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This paper studies the sharp interface limit for a mass conserving Allen—
Cahn equation, added an external noise and derives a stochastically per-
turbed mass conserving mean curvature flow in the limit. The stochastic
term destroys the precise conservation law, instead the total mass changes
like a Brownian motion in time. For our equation, the comparison argument
does not work, so that to study the limit we adopt the asymptotic expansion
method, which extends that for deterministic equations used originally in de
Mottoni and Schatzman [Interfaces Free Bound. 12 (2010) 527-549] for the
nonconservative case and then in Chen et al. [Trans. Amer. Math. Soc. 347
(1995) 1533-1589] for the conservative case. Differently from the determin-
istic case, each term except the leading term appearing in the expansion of
the solution in a small parameter ¢ diverges as ¢ tends to 0, since our equa-
tion contains the noise which converges to a white noise and the products or
the powers of the white noise diverge. To derive the error estimate for our
asymptotic expansion, we need to establish the Schauder estimate for a dif-
fusion operator with coefficients determined from higher order derivatives of
the noise and their powers. We show that one can choose the noise sufficiently
mild in such a manner that it converges to the white noise and at the same time
its diverging speed is slow enough for establishing a necessary error estimate.
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1. Introduction and main results. First, we introduce the stochastic mass
conserving Allen—Cahn equation. Our goal is to discuss its sharp interface limit.
The mass conservation law forces us to introduce a scaling for the noise differ-
ent from the stochastic Allen—Cahn equation and prevents the comparison argu-
ment, which was useful for the stochastic Allen—Cahn equation. Our method is
the asymptotic expansion, in which powers of derivatives of the noise appear re-
peatedly, and our main effort is devoted to controlling these diverging terms. The
evolutional law of the limit hypersurface is described by the mass conserving mean
curvature flow with a nonlocal multiplicative white noise term.

1.1. Stochastic mass conserving Allen—Cahn equation and its background.
We consider the solution u® = u®(t, x) of the following stochastic partial differ-
ential equation (1.1) in a bounded domain D in R" having a smooth boundary
aD:

a &
8_”t — Auf + g—z(f(uf) —][ f(u£)> +aif(r) in D xRy,
D
&
(1.1) aL:() onaD x Ry,
av
u®(0,) =g°(") in D,

where ¢ > 0 is a small parameter, o > 0, v is the inward normal vector on 9D,

R4 =10, 00),
][D ut |D|/ ub(t, x)

g% are continuous functions having the property (1.12) stated below, or more pre-
cisely, satisfying the conditions (4.19)—(4.21). The noise w?(¢) is the derivative of
wf(t) = wé(t, w) € C*°(Ry) in ¢ defined on a certain probability space (2, F, P)
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such that w®(¢) converges to a one-dimensional standard Brownian motion w(t) as
€} 01in a suitable sense; see (1.8) and Assumption 1.1 below. We assume that the
reaction term f € C°°(R) is bistable and satisfies the following three conditions:

1
i) fEH=0,  f/(£l) <0, ﬁlf(u)duzo,

(i) f has only three zeros £ 1 and one another between =+ 1,
(iii) there exists ¢; > 0 such that f/(u) < ¢ for every u € R.

The last equality in (i) is called the balance condition. A typical example is f(u) =
u — u>. From (i) and (ii), it follows that there exists a unique increasing solution
m:R— (—1,1) of

(1.2) m’ + f(m)=0 on R, m(FEoo) = £1, m(0) =0,

and m is called the traveling wave (or standing wave) solution. The function m =
m(p), p € R, satisfies

(1.3) k(m(p) F1)=0(e1Pl)  as p— Foo,

fork=0,1,2,...,where ¢ =min{s/— f/(—1), /—f'(1)} > 0.

A mass conserving Allen—Cahn equation without noise, that is, (1.1) witha = 0,
is introduced by Rubinstein and Sternberg [24]. Then the existence and uniqueness
results for (1.1) with @ = 0 are established by [5], [6], [19] and its sharp interface
limit as € | O is studied by Chen et al. [3]. Note that the general theory of par-
tial differential equations [17] provides the well-posedness and the smoothness of
the solutions for equation (1.1) having an additional smooth external force term
aw?(t). On the other hand, for a stochastic Allen—Cahn equation, that is, (1.1)
without the averaged reaction term, the sharp interface limit is studied by Funaki
[10], [11], Lions and Souganidis [22] and Weber [26]; see also [12], [13] which
give a brief survey. The study of the sharp interface limit of the stochastic mass
conserving Allen—Cahn equation (1.1) is a natural extension and combination of
these two problems. Note that the noise term considered in [11], [26] was scaled
as e “law?(¢). This is very different from ow? () in (1.1). In other words, our dy-
namics are more sensitive to the noise. We will give a heuristic explanation for this
difference in Section 2.1. Note also that the comparison argument used in [11], [26]
does not work for equation (1.1). This is the main technical difference between our
equation and the stochastic Allen—Cahn equation.

1.2. Limit dynamics, conservation law and related results. Our goal is to show
that the solution u®(t, x) of (1.1) converges as ¢ | 0 to x,, (x) with certain hyper-
surface y; in D, where x,, (x) = +1 or —1 according to the outside or inside of the
hypersurface y, if this holds for the initial data g® with a certain yy, and the time
evolution of y; is governed by

o|D|
(1.4) V=k—7 «+
1 2|yl

ow(t), tel0,0],
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up to a certain stopping time o > 0 (a.s.), where V is the inward normal velocity
of y;, k represents the mean curvature of 3, multiplied by n — 1, |y;| denotes the
surface area of y;, s k= h}_tl fy[ k ds, ds stands for the volume element of y;, w(t)
is the white noise process and o means the Stratonovich stochastic integral. When
a = 0, equation (1.4) coincides with the limit of the mass conserving Allen—Cahn
equation studied in [3]. Note that, in [3], the sign of V is taken opposite. When
a =0, the mass of the solution u® of (1.1) is conserved, namely,

1 R _
(1.5) ﬁfDu (t.x)dx = C.

holds for some constant C € R. On the other hand, in the case where the fluctuation
caused by aw?®(¢) is added, the rigid mass conservation law is destroyed and in
place of (1.5), we have the conservation law in a stochastic sense

1
(1.6) —/ u®(t,x)dx = C + aw® (1), reRy,
|D| /D
which can be derived by integrating (1.1) over D:

1
(1.7) ﬁ/D(aﬂﬁ(z,x)—ouzf'f(z))dx=0.

Equation (1.6) implies that the total mass per volume behaves like a Brownian
motion multiplied by « as ¢ tends to 0.

At least heuristically, the limit dynamics (1.4) is consistent to the conservation
law (1.7) if the coefficient ¢ of the noise w(¢) is given by ¢ = % as in (1.4).
In fact, if V > 0, the (—1)-phase transfers into (41)-phase with speed V per unit
time. If V < 0, an opposite transition occurs. Therefore, the rate of change of the
total mass is given by o, [pu®(t, x)dx~2 [, V.If V is governed by the equation
of the form of (1.4) with a coefficient ¢ in front of the noise w(t), 2 fyt V is equal to
2¢|yy|w(r) and, for this to be consistent to (1.7) asymptotically as € | 0, we would
have 2c¢|y;| = a| D], and this implies ¢ = %. See Section 2.1 for more detailed
heuristic derivation of (1.4).

Equation (1.1) with « = 0 and without the averaged reaction term is called the
Allen—Cahn equation. It is well known that the mean curvature flow V = k appears
in the limit for this equation; cf., [1], [13]. For the stochastic Allen—Cahn equa-
tion, that is, (1.1) without the averaged reaction term and with the noise differently
scaled as we mentioned above, the limit dynamics are given by V =k + caw(?),
where 6 (= ¢g) is the inverse surface tension defined in (2.30) or in Section 2.1 be-
low; see [11], (1.5). In this case, a simple additive noise appears in the limit, while
in our case the limit dynamics (1.4) has a multiplicative noise and its coefficient

contains a nonlocal term |y,|~!. This is due to the effect of the conservation law.
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1.3. Formulation of main results. We take an integer K satisfying K >
max(n 4 2, 6) and fix it throughout the paper. This will be necessary for the proof
of Theorem 4.9 later. Let w® = wé(t) = w®(t,w), 0 <e <1, t eRy, w e Q
be a family of (F;)-adapted stochastic processes defined on a probability space
(2, F, P) equipped with the filtration (F;);>0, which satisfy that w®(0) = 0,
wé(-) e C*°(Ry) in ¢ a.s. w and

(1.8) lgiﬁ)l”u)g — w[]cg([O’T]) =0 a.s.,

for every T > 0 and some 6 € (0, %), where w(?) is an (F;)-Brownian motion
satisfying w(0) =0 and

[v(®) —v(s)]
(1.9) lvllceo.rpy = sup |[v(E)|+ sup ———————.
.7 te[O,T]| | Ofs;,éfT It —s]0
ST

To prove our main theorem, we need two assumptions formulated as follows.
The first assumption is on the speed of blowing up of the time derivatives of the
noises, which is slow enough to control the diverging terms appearing in the ex-
pansion of u® (¢, x) in e.

ASSUMPTION 1.1. Forevery T > 0, there exists H; > 1, 0 < ¢ <1, such that

dk
(1.10) sup —kwg(t,a)) < H,, k=1,2,...,n1(K)+1,
1€[0,T].we! dt
2n1(K)
(1.11) lim H, = oo, lim———— =0,
0 10 loglog|loge|

where n1(K) € N is the number determined from K by Proposition 3.6 below.

Two examples of our mild noise w? satisfying (1.8) and Assumption 1.1 will be
given in Section 4.1.

The second assumption concerns the local existence and uniqueness for the limit
dynamics (1.4) and the Wong—Zakai-type convergence theorem for the solutions
as the noises converge.

ASSUMPTION 1.2. There exist stopping times o and o such that V¥¥°
(resp., V), the solution of (2.6) below with v = aw?® [resp. (1.4)], exists uniquely in
[0, o?] (resp., [0, o]). In addition, 0¥ > 0 and o > 0 hold a.s. Furthermore, for ev-
ery T > 0 and m € N, the joint variable (0%, d°(t Ao®)) e Ry x C([0, T], C™(O))
converges in this space to (o,d(t A o)) as ¢ | 0 in a.s.-sense, where d®(¢) [resp.,
d(t)] is the signed distance determined by the hypersurface y,‘)“"}S (resp., Y1),
which is negative inside yf“’"s (resp., ¥:), and O is an open neighborhood of
10; see Theorem 1.1 and [26]. The signed distance d(¢f) = d(¢, x) is defined as
d(t,x) =sgn(x)infye,, |x — y| and sgn(x) = 1 or —1 if x is outside of y; or inside
of y;, respectively. d®(¢, x) is similarly defined.
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Note that the smoothness of various constructions in the evolution of hyper-
surfaces is guaranteed by this assumption. We will show in Section 5 that As-
sumption 1.2 holds in the sense of law under a two-dimensional setting as long as
the limit curve y; stays convex. Applying Skorohod’s representation theorem for
joint variables (w?, o¢, d®(t A 0?)), by changing the probability space (2, F, P)
if necessary, one can realize the convergence in a.s.-sense as in (1.8) and Assump-
tion 1.2. One of the reasons to formulate Assumption 1.2 in a general setting is
that we have a hope to prove it in the future. Another reason is that one can clearly
separate the methods in the theory of partial differential equations and those in
stochastic analysis by formulating Assumption 1.2.

Assumption 1.2 implies uniform bounds on spatial derivatives of the distance
functions in ¢ > 0 locally in time; see Section 3.3.1. We also need bounds on ¢-
derivatives of the hypersurface y* %" by means of a certain norm of the noise w*.
This will be formulated precisely as Assumption 3.1 in Section 3.3.2 and shown
under two-dimensional settings in Section 5.

The aim of this paper is to prove the following theorem.

THEOREM 1.1. Let yg be a smooth hypersurface in D without boundary with
finitely many connected components and it has the form yy = d Dy with a smooth
domain Dy such that Do C D. Suppose that a local solution T' = Uo<t<o (Ve x {t})
of (1.4) up to the stopping time o > 0 (a.s.) satisfying yv; C D for all t € [0, o]
uniquely exists (a.s.). Furthermore, let us assume three Assumptions 1.1, 1.2 and
3.1. Then one can find a family of continuous functions {g°(-)}sc(0,1] Satisfying

(1.12) lim g° (x) = Xy
el0

such that u®(t AN o® A t,-) converges to xy,,...(-) in C(R, L*(D)) as € | 0 in
a.s.-sense, where u® is the solution of (1.1) with initial value g° and 1 = 1 (w) > 0
is that given below Assumption 3.1.

If Assumption 1.2 holds in the sense of law, by the observation we gave above,
Theorem 1.1 holds also in the sense of law. More precise conditions for g° are
formulated in (4.19)—(4.21).

The right-hand side of the first equation in (1.1) contains the averaged reaction
term, and hence, as we already pointed out, one cannot directly apply the com-
parison principle to estimate its solution. This is a difference from the stochastic
Allen—Cahn equation treated in [11], [26]. Our method for the proof of Theo-
rem 1.1 is an extension of the asymptotic expansion used originally in de Mottoni
and Schatzman [4] and then in [3].

Recall that w(z) is not in C'-class in ¢ and, therefore, for any smooth se-
quence {w®(f)}o<e<1 converging toward w(z), the products or the powers of its
time derivative {w®(#)}o<s<1 and higher order time derivatives always diverge as
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& | 0. Due to this, each term in inner and outer solutions constructed by the asymp-
totic expansion except its leading term explodes as € | 0 because it contains some
powers of the time derivatives of w?®. [Here, the inner solution is defined through
the expansion of u® near the interface in a stretched (microscopic) spatial variable
p € R, which is introduced to relax the sharp transition of u® near the interface,
rather than the original (macroscopic) variable x € D, while the outer solution de-
termines the boundary condition of the inner solution at p = +00; see Section 2.3
for more details. The meaning of the outer solution becomes clear in Section 2.1.]
However, by choosing the sequence w?(¢) in a suitable manner that its divergent
speed is slow enough as in Assumption 1.1, one can control the diverging terms.
Indeed, the speed of divergence of each kth inner and outer solutions having pref-
actor X can be controlled once we can make the divergent speed of the powers
of time derivatives of w®(¢) slower than ¢, This is one of the key points in the
proof of Theorem 1.1.

The paper is organized as follows. In Section 2, we first give a heuristic deriva-
tion of the evolutional law (1.4) of y;, as a result of the combination of (2.4) and
(2.30). Then we introduce the asymptotic expansion of the solution u® of equation
(1.1) in ¢ in detail. It turns out that one needs to analyze the asymptotic expan-
sion up to the Kth order term with K > max(n + 2, 6); cf. Lemma 2 of [3] and
Theorem 4.9 below. We briefly touch the stochastic mass conserving Allen—Cahn
equation with a spatially dependent noise with vanishing spatial average, and com-
pare the scaling of the noise to our case. In Section 3, we define an approximate
solution and show the estimates on each term in the asymptotic expansion. This
is accomplished by carefully studying the Schauder estimate for a diffusion oper-
ator with diverging coefficients. In particular, we need to study how the constants
in the Schauder estimate depend on the coefficients, especially the norm of the
noise w®. As a result, we find out that Assumption 1.1 for w? is enough to con-
trol the expansion of u®. Then in Section 4, we give the proof of Theorem 1.1.
In Section 5, we discuss the stochastic partial differential equation (SPDE) cor-
responding to (1.4) under the situation that n = 2 and the interfaces stay convex
and show that the SPDE corresponding to (1.4) has a unique local solution in such
case. Assumption 1.2 in law sense and Assumption 3.1 are shown in this situation.

Proofs of all the lemmas in Sections 3-5, with some exceptions, are deferred to
the Supplementary Materials [14].

REMARK 1.1.  Weber [26] established the sharp interface limit for the stochas-
tic Allen—Cahn equation in a.s.-sense with the choice of w?(¢) such as the first
example given in Section 4.1. In his argument, it was essential that the SPDE de-
scribing the dynamics of the limit hypersurface y; in terms of the signed distance
d has an additive noise. This is not the case for our limit dynamics (1.4) and his
argument does not work or at least requires substantial modifications for showing
Assumption 1.2 under a more general setting than we discuss in Section 5.
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2. Asymptotic expansion of the solution of (1.1).

2.1. Heuristic argument for the derivation of (1.4). Before starting the proof
of Theorem 1.1, it might be worthy to give a heuristic derivation of the evolu-
tional law (1.4) of the limit hypersurface y; from the stochastically perturbed mass
conserving Allen—Cahn equation (1.1).

Note that the scaling for the noise term in (1.1) is essentially different from that
for the stochastic Allen—Cahn equation. In fact, without the term —-f,, f(u®) in
(1.1), the proper scaling for the noise term was e~ law? (¢) rather than aw®(7);
see [11]. We give a heuristic argument to explain the reason for this difference;
see also Section 2.5 for a spatially dependent noise. In particular, we will see that
the averaged reaction term behaves as , f(u®) = O(¢) as ¢ | 0 so that g2 —
Ip fu®) ~ e~ 11o(r) with a certain Ao(¢), and the evolution of A (¢) is governed
by the noise aw?®(¢) of O(1).

Our basic ansatz is that u® (¢, x) ~ £1 as ¢ |, 0. We actually assume this att =0
as in (1.12). This implies f(u®) ~ 0 so that a®(t) := +}, f (u®) should be small; see
Remark 2.1 below. Conversely, if a®(r) is small, the main term of the reaction term
becomes &2 f (u) so that the solution u® is pushed toward +1 and we can expect
our ansatz to be true. Anyway, this observation suggests that, instead of m defined
by (1.2), it might be better to consider the perturbed traveling wave solutions with
the reaction term f replaced by f —a®(t) + e2v(r) and v(r) = aw?(r). We denote
v(t) for aw?(¢), since this term could be regarded as O(1) as ¢ | 0; see (2.5)
below. More precisely, for a € R with small |a|, define the traveling wave solution
m=m(p;a), p € R and its speed ¢ = c(a) by

{m”(p) +em'(p) +{f(m(p) —a} =0,  peR,

2.1
m(+o0) =ml, m(0) =0,

where m% =m?% (a) = x1 + O(a) (a — 0) are solutions of f(m%) —a=0.Itis

easy to see that co :=¢'(0) =2/ f[pm’ (p)zdp; see below. Another expression of
2 _rl .

T vads where V(u) = [, f(v)dv;see [11].

Our guess for the behavior of the solution u® of (1.1) is the following:

. a(t,x) 2
2.2) u (t,x):m( . ;a‘(t) —e v(t)) + O(e),

co 1s also known: co =

as ¢ | 0, where d(¢, x) is the signed distance between x € D and the limit hyper-
surface y;. Then, denoting m(-; a®(t) — g2v(t)) simply by m, we have

0:/D{Au8+;—Z(f(ug)—]{)f(ug)”dx
~ 81—2 D{m”(g) +8m/(g)Ad+ f(m(%)) —a®(t) +82v(t)}dx

— |DJv()
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= Eiz D{_c(af(t) — szv(t))m/<§) + sm/<§>Ad} dx — | D|v(t)
1 (d
A = Dm (g){—coag(t) +eAd}dx — |D|v(t)

~ giz/R/ W(g){—cwe(t) + ek (t,5) + erb(t, )} dr ds — | D|v(t)
Vi
1
m/R/ym’(p){—gcoaf(t)+K(t,§)+gpb(;,§)}dpd§_|D|v(t)

= (m* —m*)/yt{—coal(t) +K(z,§)}d§ —|Dv(t) + OC(e).

Here, the first line is a consequence of [ p Aufdx = 0 which holds under the
Neumann condition at d D, we apply (2.2) for the second line noting that Au® ~
Am($) = Lm"(4)|Vd|* + tm'(£)Ad and |Vd| = 1 at least near y;, the third
line follows from (2.1) with a = a® (1) — %v(¢), the fourth line by c(a® — £2v) =
coat + 0((a®)?) 4+ 0(g?) and c(0) = 0, the fifth line from (30), (40) of [3], that is,
Ad =« (t,s)+rb(t,s)+ O(e) with b(t,5) = —Vd - VAd for 5 € y; and the sixth
line follows by the change of variables r = ep. The above computation implies
that a® () should be of order O (¢) and, defining A (¢) as

1 £ 1 £
23) “a'=- 7 9) =10+ 06),
& & JD
since m% =1+ 0(a®(t) — e?v(t)) = 1 + O(e), we obtain
(2.4) 2coroDNyel =2 | «ds —|DJv(r),
4

in the limit ¢ | 0.

It will be clear that this condition is necessary for the first term of (3.13) to van-
ish and used in (2.29) to determine A(?); note that co = & :=2(Jp m' (p)2dp)~!
holds as we will see below, where o is called the inverse surface tension. In par-
ticular, (2.2) and (2.3) suggest

Ao(?)
£(t, ~ *(af(t) — e2v(t)) ~ %1 ,
WD) s irmaoe MO mEVO) L e R
since 0 = f(m*%) —a~ f'(£1)(m* F 1) — a, which implies m* ~ +1 + ﬁ
This exactly coincides with the formula (2.34) for the asymptotic behavior of the

outer solutions.
Once (2.4) is obtained, (1.4) could be derived from

V=kx—-0olo(t) on y,

which is obtained as a solvability condition for ug appearing in the expansion of u?;
see (2.30) below. Later, we will consider the expansion of u® based on m(@; 0)
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with a = 0 rather than that introduced in (2.2), since the leading orders are the
same.

We finally comment on the identity co = o. The smoothness of c(a) in a is
shown in the Appendix of [7]. We compute for m = m(-; a) as

1 24/
O=—/— m' )Y d =—/m"-m/d
[Py do=— [ "o

:/R{c(a)murf(m)—a}m’dp

—c(a)/ d,0+/ f(s)ds —a(m’ —m?*).

Take the derivative of both sides in a and set a = 0 noting that m’ = m’(p; a)
and m’ = m? (a). This leads to the identity co = & since m* (a) = 1 + O(a) as
a— 0.

REMARK 2.1. If the condition (1.12) does not hold for the initial data g°,
a®(0) is not small in general. In this case, a®(#) may not be small as well. This
means that the reaction term f (1) — a®(¢) does not satisfy the balance condition,
that is, the last equality in the condition (i) for f. Thus, the situation is more close
to that of Girtner [15] and others discussed at least in the nonrandom case; see
Section 4.1 of [13] and also Hilhorst et al. [18]. In particular, the proper time scale
and the limit dynamics should be totally different from ours.

2.2. Signed distance from y; and parametrization of y;. Let us start more pre-
cise discussions. The expansion of the solution u?(z, x) of (1.1) in & will be given
only in & appearing in the reaction term and not that in the noise term. To make
this clear, we consider the following equation with an external force v(¢), which is
deterministic (nonrandom) such that v € C*°(Ry):

8 &€
KRV +8_2<f(u5) -4 f(MS)) +u@)  inD xRy,
D
&
(2:5) ai =0 ondD x Ry,
av
u®(-,0)=g"(") in D.

Needless to say, the solution of (1.1) is the same as that of (2.5) with v = aw?. In
addition, we consider the hypersurface {),’} whose evolution is governed by
v |D|
(2.6) Vi=k—+4 «+-—v),
21y
where V'V is the inward normal Velocuy of y,'. From Assumption 1.2, (2.6) has a
unique solution for t < TV with some TV > 0. Under these settings, we will first
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expand the solution u® = u®" of (2.5) in ¢ based on the solution y; = y,” of (2.6).
Next, we will estimate each term appearing in the expansion by a suitable norm of
v; see Proposition 3.6 and Lemma 4.3. Finally, in Sections 4.2—4.5, we will apply
these lemmas taking v(¢) = aw® ().

In Sections 2.2 and 2.3, we copy several notation and computations from [3].
Let d = d"(t, x) be the signed distance of x € D to the hypersurface j;, which is
negative inside y;; cf. Bellettini [1], Chapter 1. To parametrize the hypersurface y;
on a fixed reference manifold, we go along with [1], Chapter 16 as follows. Let
S C R” be an oriented compact smooth (n — 1)-dimensional submanifold without
boundary and with finitely many connected components being smoothly embedded
in R”. For each s = (s )]_; € S, except some singular points, s" is represented
by other coordinates such that s” = s"(s!, ..., s"™1), and thus we can take s =
(s! )?:_11 as a local coordinate of S. Near singular points for s”, one may take other
coordinates, for example, (s’ )i, but we denote it by s = (s! )?:_11 for simplicity.
Then { da . 711 forms a basis of the tangent space T;S at s € S. We parametrize
yt,t € [0,T] as x = Xo(t,s) by s = (sl) ! € & such that Xo € C([0, T] x

S, R") and the map Xo(¢,:) : S — y; is homeomorphlc for every t € [0, T]. See
Remark 2.2 below to see that this is possible. In particular, (E'ng(’ S aan(t ,‘) )
forms a basis of the tangent space to y; at x = Xo(¢, s) foreach s € S.

We denote by n(¢, s) the unit outer normal vector on y; so that

2.7 n(r,s) = Vd(t, Xo(t, s)).
We define the Jacobian of the map X¢(z, ) as
(2.8) Jo(t,s):det[n(t,s), A Xo(t,5), ..., dm-1X0o(1, )]

REMARK 2.2. Bellettini ([1], page 251) introduces the parametrization
@e(t, s) of the hypersurface y° determined by (2.18) below. Our parametrization
Xo(t, s) of y; by S is similar and corresponds to ¢ (%, s) [i.e., ¢: (¢, s) with ¢ = 0]
in [1]; see especially Remark 3.6 and Definition 16.1 of [1]. Chen et al. [3], (31)
considers the parametrization by U instead of our S satisfying

(2.9) IO, 5) =1,
but under this parametrization the set U changes in ¢. To avoid this inconvenience,

we follow [1].

Let § > 0 be small enough such that the signed distance function d(z, x) from y;
is smooth in the 3§-neighborhood of y; = y,* (recall Assumption 1.2) and the dis-
tance between y; and 0 D is larger than 36 for every ¢ € [0, T"]. A local coordinate
(r,s) € (—38,38) x S of x in a tubular neighborhood of y; is defined by

(2.10) x=Xo(t,s)+rn(t,s) =: X(,r,s).
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In other words, X (¢, s) is the point on y; closest from x. Then its inverse function
on a tubular neighborhood of y; is given by

r=d(t,x),s =S, x)= (8¢, x),..., 5" (t,x)).

In particular, since r = d(t, Xo(¢, s) + rn(z, s)), by differentiating this in r, we
have

vd(t, Xo(t,s) +rn(t, s)) -n(t,s) =1, r e (=38, 36).
Since |Vd(t, x)| = 1 for x close to y;, this implies
(2.11) vd(t, Xo(t,s) +rn(t, s)) =n(, s), r e (=386, 39).

Changing coordinates fromN(t, x) to (¢, r,s) for a function ¢ = ¢ (¢, x), we asso-
ciate another function ¢ = ¢ (¢, r, s) as

o(t,r,5) =o(t, Xo(t,s) +rn(t, s)),
or equivalently
¢(t,x) = p(t,d(t, x),S(t, x)).
Let V (¢, s) be the inward normal velocity of the interface y; at Xo(¢, s),
Vit,s) =—09,Xo(t,s) -n(t,s).
From (2.7) and d (¢, Xo(z, s)) =0, we see that
(2.12) V(t,s)=0:d(t, Xo(t,5)).
Then we have
o, x)=(Va, +0)g(t,d(t,x),S(, x)),
V(t,x) = (n(t, S, x))d, + V)d(t,d(t, x),S(t, x)),
AP (t, x) = (32 + Ad(t, x)d, + AV)p(z, d(t, x),8(1, x)),

where the superscripts I' mean the derivatives tangential to the hypersurface 3
seen under the coordinate s € S:

n—1
¢ = (a, +y S,’Bs,)db,
i=1
_ n—1 . n—1 ) B
vig = (Z 918 iy Y ans’as,)qs,
i=1 i=1

n—1 n—1
AT¢ = (Z AS'di 4+ Y VS .sta§S,>¢,
i=1

i,j=1
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see (33) in [3] recalling that the sign of V' is opposite. We denote by «1, ..., k,—1,0
the eigenvalues of the Hessian Dfd (t, x) with corresponding normalized eigenvec-
tors 11, ..., Tn—1, Vd; note that D%d(t, x)Vd(t, x) =0 so that 0 is an eigenvalue
of the Hessian and Vd is the corresponding eigenvector; cf. (28) in [3]. Set

n—1

(2.13) K(t,5) = (n— D&y, = ki = Ad(t, Xo(t,5)),

i=1
where k), is the mean curvature of y; at x = X(z, s). We denote
n—1

(2.14) b(t,s) = —Vd - VAd(t, X)|amxor.) = Y k2.
i=1

2.3. Formal expansion of the solution u®. In this subsection, we briefly recall
in our setting the method of construction of inner and outer solutions given in [3].
Equation (2.5) is expressed as

(2.15) 0= f(u®(, x))+ 82(—8,u5(t, x) 4+ Auf(t, x) +v(t)) — ers (),

where A, (1) := e~ 1af (1) is given in (2.3), that is,
(2.16) Ae(t) :=g! 7[1) fué,-)).
Note that (2.15) combined with the conservation law
(2.17) 8,/Du€(t,x)dx =|D|v(¢)

implies (2.16) and, therefore, (2.5).

Our first guess for the behavior of the solution u® of (2.5) was given by (2.2).
The term m in the right-hand side of (2.2) attains zeros exactly at y; = {d(t, x) =
0}. However, with the error term O(¢), it is reasonable to expect the zeros Z7 =
{x € D | u®(t,x) =0} of u® is close to y; and has a distance of O(e) from y;. This
suggests to introduce a new variable h. (¢, s) and a set

(2.18) v ={X@t,rs)|r=chet,s),seS},

which, we expect, is almost Z7; cf. (35) of [3]. We will expand u®, A, and A, in ¢;
see (2.24) and (2.25) below. In fact, h.(¢, s) will be determined in such a way that
the leading term in the expansion of #® (¢, p, s), which is defined from u? (¢, x) by
shifting by eh?, is exactly m(p) as we will see in (2.24).

Let us define the stretched variable p = p®(¢, x) as

d(t,x) —ehe(t,S(, x))
8 9

pf(t, x) =

which is nearly the distance between x and y;° (more precisely, the distance be-
tween x and y; minus that between y; and y; measured at the projected point of
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x onto y;) divided by ¢ > 0; see below for the reason to introduce the stretched

(microscopic) variable. Then the variables (¢, x) and (, p, s) are related by
x=)A(t, )= X(t,e(p+ he(t,s)),s
2.19) (t,p,5)=X(t,e(p+ he(t,s)),s)
= Xo(t,5) +&(o + he(t, 9))N(t, 5).

Furthermore, its Jacobian Jé(¢, p, s) defined by dx = Jé(t, p, s) dp ds is written
as

Je(t, p,s)=JOu, s)<1 + Ad(t,5)(e(p + he(t, 5)))
(2.20) .
# el bt ) 09)).
i=2

with some given functions j; depending on y;; see [3], (44), page 537 and also
page 538. By the change of variable formula [see [3], (39)], we obtain

du(r,x) = (V(r,8(,x))e!
(2.21) — 8l he(r,S(t, x))) 0,05 (1, p(t, x), S(t, x))
+ 8@ (t, p(t, x), S(t, x)),
Au (1, x) = (672 + [V he (1, S(2, ) [)2° (1, p (2, ), S(t, x))
+ (Ad(t, x)e™ " — AT he(2,8(t, x))) 8,8 (¢, p(z, x), S(t, X))
— 2V he(2,8(t, x)) - VI8, (¢, p(t, x), S(t, x))
+ ATEE (1, p(t, %), S(t, x)),

(2.22)

where ¢ = (¢, p, s) is the function u® = u®(¢, x) viewed under the coordinate
(t, p, s) defined by (2.19). In the following, we will denote %° by u for simplicity.
Therefore, from (2.15), we have

0=[07u+ f)]+e[(—=V(t.5) + Ad)dou — e (t)]
(2.23) +e?[(ATu —8fu) + (8 he — AThe )3 u]
+ e[|V he?90u — 2V  he - VV 0 u] + 70 (D).
Suppose that u and &, have the inner asymptotic expansions:
02 u(t, p,s) =m(p) +eug(t, p,s) +&ui(t, p,s) + euzt, p,s) + -+,
ehe(t,s) = ehi(t,s) + *ha(t, s) + e h3(t,s) + -,

for (t, p,s) € [0, T'] x R x S, respectively, where m is the standing wave solution
determined by (1.2). On the other hand, assume that A, and u® have the outer



574 T. FUNAKI AND S. YOKOYAMA

asymptotic expansions:

025 he(t) = Mo(1) + er1 (1) + e2ha(t) + A3 () + -+,
' wE() = £ 1+ eul () + 2uF ) + ESuF @) + -

for t € [0, T"], respectively. As we mentioned in Section 1.3 after formulating
Theorem 1.1, the inner expansion of u? is that given near the interface. The tran-
sition from (41)-phase to (—1)-phase near the interface is sharp. To relax this, we
observe the solution #? in a stretched spatial variable p and make its expansion in
this scale. To complete this procedure, we need to determine the boundary values
of the inner solution at p = 00 (i.e., the limits as p — +00), and the outer so-
lution provides this information. This was already seen for u(ﬂ)t(t) in the heuristic
argument in Section 2.1.
Furthermore, let us note that Ad (¢, x) is expanded into

Ad(t, X)|x=Xo(t,5)+&(p-+he (1,5)n(t,s)

=k (t,5) —&(p +he(t,))b(t,5) + > e'bi(t,5)(p + he (2, 5))',

i>2

(2.26)

where b; (¢, s), i > 2 are some functions depending only on y;; see (40) of [3].

2.4. Inductive scheme to determine coefficients. In this subsection, for a fixed
K > max(n+2, 6), we construct functions {uk}fzo, {hk}fzo, {)Lk}fzo and {uf}fzo
appearing in the above expansions (2.24) and (2.25) of u, hg, A, and u™ defined
for t € [0, TV] in such a manner that all kth order terms [i.e., those of order O (gk )]
vanish when we substitute these formal expansions in (2.23), where we set hg =0
for convenience. In fact, setting

(2.27) ve = (ug, hie, My uit),  k=0,1,...,K,

v will be inductively determined as follows: For k£ = 0, Ay will be defined by
(2.29) below, ug by (2.32) and u(:)IE by (2.34), respectively. This determines vg. For
k > 1, once we know {v,-}f.‘;ol, hy is determined by solving equation (2.44) and
Ak by (2.43) knowing hy additionally, respectively. Furthermore, uy is defined by
(2.38) knowing hj and Ag, while u,:—L are determined by (2.41).

When we insert the expansion of u in (2.24) into (2.23), the term of order O (1)
needs to satisfy m”(p) + f(m(p)) = 0 so that we took the leading term of u as
m(p).

Let us start the procedure to determine vg. For the term of order O (¢) in (2.23)
to vanish, recalling (2.26), we have

(2.28) Lug=(=V +1)m’ — ro(2),
where L is the linearized operator of —(Bgu + f(u)) around m defined as

Lug = —aiuo — f'(m)uy, o eR.
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Suggested by (2.4), we first define Ag(¢) as

— " K(Z,E)dE—_lLk)v(l’),
aly’l Jyy 20|y

(2.29) Ao(t) =

Note that [,k (1,5)d5 = [su(t,5)J°(,s)ds and |y’| = [5J°(,5)ds by the
change of variables § = X(t, s). Then, from the solvability condition | Lug x
m’ dp = 0 for (2.28), V needs to satisfy

(2.30) —V(t,8)+x(t,s) =r@)d,  (t.5)e[0,T"] xS,

where 6 = 2(fp m’ (p)?dp)~!. This combined with (2.29) leads to the evolutional
law (2.6) of y,*.

Next, to determine ug, we note the following fact: Since m(p) := m’(p) and
mo(p) = m'(p) fop #y)zdy are linearly independent two solutions of Sturm-—

Liouville second-order differential equation Lu(p) = 0 with Wronskian m’lmz —
mym/, = —1, the solution of the equation Lu(p) = g(p) satisfying u(0) =0 is
unique and given by

u(p)z( /m(y)g(y)dy>m(p)/ /(y)z

H([fmwor([ e )2)g<y>dy)m'<p>.

Let us determine uq(z, o, s) and u (t). The function ug(z, p, s) satisfies (2.28). To
solve this equation, let #; be a unique solution of £6; = 1 — m’G, namely, from
(231) withg=1—-—m's,

oo =(-[" m(y)l—m(y)o)dy)m o [ m/(y)zdy

([ o[ o dz) (1= ' ()3 dy ) (0).

Then, noting (2.30), ug(t, p, s) is given by

(2.32) uo(t, p,s) = —ro(t)01(p).

Furthermore, since lim,_. +o0 |g(t, 0, 5) + Ao(t)| = O(e¢1P1), ¢ > 0 holds for the
right-hand side g(¢, p, s) of (2.28), by Lemma 3 in [3], it follows that

(2.31)

m ko(l) —Z|pl
(2.33) hm 3039 <uo(t 0,8) — f/(i1)> = 0(e 1PN,
for all (m,n,[) € Zy x Zf’[l x Z . Therefore, we define
Aot
(2.34) W (1) = 200

f&ED
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Now, let us determine v for k£ > 1 assuming that {vi}f-:(} are known. For the

term of order O (1) in (2.23) to vanish, it is necessary to have
Lup = A1 (08 — AT —b(r, 5))um’ — b(z, s) pm'1 =1

(2.35)
+ Q2 lpsay + L=V iy - Viem” — a(0) 4 v(0) Lg=)s

where b(t, 5) is defined by (2.14), AK=1 = A*=Y(ho, u;, h;, 0 <i <k — 1) is given
by

AR = 2005 Bpup—y

k
+Y bit,s) > hihidpu;
1=2 i,.00>1, j>—1,
ittt j=k—1
— 8,ruk_2 + Al ugs
k—1 -
+ > (8 hi — AChi — b(t, $)hi)dpup—1—i

(2.36) =l

+ Z Vrhl’ . VrthSMk_(i+j)
i,j>1,i+j<k+1,
(@, )N# K, 1), (1,k)

k—1
—23 V'hi -V up——
i=1
k+1

1
2 fOm Y w
=2

i1,...,i1>0,
i1+--+ip=k+1-I

fzi(t,s) = hi(t,s) + plyi=1), 1 <i < K, u_y =m and b(t,s) are defined
by (2.26). In particular, A%(Ag, ug) = Ao (1)G dpug + %f”(m)u%, since 8/ 'm =
AUm = 0. We have used (2.26) and (2.30) to have the expansion of the term
-V + Ad.

From the solvability condition [ Luym’dp = 0 for (2.35) and noting that
Jgm"m’ dp =0, it follows that A; and Ay should satisfy

1 1
A () = g(af — AT —b(t, )y + 5/ A (p) dp
(2.37) K

1
+{uw = 36.9) [ o0 dp 1.

The next task is to determine u (¢, p, s) and uki(t). Recall that £ > 1 is fixed.
From (2.31), it follows that the linear equation Luj = AX satisfying u(¢,0,s) =0



SHARP INTERFACE LIMIT FOR STOCHASTIC ALLEN-CAHN EQUATION 577

has a unique solution given by

ur(t, p, S)—( f m' (A, y, S)dY)m (:0)/ /(y)z

H([fmwor([ mi 5 ) Ay dy ) o),

where Ak(t, p, s) denotes the right-hand side of (2.35). Espec1ally, supposing that
”0 , U3 ,...,uff | are determined inductively and {u; } é satisfy the following
(2.39) with i instead of k, from Lemma 3 in [3] and noting that /; are independent
of p and m’, pm’, m”, d,u;, agu,-, Alup_5 tend to 0 as |p| — oo, it is easy to
check

(2.38)

+
(2.39) 3 oro <uk(t p,s)— ;fj‘(fl))) =0(e ¢y as p— +oo,

for (¢, s), where
8E(1) = — (A peoo — Ak (1) + v (1) Le=1y)

Kl Drat uE @) ut o)

(2.40) B _jzzﬁ Z SoED f! (:I:I)J
i1+z{+ 1{_1;(] 1)

+ 0w () + (1) — V(D) L=y
This suggests to define
0]
fr(ED

We will determine Ag () in such a way that the term of order 0(&¥) of the

integral

(2.42) fD(atu,i(t,x) —v(r))dx

vanishes, where uj is an approximate solution defined as (3.2) later. In fact, this
results in

A(t) = %M/S((Ad(t, Xo(t,s)) —aro))Ad(t, Xo(t, s))hi(t, s)

(2.41) ul(r) =

—b(t, s)hi(t, s) + %/RAk_lm’(p)dp)Jo(t,s)ds

1 /
+ (v - st o) do | bit.5)0°(.5)ds ) L

1
~——Bi_1,
2U|Vtv|

(2.43)
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where Bi_1 = Br_1(u;, uii, hi,0<i <k—1)is aterm which is determined from

Ui, uli and h;, 0 <i <k — 1; see Section 3.2, in particular, (3.11) for B;_; and

(3.14) below. From (2.37) and (2.43), we define hj as the solution of the following
equation:

(0 — AT = b(t, )it 5)
1
[y’
x hi(t,s")J0(z, s") ds’

/:S((Ad(t, Xo(t,s")) — dro(0)) Ad(t, Xo(t,s)) — b(z,s"))

(244) :_z/ Ak*lm/(p)dp_i_iv// Ak*]m/(p)‘]()(t’s/)ds/dp
2 Jr 21y SxR
o 1 5
+(=(b(,5) — /bt,s/ JO t,s’ ds’)/ m’ d )1 -
(5 (b= o [[6a.) 15" [ on' o)) dp )1
+ By_1.
21y,

This is a linear equation for A, k > 1; note that the right-hand side is determined
from Ag, u;, uijE and h; with 0 <i <k — 1. When k = 1, nonlinear term |V 7|2
appears in (2.35), however, this disappears by the relation [ m’(p)m"” (p)dp = 0.
We will study equation (2.44) in Section 3.3.3.

2.5. Heuristic argument for the equation with spatially dependent noise. To
digress a little, we discuss the equation with a spatially dependent noise at a heuris-
tic level. Let an x-dependent noise w? (¢, x), which is also denoted by v(z, x) as
above, is given, and assume that it is smooth in x and satisfies the vanishing con-
dition [}, v(z, x) dx = 0. With such noise, consider the equation

&

(2.45) 8”t = Au® +8_2<f(u8) —][ f(ug)) +e @, x)  inD xRy,
D

instead of (1.1) or (2.5). This equation has the precise mass conservation law (1.5)
differently from (1.6) for equation (1.1). The scaling of the noise should be as in
(2.45) and this is different from that for (1.1), but similar to the stochastic Allen—
Cahn equation as we mentioned at the end of Section 1.1 and at the beginning
of Section 2.1. We expect that the sharp interface limit holds for (2.45) and the
evolution of the limit hypersurface y; is governed by the equation

(2.46) V=K—]{[K—i-&(w(t,x)—]{/,w(t)), X € Y.

The noise in the limit dynamics is simply additive, but the volume inside y; is
preserved.
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The heuristic argument to derive (2.46) from (2.45) goes as follows. Our guess
for the behavior of the solution u® of (2.45) is modified from (2.2) to the following:

d(t, x)
£

(2.47) ub(t,x) = ( ;af(t) —evl(t, x)) + O(e).

Note that £2v(¢) is now replaced by ev(t, x). Then, in the computation below (2.2),
the first line is the same and the lines below are modified as follows:

0~ iz/ {m"(j) —I—sm'(g)Ad—l— f(m(%)) —a®(t) +8v(t,x)}dx
_zf

N_/ ( ) at () — ev(t, x)) + eAd) dx

( )Vd Vvdx + O(e)

~ (m? —mi)fyt{_c()aes(t) +/c(t,§)}d§+ (m% —m?) /yf cov(t, 5)ds.

In the first line, we have used the vanishing condition [, v(¢, x) dx = 0 and need
to compute the derivatives of m in a, since it contains v(¢, x). However, the inte-
gral contalnlng is expected to behave as O (¢). Therefore, instead of (2.4), we
finally obtain

(2.48) 2coro(®)|y| =2 K(t)d§+2co/ v(t,s)ds.
Vi Vi

On the other hand, instead of (2.30), we would have
(2.49) V=k—0(ro(t) —v(t,5)) on y;.

Indeed, to show this, we compute similar to Section 2.4. In particular, noting that
e2v(r) in (2.23) is replaced by ev(z, x), (2.28) is changed as

Lug=(=V +1)m’ — ro(t) + v(t, s), seS.

Then, since [ Luom'dp =0, 6 =co=2(fp m’(p)*dp)~! and Jgm'dp =2, we
obtain (2.49). Recalling co = o, we obtain (2.46) with v instead of w from (2.48)
and (2.49).

We will not discuss the case with the spatially dependent noise in the present
paper, since the mean curvature motion with a spatial dependent noise is still not
well studied.

3. Approximate solutions and their estimates.

3.1. Approximate solutions. Once all {v,} —o are determined, for k =0, 1,

. K, we can define approximations uj,, ugubf 4, hy, Ap and pg ¢ of u both in
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the sense of inner and outer solutions, /., A, and p, respectively, by cutting the
expansions (2.24) and (2.25) after the k + 1th or kth terms:

u, (2, x) —m(p)+Zs’+1 t,0,8(,x)),
=0

k
up't () =14y e ),
i=0

k
(3.1) ehf(t,s) =Y ehi(t,s),

i=1

k
M) =) &' ni(1),
i=0

1
0= pre(t,x):= E(d(t’ x) — ehi(t,S(z, x))).

Let n € C*°(R) be a function satisfying the conditions: n(s) = 1 for |s| <4,
n(s) =0 for |s| > 28 and 0 < sn'(s) <4 for § < |s| < 28. Then define the approx-
imate solutions u{ (¢, x) as follows by connecting the inner and outer approximate
solutions:

up(t, x) :=n(d(, x))u (1, x)

(3.2)
+ (1 - n(d(l‘,x)))(uzué +(t)1 d>0} + ”k e, _(t)l d<0})

3.2. Derivation of (2.43). Now we consider the integral (2.42), which is the
left-hand side of (1.7) times |D| with u® and ow® replaced by uj and v, respec-
tively, and expand it in € to obtain (2.43). Let us decompose the time derivative of
the mass of u; over D into

/ 8tui(t,x)dx:/ dpuy (t, x)dx
D Id(t,x)|>38

—1—/ druy (t,x)dx + Opuy (1, x)dx
lp|>2 o<

=1+1+1,
where 6 > 0 is chosen in Section 2.2, {|p| > g} ={xe V3t(S et x)| = g}, {lp| <

Sy={x e Vi :lp(t,x)| < 2} and Vi; := {x € D : |d(t, x)| < 36}. From now on,
we choose a sufficiently small &5 = £5(8, K, v) > 0 such that

)
(3.3) sup  |ehp(t,s)| < =
s€8,1€[0,T) 2
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holds for all 0 < ¢ < 83. This is possible for each v. Thus |d(¢, x)| > % follows
from |p(t, x)| > g and for any point (¢, x) where either |d (¢, x)| > 3§ or |p(t, x)| >
g, |d(t, x)| > % holds. Noting that each inner solution u#; converges to its associated
outer solution uijE with an error O (e¢1°l) as |p| — oo, and setting

DY (t)={xeD:d(t,x)>38}U{x e D:|d(t, x)| <38 p(t,x)> 0],
D; ()= D\ DI (1),
we have
I+1=(u ) OIDF O]+ (w -) 0| Dy @)

~ RO | oo dx

— (™ ) (1) " 51{p<0}dx+0(e_f5/8)’
pl<%

as ¢ |, 0, where " means the derivative in ¢ and we have used (2.39) which gives the
error term O (e~%%/¢). Concerning the term /77, change of variables and (81) of [3]
lead us to

11 =f f ,((va, $)e"t — 8l h)d,us)eJE (1, p, s) dpds
5 Jip1<2

+/ /  useJ(t, p,s)dpds.
S Jipl<?
As a result, we obtain
(3.4) [ @, 0 dx = )+ (B)+(©) + 07,
D
where
(A) = (ug’s ) O|DF O] + (s, ) 0| D7 (1)
(B)Z—/|| (W% ) O sy + (' ) ()1 (p<0)) dx
pl<g
\

+_/:,;/ | 53?“1§(t,p,s)818(t,p,s)dpds,
pPI<%

’

&

(C)=/S/|| S(V(t,s)s_l—atr 2 (t,8))0,ur(t, p,s)eJé(t, p,s)dpds.
PI<z

In the following, we rewrite these three terms (A), (B) and (C). First, (A) can
be rewritten as follows: Let us denote by J (¢, r, s) the Jacobian of the map (2.10).
By equation (44) and page 538 of [3], we have

n—1
(3.5) J(t,rs)=J, s)(l + Ad(t, Xo(t, ))r + > jit, s)),
i=2
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for some functions j;(t, s); see also (2.20). By (3.5), we get
ehy(t,s)
|D;(t)}:|Dt|+// J(t,r,s)drds
|Dt|+/ eh(1,5)J°(, 5) ds + (Ay),

|D ()| =|D| = |D; (1) = |D| — | Dy| —/Sshi(t,S)JO(t,S)ds— (A1),

where D; denotes the inside surrounded by the hypersurface y,’ and

(A)) = lf Ad(t, Xo(t,s))(sh,i(t,s))zJO(t,s)ds

n 1

— / Jits ) (RS, ) 10, 5) ds.

Recalling the expansions of ugug 4 and ehj given in (3.1), we can decompose (A)

into the sum of the following two parts, namely,

k 00
(3.6) (A= "B + > B,
i=1

i=k+1

where B; A _ | is the term of order O (&' ) determined from d, u; fandh; J, 0<j<i-—1

and Bk denotes the term of order O (e’) determined from d, u yhj,0<j <k
fori > k + 1.

For (B), using (2.20) and the expansions of uj = uj(”g for |p| < g and u,?“; "
given in (3.1), we obtain

(B) :[s/|p|<g(3f”i (e, +) O om0y — (s ) () 1{p<0))

x eJé(t, p,s)dpds

k
ZZ// L0 i, p,8) = () Dm0y — (7)) D15 <0))
(3.7) lpl<g

n—1
(1+8(,0+8h (t,s) Ad+z (0 +ehi(t, s)) Ji(t, s))
=2
X JO(t,s)dpds
= (B1) — (Bo),

where (B1) and (B;) are defined as the middle of (3.7) with the integral region
{lp] < g} replaced by R and {|p| > g}, respectively. Note that both (B1) and (B3)
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are finite, since we have from compatibility condition (2.39) and (2.41):
(3.8) (@) uit, p,5) = (@) O =0y — (47) O 1{p<0) = Oe~*171),

as p — =xoo for (¢, s). Then, similar to (A), we can decompose (Bj) into the sum
of two parts and we obtain

o0

(3.9) (B)—Ze BE, 0+ > &'BEi(t) — (B,

i=k+1

where BB ” , 1s the term of order O (&' ') determined from d, u ; jo U +and h; ,0=<j<

:I: hJ’

i —2 and Bk’l denotes the term of order O(g') determined from d, uj, uj,

O<j<kfori=k+1.

For (C), note that V(¢,s) = Ad(t, Xo(t,s)) — aro(t) from (2.13) and (2.30),
and d,u; =0 uk . =0pm+ Zl 08’+18pu,- from (3.1). Recalling (2.20) again, we
have

(C) _// (Ad(t, Xo(t, 8)) — 3 ho(1)) —aFZg hi(t,s)
p|<— i=l1

k
X {m/(p) + Zei+18pui}

i=0

n—1 .
X {l—i—Ad(t,s)( (o + hi(t,s)) +Z (e(p + hi(t,9))) j,-(t,s)}
=2

X Jo(t, s)dopds
= (C1) — (C2),
where (C1) and (C») are defined by the above line with the integral region {|,Q| <
g} replaced by R and {|p| > g}, respectively. Then, in the term of order O(g') in
the expansion of (Cy) in &, separating terms containing /; from those containing

lower order functions {v;};<;—1, and noting frdpmdp =2, we can decompose
(Cy) into the sum of the following four parts:

(€)= 2/ (Ad(t, Xo(t, 5)) — 520()) IO, 5) ds

(3.10) +ZZ; / (Ad(t, Xo(t,5)) — aro(t)) Ad(t, Xo(t, 5))hi(t, s)

k 00
— 3 hi(t,9))J°(t,)ds + > ' BE () + > &' BE (1),
i=1 i=k+1
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where BC | 1s the term of order O (¢’ ") determined from d, Ag, u js u]# and hj,
0<j<i-—1and Bk, ; denotes the term of order O (&' ) determined from d, Ao, uj,
ui hj, 0<j<kfori>k+1.

Setting
(3.11) Bi—1 =B +Bl,+B,.
and
(3.12) Bii =B + B + B,
we obtain

/ (Brug (2, x) — v(t))dx
D

:2/8(Ad(l, Xo(t,s)) —aro(t) — 2||l;,|j|v(t))J0(t,s) ds
(3.13) +2Z£ / ((Ad(t, Xo(t,5)) — 5r0(t)) Ad(t, Xo(t, 5))hi(t, )

-9, h,'(t,s))JO(t,s) ds
k . 00 o

+Y &'Bisi+ Y &'Bri— (By) — (C2) + 0(e %),
i=1 i=k+1

from (3.4), (3.6), (3.9), (3.10) and noting [ JOt,s)ds = l’|. Recalling that Ao (%)
is defined as in (2.29), the first term of the right-hand side of (3.13) vanishes so
that we can rewrite as

/ (0rug (2, x) — v(1))dx
D

k
ZS’[ f( (Ad(t, Xo(t,5)) — &2r0(1))Ad(t, Xo(t, )i (t, 5)

i=1

(3.14) —oAi(t) —b(t,s)hi(t,s)+ i/ A=lm! (p) dp

b
(v(t) - (’ S) m'(p)) d,o)l{,-zl})JO(t,s)ds+Bl~_1:|

+ Z &' Bri — (By) — (C2) + 0(e7¢Y/%),
i=k+1

by using (2.37) for d/'h; and noting [s AVhi(t,$)J0, s)ds = fy’u AV h;(t,
5)ds = 0. We wrote Al for the operator seen in the coordinate s € S, but we
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also write AT for that defined in the coordinate 5§ on v¢. However, since A; (1),
i=1,...,k are defined as in (2.43), the first term of the right-hand side of (3.14)
vanishes. This explains the reason that we determine Ax(¢) as in (2.43) and we
obtain

(3.15) fD(atu;(z,x) — (1)) dx = DL(),

where @} =372, | e By — (By) — (C2) + O(e~%%/#). Furthermore, note that
each of (B>) and (C3) goes to 0 as ¢ |, 0 exponentially fast due to the compatibility
condition for m’, d,u; and 3l u;.

3.3. Estimates for uy and u,:—L.

3.3.1. Bounds for spatial derivatives of b, X¢, d and S. 'We introduce the fol-
lowing norms for g € C*°(Ry).

DEFINITION 3.1. Fork € Z; and T > 0, we define |g|x = |glk,T as

k

(3.16) gl T =) sup
i—0tel0,T]

dig ‘
~(1)].
dt’()

In the following, we take and fix a class V of functions v € C*(Ry)and 7 > 0
satisfying that

(3.17) Cy.7r =max(C},’p, Ci7p) < o0,
where
C]()I)T = ;ups {[0™d (- Xo($))]g 7+ [0™S' (. X .7 9)]g 7
(3.18) re(<36.3)
3" Xo(, )| 1<l<n—1,Im <M} < oo,
0,7
and
(3.19) Cri= sup {(a—(t,9)) 7 |y} < oo,

veV,se8S,rel0,T]

Here, in CS’)T, M = M(K) € N denotes the maximal number of the degrees of

spatial derivatives taken over the terms appearing in AX which is defined below
(2.38) and § > 0 is chosen as in Section 2.2. Recall Section 2.2 for d, Xy, S’ and

X determined depending on v, and 9™ = 98"'--- 3", Im| = Y, m; for m =
X X i=1
(my,...,my) € (Z4)". Moreover, in C1(22,)T’

a_(t,s)=a’(t,s):= inf  (a(z, )&, ),
geRL:|E|=1
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where a(t,s) = («;;(t,5))1<i,j<n—1 is the matrix defined by (3.25) below, and
(-, -) and | - | denote the inner product and the norm of R respectively.

Later, for each w € Q, we will take V = V(w) := {aw®; 0 < & < g}. Then, for
a.s. w, by Assumption 1.2, one can take T = T (w) := inf0<8583 of > 0 such that
equation (2.6) with v = aw?® has a solution up to the time 7 (w) and Cy(w),T(w) <
00 holds.

Recalling the definition (2.14) of b(t, s), the constant C](,l)T gives bounds for b.

We need the bound C](,Z)T for deriving estimates on the fundamental solution (see
(0.16) in [14] and Lemma 3.5) and on Ag(¢) (see (0.22) in [14] and Proposition 3.6).

3.3.2. Bounds for time derivatives of Xg, 0™Xo and S. Our goal is to give
estimates for uj and uf; see Proposition 3.6 and Corollary 3.7 below. To do this,
we will prepare several lemmas. The inward normal velocity V is represented as
V(t,s)=0,d(t, Xo(t,s)) from (2.12) and

: / K(t.9)7°, ) ds + 220 v (o)
vl Js ’ 21y’ ’
holds with «(t.s) = Ad(t, Xo(t,s)) from (2.29) and (2.30). Let us formulate the
following assumption on the time derivatives of 3™ X and S by means of the norm
of the forcing term v.

(3.20) V(t,s)=«(t,s)—

ASSUMPTION 3.1. There exist some N =N(K)e N, T =T((V) >0 and
C1=Ci(Cy,1, K, T) > 0 such that

(3.21) sup sup|9Fa™ X5 (. $)]o 7 < C1(1+ vln.7)",
1<i<nseS
(3.22) sup sup  [3F0™S (L X (o)) o p < CL(1+ lnr)",

1<i<n—1re(-36,38),seS
fork=0,1,...,K, ) m| <M and v € V.
Under the choice V = V(w) = {aw?; 0 < & < g5}, Assumption 3.1 determines
T(w) ;= T(V(w)), up to which two bounds (3.21) and (3.22) hold. We will show

in Section 5 that Assumption 3.1 is true for some 7" = t(w) > 0 under a two-
dimensional setting as long as the limit curve y; is convex.; see Lemma 5.1.

3.3.3. Schauder estimates for hy. Recall that hj are the solutions of (2.44),
which is rewritten as

(3.23) Lhi + Lhy = Fr—1,
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where L = L, is a differential operator defined by
L=3"— Al —b(,s)

n—1

n—1 n—1
= (at + Zs;'as,) — (Z AS' 3+ Y VS .vsfas%s,)
i=1

i=1 i,j=1
(3.24)
—b(t,s)
n—1 n—1
=0 — Y aij(t.$)d5 ;= Y Bi(t.s)dy —b(t,s),
i,j=1 i=1
with
aij(t,s) =VSi(t)-VSI (1), Bi(t,5) = =S (t) + AS' (1),
(3.25)

s=(8'@),...,s" () €S,

while £ = £L; is an integral operator acting on a function # = u(s) defined by

|ylv| /S ((Ad(1. Xo(t.5')) — G 20(D) Ad(t. Xo(t.5')) — b(t, "))

xu(s)\JO(r,s") ds',

and Fj_; denotes the right-hand side of (2.44). Since v and the interface y,” are
smooth, it follows that (3.23) with an initial condition /4 (0, s) = 0 has a local
unique solution for each v from general argument for second-order parabolic par-
tial differential equations, for example, by making use of Theorem 3.3.7 and The-
orem 7.4.8 in [8] or Chapter V, Section 6 and Chapter VI, Section 4 in [20].

Our goal is to obtain estimates for the solutions /£, of (2.44). To do this, we basi-
cally follow the argument given in Friedman [8] and derive the Schauder estimates.
However, in our setting, the coefficients of the operators L and £ determined from
v = ow® are not bounded in ¢, but controlled by the constant Cy, 7 and the norm
|vl1,7. We need to carefully study how the estimates for /; depend on these di-
verging factors. We first treat the contributions of the operator L; see Lemmas 3.2
and 3.3. The contribution of the operator £ will be discussed starting from (3.33)
below.

Fort €[0,T]and & € S, let Z(¢, s; 7, &) be the fundamental solution of

£1M=—

5 ! 32
(3.26) (E — iJZ::I a;j(t,§) asiasJ')”(t’ s)=0, (t,s)e(r,T] xS,

that is, Z is a Gaussian kernel. Then the fundamental solution I" of L; is con-
structed by the usual parametrix method. Namely, by regarding Z as the principal
part of I', we can find I" in the form

(3.27) F(t,s;1',5)=Z(t,s;I,E)+ft/SZ(t,s;a,s’)d>(a,s’;I,E)dads',
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where @ is a function satisfying

(I)(t,S; T?S) =LtZ(t,S; T’S)

(3.28) t
+/ /LtZ(t,s;a,s/)CD(a,s/; 1,§)do ds’.
T JS

Let u € (%, 1) and fix it. Then we have the following estimate on I".

LEMMA 3.1. The fundamental solution I" has the estimate:

N

|F(l‘, $T, ;’:)| < Cg(l + |U|N)V0+%eCs(T\/l)(lJr\vIN)1_"

(3.29) |
X

forO0<t <t <T,s,&eS withsome vgeN, Cg =Cg(Cy,7,T, 1) and Cy =
Co(Cy,1, T, ) >0.

Consider the following equation:

(330) Ltbt(t,s)=f(t,s), (I,S)E(O, T]XS’
u(0,s) =uo(s), s€S,
for f € C”, o € (0, 1] and ug € C(S), where
C" = {u(t,s) | ul, < oo},

- lu(t,s) —u(t,s)|

luly = luly 7 =Ilulo+ sup ; &>
(t,),(,5) \/ -3 -1
G |s —5|°+ |t — 1]
n—1 - %
lulo=lulor = sup  |u(t,s), Is| = (Z(Sl) ) :
(t,5)€[0,T1xS i=1

Applying the argument of [8], Chapter 3, Section 3, Theorem 7 for our problem,
we obtain the following lemma.

LEMMA 3.2. There exists a unique solution u of (3.30) and u € 62+a, where

CT ={u(t,5) | Tulp4q < o0},

Tulye = lule + D [8™ul, + Y [0™ul, + D 19ul,.

[m|=1 Im|=2

Furthermore, the following lemma is shown by using [8], Chapter 5, Section 3,
Lemma 2.
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LEMMA 3.3. Let u be the solution of (3.30). Then we have

(33D julo < Ky (supluo@)| +7  sup | f(t.5)]),
seS (t,5)€[0,T]xS

where
(3.32) K1 = K (v) = Cp 2GUHRINTTVD
for some C11 = C11(Cy,7, T, ) > 0and p = p(i, vo) € N.
We now study equation (3.23) for A taking the contribution of the operator £,
into account. Let us consider
Liu(t,s)=g(t,s,u), (t,s) e (0, T] xS,

(3.33)
u(0,s) =0, seS,
where
(3.34) gt,s,u)=—Lu+ Fr_1(t,5).
LEMMA 3.4. There exists a unique solution u of (3.33) satisfying
(335  ulor= sup  |u(, )= (Ci3K3) P Fiilor,
(t,)€[0,T1xS

for some C13=C13(Cy,r,T, 1) >0and

K3 =K3(v) = e4C8(1+\v|N)1“’(T\/1)'

As for the regularity of the solution u of (3.33), we have the following lemma.
The proof is given based on the arguments in [8] or [21].

LEMMA 3.5. For the solution u of (3.33) satisfying (3.35),
(3.36) 2o < Ka(lulo + [ Fr—1la),

holds for K4 = K4(v) = C14(14vlnox))"0 ), where C14 = C14(Cy 1, T, 1) > 0
and ng =ny(K) € N.

3.3.4. Estimates for uyx and u,f. One can apply Lemma 3.5 for the solutions
hy of (3.23) to obtain estimates for them. Based on this, we have the following
estimates for u; and uf.

PROPOSITION 3.6. Foreveryk=0,1,...,K,

(3.37) sup — {Jux(r, p.5)|. Ju (0]} < (C1sK5) 555,
(t,p,5)€[0,TIxRxS

holds for some C15 =C15(Cy 1, T, ) >0 and

Ks=Ks5(v) = enl(K)(l‘Hv‘nl(K))"‘(K)(T\/l)

with some ny =n1(K) € N.
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PROOF. First, note that the estimates for [d™X(-, s)|o and |9™S/ (-, x)|o for
every |m| < M are given by Assumption 3.1. Recalling that u#y and u(jf are deter-
mined by (2.32) and (2.34), respectively, since we have [Ag(t)| < C - Cy 7r(1 +
[v]o,7) from (2.29) and 1/|y’| < CéZ)T as we saw for (0.22) in the proof of

Lemma 3.4 in [14], (3.37) is easily shown for u( and u(j)t.

From this, one can derive the estimate for Fj defined by the right-hand side
of (2.44) with k = 1, since Fy contains ug, ua—L and b. Thus, the estimate for
|h1]o is obtained by Lemma 3.4. In addition, the estimates for [0;/1]o, |9if1]o
and |852"s jhilo are obtained by Lemma 3.5. Similarly, the estimate for |8m8,l Folo,
lm| < M, [ < K is obtained. Differentiating (3.23) and applying the above argu-
ment recursively, the estimates for |8tlh1 lo and |0™A1]o, Im| < M, [ < K are also
obtained.

Recall that u is represented by using A I which contains Ao, U, h1. Therefore,
the estimate for |u1|p is obtained from those for A, ug, #1. Once we have the
estimate for |u1|o, similarly as above, the estimate for | F|o follows. From this, we
have the estimate for |h2|o by Assumption 3.1.

In this way, the estimates for uy, u,f, k < K are obtained recursively by deriving
the estimate for each term in AX. Since K is finite and Xk, k < K contain only
finitely many terms, it is easy to see that there exists a suitable n1(K) such that
(3.37) holds. The proof is complete. []

Finally in this section, we consider the random case taking v(¢) = aw?®(z),
where w?(¢) satisfies Assumption 1.1, and apply Proposition 3.6 for this case.

COROLLARY 3.7. We assume Assumptions 1.1, 1.2 and 3.1, and define G, >
e, 0 < e <1, from H, appearing in Assumption 1.1 by the relation

(3.38) loglog G, = H2MK),

where n1(K) € N is the number determined by Proposition 3.6. Then we have
. . G

(3.39) lim G, = o0, lim =
el0 el0 |loge|

Furthermore, uy and u,f determined from v(t) = aw®(t) as above satisfy

(3.40) sup {uk(e. p.s)
(t,0,8)€l0,T (@)AT(w)]xRXS

uf(|} <Ge, 0<k<K,

’

for every sufficiently small ¢ > 0 and every w € Q, where T (w) > 0 is the minimum
of that determined at the end of Section 3.3.1 and © (w) given below Assumption 3.1
in Section 3.3.2.

PROOF. The first one in (3.39) is clear from (3.38) and limg o H, = o0.
loga,
log b,

For the second one, use twice that limg g =0 and lim; o b, = 0o imply
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limg o Z—i =0. To show (3.40), we see from Assumption 1.1 that v = aw? satis-
fies

(3.41) 1l k)7 < (n1(K) + D) H.
From this, one can verify
(3.42) (C15K5) 5 < G,

for every sufficiently small ¢ > 0, where the left-hand side is the bound obtained
in Proposition 3.6; note that K5 = K5(v) with v = e¢w?®. Indeed,

(3.43) loglog{(C15K5)C15%5) =log C15 + log K5 + loglog(C15Ks),
whose leading term for small ¢ > 0 is log K5, and it has a bound
log K5 =I’l](K)(1 + |v|n](K))nl(K)(T vV 1) < CH?[(K) < H‘E‘an([()’

with some C > 0, by the definition of K5 = K5(v) and (3.41), for every ¢ > 0
small enough, since lim, o H; = 00. Note that, recalling the remark Cy (), 7(w) <
oo for V(w) = {aw®;0 < & < g3} made at the end of Section 3.3.1, Ci5 =
C15(Cy(w),T(w), T (w), ) is bounded in ¢ so that the other terms in (3.43) are
much smaller than log K5. Thus, we obtain (3.42) for every ¢ > 0 small enough.
Proposition 3.6 completes the proof. [

4. Proof of Theorem 1.1.

4.1. The stochastic term w®(t). This subsection gives two examples of w® (¢),
which satisfy the condition (1.8) and Assumption 1.1. The integer K is fixed
throughout the paper.

The first example is a mollification of the Brownian motion with an extremely
slow convergence speed. Let w = w() be the one-dimensional standard Brownian
motion and set

4.1) ¥ (¢) = (logloglog | log8|)’§,

with ,é > 0. Let W,(¢), ¢ > 0 be the stopped process of w, that is, W,(t)
w(t A T(e)), where T(e) is the first exit time of w(¢) from the interval I, =
(=¥ (&), ¥(e)), thatis, () = inf{t > 0, w(r) ¢ I.}. We define w?(¢) by

4.2 ¢ = - e - Wé‘ d?
4.2) W' (1) /0 Do) (t — $)We(s)ds
where

Ny (e) () = (¥ (e)s)

and 7 is a nonnegative C°°-function on R, whose support is contained in (0, 1),
satisfying [p n(u)du = 1.
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LEMMA 4.1. For w®(t) defined by (4.2), we have
(4.3) [, 7 kIl ()12, keZy.

In particular, Assumption 1.1 holds for this w®(t) with the choice of Hy =
n1(K)Inlnl(KHgl[/(e)”'(K)"'Z. The condition (1.8) holds obviously.

Indeed, a simple computation shows (4.3). Once (4.3) is shown, the rest of the
lemma is obvious.

REMARK 4.1. If we choose B > 0 as 28n;(K)(n;(K) + 2) = 1, we have

2K =y (K, (k) +2)2 ) loglog log | log &|. Since the condition (3.38)
can be relaxed as loglog G, = CH,;2 ") with any constant C > 0, one can choose

G, =log|loge| for every small enough ¢ > 0.

Let us give another example of w?(¢). Let § = £(¢), ¢ > 0 be a stochastic process
satisfying the following conditions (see [11]):

1. &€ is a stationary and strongly mixing stochastic process defined on a prob-
ability space (€2, F, P), that is, fooop(t)F dt < oo for some p > %, where p is
given by

|P(ANB) — P(A)P(B)|
p(t) =sup sup ,
520 A€Fy41.00, BEF0 5 P(B)
where F; ; =0 (§(u), u € [s, t]).

2. £() e C®(Ry),as.and |E® (1) < M,as.,k=0,1,2,..., K for some non-

random M > 0.

>0,

3. E[§(1)]=0.
Let us define w®(¢) as
(4.4) we () = AT W (e)E (Y (e)*t),

where ¥ (¢) is taken as in (4.1) and A = {2 [§° E[£(0)£(t)]dt}'/?. Then, by a
simple computation, we obtain the following lemma.

LEMMA 4.2. The process wé(t) defined by (4.4) satisfies
Mk+1)
A
In particular, Assumption 1.1 holds with the choice of H, = M(n(K) +

1)11/(8)2111(1()-!-1/14'

] < ¥ (&), keZy.

REMARK 4.2. The process w?(t) converges to the Brownian motion w(¢) as
& | 0in law; see [11]. Therefore, for the condition (1.8) in a.s.-sense, we need to
apply Skorohod’s representation theorem.
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4.2. Error estimate. In this subsection, coming back to the situation we dis-
cussed in Corollary 3.7, we estimate the error term §; defined by

&

3 1
(4.5) 5(1, x) 1= % — Auf = — (£ (uf) = £3§) = v(@).

with v(#) = aw?(t). The corresponding quantity is introduced in [3], (9), but in
our case, its bound involves an extra slowly diverging factor G.

More precisely, in Sections 4.2-4.4, we assume a (nonrandom) v(t) is given,
and u; and u,f determined from this v(¢) satisfy the bound (3.40) in Corollary 3.7
with T (w) replaced by T and for simplicity for every ¢ > 0, that is,

(4.6) sup  {lm(t, 0. 9] Juy O} <G, 0<k <K,
(t,p,5)€[0, TIxRxS

holds for every ¢ > 0. Later, we will apply the results obtained in these three sec-
tions forv=aw® and T =T (w).

LEMMA 4.3. There exists Corr = Cere(K, T) > 0 such that

4.7 sup  [85(t, x)| < ¥ CenGe,
(t,x)€[0,T1xD

holds for everyk=1,2,...,K and ¢ > 0.
We prepare another lemma; recall that () is defined just below (3.15).

LEMMA 4.4. There exists an = Cg (K, T) > 0 such that

T
(4.8) EHOI <& G,
fork=0,1,...,K.

Indeed, recalling that Fk,i has a prefactor ¥+l and (B,), (C2) decrease to 0
exponentially fast as ¢ | 0, the estimate (4.8) is obtained by the condition (4.6).
We may assume Cey > Cgrr by taking Ceyr V cgn for Ceyr.

4.3. The Allen—Cahn operator. The goal of this subsection is to show Lem-
ma 4.6, that is, the lower bound of the spectrum of the Allen—Cahn operator —e A —
g1 I (v;), which is a linearization of the nonlinear Allen-Cahn equation around
v; defined by

1

4.9) vp(t, x) =ug(t, x) — ﬁ

t
/0 dL(s)ds, 0<k<K,
for x e V3t s» Where @7 is the function defined as in (3.15).

An estimate similar to that in Lemma 4.6 is stated in [3], (10) (the condition
[p ®dx = 0 is unnecessary), in which they consider the linearization around .
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The idea goes back to [4]. In our case, we need to take v,f instead of u,i, since the
vanishing condition [j, (u® (¢, x) — vi (¢, x)) dx = 0 holds under this choice because
of the effect of v(¢), as we will see in Lemma 4.7 below. This vanishing condition
is needed for Lemma 4.8, which is shown by applying Poincaré’s inequality.

The argument to show Lemma 4.6 relies on [2], Section 2. Note that the correc-
tion term of v from uf [i.e., the second term of (4.9)] is small, but it involves a
slowly diverging factor G as is seen in Lemma 4.4. This gives the factor G, in
Lemma 4.6, differently from [2], Theorem 2.3.

We denote by v; (z, p, s) the inner solution of v} viewed under the coordinate
(t, p, s) defined by (2.19). By Lemma 4.4 and the condition (4.6), it follows that
v, 2 <k < K is rewritten into

(4.10) vi(t, p,s) =m(p) — eho(t)01(p) + %4 (t, p, 3),

where 61 (p) is the function given below (2.31) and ¢*(¢, p, s) is a function satis-
fying

4.11) sup sup sup ‘qe(.’ P, S)|0 < CerrGe.
peR seS e€(0,1]
For measurable and integrable functions W (¢, z,s), ®(¢,z,s), ¥(t,r,s) and
o, r,s),zel, CR,rel,seS, tel0,T], by following Section 2 in [2], we
define

4.12)  L°(V, ®) :/ (W, — f/(vi(t, 62, 9)) WD) J (1, 2, 5) dz,
I

&

4.13) LY. ¢) =/1 (e — e~ f' (000, )W) T (2,7, 5) dr,
1

4.14) LYW, ®) =/1 (W, @, — f'(m(2))¥d)dz,

&

(4.15) W)= [ Wodz, (v, <I>)S:f WdJ (1, ez, 5)dz,
I I

1

(4.16) W] = (¥, ¥)2, Wiy = (W, )3,

=

1
(4.17) V. d)s =/1 v J(t,r,s)dr, [Vls = (W, ¥)s
1

where W, (¢, z,s), ¥, (¢, r,s) represents %—\f(t, Z,5), aa—‘f(t,r, s), respectively, z =
g, J(t,r,s) is given by (3.5) and I, = (—%, é). Note that (4.12) stands for the
quadratic form corresponding to the operator —A — f’(v}) in the microscopic
view point, while (4.13) represents that in the macroscopic view point. Under these
settings, the following lemma holds.
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LEMMA 4.5. Letus set A1 (t,s) = infy),=1 L(V,¥),s €S,t €[0,T]. Then
there exist constants c1, c3 > 0 depending on K, T and g9,1 = €0,1(K, T) > 0 such
that

(4.18) —16%*CerrGe < A1(1,5) < 262 Cer G,

holds for every ¢ € (0,¢0,1] andt € [0, T].

From Lemma 4.5 and [2], Theorem 2.3, in which the lower bound of the
quadratic form (4.13) is studied, we obtain the following lemma.

LEMMA 4.6. There exists a constant C 4 > 0 independent of ¢ and t such that
foreverye € (0,e0,1] and y = (t,-) € HI(D), tel0,T],

/D(8|V1//(t,x)|2 — e (Wi (1, )Y (1, x)?) dx
> —CASCmGS/DVJ(t,x)zdx, 0<t<T,
holds.
4.4. Estimate for the difference between u’ and u®. Similar to [3], (12), we

take initial data g® = g®(x) of (1.1) or (2.5) satisfying the following three condi-
tions:

(4.19) 2" (0) = g (0, ) + 67 (x),
(4.20) [ 20y = €1 "€

4.21 € =0,

@21) | ¢ ax=0

for sufficiently small ¢ > 0, where C; > 0 is the constant appearing in (4.25) in
the proof of Theorem 4.9 below and p = min{%, 1} is the number which will be
given in Lemma 4.8. Recall that u% (0, x) is defined by (3.2) with t =0 and K >
max (n + 2, 6) is fixed throughout the paper. Then the following lemma is shown
by an elementary computation.

LEMMA 4.7. Let u® be the solution of (2.5) with initial data g° satisfying
the conditions (4.19) and (4.21). Then, [, R(t,x)dx =0 holds, where R(t,x) =
u®(t, x) — v (t, x).

The next lemma is taken from [3], page 530; see page 547 and middle of page
530 for the proof.
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LEMMA 4.8. Let D C R" be a bounded domain. Let p = min{f’—l, 1}. Then
there exists C, (D) > 0 such that for every R € H' (D) with JpR(x)dx =0,

2
(4.22) IR 2L, py < Co(DIIRIT2 ) IVRIT 2y

holds. Furthermore, there exists a constant C' > 0 such that
(4.23) R(f(u+R)— f(u) — f'(u)R) < C'|R|**?,
forevery lu| <2 and R € R.

The following theorem extends [3], Lemma 2, in our setting. Note that the dif-
ference between v and u% is small; recall (4.9) and Lemma 4.4.

THEOREM 4.9. Let u® be the solution considered in Lemma 4.7 and assume
(4.19)—(4.21) for the initial data g¢. Then, for sufficiently small ¢ € (0, 1], where
g1 =min(gg,1, e ),

(4.24) sup v (1) — u* ()] 2y < C26% ! [logeel,
tel0,T]
holds for some constant Co = Co(D, Cy4) > 0.

PROOF. From (3.39), we can assume

1 2CACerGeT
(4.25) C,? <T|D|2CeG, and A0 o

’

[log el
for sufficiently small & > 0, where the constant C; = C,,(D)C’ > 0 is determined
from the two constants given in Lemma 4.8. We can also assume

1
(4.26) elloge||D|2Cy'CP <1,

for sufficiently small ¢ > 0.
Similar to the proof of Lemma 2 in [3], using (4.23) with R = u® — v} and
u = v%, we obtain

1d
EE”R(I) HiZ(D) +/D(WR(LX)|2 - 8_2f/(v§<)R2(t,x)) dx

/=2 24p .
(4.27) S/D(CS [R(t, 0)[7F +|R(t, x)85% (1, x)|) dx

< / C'e72|R(t, x)|*P dx
D

+IRO| 2y 15 Ol 2p). €10, T

Note that |v% | < 2 holds for sufficiently small & > 0 because of the definition
(4.9) of v, the construction of u%, the condition (4.6) and Lemma 4.4 for ®% (1).
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However, the second term in the left-hand side of (4.27) can be decomposed and
be bounded from below as follows for all € € (0, &1]:

€2fD(’VR(l,x)]2 — e 2 f' (v )R?(t, x)) dx
+(1 —82)/ (VR x)|* — e 2 f' (v ) R*(t, x)) dx
D

z 52||VR(I)Hi2(D) = ”R(t)”iZ(D) — CaACenGe ||R(t)||i2(D)-

Here, for the first term, we have used the assumption (iii) for f: f’ (v (t,x)) <c1,
while for the second term, we have applied Lemma 4.6 with 1 (¢, x) = R(¢, x) and
omitted the factor (1 — &2). On the other hand, for the first term in the right-hand
side of (4. 27) we can apply the interpolation inequality (4.22) and finally obtain

anlle(D) [8% Ol 20y | RO 201
(4.28) + (@1 + CaCernGo) | RO 72

— 2| VRO 72y (1 — Cre* RO,

for t € [0, T], where C; > 0 is defined below (4.25).
Now, consider the time 7, > 0 defined by

(D))’

1
T, :=inf{r > (D)>C1" %}/\T.

If the above set {-} is empty, we define T, = T. The goal is to show 7y = T and the
conclusion (4.24) based on this. From (4.19) and (4.20), we have R(0) = ¢* and

_1
(4.29) |R(0) ||L2(D) <C, ek,

for all 0 < ¢ < g1, which implies that 7, > O since K > = » 412 Notethat K > £ +2

follows from K > max (n + 2, 6) and the choice of p: p = min{;; 4 , 1}. On the other
hand, from (4.28) and the definition of T, which guarantees the nonpositivity of
the last term in (4.28) for t < T, we obtain that for every ¢ € [0, T¢],

”R(I)HLQ(D) <2CACerrGe | R 12(py + |8k O 120y

where we have estimated c1 as ¢; < CqCer G, for sufficiently small ¢ > 0 from
(3.39). Then Gronwall’s lemma shows that

(4.30) sup HR(’)”LZ(D)<eZCACerrG€T£(HR(O)”LZ(D)+/ |8% (I)HLZ(D)dt)

t€[0,T¢]

However, Lemma 4.3 implies

T K !
fo |8% )] 2y dt < Tee®|D|? CenGe,
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and, therefore, noting e2CaCenGeTe < pllogel — =1 from (4.25), we obtain

1
sup |R(®)| 2y <26% ' T|D|> CenGe
tel0,T¢]

K—1 I
<e"'|loge||D|2C, <erC ",

where we have used (4.29), (4.30), (4.25) and T < T for the first inequality, (3.39)

for the second for sufficiently small ¢ > 0 and then K > % + 2 and (4.26) for
the last one. Thus, 7; = T holds, which implies that we obtain (4.24) by setting

Cy =|D| : C;l. The proof is complete. [

4.5. Proof of Theorem 1.1. Let yp be a smooth hypersurface in D satisfying
the conditions in Theorem 1.1.

DEFINITION 4.1. The solution of (1.4) with an initial hypersurface yy means
the hypersurface I' = Jp<; ., (¥: X {t}) and (d(t A o), w(t A0o)) € C2(0) x R,
t > 0, with a stopping time o defined on a probability space (2, F, P) equipped
with the filtration (F;);>¢ and O being an open neighborhood of yy (cf. [26]) such
that:

(1) d(¢, x) is an (F;)-adapted signed distance of x € O to y; for r € [0, o) and
satisfies |[Vd| = 1.
(i) w(z) is an (F;)-Brownian motion.
(iii) The following stochastic integral equation holds in Stratonovich sense:

tNO

d(t/\cr,x)zd(O,x)—i—/ g(D*d(u,x),d(u, x))du
0

INO du _ _
(4.31) —/ Ad(u,s)ds
0 |yM| Yu

INO Ol|D|

+ / odw(u), xeO.
0 20yl

Here, D2d denotes the Hessian of d and g(A,q)=tr(Al — qA)_l) for a sym-

metric matrix A and g € R.

It follows from Assumption 1.2 that the solution (), d®) = (yf‘“"s, d“wg) of
(2.6) with v = aw? exists uniquely for each 0 < & < 1 and, furthermore, a unique
solution I' = Jp<; <o (v X {t}) and (d(t A o), w(t A o)) of (1.4) with an initial
hypersurface yq also exists.

We are now in the position to give the proof of the main theorem of this paper.

PROOF OF THEOREM 1.1. We assume Assumptions 1.1, 1.2 and 3.1, take
initial data g° of (1.1) satisfying the three conditions (4.19)-(4.21) and fix T > 0 as
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in Assumption 3.1. Note that the solution of (1.1) exists uniquely for ¢ € [0, T'] a.s.,
since w? is C*° in . By Corollary 3.7, the condition (4.6) holds for v = a¢w?® and
T =T (w) A T(w); recall that T (w) determined from o in Section 3.3.1 satisfies
T(w) = T (w) T o(w) as g5 | 0 as. and 7(w) is given below Assumption 3.1.
Therefore, by (4.9), Lemma 4.4 and recalling the construction of u% , we see that

(4.32) lim sup vk (2, ) —m(d®(z,-)/¢) HLOO(D) =0 a.s.
£30 +€[0,T (w)AT(0)AT]

Furthermore, it follows from Assumption 1.2 that

(4.33) lim sup [m(d(t Ao®,-)/€) = Xyino Ol 20y =0 as.
301¢[0,7]

Moreover, noting Corollary 3.7 again, Theorem 4.9 implies

(4.34) sup [u® (2, ) — v (t, ‘)||L2(D) < Cre¥ 1 loge| a.s.
tel0, T (w)AT(w)AT]

From (4.32)—(4.34), we obtain

lim sup ||u8(t NoE AT AT, ) = XVinoncaT ()||L2(D) =0 a.s.
S‘LO [€R+

The proof is completed, since T = T (w)to(w)ase; 0. O

5. Local existence and uniqueness for the limit dynamics (1.4). In this sec-
tion, we consider the stochastically perturbed volume preserving mean curvature
flow (1.4), which appears in the limit. We write ¢ = |D|/2 for simplicity. As ex-
plained in Section 1, the stochastic term destroys the volume conservation law.
Here, we restrict ourselves in two-dimension and discuss under the situation that
the closed curve y; stays strictly convex. We prove the local existence and unique-
ness of the stochastic evolution governed by (1.4) by extending the method em-
ployed in [11], and show that Assumption 3.1 holds up to some stopping time
T = t(w) > 0 assuming Assumption 1.2 in a.s.-sense and then prove Assump-
tion 1.2 in the sense of law for w?® given by (4.4). The difference between a.s.-
sense and law-sense can be filled by applying Skorohod’s theorem and changing
the probability space as we pointed out in Section 1.

A strictly convex closed plane curve y can be parameterized by 6 € S := [0, 27)
in terms of the Gauss map, that is, the position Xg on y is denoted by X¢(6) if the
angle between one fixed direction e := (1, 0) in the plane R? and the outward
normal 7(X() at Xo to y is 6. The set S or a unit circle in R2 plays a role of
the reference manifold S. We further denote by ¥ = «(8) > 0 the curvature of
y at Xo = Xo(6). Under these notation, the dynamics (1.4) is rewritten into the
stochastic integro-differential equation for x =k (¢, 6):

oK 9%k cak?
5.1 — =K S
5.1 57 K 892+K K° -k + M

ow(t),
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where k denotes the average of x over the curve y = y; and |y| stands for the
length of y; heuristically (5.1) is derived by applying [16], page 17, (2.20) with
V=x—k+<¢ I |w(t) and see also [11]. The volume (length) element d6 on y is

given by db = |39 X0(0)|db. Since X((0) € R2 2 C is written as

0 V16
Xo() = Xo(0) — V=T [ € RO
we see that |dp Xo(0)| = 1/« (0). Therefore, k¥ and |y| are given by
do
5.2 ::/8X9d9= —,
(5.2) Iyl s| b Xo(6)| s k@)
1 27 do \~!
(5.3) Ki=— /K(9)|89X0(0)|d9 = —271(/ —)
¥ Il s k(0)

respectively, which are functionals of ¥ = {x(6); 6 € S}.

As in [11], we introduce a cut-off because of the singularity in (5.1). For
L € N, we define a cut-off function x; € Cgo (R) (in particular, xz, X/L» ... are
all bounded) such that 7 (x) =x forx € [1/L, L] and 1/2L < xr(x) < 2L for all
x € R, and set

dae
|y|Ls|y|L(x<->)=[9—XL(K(9)),
(5.4) ar (i) = x7 (),
br(0,x()) = xi (k(©)) — 27 x} (k@)IyIL ",
hi (0, k() = caxi(kc@)lyl.".

Fixing L for a while and denoting ay, by, hy by a, b, h for simplicity, we consider
the stochastic integro-differential equation with cut-off for « =« (¢, 6):

2

55 a2
(5-5) or ~ 45

We also consider the dynamics (2.6) with v(¢) = «w?(¢), which is described by
the integro-differential equation:

L b(, k) +h( k) ow(t), t>0,0€S.

5.6 dKk 2
(>-6) o1 _a(K)aGZ
by replacing w(¢) in (5.5) with w?(z). We gave two examples of smooth noises
w?(¢) in Section 4.1. Since w?(¢) is smooth in ¢, (5.6) has a unique solution for
every w.

We now show that Assumption 3.1 holds with the choice V = {aw?;0 < ¢ <
&g} in the setting of this section and assuming Assumption 1.2 in a.s.-sense. The

+b(, k) +h(, )W), t>0,0€e8,
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dynamics (2.6) is rewritten into the integro-differential equation for x = k (¢, 6):

2

_ cK
+/<3—/<2-K+ v,
ly?l

where the averaged curvature ¥ and the length |y?| are determined from x = « (¢)
by (5.3) and (5.2), respectively. Note that the curve y,’ = {X((¢,0) € R% 6 €S }1is
recovered from {k (s); s <t} and X(0, 0) as

Xo(t. 8) = Xo(0 0)+</9 sinf’ 20 /9 cosf’ d9/>
59 0TI A0 0 k@00 Jo k(1,80

oK . 282K

5.7 oK _
57 ar < 902

t t a
+</ <K(s,0)—,z(s)+iv(s))ds, —K(S,O)dS).
0 sl 0 90
Once y,” is determined, one can define the signed distance function d"(¢, x).
We consider the time

1
7] = inf{t > 0; m(k;) > L or dist(y;, 0D) < 7 or

1
inf (I +d (1, )V?d(t,x)) < Z}’

xeVss

where I is the unit matrix, m(k) = maxges{k(8), k@)1, kP (@)]}, «™ =
0"k /00", ky = Kk (t) = k() is the solution of (5.7) and y; =y, and d(t,x) =
d'(t, x) are determined as above. We define the stopping time 7] := r; with
v = aw?; in other words, 77 is the stopping time for the solution of (5.6). Note
that the uniqueness of solutions implies that the solution of (5.6) coincides with
that of (5.7) with v = aw® for 0 <t < 7;. The reason that we care I + dV2id will
be clear in (0.48) in the proof of Lemma 5.1 in [14].

We are now in the position to show Assumption 3.1 assuming Assumption 1.2
in a.s.-sense.

LEMMA 5.1. For every L € N, there exist N = N(K) € N, a stopping time
T=t(w)>0and C=C(Cy,r,K,T,L) >0 such that

(5.9) sup sup|df ai X5(, 0)]o r < C(1+ [vln.7)",
1<i<20eS
(5.10) sup [8£9™0 (-, )| 7 < C(1+ [vln.1)",
xeVis
for every v eV ={aw®;0 <e <¢gj}, k=0,1,...,K and m,|\m| < M, where

O(t,x) =S(t, x) € S is the inverse function of x = Xo(t,0) +rn(Xo(t, 0)) defined
below (2.10).
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The next task is to show that Assumption 1.2 holds in the sense of law in our
setting. We prepare the following theorem which gives the construction of the
solution of (5.5) and, therefore, the local solution of (5.1) in the sense of law, and
shows the convergence in law of the solution of (5.7) with v(¢) = aw?(¢) to that
of (5.1) locally in time. We use the usual martingale method. Since this is similar
to [11], Section 5, the details are omitted; see Proposition 5.15 and Theorem 5.16
stated below. The noise w? () is taken the same as the second example given in
Section 4.1, that is, as in (4.4).

THEOREM 5.2. Foreachm e N, L >0and T > 0, let P¢ be the distribution
of the solution k% (t, -) of (5.6) on C([0, T], C™(S)). Then { Pt}o<e<1 is tight.

To prove this theorem, we need to show the following two propositions; see
Theorems 6.1 and 4.2 in [11] for the first proposition and Proposition 4.1 in [11]
for the second. Note that the assertion of Proposition 5.3 is a little weaker than
[11], because an additional term appears in the bound given in Lemma 5.11.

PROPOSITION 5.3.  There exist stopping times 6° = 67,0 < & < 1, such that
¢ >0a.s.,

(5.11) limP(5°>T) =1,
el0

forevery T > 0 and

(5.12) sup E[ sup ||"(”)(f/\58)“€p(5)] < 00,

O<e<l 0<t<T
foreveryneZ,y ={0,1,2,...} and p > 1, where k(t) = k°(t) is the solution of
(5.6).

PROPOSITION 5.4.  For every ¢ € C*°(S) and p >0,
E[|{k® () =), 9| ] < Cla —t)P?, 0<t<n<T,
where (k, @) = [¢k(0)p(6)d6.
Once we have the uniform moment estimates (5.12), relying on the criterion due
to Holley and Stroock (see [9]), the conclusion of Theorem 5.2 follows from the

weak tightness of {k°(f)}o<e<1 shown in Proposition 5.4. Indeed, (5.12) implies
the tightness of {«®(t A 6%)}p<c<1 and this shows the conclusion from (5.11).

PROOF OF PROPOSITION 5.4.  We follow the proof of Proposition 4.1 in [11]
and only sketch the proof of the proposition. The difference from [11] is that we
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need to replace h'(k (¢, 0)) by Dh(0, k(t)), the Fréchet derivative in «. Indeed, the
integral form of our equation (5.6) is

th 92
K(tz,-)—K(tl,.)_f a(k(s,)) /;ész )ds—i-/ (- k(s))d

+ / I((S) weé(s)ds.
To complete the proof, it suffices to show

E[|X(OP]<Ct—1)%, t>11, p €2N,
for X(¢t) = ffl D (k(s)w’(s)ds, t > t1, where O (k) = [¢h(0,k)p(0)db. Since
the Fréchet derivatives toward ¢ € L2(S) of h(0, ) and |v|L (k) are computed as
2cax; (k(0))xL(k(©))
ly L)
caxp(k(6))* < X1 () w>
YIL)? \xe()? " f

(5.14) DIyl W) =~ igﬁg v).
L

Dh(0, k) (V) =

¥ (©)
(5.13)

respectively, we have

X(,)ﬁ:p/’

I

ve(s)ds| [ Wi d W)t (1) d ,
W (s) s[/ ) r*fn 2P () r}
where
Wi (r) =X ()P ! /S Dh(0, k() (a(k(r, )k P, ) +b(-, k(1)) p(0) db,
W (r) = (p — DX )P 2Dk (1))
+X(r)”_1/SDh(@,K(r))(h(-,K(r)))(p(O)dG.

Noting that a, b, h, x; and its derivative x ’L are bounded, similar to the proof of
Proposition 4.1 in [11], the conclusion is shown. [J

The proof of Proposition 5.3 can be completed similar to those of Theorem 6.1
and Lemmas 6.1 to 6.16 in [11]. The difference between [11] and ours is that
the coefficients b = b(0,«) and h = h(8, k) of the SPDE (5.6) are functionals
of k ={k(0); 0 € S} in our case. This requires some more careful computations,
although most of the proof is similar to that in [11]. Another difference is that,
in [11], the noise is taken as w(t) = e V£(e~2¥t), y > 0 with & introduced in
Section 4.1, and hence |w®(¢)| < Me~Y holds. In our case, w® is given by (4.4)
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and satisfies |w®(¢)| < %w(s), where 1/ (¢) is the function of ¢ defined as (4.1).
Therefore, we need to replace e~7 appearing in lemmas of [11] by ¥ (¢), but we
can obtain similar results to that of [11]. Here, we indicate only the different points
in the proof from that in [11].

Before giving the proof of Proposition 5.3, we prepare several lemmas parallel
to [11]. In the rest of this section, we assume p € 2N. By directly computing from
(5.6), we have
d
dt
where L? = L?(S) and

q)gn)(,()=/{K(n)(e)}Pfl{a(K(Q))K(Z)(Q)}(n)de’
N

(5.15) )2, = p(@ () + DY (1) + T (k) (1)),

L (1) =/S{K(n)(Q)}p_l{b(Q,K)}(n) de,
@Y (1) =A{K<")(9)}P‘1{h(9,x)}(”) de.

Then, % <I>§") (x¢) can be decomposed into

d n n n .
(5.16) fg V() =W (iey) 4+ W8P (1) (8),

where

\111(”)(/() =(p-1 /S{K(n)(G)}P—Z{h(Q, K)}(n){a(K(Q))K(Z)(Q) +b(0, K)}(n) do
+'/L;{K(n)(0)}pil[Dh(0,K)(a(K(.))K(z) +b(,/{))](n) do,
W00 == 1) [ PO [{he.0) " do

+/S{K(n)(e)}p_l{Dh(@,/{)(h(-,/c))}(")dG.
Set
(5.17) Y ) = /S (kD@ k") o, p=2,n>1.

We denote by P, the family of polynomials of the forms P(y1, ..., yn—1,2; k) =
Yo 81024y, yi €R 1 <i<n—1,k €R,z e LX(S) with g1 4 € CP(R),
82,0 € CR(LA(S)), @ = (a1, ..., ay—1) € Z471, y* = y{'---y* " and the sum
> finite, where C;° (L?(S)) stands for the family of infinitely Fréchet differen-
tiable functions on L2(S) having bounded derivatives.

The term CDE") coincides with that appearing in [11], Lemma 6.1, so that we
have the following lemma.
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LEMMA 5.5 (Estimate for <D§")). For n > 1, there exist constants ¢ =
c(n, p,L)and C =C(n, p, L) > 0 such that

3
(5.18) @ (k) < —cy M)+ C ™0, + 1P, ¢
i=1

for some P = P;(kM(0), ..., k"D @), k;k(0)) € Py withgaai=1,i =1,2,3,
that is, P; of the forms Pi(y1,...,Yn—1,2:K) = Y o 81,a,i (K)Y* With g1, €
Ci°(R), i =1,2,3. In particular, in the case n = 1, (5.18) holds with C = 0 and
Pi=P,=P;=0.

As for the terms @é") and @gn), we have the upper bounds for them as in the

next lemma.

LEMMA 5.6 (Estimates for CI>§”) and CDgn)). For n > 1, there exists a constant

C =C(n, p, L) > 0 such that
|05 ()| < C{|k™ |7, +11Pall}, ).
05" ()| < C{ ™7, +1PsI7, ).

for some P; = P; kD), ...,k VO), k;k(0)) € Py, i =4,5. In particular, in
the case n = 1, these estimates hold with P4, = P5; = 0.

We have another estimate for CD%") (x). In what follows, v (¢) denotes the func-

tion given in (4.1).

LEMMA 5.7. Foreveryn >1andé > 0,
125" (0)| < (&) (p = DY () + 87 ™|, + 57w (@ P I P6ll], ],

for some Ps = Ps(kV(0), ..., k"D (@), k;k(0)) € P,.
Next, we give a bound for \Ilén) forn>1.

LEMMA 5.8 (Estimate for \Ilén)). For n > 1, there exists a constant C =
C(n, p, L) > 0 such that

8
Wi ()| < c[||,<<"> 12, +3 ||Pi||,’ip},
i=7

for some P = P;(kV (@), ..., k" V@), k;:k(0)) € P,,i=17,8.

Let us give an estimate for \IJI("). We start with the case n = 1.
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LEMMA 5.9. Forevery § > 0, we have
(WP < 1+ [P, +w @' 6 7 kI + (14 v@8) v (0],
for some C =C(1, p,L) > 0.

Next, we consider the the case n > 2. For n > 2, by the integration by parts
formula for \111("), it can be decomposed into

) =—(p—D(p =¥ k) — (p — DY (k) — (p — DY (i),
where

W (i) =/S{K(’”(9)}P‘3K(”+1>(0){h(9,K)}(">{A(9,x)}("‘”d9,

w,ﬁ")(x):/S{Mw(e)}"‘z{h(e,K)}(”“){A(e,x)}("‘”d@,

W () :/S{K(")(9)}”‘2K<"+1>(9)[Dh(9,K)(A(-,K))](”‘“d@.
Then we have the following three lemmas for \IIIS"), lllén) and \Ifa(”).

LEMMA 5.10 (Estimate on \Ilén)). For n > 2, there exists a constant C =
C(n, p, L) > 0 such that

12
W ()| < C[W,ﬁ”)(/c) i GRS ”Pi“IL)P}’
i=9
for some P; = P;(k@),..., k" V@), k;k0)) € Py, i =9,...,12.

The following estimate is similar to [11], Lemma 6.7, but we need the second
term additionally for this estimate.

LEMMA 5.11 (Estimate on \Ilc(n)). For n > 2, there exists a constant C =
C(n, p, L) > 0 such that

15
W (k)] < C[w;,”(x) + [0+ D IP; m}
i=13
+Cle V2|12, +12114),

for some P; = Pi(k D (©0), ...,k V@), k;x(0)) € Pn, i =13,14,15 and Q =
QM ®@),...,k"* V), Kk;Kk(0)) € Py with g2.4 = 1, namely, Q does not con-
tain any functional of k.
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Recalling again that af,(@)h(e, k) and 8,1((9)19(9, k), 1l € Z, are all bounded and
following the proof of [11], Lemma 6.9, we have the next lemma.

LEMMA 5.12 (Estimate on \Illgn)). For everyn >2 and B’ € (0, 1), there exist
constants C, N, q > 0 such that

19
(w0 < C[%ﬁ”)(m + e+ ||Pf“’£n}
i=16

n—1
+ C[l + 3 e @Y+ e IIZ}/fén)(K),

i=l

for some P = Pi(kM (), ..., k"), k:k(0)) € P,,i=16,...,19.

Now we estimate the conditional expectation of the integral of the third term on
the right-hand side of (5.15). Let us recall F;; = o(&§(u), u € [s, t]), where & is
the stochastic process given in Section 4.1. Set Fg , = Fy (n)25 4 (e)2 - Recall also
that in our case w?® is given by (4.4) and |w®(?)| < %IIJ(S) holds. By replacing
the divergent factor ¢ in [11], Lemmas 6.10 and 6.11 by ¥ (g), we obtain the
following two lemmas. The proofs are the same and, therefore, omitted.

LEMMA 5.13. For0<s <t <T, we have

'E[[ d>g”)(xr)w5(r)dr)}'§’s}

<cye) ol k)| +C / E[w@©) W ()] + | ) ||FS, ] dr,

for some C =C(M, A) > 0.

LEMMA 5.14 (Rough estimates uniform in w). Assume kg = k(0) € C*°(S) is
independent of €. Then there exist constants C = C(T,n, p)and N = N(n, p) >0
such that

(5.19) e, <CyeN,0<1<T,

T
5200 [P wdr = Cue)”,

)
1L =[0I + v [ 31l ar v,
i=1
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for 0 <s <t <T.Inparticular, ifn =1, we can take N =1 in (5.19) and N = p
in (5.20), that is,

M2, <Cye),  0<t<T,
T
fo YD (k) dt < Cr(e)?.

Under the preparation of Lemmas 5.5 to 5.14, one can complete the proof of
Proposition 5.3.

PROOF OF PROPOSITION 5.3. The proof of (5.12) is completed by induction
in the following three steps as in [11], Section 6.7. Step 1: we prove (5.12) for
n = 1. Step 2: we prove (5.12) for n assuming that it holds fori =1,...,n — 1.
Step 3: we prove (5.12) for n = 0.

As for Step 1, using the estimates on CDEI), d>§l), d)%l), \111(1) and \Ilél), a similar
method to [11] shows
(5.21) sup E[ sup ||K,(1)||€,,] < 00.

]

O<e<l t€[0, T

In Step 2, integrating the both sides of (5.15) from s to ¢ and taking the conditional
expectation, and then, using Lemmas 5.5 to 5.14 and noting that |w?®(¢)| satisfies
e ()| < X (e), we have
t
Bl V5175, + ¢ [ EL R el Jar
S
<(L+Cy e ™2, +Cy )| Pt

t t
+C [ Ele®,175 Jdr +C [ EPGIF; Jdr
S N

t
_ 4 n
(522 +Cp@ [ Bl 1175 ) dr
1! 14
+ oy [ ELC 110w 15,175 Jdr
N

+Cy () '(p-2)
t n—1 .

x/ EHHWs)MZHKﬁ”HZ}wé’”m) o%}drv
s i=1

for every € € (0, &g) with a sufficiently small &g in such a way that %W(eo)_l <
1 (hence, there exists some ¢” > 0), for every § > 0 and some N = N(§), g =
q(8) = 1, where P(ks) = X 1<i<19,i#5,6 ||P,~(K,)||€,,. Let us define 6, = inf{r >

S; IIK,(I)lle > w(e)%} and 6, = oo if the set {-} is empty. Then the estimate (5.21)
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implies (5.11). Note that (5.22) is also true with ¢ replaced by ¢ A 6. Thus, by
similar manner to [11], Section 6.7 with e~7 replaced by v (¢), we have

swp £ sup i 1] < oo
O<e<l tel0,T

see [11], Lemmas 6.12 to 6.16. Flnally, Step 3 can be completed by using again

[11], Section 6.7 with e =7 replaced by v/ (¢) for the estimates on dDEO), @éo), <I>§O),

\I!fo) and \Iléo). Indeed, we obtain

sup E[ sup ||K,||£,,] < 00.
O<e<l te[0,T]

As a result, we get (5.12) for every n € Z4 and p € 2N, so that for every p > 1.
O

We now show the pathwise uniqueness for (5.5). For this, we apply the energy
inequality; cf. Lemma 5.2 in [11]. To do this, we need to rewrite (5.5) into Itd’s
form. The Fréchet derivatives toward ¢ € L?(S) of h(8, k) and |v|L (k) are com-
puted as in (5.13) and (5.14), respectively. Thus, we have that

0. 0) o duy = h(6, k), + 3d{A(0, (1)} du

= (60, k(1)) dw; + %Dh(@, k(@) (h(61, k(1)) dt

=h(0,k())dw; + g(0, k(1)) dt,

where

g0,k)=

co
0 ))h(,
€ O) 1] ()60
o K@)
S — 0
TR ))/s X2 c(61)

Therefore, (5.5) can be rewritten into It6’s form:

92k

oK
(5.23) =al(k)

o a92+b( k) +h( 00w,  t>0,0€S,

where

b(-, k) =b(-, k) + g(-, 1.

PROPOSITION 5.15 (cf. Lemma 5.2 in [11]). Let ki(t), i = 1,2, be two so-
lutions of (5.5) or equivalently (5.23) satisfying «;(t) € C([0, T], C%(S)) a.s. and
having the same initial data: k1(0) = k2(0) € C?(S). Then we have P(xi(t) =
ky(t) forallt € [0, T]) = 1.
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PROOF. By applying It6’s formula,

t t
||K1(t)—K2(t)Hi2=/0 {11+12}d8+/0 I3 dwy,
where

I 22/(K1 — k){ate)k(? — alk)ey? .
I :2/(161 — ) {bCo k1) = b k) ) + () — h("KZ)HiZ’

I =2/<x1 — )[R k1) — h k),

and the norm || - ||zr(s) will be simply denoted by || - ||.» for p € [1, oo]. Noting
that a(x) > ap = 1/2N > 0, the estimate on /; is exactly the same as in [11]:

1 = =2ag ] =572 + 2]’ g it | o (87" Nt = w2l 72 + 8 = w572}
200’ | o le5” | el = w272

for every 6 > 0. Since D{1/|y|r}(01,k) = —ﬁD|y|L(91,K), (5.14) shows that
L

ID{1/|y|L}(:, k)|l is bounded in «, and thus the map « € L? 1/lylL(k) e R
is Lipschitz continuous. This implies that

2
I < Cllkr —x2ll72-
Now introduce a stopping time

Kéz)HLoo}>M}, M > 0.

1
ei | e

Ty = inf{r > 0; max{||xy || zoo, [|k2 ] zoe,

Then, by choosing é > 0 sufficiently small, we have

t
Jin(t A tan) = k2t A ean) |2 = Con [ lirs Atan) = kats Azan [

tATM
+/ 13 dws,
0

for t > 0, for some Cj; > 0. Therefore, taking the expectation of both sides and
applying the Gronwall’s lemma, we obtain

E[|1(t A ta) — 102t Atan)|72] =0

for all M > 0. This completes the proof of the proposition. [J

The pathwise uniqueness combined with the existence of the solution in the
sense of law implies the existence of a strong solution. This is the well-known
Yamada—Watanabe’s theorem which is extended into an infinite-dimensional set-
ting by [23]; see also [25]. As a result, we obtain the following theorem.
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THEOREM 5.16. Let D be a two-dimensional bounded domain and yy be a
closed convex curve given such that y € D. Let ko(0), 0 € S be the curvature of
vo. Then there exists a unique local solution k =k (t, 0) defined for 0 <t < o and
6 € S of the SPDE (5.1), where o > 0 (a.s.) is a stopping time. In particular, the
dynamics (1.4) has a unique solution for 0 <t < o.

Theorem 5.2 together with the remarks made before it combined with Theo-
rem 5.16, which implies the uniqueness in law, shows that Assumption 1.2 holds
in the sense of law in the setting of this section.
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SUPPLEMENTARY MATERIAL

Supplement to “Sharp interface limit for stochastically perturbed mass
conserving Allen—Cahn equation” (DOI: 10.1214/18-AOP1268SUPP; .pdf). The
supplementary file provides proofs of all the lemmas, with some exceptions, stated
in Sections 3-5 of the present paper.
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