical geometric Galton—Watson trees. If ky, is a sequence of positive
integers with k, < o, and k,, = o(o, A (n/oy)) as n — oo, then

On

nli)IgOH£<(Ti)l<i<kn ‘ > Il =n> — L((ti)1<i<k,)

i=1

=0.
TV

For the proof, we refer again to the Supplementary Material [3].

5.2. Convergence of bridges. Here, we collect two convergence results of a
bridge b, uniformly distributed in ‘B, which are valid in all regimes o, > 1.
The first lemma follows from [7], Lemma 10 (recall the remarks above on the
distribution of by,).

LEMMA 5.4. Assume 0, — 00, and let by, be a bridge of length o,, uniformly
distributed in B, . Then (b, (0ns)/A/20,,0 <5 < 1) converges as n — oo to a
standard Brownian bridge b, and the convergence holds in distribution in the space
C([0, 11, R).

The next lemma provides a finer convergence without normalization for the
bridge restricted to the first and last &, values when k,, = o(oy,).

LEMMA 5.5. Assume o, — 00. Let b, be uniformly distributed in B, , and
let bso be a uniform infinite bridge as defined in Section 4.4.2. Then, if k, is a
sequence of positive integers with k,, < o, and k,, = o(o,,) as n — o0,

nll)rgo}‘ﬁ((bn(on —kn)s ..., bp(on — 1), b, (0), bp (1), ..., bn(kn)))
The proof of Lemma 5.5 is provided in the Supplementary Material [3].

5.3. Root issues. We work in the usual setting introduced in Section 4.5.4.
As the next lemma shows, instead of showing distributional convergence of balls
in Q5" or Q% around the roots, we can as well consider the corresponding balls
around (0).

LEMMA 5.6. Let (ay, n € N) be a sequence of positive reals with a, — oo as
n — 00. Let r = 0. Then, in the usual notational setting, we have the following
convergences in probability as n — o0:
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(@) dou(B-(a;'- Q7). BV (a;!- Q5m)) — 0,
(b) dau(B,(a;'- 02), BV (@' - 02)) — 0.

The proof will be a consequence of the following general lemma.

LEMMA 5.7. Letr >0, and let E= (E,d, p) and E = (E',d’, p') be two
pointed complete and locally compact length spaces. Let R C E x E' be a subset
with the following properties:

e (p,p)ER,
e forall x € B, (E), there exists x' € E' such that (x,x") € R,
e forall y' € B.(E'), there exists y € E such that (y,y') € R.

Then dgu(B,(E), B, (E)) < (3/2)dis(R).

REMARK 5.8. Note that R is not necessarily a correspondence; nonetheless,
the definition of the distortion dis(R) from Section 2.4 makes sense (we allow it
to take the value +00).

PROOF OF LEMMA 5.7. We construct a correspondence R between B, (E)
and B, (E'). For each x € B,(E), there exists by assumption x’ = x/. € E’ such
that (x,x") € R. Since d'(x', p’) < d(x, p) + dis(R), we see that in fact x’ €
B, 1dis(r) (E'). We choose z' = z/(x) € B,(E’) that minimizes d’(x’, 7). Note that
such a 7’ exists in a complete and locally compact length space. Then d’(x’, 7/) <
dis(R). In an entirely similar way, using the third property of R instead of the sec-
ond, we assign to each y’ € B, (E’) an element z = z(y’) € B, (E). In this notation,
we now define

R={(x,7(x)):x € B,E)}U{(z(y),y):y € B-(E)}.

Clearly, Risa correspondence between B, (E) and B, (E’), and a straightforward
application of the triangle inequality shows that in fact dis(R) < 3dis(R). This
proves our claim, and hence the lemma. [

PROOF OF LEMMA 5.6. We show only (a), the proof of (b) is similar. We
apply Lemma 5.7 as follows. Instead of considering (V (Qp"), dgr, pp), We may
work with the corresponding pointed length space E,, = (E,;, d, p,) obtained from
replacing edges by Euclidean segments of length one, as explained in Section 2.4.2
(the distance d between two points is given by the length of a shortest path between
them). Similarly, we replace (V (Qp"), dg, (0)) by E, = (E,,d, (0)). Define

Rn = {(pn, (0))}U{(x,x):x € E, }.

Then R, fulfills trivially the properties of Lemma 5.7, and we have dis(R,) <
d(pn, (0)) = —by,(0,) by (4.2). From (4.8) we see that b,(0,) is stochastically
bounded, and the claim follows. []
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6. Main proofs.

6.1. Brownian plane. We prove Theorem 3.1, where /0, < a, K nl/4,

IDEA OF THE PROOF. Let ((f,, [x), b,) be uniformly distributed over SZH X
B, . Thanks to Lemmas 5.1 and 5.2, we know that for large n, f, has a unique
largest tree of order n, and all the other o,, — 1 trees behave as independent critical
geometric Galton—Watson trees. The maximal label in these o, — 1 nonlargest trees
is of order /0, ; see Lemma 6.2. Upon rescaling distances by a,, I this implies by a
result of Bettinelli [9], Lemma 23, that the part of the quadrangulation encoded by
the forest without its largest tree 7 is negligible in the limit n — oo. Conditionally
on its size, t is uniformly distributed among all plane trees, and so is the associated
quadrangulation among all quadrangulations with |t| faces and no boundary. Now
the second part of [20], Theorem 2, applies, stating that the Brownian plane is the
scaling limit m — oo of uniform quadrangulations with m faces when the scaling
grows slower than m /4.

To make things precise, we recall the following.

LEMMA 6.1 (Lemma 23 in [9]). Leto € N. Let ((f,1),b) € . x By. Fix any
tree T of f. Let b € {—1,0}. We view (z, | | T) as an element ofgllrl and denote by
g5 € Q and q, € Qllrl the quadrangulations associated to ((f,1),b) and ((z,! |
7), (0, b)), respectively, through the Bouttier—Di Francesco—Guitter bijection (the
distinguished vertices are omitted). Then

deu(V (a9, V(a.) §2<maxi— mini+1>,
ai(V(ap). V(ar)) VARG VD

where T stands for the tree T without its root vertex, and
() =) +b(xw)), ueV({,
is the labeling of | shifted by the values of the bridge b (see Section 4.1).

Let r > 0. For the balls Br(qf) and B,(q,) around the root vertices, we claim
that

©6.1) dan(B,(ap), B, (a,)) < 3du(V (ap). V(a,)) + 8.

Indeed, we may first replace both V(q;) and V(q.) by the corresponding length
spaces Qs and Q. as explained in Section 2.4.2. We obtain

|dGH(Br(qf)a Br(qr)) - dGH(Br (Qf), Br (Qr))| =< 2.
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We now note that every correspondence between Qj and Q. satisfies the require-
ments of Lemma 5.7, so that by this lemma

deu(Br(Qy), By (Qr)) < (3/2) infdis(R) = 3dcn(Qs. Qr)

< 3du(V(4p). V(a,)) +6,

where the infimum is taken over all correspondences between Q5 and Q.. The
preceding arguments give (6.1). We are now in position to prove Theorem 3.1.

PROOF OF THEOREM 3.1. We have to show that for each r > 0,

(62) B,(ay" - 03") —“ B,(BP)

n n

in distribution in K. Let ((f,, [;), b,) be uniformly distributed in Szn x B, , and

denote by uﬁ”) the largest tree of f, (we take that with the smallest index if sev-
eral trees attain the largest size). We let b, € {—1, 0} be uniformly distributed
and independent of everything else and denote by Qn the quadrangulation en-
coded by ((r,,f"), I, | u&n)), (0, b)), in the same way as in Lemma 6.1. Assuming
as usual that Q" is encoded by ((f,, [»), b,), we obtain from (6.1) together with
Lemma 6.1 that

A

A 6 ~
(6.3) du(B-(a;'-Q%), B, (a;'- 0,)) < —( max [, — min [,,)—I—o(l)
an \vE\E)  VENE")

as n — 00, where in the notation of Lemma 6.1, ﬁg") stands for the tree r,E") with-

out its root, and A[n (u) =l (u) + b, (x(u)), u € V(J,), is the labeling of §, shifted
by b,,. We claim that the right-hand side of (6.3) converges to zero in probability.
In this regard, recall that by Lemma 5.4, the values of b, are of order ,/0, < ay,
so that we may replace [% by [, in (6.3). Denote by f, = f, \ u&”) the forest ob-
tained from f, by removing ™ that s, if t,én) is the tree of §, with index i, then
f, = (r(g"), e, ri(f)l, tl.(i)l, . ré:’)_ 1)- We write (C,,, L},) for the contour pair cor-
responding to (f),, [, [ f,). We view both Cj, and L), as continuous functions on
[0, 00) by letting C/,(s) = C.(s A 2(n — |7]) 4+ 6, — 1)), and similarly with
L). The convergence to zero of the right-hand side in (6.3) follows now from the
following lemma.

LEMMA 6.2. In the notation from above, if a, > \/0,, then for every ¢ > 0,

. 1 7
nll)rrgoP(sup—|Ln(t)] > 8> =0.

t>0 An

PROOF. Let (%, (¢; )uevzy)s i =0,...,0, — 2, be a sequence of o, — 1
uniformly labeled critical geometric Galton—Watson trees. Consider the forest f,, =
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(T0, - - -, To,,—2) together with the labeling I, given by I, | V(%) ={;, foralli.Let
(C‘n, I:n) denote the contour pair associated to (%n, ~[,,), continuously extended to
[0, 00) outside [0, 22?;62 |T;| + 0, — 1] as described above.

By Lemma 5.2, we can for each § > 0 couple the pairs (C;,, L)) and (Cp, L)
on the same probability space such that with probability at least 1 — §, we have
the equality (C), L)) = (Cy, Ly) as elements of C([0, 00), R)2, provided n is suf-
ficiently large. Our claim therefore follows if

(6.4) lim P(sup i\in(m > s) =0.
n— 00 >0 dn

From Section 4.5.3, we know that C~'n has the law of a simple random walk started
from 0 and stopped upon hitting —(o;, — 1), with linear interpolation between inte-
ger values. By Donsker’s invariance principle, we know that ((1/0,,)Cy (a,%t), t>
0) converges in distribution to a Brownian motion (B;a7_,,f > 0) stopped
upon hitting —1. Arguments like in [31], proof of Theorem 4.3, then im-
ply convergence of the finite-dimensional laws on C([0, 00), R?) of the pro-
cess ((l/an)én (anz-), (l/ﬁ)in(a,lz-)), and tightness of the second component
follows via Kolmogorov’s criterion from moment bounds on én as in [31],
Lemma 2.13, (in our case, these bounds are in fact easier to establish, since we
consider an unconditioned random walk). We do not repeat the arguments here,
but refer the reader to [31] or [7], Section 5, for more details. We obtain the con-
vergence in distribution

(ié (02, ——7 (02.)) D (Bar . 7) inC(0,00), R

o, n\9y, aﬁ n\9, o0 AT_1> s s s

where Z = (Z;,t > 0) is the Brownian snake driven by (B;a7_,,t > 0). Since
a > /oy, this last result clearly implies (6.4) and hence the assertion of the
lemma. [

Going back to (6.3), it remains to show that for ¢ > 0, F : K — R continuous
and bounded and n > ng,

(6.5) |E[F(B,(a;'- 0,))] — E[F(B,(BP))]| <.
Let 0 < § < 1. We estimate
[E[F (B, (a, " - O))] - E[F (B,(BP))]|
< 2sup| FIP(|z"| < én)
+ > P(r[=k)E[F(B-(a," - Qn)) | 1" =K]
k=[n]
— E[F(Br(BP))]|.
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For n > n(é, ¢) € N sufficiently large, Lemma 5.1 gives 2 sup |F|IP’(|‘1:>§")| <én) <
&/2. As to the sum, we note that conditionally on |r,£")| =k, Qn is uniformly dis-
tributed among all rooted quadrangulations with k inner faces and a boundary of
size 2. Removing the only edge of the boundary which is not the root edge, we ob-
tain a uniform quadrangulation with k faces and no boundary. Clearly, the removal
of this edge does not change the underlying metric space. By [20], Theorem 2, we

therefore get for k > [$n] and n sufficiently large, recalling that a,, < n'/4,
E[F (B, ay " - 0))] | || = k] — E[F (B, ®P))]| < e/2.
This shows (6.5), and hence (6.2). [

6.2. Coupling of Brownian disk and half-planes. We will now prove Theo-
rem 3.7 and Corollary 3.8. Let us first show how the corollary follows from the
theorem.

PROOF OF COROLLARY 3.8. Theorem 3.7 implies that with probability 1, for
every r > 0, the ball B,(BHPy) is included in an open set of BHPg homeomor-
phic to H. This shows that BHPy is a simply connected topological surface with a
boundary, and that this boundary is connected and noncompact: it must therefore
be homeomorphic to R. We construct a surface S without boundary by gluing a
copy H of the closed half-plane H to BHP, along the boundary. This noncompact
surface is still simply connected by van Kampens’ theorem (see Theorem 1.20
in [25]), and in particular, it is one-ended. Therefore, it must be homeomorphic to
R2; see [37]. Now if ¢ is a homeomorphism from the boundary of BHPy to R, then
a simple variation of the Jordan—Schoenflies theorem (see, e.g., [40], Theorem 3.1)
implies that ¢ can be extended to a homeomorphism ¢ from S to R?, and the two
halves BHPy and H of S must be sent via ¢ to the two half-spaces H and —H.
In particular, ¢ induces a homeomorphism from BHPy to a closed half-plane, as
wanted. [

We turn to Theorem 3.7, and in this regard, we first collect some notation used
throughout this section.

6.2.1. Notation: Brownian half-plane and disk. We fix a perimeter function
o(-):(0,00) — (0,00) as given in the statement of Theorem 3.7 and let 6 =
limr_, 000 (T)/T € [0, 00). For T > 0 large but fixed, we will work with the fol-
lowing processes, which we tacitly assume to be defined on a joint probability
space:

F a first passage Brownian bridge on [0, 7] from 0 to —o (T);

b a Brownian bridge on [0, o (T')] from O to 0, scaled by V3, independent of F;
B a Brownian motion on [0, co) with drift —6, started from By = 0;

[T the Pitman transform of an independent copy of B;
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e y a two-sided Brownian motion on R with y = 0, scaled by the factor /3,
independent of (B, IT).

Recall Definition 2.3. We will assume that the Brownian disk BDr (7) 1s given in
terms of the contour function F, and that its label function W is defined by

Wi, 0<t<T)=(b-F,+2:;,0<1t<T),

where (Z;,0 <t <T) = ZF~E is the random snake driven by F — F, with
F, =infjg ;) FF. We shall write dr and dy for the pseudo-metrics on I = [0, T']
associated to F' and W, respectively; cf. (2.1). Moreover, we write D instead of
Dp w (cf. (2.2)), so that the Brownian disk BDr ,(7) is the pointed metric space
([0, T]/{D =0}, D, p), with p being the equivalence class of 0.

REMARK 6.3. We stress that all the quantities appearing in the definition of
BD7 (1) depend on T or o (T) (like F, b, W, Z or the pseudo-metric D). The real
T measuring the volume will be chosen sufficiently large later on, but for the ease
of reading, we mostly suppress 7' from the notation. Note moreover that we define
here W in terms of the processes F, b and Z; in particular, W does not denote the
canonical process as in Section 2. Finally, we stress that the factor /3 is already
part of the definition of y, contrary to Definition 2.3.

Next, recall Definition 2.6. We will assume that the Brownian half-plane BHPy,

6 € [0, 00), is given in terms of contour and label processes X? = (Xf, t €R) and
wo = (W,O,t € R) defined as follows:
B if £ >0,

X9 = w? = 7% teR),
f 7, if1 <0, (vxs + % )

where 27 = (Zf, teR)= 7X"=X" is the random snake driven by XY — X%, with
XY = infjp,) X% for t > 0, and X¢ = inf(_co ) X? for t < 0. We write dys and
dye for the pseudo-metrics on R associated to X 9 and WY, respectively, and Dy
instead of Dys e, so that the Brownian half-plane BHPy is given by the pointed
metric space (R/{Dg = 0}, Dg, pg), with py being the equivalence class of 0.

6.2.2. Absolute continuity relation between contour functions. A key step in
proving Theorem 3.7 is to relate the contour function X? for BHPg to the contour
function F for BD7 (1), in spirit of [20], Proposition 3.

Let T >0, and o, B > 0 with o + 8 < T. We interpret the pair ((F7)o<r<a>
(Fr—1)o<t<p) as an element of the space C([0, ], R) x C([0, B], R) and write
(w, ') for a generic element of this space. We next introduce some probability
kernels. Let r > 0. For x € R, the heat kernel is denoted

= ()
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For x, y > 0, the transition density of Brownian motion killed upon hitting 0O is
given by
P, y)=pf(y,x)=pi(y —x) = pr(y +x).
The density of the first hitting time of level x > 0 of Brownian motion started at 0
is
X
gr(x) = ;Pt(x)-

The transition density of a three-dimensional Bessel process takes the form

2ygr(y) if x =0,
xIpFeey)y  ifx,y>0.

In [38], Theorem 1, Pitman and Rogers show that the Pitman transform of a one-
dimensional Brownian motion with drift —6 has the law of the radial part of a
three-dimensional Brownian motion with a drift of magnitude 6. In particular, if
0 =0, it has the law of a three-dimensional Bessel process, and for all 6 > 0, it
is a transient process. In [38], Theorem 3, it is moreover shown that its transition
density is given by

(66) rt(-x’y)z

6.7) a? (x, y) = exp(—(1/2)6%)h " (x0)r, (x, y)h(y0),
where
-1 . .
hx) = x~ " sinhx %fx > 0,
1 ifx=0.

LEMMA 6.4. In the notation from above (and from Section 6.2.1), the law of
((Fl)OftSa’ (FT—t)Oftfﬂ)
is absolutely continuous with respect to the law of
((Bz)0§t§ou (Ht - G(T))Ogtgﬂ)’
with density given by the function
OT.0.p(0, @)
= Ly >—o(T) for se[0,a]} (@)
 Piaep@a +0(T) 0+ 0 (7)) exp(ead + «tbp2)
2wy +0(T))gr(a(T)) h((wp +0o(T))0)

Moreover, if Py g denotes the joint (product) law of ((B;)o<i<a» (I1r)o<r<p), the
following holds true: For each & > 0, there exists To > 0 and a measurable set
E = E(e, Tp) C C([0, o], R) x C([0, BI, R) with Py g(E) > 1 — & such that for
T = To,

sup loT0.p(@, @) — 1| <e.
(w,0'+0(T))eE
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Note that ¢7 4 g depends on the second coordinate w’ only through its end-
point wj.

PROOF OF LEMMA 6.4. First, note that the law of the first passage Brownian
bridge F is specified by Fr = —o (T) and

. gr-r (Y +0o(T))
(6~8) E[f((Ft)Ofth’)]:E[f((V)OEtsT/)]]-{)?T,>—a(T)} ! ;T(;(T)) ]

for all 0 < T’ < T and all functions f € C([0,T’],R), where y is a one-
dimensional Brownian motion started from zero (without drift). Let us next sim-
plify notation. For x € R, write X =x +0o(T). For 0 <t < <--- <t, and
X1y, Xp > —0(T),let

Giypoty (1o Xp) = pyy (0 (T), 51) pry_y 1, X2) - pf (K1, Kp).
ForO <t <t) <--- < t; and xpq1,...,Xprg > —0(T), let
Ht; ..... ,é(xp+q,...,xp+1)
= * ~ ~ * ~ ~
=81 (xp+q)P,2’_t{ (xp+qa xp+q71) cee pté_tl;—l (xp+2» xp+l)-

Now fix 0 <t <tp <--- <tp=a and 0 < 1| <té<---<t(’1=,3. We infer
from (6.8) that the density of the (p + ¢)-tuple (£, ..., F,, FT_,[;, ceey FT_,{) is
given by the function

Sty ) (X150 Xptq)
:th ..... tp(xl,---,xp)Ht{ ,,,,, té(xp-i—qa---,xp-i—l)
" - -
6.9) pT_(a_Hg)(xp’xp—l-l)
gr(a(T))
From Girsanov’s theorem, we know that the finite-dimensional distributions
(Bt .-+ Br,) of a one-dimensional Brownian motion B with drift —6 are abso-

lutely continuous with respect to those of Brownian motion py without drift, with
a density given by exp(—@;?,p — ab? /2). Next, we see from (6.7) that the law of
(H,{ —o(T),..., Ht(/] — o0 (T)) has density

Tty (Xptgs s Xpt1)
=2%p11 exp(—(,3/2)92)h(ip+19)H,{’m’,(/] (Xptgs oo s Xpt1)s
for xp4g,..., Xpy1 > —o(T). By (6.9) and the last two observations, the first

claim of the statement follows.
As for the second claim, for every § > 0, by continuity of B and I, we can find
a constant K = K (8, «, 8) > 0 in such a way that

(6.10) IP’(minB > —K,max Il < K) >1-3.
(0,01 [0.4]
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The second claim now follows from (6.10) and the fact that for every 8’ > 0, if T
is large enough, we have

Pi—taipy &+ (D). y +0(T) exp(xd + 5207 e
2(y+0(T))gr(o(T)) h((y+0o(T))0) -

uniformly in x € R with |[x| < K and y > —o (T') with |y + o (T)| < K. The last
display in turn follows from a straightforward but somewhat tedious calculation;
we give some indication for the case limr_, oo 0 (T)/T =0 > 0. First, as T — oo,

(6.11)

p;_(a_;_ﬁ)(x +0o(T),y+0o(T)) exp(xf + #92)
2(y+0(T))gr(o(T)) h((y +0(T))0)

(y—0)? (x+y+20 (7))
N (eXP(—m) - eXP(—m)> exp(x6 + #92)

exp(=o*(T)/(2T)) 2sinh(0(y +0(T)))’
Then, uniformly in x and y as specified above, we find
( (v —»)? o*(T)
expl| — +
AT —(x+p) 2T

) ~ exp((—x +y+0(1))6 — #92)

and
(x+y+20(T)*  o*(T)\ _ a+B s
exp(— T @t B) + 5T ) exp((—x —y—0o(T))0 — T@ )

Putting these three estimates together, (6.11) follows. The remaining case
limr_ 000 (T)/T =0 with liminfr_, o O'(T)/\/T > () is similar but easier (note
that the expression for ¢7 g simplifies when 6 =0). [J

We need a similar absolute continuity property for the Brownian bridge b. In the
next lemma, we let additionally ¥’ be an independent copy of the linear Brownian
motion y (again scaled by the factor v/3).

LEMMA 6.5.  The law of ((b1)o<t<a» (bo(T)—1)0<1<p) is absolutely continuous
with respect to the law of ((Vi)o<t<a» (V) )o<i<p), with density given by the function

i  Po)—+p) (@ — 0a)/V/3)
Praplow, o) = }
Po(1)(0)

Moreover, if Py g denotes the joint law of ((V1)o<r<a> (yt’)oftfﬁ), the following
holds true: For each ¢ > 0, there is To > 0 and a measurable set E = E (g, Ty) C
C([0, a], R) x C([0, BI, R) with Py g(E) > 1 — & such that for T > Ty,

sup |@r.ap(w, @) —1|<e.
(w,)EE
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PROOF. The first part is immediate from the fact that the law of the Brownian
bridge b is specified by b,y =0 and

Po )1 (V1 //3) ]

6.12) E[f((b)o<i<17)] = E[f(()/t)oszsr/) Poct)(0)

forall 0 < T’ <o(T) and all f € C([0, T'], R). The proof of the second part is
very similar to that of Lemma 6.4. We omit the details. [

6.2.3. Cactus bounds for BDt (1) and BHPg. We shall need the continuous
analog of the cactus bound (4.3) for the pseudo-metric D associated to the Brow-
nian disk BDr (7). Recall from Section 2.1 that the contour function F encodes
a random real tree (Tr, dr). We write pr : [0, T] — Tr for the canonical projec-
tion. Being almost surely a class function for the equivalence relation {dr = 0},
we may view the label function W as well as a (random) function on 7. In anal-
ogy to (4.3), given 0 <s <t < T, we denote by [s,?]7, the geodesic segment
between pr(s) and pr(t) in the tree T, whereas [, s]7;. stands for the union of
the geodesic segments from pr(¢) to pr(7T) and from pr(0) to pr(s). The cactus
bounds now reads

(6.13) D(s,t) =W+ W, — 2max{ min W, min W}, s,tel0,T].
Is.e]7  [ts]7%

See, for example, [20] for a proof of the corresponding bound in the context of the
Brownian map, which can easily be adapted to the Brownian disk. We will often
use the fact that for s <, [s, ] contains all the vertices of the form pr(ry),
where r, is a time between s and ¢ where F attains a new minimum. In fact, 7¢
has a distinguished geodesic segment of length o (T') given by pr({T),0 <y <
o(T)}), where we have set here Ty = inf{r > 0: F, = —y}. One may view this
segment as the floor of a forest of R-trees of the form 7, = pr((T,—, T,]) coded
by the excursions of F above its past infimum. One may then imagine the R-tree 7,
as being attached to the point pg(Ty) of the floor. Note that pg(Ty) is at distance
y from pr(0) (in 7F). See also [11], Section 2.

A similar bound holds for the pseudo-metric Dg associated to the Brownian
half-plane BHPg, namely

(6.14) Do(s', )= WS+ W) =2 min WY, s <ieR.
[[S/’t/]]TXg

Here, in hopefully obvious notation, [s’,#']7,, stand for the geodesic segment
between pye(s’) and pye (') in the (infinite) random tree 7Ty, and pys : R —
Txe is the canonical projection. We refer again to the proof in [20], which can be
transferred to our setting.
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6.2.4. Isometry of balls in BDt ) and BHPy. Before finally proving The-
orem 3.7, we first prove the following weaker statement (compare with Proposi-
tion 4 of [20] for the Brownian map and the Brownian plane).

PROPOSITION 6.6. Lete >0,r > 0. Let o (-) : (0, 00) — (0, 00) be a function
satisfying imr_, o0 (T)/T =0 € [0, 0) and, in case 8 =0, liminfr_, o, 0 (T)/
VT > 0. Then there exists To = To(e, r, o) such that for all T > Ty, one can con-
struct copies of BDr (1) and BHPg on the same probability space such that with
probability at least 1 — ¢, the balls B, (BDr (1)) and B,(BHPy) of radius r around
the respective roots are isometric.

PROOF. We use the notation specified in Section 6.2.1. For x € R, let
n(x) =inf{t > 0: B, < —x}, ne(x) =sup{t > 0: I1; = x}.

We fix ¢ > 0 and r > 0 and first introduce some auxiliary events. For A > 0, define

min y < —6r, min y < —6r, min y < —6r,
SI(A) [0,A] [A,A?] [AZ,A3]
| min y < —6r, min  y < —6r, min _y < —6r
[—A,0] [—A2Z,—A] [—A3,—A2]

Next, for ug > 0, A > 0, let
(A, uo) = {m(A%) <uo},  E(A,uo) = {ne(A%) <uo}.

For uy > uy > 0, let

54(u1,u2):{ inf IT> min l'[}.

[u2,00) [ug,uz]

For uz >uy >0and T > u3, let

Es(uz,ug,T)={ min F > min F}.

(0,7 —u3] [T —u3, T—us]

Standard properties of Brownian motion imply that there exist A > 0 such that
P(E') > 1 —¢/10, and we fix A accordingly. Then we can find uo > 0 in such
a way that P(£%) > 1 — ¢/10 and P(£%) > 1 — /10, due to the fact that IT is
transient. Then we can find u and uy with u» > 11 > ug such that IF’(<S’4) >1-—
e/10.

At last, we claim that we can find u3 satisfying u3 > u and T;; with Tj >
2u3 such that for T > T/, P(£%) > 1 — /10. To see this, let A’ > 0 be a number
whose exact value will be fixed later on. If T is such that o(T) > A’, note that
E3(ua, u3, T) contains the event {to(r)—a € [T —u3, T — uz]}, where 7, is the
first hitting time of —x by the first-passage bridge F. A use of (6.8) and the strong
Markov property shows that the law of T — 7, (7)o’ has a density given by

gri(o(T)— A

, O<t<T.
gr(o(T))

g:(A)
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It is a simple exercise to see that this converges to g\”) (A") = g/(A") exp(H A’ —
6%t/2) as T — oo, which in turn is the probability density of the first hitting time
of level —A’ by a Brownian motion with drift —6. An application of Scheffé’s
lemma entails that P(T — 7, (7y_a’ € [u2, u3]) converges to f;‘; g,(g)(A/) dr. For
a fixed uy, one can choose A’ such that fuozo g,(e)(A’) dt > 1 — &/40 (this is clear
from the interpretation of g?(A’) as the density of the hitting time of —A’ for a
Brownian motion with drift). For this choice of A’, we can then choose u3 such
that f;; gt(e)(A/ )dtr > 1 — ¢/20. Finally, we see that for 7' large enough, one has

P(E5(uz, u3, T)) = P(T — T (ry_ar € [u2, u3]) > 1 — /10,
as wanted.

We now fix numbers A, u3 > up > u1 > ug and T(; as specified above. By Lem-
mas 6.4 and 6.5, we deduce that we can find Tp > T in such a way that for every
T > Ty, the processes F, b, B, I1, y can be coupled on the same probability space
such that the event

Ft:Btv FT_I:HT—O'(T) fOl‘l‘E[O,u3],
ENT) =

by = yx, bo(T)y—x = V—x for x € [0, A%]

has probability at least 1 — ¢/2, F is independent of b, B is independent of I1, and
y is independent of (B, IT).

Now fix T > Ty. Recall that the label function (W;,0 <t < T) of the Brownian
disk BD7 4 (7) is defined in terms of F', b, and the snake Z; see Section 6.2.1. We
put

W; if t €0, uq],
Wl = .
Wris ift €[—uy,0].

Given F, the process (W;);e[—u,,4,] 18 Gaussian; moreover, if we restrict ourselves
to the event £, we have

F = min F fort € [0, .
LTt (T—u3.T—1] [0, u1]

Hence the covariance of (W;);e[—y, ;11500 E 3 a function of the process

(6.15) ((F)o<t<us» (FT—1)0<t<us)-

We turn to the Brownian half-plane and its label function W% = (W,e,t e R),
which are defined in terms of B, II, y, 7?7 see again Section 6.2.1. Condition-
ally on (B, IT), W9 is a Gaussian process. Moreover, since on the event £,

inf IT = min I1 for ¢t € [0, u1],

[7,00) [r,u3]
the covariance of the restriction of W? to [—u1,u1] is on £* given by exactly
the same function of the process ((B;)o<s<us, (Il;)o<r<u;) as the covariance of
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(W¢)re[—uy,u;) as a function of the process in (6.15). Since a shift of IT does not
affect the covariance, we can instead consider the process

(6.16) ((31)05t5u3s (Ht - G(T))O§t§u3)'

On the event £Y, both processes (6.15) and (6.16) coincide. On the event E4NE> N
&9, we can therefore construct W and W¥ in such a way that

(6.17) W,=w?  Wr_,=w?  forallr €[0,ui].

We shall now work on the event F =&£' N2 NE3NEYNE N ES, which has
probability at least 1 — &, and assume that the identity (6.17) holds true. According
to our convention explained in Remark 6.3, we mostly drop 7" from the notation.
We follow a strategy similar to [20]. Let s,¢ € [0, T']. If either both s,7 €
[0,T/2] orboth s,t € [T/2,T], we let
dw(s,t)=Ws+ W, —2 min W.

[sAt,sVi]

Otherwise, we set

dw(s,))=Ws+ W, —2  min w.
[0,s At]U[sVE, T

In the notation from above, we have the following.

LEMMA 6.7. Assume F holds.

(a) Foreveryte[m(A), T —n:(A)], D(,1) >r.
(b) Foreverys,t €0, nm(A)]U[0, T —n:(A)] with max{D(0, s), D(0,1)} <r,
it holds that

k
(6.18) D(s,1) = s,,;l,l.l.]fsk,rk z;dw(sz', ti),
=
where the infimum is over all possible choices of k € N and reals sy, ..., sk, t1,
ot €10, MADTUIT —ne(A?), T such that sy = s, ty = t, and dp (i, siv1) =0
forl<i<k-—1.

PROOF. (a)Ifr € [m(A), T — n:(A)], then the cactus bound (6.13) yields

(6.19) D@,t) =W, —2max{ min W, min W}.

0.7  [+0]7
Let us show how to bound the first minimum on the right-hand side. On the event
E0 b, = y for x € [0, A3]and F; = B, for t € [0, u3]. On the event £2, we know
that the first instant 11(A) when B attains the value —A is bounded from above
by ug, which satisfies ug < u; < u3z. It follows that for ¢ > 1(A), the geodesic
segment in 75 between pr(0) and pr(t) contains the segment [0, 71(A)]7; and,
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therefore, all the vertices of the form pr(n(x)) for 0 < x < A. Moreover, on £ L
minp, 4] ¥ < —6r. Going back to the definition of W (and using the fact that Z;
equals zero if F attains a new minimum at ¢), we obtain that the first minimum on
the right-hand side is bounded from above by —6r.

For the second minimum on the right of (6.19), we first observe that on the
event £°, we have also by _, = y_, for x € [0, A3] and Fy_, =1, — o(T) for
1 € [0, u3]. Now on £ N E°, we have

Fr = i F=min(IT —o(T fort € [0, u1].
=i =iy o @) forre

But on &3, nr(A) < ug < uy, so that in particular

Erona = [nr{gi)r,lm](n —oM)zA=a,
where for the last inequality we used the fact that [T, > A for t > n.(A). On £ 1
also minj_4 0]y < —6r, and since [t, 0]y contains all the vertices of the form
pr(T — ne(x)) for 0 < x < A, the second minimum is bounded above again by
—6r. This proves D(0, ¢t) > 6r whenever ¢ € [(A), T — n:(A)], which is more
than we claimed.
(b) Recall that D(s, t) is given by

k
inf Zdw(s,-,t,-) ck>1,851,....8,H,...,.. €[]0, T],s1 =s,1; =t,
i=1

(6.20) dF(t,-,s,-H):Oforeveryie{l,...,k—1}}.

Since D(s,t) < D(0,s) + D(0,t) < 2r for s, as in the statement, it suffices to
look at sy, ..., Sk, t1, ..., t € [0, T] with

k
(6.21) > dw(si 1) <3r.
i=1
We now argue that on the right-hand side of (6.20), we can restrict ourselves to re-
als sy, ..., t, ..., €0, m(Az)] UIT — nr(AZ), T]. Note that from the cactus
bound and the fact that Wy = Wy = 0, we have |W,| < r whenever D(0,s) <r.
Therefore, the cactus bound gives

D(s,t,-)z—r—max{ min W, min W}.
s.i]lm  lisl7e

On the event £°, b, = Ve, b —x = y—x for x € [0, A3l,and F, =B,, Fp_, =11, —
o (T) for t € [0, u3]. Moreover, on &2, we have m(Az) <up, nr(Az) < up.

Recall that by assumption s € [0, ;(A)] U [T — n:(A), T]. If there is i €
{1, ..., k} such that #; is not included in [O, m(AZ)] UlT — nr(Az), T1], then both
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minima on the right-hand side in the display above are taken over segments which
include either [(A), n(A%)]7 or [T — n:(A%), T — 1:(A)]7;. Therefore, in this
case,

(6.22) D(s, t;) > —r — max{ min W, min W}.

I mAD) . [T—n:(AD). T =0 (D] 7
We can now argue similar to (a) to show that both minima are bounded from above
by —6r. Since [—A%, —A]lC B([m(A), m(Az)]), and since the geodesic segment
[m(A), m(AZ)]]TF contains all the vertices of the form n;(x) for A <x < A2, the
bound on the first minimum follows from the fact that on &', mingy 42,y < —6r.
The second minimum is treated similarly and left to the reader.

With these bounds, we obtain D(s,t;) > 5r. On the other hand, we know
from (6.21) that D(s, t;) < 3r, a contradiction. The case where s; is not included
in [0, m(Az)] UIT — nr(Az), T]forsomei €{l,...,k} is analogous.

Therefore, we can restrict ourselves in (6.20) to reals sy, ..., Sk, f1,...,fk €
[0, m(Az)] UIT — nr(AZ), T]. We still have to show that we can replace dw
in (6.20) by dw. Let s1,..., 8¢, 11, ..., 1% € [0, (AD)] U [T — n:(A2), T] with
s1 =s, tr =t and such that (6.21) holds. Assume first that there is i € {1, ..., k}
such that s; € [0, m(Az)] and t; € [T — nr(Az), T1], and let us show that then
dw (si, t;) = dw (s, t;). First, by (6.21) in the first inequality,

3r>dw(s,si) > Ws — W, .

Since Wy > —r, this shows W, > —4r, and identically one obtains W; > —4r.
Using again (6.21),

3r>dw(si, t;)

=W, +W, — 2max{min W, min W}
[si 2] [0,5;1U[,T]

> —8r — 2max{min W, min W}.
[si.ti] [0,si1U[#,T]
We claim that this last inequality can only hold if the maximum is attained at
the second minimum (which means precisely dw (s, ;) = c?W(s,-, t;)). Indeed,
if s; € [0, m(Az)] and t; € [T — nr(Az), T], then [s;, t;] contains the interval
[nl(Az), 771(A3)]. Arguing in the same way as for the first minimum in (6.22), we
deduce that mingg, ;) W < —6r, which proves our claim.

The case where t; € [0, m(AZ)] ands; € [T — nr(AZ), T]1is treated by symmetry.
Assume now both s;, #; lie in [0, 771(A2)]. Then the interval [s; V t;, T] contains
the interval [m(Az), m(A3)], so that ming,\,, 71 W < —6r by the same reasoning,
which gives again dw (s;, t;) = JW (s;, t;). If both s;, t; liein [T — nr(Az), T], then
[0, s; A t;] contains [T — nr(A3), T — nr(Az)], and the minimum of W over this
interval is again bounded from above by —6r, using arguments as for the second
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minimum in (6.19) (or (6.22)). This leads to dw (s;, ;) = JW (si, t;) also in this
case, which completes the proof of (b). [J

We turn to the analogous statement for the pseudo-distance function Dy of the
Brownian half-plane BHP. Recall the definition of (X?, W?); cf. Section 6.2.1.

LEMMA 6.8. Assume F holds.

(a) Foreveryt' € (—o0, —n:(A)]U[m(A), 00), Dg(0,1") > r.
(b) For every s',t" € [—n:(A), m(A)] with max{Dy(0,s"), Dy(0,t)} < r, it
holds that

(6.23) Dy(s', 1) Zdwe Sio 1)
51 ’1 Sk i
where the infimum is over all possible choices of k € N and reals s, ..., s, 1],
L€ [—n:(A2), n(AD)] such that sy=s",tp =t and dyo (t],s;, ) =0 for 1 <
i<k-—1.

PROOF. Essentially, one can rely on the identity (6.17) and then follow the
proof of Lemma 6.7. Let us now sketch how to prove (a); the proof of (b) is left to
the reader. If ¢’ € (—o0, —n;(A)], the cactus bound (6.14) gives

Dy(0,7") > — min wo.
[=m (.07,

The very definitions of w? and nr(A) together with the fact that on & L
min[_a 0y ¥ < —6r, entail that the minimum is bounded from above by —6r. The
same bound holds if ’ € [17(A), co), which proves (a). [

Combining Lemmas 6.7 and 6.8, we obtain the following corollary. For the rest
of the proof of Proposition 6.6, we set for u € [0, T'],

{u ifue[0,T/2],
I(u) = .
u—1T ifuell/2,T].

COROLLARY 6.9. Assume F holds. Let s,t € [0, (A)]U [T — n(A), T].
Then max{D (0, s), D(0, t)} <r if and only if max{Dy (0, I (s)), Dg(0, I (1))} <.
Under these conditions,

D(s,t) = Dg(I(s), I(1)).
PROOF. Lets,t €[0,q(A)]U[T — n(A), T]. We first claim that the expres-

sion on the right-hand side of formula (6.18) agrees with that on the right-hand side
of (6.23) for s’ = I(s),t = I(¢). First, recall that on F, max{n(A?), n:(A%)} <
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ug < T/2. Therefore, u € [0, (A2 U [T — n(A?), T] if and only if I(u) €
[—1:(A%), m(A®)]. Now let s1,..., 5k, 11, ..., &k € [0, m(A)]U [T — n:(A%), T]
such that s = s and 7 = ¢. On F, we have dp(t;, si+1) = 0 if and only if
dxo(I(t;), I(si+1)) =0, and jw(si, t;)=dwe(I(s;), 1(t;)) foreachi e {1,...,k},
which proves our claim. Next, we argue that max{D(0, s), D(0, ¢)} < r implies
max{Dy (0, I(s)), Dg(0, I(¢))} < r. Indeed, the right-hand side of (6.23) special-
izedto s’ = I (s), " = 0 yields an upper bound on Dy (0, I (s)), and then the equal-
ity of the right-hand sides of (6.18) and (6.23) just shown gives Dy (0, I (s)) <
D(0,s) < r, and the same for Dg(0, I(¢)). The fact that max{Dy(0, I(s)),
Dy (0, 1(t))} <r implies max{D(O0, s), D(0, t)} <r follows from a symmetric ar-
gument.

Under these conditions, Lemma 6.7 shows that the right-hand side of (6.18) is
equal to D(s, t), whereas by Lemma 6.8, the right-hand side of (6.23) is equal to
Dy(1(s), I(t)). (Note here that on F, s, € [0, ;(A)]U [T — n:(A), T] is clearly
equivalent to I(s), I(t) € [—n:(A), n(A)].) Using once more the equality of the
right-hand sides of (6.18) and (6.23), we obtain D(s,t) = Dy(I(s), I (1)), and the
proof of the corollary is complete. []

We complete the proof of Proposition 6.6 by showing that the balls
B, (BD7,5 (1)) and B,(BHPy) are isometric on the event F. By Lemma 6.7(a),
points in B,(BDr (7)) are on F equivalence classes of the form [s] for s €
[—n:(A), n(A)]. By the last statement of Corollary 6.9, we deduce that the map
I from above can be viewed as an isometric map from B, (BDr (1)) to the quo-
tient BHPy = (R/{Dg = 0}, Dy, pp). From Lemma 6.8(a), we see that / maps
B, (BDr (7)) onto B,(BHPy), and it sends p, the equivalence class of O in
BD7,4 (1), t0 pg, the equivalence class of 0 in BHPy. This completes the proof
of the proposition. [

We end this section by improving Proposition 6.6 to the statement of Theo-
rem 3.7.

6.2.5. Proof of Theorem 3.7. 'We will need some known facts about the Brow-
nian disks of finite volume, mostly from Bettinelli [9, 10]. We will simply write
Y= ([0, T]/{D =0}, D, p) instead of BD7 (1), and, accordingly, py : [0, T] — Y
denotes the canonical projection.

Although many of our quantities will in the following depend on T, we follow
our convention explained in Remark 6.3 and mostly omit 7" from the notation.

LEMMA 6.10 (Proposition 17 in [10]). Let s,t € [0,T] with s # t be
such that py(s) = py(t) (equivalently D(s,t) = 0). Then either dr(s,t) =0 or
dw (s, t) =0. Moreover, the topology of Y is equal to the quotient topology of
[0, T]1/{D = 0}.
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LEMMA 6.11 (Theorem 2 and Propositi(ll 21in[9]). Almost surely, the space
Y is homeomorphic to the closed unit disk ID. The boundary of Y as a topological
surface is determined by

Pyl @Y)={s€[0,T]: Fy=F,).

Let f be a real-valued function defined on an interval J/ C R, and letr € J. We
say that ¢ is a right-increase point of f if there exists ¢ > 0 such that [¢,7 +e] C J
and f(s) > f(t) for every s € [t, t + ¢]. Left-increase points are defined similarly,
and a unilateral increase point is a time ¢ which is either a left-increase point or
a right-increase point. Note for instance that the preceding lemma implies that a
point of dY is necessarily of the form py(s), where s is a unilateral increase point
of F.

LEMMA 6.12 (Lemma 12 in [9]). Almost surely, the sets of unilateral increase
points of F and W are disjoint.

The following lemma is not strictly needed but useful; see also [32].

LEMMA 6.13 (Lemma 11 in [9]). Almost surely, there exists a unique sy €
(0, T) such that Wy, = minjo, 71 W.

For r € [0, T), define
q)t(r)=inf{szot:WS=WI_r}v OSrSWl_WS*a

where in the notation >,, it should be understood that we consider the cyclic
order in [0, T] when T and O are identified. More precisely, identifying [0, T)
with R/TZ, for s,t € [0, T), let [s, t], be the cyclic interval from s to ¢, namely,
[s,t]o =1[s,t]if s <t and [s,t]o=1[s,T)UJ[0,¢]if t < 5. Then ®,(r) = s if and
only if W, > W; —r for every u € [t, s], \ {s}, and Wy = W; — r. The properties
that we will need are summarized in the following statement. For the rest of this
section, the time s, € (0, T') is specified as in Lemma 6.13.

LEMMA 6.14. The following properties hold almost surely:

(a) Foreveryt €[0,T), the path I'; = py o ®; is a geodesic path from py(t) to
Xs = Py (Ss).

(b) For every geodesic path I to x, in Y, there exists a unique t € [0, T) such
thatT'; =T.

(c) For every t €10, T), the path T'; intersects dY, if at all, only at its origin
I (0).
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(d) Let s, t € [0,T) with s # t. Then the intersection of the sets {['s(r) : 0 <
r < D(sg,8)}and {T'y(r) : 0 <r < D(s4, 1)} is the set

{FS(D(S*,S) —r):0<r< max{ inf W, inf W} — Ws*}.

[s.2]o [7,5]o
In particular, there exists € > 0 such that {I's(r) :0<r <e}and {T';(r):0<r <
&} are disjoint.

We note that the length of T'; is given by D(s., 1) = W; — W,,_; see, for example,
(2) in [10].

PROOF. (a) and (b) are proved in [10], Proposition 23. To prove (c), we notice
that from the definition of ®;, every point in the set {I';(r) : 0 < r < D(sy, t)} must
be of the form pv(s), where s is a left-increase point of W. By Lemma 6.12, it can-
not be a unilateral increase point of F, and thus py(s) isnotin Y by Lemma 6.11.

To prove (d), we first note that whenever a < max{infi, ;). W, inf|; 5, W}, it
must hold that inf{u >, s : W, = a} = inf{u >, t : W, = a}, and the fact that
[s(D(s4,5) —r) =T'+(D(s«, t) — r) for r in the range given in the statement is
a simple rewriting of this property and of the fact that D(s,,s) = Wy — W,. On
the other hand, if max{infi, ;). W, inf|; ), W} < a < Wy A W, then it is simple to
see that s, = inf{fu >, s : W, = a} and t, = inf{u >, t : W,, = a} are such that
dw (sq,t;) > 0, and since both points are left-increase points for W, this implies
that py(s;) # py(#;) by Lemmas 6.12 and 6.10. We leave it to the reader to check
that this implies (d). O

Let ap > 0, which will be fixed later on, and let OSD = [0, ni(ag)] U [T —
ne(ao), T1, where

m(ag) =inf{r > 0: F;, < ap}, ne(ag) =T —sup{t <T: F, > —o(T) +ao}.

We stress that later, we will argue on an event F where the definitions of
n(ao), nr(ap) coincide with those given in the proof of Proposition 6.6.

We reason on the event that s, ¢ OQD, which will later be granted (with high
probability) by the fact that T is bound to go to infinity. For now, we only assume
that o (T) > 2ag so that by Lemma 6.11, the points x; = py(n1(ag)) and x; =
py(T — nr(ap)) are distinct elements of dY (outside an event of zero probability).
Let ¢, € OgD be such that W;, = minogD W (this defines t, uniquely a.s., but we

are not going to need this fact explicitly). By (d) in Lemma 6.14, together with
the fact that s, ¢ O9p, the paths 'y 4y) and I'7—,,(4,) are disjoint until they first
meet at the point y, = py(#«). We let P be the union of the segments of I, 4,) and
7 (ag) EtWeeEN xp, x; and y,.

LEMMA 6.15. In the above setting, the set P is a simple curve in Y from x| to
Xr, that intersects oY only at x| and x;. Letting Ogp be the connected component of
Y\ P that contains py(0), then Ogp is a.s. homeomorphic to the closed half-plane
M, and is the interior of the set py(OSp) in Y.
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PROOF. The fact that P is a simple path follows from the discussion around
its definition, and the fact that it intersects the boundary only at its extremities
follows at once from Lemma 6.14(c). The fact that Ogp is a.s. homeomorphic to
H follows from this and the fact that Y is homeomorphic to I. It remains to show
that Ogp is the interior of the set py(OgD).

Note that the curve S : x — py(inf{s € [0, T] : F; = —x}) is a continuous curve
from [0, o (T)] to dY with same starting and ending point, and taking distinct val-
ues otherwise. If we view § as defined on the circle R/o (T)Z, then it realizes a
homeomorphism onto dY. In particular, py(OgD) contains the segment S of dY be-
tween x; and x; that contains p = py(0) (including xj, x;), while py ([0, T']\ OQD)
contains the other segment which is equal to S’ = dY \ S. For every s € [0, T, let

Es(r)=sup{t <s:F,=F;—r}, O0<r<F,—F,.

Then py o E; defines a continuous path in Y from pvy(s) to the point 7w (s) =
py(sup{t <s: F; = F,}) which is in 0Y. Moreover, for every r € (0, Fy — F,],
the point E;(r) is a right-increase point of F, so by Lemma 6.12 it does not be-
long to P\ {x1, x;}, since the latter set contains only points of the form py(¢) where
t is a unilateral increase point of W. Clearly, w(s) € Sif s € OQD, while 7 (s) € §’
otherwise. We have proved that for every x € Opgp, there exists a continuous path
from x to py(0) not intersecting P, while for every x € Y \ py(OgD), there ex-
ists a continuous path from x to S’ not intersecting P. This shows that Ogp and
Y\ py(OgD) are the two connected components of Y\ P. [

To complete the proof of Theorem 3.7, fix r > 0 and 0 < ¢ < 1. Let ag be large
enough so that

P(min y <—=2r, min y < —Zr) >1—¢/4.

[0,a0] [—agp,0]
Then we choose rg > r such that, with W? the label function of BHP,
P(w(W9, [=nr(ao), m(ao)]) <ro/2) > 1—e/4,

where w(f, I) =sup; f —inf; f is the modulus of continuity of f over the set /.
We now use the event F specified in the proof of Proposition 6.6 on which for
every T > Ty(e/4), the balls B,,(Y) and B,,(BHPy) are isometric with probability
at least 1 — ¢/4 (in the definition of F we have to make sure that A is chosen so
that A > ap). We can moreover assume that 7y is chosen large enough such that
for T > Ty, the probability of s, ¢ OgD is at least 1 — &/4. Then the intersection
of F N {sx ¢ OJp) with

{min y <—2r, min y < —Zr} N {a)(WG, [—nr(ao), m(ao)]) < ro/2}
[0,a0] [—ap,0]

has probability at least 1 — ¢. On this event we claim that there are the inclusions

B, (Y) C Ogp C B, (Y).
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v(0) pv(Ogp) NOY

FI1G. 9. The ball B-(Y) (shaded in green) itself is not simply connected, but it is included in a
simply connected open set Ogp C Y, which is homeomorphic to the closed half-plane H. The set
Ogp is bordered by the simple curve P (in red) in Y, which is the union of two geodesic segments
starting from x| and xy, respectively, and by the boundary segment S = py(OgD) N Y. The larger
ball By,(Y) encompasses Opp.

The second inclusion comes from the fact that for every s € [0, n(ag)] U [T —
ne(ao), T], we have D(0,s) < dw(0,s) < 2w(W0, [—nr(ag), m(ao)]) (recall that
W = W on the set [—nr(A3), m(A3)] on JF). The first inclusion comes from the
cactus bound, with the fact that minjg 4, ¥ < —2r and min[_q,,0) Y < —2r, just
as in the proof of (a) in Lemma 6.7. To be more precise, this shows that B>, (Y) C
py ([0, m(ap)]U[T —n(ap), T1), and since Opp is equal to the interior of the latter
set, the wanted inclusion follows. We refer to Figure 9 for an illustration.

Finally, recalling that / maps B, (Y) isometrically onto B,,(BHPy) (see the end
of the proof of Proposition 6.6), we deduce that Ogyp = 1 (Opgp) is an open subset
of BHPy, which concludes the proof of Theorem 3.7.

6.3. Coupling of quadrangulations of large volumes. In this section, we pro-
vide the proofs of Propositions 3.11 and 3.14. The proof of Proposition 3.11 is in
spirit of [20], Lemma 8 and Proposition 9.

PROOF OF PROPOSITION 3.11. Assume 1 < 0, < n.Lete > 0, and set 1, =
min{o,, n/o,}. Let ((f,, [,), b,) be uniformly distributed over the set ggﬂ x B,
and consider a triplet ((foo, lso), boo) Of a uniformly labeled critical infinite forest
and a uniform infinite bridge.

We first argue that we can find § > 0 and ng such that for all n > ng, we can
construct ((f,, [,), by) and (s loo), boo) On the same probability space such that
on an event of probability at least 1 — ¢, the corresponding balls of radius 25/%,
around the vertices f,(0) and f,,(0) in the associated quadrangulations are isomet-
ric.
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For 0 < k <o, — 1, write 7(f,, k) for the tree of f, rooted at (k), and put
T(fp on) = T(f,, 0). Similarly, define 7 (f4,, k) to be the tree of f, rooted at (k),
where now k € Z.

As a consequence of Lemmas 5.3 and 5.5, there exist 8 > 0 and n, € N
such that for n > n;,, with A, = [8'0,], we can construct ((§,,[,),b,) and
((foos fo0), boo) on the same probability space such that if we let

E'n.8)) = {T(Fp i) = T(Goor 1), T(pr 00 — 1) = T(foor —). 0 <i < Ay}
N {0 (i) = oo (i), by (0 — i) = boo(—i), 1 <i < Ay}
Al T TG 1) =loo [ T(Fnos ),
by T T(Fps 00 — 1) = loo [ T(Foos —0), 0 <@ < Ay},

then £'(n, §’) has probability at least 1 — /3. We fix such a §’. For § > 0 and
n €N, put

E(n,8) = {[(I)r’liri] Boo < —58v/ 0, [_rgi%] boo < —55\/19,,}

N {—boo(—=1) <871},

and let

E(n,s) = { by < —55\/5}.

Donsker’s invariance principle applied to (boo(i),i € Z) guarantees that we can
find § > O such that for all sufficiently large n, IP’(E2 (n,d8)) > 1 — ¢/3. Moreover,
provided n is large enough and § > 0 is sufficiently small, Lemma 5.4 ensures
that P(E3(n, 8)) > 1 — e/3. We fix ng > n6 and & > 0 such that for all n > ng, the
bounds in the last two displays hold.

From now on, we work on the event £'(n,8) N E2(n,8) N E3(n, §). Let
(00", v®) = D, ((Fs [n), bp) and O = D ((Fuo, lno), boo) be the quadrangulations
constructed from the triplets ((f,, [), b,) and ((foo, lx), boo) Vvia the Bouttier—
Di Francesco—Guitter mapping. We denote by d,, and d, the graph distances on
V(Qn") and V(QZ). We write

fr.=(tGnson —An)s ooy TGpy 00 — 1), 7(F, 0)s ..o, T(Fus An))

for the forest obtained from restricting f, to the last A, and the first A, + 1 trees,
and identically

fro = (TGoos —An)s - s T(oos =1 T(Foos 0), -, T(Foos An)).

Recall the cactus bounds (4.3) and (4.6) for Q5" and 0%, respectively. For vertices
ve V() \ V(f,), we obtain, with (0) = f,(0),

min
[An+1,04—(Ap+1)]

d,((0), > — in b, i b, t > 55V7,,
(0,0)= ~max{ min b, min b, =587,
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and identically, for vertices v € V(fo) \ V(fgo), writing now (0) for §,,(0),
doo((0), v) > 584/9,. We proceed now similarly to the second part in the proof
of [20], Lemma 8. First, if u € V (§,) is any vertex with d,,((0), u) < 589, — 1,
then any vertex on a geodesic path from (0) to u in Qy" satisfies the same bound
and must therefore belong to one of the trees in f,. From the construction of
edges in the Bouttier—Di Francesco—Guitter mapping, we deduce that any edge
of Qy" on such a geodesic path corresponds to an edge of Q% with the same
endpoints, provided none of these edges in Q" connect two vertices w and w’
such that the set of vertices between w and w’ in the cyclic contour order around
the forest f, contains the vertices of f, \ f,. In other words, one wants to avoid
the case where one of the corners in t(f,,0),..., 7(f,, A,) would have a suc-
cessor in t(f,, 0, — Ap), ..., 7(f,, 0, — 1). But on the event E3(n, 8), the set of
vertices between w and w’ would in particular contain a (root) vertex of §, \ f,
with label less than —584/%,,. This would imply that both vertices w and w’ of
such an edge have a label which is smaller than —54 /O, too, in contradiction
to the fact that d,((0), v) < 584/D, — 1 for all vertices v on a geodesic between
(0) and u. We deduce that if u € V(§,) satisfies d,((0),u) < 58+/9, — 1, then
do((0), u) <d,((0), u). Since in turn any edge of Q% on a geodesic between (0)
and a vertex u € V (fo,) With doo ((0), 1) < 58+/D, — 1 does correspond to an edge
of Qy" with the same endpoints, we obtain also d,((0), u) < deo((0), u). There-
fore, we have that vertices with distance at most 58/%,, — 1 from (0) are the same
in Q5" and 0% . Recall from Section 4.5.4 the notation for the metric balls around
the root and (0), respectively. We claim that

(6.24) dn(u,v) =dso(u,v)  wheneveru,v e B;g)\/m(Q%)

On

Indeed, if u, v are vertices in B( by J—(Q ), then any geodesic connecting u to v

in Q)" must lie entirely in B! 15 J—(Q ™), and any edge on such a geodesic corre-

sponds to an edge in Q. Since the converse is also true, we obtain (6.24), and
with the correspondence of edges between Q5" and Q% alluded to above we de-

duce that the balls Bégi/—(Q ") and Bég)\/%(Qg) are isometric on an event of
probability at least 1 — ¢.

Finally, recall from the Bouttier—Di Francesco—Guitter bijection that the root
vertex p, of Qp" is given by fn (succ(n)(0)), where conditionally on b, (o, — 1),
b, (0y,) is uniformly distributed on {b,, (o, — 1) — 1, ..., 0}. Similarly, the root ver-
tex p of QX is given by foo(succ_boo(a)(O)), where conditionally on bso(—1),
bso (d) is uniformly distributed on {bso(—1) — 1, ..., 0}. On the event En,8Hn
E%(n, ), we can couple b, (0y,) and by, (9) such that b, (0,) = bo(d). More-

over, for n large enough, we have on this event By f(QU”) - B;ai/—(Q ") and

Bsﬁ(Qg) - Bégi/—(Qm) Therefore, we have equality of Bsf(Qn ) and

Bsm(Qg) on the event £'(n,8") N E%(n, 8) N E3(n, §). Local convergence of
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07" toward UIHPQ in the sense of dmap 18 a direct consequence of this, and the
proposition is proved. [

We now turn to the proof of Proposition 3.14. We will adopt the notion of [20],
Section 4.3.1, concerning pruned (pointed) trees. More precisely, a (finite) pointed
tree consists of a pair T = (7, £), where 7 is a tree of finite size and & is a dis-
tinguished vertex of 7. Given such a pointed tree T = (7,£) and h an integer
with 0 < h < |&|, (1, h) represents the subtree of T containing all the vertices
u € V(t) such that the height of the most recent common ancestor of # and &
is strictly less than 4, together with the ancestor [£]; of & at height exactly A.
By pointing & (t, h) at [£],, this subtree is itself considered as a pointed tree. If
h > |&|, we agree that (7, h) = ({@}, &), where & represents the root vertex of
7. It is straightforward to see that if T = (z, &) is a pointed tree and h and i’ are
two integers with A’ > h > 0, then

(6.25) P((x.h'), h) = P(z.h).

PROOF OF PROPOSITION 3.14. We assume 1 < 0, < +/n and fix ¢ > 0 and
r > 0 for the rest of this proof. We let ((f,, ), b,) be uniformly distributed over
the set §, X B, , and for a given R € N, we let ((f,, [},), b,) be uniformly dis-

tributed over 35:"2 x B, . Identically to the proof of Proposition 3.11, it suffices
to show that we can find Ro > 0 and ng € N such that for all integers R > Ry and
all n > ng, we can construct ((f,, l,), b,) and ((f,, [',), b/,) on the same probability
space such that on an event of probability at least 1 — ¢, the corresponding balls
of radius 2r /o, around the vertices f,(0) and f,,(0) in the associated quadrangu-
lations are isometric.

For 0 <k <o, — 1, we let 7(f,, k) be the tree of f, rooted at (k) and denote
by i, the smallest index such that |7 (f,, ix)| > |t (f,, k)| for all 0 <k <o, — 1.
We shall point the tree t(§,,ix), by choosing conditionally on 7 (Jf,,i,) a vertex
&, € V(t(f,, ix)) uniformly at random. We write (t(f,,ix),&,) for the pointed
tree obtained in this way, and for & € N, we write [, [ Z((t(f,, i), &), h) for the
restriction of the labels [, of §, to the subtree &2 ((t(f,,, ix), &), h) of (T (f,,, ix), &)
pruned at height /; see the notation above. Finally, we let (t;, ¢;),0<i <o, — 1,
be a sequence of independent uniformly labeled critical geometric Galton—Watson
trees.

For H € N, set H, = Ho,. Recall that the law of ((f/,, ['), b/,) depends on R €
N. We claim that for each fixed integer H € N, provided n and R are sufficiently
large, we can construct ((f,, [x), by), ((f,, 1), b)), &n, &, and (z;, €;) for 0 <i <
o, — 1 on the same probability space such that, with i/, being defined as i, but in
terms of f,, the event

E'(n, R, H)
=li,=i,}n{t(i)=1(F,i)=7,0<i <o, —1,i #is}
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NP ((t(Fns 1), €n) Hu) = P((z (- i%). &), Hn) # ({9}, 2)}
N{b, (i) =b,(i),0<i <oy}
n{

TG ) =0 17(f,,i)=4;,0<i <0, —1,i #i}
Nl T Z((tGas 1), 6n)s H) =1, 1 P((2 (- %), &) Ha)}

has probability at least 1 — £/2. Let us look separately at the different sets on the
right-hand side. First, from Lemma 5.1 we know that f,, has with high probabil—
ity a unique largest tree of order o2, and its index is uniform in {0, . —1}.
Moreover, Lemma 5.2 asserts that the other trees of f,, are close in total Varlation to
on — | critical geometric Galton—Watson trees. The same holds for ), from which
we deduce that f,, f;l and 7;, 0 <i <o, — 1, can be coupled such that the intersec-
tion of the first two events on the right-hand side has probability at least 1 — &/3,
say. For the event on the second line concerning the pruned trees, we use that
fact that conditionally on |t (f,, ix)| = my, (t(,,ix), &) is uniformly distributed
over the set of all pointed trees of size m,,. A similar statement holds for 7 (f,, i},).
Now by Lemma 5.1, for any K > 0, the probability that |t(f,, i) > K an tends
to one with increasing n, since n > 0,22. Similarly, for any given K > 0, by choos-
ing R large enough, we can ensure that |7 (f,,,i,)| > K a,% holds with a probability
as close to one as we wish for large n. An application of Proposition 7 of [20]
therefore shows that both Z((t(f,, ix), &), Hy) and Z((t(f,,,i}).§,), H,) are
for large R and n close in total variation to the so-called uniform infinite tree (or
Kesten’s tree) pruned at height H,,. Applying the triangle inequality, we see that the
total variation distance between 2 (( (§,, ix), &), Hy) and 2 ((z(f;,, L), &), Hy)
can be made as small as we wish, provided R and n are taken sufficiently large.

Combining the above coupling with this last observation, we infer that we can
in fact couple f,, f;, &, &, and 7; for 0 <i < o0, — 1 such that the intersection
of the first three events on the right-hand side has probability at least 1 — /2
for large R and n. Since the bridges b, and b/, have both the same law and are
independent of the trees, we can additionally assume that the probability space
carries realizations of b, and b;l such that b,, = b;l. A similar argument allows us
to couple the labelings [,, I, and ¢; such that the last two events on the right-
hand side in the definition of £!(n, R, H) hold true. This proves the claim about
E'(n, R, H).

We will now work on the event El(n, R, H). Let (O, v*) = D, ((f,, [), by)

and (Q‘;"az, w®) =& Rgz((fn, ), b)) be the quadrangulations constructed from

((f5 In), by) and ((fn, [;Z), b,), respectively. Recall that [£,]y, denotes the ancestor
of &, in t(f,, i) at height H,,. Let
M,=— min [,
[gs[Sn]Hn]]
where [@, [£,]1m,] is the vertex set of the unique injective path in 7(f,, ix) con-
necting the (tree) root & to [§,]y,. By definition of the labeling [,,, conditionally
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on the tree, M, has the law of the maximum attained by a random walk started
at zero and stopped after H,, many steps, with increments uniformly distributed in
{—1,0, 1}. Setting

EX(n, H) = {M,, > 5r /oy },

we can ensure by an application of Donsker’s invariance principle that for H € N
sufficiently large (recall that » was fixed at the beginning, and H, = Ho,), the
event £2(n, H) has probability at least 1 — /2. In particular, by choosing H € N
large enough, we obtain that £!(n, R, H) N E%(n, H) has probability at least 1 — ¢
for all R, n € N sufficiently large.

It remains to convince ourselves that on the event £ (n, R, H) N E2(n, H), the
balls B(0 J—(Qa'l) and B(0 f(Q ,) are isometric. Since the arguments are very

close to those given in the proofs of Proposition 3.11 above and [20], Lemma 8,
we only sketch them. Write & = ug, u1, ..., uy, = [§,]14, for the vertices of the
nonbacktracking path connecting @ to [§,]p, in T(f,, ix). Let k, € {0, ..., H,}
such that
L(ug,)=— min _[,.
Hga[gn]Hn]]

Recall the identification of V(Qy") \ {v°®} with V(f,). Denote by d, the graph
distance on V(Qy"). If v is a vertex of 7(f,, ix) that does not belong to the subtree
P((t(f,, i), En), kn), then the ancestral lines of v and &, coincide at least up to

level k. In particular, they both contain the vertex uy,. For such vertices v, we
obtain from the cactus bound (4.3) on the event £ (n, R, H) N E%(n, H) the bound

dn((0), v) = 5r/oy,

with (0) = §,(0). See [20], Proof of Lemma 8, for the complete argument
(note, however, that (0) might be the root of a tree different from 7 (§,,ix)). On
&l (n, R, H), using additionally (6.25),

P (¢ (s i): 6n) Fen) = Z((2 (o 12, 62) - Kn),

and the labelings [, and [}, restricted to the subtrees on the left and right, respec-

tively, agree. Therefore, a similar inequality holds for QZ”02, for vertices v’ of

t(f),, i,) which do not belong to the subtree Z((z(f;,, i), &), k,). Adapting now
the reasoning of [20], Proof of Lemma 8, to our situation (see also the proof of
Proposition 3.11 above), we obtain that vertices with distance at most 5r /o, — 1
from (0) are the same in Q5" and QU” on the event EY(n, R, H)NE%(n, H), and,
with d, being the graph distance in Q Ro2’
dn(u,v) =d, (u,v) whenever u, v € Bé(r)i/—(Q“")

This completes our proof. [J
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6.4. Brownian half-plane with zero skewness. We work in the usual setting
from Section 4.5.4. Our proofs of Theorems 3.3 and 3.6 are essentially conse-
quences of the coupling of balls between the Brownian disk BD; /7 and the Brow-
nian half-plane BHP (Proposition 6.6), of the fundamental convergence

— _ (d)

(6.26) (V(Q7), 8/9/*n~ " *dy, py) ——> BD, =BDi

proved in [11], Theorem 1, for the regime o,, ~ o+/2n when o € (0, 00) is a fixed
real, and of the coupling between Q5" and the UIHPQ Q% (Proposition 3.11).

PROOF OF THEOREM 3.6. In view of Remark 2.10, the result follows if we
show that for every r > 0 and every sequence of positive reals a, — oo,

d
Bo(a7'- 0) & B, (BHP)

in distribution in K. For notational simplicity, we restrict ourselves to the case

r = 1. Fix ¢ > 0. By Proposition 6.6, we find Ty = Tp(e) > 0 such that for all

T = Ty, we can construct copies of BD; 7 and BHP on the same probability

space such that

(6.27) B|(BD;_/7) = By (BHP)

with probability at least 1 — ¢.

Let 0, = [+/2n]. By Proposition 3.11, there exists § > 0 such that for n large
enough, we can couple Q5" and O on the same probability space such that with
probability at least 1 — ¢, Bg ﬁ(QZ") = Bj E(Qﬁ)- We can and will assume that
5 < 2T, '/*. We put m, = [§~%a%]. Then a, < § /G, With m, taking the role

n

of n, the last observation enables us to find a coupling between Q,,"" and Q% on
the same probability space such that for large n, we have with probability at least
1—s¢,

(6.28) By, (Qmi") = Ba, (02).

Let F : K — R be bounded and continuous, and put 7 = 8_4(8/9). Note that
T > Ty. We work with a coupling of Q,‘I{Z" and Q% as well as with a coupling of
BD; /7 and BHP such that the properties just mentioned hold. Then

[E[F(Bi(a, ' - 0))] — E[F (B1(BHP))]|
< |[E[F(a," - B4, (Q%)) = F(a;" - Ba, (Qui"))]]
+[E[F(Bi(a," - Qm,"))] — E[F (Bi(BD; )]|
+ \E[F(B1 (BDT’ﬁ)) — F(B1 (BHP))]|.

Using the coupling (6.28) for the first and the coupling (6.27) for the third sum-
mand on the right-hand side, we see that both of them are bounded from above by
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2¢ sup | F|. The second summand converges to zero as n — 00, using (6.26) and the
scaling relation BD; 7 =4 T'/4BD;. This concludes the proof of Theorem 3.6.
O

PROOF OF THEOREM 3.3. We have to show that when 1 < 0, < n, we
have for every r > 0 and any sequence | < a, < min{.,/o,, /n/0,}, By(a, '
2") —> B, (BHP) in distribution in K as n — oo. Let & > 0 and r > 0. By Propo-
sition 3.11, we can couple Q" and Q% on the same probability space such that
with probability at least 1 — ¢, for n > ng, Bya,(07") = Bra,(Q). Then, for
F : K — R bounded and continuous,
[B[F (By(ay ' - Q7")) — F (B (BHP))]|

n n

< [E[F(a," - Bra,(Q7")) — Fay ' - Bra,(Q))]|
+ |E[F (B, (BHP)) — F(a, ' - B4, (Q3))]|-

Under our coupling, the first summand behind the inequality is bounded by
2esup | F| provided n > ng. By Theorem 3.6, the second summand converges to
zero as n — oco. [

REMARK 6.16. Notice that in our proofs of the couplings Proposition 6.6
(between BD, and BHP) and Proposition 3.11 (between Q5" and UIHPQ), we
construct in fact joint couplings of contour functions, label functions and balls in
the corresponding metric spaces. As a consequence, the theorems proved in this
section can be strengthened in a way we now exemplify based on Theorem 3.6.

Recall that we view the contour and label functions C, and £, that specify
the UIHPQ Q% as (random) continuous functions from R to RR; cf. Sections 4.5.4
and 4.2. The Brownian half-plane BHP is constructed from the contour and label
functions X9 = (X?, reR)and W0 = (WIO, t € R) specified in Section 6.2.1.

We now claim that for each r > 0 and any positive sequence a, — 00,

(6.29)

Coo((O/B)at) Loo(O/Ha*) 1 N @ oo w0
( (3/2)a? a,  Br(a, 'Qoo)> e (X", W°, B,(BHP))

jointly in the space C(R, R) x C(R, R) x K. The convergence does also hold with
B,(a;' - O%) replaced by BY (a;'- 0.

To see why (6.29) holds, one has to slightly enhance the proof of Theorem 3.6.
Since all the necessary arguments were already given, we restrict ourselves to a
sketch of proof and leave it to the reader to fill in the details. We assume r = 1 for
simplicity. Let 7 > 0, denote by (¥, W) the contour and label function of BD. /7,
andset F(—t)=F(T —t)+ VT and W(—t)=W(T —1t) fort € [0, T]. Now fix
K > 0.
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First, the arguments in the proof of Proposition 6.6 show that for T > K large,
one can construct a coupling such that with high probability, equality (6.27) holds
jointly with an equality of (F, W) and (X°, W% on [-K, K> C [-T, T1%.

Second, let m, = (8“%13] and o,,, = [+/2m,] be as in the proof of Theo-
rem 3.6. We extend the contour function Cy,, of Qf,,",’l" tot € [—C2my 4+ op,), 0]
by setting Cy,, (t) = Cp,, 2my + 0y, +t) + 04y, Similarly, we extend the label
function £, to [—(2m, + oy,), 0], by letting £, (t) = £,, Cm, + o, + 1)
for t € [-(2m, + om,), —1], and then by linear interpolation on [—1, 0] between
L, (—=1)and £, (0)=0

From the proof of Proposition 3.11, we deduce that for § small and n large,
one can construct a coupling such that with high probability, equality (6.28) holds
jointly with an equality of (Cy,,, £,) and (Coo, £00) on [—Kaj}, Ka4]2

Thanks to [9, 11], we already know that the convergence of a, Qam” to
BD; /7 (with T = 8~%(8/9)) holds jointly with the convergence

4, 4,
<Cm,,((9/4)an )’ L, (9/Da, )) (d) (F. W)
(3/2)a2 a, 1n—>00

in C([—T, T, R)%. Putting these observations together, (6.29) follows.
We come back to display (6.29) in the proof of Theorem 3.4.

6.5. Brownian half-plane with nonzero skewness. Here, we prove Theo-
rem 3.4, which covers the regime /n < o, < n when a, ~ 2./0n/30, for some
0 € (0, 00). The parameter 6 measures the skewness of the limiting Brownian half-
plane. Note that the regimes where the space BHP corresponding to the choice
6 = 0 appears is already treated in Theorem 3.3.

We work in the usual setting introduced in Section 4.5.4; in particular, the pair
(Qn", v®) consisting of a quadrangulation and a distinguished vertex is uniformly
distributed over Q,’l’ o and encoded by a triplet ((f,, [),b,) € Sﬁn X Bg,. The
associated contour pair is denoted (C,, L), and the corresponding label function
takes the form £, (1) = L,(t) +b,(=C,()),0<t <2n+o,.

It will be convenient to view both C, and £, as continuous functions on R.
Let N =2n + 0,. We extend C,, first to [-N, N] by C,(t) = C,(N +t) + o,
for t € [~ N, 0], and then to all reals ¢ by setting C,,(¢) = C,,((t vV (—N)) A N).
Similarly, we let £,(¢) = £,(N +t) for t € [-N, —1], with linear interpolation

n [—1, 0] between £,(—1) and 0. Outside [—N, N], we set £,() = £,((t v
(—=N)) A N). In this way, we interpret C,, and £, as elements of C(R, R). Recall
that they completely determine (Q5", v°®).

IDEA OF THE PROOF. For fixed r > 0, the ball B, (Qy") is with high prob-
ability encoded by the union of the first ca? and last ca? trees of f, for some
c =c(r) > 0, together with their labels and the corresponding bridge values along
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the floor of f,,. In Lemma 6.17, we calculate the Radon—Nikodym derivative of the
law of these 2ca,% trees with respect to the law of 2ca2 independent critical geo-
metric Galton—Watson trees. In this way, we explicitly relate the laws of B, ()
and B,4,(QX) to each other. Since we already know that a,; 1, B4, (Q2) con-
verges to B, (BHPg) jointly with its properly rescaled contour and label functions
(see Remark 6.16), it remains to identify the limiting Radon—Nikodym derivative,
which we find to be the Radon—Nikodym derivative of a (two-sided) Brownian
motion with drift —6 with respect to standard Brownian motion. An application of
the Pitman transform then concludes the proof.

Let us now give the details and first introduce some supplementary notation. For
this section, given a continuous function f : R — R and x € R, we let

Uc(f)=inf{r <0: f(t) =x}, To(f)=inf{t > 0: f(r) = x}.
In words, U, (f) is the time of the first visit to x to the left of 0, with U, (f) = —o0
if there is no such time, and 7 (f) is the first time f visits x to the right of 0, with
T, (f) = oo if there is no such time. Of course, we can also apply 7 to functions
in C([0, 00), R), and U, to functions in C((—o0, 0], R).
For f e C(R,R) and x > 0, set

1
v(fo %) = (T (f) = Ux(f) = 2%)

whenever all terms on the right-hand side are finite, and v( f, x) = oo otherwise.
Note that if x is an integer and f is the contour path of an infinite forest, then
v(f, x) is the total number of edges of the 2x trees that are encoded by f along
the interval [Ux(f), T—x(f)].

Let s > 0 be given. For the rest of this section, we will always set s, =
L(3/ 2)sa,%J. Since a,zl < 0, < n, we will implicitly assume that n is so large such
that 2s,, < o0, < n.

We first prove an absolute continuity relation on the interval [Uy,, T_, ] between
C,, and the contour function C, of a critical infinite forest. For that purpose, we
define two probability laws P, s, Q, s on C(R, R) as follows:

Pys = L((Ca((t V Uy, (Cp)) A T, (Cn)). t €R)),
Qns = L((Coo((t V Us, (Co0)) A T—s,(Coo)), t € R)).

LEMMA 6.17. Let s > 0 and ¢ > 0. There exists ng € N such that for all
n > ng, with s, = |_(3/2)sa,zlj,
250 — VLin) g2
Z |Pn,s(f)_e O/ Qn,s(f)| <¢g,

S esupp(Pp )

where supp(IP, ) C C(R, R) denotes the support of P, 5. Moreover, the support of
P, s is contained in the support of Q, s, and we have

Qn,s(Supp(Qn,s)\Supp(Pn,s)) =o0(l) asn— oo.
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PROOF. From the constructions of C,, and C, it is clear that each realization
of P, ; is a realization of Q, ;. Now fix s > 0, and let ¢ > 0. We first show that for
¢y > 0 sufficiently large,

e®0Qu (f €CR,R) 1 v(f,5,) > cyar) <e/4 and
(6.30) Pos(f € CR,R) : v(f, sn) > o) < /4.

Write Ty, for the first hitting time of k of a simple random walk started at zero. By
construction of Coo, we have

Qn,s({v(f, Sn) > Cva;‘}) = P(T—an > 2Cv32 + 2Sn)s

and standard random walk estimates give the existence of ng € N and ¢, > 0 (de-
pending on s, but s is fixed) such that for n > ny, ezse(@n,s({v(f, Sp) > cvaﬁ}) <
¢/4. Similarly,

Pps({v(f,sn) > cva;‘}) =P(T_2, > 260612 + 28, | T—g, =21+ 0y),

and since o, > /n, it is easy to check that the probability on the right is
bounded by the unconditioned probability P(7_, > 2cva,f[1 + 2s,) < &/4. This
shows (6.30).

Note that f € supp(Qy s)\supp(Py.s) requires v(f, s,) > n. Since aﬁ <« n,itis
therefore a consequence of the second part of (6.30) that

Qu,s (Supp(Qn,s)\Supp(Pn,s)) =o(1).

Moreover, recalling that 6 and s are fixed, display (6.30) implies that for ¢, suffi-
ciently large, we have for all n large enough

2 _U(fvsnz)‘QZ
Yo Pas(H—e O Q)] <e/2.
fesupp(Pp,5):

v(fosm)>cuds

It remains to argue that for fixed ¢, and all n large enough, we have also

_ v(fisn) 92

6.31) S Pas(f) e o QL ()] <e/2.

fesupp(Pp,s):

v(fusn)<cyalt

In this regard, consider a sequence f, € C(R, R) of functions in the support of P, s
such that v, = v(fy, sp) < cva,f. Let

Xp = 0y — 28y, yp =2 —v,) + o, — 2s,.

We can assume that both x,, and y,, are positive numbers. Let (S(i), i € Ng) denote
a simple random walk started at S(0) = 0. The probability PP, ;(f,) is given by the
probability to observe 2s,, particular trees of total size v, as the first 2s,, trees in
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a forest of size n with o, trees. By (4.10) and Kemperman’s formula (4.11), we
obtain

510 P(S () = x2)

]P)n s\Jn) =
) (f ) Zn(—ylilan 22n+0"P(S(27’l + o0,) =0y)
(6.32) _ 5 2400 oy PO =x)
Yn On P(S(2n+(7n)20n)

By definition of C, Q, s(f,) is the probability of a particular realization of 2s,
independent critical geometric Galton—Watson trees with v, edges in total. There-
fore, by (4.10),

(6.33) Qn,s(fn) = 272 Fsn)

Moreover, by assumption on ¢, and a,, we have uniformly in all possible choices
of f, that satisfy v, < cvai ,

Xn 2n + oy,
Yn  On

Since o0, > +/n, the fraction of random walk probabilities in (6.32) is not con-
trolled well enough by a standard local central limit theorem as formulated
in (4.12). Instead, we use (4.13) and obtain

P(S(yn) = xn)
P(SQ2n +0,) = o)
d 1 x2t ot
€3 = eXp(_g 2026~ 1) (y,,%—l T Qo) >>(1 +om)

We now analyze the terms in the sum inside the exponential in the last display,
similar to the proof of Lemma 5.3. First,

(6.34)

— 1) =o(1).

@ o
2l @2n+0y)2!
— L[_%zﬁ + (20— 1)M
(2n + 0,)%¢1 on 2n + o,

(6.36) +0(<Z—_>2)+0(<§n12)2)}

Using that v, + s, = v, (1 + 0o(1)), we now observe that

2002 23, S
T T (4450 +o(1))———  and
Gn FonPiT o, — 0o G e an
2 — 102t 200y +50) 2v, o 2D

(6% +o(1))

2¢—1)

2n+o0p)*~1 2n+ 0y (9/4)a? 2n + 0,)2¢-D"
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Since 0, < n, we deduce from the last display that if £ > 2, all the terms in (6.36)
converge to 0 as n — oo, whereas for £ = 1, the right-hand side of (6.36) is equal

to —4s6 + (9%’[1492 + o(1). For n large enough, o,/ (2n + 0,) < 1/2, so that each

term in the sum in (6.35) is bounded by C(1/2)>“~1 for some universal constant
C > 0, which is summable. Therefore, by dominated convergence

P(S(yn) = xn)
P(S(2n 4+ a,) = 0y,)

Up
O/4)az
Note that all the error terms above do depend on f;, only through the constant c,,.

Combining the last display with (6.33) and (6.34), display (6.31), and hence the
claim of the lemma follow. [

:exp<2s9 - 92) +o(1).

REMARK 6.18. Note that C, is a discrete analog of the contour function
of the Brownian half-plane BHP: The process (Cwo(i),i € Np) is a simple ran-
dom walk, and if S = (S(i), i € Np) denotes another (independent) simple random
walk, then it is straightforward to check that

(Coo(=i).i €N) =g (SG+ 1) =2 min $(0)+1.i eN),

that is, (Coo(—i),i € N) is a discrete Pitman-type transform of a simple random
walk. In particular, —Uy(C) =g T—£(S).

For proving Theorem 3.4, it is convenient to introduce some more notation. Let
us first define rescaled versions C, s and £, ; of the contour and label functions
C,, and £, that capture the information encoded by the first s, = | (3/ 2)sa2j trees
(%0, - .., T5,—1) and the last s, trees (5,5, - .-, To,—1) Of |,

1
(Cos(1), 1 €R) = (ch((@m)a;fz VU, (C)) ATy (Co))s 1 € ]R),

(€05(1),1 €R) = (ais,,((<9/4>a;jz V Us (C)) ATy (Co))s 1 € R).

n

Let ((fxo, lso)s boo) encode the UIHPQ, with C and £, denoting the asso-
ciated contour and label functions. In analogy to the last display, we define two
random functions C% and £7° from R to R by setting

1
(Cr (@), 1 eR) = (Wcoo((@/ax)a;‘r V Uy, (Coo)) ATy, (Coo)), 1 € ]R),

(£°(1), 1 eR) = <aisoo(((9/4)a;4,t V Uy, (Coo)) ATy, (Coo)), 1 € R).

Recall the definition of the contour and label functions X? = (X?(¢),r € R) and
W? = (W (1), t € R) which encode the Brownian half-plane BHPy (in the notation
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used in Section 6.2.1). We set
X% = (X% (),r e R) = (XU ((t v Us(X%)) A Ty (X9)), 1 € R),
WO = (WS (1), 1 e R) = (WO ((r v Ug(X?)) A T_5(X?)), 1 € R).
Finally, for f € C(R, R), put

v(f, sn) 2)
A = 256 — 6° ).
I’l,S(f) eXp( S (9/4)613
PROOF OF THEOREM 3.4. Letr > 0. By Lemma 5.6, our claim follows if we
show that

0( -1 on @
B (a; ' - Q") —— B:(BHPy)

in distribution in K, where we recall that 6 = lim;,_, 5 (3 /2)a£an /2n. Forn e N
and s > 0, define the events

Eln,s) = {[Iglin b, < —3ra,, o _Iglig —1]b" < —3ran}

N { min b, < —3ran}
[sn+1,0n—(sp+1)]

and similarly

E(n,s) = {min boo < —3ray,, mi% boo < —3ran},

»Sn —Sn,

3 . .

E(s) = {1[1011511)/ < =3, [g{%]y < 3r}.

Let ¢ > 0 be given. Applying Lemma 5.4, we find ng € N and s > 0 sufficiently
large such that for n > ng, P(£'(n, s)) > 1 — &. For possibly larger values of n and
s, Donsker’s invariance principle shows that also P(E%(n, s)) > 1 —¢, and standard
properties of Brownian motion give P(€ 3s)>1—¢fors large enough. We now
fix s > 0 and ng € N such that for all n > ng, each of the events £!, £2, £3 has
probability at least 1 — €.

As in the proof of Proposition 3.11, we write 7 (f4,, k) for the tree of f,, which
is attached to (k), k € Z. We identify V (f,,) with V(QZ), as usual. Recall that the
root p of UIHPQ is at distance at most —bs(—1) + 1 away from (0). On the event
E%(n, s), the cactus bound (4.6) thus gives for vertices v € V(Q%) which do not
belong to any of the trees T (fyo, k), k = —Su, ..., Sy,

dso (0, v) > —max{[l(I)lin] bso, miI}) boo} > 3ray,

Sn —Sn,

for large n. Since for vertices u, v in B,(S,{(Qg), any geodesic between u and v
(0)

in QF lies entirely in B,, a (0Z), we obtain from the construction of edges in
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the Bouttier—Di Francesco—Guitter mapping that the submap B,(S,{ (QZ)) is a mea-
surable function of (C ,?f’s, S,f?s). A similar argument which we leave to the reader
(see also the first part of the proof of Proposition 3.11) shows that on & L(n,s),
the submap B,(S,{ (Q7") is given by the same function of (Cn.s, £n,s). Moreover, on
E3(s), B,(BHP) is determined by (Xo.5, Wo.5).-

By Lemma 5.5, recalling that a,% « oy, we have for large n

”AC((bn(O'n —8n)s e bp(on — 1), 0,(0), by (1), ..., bn(sn)))
— ﬁ((boo(—sn), eo oy, boo(—1), b (0), bso(1), ..., bOO(Sn)))HTV <e.

Combining this bound with Lemma 6.17, the above observations entail that for any
measurable and bounded F : C(R, R)?> x K — R and n large enough

[E[F(Ch.s. Ln.s. B (ay - Q7)) 1g1 )]
(6.37) — E[Ans (Coo) F(C, £5%. B (a, ' - 02)) L2 p)]| < Ce,

where C > 0 is a constant that depends only on F and 6, s, which are fixed.
Recall from the proof of Lemma 6.17 that for each § > 0, we find ¢5 > 0 such
that P(v(Coo, §5) > c(ga;‘) < §. Keeping in mind Remark 6.18, the joint conver-
gence (6.29) thus implies

d
BO(a;" 0%)) > (X", WO, B,(BHP))

/) p—so0

(c=, e

n,s» ~n,s’

in C(R, R)? x K, and

V(Coo,8n) @ 1

- _ 0
Oriat o 7T = U (X

where, in hopefully obvious notation, X stands for the contour function of the
Brownian half-plane BHP with zero skewness, and X%, W% were defined above
in terms of BHP. For large n, we can therefore ensure that

[E[An,s (Coo) F(CY. £ B (ay ' - 0))]
(6.38) —E[exp(2s6 — (T—y — Uy)(X°)60?/2) F (X", W5 B.(BHP))]| <e.

We will now rewrite the second expectation in the last display using Girsanov’s
(and implicitly Pitman’s) transform. More specifically, an application of Gir-
sanov’s theorem for Brownian motion with drift —6 (see, e.g., [26], Chapter 3.5
Part C) to the right part (X95(1),t > 0) as well as to the left part (X95(1),t <0)
(recall that the time-reversal of this left part is the Pitman transform of such a
Brownian motion with drift, so that —Uj is the first hitting time of —s for this
Brownian motion) shows that for G : C(R, R) — R continuous and bounded,

Elexp (250 — (T_s — Uy)(X%)6?/2)G(Xx%%)] = E[G(X")].
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Since on the event £3(s), B, (BHP) is a measurable function of (X%, W%%) (and
B, (BHPy) is given by the same measurable function of (X 0.5 ' Ww?s)Y), we obtain

E[exp (256 — (T—s — Uy)(X°)0%/2) F (X%, WO, B, (BHP)) 143y ]
(6.39) =E[F(X?*, W, B,(BHPg))1¢3 -

Using that the three events £' (n, 5), £2(n, s) and £3(s) have all probability at least
1 — &, a combination of (6.37), (6.38) and (6.39) shows that for large n
|E[F(Cn.s, €5, B (a;' - Q7)) — E[F(X?5, W0, B,(BHPg))]| < C'e

n

for some C’ depending only on F and s, 6. Clearly, this implies our claim. [J

6.6. Coupling of Brownian disks. We aim at showing Theorem 3.12 and
Corollary 3.13. The main ideas are similar to those of Section 6.2, but closer in
spirit to [20]. We begin with showing how Theorem 3.12 implies that IBD, is
homeomorphic to the pointed closed disk D\ {0}.

PROOF OF COROLLARY 3.13. The arguments are similar to the proof of
Corollary 3.8. First, Theorem 3.12 shows that with probability 1, for every r > 0,
the ball B, (IBD,) is contained in an open set of IBD, homeomorphic to ﬁ\ {0}.
In particular, IBD, is a noncompact surface with a boundary homeomorphic to the
circle S', and it has only one end. Let us glue a copy D of D along the bound-
ary of IBD,, hence obtaining a noncompact surface S without boundary, which
is now simply connected. This surface is thus homeomorphic to R?. Again, the
Jordan—Schoenflies theorem shows that any homeomorphism from the boundary
of IBD,, to S! can be extended to a homeomorphism from S to R?, and this home-
omorphism must send IBD,, to the unbounded region {z : |z| > 1}, which in turn is
homeomorphic to I \ {0}, as wanted. [

For proving Theorem 3.12, we first collect some notation. Throughout this sec-
tion, o € (0, 00) is fixed, and T" denotes always a strictly positive real.

6.6.1. Notation: (infinite-volume) Brownian disk. We again assume that the
following processes are defined on a joint probability space:

F a first passage Brownian bridge on [0, 7] from O to —o';

b a Brownian bridge on [0, o] from 0 to 0, multiplied by V3, independent of F;
B a standard Brownian motion started from By = 0, independent of b;

R, R’ two independent three-dimensional Bessel processes with Ry = R(/) =0,
independent of b;

Uy a uniform random variable in [0, o], independent of (F, b, B, R, R').
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We define the Brownian disk BDr , in terms of the processes F' and b and use
the notation for Section 6.2.1. In particular, Z = Z¥~E denotes the random snake
driven by F — F, and the label process is givenby Wy =b_p, + Z;, 0 <t <T.

As for the infinite-volume Brownian disk IBD,, we will work with the repre-
sentation of the contour process given in Remark 2.9 (and denoted Y there). We
define it in terms of the Bessel processes R and R’ and the Brownian motion B
stopped at times Ty, and T,,. We will moreover write Z'= 7YX for the ran-
dom snake driven by Y? — Y (see Definition 2.8), and W =b_ Yo + 7 teR,
for the label process associated with IBD,. Note that we use the same bridge b in
the definition of BDr » and IBD,

We now establish a coupling between the processes encoding BD7 , and I1BD,,
similar to Section 6.2 above.

6.6.2. Coupling of contour functions. It will be convenient to write 7, =
inf{r > 0 : B; < —x} for the first hitting time of (—o0, —x) of the Brownian mo-
tion B, so that (7,0 < x <o) is a stable subordinator of index 1/2 and Laplace
exponent —log E[exp(—AT})] = +/24. Recall that the density of T is denoted by
g.(x).

We may write the jump sizes of (7y,0 < x < o), together with the times in
[0, o] at which they occur, as a point measure

M= ZS(Aiin)’
i>1
so that Ty, — Ty,— = A;. By well-known properties of subordinators, this mea-

sure is Poisson with intensity measure (271y3)*1/ 2 dy ® duljp,s(u). The first
passage bridge consists in the process (B;,0 <t < T) conditioned on the event
{To =T} ={>_; A; =T}. In order to describe the conditional law of M, we fol-
low Pitman ([36], Chapter 4) and fix the ordering Ay, Ay, ... as the size-biased
ordering of the jumps, so that conditionally given (Aq, ..., A;), A;j11 is chosen
from all the remaining jumps with probability that is proportional to its size. The
random variables U;,i > 1, are then i.i.d. uniform in [0, o] and independent of
(A1, Ay, ...). This property will remain true when we condition the measure M
on events that involve only the sequence (A1, Aj,...).
The following lemma is a consequence of [36], Lemma 4.1.

LEMMA 6.19. Conditionally given {T, = T}, the law of A1 is

ody gr—y(o)
TQRry)'/? gr(o)

2 T
=e’ /QT\EgT_y«r)dy,

and given {T, =T, A = y}, the remaining jumps (A3, Az, ...) have the same
distribution as (A1, Ay, ...) conditionally given {T, =T — y}.

P(Aedy|T, =T) =
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This allows us to obtain the main technical lemma of this section, which one
should see as the continuum version of Lemmas 5.1 and 5.2: it says that given,
T, = T, the jumps behave as those of the unconditioned subordinator (7,0 <
x <o), with the exception of the largest jump of size approximately 7 .

LEMMA 6.20. (a) For every § € (0, 1), one has
hTrgloréfP(Al >(1=8)T ‘ Xl: A; = T) =1
(b) One has

Tli)mooHL(Az, As, ... ‘ Xi:Ai — T) —L(A1, Ay, .| =0,

TV

PROOF. From the description of the conditional law of A; provided by
Lemma 6.19, we obtain

sT T
22T
P(Al > (1 —8)T‘ZA,~:T):e"/ /0 dx /mgx(g)dx,

and, as T — o0, the latter expression converges to f;° gx (o) dx = 1 by dominated
convergence, since /T /(T —x) < (1 —6)~ 172 This proves (a). For (b), one can
use the second part of Lemma 6.19 to obtain the disintegration

E(Az,Ag,...‘ZAi:T)
i

—f dxe UZ/ZT‘/ gx(o*)£<A1,A2,. .‘ZAi:x)

Since g.(o) is the density function of 7, = )_; A;, we also have the disintegration
e.¢]
L(A1, A, =/O dxgx(a)E(Al, Ao, | oA =x>,
i

which entails that

’ (AZ,A3,. }ZA—T)-ﬁ(Al,Az,...)

o) T 5 T
5[ gx(a)dx+f R —
T 0 T —x

The first integral obviously converges to 0, and we can split the second integral at
T /2 and rewrite it, after simple manipulations, as
or (L
X

/T/2 0227 r
0 T —x

vV

1|gx(o)dx.

12
1gx(0)dx+T/ e’
0

8r(1-x)(0)dx.
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eg-(s) = R P{;(Ag —s) =R,
o . . .
o . X I
Fy =B SR Fr_, =Br,_,
/

: I

S
WTF(UO) /T = To+AF
- o T

N T
Sl
g
RPN, / : t
/ .
4

FIG. 10.  The coupling of contour functions stated as Proposition 6.21, with s = s(t) =t — Ty,
r=r(t)=T—t.

The first term converges to 0 by dominated convergence, and the second vanishes
as well since gr(1—x)(0) < 20 /N7 T3 forevery x € [0,1/2]. O

Recall the definitions of F, B, R, R’, Uy from Section 6.6.1. We let TF(x) =
inf{t >0: F; < —x} AT for 0 <x <o. Similarly, we let A], AT, AF, ... be the
jump sizes of TF ranked in size-biased order, and U(f U IF , ... be the correspond-
ing times. For i > 0, we let

ef )=UF +F(TF(UF-)+1), 0<t=<Af,
be the excursion of F above level —U[; note that AF = TF(UF) — TF(UF -).

We also let Aq, Ay, ... be the jump sizes of the first-hitting time subordinator
(Ty,0 < x < o). Figure 10 illustrates the following.

PROPOSITION 6.21. For every ¢ € (0,1) and o, B > 0, there exists 70> 0
such that for every T > TV, it is possible to couple F, B, R, R, Uy on the same
probability space in such a way that with probability at least 1 — ¢, one has Uy =
U(f and

F,=B, 0=<:=<T"U—)=Ty,
Fr_,=Br,_, 0=<t<T—-T"Uy)=T, Ty,

and
ef()=R, O<t<a, (A —-1)=R, 0<t<B8,
and finally
o 14 R= [a,lf(%rim -

PROOF. By Lemma 6.20, for T large enough, say T > T, it is possible to
couple two sequences A, Az, ... and Ay, A}, A),... on the same probability
space such that:
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e (A1, As,...) has the law of the jump sizes of (7yx,0 < x < o) ranked in size-
biased order, and
e (A), A}, A}, ...) has the law of the sequence (A1, Ao, ...) conditionally given
Zizl Ai=T,
in such a way that on an event £; of probability at least 1 — /2, one has
A=Al i>1, and Ay>T/2.

Extending the probability space if necessary, we can assume that it also supports
an independent family of random variables eg, e1, €2, . . . that are independent nor-
malized Brownian excursions, and Uy, Uy, U», ... that are independent uniform
random variables in [0, o], independent of all the rest.

By It6’s synthesis of Brownian motion from its excursions, if we set, for i > 1,

B, =-U; +\/A_ie,~<<t— > Aj>/Ai>,

J:Uj<U;

whenever ijwjd]i A<t < ijlejfUi A, then this a.s. extends to a contin-
uous path (B;,0 <t <} ;- A;) which is a trajectory of Brownian motion stopped
when first hitting —o, which occurs at time 7, = ;> | A;. Similarly, setting, this

time for i > 0,
¥ aj)/a0)

j:Uj<U;

F(t)=-U; + A;.ei((t—

whenever }_ ;- U;<U; Aj <t <Y s U;<U; J, this extends to a trajectory of a
first passage bridge (F (t) 0<t<T)fromO0 to —o, as the notation suggests, and
if we set AF A’ for i > 0, then, by definition of F, (A i > 0) is indeed a size-
biased ordermg of the jumps of the first hitting time process of negative values
of F.

On the event &, the two processes B and F coincide on [0,/ . U, <Uo Ajl,
and likewise, Br, —. and F (T — -) coincide on [0, }_ J=1U;>Up Aj]. This ylelds the
first displayed identity in the statement, since by construction

/ _ pF . — J—
> Aj=T"(Uo-), Y. Aj= ) Aj=Ty,

Jj=1:U;<Uy J=1U;<Uy Jj=1:U;<Uy

while we have
/ F
Y. A =T-T"), Yo Aj= ) Aj=T,—Ty,
J=1:U;j>Uy j=1:U;j>Uy j=1:U;j=Uy

Finally, in this construction, and still in restriction to &1, eg = eo(A6-) / A6 is an

excursion of Brownian motion with duration Aj > 7'/2. At this point, we can ap-
ply Proposition 3 in [20], in the same way as in the proof of Proposition 4 therein.
Up to a further extension of the probability space, as soon as T is chosen large
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enough, say T > T2, we can couple this “long” excursion with two independent
Bessel processes R, R’ (and independent of all previously defined random vari-
ables) in such a way that the three last identities of the statement are satisfied on
an event & with probability at least 1 — /2. This yields the wanted result with
T9 =T v T?, since the intersection £ N & has probability at least | —e. [

6.6.3. Isometry of balls in BDr , and IBD,. As in Section 6.2, we first prove
the following simplification of Theorem 3.12.

PROPOSITION 6.22. Fix o € (0,00), and let € > 0, r > 0. There exists Ty =
To(e, r,0) such that for all T > Ty, we can construct copies of BDr , and IBD,
on the same probability space such that with probability at least 1 — ¢, the balls
B, (BDt ) and B,(1BDy) of radius r around the respective roots are isometric.

With the coupling from the preceding section at hand, the proof of the propo-
sition is a minor modification of [20], Proof of Proposition 4 (compare also with
Proposition 6.6 and its proof). We will point at the necessary modifications and
leave it to the reader to fill in the remaining details.

PROOF. Wefixo € (0, 00), ¢ > 0 and let r > 0. We work with the notation and
with the processes specified in Section 6.6.1. Let us first introduce a few events.
For K > 0, put

VK = {maxb < K}.
[0,0]

Then, given A > 0, with ¢ = (¢, t > 0) denoting a Brownian motion started at 0,
let

(¢, A K)_{mmg“<—10r—K min ¢ <—10r—K, min ¢ <—10r—K }
[A,A?] [A2,A4]

and for A > 0 and @ > 0, set

(A, a) = { inf RA inf R > A4}
[o, [, 00)

We first choose K sufficiently large such that P(£') > 1 — ¢/6. Then standard
properties of Brownian motion allow us to find A > 0 such that P(£%) > 1 —¢/6
as well, and with such a fixed A, we find by transience of the Bessel process an
o > 0 large enough such that P(£%) > 1 — ¢/3.

Recall from Section 6.6.1 and Remark 2.9 the construction of the contour pro-
cess Y7 of IBD,. On the coupling event £ = £(a, T') described in the statement
of Proposition 6.21 (with 8 = «), we obtain that

Fr=Y/ fort € [0, Ty, + o],
Fr +o=Y%  fortel0,T, — Ty, +al.
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We now work always conditionally on (F, B, R, R’, Up). Recall that Z = Z F—F
and Z' = Z¥" X" are the random snakes driven by F— F and Y° — Y, re-
spectively. Similar to the considerations around (6.15) and (6.16) in the proof of
Proposition 6.6, one checks that on the event £ 4 the conditional covariance func-
tion knowing F of

(2,0t =Ty, +a),  (Zr—,0=t =T, — Ty, +a)
is the same as the conditional covariance knowing Y of
(Z,0<t<Ty, +a), (Zr_,,0<t<T,—Ty,+a).

(Note that the special definition of the snake when the driving function is indexed
by (—o0, 00) is used in a crucial way here; see Section 2.2.) Consequently, we
may assume that Z and Z' are coupled such that Z; = ZI for t € [0, Ty, + ], and
Zr—=272_,fort €[0, T, — Ty, + «]. Still on the event 84 we have F, = g‘t’ for
t €0, TUO + al,and Fp_, = g‘it for r € [0, T, — Ty, + «], so that for the label
functions W and W!, we have

W, = WI for t € [0, Ty, +al, Wr_; = Wlt fort € [0, T, — Ty, +ol.

From Proposition 6.21, we derive that for the choice of « from above, the coupling
event £4(a, T) has probability at least 1 — /3 provided 7 is sufficiently large, and
we shall work with such a 7. The reminder of the proof is now close to [20], Proof
of Proposition 4. For every x > 0, let

m(x) =sup{0 <t < Ag/2 : eg(t) =x}+ Ty,,
m(x)= AL —inf{aAlj2<t <Al el (1) =x) + T, — Ty,
where we agree that nf (x) = —o0 (or n.(x) = —o0) if the supremum (or infimum)
is taken over the empty set. Furthermore, let
nll(x) =sup{t >0: R; =x} + Ty,,
(6.40) n(x) =sup{t>0: R, =x}+ T, — Ty,

Then the process (Z I x > 0) has the law of Brownian motion started at Z ITU =
0

1
m(x)’
0. Choosing this Brownian motion in the definition of the event £ from above, so
that on £2, we have

manI 10 < —6r — K,

[0,A] ™
(6.41) min Z,, < —6r =K
min Z, < —6r— K,

[A2 A4] I()
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we shall from now on work on the intersection of events
(6.42) G=E'nErnEINE,

which has probability at least 1 — ¢.

On &3 N &£* we note that min[a’Ag_a] el = infly o0) R A inflg.00) R > A%,
whence for x € [0, A%], n(x) = nll(x) < Ty, +« and nj(x) = n(x) < Ty — Ty, +
«. It follows that for any x € [0, A4,

=7zl

Zoj = 2oy =

I
Z—nll.(x) = ZT_’?;(X)'

We are now almost in a setting where we can appeal to the reasoning in [20],
Section 3.2. We should still adapt the definition of dw (s, ) given just before
Lemma 6.7 to the setting considered here. Let s, € [0, T']. If s, ¢ lie both in either
[0, Ty, + Al /2] orin [Ty, + AL /2, T1, we let

d{,v(s, H=W,+W,—2 min W.

[sAt,sVE]

Otherwise, we set

dy(s,t) =Wy + W, =2 i w.
ws: 1) s+ W 0.5 AflUIs V2. T]
Recall the definition of the pseudo-metric D(s, t) associated to the Brownian
disk BD7 . The following statement replaces Lemma 6.7 and is close to [20],
Lemma 5(i).

LEMMA 6.23. Assume G holds.

(a) Foreveryt e [nj(A), T —n,(A)], D©,t)>r.
(b) Foreverys,t €[0,n(A)TU[0, T —n.(A)] with max{D(0, s), D(0,1)} <r,
it holds that

k
DG, t)=_ inf diy (si, t;),
( ) sl,tl,...,sk,tkE W(l 1)
1=

where the infimum is over all possible choices of k € N and reals sy, ..., sk, t1,
ot €10, n(A2)JUIT —nl(A?), T] such that sy = s, ty, = t, and dp (t;, si+1) = 0
forl1<i<k-—1.

PROOF. One can follow the same line of reasoning as in [20], proof of
Lemma 5(i), with one small modification, which is apparent from the proof of (a),
so let us prove this part. If r € [{(A), T — n,.(A)], then by the cactus bound (6.13),

D@,t) > W, —2max{ min W, min W}.
0.7 [0l
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Recalling that W, = b_p + Z;, we first remark that on the event E3N &, since
n(A) < Ty, + a, we have Z = Z% on [0, n(A)]. Since n{([0, A]) C [0, n{(A)],
it follows now from (6.41) that the minimum of Z on [0, n{(A)] is bounded
from above by —6r — K. But on &, maxb < K, so that min[[o’,]]TF W <
min[[O,n{( M7, W < —6r. A similar argument holds for the second minimum, so

that in fact D(0,t) > 6r whenever t € [nf(A), T — n.(A)]. For (b), one can fol-
low [20], proof of Lemma 5(i), or modify the proof of (b) in Lemma 6.7. [

Entirely similar, one finds the corresponding statement for the pseudo-metric
D! of IBD, that replaces Lemma 6.8: In the statement there, 7, and 77{ have to
be replaced by n% and 771[ as defined under (6.40), and Dy, dys by D' and dy.
Following again [20], or adapting the second part of the proof of Proposition 6.6,
these two lemmas lead to the stated isometry between B,(BDr ) and B, (IBDy)
on the event G of probability at least 1 — ¢, completing thereby the proof of Propo-
sition 6.22. [

It remains to show how Proposition 6.22 can be improved to Theorem 3.12.

6.6.4. Proof of Theorem 3.12. The proof is close in spirit to that of Theo-
rem 3.7: for a fixed r > 0, we must find some r¢ > r large enough so that for all T
sufficiently large, the ball B,,(BD7 ) contains with high probability an open set
Agp homeomorphic to the pointed closed disk D \ {0} which, in turn, contains the
ball B, (BDr ) with high probability. Then we will apply Proposition 6.22 to cou-
ple the balls B,,(BDr ) and B,,(IBD,). The set Agp will be defined as a region
bounded by certain geodesic paths.

We use the notation specified in Section 6.6.1 and abbreviate the Brownian disk
BDr , again by Y = ([0, T]/{D =0}, D, p). As in the proof of Theorem 3.7, we
denote by py the associated canonical projection. We will also use the geodesic
paths I's, s € [0, T'], in Y respectively from py(s) to x, = py(ss) defined around
Lemma 6.14, together with the properties stated there.

We will work on the coupling event G given by (6.42). The parameters of this
event (in particular the real A and the coupling radius ro) will be chosen later on.
Furthermore, we consider another real ap > 0; below the proof of Lemma 6.24, we
will first choose ag and then A such that ag < A%, which we will assume from now
now.

We let AgD = [0, n{(ao)1 U [T — n;(ap), T1, where nj, n, are defined on G in
the proof of Proposition 6.22. Since ag < A*, we know on G that n{(ao) < o0 and
the same for 7. (ag). We will moreover work on the event {s, ¢ AgD}, which holds
with high probability provided T is large enough.

The set Ay will play a role analogous to that of OJp in the proof of Theo-
rem 3.7. Note, however, that the points py(nf (ap)) and py(T — n;(ap)) are equal,
and we denote this point by xo. From Lemma 6.11, we know that xo ¢ dY. We let
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p=pv(0)

FIG. 11.  Illustration of the proof of Theorem 3.12. We look at the disk Y = BD , from above. The
ball By (Y) contains the full boundary of Y and is included in the larger ball By, (Y), whose boundary
in Y is indicated by the loops in blue. The ball By, (Y) encompasses the open set Agp, which is
homeomorphic to the pointed disk D \ {0}. The set Agp is bordered by the boundary of Y and the
simple loop P (in red), which is formed by two segments of geodesics between xq and py (ts).

t. € A3 be such that W, = min A, W The geodesic paths 'y (4g) and 'ty (ag)
both start from xg, but by Lemma 6.14(d), they become disjoint until they meet
again for the first time at the point py(t,). Therefore, the segments of these
geodesics between xo and pv(t.) form a simple loop P, which is disjoint from
the boundary dY by (c) in Lemma 6.11. We point at Figure 11 for an illustration.
The analog of Lemma 6.15 is the following.

LEMMA 6.24. In the above setting, the set P is a simple loop in Y containing
Xo that does not intersect 0Y. Letting Agp be the connected component of Y \ P
that contains py(0), then App is almost surely homeomorphic to the pointed closed
disk D\ {0}, and is the interior of the set py(AgD) inY.

PROOF. The proof is very similar to that of Lemma 6.15. The fact that Agp is
a.s. homeomorphic to I \ {0} is a direct consequence of the fact that Y is homeo-
morphic to D and that P is a simple loop not intersecting dY. It only remains to be
proved that Agp is the interior of py (AgD). However, using the paths E; defined in
the proof of Lemma 6.15, it is simple to see that a point in py(AgD) is linked to 9Y,
and hence to py(0), by a simple path that intersects P, if at all, only at its starting
point. On the other hand, we claim that for every x € Y \ py(AgD), we can find
a simple path from x to x, = py(s,) not intersecting P. (Note that since we are
working on the event {s, ¢ AgD}, we have x, ¢ Agp.) Indeed, writing x = py(s),
such a path can be obtained by concatenating segments of the paths py o E5 and
py o By, . We leave the details to the reader. This proves that Agp and Y\ py(AgD)
are the two connected components of Y \ P and, therefore, Agp is the interior of

pyv(AS). O



SCALING LIMITS OF QUADRANGULATIONS WITH A BOUNDARY 3473

We turn back to the proof of Theorem 3.12 and fix once forall o > 0, r > 0, and
0 < & < 1. Recall the construction of the space IBD, and the definition of nll(x)
and n%(x) from (6.40) in terms of its contour function. We first choose K > 0 so
large such that the event £ LK) = {max[0,,]b < K} considered in the proof of
Proposition 6.22 has probability at least 1 — &/24. Next, we may choose ag > 0
large enough such that

P(min ZII

min Zuic < =2r — K) >1—¢/4.

With o (f, I) = sup; f — inf; f, we then fix ry > r large enough in such a way
that

P(w(W', [=ni(a0), ni(ap)]) < ro/2) = 1 — /4.

We now specify the parameters of the coupling event G given by (6.42): we use ry
instead of r, the above real K, and we choose the parameter A large enough such
that A* > ap. We may moreover choose the remaining parameters « and 7 in the
definition of G in such a way that P(G) > 1 — /4. We recall that on G, one has
nx) = nf(x) and n/.(x) = nl(x) for every x < A%, so that these equalities hold in
particular whenever x < ag by our choice of A. By possibly taking 7 even larger,
we can moreover ensure that the event {s, ¢ AgD} has probability at least 1 — g/4.
We finally work on the event

gn {[1(;11(1;)1] Z;}(.) < =2r — K} N {a)(WI, [—nl(ao), nll(ao)]) <ro/2} N{ss ¢ AgD},
which has probability at least 1 — . From here on, we may follow the end of
the proof of Theorem 3.7: We replace Opp and Ognp = I(Ogp) by App and
Aigp = I (Agp), where [ is defined as before Corollary 6.9 and defines an isom-
etry between B,,(Y) and B, (IBD,) on the coupling event G. Then, by virtually
the same arguments, we obtain that on the above intersection of events, we have
B,(Y) C Agp C By, (Y). Being the image of Agp under the isometric map 7, Agp
is itself open and homeomorphic to the pointed closed disk, and the proof of The-
orem 3.12 follows.

6.7. Infinite-volume Brownian disk. For proving Theorem 3.2, we will com-
bine the convergence toward the Brownian disk BDr , proved in [11], Theorem 1
(see display (6.26)) with the couplings Theorem 3.12 and Proposition 3.14. We
work in the usual setting specified in Section 4.5.4.

PROOF OF THEOREM 3.2. Let | < 0, < 4/n, and assume that for some o €
0, 00), a, ~ (4/9)1/4«/0,1/0. We have to show that for each r > 0,
d
B,(ay" - 0%") —“=> B,(IBD,)

n nrop—
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in distribution in K. We fix ¢ > 0 and » > 0. By Theorem 3.12, we find Ty such
that for all T > Tj, we can construct on the same probability space copies of BDr »
and IBD, such that with probability at least 1 — &, we have an isometry of balls

(6.43) B, (BDr,s) = B,(IBDy).

By Proposition 3.14, we find Ry > Ty/ (202) such that for R > Ry and n suffi-
ciently large, we can construct on the same probability space copies of Q" and
Q‘;”Uz such that with probability at least 1 — ¢, there is the isometry

(6.44) Bra, (Q5") = Byg, (Q’;”a’%).

Now let F : K — R be a bounded and continuous function and R > Rg. We assume
that Q5" and Q;"Uz are constructed on the same probability space such that (6.44)

holds, and similarly BD, 2 , and IBD, so that (6.43) is satisfied. We write
|E[F (B, (a; " - Q5"))] — E[F (B, (1BD,))]|
<|E[F(a;" - Bra,(Q7") = Flay " - Bra, Q%))
+|E[F(ay" - Bra,(QF,2))] — E[F (B (BDyg2 )]
+ [E[F (B, (BD,gy2.,)) — F(B,(IBD,))]|.

Using (6.44) and (6.43) (note that 2Ro? > Tp), the first and third summand on
the right-hand side are bounded from above by 2esup F. The scaling property
A - BDi,c =4 BD,4 ;2, for A > 0 combined with the convergence (6.26) implies
that the second summand converges to zero as n — 00. This completes the proof
of Theorem 3.2. [

6.8. Brownian disk limits.

PROOF OF COROLLARY 3.15. Depending on the regime, we define the limit
space X as in the statement of Corollary 3.15. We then have to show that for each
r >0, when T tends to infinity, B, (BD7 ;7)) converges in law to the ball of radius
r around the root in X'. As usual, we consider only the case r = 1. Let F: K — R
be bounded and continuous. For T € N and n € N, we set

ma(T)=Tn,  0,(T)=|o(T)V2n]|,  a,=(8/9)*nl/*.
We write
[E[F(B1(BD7.0(1)))] — E[F(B1(X))]]
< |E[F(B1(BDr.o(1))] — E[F(ay " - Ba, (O )]

+[E[F(a, " Ba, (Q0\ )] — E[F(B1(1))]].
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For each fixed T € N, [11], Theorem 1, and the scaling property of the Brownian
disk imply that the first summand on the right-hand side is bounded by ¢, provided
n > no(T) (see also (6.26) above for the case T = 1). We now argue by contra-
diction that for large enough T, there exists ng = ng = (7, €) such that for any
n > ng, the second summand is bounded by ¢ as well. Indeed, assuming this is not
the case, we find two sequences of integers (Tk, k € N), (ng, k € N) with Ty — oo,
ny — 00, such that

[ELF (a5, + Bay, (Ot )] — E[F (B1 ()] > .
In the first case of the corollary where o (T) — 0 as T — oo and X = BP, we have
Vo, (Ty) L ap, K (mnk(Tk))l/ 4 and the last display clearly contradicts Theo-
rem 3.1. In the second case where o (T) — ¢ € (0, 00), we use Theorem 3.2 in-
stead of Theorem 3.1, and an identical argument allows us to complete the proof
in this case, with X" given by IBD.. In the fourth case where o(T)/T — 00 and
X = SCRT, we apply Theorem 3.5 instead.

Let us finally look at the third case where o (T) — o0, o (T)/T — 6 € [0, 00),
and X = BHPy. If 6 = 0, then, along sequences (7,,, m € N) tending to infinity
for which o (T;,)/~/Tn — 0 as m — oo, we follow the same argumentation by
contradiction and use Theorem 3.3, whereas if liminf,, _, oo 0 (T},) /+/T;n > 0, the
corollary is a direct consequence of Theorem 3.7, and so it is in the case 6 > 0.

O
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SUPPLEMENTARY MATERIAL

Supplement to “Classification of scaling limits of uniform quadrangula-
tions with a boundary.” (DOI: 10.1214/18-AOP1316SUPP; .pdf). We provide
the proofs of Lemmas 5.1, 5.2, 5.3 and 5.5, as well as the proof of Theorem 3.5,
where the SCRT appears in the limit.
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